
New J. Phys. 24 (2022) 053030 https://doi.org/10.1088/1367-2630/ac6a01

OPEN ACCESS

RECEIVED

8 January 2022

REVISED

9 April 2022

ACCEPTED FOR PUBLICATION

25 April 2022

PUBLISHED

12 May 2022

Original content from
this work may be used
under the terms of the
Creative Commons
Attribution 4.0 licence.

Any further distribution
of this work must
maintain attribution to
the author(s) and the
title of the work, journal
citation and DOI.

PAPER

Work costs and operating regimes for different manners
of system-reservoir interactions via collision model

Ying Wang, Zhong-Xiao Man∗ , Ying-Jie Zhang and Yun-Jie Xia
School of Physics and Physical Engineering, Shandong Provincial Key Laboratory of Laser Polarization and Information Technology,

Qufu Normal University, 273165, Qufu, People’s Republic of China
∗ Author to whom any correspondence should be addressed.

E-mail: zxman@qfnu.edu.cn

Keywords: collision model, quantum thermodynamics, quantum thermal machine, work cost

Abstract
In this work, we study effects of different types of system-reservoir interactions on work costs and
operating regimes of thermal machines by considering a quantum system consisting of two
subsystems embedded in both independent and common reservoirs. The model allows us to make
a contrast between three configurations of system-reservoir interactions, namely, the three-body
one, the two-body one with and without intrasystem interaction between two subsystems. After
establishing general formulations of thermodynamics quantities, we derive specific forms of heat
and work with respect to these three configurations based on a model with two coupled qubits. It
is shown that both the amount and sign of work are closely related to ways of system-reservoir
interactions, by which six types of operating regimes of machines are constructed for a given
setting. We find that different modes of system-reservoir interactions lead to different numbers of
operating regimes of machines on the one hand, and on the other hand machines of the same
kinds can appear in different scenarios of system-reservoir interactions, but which one is superior
over others relies on intervals of parameters. A possible implementation of the setup based on the
platform of circuit quantum electrodynamics is discussed briefly. We then generalize the bipartite
model to multipartite case and derive the corresponding formulations of thermodynamics
quantities. Our results indicate that interacting manners of system-reservoir play an important role
in modifying thermodynamics process and can thus be utilized in designing quantum thermal
machines with requisite functions.

1. Introduction

Recent years witness growing interest in the study of quantum thermodynamics (QT) [1, 2] which aims to
extend the classical thermodynamics laws to quantum domain and seeks to design thermal machines by
virtue of quantum resources. The exciting progresses in quantum information technology also promote
ones to explore how quantum effects influence thermodynamics process and to pursue genuine quantum
superiorities in quantum thermal machines over their classical counterparts [3–6].

Since the work substance in QT is open quantum system, the popular approach to characterize the
system’s dynamics is Markovian master equation (ME) which usually embodies two different forms,
namely, the so-called local and global ones [7]. For the local ME, the jump operators act only on individual
subsystems, whereas for the global ME, the jump operators, constructed in the eigenstate representation, act
on the global degrees of freedom of the system. Generally speaking, which one of these two approaches is
more accurate for a specific model relies on the competition of intrasystem interaction between subsystems
and the dissipation rate. The applications of these two approaches in the study of QT become more subtle
since improper choice of them will lead to thermodynamics inconsistency [8–15]. In particular, it has been
shown that the local ME is unable to make the system reach thermal equilibrium even for weak
system-environment interactions [16, 17], miss important effects in thermal quantum devices, such as heat
leaks and internal dissipation [9, 18], and even violate the second law of thermodynamics with
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counterintuitive results [19]. In other cases, however, the local ME is found to be more accurate than the
global ME [11, 12]. Moreover, the global ME can fail to generate completely positive maps (in the Redfield
type) [20] and be inadequate for the description of heat current in stationary nonequilibrium situations
[21].

In many cases, the seeming inconsistencies in QT are due to the unawareness of extra energetic cost such
as work in maintaining the thermodynamics process [19, 22]. By constructing microscopic model of local
ME based on the framework of collision (repeated interaction) model [22–25], these thermodynamical
inconsistencies can be resolved. In the collision model, the environment is assumed to be composed of a
series of identical ancillas and the system of interest interacts, or collides, with a fresh one at each time step
[26]. It proves to be a useful and versatile tool not only in simulating the dynamics of open quantum system
[27–42], but also in dealing with QT [43–58]. In reference [23], Barra has recognized that in the collision
model external work is required to switch on and off the successive collisions between the system and
ancillas. As a result, a consistent thermodynamics framework can be established by using the
collision-model-based local ME and introducing the work due to the system-environment collisions
[22–25].

