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Abstract The idea of extra spatial dimensions arises from
attempts to unify gravity with other fundamental interactions,
develop a consistent theory of quantum gravity, and address
open problems in particle physics and cosmology. Consider-
able attention has been devoted to understanding how such
dimensions modify gravitational theories. One way to probe
their impact is through the analytical study of astrophysi-
cal processes such as black hole accretion. Since accretion
efficiently converts gravitational energy into radiation, this
makes it a powerful tool to test modified gravity (MOG)
theories and higher-dimensional frameworks via the behav-
ior of dark compact objects like black holes, neutron stars,
and white dwarfs. In this work, we investigate the dynam-
ics of neutral particles around a higher-dimensional, regu-
lar, spherically symmetric MOG compact object, focusing
on the innermost stable circular orbit (ISCO), energy flux,
temperature, and differential luminosity. We further analyze
the accretion of a perfect fluid onto the same object, deriv-
ing analytical expressions for the four-velocity and proper
energy density of the inflowing matter. Our findings show that
extra dimensions reduce the ISCO radius while enhancing the
corresponding flux and temperature. Finally, by comparing
the effective disk temperature Teff with Event Horizon Tele-
scope (EHT) observations of Sgr A*, we argue that MOG and
higher-dimensional corrections to the accretion disk proper-
ties could be close to the current threshold of detectability.
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1 Introduction

From a phenomenological point of view, dark compact
objects, such as white dwarfs, neutron stars, and black holes,
belong to a large class of astrophysical entities. Such objects
could theoretically appear in models beyond the Standard
Model of particle physics or in the context of extended grav-
ity theories [1]. The existence of these extreme objects is
confirmed by recent observations, including the LIGO/Virgo
detections of gravitational waves from binary black hole
mergers [2–5] and the Event Horizon Telescope (EHT) imag-
ing of supermassive black holes at the centers of the Milky
Way and the M87 galaxy [6–13]. Future developments in
very-long-baseline interferometry (VLBI) and gravitational
wave astronomy are therefore likely to reveal new kinds of
compact objects.

Even though Albert Einstein’s General Theory of Relativ-
ity (GR) has been remarkably successful in explaining a wide
range of observations and forecasting extraordinary phenom-
ena, it is still not considered a comprehensive explanation
of gravitational interactions and associated cosmic events.
Some of its shortcomings are highlighted by difficulties like
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re-producing the rotation curves of nearby galaxies [14,15],
figuring out the mass profiles of galaxy clusters [16,17], and
dealing with the intrinsic singularities at black hole centers.
Additionally, in order to explain the observed late-time accel-
erated expansion of the Universe, GR necessitates the intro-
duction of a cosmological constant � [18,19]. The Scalar-
Tensor-Vector Gravity (STVG), also known as MOdified
Gravity (MOG), was developed and proposed by John W.
Moffat [20]. One promising path toward extending GR is
to modify its geometric sector through alternative formula-
tions. In this framework, three scalar fields are introduced:
the mass of the vector field μ̃, the effective gravitational cou-
pling G, and the vector-field interaction strength ξ . Together,
these three scalar fields determine the gravitational behavior
of spacetime. Astrophysical observations have been success-
fully addressed by the MOG theory. For example, it does not
require dark matter to reproduce galaxy cluster dynamics
and rotation curves [21–26], and it is consistent with Planck
2018 cosmological data [27]. Furthermore, a variety of solu-
tions have been derived within the MOG framework, such
as cosmological models [30–32], higher-dimensional exten-
sions [29], rotating and static black hole spacetimes [28],
and even time-dependent, inhomogeneous configurations of
mass-energy [33]. Extensive theoretical and observational
studies have also been prompted by the theory to investigate
its properties and implications in various contexts [34–45].
Ref. [46] notably presents a class of solutions describing reg-
ular (i.e., nonsingular) rotating and static MOG dark compact
objects, while Ref. [47] analyzes the corresponding shadow
structures.

Particles are drawn toward a dark compact object through
a process called accretion, which releases excess energy into
the surrounding environment, resulting in a variety of astro-
physical phenomena [48,49], including quasars, intense radi-
ation, and powerful jets. Rotating gas that gradually spirals
inward toward a massive central body forms a flattened struc-
ture called an accretion disk, which usually forms around
compact objects when interstellar matter is present; in fact,
the disks are made up of gaseous material that moves in unsta-
ble bound orbits around the compact source [48,49]. When
the right circumstances are met, the gas particles release grav-
itational energy, some of which takes the form of heat, as
they descend into the compact object’s gravitational poten-
tial. The inner part of the disk cools as a result of some of this
heat being converted to radiation [48,49]. The emitted radi-
ation spans across the electromagnetic spectrum and can be
detected by radio, optical, and X-ray telescopes. Its properties
are directly influenced by the dynamics of the gas particles,
which themselves depend on the configuration and character-
istics of the central mass. As a result, accretion disk emission

spectra analysis offers important astrophysical information.
Accretion disks of compact objects have gathered a lot of
attention and been thoroughly examined in numerous stud-
ies because of their rich diagnostic potential [50–74].

