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Basics of Black Holes
§1.1
Concept of Infinity
1.1.1 Conformal Embedding: example
The Minkowski Spacetime with metric
g(E™") = —dt* + dr* + r?g(5" ) (1.1.1)
can be embedded into the static Einstein universe
Q*g(E™) = —dn® + dx* +sin® x g(S™1) = —dn* + g(S™), (1.1.2)
Q:cosn+xcosn_x (1.1.3)
2 2
by the transformation
t—r = 2tann;X, (1.1.4a)
t+r = 2tan";X. (1.1.4b)

=0

r

Jo Index
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The image is

Inl<m—x, 0<x<m. (1.1.5)
The boundary of this image in SEU is given by
OM=s7"0u9", F5F~RxS"! (1.1.6)

1.1.2 Conformal Infinity

By generalising the previous example, Penrose proposed the following definition
of the infinity boundary .# of a spacetime .# in terms of a conformal mapping

f il — M [Penrose R 1963[Pen63]]:

1. . =9f(M) C M- smooth
2. g=Mfg: I0: M — R
3. Q, =0,dQ, #0

For the Weyl transformation
G = Vgu; Q=€ (1.1.7)

the Christofell symbol and the curvature tensor of an (n+ 1)-dimensional Rieman-

nian space(time) transform as

Loy = DU =V, 08, — Va&d, + V' P, (1.1.8)
QQRMVXU - Q2Ruu>\a - QQéﬁ@M@VQ + Qng[U@M @MQ

—2(V)*6\ Go (1.1.9)

O*R,, = QR+ (n— DAV, V,Q + {QWQ _ n(mf} . (1.1.10)

R = Q*R+2nQV3*Q —n(n+1)(VQ)>. (1.1.11)

From this, it follows that for vacuum spacetime satisfying

27 T
Ry = ——gu+ K2 (TW - mgW) : (1.1.12)
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or with the energy-momentun tensor decreasing as O(f2) at infinity, VQ has to

satisfy the condition

s 2A
(VQ)? = Y (1.1.13)

This implies that

A=0= .#: Null
A>0=  Z: Spacelike
A< 0= . #: Timelike

0 Definition 1.1.1 (WAS spacetime)d O In general, when a spacetime .# has
a neighborhood of infinity that is isomorphic to a neighborhood of infinity
of either E™', dS"™' or adS"™, .# is called to be weakly asymptotically
simple. ]

§1.2
Definition

1.2.1 Causal sets

O Definition 1.2.1 (Chronological past/future)d O For a set .# in a spacetime
M , its chronological past I~ (7, 4 ) (future It (7, #)) is defined as the set
of all points that can be connected to a point in . by a future (past)-directed

timelike curve of non-zero length in .Z. M

0 Definition 1.2.2 (Causal past/future)d] O For a set .% in a spacetime ., its
causal past J (&, ) (future J© (7, A )) is defined as the set of all points
that can be connected to a point in . by a future (past)-directed causal
curve in . ]

0 Proposition 1.2.30 0O The boundary of J*(.,.#) is a union of a null
hypersurface .#* and an acausal subset % = JY (S, %) N J (S, H).
Each null geodesic generator of A4+ (_47) has no past (future) end point
except in .7. ]

Proof. Let us consider the case of J~ (7, .#). Let pbe apointin B = 0J (S, ).
Then, if p is not a point in Sy, there exists a sequence of points ¢; converging to
p and future-directed causal curves 7; connecting ¢; to a point in Sy, A subset of
7; converges to a null geodesic passing through p in %. U

o Tndex ™ ™
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0 Definition 1.2.4 (Cauchy development)d O For an acausal hypersurface .
in A,

e Future (past) Cauchy development (or domain of dependence) D (.%) (D~ (.%))=
the set of all points p such that any past-directed (future-directed) non-
extendible curve passing through p intersects §.

e Cauchy development (or domain of dependence) D\.#) = D*(.#)U D~ (.%).

e Cauchy horizon H*(.) = D(.) — IT(D*(.¥)).

1.2.2 Causality conditions

O Definition 1.2.5 (Various causality conditions)d O
Chornonology condition < There exists no closed timelike curve.
Causality condition < There exists no closed causal curve.

Strong causality condition at p < Every neighborhood of p contain
a neighborhood of p which no causal curve intersects more than once.

Stable causality condition < Chronogy condition holds for any
metric in an open neighborhood of the metric in the space of metric <

There is a global time function ¢t whose gradient is everywhere timelike.

]

O Definition 1.2.6 (global hyperbolicity (Leray 1952))0 O A set A in . is
said to be globally hyperbolic if the strong causality condition holds on .4

and if for any two points p,q € A, J*(p) NJ (q) is compact and contained
in .. |

0 Theorem 1.2.7 (HE1973)0 O If . is a closed achronal set, then int(D(.%)) :=
D(.7) — D(.%) is globally hyperbolic. O

0 Theorem 1.2.8 (Geroch 1970)0 O If an open set .4 is globally hyperbolic,
then A4 ~ R x . with . a spacelike manifold, and for each t € R, {t} x .
is a Cauchy surface for 4. In particular, .4" is stably causal. — []

Jo Index 1
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1.2.3 Horizon

Let .# be an AS spacetime and .# be its conformal infinity[]

e Asymoptotically predictable

JCcDE) inA
e Horizon

HY = 8(J~ ()N JHF)

e Black hole region

B=M—J ()

e DOCUO Domain of outer communiationd

DOC = J~ (I, 4) N\ J* (I, )

10 115 Thdex

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

Jo Index 1
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§1.3
Raychaudhuri equation

1.3.1 Jacobi equation

For a congruence of curves I' : ¥ = z#(71, z), let u* = @ be its tangent vector
field and Z* = §z'02* /02" be the relative dispacement of neighboring curves of a

reference curve. Then, from

VuZ =Vzu (1.3.1)
it follows that

V2Z =V,Vzu= R(u, Z)u+V;V,u. (1.3.2)
Hence, we have

V2Z = R(u, Z)u+ VA (1.3.3)
where

Vau=A. (1.3.4)

In particular, when I' is a geodesic congruence, i.e., A = 0, this equation is called
the Jacobi equation.