As the work is necessary in maintaining successive collisions between system and environment, how
fashions of collisions (e.g., three-body and two-body interactions) affect amount and sign of the invested
work, or which collision manner requires more work and can lead to specific direction of work current,
becomes a question of both theoretical and practical importance. This issue is interesting in practical
applications since the amount and sign of work will influence the operating regimes of thermal machines.
Generally, for a system consisting of several subsystems, there are two types of interactions between the
system and environments, namely, the subsystems interact independently with their own local
environments and all subsystems interact simultaneously with a common one. At a more practical level,
quantum systems would be more likely to interact with external environments both independently and
simultaneously due to the difficulty in retaining only one type of interactions. In this work, by combining
these two configurations together, we develop a model with two subsystems simultaneously interacting with
a common reservoir apart from independent interactions with their local ones, which can involve three
modes of collisions (cf figure 1). The three scenarios are embodied in the interactions between two
subsystems and the common reservoir, which could be three-body one, two-body one with and without
intrasystem interactions between subsystems. By means of collision model, we construct ME to describe the
system’s dynamics and formulate the heat, work and internal energy in their general forms. Focusing on the
instance of two coupled qubits, we demonstrate that the work costs are sensitive to the manners of
collisions, based on which various types of thermal machines can be realized. Generally, quantum thermal
machines can be normally classified into three types [59–62] depending on how the system (working
substance) is operated upon, namely, autonomous ones with time-independent Hamiltonian for the system,
discrete-stroke ones characterized by thermodynamics process of finite-time intervals, and continuously
driven ones where the system is permanently coupled to the baths with time-dependent Hamiltonian. From
this classification, our constructed machines belong to continuously driven ones since the system can be
considered to be permanently coupled to reservoirs and there is work cost associated with system-reservoir
interactions. We also show that though the machine with the same function can be realized in different
scenarios, which one is superior to others is not fixed but related to the chosen parameters. A possible
implementation of the setup based on the platform of circuit quantum electrodynamics (QED) is discussed
briefly. The bipartite model is finally generalized to the case with N subsystems and the corresponding
formulations are derived.

This paper is organized as follows. In section 2, we introduce the model with two subsystems and
construct the ME within the framework of collision model. In section 3, we establish the general expressions
of changes of heat, work and internal energy in a single collision of system and reservoirs and show their
consistency with the first law of thermodynamics. In section 4, focusing on a model of two coupled qubits,
we derive concrete expressions of currents of heat and work in the continuous time limit and demonstrate
the work costs, operating regimes as well as efficiency with respect to different modes of collisions. In
section 5, we extend the model of two subsystems to the multipartite case. This work is concluded in
section 6.

2. The model and master equation

In our model, as shown in figure 1, the system S consists of two subsystems S1 and S2 being coupled to the
local reservoirs R1 and R2, respectively, and in contact simultaneously with the common reservoir R3. By
means of collision model, each reservoir Rj (j = 1, 2, 3) is modeled as a cluster of identically prepared
ancillas and at each time a fresh one of them collides/interacts with the corresponding subsystem for a

2



New J. Phys. 24 (2022) 053030 Y Wang et al

Figure 1. Schematic representation of the considered model. The system consists of two subsystems S1 and S2 which are coupled
to two local reservoirs R1 and R2, respectively, and at the same time connected simultaneously to the third reservoir R3. Within
the framework of collision model, each reservoir is divided into a series of identical ancillas interacting with the system
sequentially. In the lower subgraph, we illustrate three scenarios of triple collisions between S1, S2 and R3, i.e., (a) two-body
interaction without intrasystem coupling of S1 − S2, (b) two-body interaction with the intrasystem coupling, and (c) three-body
interaction.

duration τ . For convenience, we adopt Rj to label both the reservoir and generic ancilla therein. The total
Hamiltonian of the system plus reservoirs can be expressed as

Ĥtot = ĤS +

3∑
j=1

ĤRj +
1√
τ

2∑
i=1

V̂ i +
1√
τ

ĤI , (1)

where ĤS is the Hamiltonian of the system, ĤRj is the free Hamiltonian of ancilla in the reservoir Rj, V̂ i

stands for the boundary collisions between Si and Ri, and ĤI accounts for the middle collisions between S1,
S2 and R3. For the convenience of taking continuous time limit later, we have scaled V̂ i and ĤI by the
collision time τ [58]. One purposes of this work is to reveal the cost of work to maintain different ways of
the triple collisions of S1, S2 and R3 as well as their distinct effects on the thermodynamics process, so that
we shall explore both the two-body (cf figures 1(a) and (b)) and three-body (cf figure 1(c)) interactions for
ĤI . When ĤI is two-body interaction, we will take both the situations with and without intrasystem
interaction of S1 and S2 into account, as shown in figures 1(a) and (b), respectively. Of course, due to the
bridge of reservoir R3, the direct interaction between S1 and S2 is not necessary for the exchange of energy
among reservoirs.