On the other hand, the study of gravity in models like
braneworld models, which postulate the existence of extra
dimensions, has attracted a lot of interest in recent decades.
In these models, our well-known (3 + 1)-dimensional brane
is embedded in a higher-dimensional spacetime of (4 + n)
dimensions, where n is a compact spacelike dimension [75].
One interesting aspect of braneworld theory is that it is pos-
sible that quantum gravity effects could be detectable in
lab settings at TeV energy scales, and these models sug-
gest that higher-dimensional black holes might be produced
in high-energy experiments, like those at the Large Hadron
Collider or through cosmic ray interactions. As higher-
dimensional gravitational theories [76] have been developed,
studying black holes in such extended dimensional settings
has become particularly interesting. Tangherlini [77] was
the first to extend the Schwarzschild black hole solution to
higher dimensions. Later, Dadhich et al. [78] obtained the
earliest static, spherically symmetric black hole solution in
the braneworld framework, which exhibits the same struc-
ture as the four-dimensional Reissner–Nordström black hole.
The physics of black holes in higher dimensions proves to
be far more diverse and intricate than in four dimensions
[79]. The problem of accretion onto TeV-scale black holes
in higher dimensions was initially analyzed by Giddings
and Mangano [80] within a Newtonian approximation. Sub-
sequently, Sharif and Abbas [81] studied phantom energy
accretion onto a five-dimensional charged black hole and
demonstrated the validity of the cosmic censorship hypoth-
esis.

Motivated by the above considerations, we turn our
attention to the study of accretion disks around higher-
dimensional regular MOG dark compact objects. In this con-
text, we also analyze the dynamics of electrically neutral test
particles in such spacetimes and investigate the associated
energy flux and temperature distributions. The structure of
the paper is as follows. In Sect. 2, we review the field equa-
tions of MOG and present the higher-dimensional regular
MOG dark compact object along with its main properties.
Section 3 is devoted to the study of the motion of electrically
neutral test particles moving in this spacetime and exploring
the accretion disk around this object, including the analy-
sis of the temperature profile, differential luminosity, and
radiant energy flux. In Sect. 4, we examine static spherically
symmetric accretion. Finally, Sect. 5 provides our concluding
remarks.
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2 Higher-dimensional MOG dark compact object

In the theory of STVG, the total action is defined as [20]

S = SGR + SM + Sφ + SS , (1)

in which

SGR = 1

16 π

∫
dDx

√−g
1

G
R , (2)

Sφ = −
∫

dDx
√−g

(
1

4
BμνBμν + V1(φ)

)
ξ , (3)

and

SS =
∫

dDx
√−g

[
1

G3

(
1

2
gμν ∇μG ∇νG − V2(G)

)

+ 1

μ̃2G

(
1

2
gμν ∇μμ̃ ∇ν μ̃ − V3(μ̃)

)

+ 1

G

(
1

2
gμν ∇μξ ∇ν ξ − V4(ξ)

)]
. (4)

The indexes M , φ, and S stand for all possible matter sources,
vector field φμ, and three scalar fields in the theory, respec-
tively. D refers to the dimensions of spacetime, gμν is the
background metric tensor and g is the corresponding deter-
minant. R is the Ricci scalar constructed by contracting Rμν

as the Ricci tensor, ξ is the vector field coupling, V1(φ),
V2(G), V3(μ̃), and V4(ξ) are the corresponding potentials
of the vector field φμ and three scalar field G, μ̃, and ξ ,
respectively and Bμν = ∂μφν − ∂νφμ. Also ∇μ stands for
the covariant derivative in the background spacetime.

One can find the full field equations of the STVG frame-
work by variation of the action S concerning the inverse of
the metric tensor, which yields [20]

Gμν + G

(
∇γ ∇γ

1

G
gμν − ∇μ∇ν

1

G

)
= 8πGTμν , (5)

in which Gμν is the Einstein tensor defied as Gμν = Rμν −
1
2 gμνR and we have set c = 1.

In the STVG theory, the total stress-energy tensor is
defined as

Tμν = (M)Tμν + (φ)Tμν + (S)Tμν (6)

in which (M)Tμν is the stress-energy tensor of matter sources,
(S)Tμν is the stress-energy tensor of the scalar fields, and the
stress-energy tensor of the vector field is

(φ)Tμν = −1

4

(
B σ

μ Bνσ − 1

4
gμνB

σλBσλ

)
, (7)

for which V1(φ) = 0.
As has been assumed in [46], for a regular, static, and

spherically symmetric higher-dimensional MOG dark com-
pact object the vector field is massless, i.e., μ̃ = 0, the vector
field coupling is taken to be unity i.e., ξ = 1, the gravita-
tional source charge of the vector field is Qg = √

αGNM ,
where M represents the gravitational source mass and GN is
the Newton’s gravitational constant. The gravitational cou-
pling is defined as G = GN (1 + α), in which the STVG
parameter α refers to the deviation from Newtonian grav-
ity. In this paper, we set GN = 1. Based on these assump-
tions, it can be concluded that SM = SS = 0, and thus
(M)Tμν = (S)Tμν = 0. Therefore Eqs. (5) and (6) reduce to
the following form respectively

Gμν = 8π(1 + α)(φ)Tμν, (8)

Tμν = (φ)Tμν. (9)