1.3.2 Representation in terms of the Fermi basis

When u* is a timelike vector field (a velocity field of particles),
u=0;; u-u=—1. (1.3.5)
let us take an orthonormal basis E, satisfying the condition
Ey=u, u-E; =0, E; =V, E; = Aju. (1.3.6)
Then, because A; can be expressed as
Aj=—u-Ej=u-E; =A-Ej, (1.3.7)

E, is uniquely determined if one specifies its value at a point on the flow line.
Let us express the relative position vector Z between two fluid line in terms of

a Fermi basis as
Z=7%+Z7Z"E,. (1.3.8)

Jo Index
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Then, we have

71 =B Z+E;-VyZ =—-A;7°+ E;-Vyu

=-AZ2°+ Z2°E; i+ Ep - Vg,uZ’, (1.3.9)
hence,
Z'=M;;27; M;;=E;-Vg,u. (1.3.10)
Further,
70 =—i-Z—u-VyZ=—i-EZ —u-Vyu
= A Z". (1.3.11)

These can be combined into the single expression

Z =27+ M;;ZE". (1.3.12)

1.3.3 Expansion, shear, rotation

Let us define a symmetric tensor #;; and an anti-symmetric tensor wy; by

1
0[] :01J+E5U0 = ]\4([J)7 O'[[ZO, (1313)
Wrg = M[[J]. (1314)
Then, from

My ELE] = (ELE})(E]EF)Vux = (8, + uuu) (6] 4 u,u”)Vouy
= V,u, +uy, (1.3.15)

it follows that

Vou, =0, + wy — tuy; 0, = EiE;,]@U, Wy = EiEl‘,’wU. (1.3.16)

1.3.4 (Geodesic deviation equations
From [u, Z] = 0, it follows that
Z =V,Vyu=R(u,Z)u+ V. (1.3.17)
Here, by differentiating the expression for Z by 7, we obtain

Z — Vzu = —A[ZIQ'L — ZlvEliL + A[M]JZJU
+(M + M?*);,Z7E;. (1.3.18)

Hence, we have

(M+M2)]J:_R[MJVUMUV+AIAJ+E]'VEJ2:L. (1319)

Jo Index
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This matrix equation is equivalent to

0+ %92 = —20° + 20% — R ulu’ + V0t (1.3.20a)
orj+ EQUIJ = —Ufkaf + 3025]J + wrgws ™ — 3w25u
—Rrygu + C—liRuuéjJ + A1A;+ Eq - Vi, u— %v - Ulry, (1.3.20b)
wry + %&uu +ofwry — ofwir = By - Vi, (1.3.20¢)
where
202 := o501, 2w = wrwry. (1.3.21)

In particular, when @ = 0, the equation for 6 is called the Raychaudhuri equation.
Similarly, in the case of a null geodesic congruence, the same set of equations

with d replaced by d — 1 and the range of I restricted to 1,---,d — 1 hold by

considering a parallel null basis instead of the orthonormal Fermi basis.

1.3.5 Conjugate point

0 Definition 1.3.10 [ Two points on a geodesic is called conjugate if there
exists a Jacobi field that vanishes at these points. Similarly, a point p is
said conjugate to a surface . along a geodesic v that passes through p and
crosses . orthogonally at ¢, if there is a Jacobi field that vanishes at p and
is tangential to . at q. ]

0 Proposition 1.3.20 0O If p and ¢ () are conjugate along a null geodesic
7, any point on the extension of v past p can be connected to ¢ (.) bu a
timelike curve. ]

51.4
Area Theorem

00 Definition 1.4.1 (Strong energy condition)d [ The Ricci curvature satisfy
the condition R,,V2V? for any timeline (null) vector V, it is said that the
spacetime satisfies the timelike (null) strong energy condition or convergence
condition. ]

0 Proposition 1.4.2 ( > 0)0 O If the horizon # is future complete and
the null strong energy condition is satisfied, the expansion rate 6 of the null
geodesic generators of 7" is non-negative. ]

Jo Index
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Proof. Let u be a non-degenerate function that is defined around 2 and constant
on ##%. Then, the tangent vector k of each null geodesic generator of % is
orthogonal to the normal vector of 2% that is propotional to Vu: k = fVu.
From this we obtain dk, = df A du oc df A k., hence w = 0. Therefore, the
Raychaudhuri equation can be written

: 1
0 + ﬁez = —20'2 — Ruykﬂkl’ S 0. (141)

If 6 is negative at some v = vy, it behaves as

O(v) < 0]

N

(1.4.2)

Hence, 6 diverges at v = vy, a finite affine distance from v = vy. The point v = v,
is conjugate to a spacetlike 2-surface on the horizon. Hence, the null geodesic
generator passing through this point has to go outside J~(.#) beyond this point.
This contradict the fact that each null geodesic generator of 7" has no future
end point. O

0 Theorem 1.4.3 (Area Increase Theorem)O O If the horizon is null geodesi-
cally future complete and if the null strong energy condition is satisfied, the
horizon area does not decrease. ]

§1.5
Symmetry

1.5.1 Killing vector

Let ®, : # — .# be a one-parameter family of isometries:

drg =g, (1.5.1a)
Db, = Dy, B = id g (1.5.1b)

Then, its infinitesimal transformation X is defined as the vector field that is tan-
gent to the curve ®;(p) at each point p:

d®,(p)
Xp = c;t

(1.5.2)

This infinitesimal transformation X is called a Killing vector and satisfies

Prg —

=0. (1.5.3)

Jo Index
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From
= VX(g(Y,Z))—g(VXY—VyX,Z)—g(Y,vXZ—VzX)
this equation can be written

VX, + V,X, =0. (1.5.5)

Conversely, any vector field satisfying this Killing equation generate a local one

parameter family of isometries uniquely.