Before constructing ME based on the collision model, we make a brief discussion on the assumptions
that justify the validity for using such an approach. We consider the most general system-reservoir
interaction Hamiltonian of the form ĤSR = g

∑
μν ŜμR̂ν with g the strength of the coupling and Ŝμ (R̂ν) are

generic system (ancilla) operators. It is convenient to assume that the coupling strength is proportional to
the collision time in terms of g ∝ 1/

√
τ . Since the ME is valid for the short collision time, only a diverging

coupling strength can ensure a meaningful contribution from the system-reservoir interaction. Consider the
system’s Hamiltonian ĤS = ω

∑
iŜi, where the intrinsic system evolution timescale tS = 1/ω is set by the

system’s characteristic frequency ω. We assume tS � τ (i.e., ωτ � 1) so that the neglect of system’s
evolution between subsequent collisions can be verified. A single shot of collision at time t transforms the
state ρS ≡ ρS(t) of the system to ρ′S ≡ ρ′S(t + τ) as

ρ′S = TrR ρ
′
SR = TrR

{
ÛSRρSRÛ†

SR

}
, (2)

where ρSR ≡ ρS ⊗ ρR with ρR =
∏3

j=1ρRj the total initial state of three ancillas and ÛSR = e−iτĤtot is the
unitary time evolution operator. As usual, we assume that the ancilla Rj is prepared in a thermal state at

inverse temperature βRj = 1/TRj , namely, ρRj = e
−βRj

ĤRj /ZRj with ZRj = tr{e
−βRj

ĤRj } the corresponding

partition function. We set � = kB = 1 here and throughout the paper. By expanding ÛSR up to the first
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order in τ , we derive the ME of the system as

ρ̇S = lim
τ→0

[(
ρ′S − ρS

)
/τ

]

= −i
[
ĤS, ρS

]
+

2∑
i=1

Di + G, (3)

where Di and G are the dissipative terms associated with the local reservoir Ri and the common one R3

being of the forms

Di = −1

2
TrRi

[
V̂ i,

[
V̂ i, ρSρRi

]]
, (4)

and

G = −1

2
TrR3

[
ĤI ,

[
ĤI , ρSρR3

]]
. (5)

3. Thermodynamics quantities via collision model

By resorting to the collision model, in this section, we establish general formulations of changes of heat,
work and internal energy in a single round of collisions. In deriving the thermodynamics quantities, ÛSR

will be approximated up to the first order in τ throughout the paper. During a single collision, the heat
transferred from the three reservoirs to the system can be defined unambiguously as their energy decreases
as

ΔQ = −
3∑

j=1

(〈
ĤRj

〉
ρ′SR

−
〈

ĤRj

〉
ρSR

)

=
τ

2

2∑
i=1

〈[
V̂ i,

[
V̂ i, ĤRi

]]〉
ρSR

+
τ

2

〈[
ĤI ,

[
ĤI , ĤR3

]]〉
ρSR

, (6)

where 〈·〉� = Tr [·�]. Obviously, the first term of the second line in the right-hand side (rhs) of ΔQ,
equation (6), is associated to the boundary reservoirs Ri with i = 1, 2, while the second term is due to the
common reservoir R3.

To guarantee thermodynamics consistence of the model, we should take the work exerted by external
agent into account. The work in a quantum system is generally defined as a change of internal energy due to
the modification of Hamiltonian of the system by some external control parameters. The cost of work is
apparent in collision model since the system should be successively coupled to and decoupled from the
reservoirs, leading to the time dependence of total Hamiltonian. In most studies [22, 23, 25], only two-body
system-reservoir interaction is involved, which constrains the form of work supplied by external agent.
Here, by introducing simultaneous collisions of S1 and S2 with R3, we consider both two-body and
three-body interactions among them, which allow us on the one hand to compare the work cost in
maintaining different ways of collisions, and on the other hand to achieve various operating regimes of the
system functioning as thermal machines.

For the unitary dynamics of overall system and reservoirs, the work in a single collision that occurs
within the time interval [t, t + τ] can be defined as

ΔW =

∫ t+τ

t
Tr

[
∂Ĥtot

∂s
ρSR

]
ds. (7)

Since V̂ i and ĤI are the only time-dependent terms in Ĥtot in the sense that they exists in [t, t + τ] and
vanishes otherwise, an integration over equation (7) yields

ΔW =
1√
τ

〈
ĤI +

2∑
i=1

V̂ i

〉
ρSR

− 1√
τ

〈
ĤI +

2∑
i=1

V̂ i

〉
ρ′SR

= −τ

2

〈[
ĤI ,

[
ĤI , ĤS + ĤR3

]]〉
ρSR

− τ

2

2∑
i=1

〈[
V̂ i,

[
V̂ i, ĤS + ĤRi

]]〉
ρSR

. (8)
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The formulation (8) indicates that the conditions for a finite nonzero work is either
[
ĤI , ĤS + ĤR3

]

= 0 or[

V̂ i, ĤS + ĤRi

]

= 0. Yet, the work associated to these two conditions represents two different sources: the

first one originates from the triple collisions of S1, S2 and R3, while the second one from the boundary
collisions of S1 − R1 and S2 − R2. No work is required if and only if

[
ĤI , ĤS + ĤR3

]
= 0 and meanwhile[

V̂ i, ĤS + ĤRi

]
= 0 for i = 1, 2, which mean strict energy conservation for all the involved collisions.