As presented in [82], the line element of a static, spher-
ically symmetric higher-dimensional MOG dark compact
object, with the metric signature (+,−,−,−), is given by

ds2 = f (r)dt2 − 1

f (r)
dr2 − r2d�2

D−2 , (10)

where d�2
D−2 = dθ2

1 + sin2 θ1 dθ2
2 + · · · + ∏D−3

i=1 sin2 θi

dθ2
D−2 is the line element of the (D − 2)-dimensional unit

sphere and we will denote θD−2 by ϕ. f (r) is defined as [82]

f (r) = 1 − (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2

+ (D − 3)(D − 2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 , (11)

where m and q are defined by

m ≡ 16πGM

(D − 2)ωD−2

, q ≡ 8πQ√
2(D − 2)(D − 3) ωD−2

, (12)

and ωD−2 = 2π
D−1

2

�
(
D−1

2

) refers the volume of the unit (D − 2)-

sphere.
It is clear that the metric function in Eq. (11) reduces to the

MOG dark compact object solution obtained by Moffat [46]
when restricted to D = 4. In this framework, the MOG dark
compact object admits a critical parameter αcri t = 0.674
[46], such that for α ≤ αcri t the geometry exhibits two hori-
zons. An important point is that the vector field associated
with the spin-1 graviton generates a repulsive gravitational
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interaction, which prevents the dark compact object in MOG
from collapsing into a horizon-forming MOG black hole.

By setting α = 0 in the line element (10), one recovers the
Schwarzschild–Tangherlini black hole solution in GR. Fur-
thermore, the asymptotic behavior of the higher-dimensional
MOG compact object in the limit r → ∞ can be expressed
as

f (r) ≈ 1 − 2(1 + α)m

rD−3 + α(1 + α)Gq2

r2(D−3)
, (13)

For α ≤ αcri t , the regular higher-dimensional static and
spherically symmetric MOG dark compact object admits two
horizons in the asymptotic region, given by

r± =
(
M + Mα ±

√
M2 + M2α

) 1
D−3

, (14)

where r− denotes the inner (Cauchy) horizon and r+
corresponds to the outer (event) horizon. In the special case

α = 0, these horizons coincide and reproduce the event hori-
zon of the Schwarzschild–Tangherlini black hole [83]. For
α > αcri t , however, the solution describes a horizonless,
regular, spherically symmetric MOG dark compact object.

3 Motion of a test particle in a higher-dimensional
MOG dark compact object spacetime

In this section, we investigate the equations of motion through
Lagrangian formalism. Under temporal translation and rota-
tion around the axes of symmetry, the line element (10) is
invariant. Therefore one can obtain two Killing vectors for
spacetime of the higher-dimensional MOG dark compact
object as follows [82]

(t)ζμ ∂

∂xμ
= (1, 0, 0, 0)

∂

∂xμ
= ∂

∂t
,

(ϕ)ζμ ∂

∂xμ
= (0, 0, 0, 1)

∂

∂xμ
= ∂

∂ϕ
,

(15)

where each of them corresponds to a constant quantity (the
specific energy and the specific angular momentum respec-
tively) for the motion of the test particle in this spacetime.

3.1 Effective potential

The Lagrangian of a test particle moving in the spacetime of
the regular higher-dimensional MOG dark compact object is
written as

L = 1

2
gμν ẋ

μ ẋν , (16)

where over-dot stands for derivative with respect to the affine
parameter τ and ẋμ ≡ uμ = (ut , ur , uθ , uϕ) is the four-
velocity of the test particle. Since we want to study the thin
accretion disk, we consider the planar motion of the particle
on the equatorial plane with θi = π

2 . By writing the Euler-
Lagrange equation

d

dτ

(
∂L
∂ ẋμ

)
− ∂L

∂xμ
= 0 , (17)

the components of the four-velocity as a function of constants
of motion are obtained as follows

ut = dt

dτ
= ṫ = E

f (r)
= E

1 − (D−2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D−3)(D−2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2

, (18)

uϕ = dϕ

dτ
= ϕ̇ = L

r2 , (19)

where E and L are the spacific energy and the specific angular
momentum per unit mass of the particle, respectively. using
the Euler-Lagrange equation, we obtain

v ≡ ur = dr

dτ
= ṙ =

[
− f (r)

(
1 − E2

f (r)
+ L2

r2

)] 1
2

, (20)

where v denotes the radial component of the four-velocity.
Utilizing the normalization condition uμuμ = 1 and Eqs.
(18) and (20), we can find the equation of motion for a mas-
sive particle in the following form

ṙ2 = E2 − Vef f , (21)

in which Vef f is the effective potential of the test particle
described by the metric function and angular momentum as

Veff = f (r)

(
1 + L2

r2

)
=

⎛
⎜⎜⎜⎝1 − (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2

+ (D − 3)(D − 2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2

⎞
⎟⎟⎟⎠ ×

(
1 + L2

r2

)
. (22)
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3.2 Stable circular orbits

To describe the motion of matter in accretion disks, it is very
useful to analyze the circular orbits around the central object.
The properties of these orbits, such as energy and stabil-
ity, directly affect the structure of the accretion disk and the
emitted radiation. The condition ṙ = r̈ = 0, which yields
dVef f
dr = 0, determines the radius of circular orbits in a spe-

cific spacetime. Based on this condition and using Eqs. (18)
and (19), we obtain the following relations for the specific
energy (E), specific angular momentum (L), and the angular
velocity (�ϕ ≡ dϕ

dt = uϕ

ut ) for a test particle in the circu-
lar orbits in higher-dimensional MOG dark compact object
background

E2 = 2 f 2(r)

2 f (r) − r f ′(r)
, (23)

L2 = r3 f ′(r)
2 f (r) − r f ′(r)

, (24)

�2
ϕ = 1

2r
f ′(r), (25)

where a prime stands for differentiation with respect to the
radial coordinate r . Because of the complicated form of the
resulting equations, for the sake of economy the relations
of f (r) and f ′(r) are not applied. This choice is followed
consistently until the end.