O Formula 1.5.10 O

V- -X=0, (1.5.6a)
AX, +RX, =0, (1.5.6b)
VaViXe = —Ryea" X (1.5.6¢)
0
Proof. Summing
vaVch - vaaXc - Rabchd>
_vbcha + Vcvb)(a = _RbcadXda
vcva)(b - vavc)(b = RcabdXd7
we obtain
2V, VX, = —2Rpa’ X,
]

1.5.2 Stationary spacetime

0 Definition 1.5.2 (Stationary spacetime)d [0 A spacetime .# is said to be
stationary if there is a Killing vector £ that is timelike in some region. []

The metric of a stationary spacetime can be written
ds? = 2O (dt 4+ A(x))? + gij(x)da'da? (1.5.7)

where x = () is the spatial coordinates. The Killing vector ¢ can be written

¢ = 0 in this coordinate system, hence
& = —V(dt + A(z)). (1.5.8)
The rotation of the Killing vector is defined as

*(Ee NdE) = =™ xnd A (1.5.9)

Jo Index
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o

NN/

0 Definition 1.5.3 (Static spacetime)d O A stationary spacetime .# with
the time translation Killing vector £ is called static when the rotation of £
vanishes. ]

When a spacetime (., g) is static, from the rotation free condition, we can find
a coordinate system locally in which the metric can be written

O Definition 1.5.4 (Axisymmetric spacetime)d [0 A spacetime .# is said to

be axisymmetric if there is a Killing vector field  whose orbits are all closed.
]

1.5.3 Killing horizon

O Definition 1.5.5 (Killing horizon)d O A null hypersurface ¢ in a stationary
spacetime is called a Killing horizon when there is a Killing vector that is

parallel to the null geodesic generators on 7. ]

0 Proposition 1.5.6 (Killing horizon of static BHs)O 0O A horizon of an
asymptotically simple and static spacetime with respect to infinity .# is a
Killing horizon if the spacetime is asymptotically predictable and the time
translation Killing vector € is timelike in a neighborhood of ..  []

Proof. The Killing vector ¢ is always tangent to the horizon 7. If ¢ is spacelike,
there must exist a hypersurface . outside " on which ¢ is null and outside of
which ¢ is timelike. In this region where ¢ is timelike, ¢ can be written § = —e2YVt
with ¢(&,&) = —e?, where t = const hypersurfaces ¥; are spacelike. Hence,
< = lim;_, 2. Because ¢ is orthgonal to Y, it is also orthogonal to .. However,
because ¢ is tangent to %/, this means that .# is a null hypersurface, and £ is
parallel to its null geodesic generators. If .# intersects with ., the assumption
on the timelikeness of ¢ near .# is violated. This implies that . = 2. U

Lo Tndex”
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O Definition 1.5.7 (rotating BH)O O The black hole of a stationary spacetime is
said rotating if the time-translation Killing vector is spacelike on the horizon.
[]

0 Proposition 1.5.8 (Killing horizon of rotation BH)O O The rotating black
hole horizon is a Killing horizon. (]

Proof. From the rigidity theorem. O

0 Definition 1.5.9 (Surface gravity)d O For a stationary and axisymmetric
spacetime with a Killing horizon .77, let £ and 1 be the corresponding Killing
vectors. Then, a tengent vector of the null generator of # can be uniquely
written as

k =&+ Q. (1.5.11)
Q, is called the angular velocity of the horizon. Further, on J#, we have
Vik =kk & VK> =—2kk (1.5.12)
The coefficiet x is called the surface gravity of the black hole. ___ []
00 Proposition 1.5.10 (shear and rotation of the Killing horizon)d O If the

null energy condition is satisfied, the expansion, shear and rotation of the

null geodesic generators k of the Killing horizon all vanish, and Rg,k*k® = 0.
]

0 Theorem 1.5.11 (Zero-th law of BH thermodynamics (Bardeen, Carter, Hawk-
ing 1973)[BCH73])0 0O If the Einstion equations and the dominant energy
condition hold, x and 2, is constant on each connected component of the
Killing horizon. ]

Jo Index
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Proof. Let us take a null basis (k,[,er) on the Killing horizon. Then, from the
definition of k, we have

vVli = —V\/(g(l, V\//{?)) = —g(VVl,” ablakk) — g(l, V\/vkk’)
= —rg(k, V1) — g(I, Vo k) — g(I, (V2)(V, k). (15.13)

Here, because the expansion, shear and rotation of the null tangent % of the Killing

horizon .7 vanishes,

Vvk ok, YV,72. (1.5.14)
From this, it follows

9(l,Vy,ik) = g(l, kVvk) = kg(l, Vvk). (1.5.15)

Hence, the first two terms in the above expression cancel. Hence, from the identity
V.Vk, = —Rpea®ky, we have

Vvk = R(k, 1,V k). (1.5.16)
Here, from
R(V,ej,er k) =g(er, VyVe,k =V, Vyk — Ve k) =0, (1.5.17)
we obtain
R(k,1,V.k) = —R(k,V)+ R(k,er,V,er) = —R(k,V) (1.5.18)

If the dominant energy condition hold, T'(k, %) is a non-spacelike vector. However,
because T'(k, k) = 0, this vector must be proportional to k. Hence, R(k,V)
g(k, V) = 0. This proves the constancy of k. O

§1.6
Examples

1.6.1 Static spherically symmetric black holes

Metric Consider the metric

dr?
ds* = —f(r)dt* + —— + r’do?, 1.6.1
()t + (161
T n—1 9
fr)=K - (—) —Ar (1.6.2)
r
where do? is a metric of a constant curvatur space with sectional curvature K,
and
2A
A= ——. 1.6.3
n(n+1) ( )