Next, we derive the expression of the change of system’s internal energy and verify the thermodynamics
consistency of these quantities. The change of internal energy of the system can be defined as

ΔES =

2∑
i=1

(〈
ĤSi

〉
ρ′SR

−
〈

ĤSi

〉
ρSR

)

= −τ

2

〈[
ĤI ,

[
ĤI , ĤS

]]〉
ρSR

− τ

2

2∑
i=1

〈[
V̂ i,

[
V̂ i, ĤS

]]〉
ρSR

. (9)

From equations (6), (8) and (9), we can get ΔES = ΔW +ΔQ, namely, our derived quantities comply with
the first law of thermodynamics. By definition, the positive work and heat mean that the energy is
transferred to the system.

4. Two coupled qubits

In order to demonstrate our results, we consider a concrete model (see figure 1) which consists of two
two-level subsystems (qubits) S1 and S2, with the free Hamiltonian ĤSi =

ωSi
2 σ̂ z

Si
and frequency ωSi

(i = 1, 2), interacting locally with their own reservoirs R1 and R2, respectively. Here, σ̂x(y,z)
A is the usual Pauli

operator for the qubit A. Additionally, we introduce simultaneous collisions of S1 and S2 with a third
reservoir R3, which could be two-body and three-body ones. Here, the reservoir ancilla Rj with j = 1, 2, 3 is

also modeled as a qubit with the generic Hamiltonian ĤRj =
ωRj

2 σ̂z
Rj

and frequency ωRj . The local
interaction for Si − Ri is given as

V̂ i = gii

(
σ̂+

Si
σ̂−

Ri
+ σ̂−

Si
σ̂+

Ri

)
, (10)

in which σ̂±
A =

(
σx

A ± iσy
A

)
/2 are the raising/lowing operators on A and gii denotes the interaction strength

for Si and Ri. The environment ancilla Rj is prepared in the thermal state with

ρRj =
[
(1 − ξj)/2

]
|1〉 〈1|+

[
(1 + ξj)/2

]
|0〉 〈0| , (11)

where ξj = tanh
(
βRjωRj/2

)
with βRj = 1/TRj the inverse temperature of Rj. In the following, we shall

consider two-body and three-body interactions for S1, S2 and R3 in the subsections 4.1 and 4.2, respectively,
and derive the currents of heat and work in the limit of continuous time.

4.1. Two-body interaction
The simultaneous interactions of S1 and S2 with R3 in the two-body form can be expressed as

Ĥ(2)
I =

(
g13σ̂

+
S1
+ g23σ̂

+
S2

)
σ̂−

R3
+ h.c., (12)

in which g13 and g23 characterize the coupling strengths of S1 − R3 and S2 − R3, respectively. In this
configuration, the energy exchange can be realized via the bridge of the reservoir ancilla R3 so that the direct
contact between S1 and S2 is not necessary. However, we will still take the existence of intrasystem
interaction of S1 and S2, as a special instance, into account when comparing the cost of work in different
situations, which is given as

ĤS1S2 = Ω
(
σ̂+

S1
σ̂−

S2
+ σ̂−

S1
σ̂+

S2

)
, (13)

with Ω the interacting constant.
The system’s dynamics is described by the ME (3) with the dissipative terms are given as

Di = g2
iiχ

g
Ri

(
σ̂−

Si
ρSσ̂

+
Si
− 1

2

{
σ̂+

Si
σ̂−

Si
, ρS

})

+ g2
iiχ

e
Ri

(
σ̂+

Si
ρSσ̂

−
Si
− 1

2

{
σ̂−

Si
σ̂+

Si
, ρS

})
, (14)

5
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and

G = χ
g
R3

2∑
i=1

g2
i3

(
σ̂−

Si
ρSσ̂

+
Si
− 1

2

{
σ̂+

Si
σ̂−

Si
, ρS

})

+ χe
R3

2∑
i=1

g2
i3

(
σ̂+

Si
ρSσ̂

−
Si
− 1

2

{
σ̂−

Si
σ̂+

Si
, ρS

})

+ χ
g
R3

g13g23

(
σ̂−

S1
ρSσ̂

+
S2
− 1

2

{
σ̂−

S1
σ̂+

S2
, ρS

}

+ σ̂−
S2
ρSσ̂

+
S1
− 1

2

{
σ̂+

S1
σ̂−

S2
, ρS

})

+ χe
R3

g13g23

(
σ̂+

S1
ρSσ̂

−
S2
− 1

2

{
σ̂+

S1
σ̂−

S2
, ρS

}

+ σ̂+
S2
ρSσ̂

−
S1
− 1

2

{
σ̂−

S1
σ̂+

S2
, ρS

})
, (15)

where χ
g
Rj
=

〈
σ̂−

Rj
σ̂+

Rj

〉
ρRj

and χe
Rj
=

〈
σ̂+

Rj
σ̂−

Rj

〉
ρRj

for j = 1, 2, 3. In the unitary term of (3), if the intrasystem

interaction is taken into account we have ĤS =
∑2

i=1ĤSi + ĤS1S2 , otherwise ĤS =
∑2

i=1ĤSi .
By means of equation (6), the heat current flowed from the boundary reservoir Ri (i = 1, 2) to the

system can be derived as

Q̇i
(2) = g2

iiωRi

(
χe

Ri
χ

g
Si
− χ

g
Ri
χe

Si

)
, (16)

while that from the middle reservoir R3 to the system as

Q̇3
(2) =

2∑
i=1

g2
i3ωR3

(
χe

R3
χ

g
Si
− χ

g
R3
χe

Si

)
, (17)

where χ
g
Si
=

〈
σ̂−

Si
σ̂+

Si

〉
ρS

and χe
Si
=

〈
σ̂+

Si
σ̂−

Si

〉
ρS

for i = 1, 2. In the absence of the intrasystem interaction

ĤS1S2 (13), the work current can be obtained via equation (8) as

Ẇ (2)
0 =

2∑
i=1

g2
ii

(
ωSi − ωRi

) (
χe

Ri
χ

g
Si
− χ

g
Ri
χe

Si

)