Figure 1 illustrates the behavior of E2 as a function of the
radial coordinate r for various values of the STVG parameter
α and different spacetime dimensions. The case α = 0 cor-
responds to the Schwarzschild spacetime. For a fixed dimen-
sion D [see Fig. 1a], E2 increases monotonically with larger
values of α. In contrast, the influence of α on E2 becomes
less pronounced in higher dimensions. On the other hand, for
a given value of α [see Fig. 1b], E2 decreases as the number
of spacetime dimensions increases, with the rate of decrease
being more significant for larger values of α.

Figure 2 shows L2 in terms of r for different values of
α and D. Similar to the behavior of E2, in fixed space-
time dimensions (2a), L2 increases with increasing α. With
increasing the spacetime dimensions from D = 4 to D = 5,
the behavior of L2 undergoes a fundamental change. Since
the gravitational potential changes as VG ∼ 1/r D−3, the
gravitational force decreases more rapidly with radius in
higher dimensions, which means a particle needs less angular
momentum to maintain equilibrium in circular orbits. There-
fore, the plots (2b) show a significant decrease in L2 in higher
dimensions.

Figure 3, plotted for �2
ϕ , shows that at a given D (3a),

increasing the value of α up to a certain radius causes the
value of �2

ϕ to decrease, but after that, �2
ϕ increases. As the

radius decreases, the angular velocity of the particle rela-
tive to the distant observer increases. However, as the parti-

cle approaches the event horizon, repulsion force resulting
from parameter α, causing the angular velocity relative to the
external observer to tend towards zero. The values of angular
velocity at a fixed α (3b) initially increases and then decreases
with increasing the spacetime dimensions. The rate of these
changes decreases with increasing α. For α = 0 case, due
to the singularity at the origin, the angular velocity diverges
as r → 0. At large radial distances from the gravitational
source, E2, L2, and �2

ϕ tend towards a constant value. We
set M = 1 for plotting the diagrams, so that all quantities are
expressed in units of mass.

As we mentioned, the extrema of the effective potential
give the radii of circular orbits. The second derivative of the
effective potential determines the stability of an orbit. For a
stable circular orbit, the effective potential has a minimum,
which means the second derivative must be positive, while
a negative second derivative indicates a maximum value for
the effective potential which yields an unstable circular orbit.
Therefore, the existence of the innermost stable circular orbit
(ISCO) requires the following conditions

dVef f
dr

= 0 ,
d2Vef f
dr2 = 0 , (26)

to be satisfied. rI SCO acts as a boundary between stable and
unstable circular orbits. Since most of the radiation emitted
by the accretion disk comes from its inner regions, the posi-
tion of rI SCO is one of the most significant factors in deter-
mining the total radiative output. rI SCO determines which
regions from the accretion disk contribute to the radiation
observed at infinity and how the radiation is deflected under
the influence of the gravitational field. As a result, rI SCO

directly affects the structure and luminosity of the accre-
tion disk and both the size and shape of the black hole’s
shadow.

Since the equations related to rI SCO become very com-
plicated due to the complex shape of the metric function,
only the results obtained from the numerical solutions of
the equations using Wolfram Mathematica (v14.2) are given
in this section. Table 1 shows rI SCO for a test particle in
the spacetime of a higher-dimensional MOG dark compact
object. The corresponding results are obtained for two dif-
ferent ranges of α. Since the gravitational force decreases
rapidly with increasing spacetime dimensions, it is insuffi-
cient to balance the centrifugal force even near the central
object. An increase in the values of α enhances the grav-
itational field. Therefore, for spacetime dimensions higher
than D = 4, we use α ≥ 0.674 to obtain rI SCO . As sum-
marized in Table 1, the radius of the innermost stable circu-
lar orbit rISCO exhibits two distinct trends: it decreases with
increasing spacetime dimensionality D, and it increases with
the MOG parameter α. The reduction with D arises because
the higher-dimensional MOG dark compct object potential

123



 1173 Page 6 of 19 Eur. Phys. J. C          (2025) 85:1173 

Fig. 1 Plots of E2 versus r for different α values and spacetime dimensions. a Illustrates E2 for different values of α with fixed spacetime
dimensions, and b shows the variation of E2 for different spacetime dimensions with fixed α

falls off more steeply, thereby diminishing the radial region
where centrifugal repulsion can balance the stronger grav-
itational attraction, which ultimately leads to the reduction
of stable circular orbits. In contrast, larger values of α effec-
tively enhance the gravitational charge term in the metric,
which shifts the photon sphere and ISCO outward, resulting
in a larger stable orbital radius compared with the general
relativistic case in the same dimension (Table 1).