Jo Index
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Singularity: r=0

U black hole

Vel
1l
white hoIe/))

Singularity: r=0

This is a static solution to the vacuum Einstein equation

1 2A
Rab — aRgab + Agab =0 = Rab = Ygab. (164)

Horizon The Killing horizons of this spacetime are expressed as r = 7, in terms
of solutions to

frn) =0. (1.6.5)

The Kretchmann invariant is given by

RYAR peq = 2(n 4+ 1)(n + 2)A% 4+ n?(n® — 1);52;3 (1.6.6)

Thus, the spacetime is regular on Killing horizons.
The future Finkelstein coordinates (v, r, z) defined by

v==t+ry dr.=dr/f(r). (1.6.7)
provide a regular chart around the future horizon:

ds® = — f(r)dv® + 2dvdr + r*do?. (1.6.8)
In this coordinate system, the killing vector & = 9, can be written

£=0, 0. = %&, +0,, (1.6.9)
From this, we have

V() = Vf = f'Vr = [0, = (0, + ). (1.6.10)
Hence, the surface gravity is given by

k= %f’(rh) - "2201. (1.6.11)

Jo Index 1
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Smarr formula From the correspndence with the Newtonian theory,
Ao =4nGp,  gu ~ —(1 + 2¢), (1.6.12)
the mass of the BH and ry is related by
87GM = (n — 1)rg~ 'V (S™). (1.6.13)
Hence, we obtain the Smarr formula
GM =4 (1.6.14)
CA4r” o

whose variation gives the zeroth law of thermodynamics

K
oM = ——0A. 1.6.15
GG ( )

1.6.2 Ernst formalism

Metric

ds® = —f(dt + Adp)* + ' [p*dg? + e (dp* + d2?)] (1.6.16)
Killing vectors are

=0, n=20y (1.6.17)
The corresponding 1-forms are

£, = —f(dt + Adg), n, = f1p’do + AE,. (1.6.18)

The orientation:

€tppz = v/—g > 0. (1.6.19)
EM field
F =VG(F +ixF), (1.6.20)
dd = .7, (1.6.21)
F = fHAdDPANE +i%(dP NE,)] (1.6.22)

In the coordinates (p, z),

G124 = (Ftp — ¢£F¢2) dp + (Ft + i%FW) dz (1.6.23)

Jo Index 1
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Ernst Potential : In terms of the rotation 1-form for the Killing &,

w= —I¢*d& = *(& NdE,), (1.6.24)
the Ernst potential is defined as

d& = df +iw — 20dP. (1.6.25)
In the (p, z) coordinates, w reads

2
w= f—(—Apdz + A.dp). (1.6.26)
P

In terms of the Ernst potential, the metric components are expressed as

f =&+19)7, (1.6.27a)
oA = [plidc&y+ POP — POP], (1.6.27D)
ok = 2—’}2 (0c8 + 280, D) (0.6 + 200,D) — 2?3@3@
=L (9.0 - —2(3 A2 —220,00.0 (1.6.27¢)
2f2 ¢ 2p ¢ f ¢ ¢
where
dc = 3(9, — 10.). (1.6.29)

Ernst equation : with 0 = (0,,0,)

fp 0 (p0&) = 0& - (08 + 2009), (1.6.30a)
fp 0 (p0®) = 0 - (08 +2909). (1.6.30b)

1.6.3 Kerr-Newman Solution

Ernst potential

(1 — |pu®)(pz —iqy) — (1 + |u]?)

& = (1— |p2)(pz — Zgy) (L ) (1.6.31a)
¢ = (1= ) (pr — ,Zy) (1 +|u?) (1.6.31b)
where the (z,y) coordinates are related to (p, z) as
PP =o*(a® —1)(1—y?), z=ouy. (1.6.32)
From this, we have
dp? + dz? = o%(2® — %) (x;hf Tt 1(?/;) . (1.6.33)

Jo Index 1
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Metric in the (z,y) coordinates

(1 — |ul?)?(p*2® + ¢*y* — 1)

f= : 1.6.34a
(= PP+ %) + 20— |lpe + (L Py O3
_20q (1 -9 [(1 —|u[*)pz +1] 1 6.34b
o 1 — |ul2)2(p2 2 22 — 1)’ (1.6.34b)
p (1= |pP)?(p*2* + ¢*y?* — 1)
2.2 2.2
2 Pty 1 (1.6.34c)
p*(z* — y?)
Solution parameters
o
p= ]\427—622’ (1.6.35a)
a
1= s (1.6.35D)
Q
= — , 1.6.35¢
: M+ \/M? - Q? ( )
o= /M?—a®— Q2. (1.6.35d)
Representation in the (r,6) coordinates
ocx=r—M, y=cosé. (1.6.36)
2M 0
E=1-— &=— 1.6.37
r —iacosf’ r —iacosf ( )
Ap? I'sin? 6 dr?
ds® = ———dt* dg — Qdt)* + p* | —— + db” 1.6.38
s p (o ) o X Hde ) (1.6.38)
where
A =7r?—2Mr +a* + Q7 (1.6.39a)
p* =1+ a®cos’ 0, (1.6.39b)
[ = (r*+a?®)* — a®Asin?0, (1.6.39¢)
2
q - W2Mr—@Q°) (1.6.39d)
r
Future Finkelstein coordinates
2, 2
dv = dt + - Za dr, (1.6.40a)
d, = dp + %dr. (1.6.40D)
If we introduce the coordinate basis in the Future Finkelstein as 9, , 0, 9 hi, 9y,
we obtain
r? + a? a
Oy =0r 0, =0+ X 6:+Z8+, 6¢:8;{, Op = 0, . (1.6.41)
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Surface gravity From