+

2∑
i=1

g2
i3

(
ωSi − ωR3

) (
χe

R3
χ

g
Si
− χ

g
R3
χe

Si

)

+ g13g23χ
coh
S

(
ωR3 −

1

2

2∑
i=1

ωSi

) (
χ

g
R3

− χe
R3

)
, (18)

in which χcoh
S =

〈
σ̂+

S1
σ̂−

S2
+ σ̂−

S1
σ̂+

S2

〉
ρS

. We observe that the first term in the rhs of equation (18) is related to

the boundary collisions of Si and Ri, which will vanish if ωSi = ωRi for i = 1, 2 implying that the collisions
are energy preserving with

[
V̂ i, ĤSi + ĤRi

]
= 0. The last two terms in equation (18) are associated with the

middle collisions between S1, S2 and R3, which will become zero when ωS1 = ωS2 = ωR3 implying also the

energy conservation of the collisions with
[

Ĥ(2)
I , ĤS1 + ĤS2 + ĤR3

]
= 0. We note that the correlation

between S1 and S2 in terms of χcoh
S make significant contribution to the work current in a sense that the last

term of Ẇ (2)
0 disappears if χcoh

S = 0.
When the intrasystem interaction ĤS1S2 (13) is involved, the work current Ẇ (2)

I = Ẇ (2)
0 + Ẇ (2)

1 , i.e.,
another term Ẇ (2)

1 should be added to (18), with Ẇ (2)
1 being of the form

Ẇ (2)
1 = −1

2

(
g2

11 + g2
22 + g2

13 + g2
23

) 〈
ĤS1S2

〉
ρS

− Ωg13g23χ
g
R3

(
χ

ge
S − 2χee

S + χ
eg
S

)
− Ωg13g23χ

e
R3

(
χ

eg
S − 2χgg

S + χ
ge
S

)
, (19)

6
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where χ
ge
S =

〈
σ̂−

S1
σ̂+

S1
σ̂+

S2
σ̂−

S2

〉
ρS

, χeg
S =

〈
σ̂+

S1
σ̂−

S1
σ̂−

S2
σ̂+

S2

〉
ρS

, χee
S =

〈
σ̂+

S1
σ̂−

S1
σ̂+

S2
σ̂−

S2

〉
ρS

, and

χ
gg
S =

〈
σ̂−

S1
σ̂+

S1
σ̂−

S2
σ̂+

S2

〉
ρS

.

4.2. Three-body interaction
We proceed to the scenario of three-body collision of S1, S2 and R3 governed by

Ĥ(3)
I = g123

(
σ̂+

S1
σ̂−

R3
σ̂+

S2
+ σ̂−

S1
σ̂+

R3
σ̂−

S2

)
, (20)

with g123 standing for the strength of three-body interaction. The system’s dynamics is still described by the
ME (3) with the dissipative term Di being identical to that given in (14), while the term G is now given as

G = g2
123

[
χ

g
R3

(
σ̂−

S1
σ̂−

S2
ρSσ̂

+
S1
σ̂+

S2
− 1

2

{
σ̂+

S1
σ̂+

S2
σ̂−

S1
σ̂−

S2
, ρS

})

+ χe
R3

(
σ̂+

S1
σ̂+

S2
ρSσ̂

−
S1
σ̂−

S2
− 1

2

{
σ̂−

S1
σ̂−

S2
σ̂+

S1
σ̂+

S2
, ρS

})]
. (21)

The expression of heat current from the boundary reservoir Ri (i = 1, 2) to the system is the same as that
presented in (16), i.e., Q̇i

(3) = Q̇i
(2), while that from the common reservoir R3 becomes

Q̇3
(3) = g2

123ωR3

(
χe

R3
χ

gg
S − χ

g
R3
χee

S

)
. (22)

By means of equation (8), the work current in the regime of three-body collision can be formulated as

Ẇ (3) =

2∑
i=1

g2
ii

(
ωSi − ωRi

) (
χe

Ri
χ

g
Si
− χ

g
Ri
χe

Si

)

+ g2
123

(
2∑

i=1

ωSi − ωR3

)(
χe

R3
χ

gg
S − χ

g
R3
χee

S

)
. (23)

Obviously, the first term in the rhs of equation (23) originates from the boundary collisions of Si and Ri,
coinciding with that given in equation (18) of the two-body interaction. By contrast, the second term in the
rhs of (23) just accounts for the work sustaining the three-body collision, which will vanish if∑2

i=1ωSi − ωR3 = 0, namely, the interaction preserves the energy with
[

Ĥ(3)
I , ĤS1 + ĤS2 + ĤR3

]
= 0.

