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Abstract This article explores traversable wormhole geo-
metries obtained in the context of the symmetric teleparal-
lel gravity theory and highlights their distinctive physical
characteristics. Our methodology involves determining the
tidal force by employing a specified form of the shape func-
tion along with an appropriate equation of state for Case I.
In order to extract the shape functions associated with the
wormhole solution, we apply the null-complexity condition
with tidal force in Case II. In Case III, we utilize the balanc-
ing Tolman—Oppenheimer—Volkoff equation in conjunction
with a tidal force to obtain viable wormhole shape function.
The analysis focuses on the dependence of wormhole char-
acteristics on the parameter ¢. The energy conditions are
examined within their respective validity domains for vari-
ous ranges of the model parameters. We also calculate, the
volume integral quantifier, the extent of exotic matter needed
to uphold the traversable wormhole structure. Through the
effective potential for timelike geodesics, the influence of
angular momentum on trajectories is clarified, and the cor-
responding deflection angle evaluation points to significant
light bending close to the throat. By introducing small radial
perturbations around the equilibrium shell radius, we exam-
ine the stability characteristics for all considered shape func-
tions.

1 Introduction

Wormbholes are fascinating constructs in theoretical physics,
imagined as tunnels through spacetime that could link either
distant regions of our universe or entirely different universes.
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Though extensively studied, their true nature and feasibility
remain open questions in modern physics. Flamm [1] was the
pioneer in proposing the idea of a wormhole (WH). Subse-
quently, in 1935, Einstein and Rosen introduced the notion of
“WHSs” or “bridges.” The Einstein—Rosen WH was initially
regarded as non-traversable, as its throat underwent rapid
collapse and expansion, preventing even light from crossing
from one region to the other [2]. The term “WH” was ini-
tially used by Misner [3] and Wheeler [4] in 1957 to refer to
these objects, which they defined as spaces with several inter-
connected topologies. Though, Fuller and Wheeler showed
in 1962 that the Einstein—Rosen WH is unstable because
no time-like particle, including light, can pass through this
region [5]. It has been suggested by Ellis [6] that a phantom
scalar field could provide the necessary conditions to support
atraversable WH. Kar explored static WHs by analyzing vari-
ous examples and their characteristics [7]. Later, a traversable
WHs physical acceptability was guaranteed by Morris and
Thorne. This revitalized interest among the researchers in
the field in 1988 [8]. In their analysis, they considered static,
spherically symmetric space-time geometries to explore the
properties and feasibility of such structures. Subsequently,
Poisson and Visser [9] extended this work by proposing a
type of WH called a thin-shell WH. This model involves
connecting two separate manifolds by cutting and joining
them, thereby forming a new space-time structure. Morris
and Thorne [8] pointed out that WH solutions of this type
cannot satisfy the null energy condition, thus requiring exotic
matter. This matter, which violates conventional energy laws,
possesses unusual features, including the hypothetical exis-
tence of particles with negative mass. The existence of WHs
has been studied extensively in [10], and numerous works
have focused on the stability of traversable WHs. In particu-
lar, Shinkai and Hayward [11] showed via numerical simu-
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lations that Ellis WHs are unstable. While general relativity
(GR) has been instrumental in understanding the universe,
the phenomenon of accelerated expansion reveals limitations
that motivate the search for other theoretical models [12,13].
This has led to the development of several modified gravi-
tational theories, among which f(R) gravity [14], f(R, T)
gravity [15], and f(Q) gravity [16] are prominent examples.
These frameworks provide deeper insights into cosmologi-
cal dynamics and the formation of astrophysical structures.
In this paper, we discuss our analysis of WH geometries in
the f(Q) gravity theory.

The f(Q) gravity framework emerges from new classes of
modified gravity theories, derived from symmetric teleparal-
lel gravity and formulated in terms of the non-metricity scalar
Q. Jimenez et al. [16] introduced the f(Q) gravity theory,
which employs the nonmetricity scalar Q to describe grav-
itational influence. Over the past few years, f(Q) gravity
has been subjected to extensive observational tests. Lazkoz
et al. [17] explored the observational constraints on f(Q)
gravity, employing diverse datasets including Type Ia super-
novae, Hubble rate observations, quasars, baryon acoustic
oscillations, gamma-ray bursts, and the cosmic microwave
background. Mandal and his associates [18] analyzed the
theory from a theoretical perspective: by developing a novel
embedding technique that incorporates nonmetricity effects,
they established that f(Q) models satisfy the energy con-
ditions and thus remain consistent with fundamental phys-
ical principles. These investigations significantly advance
the understanding of f(Q) gravity as a viable alternative to
conventional gravitational frameworks and open new direc-
tions for exploring foundational gravitational concepts and
their cosmological implications. Gadbail and his collabora-
tors [19] reconstructed f(Q) gravity using the FLRW metric,
recovering the ACDM expansion and showing that general Q
functions require extra degrees of freedom of matter. In par-
allel, Hassan et al. [20] investigated Casimir WH spacetimes
under the Generalized Uncertainty Principle (GUP) within
f(Q) gravity, analyzing two forms of f(Q) and providing
analytic as well as numerical solutions. Their results, which
incorporate GUP effects, include a detailed analysis of the
ADM mass and calculations involving volume integrals to
identify the exotic matter required at the WH throat. Mustafa
etal. [21] applied the embedding class one criteria within the
f(Q) gravity framework to obtain WH solutions that satisfy
the energy conditions.

The impact of f(Q) gravity on cosmology has been the
subject of considerable research, with many works address-
ing its role and potential applications. In particular, Harko
and colleagues [22] made use of this theory to explore a
variety of cosmological aspects. Moreover, Anagnostopou-
los et al. [23] applied Big Bang Nucleosynthesis principles
in conjunction with observational data to constrain different
categories of f(Q) models.
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There are various modified gravity theories in which the
WH solution was discussed. Sahoo et al. discussed about
Casimir WH in f(Q, T) gravity [24]. Banerjee et al. exam-
ined a class of WH solutions by taking different functional
forms in f(Q) gravity [25]. Lobo et al. [26,27] considered
a specific WH shape function and equation of state (EoS)
in f(R) gravity. Rahman et al. [28] construct a novel class
of five-dimensional (5D) thin-shell WHs using the cut-and-
paste technique applied to black hole solutions in Einstein—
Gauss—Bonnet gravity. Kalam et al. [29] investigate WH
solutions in the halos of dwarf and massive spiral galaxies
by using observed flat rotation curves as input.

