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Abstract
Recently, topological semimetals have become a hot topic in condensedmatter physics, including
Dirac semimetals,Weyl semimetals, and nodal line semimetals (NLSMs). In this paper, a new type of
NLSM—type-II NLSM—is proposed based on a two-band cubic latticemodel. For type-IINLSM, the
zero energy bulk states have a closed loop inmomentum space but the (local)Weyl cones on the nodal
line become tilted. The effect of themagneticfield and that of the correlation on type-IINLSMare
studied. In particular, after considering the repulsive interaction and additional spin degrees of
freedom, different types of long rangemagnetic orders appear in bulk states. In addition, the
interaction-induced ferromagnetic (FM) order of surface statesmay exist. At a critical point between
type-INLSMand type-IINLSM, arbitrary tiny interactions induce FMorder due to a flat band at the
Fermi surface.

1. Introduction

Recently, topological semimetals have attracted considerable attention of researchers. Compared to topological
insulators, topological semimetals have gapless bulk states and topologically protected surface Fermi arc states.
There exist different types of topological semimetals, such as theDirac semimetal (DSM) [1–3],Weyl semimetal
(WSM) [4–7], and nodal line semimetal (NLSM) [8–11]. TheWSMwas proposed to separate a singleDirac node
into twoWeyl nodes by breaking either the time-reversal symmetry or inversion symmetry. The surface states of
theWSMbecome a Fermi arc between a pair ofWeyl points with opposite chiralities.Moreover,WSMs have
been found in experiments such as the TaAs family [12–16]. NLSMs are a three-dimensional graphene-like
systemwith low-energy relativistic excitations, but the band touches are closed loop inmomentum space instead
of points. The surface states of node-line semimetals have drumhead-like surface flat bands. The node-line
semimetal is also realized in experiments (For example Ca3P2 [17]) and predicted by the first-principles
calculation (For example Cu3PdN [18]). Inmost topologicalmaterials, spin–orbit coupling plays important
role. However, in somematerials (for example, Cu3PdN), theremay exist aNLSMwithout spin–orbit coupling.
After considering spin–orbital coupling, a nodal line could change into a pair ofWeyl nodes and then the system
becomes aWSM.

In addition, new types ofWSMs are proposedwhich are called type-IIWSM [19] andHybrid (type-1.5)
WSM [20, 21]. In these types ofWSMs, Lorentz invariance of low-energy excitations is broken. As a result, the
nodes are tilted along given directions (see figures 1(a) and (b)) and the transport properties become anisotropic.
Many remarkable phenomena appear in type-IIWSMs, such as the anisotropic negativemagnetoresistance
effect caused by Landau level collapse [22, 23] and the existence of tilted surface states [21]. InHybrid (type-1.5)
WSMs, because the remaining symmetry (inversion symmetry, time-reversal symmetry ormirror symmetry) of
two nodes is broken, oneWeyl node belongs to type-I and the otherWeyl node belongs to type-II. These new
types ofWSMs have attracted plenty of attention in the past two years.

In this paper, based on a tight-bindingmodel, we point out that there exists a new type ofNLSMcalled type-
II NLSM. Almost at the same time several analogousworks are springing up. Theory andmaterial realization
have been put forward [24–27]. For type-IINLSM, the zero energy bulk states have a closed loop inmomentum
space but the (local)Weyl cones on the nodal line become tilted (see figures 1(c) and (d)). In sections 2 and 3, we
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introduce a two-band tight-bindingmodel that describes type-IINLSMs. In section 4, we study the effect of the
magnetic field on type-IINLSMs and show the Landau level collapse in this system.Next, we study the
correlation effect on type-IINLSMs and the interaction-inducedmagnetic order ofNLSM is found in section 5.
An interesting result is at the critical point between the type-INLSMand type-IINLSM, arbitrary tiny
interaction induces ferromagnetic order (FM) due to aflat band at the Fermi surface. Finally, we give a
conclusion and propose an experimental realization in section 6.