4.3. Results
So far, we have derived concrete expressions of ME and formulations of currents of heat and work for both
the two-body and three-body collisions between S1, S2 and R3. The two-body case further includes two
situations with and without intrasystem interaction between S1 and S2. In the steady-state regime, work
current will vanish if variations of system’s internal energy can be accounted for completely by heat flows
among the relevant reservoirs. Otherwise, a finite nonzero work current should be supplied by external
agent, which occurs when collisions of system-reservoirs cannot guarantee conservation of total energy of
system and reservoirs, as discussed above. In the following, we shall make a comparison for the work
currents required to maintain the collisions in these three configurations. We also display the operating
regimes that could be produced for the system functioning as thermal machines. In order to lay stress on
the work exerted due to the triple collisions of S1, S2 and R3, we set energy conservation for the boundary
collisions of Si − Ri in such a way that ωSi = ωRi so that no work will be required for them. In figure 2, we
display steady-state work currents against ωR3 for different temperatures of the three reservoirs. We can
observe that the work currents exhibit striking contrasts, in both amounts and directions, with respect to
the three-body collision in terms of Ẇ (3) and two-body collisions in terms of Ẇ (2)

0 and Ẇ (2)
I . For the

two-body collision, the work currents in the presence and absence of intrasystem interactions between
subsystems, represented by Ẇ (2)

I and Ẇ (2)
0 , also differ from each other, particularly for the transforming

points between positive and negative values. Our results suggest that the work current needed in the
collision model is closely related to the manners of interactions which, through appropriate choices, prove
to be a possible method to realize machines with demanding functions as shown in the following.

Concentrating on the setting of TR1 < TR3 < TR2 , we find that there appear to be six types of operating
regimes of the machine characterized by the signs of Q̇1, Q̇2, Q̇3 and Ẇ , as shown in table 1. Due to
TR3 < TR2 , the extraction of heat from the reservoir R3 to the reservoir R2 can be viewed as a refrigerator,
labeled by I and II. For the type I, we have Ẇ > 0, namely, external work is performed on the system to
achieve the refrigeration of R3 so that we call it as TR3 -power driven refrigerator. By contrast, in the type II,
only through the driving of the heat currents can the machine cool the reservoir R3 and meanwhile produce
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Figure 2. Work currents Ẇ (2)
0 , Ẇ (2)

I and Ẇ (3) as a function of ωR3 for (a) TR1 = 3, TR2 = 5, TR3 = 1, (b) TR1 = 1, TR2 = 5,
TR3 = 3, and (c) TR1 = 1, TR2 = 3, TR3 = 5. The other parameters are set as ωS1 = ωR1 = 1, ωS2 = ωR2 = 1.5, g11 = g22 = 1
and g13 = g23 = Ω = g123 = 0.5.

Table 1. Table of operating regimes of the machine. The first column shows the labels of
different regimes; the second column describes the function and characters of the
machine; the remaining columns give the signs of the heat and work currents.

Label Description Q̇1 Q̇2 Q̇3 Ẇ

I TR3 -power driven refrigerator <0 <0 >0 >0
II TR3 -heat driven refrigerator with work production <0 <0 >0 <0
III Dual-source accelerator <0 >0 >0 >0
IV Dual-source engine <0 >0 >0 <0
V Dual-sink thermal engine <0 >0 <0 <0
VI Dual-sink accelerator <0 >0 <0 >0

work. In the types III and VI, the machine works as an accelerator (oven) [63] by acquiring external work
and transporting heat from the dual sources R2 and R3 to R1 in III, while dumping heat to the dual sinks R1

and R3 from R2 in VI. The types IV and V are recognized as thermal engines extracting work from the
system and at the same time transferring heat from dual sources R2 and R3 to R1 in IV and dumping heat to
the dual sinks R1 and R3 from R2 in V. In figure 3, by plotting all the involved thermodynamics quantities,
i.e., currents of work Ẇ and heats Q̇1, Q̇2 and Q̇3 from reservoirs R1, R2 and R3, respectively, we identify
parameter ranges for the appearances of these six operating regimes of the machines. For clearness, we omit
the superscripts in these thermodynamics quantities. Here, the cases of three-body collision, two-body
collision with and without intrasystem interaction are demonstrated in figures 3(a)–(c), respectively. We
observe that two operating regimes can be achieved for the three-body collision, while four and five ones
can occur for the two-body collision with and without intrasystem interaction. Moreover, the refrigerator of
type II can be realized only in the situation of three-body collision, figure 3(a). For the other types of
operating regimes, though they can be obtained in different scenarios, the parameter intervals supporting
them are different. Therefore, the operating regimes are closely related to the manners of collisions for the
given parameters. Alternatively speaking, one can choose suitable collision types and parameter ranges to
implement thermal machines with specific functions.