In [30], Malik and collaborators explore traversable WH
solutions in the context of f(R) gravity, making use of the
Karmarkar condition. Bhar and her colleagues [31] analysed
the WH solution in dRGT gravity theory in the background
of non-commutative geometry by considering Gaussian and
Lorentzian distributions. In the case of weak gravitational
fields, Falco et al. [32] developed a method for reconstruct-
ing WH solutions using extended theories of gravity. There
are also numerous investigations in different frameworks
of gravity, including f(7T) gravity [33], f(G) gravity [34],
Brans—Dicke theory [35-38]. Rahaman et al. [39] present
the theoretical construction of a (2 + 1) dimensional rotating
thin-shell WH within the framework of the Darmois—Israel
junction formalism. In Ref. [40], Kalam et al. investigated
the feasibility of constructing a traversable WH in the Ran-
dall-Sundrum braneworld scenario supported by non-exotic
matter through the use of the Kuchowicz gravitational poten-
tial. From a geometric viewpoint, WHs in f(Q) gravity dif-
fer fundamentally from those in f(R) and f(T) frameworks.
In f(R) gravity, the gravitational interaction is governed by
spacetime curvature, which generally leads to fourth-order
field equations and introduces additional scalar degrees of
freedom that strongly influence the WH geometry and the
degree of energy-condition violation [26]. In contrast, f(Q)
gravity is formulated within symmetric teleparallel geometry,
where curvature and torsion vanish identically and gravity is
entirely described by the non-metricity scalar Q. As a result,
the field equations remain second order, making the theory
dynamically simpler and closer to GR at the level of differ-
ential structure [16]. Compared to f(T) gravity, where WH
solutions may depend on the choice of tetrads and can suf-
fer from local Lorentz invariance issues [33], f(Q) gravity
admits a fully covariant formulation. Physically, this implies
that WH configurations in f(Q) gravity are supported by
purely non-metric effects, allowing the effective geometric
contributions to play the role of exotic matter near the throat.
Consequently, the violation of the null energy condition can
be attributed to the gravitational sector itself rather than to
the physical matter content [41].

This paper is structured in the following manner. In the
introduction Sect. 1, we include a literature review related to
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f(Q) gravity. Section 2 is devoted to the formulation of the
field equations. Section 3 discusses WH shape functions and
non-zero tidal forces by using different approaches. Section
4 examines the stability of the solutions by employing energy
conditions, embedding diagrams, volume integral quantifier,
effective potential, and deflection angles. The conclusions
are presented in Sect. 5.

2 Geometric aspects in f(Q) gravity

The governing action for symmetric teleparallel gravity is
expressed by [42]

S:%/f\/—_gd“x—i-/Lm\/—_gd“x, (1)

where, f denotes a function of the non-metricity scalar Q,
with g = det(g,,) denoting the determinant of the spacetime
metric, whereas L,, refers to the matter Lagrangian density.

The non-metricity tensor together with its corresponding
traces are defined as follows [16,43]

Qkuv = V)»g/w’ (2)
Q.= 0", 0a=204,. 3)

With reference to the non-metricity tensor, the superpo-
tential P9, takes the following form

1 ~
P;zv = Z[ - ng + Qag/w - Qag;w +2 Q(uav) - 5(& Qv)] (4)
where the trace associated with the non-metricity tensor

is
0= _Qa;w Pauv’ (5)
which is known as the non-metricity scalar.

Consequently, the energy-momentum tensor representing
the matter within space-time takes the form.

2 8[v=gLu]
NATIEE T

Upon taking the variation of action (1) relative to g, one
arrives at

6)

Ty =—

2

Tw= \/_T—gvy (V _ngPJ;/w)
1
_Eguvf_fQ (Pp_vaw _ZQszPVé)v (7
and
V/LVU (V —ngP‘;“,) =0, (8)

where fp = %.

2.2. Traversable WH configuration: metric structure and
energy conditions

The line element for a traversable WH with static and spher-
ical symmetry is given by the Morris—Thorne metric [44-50]

1
ds? = —2®dt> + ——dr? + r2d3, 9)
1 — Rs

r

where d Q% = d6? + sin%0 d¢>2, and @ corresponds to the
redshift function, which varies solely with the radial coordi-
nate, defined in the domain ro < r < 00. Here, rg stands for
the radius associated with the throat of the WH. The quantity
¢2®") must remain finite throughout the spacetime to prevent
the formation of event horizons or singularities. The redshift
function ® governs the gravitational redshift observed by dis-
tant observers and characterizes the radial tidal forces. The
spatial profile of the WH is determined through the shape
function Rg(r). The subsequent conditions must be satisfied

1. The shape function is constrained at the throat of the WH
by Rs(rg) = ro, and it should obey Rg(r) <r Vr > ry.
2. The flaring-out condition requires that the expression

rR.—R . .
;—,S remains negative, where Rg = %.

N
3. Toensure asymptotic flatness, the ratio =* must approach

zero in the limit » — oo.

The physical viability of a WH solution can be evalu-
ated through the energy conditions: Null Energy Condition
(NECQ), Strong Energy Condition (SEC), Dominant Energy
Condition (DEC), Trace Energy Condition (TEC), and Weak
Energy Condition (WEC), which are presented below [51].

. NEC: Requires 0 < p+ P, and 0 < p + P;.

WEC: Demands 0 < p,0 < p+ P,,and 0 < p + P;.
WEC: Ensures0 < p — P, and 0 < p — P;.

TEC: Ensures 0 < p — P, — 2P;.

. SEC: Implies0 < p+P,,0 < p+P;,and 0 < p +
P, +2P;.

R

The condition of having a minimum throat radius, along
with traversability constraints, gives rise to a negative pres-
sure at the WH throat. This effect is balanced by the violation
of the NEC, i.e. p + P, < 0, which can be expressed equiv-
alently as

Ry, —R
(r S S)<

0, (10)
R
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is fundamentally linked to the traversability of WHs.
Moreover, the Raychaudhuri equation (RE) plays a crucial
role in analyzing WH traversability and its relationship with
the violation of energy conditions in GR. The RE governs the
evolution of a congruence of null geodesics and is expressed
as [52]

Eur. Phys. J. C (2026) 86:302
re 2(1-%)(@)) &
Pr=t| g - ———— | 3. (17)

—R 3 Rs (rd’' +2
PG ”er+m<sy )

@r—Rﬁﬁﬂg—Rﬂ>+2ﬂhﬂle

(1D

2r3 — Ry — Ry (r — Rs)2 r — Rg
(r—Rs) [ rf Rs (rRy—Rs , N\ . 2rRsfooQ’
P, =— O +2)—-2rd —_— == 12
4 2r3 r—RS+fQ r — Rg r — Rg trét d + r — Rg ’ (12)
—R 2r? 2(2Rs — r)®’ R, — R 2
po= U RON 20T (2BR = DE ORsZRI (2 ) @ - 2r0
4r2 r — Rg — Ry r(r — Rs) \r — Rg
—2rfooQ'®'], (13)
cot6 ,
5 f00Q =0. (14)
As shown in Eq. (14), the off-diagonal contribution can
be derived by employing the strategy outlined by Zhao [53], Rs — R} ®' £
under the assumptions of a vacuum state, where 7, = 0 +m " ]} (19

and the affine connection vanishes. Substitution of the diag-
onal energy-momentum components into the field equations
directly gives fpo = 0. This result reveals the essential dif-
ference between linear and nonlinear models of f(Q): the
linear case preserves the conservation law, while nonlinear
extensions generally violate it. Moreover, Wang et al. [54]
proved that the Schwarzschild solution is recovered only
when it f(Q) is linear. Therefore, in what follows, we focus
on the linear f(Q) framework, which guarantees compatibil-
ity with both energy conservation and the standard vacuum
solutions of GR.