2. The nodal lineHamiltonian in real space on a cubic lattice

Firstly, we start with aNLSM froma three-dimensional (3D) tight-bindingHamiltonian on a cubic lattice that is
given by
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where a=1, 2 is the orbital degrees of freedom. ci a,ˆ is the annihilation operator of the electron at site iwith an
orbital degrees of freedom. tx/y/z are the nearest neighbor hoppings in x/y/z direction, t txz yz¢ ¢ are the orbital–flip
hoppings in xoz/yoz plane. txy/tz0 are the effective Zeeman field. k0 determines the radius of the nodal line.
kx0=0.4π, ky0=0.4π are to eliminate theWeyl points. 1 2 3d̄ are the nearest vectors which are a , 0, 00( ),

a0, , 00( ), a0, 0, 0( ), b1 2 3 4
¯ are the next nearest vectors which are a a, 0,0 0( ), a a, 0,0 0-( ), a a0, ,0 0( ),

a a0, , .0 0-( ) The lattice constant a0 is set to be a unit. It is obvious that not only the inversion symmetry but also
the time-reversal symmetry are broken.

Using the Fourier transformation, we obtain theHamiltonian inmomentum space

H C Ck 2
k

k k0 å= ( ) ( )†

Figure 1. (a)An illustration of the low energy linear dispersion of type-IWSM. (b)An illustration of the low energy linear dispersion of
the type-IIWSM,which is tilted along a certain direction in the Brillouin zone (BZ). The electron and hole pockets touch, and the
dispersions become anisotropic. (c)An illustration of the low energy dispersion of type-I NLSM that has a closed loop inmomentum
space. The low energy effective excitation of every node on the nodal line is also linear. (d)An illustration of the low energy dispersion
of type-IINLSM that also has a closed loop inmomentum space. Due to the tilted linear dispersion, the valence and conduction bands
are asymmetry.
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with

hk k , 3 s=


( ) ( ) · ˆ ( )

where C C C,k k k,1 ,2= ( )† † † , , ,x y zs s s s=ˆ ( ) is the Paulimatrix, and h h k h k h kk , ,x y z=
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Then, the spectrum for free fermions is derived as

E h k h k h k . 4x y zk,
2 2 2=  + + ( ) ( ) ( ) ( )

In the following parts of the paper, the hopping parameters are set to tx=ty=tz=txy=tz0=t.
Next, we study the nodal line of theNLSM. In the kx–ky plane, the nodal line satisfies the equation of

k k kcos cos 1 cos . 5x y 0+ = + ( )

Figure 2(a) shows the spectrumat kz=0. For this case, thenodal line is located at kx–kyplanewith the radius of
k0=π/2, t t t0.5xz yz¢ = ¢ = . This latticemodel breaks the time-reversal and inversion symmetry. The stability of the
nodal line protected by a particular ‘mirror reflection’ symmetry: a reflectionwith respect to the z=0mirror plane,
and a twoorbitals transformation as h h k k k h k k k h k k kk , , , , , , , , .x x y z y x y z z x y z - - - - -


( ) ( ( ) ( ) ( )) Then the

nodal line spectrum is protected by themirror symmetry ashx=hy=0on themirror plane.
To illustrate the topological properties of theNLSM,we calculate the Berry phases for a closed loop L in the

momentum space not intersecting the nodal line as

P dA k k 6B
L

= ∮ ( ) · ( )

and A k k ki kj j= - á  ñ( ) ( )∣ ∣ ( ) , whereA(k) is the Berry Connection and kj ( ) is thewavefunction of the
ground state. After numerical calculations, wefind that if the closed loop L is pierced by the nodal line, the Berry
phase isPB=π, for other cases, the Berry phase isPB=0. The nonzero Berry phases also signify the existence of
flat surface states. Additionally, we also studied the surface state of theNLSM.We consider a systemwith
periodic boundary conditions (PBC) along the x- and y-direction, but open boundary conditions (OBC) along
the z-direction. By numerical calculations, the surface states are obtained infigure 2(b). Comparedwith
figure 2(a), one can see that there exists a drumhead induced by the nodal line which is consistent with previous
articles [18, 28], and the Fermi surface like disk in the core of the BZ.