é“: 8t+Qh8¢,
a
Oy = ———.
. r? +a?
we obtain
Ap2
SE=TT

This quantity is regular at horizon. Hence, because

8 X 0p X
VX p [AG] + (r2 +a®)0f +adf] + ; o
s - s Xe+ XX g
p?
for a quantity X which is regular at horizon, we otain
r2 +a%)0,(€- € r? +a?
V(e gy = TEOHE L BEC, a
p
Therefore,
o — ry — M
o2 e

Bekenstein formula From the expression for the horizon area
A=Ar(r? +a®) = 4r(2Mr, — Q?),
we obtain the Smarr formula

K
M=—A+20,J P
AnCd + h +Q hs

and the Bekenstein formula
L JA =AM — QudJ — ®,dQ,
81

where

Qr
Oy =0(r=ry,0=0)= = —|—+a2'
+

1.6.4 Degenerate solutions

23 116 Thdex

(1.6.42)
(1.6.43)

(1.6.44)

(1.6.45)

(1.6.46)

(1.6.47)

(1.6.48)

(1.6.49)

(1.6.50)

(1.6.51)

0 Definition 1.6.1 (degenerate horizon)d O When the null geodesic generators

of the horizon is incomplete, we say that the horizon is degenerate. [

0 Proposition 1.6.20 [0 The surface gravity of a degenerate horizon vanishes.

0
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(a) m2>e? (b} m?=e?

24 176 Tndex

r==10

le) m2<e?

Figure 1.1: Penrose diagrams for RN black holes

Proof. The null generator of the time translation on the horizon, k£ = 9,, satisfies

ka = kk.

If we introduce a new coordinate A by A = A\(u), from

k=Nk, k=0,
this equation can be written
(N)?Vik = (kN — \)E.

Hence, for

A becomes an affine parameter:
V,;];J =0.

Thus, the future horizon (x > 0) is complete iff K = 0.

Extremal Reissner-Nordstrom solution

g =—f(r)dt® + f(r)"'dr? + r?g(S™),

(1.6.52)

(1.6.53)

(1.6.54)
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This can be put into the form

ds* = —A(p)*dt* + B(p)*dz?, (1.6.55)
0’ =x? (1.6.56)

in terms of the isotropic coordinates:

dr dp

S (1.6.57)
r(fm)2 - p
To be explicit, we have
Mo\ 2 M\ 20D
ds? = — (1 + 1) dt* + (1 + 1) dx?, (1.6.58a)
P P
Pt =" - ML (1.6.58b)
5
Majumdar-Papapetrou solution
ds? = —(1+ ®)72dt*> + (1 + &)Y Vg?, (1.6.59a)
At ® = 0. (1.6.59b)
§1.7
Smarr Formula
Reference
e Bardeen J, Carter B, Hawking SW: CMP31:161 (1973).
1.7.1 Komar integral
Let us define a vector-valued 1-form d¥3, by
1
dZa = m@bbl...bl)_ldl’bl VAN dl'bDil. (171)
Then, we obtain
d( *dX,) = Vy(V X" — VP XS, = —2AX*d%,. (1.7.2)
Hence, from the Stokes law, we obtain
1 a b
— xdX, = Ry X°d>,. (1.7.3)
2 9.D1 #D—1
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1.7.2 Integral at infinity
Let us assume that the spacetime approaches a spherically symmetric solution
at spatial infinity:

dr® 27.2/an
70 + r°ds*(S™). (1.7.4)

Then, for the time-translation Killing vector £ = 0;, we have near infinity

ds?

Q

—f(r)dt* +

£ o= —f(r)dt = d& = fdt Adr. (1.7.5)

Hence, from

x(dt Ndr) =~ —r"dV (S™), (1.7.6)
we have

*d€, ~ —f'r"dV (S™), (1.7.7)
and

%/Sgo *d, = —%V(S") rli_)rglor"f’ == ; 17“3’11/(5"). (1.7.8)

Similarly, for a rotating AF black hole spacetime with the metric
ds® = gudt® + 2g14dtdd + goodd + grrdr® + gopdt® + - -+, (1.7.9)
the angular Killing vector is
N=0s= D= Gigar + Jopdo. (1.7.10)
Hence, at infinity,
*dny|sn = Opgip *(dr A dt) = 0,giedV (S™), (1.7.11)

where g4 is asymptotically

9 n—1

Gus ~ j:(jl sin? 0. (1.7.12)
From

dV(S™) = dpdf cos™* dV (S"?), (1.7.13)
we obtain

1

/ sin? 0dV (S™) = EV(S”). (1.7.14)
Hence,

1 -1

—/ *dn, = n ary 'V (S") = 8—7TGaM = 8—7TGJ. (1.7.15)

2 Jon n n n

[e')
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1.7.3 Integral at horizon

Next, let (k,l,e;) be a null tetrad on the Killing horizon #* such that k is
parallel to the null geodesic generator of ", and k-1 = —1. Then, dX, can be
expressed as

dX, = —(dX.)(k,Dk. Al — (dX.) (L, er)k, NGO
—(dX,)(k,er)l, NO' + (dX,)(er, e )0" NG (1.7.16)

The dual of the 2-form basis on the right-hand side is given by

x(kAND) = —r"dV(S"), (1.7.17a)
(kNG = —kAr"L,dV(S™), (1.7.17b)
x(INOY) = 1AL, dV(S™), (1.7.17¢)
(0P N07) = kEALATL L, d(V™). (1.7.17d)
Hence,
/ %dX, = (dX,)(k,DrpV(S™). (1.7.18)
NP1

For X = ¢, we have

(dai,) (k1) = 2K“1°V,.& = 29(1, Vi€)
= 2¢9(,Vik) = 2Qug(1, Vin) = =2k — Qu(dn,) (k,1).  (1.7.19)

Inserting these relations into the Komar formula (1.7.3) with X = £, we obtain
the Smarr formula[BCHT73]

M, = ﬁ/xh + 2001, (1.7.20)

M = M, — ﬁ . 9 dys,, (1.7.21)

J = Jp+ # " RePdS,. (1.7.22)
1.8

Wald Formulation for BH Thermodynamcis

Reference
e Wald RM: PRD48:R3427 (1993).

e Iyer V, Wald R: PRD50:846 (1994).