fo.o=0=> f(Q)=¢0+§&, (15)

where ¢ represents the effective coupling strength between
the non-metricity scalar Q and the spacetime geometry. In
particular, { = 1 corresponds to the symmetric teleparallel
equivalent of GR, while deviations from this value quantify
the influence of modified gravity effects. The constant term &
plays a role analogous to a cosmological constant, contribut-
ing an effective vacuum energy density that can significantly
affect the global geometry and stability of the WH spacetime.
For the specific choice { = 1 and £ = 0, the model exactly
reduces to the symmetric teleparallel equivalent of GR, as
the non-metricity scalar Q governs the gravitational dynam-
ics in a manner analogous to the Ricci scalar R in standard
GR

_E_ R
p= 2 rz’ (16)

@ Springer

3 Wormbhole solutions

3.1 Case I: construction of red shift function by using
EoS-based approach

Various techniques allow probing of WH geometry, including
placing restrictions on the energy-momentum tensor compo-
nents or on related functions such as Rg(r) and ®(r). In
theoretical physics, the EoS is a crucial framework for mod-
eling the behavior of both cosmological and astrophysical
structures. Particularly in WH studies, the EoS of the matter
threading the WH plays a critical role. Within general rel-
ativistic theory, the EoS expresses the connection between
the energy density p and the pressures P, (radial) and P,
(tangential), thereby characterizing the matter sustaining the
WH configuration. This parameter significantly contributes
to our understanding of cosmic expansion and structure for-
mation, with recent studies indicating that the universe con-
tinues to expand faster over time. The matter at the WH throat
is modeled via the EoS parameter, which quantifies the ratio
between the radial pressure P, and the energy density p.

p=P,. (19)
Putting in the required values we obtained,
r(Er(W+ 1) +4cy@'(r) =2¢ (R/S(r)
N Rs(r) (2ry @'(r) + 1/f)>

r

(20)
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We now proceed to evaluate the tidal force using the above-
established relation 20, utilizing the shape function in the
specific form presented below.

7
Rs(r) = \3/%, (21)

where rg is throat radius. Now substitute the values of the
shape function (21) in Eq. (20), one can obtain the redshift
function (tidal force) as

1 P\
0= erow [6 toe (m (3) B 1)

BEW + 1D =28r0By + 1) +38ro(¥ + 1)

- ; 2/3
<2r2+3r\3/i+6<—> >+8Uo(31/f+1)
ro ro
log (L) i| +ci. @2)
ro

By using these shape and redshift functions, we further
analyze the other properties.

3.2 Case-II: shape function through null complexity with
tidal force

The simplest physical systems are characterized by zero com-
plexity, such as a perfect crystal, exhibiting perfect periodic
order, or an isolated ideal gas, representing complete ran-
domness. These examples form the foundational basis for
the concept of “complexity” in physics.

The idea of defining a complexity factor within self-
gravitating configurations was originally put forward by Her-
rera [55]. According to his theoretical construct, a fluid with
uniform density and isotropic pressure constitutes a basic
physical configuration, grounded in the notion that complex-
ity is a significant physical measure. In such a case, the com-
plexity factor is defined to be zero. A specific scalar quan-
tity, denoted as y.f, follows from the orthogonal separation
of the Riemann tensor and reflects the inherent complex-
ity of the system. This scalar function reflects the combined
effects of pressure anisotropy and energy density inhomo-
geneity, which both vanish for a homogeneous and isotropic
fluid distribution. Interestingly, the complexity factor may
also vanish in more general systems where the two contribu-
tions precisely cancel each other out. The complexity factor
arises due to the combined effect of pressure anisotropy and
energy density inhomogeneity. Notably, when these two con-
tributions cancel out, a system can still exhibit a complexity
factor equal to zero. In the study of static, spherically sym-
metric fluid configurations, Herrera proposed a method of
evaluating complexity using these characteristics. The com-
plexity can be eliminated either by assuming a homogeneous
and isotropic matter distribution or by ensuring that pres-
sure anisotropy cancels out the density inhomogeneity. This

requirement aids in simplifying the governing field equations
by imposing the condition that the complexity factor vanishes
throughout the interior. The model’s metric function can then
be selected on the basis of physical reasoning. This leads to
the construction of a new bridge equation through the vanish-
ing complexity condition, which links different metric com-
ponents. To establish this relation, we utilize the complexity
factor (y.r) as defined by Herrera.

For spherically symmetric space-times, Herrera proposed
the concept of a complexity factor [56]. It is defined as

— L ' r3 dp(r)
2r3 Jo dr

Vet = I1 dr. (23)

Here IT = P, — P;. According to this formulation, the
complexity factor y.f vanishes for an isotropic and homoge-
neous matter distribution. The above expression encapsulates
key geometric features of the WH, as discussed in [57].

We intend to generate a WH solution through the enforce-
ment of the zero-complexity constraint.

With the help of Egs. (16)—(18), y.r can be expressed as
s (rzR/S —3rRs) 1
s s

[; (r (r (' + 1) Ry = 2r (+* (@)’

+r20" + 3rCI>/>) + rRg <2r4 (@’)2 + 213"

Yef =

520 4 1))} (24)

Considering the vanishing of the complexity factor con-
dition, i.e., y.f = 0, we obtain

Yef =¢ (—2r (r <r2<I>/ + rrdD//) + 3r<I>/>
+r (rr® +2) R + rRs

2
<2rq>” +2r (r®)’ +5r 0 — —>> . (25)
r
We choose the redshift function as

nr2+1

q’(”)=m,

Br* #1, (26)

where the parameters n and 8 govern the gravitational red-
shift and tidal forces experienced by test particles. The
parameter 7 controls the growth of the redshift function near
the WH throat and is associated with the strength of tidal
effects, while § characterizes the radial deformation of space-
time. Appropriate bounds on B ensure the regularity of ®(r)
and prevent the formation of event horizons, thereby guaran-
teeing the traversability of the WH geometry.