3. Type-IINLSM

In this section, a new type ofNLSMcalled the type-IINLSM is proposed. To get the typical type-IINLSM,we
add a new term into the originalmodel as

Figure 2. (a)The illustration of the nodal line located at the kx–ky plane for kz=0with the radius of k0=π/2. (b)The surface states
with periodic boundary conditions along the x- and y-direction but open boundary condition along the z-direction. There is a
drumhead inside the nodal line. The parameters are k t t t2, 0.5 .xz yz0 p= ¢ = ¢ =
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h h Ik k 70 s= +


( ) ( ) · ˆ ( )
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C is a coefficient that determines the type ofNLSM. C 1=∣ ∣ is a critical point: when C 1<∣ ∣ , theNLSMbelongs
to the type-I NLSM;when C 1>∣ ∣ , theNLSMbelongs to the type-IINLSM.At the critical point C 1=∣ ∣ , NLSM
has a flat band at the Fermi surface, asfigure 3(h) (the red region) shows. For the case of C 1>∣ ∣ , one of the
energy bands reverses.

The signof coefficientCdenotes the tiltingorientation:whenC>0, the tiltingof the spectra is towards the center
of thenode-line,while away fromthecenterwhenC<0.Numerical calculationofdispersions is shown infigure3:
the coefficientC>0 for (a)–(c),whileC<0 for (d)–( f ). The subscript 1 and2 represents 3DE–kdispersion and2D

Figure 3.The dispersion of bulk states of the type-IINLSM. (a)–(c)C=0.6,C=1.0 andC=1.5; (d)–( f )C=−0.6,C=−1.0 and
C=−1.5. Subscripts 1 and 2 represent the 3DE–k dispersion and 2DE–k dispersion, 2DE–k dispersion is a planar cut of the k-space
with kx=0. The tilting of the spectrums towards the center of the nodal line for the case ofC>0; while away from the center of the
nodal line for the case ofC<0. There is a flat band Fermi surfacewhen C 1=∣ ∣ in (b) and e .( ) For the case of C 1,>∣ ∣ one of the
energy bands reverses. (g)–(i) Fermi surface of the bulk systemof C 0.6, 1.0=∣ ∣ and 1.5.
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E–kdispersion. 2DE–kdispersion is aplanar cut of thek-spacewith kx=0.Wecan see clearly the tiltingof thenodal
line towards the center of thenodal linewhenC>0;while away fromthe centerwhenC g0,< ( )–(i) are theFermi
surfaceof thebulk system for C 0.6, 1.0=∣ ∣ and1.5.

We then study the topological properties of type-IINLSM.The topological protected surface state is a hallmark
of the topological system. In the type-IINLSM, the surface states show similar behavior of thenodal states onbulk
systems—the surface states can also be tilted andbecome ‘type-II’. In tiltedNLSMs, the surface states are shown in
figure 4, the top views from z axis for lowest twobands near theFermi surface. Infigure 4, the coefficientC>0 is
for (a)–(c), whileC<0 is for (d)–( f ). The subscripts 1 and2 represent 3DE–kdispersion and2DE–kdispersion.
2DE–kdispersion is a planar cut of thek-spacewith kx=0.Due to the tilting effect for the C 0¹ case, the
drumhead-like surfaceflat band like infigure 2(b)disappears and is replaced by a dispersive one.Thus, the surface
states inNLSMs can also be tilted like nodal line inbulk, which is similar to type-IIWSMs [19].

Figure 4.The dispersionof surface states for type-IINLSM. (a)–(c)C=0.6,C=1.0 andC=1.5; (d)–( f )C=−0.6,C=−1.0 and
C=−1.5. Subscripts 1 and 2 represent 3DE–kdispersion and 2DE–kdispersion, 2DE–kdispersion is a planar cut of thek-spacewith
kx=0.Due to the existence of the tilting termof C 0¹ , the drumhead-like surfaceflat bands like infigure 2 (b)disappears. For the case
of C 1<∣ ∣ ((a) and (d)), the Fermi surface is a circle (like (g)); at the critical point C 1=∣ ∣ ((b) and (e)), the Fermi surface changes into a
flat bandwith a hole in the center (like h( )); for the case of C 1>∣ ∣ ( c( ) and ( f )), the Fermi surface changes back into a circle one (like (i)).
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Wediscuss the evolutionof theFermi surfaceof lowest energybandofbulk states. In type-INLSMswithC=0, the
Fermi surfaceof bulk states is a circle atμ=0 (hereμ is the chemical potential).At the critical point C 1=∣ ∣ , oneband
of theNLSMbecomesflat,which leads to a tilted surface state.While theFermi surfaceof the surface states is adisk at
μ=0whenC=0.At the critical point C 1=∣ ∣ , it becomes aflat bandwithahole in the center, like infigure 4(h).