From above discussions, we know that the same operating regime can happen in different scenarios of
collisions. For example, the refrigerator of type I appears in both the cases of three-body collision,
figure 3(a), and two-body collision without intrasystem interaction, figure 3(c). Hence, it is interesting to
make a comparison for the efficiency or coefficient of performance (COP) of the same types of machines in
different configurations. The COP of a refrigerator is defined as the ratio of the extracted heat Q̇c from the
cold reservoir to the invested work Ẇ , namely, COP = Q̇c/Ẇ . The efficiency of an engine is defined as
η = |Ẇ |/Q̇h, namely, the ration of the produced work |Ẇ | to heat Q̇h extracted from the hot reservoir. In
figure 4(a), we compare the COP of the refrigerator of type I that appears in the situations of three-body
collision (i.e., the range I in figure 3(a)) and two-body collision without intrasystem interaction (i.e., the
range I in figure 3(c)). We find that the COP in the case of two-body collision is always larger than that of
three-body collision for the interval of ωR3 enabling this refrigerator in both cases. In spite of the efficiency
advantage of the two-body collision in producing the type I refrigerator, however, the three-body collision
can realize it in the wider range of ωR3 , as shown in figures 3(a) and (c). Figure 4(b) shows the efficiency of
thermal engine of type IV emerging in the situations of two-body collision with (i.e., the range IV in
figure 3(b)) and without (i.e., the range IV in figure 3(c)) the intrasystem interaction. One can see that the
efficiency of the former case is larger than the latter one for the relatively small ωR3 , which is reversed with
increasing ωR3 . Similar results can be obtained for the efficiency of thermal engine of type V shown in

8
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Figure 3. Currents of work Ẇ and heat Q̇1, Q̇2 and Q̇3 regarding the reservoirs R1, R2 and R3 against ωR3 for three-body collision
(a), two-body collision with intrasystem interaction (b) and without intrasystem interaction (c). The occurrence intervals of
operating regimes I–VI shown in table 1 are identified with vertical lines. The other parameters are set as TR1 = 1, TR2 = 5,
TR3 = 3, ωS1 = ωR1 = 1, and ωS2 = ωR2 = 1.5, g123 = g13 = g23 = Ω = 0.5 and g11 = g22 = 1.

Figure 4. The coefficient of performance (COP) of the type I refrigerator appearing in the cases of two-body collision without
intrasystem interaction (black solid line) and three-body collision (blue dotted line) against ωR3 (a). The efficiencies of engines
of the type IV (b) and the type V (c) appearing in two-body collision with (red dotted line) and without (black solid line)
intrasystem interaction. The other parameters are set the same as in figure 3.

figure 4(c). Therefore, the advantage of an interaction in realizing a special machine is not fixed but relying
on the ranges of parameters.

In the following, we discuss possible implementation of our setup in the platform of circuit QED, as
shown in figure 5. The superconducting systems are potential candidates for implementing quantum
thermal machines [64–66] and by which experimental studies of QT have already been realized [67–70].
The subsystems S1 and S2 in our model are realized by flux-biased phase qubits. The independent reservoir
R1 (R2) associated with S1 (S2) is naturally generated due to the presence of thermal Johnson Nyquist noise
in the surrounding circuitry and can be implemented by controlling the electronic noise coupling to each
qubit. The common reservoir R3 that interacts simultaneously with S1 and S2 is modeled by a flux-biased
phase qubit as well. The two-body interactions between the three qubits can be realized in several coupling
mechanisms, such as capacitive or inductive coupling via a cavity in the dispersive regime (of strong
detuning of the qubits and cavity from the strength of the qubit-cavity coupling) [71], and direct mutual
inductive coupling as described in [72]. The most challenging task in experiment for this model is the
implementation of three-body interaction. Fortunately, the indirect three-body interaction can be achieved
from the transmission of basic two-body ones after imposing proper condition of detuning
[73, 74].
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Figure 5. Possible circuit QED implementation of our setup. Two subsystems S1 and S2 as well as the common reservoir R3 are
realized by flux-biased phase qubits. Each subsystem is coupled to an effective reservoir corresponding to noise in external circuit.

5. Generalization to the multipartite system

So far, we have discussed the model of two subsystems interacting independently with two local reservoirs
and simultaneously with a common one. Focusing on different manners of interactions of the two
subsystems with the common one, we have formulated the thermodynamics quantities and compare their
behaviors in different configurations. In this section, we generalize above results to the system of N
subsystems S1, S2, . . . , SN. In addition to the local reservoir Ri (i = 1, 2 . . .N) coupled to each subsystem Si,
the total system is in contact with a common one labeled as Rc. By means of collision model approach, all
the reservoirs are modeled as a series of identically prepared ancillas, each of which collides with the
corresponding system only once and is replaced by a fresh one in the next collision. The Hamiltonian of the
system read

ĤS =

N∑
i=1

ĤSi + ĤSS, (24)

where ĤSi is the Hamiltonian of subsystem Si and ĤSS summarizes intrasystem interactions between
subsystems, if exist. The total Hamiltonian of the system plus reservoirs can be expressed as

Ĥtot = ĤS +

N∑
i=1

ĤRi + ĤRc +
1√
τ

N∑
i=1

V̂ i +
1√
τ

ĤI , (25)

where ĤRi (ĤRc ) is the free Hamiltonian of ancilla in the reservoir Ri (Rc), V̂ i stands for the local
interaction between Si and Ri, and ĤI accounts for the simultaneous interactions of all the subsystems with
Rc.