@ Springer
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Shape Function Properties
2 —
L —/
L //
[ -—-————"’————_—_-
S —
\-\;
pa 4
¥ \ — K5
I \ Rg
[ r
o \
— AN — ks
i \ — Rg-t ; 2 4 6 8 70
r [km]

-3 I
Fig. 1 Evolution of the shape function properties (left) and energy density (right) with ro = 1.1, & = 1.5, ¥ = 0.54, k; = 0.5 for case I
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Fig. 3 Evolution of the DEC: p — P, (left) and p — P, (right) with ro = 1.1, § = 1.5, ¥ = 0.54, k1 = 0.5 for case |
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Fig. 4 Evolution of the SEC: p + P, + 2P, (left) and TEC: p — P, — 2P, (right) with ro = 1.1, & = 1.5, ¥ = 0.54, k1 = 0.5 for case [

Substituting this form into Eq. (25), consequently, the
shape function Rs(r) takes the form

2(+B)

o B(Br2-1)

Rs(r) = <r ﬁr2
' (ﬂ“+r2<n— B +1) )

(
<k1+<ﬂ r( 201 + P) )

Zﬂ -1

+<Se_% (2n4 (Br2+1)

—pg* (ﬂrz _ 1)2 (,Br2 + 1) +22p2 (ﬁ3r6 +3824 2)
a0’ B (B 4 pr2 + 1) + 208° (2870 — 3%

i =1) ) (ﬁrzl— 1)3) ) @D

The constant of integration is denoted by C,. Using the
throat condition Rg(rg) = ro, the value of C» can be deter-
mined. Replacing this value in the expression yields the final
shape function.

3.3 Case-III: shape function through balancing TOV with
tidal force

The TOV equation, derived from Einstein’s field equations,
governs the hydrostatic equilibrium of spherically symmet-
ric astrophysical bodies [58,59]. It relates pressure gradients
to gravitational mass and radius, ensuring balance between
gravitational collapse and internal pressure. When applied
to WH scenarios, the TOV equation aids in identifying the
conditions under which such structures could remain stable.
This approach is often used in conjunction with modified
gravity theories to examine whether exotic matter is a viable
source for sustaining traversable WHs, thus offering insights
into spacetime geometry beyond conventional astrophysical

environments. The TOV equation is expressed as

dp, n K'(Pr + p) n 2(Pr — Py)
dr 2 r

=0, (28)

where quantity K is given by K = 2®(r), and ®(r) corre-
sponds to the redshift function. This equation encapsulates
the condition for hydrostatic equilibrium in a static, spher-
ically symmetric WH structure. It accounts for the balance
among three types of forces: the gravitational force (Fgy),
the hydrostatic force (£},r), and the anisotropic force (Fyy),
which arises from the difference between radial and tangen-
tial pressures. These individual force components are defined
as follows

—-K’ P 2(P; — P,
(i) Fp= M, (i) F, = 2P — Pr) and
2 r
dPy
Fp=—
(iii) Fp ar

For the WH to remain in a state of equilibrium, the sum
of these three forces must vanish.

Fs=Fgp + Fyr + Fpy = 0. 29)

This condition ensures a physically stable WH configu-
ration under the joint influence of gravitational attraction,
pressure gradients, and anisotropic stresses. Now, our aim is
to obtain a WH shape function by applying the zero TOV
condition. Utilizing Egs. (16)—(18), the expression for Fis is
derived as

Fs = %(2{ (r (r (rzd)’ + 1) ng —2r <r3 (<I>/)2 +r2e" + rCID/))

+rRs (24 (@) +2770" + 12 1))) (30)
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Shape Function Properties
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Fig. 7 Evolution of the DEC: p — P, (left) and p — P; (right) for case Il withrg = 1.4, n = 0.15, B = —2.03, k; = —0.85,& = 10
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Fig. 8 Evolution of the SEC: p + P, + 2P, (left) and TEC: p — P, — 2P; (right) for case Il with ro = 1.4, n = 0.15, 8 = —2.03, k; = —0.85,

£=10

To solve the above nonlinear equation, we consider the
nonzero tidal force in the form

Br2 £ 1. (€19)

Upon substituting the redshift function presented above
into Eq. (30), the subsequent outcome is derived as

U (s 1)
Fi = EyE 1)4 (2{( r <,3r 1)
(B2 +20r2 + 1) Ry + 8 + 1)
(=B + B2+ 07 +1)
+rRs <ﬂ4r8 +6p°r0 —68°r* — 8nPr* — 108r7
+2nr? (5,82r4 — 108r% — 3) + 1) )) (32)

Under the constraint that the sum of forces is zero (yi =
0), the shape function can be determined as,

_ 2Bt p

RS(r)=C3+r( /nz_ﬂ2+n+ﬂ2r2) n2-p2
<_ 772_,32+’7+/32r2) n-—p
2(B+n)
(kz (Br - 1)4 o7
+° (ﬁ2r4 + 22 1)2
<—\/ n? — B2 +n+pr’
/ 2 2\ VP2
( nz_ﬂ2+77+,3r> ) (33)

S——
=
e |
|
=
|

3.4 Analysis of shape functions

Based on the shape functions derived in Egs. (21, 27, and
33), we conducted a detailed analysis of its characteristics.
This allowed us to generate plots for Rg(r), Rs(r)/r, and
Rs(r) — r. These plots are displayed in the left panel of
Figs. 1, 5 and 9 for all cases. By carefully selecting parameter
values such as ro = 1.1 for case I, ro = 1.4, n = 0.15,
B = —2.03, ky = —0.85 for case II, and for case III, ryp =
1.25, n = 3.72, B = —1.52, ko = —4.76, we were able
to effectively construct the shape function plots. It is evident
from the analysis that the shape functions grows continuously
over the radial domain, and the throat occurs at rg = 1.1, 1.4,
1.25. Examining Figs. 1, 5 and 9 more closely, we observe
that for » > ro, the expression Rg(r) — r becomes negative.
This implies that @ < 1. In other words, as r increases,
the quantity Rg(r) — r decreases, satisfying the flaring-out
condition for r > rg and ensuring that R’S(r) remains less
than 1. Furthermore, the conditions R’S (r) < land @ <1
hold true V r > r¢, and we also find that RST(” — Qasr —
oo. From these observations, we deduce that the spacetime
exhibits asymptotic flatness at considerable radial distances.
Consequently, the shape functions derived in every scenario
successfully incorporate the fundamental characteristics of
WH geometries.