Jo Index



Ch.1 Basics of Black Holes 28 To Index

1.8.1 Noether charge

Let .Z be a Lagrangian n-form for a set of fundamental field ¢ in an n-dimensional
spacetime. Then, its variation can be generally written in the form

5L =& 56+ d(O(d;50)). (1.8.1)

In particular, if the theory is diffeomorphism invariant, for an infinitesimal diffeo-

morphism corresponding to a vector field X, we have
0L = Ex L =dX -L)=E Lxd+dO(p,L£xd)), (1.8.2)

from £y = doix + ixod for differential forms. Hence, the current (n — 1)-form

defined by

JIX] = 0O(¢; £x9) — ixZ (1.8.3)
satisfies
dj[X] = -6 £x¢ =0, (1.8.4)

where = implies the equality modulo the EOM. Hence, we can define the Noether
charge (n — 2)-form Q[X] by

J[X] =~ dQ[X]. (1.8.5)
Next, the variation of j can be calculated as

6j[X] = 0[0(¢; £x9)] —ixdZ

= Q(¢;00, £x) +d(ixO(¢:6¢)) — ix (& - d9), (1.8.6)
where ( is the exterior derivative of © in the functional sense:
Q(¢; 010, 020) = 01(O(9; 020)) — 62(O(; 010)). (1.8.7)
Hence, for a variation in the space of solutions to EOM,
d(6Q[X] — ixO(¢; 69)) ~ Q(¢; 66, £x ). (1.8.8)

Here, note that the integration of {2 on a spatial hypersuface ¥ provides the canon-
ical symplectic form

(65 0165, 029) = /E ;616,520 (1.8.9)

for the Hamiltonian formulation of the theory. Therefore, for a vector field X, the
function F'[X| generating the canonical transformation on the phase space for the
dynamical fields induced from X can be expressed as
SF[X) = (6360 £x0) = | (5QLY] - ixB(¢500)). (1.8.10)
o%
In particular, the existence of F[X] requires the existence of (n—2)-form Z[X|(¢)
such that

ixO(¢:60) = SBIX](9). (18.11)
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1.8.2 Bekenstein formula

Let us consider a stationary and axisymmetric BH solution ¢ with a bifurcating
horizon to the theory and a solution d¢ for its linear perturbation equation that
needs not be stationary or axisymmetric. With the helps of the Killing vector £
for time translation and the Killing vector 7 for rotation, the canonical energy and

angular momentum at infinity are defined by

E = [ (50l¢) - i¢6(6.50)), (1.8.12a)

5J:—/ 5Q[n). (1.8.12b)

Then, because £¢¢ = £,¢ = 0 and the null geodesic generator k£ for the back-
ground solution is expressed in terms of & and n as

k =&+ Qun, (1.8.13)
we have
s Q= 5/ (QIk] — ix0(6,66)) = F — Q6. (1.8.14)
HANE 00

Here, €2, is the angular velocity of the background black hole solution and is
treated as a constant for perturbations.
In general, Q[X] can be written in the form

QIX] = Wa(9) X + U™(9) Vi Xy + Y (¢, £x¢) + d(Z(0, X)), (1.8.15)
For X = k, let us define S by
S = 27r/ U6, (1.8.16)
HNE
where
€ab — k’alb - k’bla. (1817)

Then, we can show that[IW94]

K
5 QK] = ~258, 1.8.18
[ am =g (18.18)

where k is the surface gravity of the background black hole. This leads to the
Bekenstein formula

58 = 6E — QudJ. (1.8.19)
2

Note that if the variation of the Lagrangian density with respect to the curvature

tensor reads
5R-=2ﬂ = gadeéRabcda (1820)
S can be expressed as[IW94]

S = —27r/ i1k E e o (1.8.21)
AN
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Solutions with High Symmetries

§2.1
Black-Brane Type Spacetime

2.1.1 Assumptions

1. The spacetime is locally the product of a m-dimensional spacetime .4~ and

n-dimensional Einstein space ¢ :
M"™ ™ = N x 3 (M) = (y*, o) (2.1.1)
2. The metric can be written
ds* = gundzMdzN = g (y)dy*dy® + r(y)3do?, (2.1.2)
where do? = 7;;(z)dz'dz? is an n-dimensional metric on 7,

For this type of spacetime, the following three types of covariant derivatives

appear:
M - VM, F]\N/[L(Z), RMNLS(Z) (213&)
N D.,"T5.(y), "Rapea(y)- (2.1.3b)
H o Dy Ti(2), Riyu(a). (2.1.3¢)

The curvature tensor of M can be decomposed as

DQDbT’

a mpa i o
R bed — Rbcd7 Rajb—_ ,

05, R'ju = "Ry — (Dr)* (03750 — 6ivje)-
(2.1.4)
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From this, we have

DanT

Ry, = mRab -n ’ ) (215&)
Ry =0, (2.1.5b)
Rij = — {T’DT’ + (7’L — 1)(DT’)2} (5; + nRZ‘j, (215(})
U Dr)?
R:ijL"R—QnTT—n(n—l)%. (2.1.5d)

This leads to the following decomposition formula for the Einstein tensor:

— 1)K — (Dr)? ]
G = "Gop— DDy — M= DE (D)7 npt o 916a)
r 2 r2 ro
G, = 0, (2.1.6b)
: 1, n—1)n—-2)K—(Dr)* n—-1_17
G = |-5"R- > o Dr_ . (2.1.6¢)

This together with the Einstein equations require for the energy-momentum tensor
to have the following structure:

Tu = Tup(y), Tui =0, T) = P(y)d}. (2.1.7)

2.1.2 General Robertson-Walker spacetime

m = 1 and J# is an Einstein space:

ds* = —dt* + a(t)*do?

n*

For this metric, the Einstein tensors can be written

nn—1) (K )
Goy = —5 (? +H ) , (2.1.8a)
and the Einstein equations reduce to
2k2 K
H=———p—— 2.1.9
.. 2 o 2
. (" p+ P) . (2.1.9b)
a n—1 n
These lead to the energy conservation equation
p=—-n(p+ P)H. (2.1.10)

For n = 3, this spacetime describes a spatially homogeneous isotripic universe
(FLRW universe), which is conformally flat:

4 OR
C®. = R®,, — —— §lRY sla gl
! 4 20k T Ty (= 2) e

0. (2.1.11)
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In contrast, for n > 4, because the Einstein space need not be a constant curvature
space, this class of spacetimes contain anisotropic and inhomogeneous universes.