A round of collisions transform the state ρS of the system at time t to ρ′S at time t + τ as

ρ′S = TrR ρ
′
SR = TrR

{
ÛSRρSRÛ†

SR

}
, (26)

where ρSR ≡ ρS ⊗ ρR with ρR =
∏N

i=1ρRi ⊗ ρRc the total initial state of the N + 1 ancillas and ÛSR = e−iτĤtot

is the unitary time evolution operator. We assume that all the ancillas are prepared in the thermal states. By
expanding ÛSR up to the first order in τ , we derive the ME of the system as

ρ̇S = lim
τ→0

[(
ρ′S − ρS

)
/τ

]

= −i
[
ĤS, ρS

]
+

N∑
i=1

Di + G, (27)

where

Di = −1

2
TrRi

[
V̂ i,

[
V̂ i, ρSρRi

]]
, (28)

and

G = −1

2
TrRc

[
ĤI ,

[
ĤI , ρSρRc

]]
. (29)
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During a single collision, the heat transferred from the N + 1 reservoirs to the system can be given as

ΔQ = −
N∑

i=1

(〈
ĤRi

〉
ρ′SR

−
〈

ĤRi

〉
ρSR

)
−

(〈
ĤRc

〉
ρ′SR

−
〈

ĤRc

〉
ρSR

)

=
τ

2

N∑
i=1

〈[
V̂ i,

[
V̂ i, ĤRi

]]〉
ρSR

+
τ

2

〈[
ĤI ,

[
ĤI , ĤRc

]]〉
ρSR

, (30)

in which the first term is related to the local reservoirs Ri, while the second term represents the heat of the
common reservoir Rc. The work that takes place within the time interval [t, t + τ] of a round of collisions
can be formulated as

ΔW =
1√
τ

〈
ĤI +

N∑
i=1

V̂ i

〉
ρSR

− 1√
τ

〈
ĤI +

N∑
i=1

V̂ i

〉
ρ′SR

= −τ

2

N∑
i=1

〈[
V̂ i,

[
V̂ i, ĤS + ĤRi

]]〉
ρSR

− τ

2

〈[
ĤI ,

[
ĤI , ĤS + ĤRc

]]〉
ρSR

, (31)

where the first term is the work cost to maintain the local collisions, while the second term originates from
the simultaneous collisions of the system as whole with Rc. The thermodynamics consistence can be verified
after obtaining the change of internal energy of the system

ΔES =

N∑
i=1

(〈
ĤSi

〉
ρ′SR

−
〈

ĤSi

〉
ρSR

)

= −τ

2

〈[
ĤI ,

[
ĤI , ĤS

]]〉
ρSR

− τ

2

N∑
i=1

〈[
V̂ i,

[
V̂ i, ĤS

]]〉
ρSR

, (32)

in the sense that the relation of ΔES = ΔW +ΔQ can always be fulfilled.

6. Conclusion

In conclusion, we have addressed effects of different types of interactions between a quantum system and
thermal reservoirs on thermodynamical process, in particular the invested work and the operating regimes
of the system as thermal machines. Specifically, we consider two subsystems interact independently with
two local reservoirs and simultaneously with a common one. Within the framework of collision model, we
construct the ME for the system’s dynamics and formulate the thermodynamics quantities, i.e., the work,
heat and system’s internal energy, in their general forms. We demonstrate the results by focusing on the
model of two coupled qubits and take three scenarios of collisions with the common reservoir into account,
namely, the three-body one and two-body one with and without intrasystem interactions between
subsystems. We show that not only the amounts but also the directions of work currents are closely related
to the ways of collisions. As a consequence, distinct types of thermal machines, such as refrigerator, engine
and accelerator, can be realized in these situations. We also discuss the efficiency or COP of the machines
and show that though the machine with the same function can appear in different cases, which one is
superior to the other is not fixed but related to control parameters. The type of system-reservoir interaction
that can lead to the optimal performance of heat machine in given parameter regions could be used to
design quantum heat machines with superiority over their classical counterparts. We finally generalize the
bipartite model to the configuration with N subsystems and derive the corresponding formulations of
thermodynamics quantities. Our results indicate that the interacting manner of system-reservoir is a
significant factor in affecting thermodynamics process and one can choose suitable one to achieve
thermodynamical task with required function and optimal efficiency.
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[54] Daǧ C B, Niedenzu W, Müstecaplı̇oǧlu Ö E and Kurizki G 2016 Multiatom quantum coherences in micromasers as fuel for

thermal and nonthermal machines Entropy 18 244
[55] Pezzutto M, Paternostro M and Omar Y 2019 An out-of-equilibrium non-Markovian quantum heat engine Quantum Sci.

Technol. 4 025002
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