4 Stability criteria

4.1 Analysis of energy condition

To analyze the energy conditions, we have constructed graphs
that illustrate their behavior in relation to the energy den-

sity p, radial pressure P,, and tangential pressure P;. These
graphical representations are provided in Figs. 1, 2, 3, 4, 5,
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Shape Function Properties
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Fig. 9 Evolution of the shape function properties (left panel) and energy density (right panel) with radial coordinate for case III with ro = 1.25,
n=372,=—-1.52,ky =—4.76,§ = 1.34
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Fig. 10 Evolution of the NEC: p + P, (left panel) and p + P; (right panel) with radial coordinate for case IIl withrg = 1.25,n =3.72, 8 = —1.52,
ky = —4.76,& = 1.34
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Fig. 11 Evolution of the DEC: p — P, (left panel) and p — P; (right panel) with radial coordinate for case IIl withrg = 1.25,n =3.72, 8 = —1.52,
ky = —4.76,& = 1.34
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Fig. 12 Evolution of the SEC: p + P, + 2P; (left panel) and TEC: p — P, — 2P; (right panel) with radial coordinate for case III with ry = 1.25,

n=372B=—-1.52k =—4.76,& = 1.34

6,7,8,9,10, 11 and 12. By varying the model parameter ¢
between [—10, 15], we observe that all the energy conditions
can attain both positive (green region) and negative (pink
region) values. At ¢ = 0 all values are constant as £/2. This
work highlights the essential contribution of exotic matter
in determining the throat radius of the WH, offering a more
detailed understanding of the properties of the matter that
supports the WH structure.

4.1.1 Casel

e As shown in the right of Fig. 1, the energy density p is
presented graphically as a function of the parameters r
and ¢. The study reveals that p consistently stays pos-
itive throughout the examined range { € [—10, 3.75],
for specific values of the remaining free parameters. This
observation is significant, as it indicates the possibility
of obtaining physically reasonable matter distributions
within the WH configuration. For the values of ¢ that
lie in (3.75, 15], p behaves negatively near the throat,
but for r > 2, it behaves positively. A positive energy
density is essential for ensuring the stability and physi-
cal viability of WH solutions. The result implies that the
matter supporting the WH prevents gravitational collapse
and remains consistent with the basic energy conditions.
Consequently, our findings suggest that the WH models
considered here are not only of theoretical interest but
may also correspond to stable and traversable geometries
with physically acceptable matter content.

e The graphical analysis in Figs. 2, 3 and 4 reveals notewor-
thy features of the energy conditions in the vicinity of the
WH throat. Our analysis shows that the condition p + P,
behaves similarly to density behaviour. This is violated
near the throat only when ¢ € (3.75, 15], whereas it is
satisfied for the remaining region. On the other hand, the

condition was p + P; violated throughout the negative
range of { and near the throat for ¢ € [1.1, 15] but satis-
fied in the remaining region, which is indicated in green
color. For negative values of ¢, the throat exhibits a vio-
lation of p + P;, which reflects the failure of the NEC.
This demonstrates the necessity of exotic matter in the
region to uphold the WH structure and resist gravitational
collapse.

We further observed that DEC in case of p — P,, is sat-
isfied near the throat only when ¢ € (3.75, 15], whereas
it is violated for the remaining region., as illustrated in
Fig. 3 (left panel). In contrast, tangential DEC, p — P,
is satisfied for { < 0, but remains violated when ¢ > 0
and away from the throat, as depicted in Fig. 3 (right).
This contrast reveals how radial and tangential pressures
influence WH stability in distinct ways.

In particular, the SEC and TEC behave opposite as each
other, p+ P, +2P; is violated but p — P, —2P; is satisfied
for negative values of ¢ as seen in Fig. 4.

4.1.2 Case Il

e The graphical variation of p with respect to ¢ and r is

shown in the right of Fig. 5. The results demonstrate that p
remains positive throughout the interval ¢ € [—10, 15],
under suitable choices of the other model parameters.
For negative values of ¢, there is a violation of the NEC
in terms of the radial pressure, i.e., p + P,, while the
condition is valid for positive values of ¢. Regarding the
tangential pressure (p—+P;), a violation of the NEC occurs
for negative values of ¢ when r < 5, and for positive
values of ¢ when r > 5 as can be seen in Fig. 6. These
violations of the NEC indicate the presence of exotic
matter near the WH throat.

@ Springer



302 Page 12 of 22

Eur. Phys. J. C (2026) 86:302

e DEC is satisfied throughout the domain, except for a
small range ¢ € [10, 15] at the throat, in terms of p — P,
(See Fig. 7).

e SEC is violated across most of the domain, except in a
small region near the throat where ¢ € [5.5, 15], whereas
the TEC is satisfied throughout the entire domain (See
Fig. 8).

4.1.3 Case Ill

e As displayed in the right of Fig. 9, the profile of p is
plotted with respect to ¢ and r. It is observed that p
remains positive within the interval ¢ € [—10, 1.1], for
certain chosen values of the other free parameters. For
¢ € (1.1, 15], the energy density p becomes negative
near the throat but turns positive for » > 2.

e From Fig. 10, we observe that the inequality p + P, <
0 holds at the WH throat for negative values of ¢ and
positive for positive values of ¢. It is observed that p +
P; > 0 at the throat and for r > 6.5 when ¢ < 0,
whereas for { > 0 the requirement is met only within
r € [1.5, 6.5]. Elsewhere, the inequality is violated.

e Furthermore, DEC is seen to be violated at the WH throat
for positive values of ¢ with » < 2 and satisfied all other
remaining regions as illustrated in Fig. 11.

e The SEC and TEC behave oppositely. For positive values
of ¢ with r < 2.5, SEC is violated, but TEC is satisfied.
For other regions throughout the negative values of ¢ and
positive values of ¢ with r > 2.5, SEC is violated and
TEC is satisfied, as can be seen in Fig. 12.

By carefully examining the energy conditions, one gains
meaningful insights into the intrinsic behavior of matter
across the universe. The results of our investigation offer
significant contributions to WH theory, particularly empha-
sizing the necessity of exotic matter for their formation and
stability.

4.2 Visualization of WH geometry via embedding diagram

In this section, we study the embedding surface diagrams
linked to newly derived WH shape functions under the
assumptions & = 2 and ¢ = const. These diagrams visually
represent the geometry of the WH tunnel connecting two dis-
tinct regions in spacetime, enabling a direct traversal between
its mouths. Based on these assumptions, the induced metric
is given by

~1
ds? = <1 _ RS(”) dr? + r2d¢?. (34)

r
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The corresponding 3-dimensional Euclidean spacetime
representation becomes

d 2
ds? = r2do? + (1 + (—Z> )dﬂ
dr

=dt* +dr’ + rd¢’. (35)

By comparing Egs. (34) and (35), we derive the key equa-
tion for generating the embedding diagrams of the WH

7(r) = :I:;, (36)
_r__q
Rs(r)

where / denotes derivative with respect to r.

In our analysis, we adopt the technique established by
Marolf [60], along with the method proposed by Peter and
David in [61], to construct the embedding diagrams. Due
to the complexity of the newly obtained shape functions, a
closed-form expression for z(r) is not feasible from Eq. (36).
Thus, we solve Eq. (36) numerically. Using the input param-
eters and throat radius for both WH models, we numerically
generate the corresponding embedding diagrams, which are
presented in Fig. 13 for all models, respectively.