In addition, we also calculate the density of states (DOS). The expression for calculatingDOS is
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Here η is an infinite small quantity and real,ω is the energy level. After considering the tilting effect on the
spectra, theDOS changes correspondingly. ForC=0, the spectrum and theDOS are symmetric; while for the
cases ofC>1 andC<1, the spectrum and theDOS are asymmetric. In particular, forC>1, an energy band
inverses. The Fermi surface of bulk states appears. As a result, for theDOS in thewhole BZ, there is no peak at
E=0, likefigure 5(a). Infigure 5(b), for kz=0, owing to the existence of the bulk flat band, there exists a sharp
peak atE=0 for the case of C 1.=∣ ∣

4. Effect ofmagneticfield on type-IINLSMs

In type-IIWSMs, the negativemagnetic effect (NME) becomes anisotropic. The failure of theNME in the
prescribed direction is caused by the collapse of the Landau level [23].We now show that the collapse of the
Landau level also appears inNLSMs.

We add themagnetic field along the x-direction, i.e., BxB = ˆ and Bz ByA 0, 2, 2 ,= -( ) then use the

usual Peierls substitutions k k By k k Bze 2, e 2z z y y- + / / .We introduce the ladder operators
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where k ki , iz z y y = - ¶ = - ¶  . These operators rise and fall with the Landau levels of free electrons as

a n k n n k, 1 1, 11x xñ = + + ñ∣ ∣ ( )†

Figure 5.TheDOS for type-IINLSMs. (a) For thewhole BZ; (b) theDOS for kz=0where the nodal line locates.
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and

a n k n n k, 1, , 12x xñ = - ñ∣ ∣ ( )

where n k, xñ∣ is the free electron Landau level wavefunction.When an electron occupies the state n k, xñ∣ , it
rounds in circles in y–z plane. The translation invariance along the x-direction is preserved, so that kx is still a
good quantumnumber.

We expand theHamiltonian near the nodal line and only keep the first-order terms, considering the
perturbation along the radial kRD( ) and tangential kTD( ) directions of the nodal line. After a unitary
transformation between two coordinates, we have

k k k kx x y y T T R Rs s s sD + D = D + D

where sin cos ,T x ys s q s q= - cos sinR x ys s q s q= + and k k ksin cos ,T x yq q= - k k cosR x q= +
k siny q, and θ is the intersection angle with the x-axis in x–y plane. Then, theHamiltonian variation induced by
the perturbation is

k k k k
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which is independent of kT because there is no dispersion along the nodal line. As amagnetic field is applied
along the x-direction, andAT (tangential directions ofA) is irrelevant, we focus on the tangential component of
magnetic fieldB sin θ. The corresponding Landau levels near the nodal line become

E v n e B k2 1 2 14n x1 0
3 2 a p=  - ( ) ( )

E 0 15n 0 == ( )

where v0=2k0, 1 ,2a b= - β=C, e is elementary charge,ÿ is Planck constant. In the type-I region, the
zeroth levelE=0 ismaintained; in the type-II region C 1>∣ ∣ , 1−β2<0, so thatα is imaginary and the
expression is invalid. This corresponds to the collapse of the Landau levelsmentioned in [23]. The zeroth Landau
level also disappears.

Infigure 6, we also give numerical results with different tilting strengthsC. There are twoflat bands near the
nodal linewhen C 1<∣ ∣ , which corresponds to the zeroth Landau level.When C 1>∣ ∣ , theflat bands disappear,
and the systembecomesmetal which is similar toWSMs [19–21].

Figure 6.Dispersion of type-IINLSMs in amagneticfield along the x-directionwith finite tilting strength.
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5. Correlation effect on type-IINLSMs

In this section, we study the correlation effect on type-IINLSMs by considering an on-site repulsive interaction
[29]. Then theHamiltonian is rewritten as

H H H U n n c c , 16
i a

i a i a
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, , , ,
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, , , ,å åm= + + -
t
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where H0, and H0, are theHamiltonians of equation (1) after considering the spin degrees of freedom.
n c ci a i a i a, , , , , ,=t t tˆ ˆ ˆ† is the operator of the particle numberwith two spin degrees of freedom τ and two orbital
degrees of freedom a,U is the on-site Coulomb repulsive interaction strength andμ is the chemical potential.