3.3 Radiant energy flux

Infalling matter accreting onto a dark compact object releases
gravitational energy in the form of electromagnetic radiation.
This radiation originates from the accretion disk, and its dis-
tribution is described by the radiant energy flux. The flux
profile depends on the motion of particles in the accretion
disk, characterized by their specific energy, specific angular
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Fig. 2 Plots of L2 versus r for different α values and spacetime dimensions. a Illustrates L2 for different values of α with fixed spacetime
dimensions, and b shows the variation of L2 for different spacetime dimensions with fixed α

momentum, and angular velocity, which are directly influ-
enced by the spacetime geometry. The expression for the
radiant energy flux given in [48,84] takes the following form
for our D-dimensional case

F(r) = − Ṁ

ωD−2

�′
ϕ√−g

(
E − L�ϕ

)2

∫ r

rI SCO

(
E − L�ϕ

)
L ′dr .

(27)

Figure 4 illustrates the radial dependence of the energy
flux F(r) emitted by the accretion disk of the higher dimen-
sional MOG dark compact object. For r > rISCO , the flux ini-
tially rises, attaining a maximum near the inner disk region,
and subsequently decreases monotonically toward zero at
large radii, where the gravitational binding energy available
for radiation becomes negligible. The peak value of F(r)
decreases as α increases. In contrast, increasing the num-
ber of spacetime dimensions D steepens the gravitational
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Fig. 3 Plots of �ϕ
2 versus r for different α values and spacetime dimensions. a Illustrates �ϕ

2 for different values of α with fixed spacetime
dimensions, and b shows the variation of �ϕ

2 for different spacetime dimensions with fixed α

potential, which enhances the binding energy released during
accreting and thus leads to a higher peak in the flux profile.

For clarity, Fig. 4a displays the flux profile in the four-
dimensional case (D = 4), which reproduces the general
relativistic behavior modified by α. Figure 4b, on the other
hand, corresponds to the five-dimensional case (D = 5),
where the peak flux is shifted upward relative to D = 4,
reflecting the stronger gravitational field in higher dimen-
sions. A systematic comparison between these figures high-

lights the competing effects of α and D: while α suppresses
the energy flux of accretion disk for higher dimensional MOG
dark compact object, higher D enhances the energy flux due
to the more rapid falloff of the ISCO radius.

Assuming thermodynamical equilibrium in the accretion
disk, the radiation emitted from its surface can be approxi-
mated as black body radiation [38,48,84]. In this case, the
effective temperature of the disk can be obtained using the
Stefan-Boltzmann law F(r) = σSB T

4
e f f , in which σSB is
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Table 1 The numerical values of rI SCO for a test particle moving in
the regular static spherically symmetric higher-dimensional MOG dark
compact object spacetime for various values of α and spacetime dimen-

sions. (a) and (b) show the values of rI SCO for D = 4 and D = 5, 6, 7, 8
respectively

(a)
α 0 0.2 0.45 0.5 0.674

rI SCO (D = 4) 6 6.534 7.06145 7.14706 7.38602

(b)
α rI SCO (D = 5) rI SCO (D = 6) rI SCO (D = 7) rI SCO (D = 8)

0.674 1.28557 1.18228 1.1338 1.10567

1 1.34844 1.21595 1.15619 1.12227

1.5 1.53973 1.32509 1.23191 1.18007

2 1.71619 1.42269 1.29866 1.23061

2.45 1.86192 1.50106 1.35155 1.27035

Fig. 4 The behavior of F(r) versus r for different values of α at D = 4 and D = 5. For the case D = 5, the values of F(r) are multiplied by 1016

Stefan-Boltzman constant. Figure 5 illustrates effective tem-
perature Tef f versus r for D = 4 (Fig. 5a) and D = 5
(Fig. 5b). As can be seen, the temperature of the accretion disk
of higher dimensional MOG dark compact object behaves
similarly to the energy flux. Overall, the effective tempera-
ture profile of the higher dimensional of MOG dark compact
objcet reflects the competition between α and D: larger α

leads to a cooler disk, while higher D yields a hotter disk
with a more pronounced inner–disk emission.

Another key observable for distant detection is the differ-
ential luminosity measured by an observer at infinity, which
is defined as [85,86]

dL∞
d ln r

= 4πr
√−g E F(r) . (28)

We compute the differential luminosity of the accretion disk
of higher dimensional MOG dark compact object and dis-
play its radial dependence in Fig. 6. The overall behavior
resembles that of the flux profile: the luminosity rises sharply
outside the ISCO, attains a peak in the inner disk region, and

gradually declines at larger radii, where the available binding
energy diminishes. The MOG parameterα plays a central role
in shaping this profile. As α increases, the reduced specific
energy release between adjacent circular orbits suppresses
the flux and, consequently, lowers the differential luminos-
ity. Conversely, higher spacetime dimensions D steepen the
gravitational potential and enhance the efficiency of energy
extraction, which results in a brighter disk with a more pro-
nounced luminosity peak near the MOG dark compact object.
This demonstrates that while α acts to reduce the radiative
output of the disk, increasing D tends to intensify it, with the
strongest impact localized in the inner regions close to the
compact object.

3.4 Confrontation with observation

Following Refs. [87–89], we now turn to the question of
whether the modifications introduced by the MOG param-
eter α and the spacetime dimensionality D can lead to sig-
natures accessible to current observations. In particular, we
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Fig. 5 The behavior of Tef f versus r for different values of α at D = 4 and D = 5. For the case D = 5, the values of T are multiplied by 105

Fig. 6 The behavior of rdL∞
dr versus r for different values of α at D = 4 and D = 5. For the case D = 5, the values of rdL∞

dr are multiplied by
1019

quantify how the presence of α and higher dimensions alters
the corresponding effective temperature profile. These the-
oretical deviations are then evaluated against the observa-
tional capabilities of present very long baseline interferom-
etry (VLBI) facilities, with emphasis on the Event Horizon
Telescope (EHT). To this end, it is convenient to introduce the
relative variations in the temperature, which serve as direct
measures of the observational impact of MOG dark compact
objects.