For example, Euclidian Taub-NUT space
ds*(ETN*) = f(z) 'dx® + (20)* f(x)(dv) + cos Odep)*

+(1? — 2%)(d6? + sin? 0dp?);
_ 2max + P42 + K(2* — 61°2% — 31")

f(x) 7 (2.1.12)
is an inhomogeneous 4D Einstein space satsifying

2.1.3 Braneworld model
m = 2. For example, the metric of the anti-de Sitter spacetime AdS™"? reads

dr?

ds? = -2
iy 1— A\r2

— (1= N?)dt* + r2dQ2. (2.1.14)

This is a special case of general Einstein black hole solutions.

2.1.4 Higher-dimensional static Einstein black holes

m = 200 % is a compact Einstein space.

Electromagnetic fiels Let us consider the case in which matter consists only
of electromagnetic fields whose electromagnetic tensor fields take the form

1 1 : ;
F = §E0€abdya A dy® + 59\1‘3'0322 Nd2. (2.1.15)

Then, the Maxwell equations read

dF =0= Ey= Eyy), Fij = Fi;(2), Fiju =0. (2.1.16)

and
0=V, 7" = TineabDb(r"Eo), (2.1.17a)
0=V,F" =D, F9. (2.1.17D)

The general solution to these equations is

BEy= L, (2.1.18)
/’ﬂn
N 1 . .
F = §¢%j(z)dzl A dz’ : harmonic (2.1.19)
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The corresponding value of the energy-momentum tensor is

1 -
T, = —Z(2E02 + Zi; F) Gab, (2.1.20a)
T, =0, (2.1.20b)
i i 1 ij\ i
Ti = F*Fpy — Z(2EO2 + Fy TS (2.1.20c)
Therefore, when the Einstein equations are satisfied, ffj’ has to satisfy the condi-
tion
F* T o b (2.1.21)

From this, when .%;; # 0, .#;; must be a regular matrix. In particular, n has to
be a even number. When % is a sphere, a harmonic form exists only when n = 2.

In general, when there exists a nonvanishing anti-symmetric tensor in the back-
ground, vector-type and scala-type perturbations couple with each other. From
this point, we assume .%#;; = 0. Under this assumption, the energy-momentum
tensor reads

2

T¢ = —Ps;, T! = P§i; P = %Eg = o (2.1.22)
Remark If .%,; # 0, we have

Tui = EoearFi* + Foj Fi. (2.1.23)
Hence, T,; = 0 requirs

Foj T = —EgeanFi’ = Fuj TP Ty = —E3 Fup.. (2.1.24)

However, because .%;7. %%, is a non-negative symmetric matrix, this leads to Ey =
0.

Generalised Birkhoff’s theorem The Einstein equations

2 1
R, = gAg/w + K? (T/w — ETgW) (2.1.25)

are equivalent to

2(n — 1)2Q?
nOr =r?R—2(n+ 1)Ar + %7_)1@, (2.1.26a)
K — (Dr)?  Or (n—1)Q*
(n— D= = == (o DA+ (2.1.26b)
2D, Dyr = Orgy (2.1.26¢)
with
2 2
N e K (2.1.27)

n(n+1) n(n—1)
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From (2.1.26¢), it follows that

R 1 R 5
D,0Or =0D,r — ?Dar = iDaDT — EDQ = D,Or=—"RD,r (2.1.28)

Hence, by differentiating (2.1.26a) w.r.t. r, we obtain

2(n —1)(2n — 1)Q?
D, (T”+1(2R— 2)) + (n = 1) Tf )¢ ) = 0. (2.1.29)
rne
BHOO When Vr # 00
r 2n—1)M  2(n—1)Q?
= =2\ + e o , (2.1.30a)
K — (Dr)? 2M Q?
— s = A+ s g (2.1.30Db)
2 — 1M 2(n—1)2n —1)Q?
s gy 4 2= DM 2(n = 1)2n = 17 (2.1.30¢)
TnJrl r2n
Therefore, the spacetime metric is
ds* = —f(r)dt* + ar + r’do?; (2.1.31)
f(r) "
2M 2
flr) =K -\’ - ¢ (2.1.32)

yn—1 pr2n—2 !