Because theorbital SU(2) rotation symmetry is broken,whenconsidering the repulsive interaction, themagnetic
orderof the spindegrees of freedommayappear and the corresponding spinSU(2) rotation symmetry is
spontaneously broken.By themeanfield theory, theFMorderof spindegrees of freedomforbulk states is denotedby

n n M
1

2
, 17i, Ftá ñ = +t ( ) ( )

where n is the number of particles, andwe only consider the half-filling case for n=1. τ=1 represents spin up
and τ=−1 represents spin down.MF is the FMorder parameter of spin degrees of freedom.We canwrite the
self-consistent equations as
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After the Fourier transformation, the self-consistent equations inmomentum space can be rewritten as

M
N

E E E E
1

2
, 20

k
F 1 2 1 2å q q q q= - + - - - - -   [ ( ) ( ) ( ) ( )] ( )

N
E E E E1

1

2
, 21

k
1 2 1 2å q q q q= - + - + - + -   [ ( ) ( ) ( ) ( )] ( )

where xq ( ) is a step-up function and x 1q =( ) forx>0and x 0q =( ) forx<0,N is thenumberof theunit cells and
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Figure 7.Global phasediagram for different tilting strengthsC. There exist six phases: nodal line SMwithout anymagnetic order,NLSM
withFMorderof spindegrees of freedom (FM–SM),metalwithAForder of spindegreesof freedom (SpinAFM–M), insulatorwithAF
order of spin degrees of freedom (SpinAFM–I), insulatorwith Ferrimagnetic order of orbital degrees of freedom (Orbital Ferrimagnetic-I)
andnodal line insulatorwith FMorderof spin degrees of freedom (FM–I). In the global phasediagram, there are three kinds of quantum
phase transitions: one is between a long rangeordered state and aphasewithout the long rangeorder, theother ismetal-insulator
transition that is characterizedby the zero fermion energy gaps, the thirdone is determinedby the lowerground state energy.
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At themeanfield level, we can also define other long range orders: the antiferromagnetic (AF) order of spin
degrees of freedom for bulk states

n n M
1

2
1 22i

i
, AFtá ñ = + -t [ ( ) ] ( )

whereMAF is theAF order parameter of spin degrees of freedom; the FMorder of orbital degrees of freedom for
bulk states

Figure 8.The first, second and third rows representmagnetization, the energy gap and the ground state energy, respectively. Different
columns represent different tilting strengths. In these figures, we use different colored lines to represent different phases, the blue line
represents nodal line FM-SM, the red line represents Spin AFM–M, the cyan line represents Spin AFM–I, the green line represents
Orbital Ferrimagnetic-I and themagenta line represents nodal line FM–I.We use black dotted lines to distinguish the different
magnetic order phases.

Figure 9.The illustration of theOBC for correlated effect on surface states. The systemwith PBC along the x- and y-direction, but
OBC along the z-direction.M1–M10 are FMorders for different levels of system.
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n n M
1

2
1 23i a

a
, Fá ñ = + - ¢[ ( ) ] ( )

where MF¢ is FMorder parameter of orbital degrees of freedom; the AF order of orbital degrees of freedom for
bulk states

n n M
1

2
1 1 24i a

i a
, AFá ñ = + - - ¢[ ( ) ( ) ] ( )

where MAF¢ is AF order parameter of orbital degrees of freedom. These numerical calculations are the same as the
FMcase of spin degrees of freedom.

Then by using themeanfield approach, we obtain the global phase diagram for differentNLSMswith
different tilting strengthsC infigure 7. Infigure 7, there exist six phases: nodal line SMwithout any long range
order, NLSMwith FMorder of spin degrees of freedom (FM–SM), metal with AF order of spin degrees of

Figure 10.The FMorderM of the systemwithOBC for the case ofC=0.1. The black dashed line represents themagnetic phase
transition fromM=0 to M 0¹ . (a)–(e) are the FMorders of different sites. One can see that the surface FMorder ismore robust
than the bulk FMorder.