δTeff := T (STVGD)
eff − T (Sch)

eff

T (Sch)
eff

, (29)

in which (STVGD) and (Sch) refer to higher-dimensional
STVG theory case and Schwarzschild case respectively. EHT
does not directly measure the effective temperature of the
accretion disk. Rather, millimeter-wavelength VLBI obser-
vations, such as those conducted by the EHT, are capable of
reconstructing the brightness distribution and overall image
morphology of compact objects. The data are characterized

by an angular resolution on the order of 20–25 μas at an
observing frequency of 230 GHz (λ = 1.3 mm), with a typ-
ical uncertainty in the measured brightness temperature of
about 10–20% under optimal conditions. The relationship
between the luminosity I (ν) and the corresponding bright-
ness temperature Tb, which EHT reconstruct from data, is
given by

Tb(ν) = c2

2kBν2 Iν(ν) (30)

in which kB is Boltzmann constant.
In general, the brightness temperature is not equal to the

effective temperature of the surface. However, if the accre-
tion disk radiates as a blackbody (in the Novikov-Thorne
model), in the long-wavelength regime corresponding to the
Rayleigh-Jeans approximation relevant for the EHT observ-
ing frequency, the brightness temperature obtained from the
Eq. (30) can be used to approximate the effective tempera-
ture of the disk. The results obtained for δTeff for different
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values of the parameter α around rI SCO at D = 4 and D = 5
are shown in Table 2.

According to the EHT report, the brightness calibration
uncertainties for Sgr A* are on the order of 10% − 20%
[87]. As we can see from Table 2, we conclude that the pre-
dicted MOG and extra-dimensional corrections to the disk
temperature may lie at the threshold of detectability with the
current observational capabilities of the EHT. For D = 4,

this holds across all values of α, whereas for D = 5 the
effect becomes consistent with EHT data for α ≥ 1.5. These
findings highlight the potential significance of future preci-

sion measurements of thermal disk spectra or reconstructed
brightness distributions.

4 Accretion onto a higher-dimensional MOG dark
compact object

In this part, our goal is to derive the fundamental dynam-
ical relations and parameters governing accretion onto the
highr dimesnional regular MOG dark compact object, fol-
lowing the approach outlined in. For this purpose, we focus
on a spherically symmetric accretion process restricted to the
equatorial plane, θ = π/2. Moreover, the accreting matter
is considered to be an inflowing perfect fluid onto the higher
dimensional regular MOG dark compact object. We aim to
investigate the influence of extra dimensions on the four-
velocity of the perfect fluid and the corresponding energy
density.

The stress-energy tensor for a perfect fluid is given by

Tμν = (p + ρ)uμuν − pgμν , (31)

where p and ρ are pressure and energy density, respectively.
Considering the motion of the particle to be radial and using
the normalization condition of the four-velocity uμuμ = 1,
we are able to obtain ut as follows

ut =
√

f (r) + v2

f (r)
=

√√√√√1 − (D−2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D−3)(D−2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 + v2

1 − (D−2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D−3)(D−2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2

. (32)

We consider v < 0 since the accretion is an inward
flow of matter. The conservation of the stress-energy tensor
∇νTμν = 0, gives the following relation

(p + ρ)vr D−2

√√√√√√1 − (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D − 3)(D − 2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 + v2 ≡ C0 ,

(33)

in whichC0 is a constant of integration. As has been assumed
in [59], one can define the baryon number density n, and the
baryon number flux Jμν = nuν . So, we can use the conser-
vation law for Jμν in the following form

∇ν J
μν = ∇ν(nu

ν) = 0 , (34)

to obtain

d

dr
nvr D−2 = 0 , (35)

where we can rewrite it as

ρvr D−2 ≡ C1 (36)

in which C1 is an integration constant. Dividing Eq. (33) by
Eq. (36) yields

(
p + ρ

ρ
)

√√√√√√1 − (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 +
(D − 3)(D − 2)Gq2r2(D−3)ω2

D−2

32π2
(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 + v2 ≡ C2 , (37)
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Table 2 Values of the relative shifts in effective temperature around
rI SCO for the different values of α at D = 4 and D = 5.

α δTeff(D = 4) δTeff(D = 5)

0.2 18% −
0.45 13% −
0.5 15% −
0.674 14% 29%

1 − 23%

1.5 − 18%

where C2 is a constant. In the above equation, the expression
under the square root approaches unity as r → ∞. Therefore,
the equation can be rewritten as follows

(
p+ρ

ρ

) √√√√√√1− (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D − 3)(D − 2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 +v2= ρ∞ + p∞
ρ∞

. (38)

Consequently, we have

C2 = ρ∞ + p∞
ρ∞

. (39)

The matter is assumed to satisfy a linear equation of state
of the form p = wρ, where w is a constant equation of state

parameter. Substituting this equation of state into Eq. (37)
yields

v = 1

w + 1

⎡
⎢⎢⎢⎣C2

2 − (w + 1)2

(
1 − (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2

+ (D − 3)(D − 2)Gq2r2(D−3)ωD−2

32π2
(
r2(D−3) + (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2

)
⎤
⎥⎥⎥⎦

1/2

(40)