4.3 Amount of exotic matter

The “volume integral quantifier,” which evaluates the inte-
grated amount of exotic matter sustaining a WH, is outlined
in this section. Its formulation involves only the energy den-
sity p together with the radial pressure P, and is expressed
as the integral

Iy = 7§(p +P)dV =/ 2(p+PpdV, (37)

1o

which can be further simplified as

oo
Iy = / 87 (p + P)rldr. (38)
T

0

As stated earlier, this volume integral reveals the total
quantity of exotic matter in the spacetime. To determine this
integral for a specific shape function Rg(r), we introduce a
finite cutoff radius r1, such that the WH spans the region from
ro torq. The integral is then evaluated over this finite domain.
The radial coordinate r is introduced as a cutoff, characteriz-
ing the WH’s span from its throat r( to some radius r; > ry.
The integral must vanish in the limit r; — rg. In Fig. 14,
the characteristics of the volume integral I, for all cases are
illustrated. The results depicted in these figures confirm that
our solutions exhibit the expected behaviour. Consequently,
this shows the feasibility of spacetime configurations con-
taining WHs, which can be sustained with minimal amounts
of exotic matter.
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Fig. 13 Evolution of the embedding diagram for WH-I (left), WH-II (middle), and WH-III (right)
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Fig. 14 Evolution of the volume integral quantifier Case I (left), Case II (middle) and Case-III (right ) with radial coordinate

4.4 Deflection angle

This section examines the deflection angles generated by
WHs. The curvature of space-time, produced by mass and
energy, is the central factor controlling particle dynamics
and the bending of light rays. In curved space-time, light rays
passing near massive structures-such as black holes or WHs-
are bent, even though the speed of light remains unchanged.
This bending of light manifests as gravitational lensing,
revealing the powerful role of gravity in determining the tra-
jectory of light. The study of strong gravitational lensing has
drawn increasing attention over the past decades, largely due
to the influential work of Virbhadra and co-authors [62—-64],
who highlighted its applicability as a technique for explor-
ing space-time geometry and astrophysical behavior. Con-
tinuing this framework, Bozza [65] formulated an analytical
technique to analyze gravitational lensing phenomena in the
strong-field limit for space-time metrics. This approach has
since been widely adopted in subsequent research [66,67].
We adopt the general static, spherically symmetric geome-

try [68,69], whose line element is defined as
ds®> = =N dt> + K dr® + C dQ?, (39)

where N, K, and C are functions of r.

For exploring the motion of freely falling particles in this
space—time [69], the geodesic equation is utilized, linking
the four-momentum p“ directly to the geometry

dﬁﬁ 1 ) A
== ) 40
A & pP P (40)

The affine parameter is denoted by i, and it serves to
parameterize photon motion along null geodesics. A fun-
damental property of the geodesic dynamics is that when
the metric functions g, are independent of a coordinate
xP, the momentum component pg is conserved. To simplify
the problem, we restrict the motion to the equatorial plane
(6 = m/2). Specifically for photon trajectories, the constants
of motion corresponding to the energy E and angular momen-
tum L can be expressed in terms of the generalized momenta
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as

pr=—-E, pp=L.

The geodesic equations thus reduce to
E . L

N C)

Throughout, the overdot notation is used to denote differen-
tiation with respect to the affine parameter A.

The equation describing radial motion for null geodesics
is

. 1 E? L?
= — .
K@) [N@r) C@)
Introducing the impact parameter n =
equation into

(dr 2 oco [ e X
%) -

TKO) NG
For a photon arriving from infinity at a polar angle —% —

f =

% transforms this

% and receding back to infinity after reaching the closest
distance ry, the total bending caused by the WH geometry is

determined by the deflection angle o and expressed as

/- 2
_ Rs(n) (,) 200
r /52 72

In this context, 7. specifies the distance of nearest approach
of the photon to the WH throat, and 8 stands for the
related impact parameter. For a null geodesic, the connec-
tion between 8 and r. can be written as

=-—m7+2

dr. (41)

B=e Py, (42)

We proceed by employing Eq. (42) to numerically deter-
mine the deflection angle of photons in f(Q) gravity. The
computed results for all cases are depicted in Fig. 15. For all
possible values of r, the calculated deflection angle assumes
negative values, thereby signaling the presence of a repulsive
gravitational interaction affecting the photons. This observa-
tion is consistent with previous studies, such as Panpanich et
al. [70], which reported similar behavior in the corresponding
spacetime. The significance of this result lies in its implica-
tion of a repulsive gravitational effect in the vicinity of the
WH. Under typical circumstances, when light passes in the
vicinity of massive object, gravitational attraction bends it
toward the object, producing a positive deflection angle. Con-
versely, our finding of a negative deflection angle implies that,
instead of being attracted, light is repelled from the WH. This
phenomenon highlights that the gravitational features close
to the WH throat differ in an essential way from the behavior
typical of ordinary gravitational lensing.

@ Springer

4.5 Effective potential via Lagrangian formalism

The effective potential can be obtained using the Lagrangian
formalism. Exploiting spherical symmetry, we fix 6 = /2,
thereby restricting the motion to the equatorial plane. Under
this choice, the Lagrangian for photon motion in the WH
geometry given by Eq. (9) is

2<l>(r) +

L= guiti’ = +r2d?, (43)

1 — Rs®

r

where, an overdot denotes differentiation with respect to the
affine parameter t.
The governing Euler-Lagrange equation is expressed as

< oL ) oL _o, (a4
dt \ oxt dxk

leads directly to two conservation relations

—*0i=—E, o =1L, (45)
where L and E are the conserved angular momentum and
energy of the test particle.

For geodesic motion, the Lagrangian Eq. (43) is constant,

L(xH, X" = ¢,

with € = 0 for null geodesics and € = —1 for time-like
geodesics [71].
Substituting into Eq. (43), one obtains

20(r)
¢ P24 veff = g2, (46)

1_(

where V°IT is given by

L?
‘/'eff = <—2 — 6) X eZCI)(r)' (47)
r

In view of the fact that both factors ¢2®") and 1 — Rg(r)/r
are positive for r > ry,, the relationship between Vet and the
total energy E determines whether the particle can traverse
the WH. Figure 16 illustrates VI for both null and time-
like geodesics. It is evident that V! increases with L and
exhibits a maximum near the throat for case II and case III. If
E? > Veff(L, ), the particle crosses the throat into another
region. Conversely, if E 2 < Veff(L, ), the particle returns
to its original region. A turning point ry also exists where

= 0, such that EZ = V(L r¢), implying that a photon
from infinity may be deflected at r(y before escaping back to
infinity.
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Fig. 16 Evolution of the yeff potential Case I (left), Case II (middle) and Case-III (right) with radial coordinate corresponding to € = —1

4.6 Thin-shell around WH structure

Here, our analysis is devoted to building thin-shell struc-
tures surrounding WH spacetimes, considering two possible
choices of the generic shape function under the framework
of teleparallel gravity. For this purpose, the internal region
is modeled as a WH manifold, while the external region is
taken to be the Schwarzschild black hole spacetime. Mathe-
matically, the line element is given by:

ds* = =T (re) ' drd +Ta (ra)dt2 —r2d62 —r2 sin” 01dpl. (48)

For the regions inside (—) and outside (4), the metric func-
tions are expressed as

Rg(r_ 2m
BUD ey =2
r— r+

M (r)=1-

Following Visser’s cut-and-paste method, we construct a
thin shell by joining the interior WH and exterior Schwarzschild
geometries at a chosen hypersurface. This technique parti-
tions the spacetime into two domains,

Miz{k>rh, rifk},

where Kk refers to the radius of the thin shell and rj, character-
izes the Schwarzschild event horizon. The connection occurs
along the hypersurface,

E:{k>rh, ri:k}.