Figure 11.Global phase diagram for different tilting strengthsC on surface states of NLSMs. There are three phases: surfaceNLSM
without anymagnetic order, surfaceNLSMwith FMorder of spin degrees of freedom (FM–SM), and surface nodal line insulatorwith
FMorder of spin degrees of freedom (FM–insulator). There are two phase transitions: themagnetic phase transition and themetal-
insulator phase transition.
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freedom (SpinAFM–M), insulatorwithAF order of spin degrees of freedom (SpinAFM–I), insulatorwith
Ferrimagnetic order of orbital degrees of freedom (Orbital Ferrimagnetic-I) and nodal line insulatorwith FM
order of spin degrees of freedom (FM–I). In the global phase diagram, there are three kinds of quantumphase
transitions: the one is between a long range ordered state and a phasewithout the long range order, the other is a
metal-insulator transition that is characterized by the zero fermion energy gaps, the third one is determined by
the lower ground state energy.

In the global phase diagram, a remarkable result is foundabout themagnetic phase transition atC=1. For the
case ofC=1, there exists aflat bandFermi surface (seefigure 3(h)). As a result, a very tiny repulsive interactionwill
induce anFMorder of spindegrees of freedom (See the result infigure 7). Infigure 8,we alsoplot themagnetization,
the energy gap and the ground state energy via the repulsive interaction for the casesC=0.6,C=1.0 andC=1.7,
respectively. Thefirst, second and third rows representmagnetization, the energy gap and the ground state energy,
respectively.Different columns represent different tilting strengths. In thesefigures,weuse different colored lines to
represent different phases, the blue line represents nodal line FM-SM, the red line represents SpinAFM–M, the cyan
line represents SpinAFM–I, the green line representsOrbital Ferrimagnetic-I and themagenta line represents nodal
line FM–I.Weuse blackdotted lines todistinguish thedifferentmagnetic order phases.

Next, we consider the correlated effect on surface states and show the interaction-induced surface orders in
NLSMs. Because the orbital SU(2) rotation symmetry is broken and theAF order of spin degrees of freedom for
surface states is not well defined, we focus on the FMorder of spin degrees of freedom for surface states.

Because the nodal line locates at kx–ky plane, we consider a systemwith PBC along the x- and y-direction, but
OBC along the z-direction. Now, due to SU(2) spin rotation symmetry, the ansatz of the FMorder of spin
degrees of freedom is the same as equation (17). Along the z-direction, the systemhas 10 lattice sites like in
figure 9. Because there is no translation symmetry along the z-direction, wemust calculate themeanfield ansatz
of FMorder site-by-site. After considering inverse symmetry, there arefive different cases to calculate. In
figures 10(a)–(e) are the FMorders on different lattice sites along the z-direction.

After numerical calculations, we obtain the global phase diagram for different types ofNLSMswithOBC in
figure 11. Comparedwithfigure 7, there exists three phases: surfaceNLSMwithout anymagnetic order, surface
NLSMwith FMorder of spin degrees of freedom (FM–SM), and surface nodal line insulatorwith FMorder of
spin degrees of freedom (FM–insulator). There are two phase transitions: themagnetic phase transition and the
metal-insulator phase transition. Due to the effect ofOBC, the results are different from figure 7.Whenwe tune
the strength of the repulsive interaction, the bulk FMorder appears earlier than the surface FMorder for
different types ofNLSMs.

Beyond the critical tilting pointC=1, one of the energy bands of surface states reverses. See figure 12. For
different tilting strengths, with the increase of interaction, the shape of the Fermi surface for surface states
changes, andfinally the systembecomes an insulator.

Figure 12. Fermi surface for surface states with different tilting strengthC.
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6. Conclusion

In this paper, we pointed out that there exists a new type ofNLSM—type-IINLSM—based on a two-band cubic
latticemodel.We studied the effect of amagnetic field on type-IINLSMand found the Landau level collapses in
this system. After considering repulsive interaction and additional spin degrees of freedom, differentmagnetic
orders appear in the bulk states and FMorder exists in surface states. At a critical point between the type-I NLSM
and type-IINLSM, a arbitrary tiny interaction induces the FMorder due to a flat band at the Fermi surface.

Finally, we propose an experimental setup to realize theNLSMonoptical lattice. Themodel discussed in this
paper includes complex-valued nearest and next nearest neighbor hopping in cubic lattice.Hopefully this can be
realized in a three-dimensional optical lattice with two components of Fermi atoms such as 6Li and 40K. The
real-valued hopping can be induced by kinetics which could be tuned by changing the potential depth and the
imaginary-valued hopping could be induced by a two-photonRaman process or shaking lattice. A similar
system in one dimension and twodimension had been realized recently [30, 31].
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