The plots in Fig. 7 demonstrate how the radial velocity
v(r) of the accreting fluid is shaped by both the MOG param-
eter α and the number of spacetime dimensions D. At large
radii, the fluid is initially at rest, but as it approaches the com-
pact object the velocity grows, reaching a peak before grad-
ually decreasing again near the center. This turnover reflects
the balance between the inward pull of gravity and the pres-
sure support of the fluid. For the Schwarzschild limit (α = 0),
the velocity diverges at r → 0 due to the central singular-
ity. By contrast, in the regular MOG case with α > 0, the
singularity is avoided and the velocity profile remains finite,
which is an important physical improvement. Increasing α

enhances the effective gravitational attraction, shifting the
velocity peak outward and making the flow stronger at inter-
mediate radii. However, raising the dimensionality has the

opposite effect: because the gravitational potential scales as
1/r D−3, gravity decays more rapidly in higher dimensions,
which suppresses the radial velocity. This dual influence of
α and D highlights how extra dimensions and MOG correc-
tions jointly determine the efficiency of accretion (Fig. 7).

From Eqs. (36) and (40) one can derive the following
relation for energy density

ρ = C1

r D−2

w + 1√√√√√√√C2
2 − (w + 1)2

⎛
⎜⎜⎝1 − (D−2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D−3)(D−2)Gq2 r2(D−3)ωD−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2

⎞
⎟⎟⎠

. (41)

The energy density ρ(r) reflects the same competition but
from a thermodynamic perspective. As in Fig. 8, it diverges
near the compact object, reaches a minimum at the location
of maximum velocity, and then increases again at large radii
as the velocity tends to zero. This non-monotonic behavior is
a direct outcome of baryon number conservation and energy
flux balance. Larger values of α broaden the density distri-
bution and push the profiles outward, since the enhanced
gravitational charge enlarges the effective capture region.
On the other hand, increasing the number of dimensions D
steepens the falloff of gravity, which accelerates the vari-
ation of ρ(r). Compared with the Schwarzschild case, the
regular MOG spacetime smooths out the near-center diver-
gence while still allowing strong density gradients close to
the object. This suggests that the density profiles of accret-
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Fig. 7 The behavior of the radial velocity (v) as a function of r is shown for various values of α and the spacetime dimensions. a Corresponds to
varying α with fixed dimension, and b corresponds to varying the number of dimensions with fixed α

ing matter could provide indirect observational signatures of
both MOG effects and extra dimensions.

4.1 Mass evolution

In the process of accretion onto a dark compact object, the
mass of the object increases with time. The mass accretion
rate is given by the following relation [50]

Ṁ = −
∫

T r
t dS , (42)

in which dS = (√−g
)
dθi dϕ is the surface element of the

object and g = det(gμν) = −r2(D−2)
∏D−3

i=1 sin2 θi is the
determinant of the background metric tensor associated with
the line element (10), which for θi = π

2 takes the form g =
det(gμν) = −r2(D−2). From Eqs. (31) and (32) the accretion
rate Ṁ can be obtained as
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Fig. 8 The behavior of energy density (ρ) as a function of r is shown for various values of α and spacetime dimensions. a Corresponds to varying
α with fixed dimension, and b corresponds to varying the number of dimensions with fixed α

Ṁ=−ωD−2r
D−2v(p + ρ)

√√√√√√1− (D − 2)mr2(D−3)ωD−2

8π

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)3/2 + (D − 3)(D − 2)Gq2r2(D−3)ω2
D−2

32π2

(
r2(D−3)+ (D−2)2m2α(1+α)ω2

D−2
256G2π2

)2 +v2 .

(43)
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Using Eq. (33) one can rewrite Eq. (43) as

Ṁ = −ωD−2C0 , (44)

where C0 is a constant defined in Eq. (33).

4.2 Critical values

Due to the stronger gravitational field near the central object,
the convergence of the flow causes an increase in the den-
sity of the fluid. The internal pressure of the fluid resists
the increase in density. However, as the velocity of the fluid
increases and approaches the sound speed at the critical point,
the changes in pressure and density within the fluid become
coupled. The critical point is the location where the fluid
flow changes from subsonic to supersonic. Identifying criti-
cal points is important for studying the dynamic characteris-
tics of the flow and the accretion rate. The derivatives of Eqs.
(36) and (33) yields

ρ′

ρ
+ v′

v
= −D − 2

r
(45)

and

ρ′

ρ

(
d ln[p + ρ]
d ln[ρ] − 1

)
+ vv′

v2 + f (r)
+ 1

2

f ′(r)
v2 + f (r)

= 0 ,

(46)

respectively. From Eqs. (45) and (46), one can obtain the
following relation

d ln[v]
d ln[r ] = N1

N2
, (47)

in which we defined N1 and N2 as

N1 ≡ r

2
f ′ (r)

(
f (r) + v2

)
− (D − 2) K 2 (48)

and

N2 ≡ K 2 − v2

f (r) + v2 , (49)

where

K 2 ≡ d ln[p + ρ]
d ln[ρ] − 1 . (50)