It is important to ensure that the event horizon and singu-
larity are avoided in the constructed geometry by choosing
the shell radius to be larger than the event horizon radius of
the Schwarzschild black hole.

Through the Darmois—Israel method, one expresses the
coordinates of the manifolds and the hypersurface as

n' = (r,0,¢) and y* = (ta,re,0x, ds),

respectively, where 7 denotes the proper time on the hyper-
surface. One can connect these coordinate systems using the
transformation:

_0y* oy?

8ij = a—nimgaﬁ-
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In parametric representation, the hypersurface is defined
by
Y:R(r,t)=0 or k(r) —r =0.
The matter distribution gives rise to physical quantities that
are obtained from the Einstein field equations defined on the

hypersurface X. In this framework, the Lanczos equations
take the form

VI Y.
8 '

SO(

(49)

where {45 = K 2;3 — Ky denotes the discontinuity in the
extrinsic curvature across X.

In a perfect fluid scenario, the stress-energy tensor has
the form Sg‘ = diag[p, P, P], with p and P representing the
surface energy density and pressure of the matter distribution.

The extrinsic curvature for the interior and exterior geome-
tries is given by

a2yl ayk ayy
@ [877“ an? v \oge <8nﬂ> oo

where the unit normals to the hypersurface are represented
+
by n e . N
One may express the unit normals explicitly as

w Kk >
nh = (—q)i(k), VLK) +Kk2, 0, 0). (51)

Here, the overdot signifies differentiation relative to the
proper time.
As a consequence of the Lanczos equations, we obtain
(K9] /k2*%+1 —\/l'(2+1——RSk(k)
o=—% =- , (52)
4 4k

_IKGIHIKT] k(R — 20k + Kk + 1)) + Ry (k)

8 gk2, [~ R0 42y

+2(k2k+iik2 +k —m)
8wk2 /K2 — 32 4]
Ri(k) /K2 — 2 41— (K2 +2kk + 1),/1 — Bs® | g2

N T S Y

P

(53)

2P 4o =

(54)

The geometry is constructed under the assumption that the
thin shell experiences no radial displacement at its equilib-
rium radius K. It follows that the proper-time derivatives of
the shell radius are identically zero, namely ko = 0 = k.

Consequently, this yields

1 2m b(ko)
SRR i .
o0 471](0{ K T \/kg + }
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Py = 1 : ko (R5(ko) — 2) 4+ Rs (ko) N 2(kg — m) }
- 2 K m '
8k 1 — Rsk(oo) 1 ,%
Ry (k
Rithko) /1 - 32 + /1 - &sdol 12
00+ 2Py = .

N CORy
(55)

At equilibrium, we denote the surface energy density by
oo and the corresponding pressure by Py. A negative value
of o¢ (0p < 0) arises, implying that both the WEC and DEC
are violated in this scenario. This violation indicates that the
obtained configuration is supported by exotic matter. Such
exotic matter distributions on the thin shell produce a repul-
sive effect that counteracts gravitational collapse and simul-
taneously keeps the WH throat open. Therefore, the con-
structed structure remains physically viable and is traversable
for observers within this geometry.

We now proceed to investigate the stability of the con-
structed thin-shell WH geometry under small radial perturba-
tions. To this end, we employ the linearized approach to ana-
lyze whether the configuration remains stable against such
perturbations. To analyze the stability under radial perturba-
tions at k = ko, Eq. (52) yields the thin shell’s equation of
motion in the form

V(K) +k> =0, (56)

where V (k) corresponds to the effective potential function
of the thin shell, given by

m Rs(k) Rs(k)?>  Rs(k)
VKk) =1 - —
() + 1672k462 6472k462 2k
2
m m
————— — 47K — —. 57
lor2kio2 TR T X 57

Moreover, the conservation equation for energy is satisfied
by the stress-energy tensor.

d 2 d 2
E(ﬁlnk 0) +P E(4nk ) —0. (58)
which simplifies to

o = —%(P(o) +o). (59)

Since the thin shell is assumed to be in a static configu-
ration at k = ko, the stability analysis is performed in the
neighborhood of this equilibrium point. Therefore, the effec-
tive potential V' (k) can be locally approximated by its Tay-
lor expansion around ko, retaining terms up to second order.
For the purpose of investigating the thin-shell stability, we
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express the effective potential V' (k) around the equilibrium
radius kg as a Taylor expansion centered at Ky is

V() = V(ko) + V' (ko) (k — ko) + +V" (ko) (k — ko)*
+O[(k - k0)3] . (60)

Since at equilibrium V(kg) = 0 = V'(Kko), the above
relation reduces to

J2+0*J*~0, J=Kk-Kko 61)

where the frequency parameter e? is given by

1 d?
0 = - v ) (62)
2 dk? |y,

On performing differentiation of Eq. (61) with respect to
7, one finds

J+a?J ~0. (63)

The behavior of Eq. (63) depends on the sign of w?. If
w? > 0, the solution corresponds to oscillations about the
equilibrium position (J = 0), as illustrated in the left panel of
Fig. 17, and hence the shell is stable. Therefore, the condition
for stability is

2
v > 0. (64)

When w? < 0, the shell radius expands exponentially,
pointing to an unstable configuration, as depicted in the right
panel of Fig. 17. The corresponding condition for instability
can be written as

d*y

<0. (65)
A2 |\ g,

The developed configuration remains stable provided that
V(ko) = 0 = V'(kg). Consequently, we obtain

V(k) = 3(k —ko)* V" (ko). (66)

The relation of the thin-shell mass and its radial derivatives
to the energy density and pressure is as follows

M (ko) = 4k3o,
M/(k()) = —8nkopo,
M" (ko) = —87 Py + 1673 (00 + Po)

where &g = ;il—ﬁ ek represents the EoS parameter. Hence,
=Ko
we arrive at
V'(ko) = —————1 — k{M(@2m — Rg(k
(ko) 2k3M4{ oM( s (ko))

(M”(zm — Rg(ko)) — 4M/R/S(k0))
i M2 ((Rs (ko) — 2m) R§ (ko) + (R5 (ko)) ) + koM

(koR§ (ko) — 2R5(Ko) + (M")? ) + 2R (o) + 4 + 3k (M")?