The critical point in an accretion disk is a point where the
ratio N1N2

approaches the indeterminated form 0
0 . This con-

dition indicates a change in the behavior of the flow, which
corresponds to the transition from subsonic to supersonic.
For the equation of motion for the flow to maintain continu-
ity at this point, both the numerator and denominator of the

ratio N1N2
must become zero. Therefore, using the condition

N1 = N2 = 0 yields the expression for K at the critical
point in the following form

K 2
c = r f ′(r)

r f ′(r) + 2(D − 2) f (r)
, (51)

where the index (c) stands for critical values. Since we have
f ′(r) > 0 outside the event horizon, the denominator of the
expression must be positive. This requirement leads to the
following inequality

r f ′(r) + 2(D − 2) f (r) > 0 . (52)

Also, using the condition defining critical point results in

v2
c = r f ′ (r)

2 (D − 2)
. (53)

The inflow’s transition from subsonic to supersonic is indi-
cated by the critical velocity vc(r). Its radial profile captures
how the accretion process is controlled by the interaction
of fluid dynamics, geometry, and gravity. According to the
plots in Fig. 9, increasing α makes gravity stronger, which
raises the critical speed and moves the sonic point closer
to the object. Higher spacetime dimensionality, on the other
hand, decreases vc because the acceleration of the inflow is
weakened by the dilution of gravitational strength in addi-
tional dimensions. Far from the compact object, the critical
velocity naturally approaches zero in all cases. The behav-
ior of vc(r) is especially important because it controls the
accretion rate and sets the conditions for shock formation and
energy release in the disk. Therefore, Fig. 9 demonstrates that
both MOG corrections and extra-dimensional effects leave
measurable imprints on the transonic structure of the flow,
which could, in principle, distinguish higher-dimensional
MOG compact objects from their general relativistic coun-
terparts.

The adiabatic sound speed is defined as

a2 = dp

dρ
= w. (54)

Using Eqs. (40) and (54), one can derive the following
equation for the adiabatic sound speed

a2 = C2√
f (r) + v2

− 1 , (55)

where C2 is a constant defined in Eq. (37).
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Fig. 9 The variation of vc with respect to r for different values of α and spacetime dimensions. a Illustrates the effect of changing α at fixed
spacetime dimension, while panel b shows the impact of varying the spacetime dimension for constant α

5 Summary and conclusions

In this work, we have explored the dynamics of neutral parti-
cles and the accretion process around a higher-dimensional,
regular, spherically symmetric dark compact object within
the Scalar-Tensor-Vector Gravity (MOG) framework. Our
study addressed both the geodesic motion of test particles
and the hydrodynamical accretion of a perfect fluid, with

particular attention to the effects introduced by extra spatial
dimensions.

We determined the effective potential, stable circular
orbits, and the corresponding innermost stable circular orbit
(ISCO) for the motion of the test particle. According to
numerical analysis, matter can orbit closer to the compact
object when the ISCO radius decreases as the number of
spacetime dimensions increases. Consequently, the accre-
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tion disk’s energy flux, effective temperature, and differential
luminosity are all enhanced. These results demonstrate that
the energetic output of accretion disks in MOG spacetimes
is amplified by higher dimensions.

We also analyzed the accretion disk’s thermal characteris-
tics and contrasted the effective temperature profile with the
most recent Sgr A* observational data from the Event Hori-
zon Telescope (EHT). According to the analysis, the expected
deviations from the Schwarzschild case caused by extra-
dimensional corrections and MOG fall within the sensitivity
range of the EHT measurements that are currently in use.
In particular, the changes are constant for four-dimensional
spacetimes for all the mentioned values of MOG parame-
ter in table 2, and for the values of the MOG parameter
in the range α ≥ 1.5, the effects are consistent with EHT
data in for D = 5. According to this comparison, such
higher-dimensional and modified gravity signatures might
be detected or constrained by upcoming high-precision VLBI
observations.

In addition, we developed analytical expressions for the
four-velocity and proper energy density of a perfect fluid
undergoing spherical accretion onto the higher-dimensional
MOG compact object. The analysis of mass evolution and
critical accretion parameters demonstrated that the influence
of extra dimensions persists not only at the level of parti-
cle dynamics but also in the hydrodynamical properties of
inflowing matter. Our analysis of the fluid dynamics around
higher-dimensional MOG dark compact objects shows that
the radial velocity, energy density, and critical (sonic) veloc-
ity of the inflowing matter are strongly affected by both the
MOG parameter α and the number of spacetime dimensions
D. Increasing α enhances the effective gravitational inter-
action, leading to higher inflow velocities, outward shifts
in density profiles, and larger critical speeds. In contrast,
increasing D dilutes the gravitational field, suppressing the
radial and critical velocities while steepening the variation of
energy density. These results highlight that extra dimensions
and MOG corrections leave distinct imprints on the transonic
structure and thermodynamic properties of accretion, which
could in principle manifest in observable signatures of accre-
tion disks.

Overall, our findings demonstrate that the observable
imprints of accretion processes in MOG spacetimes are
systematically strengthened by additional dimensions. The
improvement of flux and temperature profiles and the
decrease of the ISCO radius suggest that the electromagnetic
spectrum of accretion disks may be affected in ways that
can be measured. These signatures, lying at the threshold of
detectability with present-day instruments, provide a promis-
ing avenue for testing the interplay of modified gravity and
extra-dimensional physics. Future observational advances,
particularly with the EHT and next-generation interferomet-

ric facilities, may therefore open the path to constraining or
revealing such extensions of General Relativity.
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