(Rs(ko) — 2m)* + koM> (koM" — 4M') + 3M6}. (67)

With the aim of exploring the stability of the formulated
model, we impose the condition V" (kg) > 0. Substituting
into Eq. (67), the inequality becomes

~( = 00@m = Rs(ko)) ) B27koPo R (ko))
+@m — Rs(ko) (1675}
(Po + 00) = 87Py ) + 4873 (Rs (ko) — 2m)?
+amkdod ((Rs(hko) — 2m)R§ (ko) + (Ri (ko)) )
647K (kg RY (ko) — 2o R}y (Ko) + 2Rs(k0)> + 6472K3 R
+4m -+ 20487 Ko (283 + 3Po263 00 )
+ 4 30727°kS 08 (1287°kS0) ! > 0. (68)
Furthermore, the stability constraints can be expressed in
the following form

V'(ko) >0 = t(ho)&s — o > 0. (69)

Here, the coefficient associated with the EoS parameter
written as 7 (Ko) = 79, while the remaining terms are denoted
by Pk, = V.

The stability regions, which outline the thin shell’s geom-
etry, are formulated as

1
lI. Forrp <0 = §§<—0.
70

2 _ Yo
2. Forp >0 = & > —.
70

Here, ¥ is defined as

90 = Rs(K) (8(mPo(6Po
+o0p) — 47T2kgo'g) — ko()‘()(k()d()Rg(ko)
+8PoR’s(Ko)) + kooo (2kooo R§ (ko) (m — 82kjog))
+ R (ko) ( — kooo R (ko) + 327°kjog + 16mPo)
—2PoRs(ko)2 (6P + 00) — 8(327r4

kgag (477(% + 6Pyoo + 30&)))
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+872kimag +m? Py (6Py + 0p) . (70)

70 = 400 (Po + 00)
[4mRS(k0) — Rs(ko)* + 2567 *kSo — 4m2] .

The analysis of the thin shell encompassing the WH geom-
etry is carried out by identifying the stable regions associated
with the different shape functions.

To investigate stability, the analysis is carried out using g
and the ratio ¥y/79. Whenever 7y takes negative values, the
thin-shell system exhibits stability. These stable regions are
marked as light pink shaded zones in the figs. (see Figs. 18,
19, 20). Whenever 1 takes positive values, the shell exhibits
stability, which is indicated by the light green region in the
plot. Among all the parameters, stability is found to be most
sensitive to variations in m. For case I, m = 0.41 and
m = 0.43, increase in m compresses the colored stability
zones and shifts the stability threshold upward, particularly
in the higher regions of the plots (Fig. 18) as well as for case
IT'in Figs. 19 and 20 case [l respectively. This effect sharpens
the effective potential at kg, eliminating nearby minima and
thus increasing the probability of collapse or runaway expan-
sion. For all cases, the shaded regions indicate the parameter
ranges where stable solutions exist.

5 Summary and results

e Interstellar travel, whether across immense cosmic dis-
tances within a universe or between different universes,
could be made feasible by using a theoretical shortcut
called a WH. Such a structure represents a tunnel, or
throat, through which two distant points of spacetime
can be joined, linking asymptotically flat regions while
avoiding the formation of an event horizon.

e It is observed that the shape functions derived under the
influence of nonzero tidal forces, null complexity, and the
TOV condition conform to the Morris—Thorne require-
ments for a physically acceptable WH. The plots corre-
sponding to the different properties in case I, case II, and
case III are shown in Figs. 1, 5, and 9, respectively.

e The choice of a redshift function @ (r) consisting of tidal
forces introduces additional contributions to the field
equations through its first and second derivatives. These
terms modify the relation between geometry and matter
fields, which in turn influences the dynamical stability
of the configuration. Consequently, the stability of the
WH, especially under small fluctuations, depends on the
radial dependence of @ (r). From the perspective of grav-
itational lensing, the redshift function has a direct impact
on the effective optical geometry. In the constant case,

@ Springer

the deflection angle often points to a repulsive character
of the WH. However, allowing @ (r) to vary can alter this
signature by reinforcing, softening, or reversing lensing
behavior.

Furthermore, all energy conditions have been illustrated
in Figs. 1,2,3,4,5,6,7,8,9, 10, 11 and 12 for all cases.
Interestingly, traversable WHs in teleparallel gravity can
only be realized with exotic matter, whose central role
lies in ensuring the violation of the NEC. Across all of
the shape functions, the graphs of the energy conditions
display domains of positivity as well as negativity.

The embedded diagrams corresponding to these shape
functions for the upper and lower universes are displayed
in Fig. 13 for all cases, respectively.

In continuation, we examined the requisite quantity of
exotic matter to maintain these WHs through the frame-
work of the VIQ in Fig. 14.

As shown in Fig. 15, the deflection angle exhibits varia-
tion with the impact parameter. r. across multiple param-
eter values.

Beyond the analysis of energy conditions, Fig. 16 depicts

the effective potential Vg for timelike (¢ = —1)
geodesics, plotted for various values of angular momen-
tum L, while non-zero redshift functions and m = 1.

These plots yield valuable information about the trajec-
tories of test particles in the given spacetime, highlighting
the distinctions in potential wells and barrier structures.
The stability of the developed structure depends on ? is
discussed in Fig. 17.

The thin-shell stability for all cases is analyzed using
the conditions of tp and Sg, where the shaded regions
in Figs. 18, 19 and 20 represent the stable domains. For
both models, the parameter m plays a crucial role in sta-
bility: higher values of m reduce the stability regions
and enhance the chance of instability, while lower val-
ues enlarge these regions and improve the viability of
thin-shell WHs.

Although the present work is theoretical, the obtained
WH solutions can be associated with potential observa-
tional consequences. In particular, the spacetime geome-
try of a WH can significantly alter the propagation of
light, leading to gravitational lensing effects that are
qualitatively different from those produced by black
holes, such as enhanced light deflection, distorted Ein-
stein rings, or the appearance of additional images. These
features may serve as indirect signatures of WH geome-
tries in astrophysical observations. Furthermore, the vio-
lation of energy conditions required to sustain the WH
throat can, in principle, be constrained by observational
bounds on compact objects and large-scale gravitational
phenomena. Within modified gravity theories, such vio-
lations may arise from effective geometric terms rather
than exotic matter sources, thereby improving the phys-
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Fig. 17 Variation pattern of A in terms of the proper time 7 for the exponential solution (> = —36) of Eq. (63), illustrating the unbounded growth

of perturbations that renders the thin-shell WH throat unstable
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Fig. 18 Evolution of the /7y w.r.t kg for m = 0.41 and m = 0.43

ical viability of the WH configurations discussed in this
work.
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