Nariai 00 When r = a(constant), the value of a is determined as a solution to

the equation

K (n—1)Q*
(n—l)ﬁ = (n+1))\+T. (2.1.33)
The spacetime metric is
ds? = —f(p)dt* + dp + a*do? (2.1.34)
f(p) "
where
-1 22
flp)=1—-0p* o=Mn+1)A— M (2.1.35)
a n
2.1.5 Black branes
When the spacetime is a simple direct product of two spacetime
N =N XK A (M) = dsH(N) +ds*(K), (2.1.36)
the vacuum Einstein equation for .,
2A
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is satisifed if
Rup(N) = (D — D)Agap(A),  Rij(H) = (D — 1)Ag;i(H). (2.1.38)

This class contains only products of constant curvature spaces if n,m < 3, but
if n > 4 or m > 4, it contains infinitely many non-trivial solutions. For exam-
ple, SchBH™ x R™, KerrBH™ x RF"™, dS-KerrBH™ x H", adS-KerrBH™ x S™ are
contained if m > 4.

m = 2+ k and % is an Einstein space. The spacetime factor .4 is the direct
product of a 2D BH and a k-dimensional brane:

dr?
ds? = ﬁr) — f(r)dt? + dz - dz + r*do?, (2.1.39)
Ry = 0. (2.1.40)

For k =1, this can be generalised to a warped solution,

ds? = e®/t <;i(—7f) — f(r)dt* + T2d02> + dy?, (2.1.41)
Ry = =75 (2.1.42)
62.2

Higher-dimensional rotating black hole

2.2.1 GLPP solution

In general, the Myers-Perry solution representing higher-dimensional AF rotat-
ing BH solution with spherical horizon can be generalised to the following solution
for A # 0[Gibbons GW, Lii H, Page DN, Pope CN(2004)GLPP04]]O

_f(T)F 2 F
7 dt +f(r)

A r + a; r? 4 a? 2
+(1—)\T2)W (Zl+)\a2M 'ul) +Zl+)\a

1?4 a? i
T2 T ag i (d = )’

LM {Z’ aip; (dgbi—Qidt)}z, (2.2.1)

U 11—}—)\%2

ds® dr?
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where
N N+e MQ
=2 2 2 _ 7
U=r Fjl_[l(r +aj), W= 275 YeR (2.2.2a)
N+e ,ug
F— 2 i 2.2.2b
I (22.2b)
2M 212 + 2V
X =1+ ' aw  __JtTp (2.2.2¢)
U i (r24a?)(14 Aa?) 1= \r?
. 2MW a,
V=" 2.2.2d
UX r?+a? ( )
2Mr?—€
_ 2
f(T) =1-\r-— m, (2226)
UX  rie
Z = . 2.2.2f
W IL(r? + a?) ( )
The number N is related to the spacetime dimension D by
D=2N+1+¢ €e=0,1, (2.2.3)

and when € = 1, ayy 1 = 0. Further, the angular coordinates p; are constrained by

N+e

S =1 (2.2.4)
=1

Basic Properties

Parameters ) is the mass parameter, and [ai,- -+, agp-1)/7] are the an-

gular momentum parameters.

(D-2)/2

Symmetry The isometry group of this solution is R x U(1) for even

D and R x U(1)P=Y/2 for odd D for generic values of the angular momenta
a;. Hence, the cohomogeneity of the spacetime is [D/2]. The Killing vectors
are given by

E=0, 1 =04 (i=1--- N). (2.2.5)
However, the symmetry is enhanced for special values of a;.
Killing horizons The determinant of the metric of the Killing orbit is given

by

= ; r? +a
A= det(g(flafJ)l,Jﬂ N+1 H ,u T )\a . (2.2.6)

Hence, Killing horizons are expressed as r = r;, in terms of solutions to
flry) =0. (2.2.7)

However, some solutions may not give a Killing horizon. Further, for odd D,

the solution can be extended to r? < 0 for some cases.
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Angular velocity of BH 777
Area of BH

Surface gravity of BH

2.2.2 Simply rotating solution
If we choose the angular momentum parameters of the GLPP solution as
ay =a, g = -+ = a[(D,l)/g} = O, (2.2.8)

the metric can be written

A — a?X sin? 0 2a sin? § 2M
ds* = — p dt* — T {/\p2(r2 +a?) + i } dtde
in” 0 20> M
+SCH;7 C(r* +a*)p® + % sin? 0] dep?
p’ p’
—|—Zdr2 + Xd92 + 7% cos? 0d22. (2.2.9)
where D = n + 4, and
2M
A= (1= *)(r"+0d*) - 5=, (2.2.10)
D
C=1+Ma* X =1+ Aa*cos’0. (2.2.11)

This metric has the structure
s = grdr® + goed0? + gudt? + 2gdtdd + goodd® + 12 cos? 0d02,  (2.2.12)

where all the metric coefficient functions depend only on r and #. Thus, this belong
to the BB-type solutions with m = 4 and £ = S".

Symmetry The symmetry of this spacetime is R x U(1) x SO(n + 1), and
the cohomogeneity is D —2 —n = 2.

Killing horizon The Killing horizon radius is a solution to
A(rp) = 0. (2.2.13)

Hence, for D > 5, the horizon exists for arbitrarily large values of a in
contract to D < 5.

Angular velocity The equation
9(& + Q. &+ ) = gu + 2916 + gopS2, = 0 (2.2.14)
has a double root at the horizon where g#gsp — Qths = 0. Hence,

g Ca
Y= -2 = ——.
g rTta

(2.2.15)
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Horizon area

Q™ (12 2 /2
A = WV(S”)/ df sin 0 cos™ 0
0

B 27 (re + a?) .
= e Ve, (2.2.16)

Surface gravity

0,.A

§2.3
Special MP Solution

2.3.1 Invariant bases of S°

Let us define a map o from Z = (2! = o' + 423,22 = 2! +i2?) e R* @ C? to
M(2,C) by

O'(Z) = .’L’4 + ’i.’L’303 + i(.%'QUl -+ .Tlo'z) = ( Zi Zz) . (231)
—Z9 2
Then, from
o(2)o(2)" = | Z|*1,, (2.3.2)

where |Z]? = [21]* + |22]?, it induces the diffeomorphism from S? C C? to SU(2).

Utilising this diffeormorphism, we can easily construct left invariant basis on
S3. Let X70(I = 1,2,3) be a basis of vectors at Z = (1,0) of S3, and define vector
fields X; on S? by

o(X)) = o(Z)o(X1o). (2.3.3)

Then, X; becomes a basis of vector fields on S® that are invariant under the left
action of SU(2) on SU(2) = S3. Let dyt be components of X7 in a local coordinate

system (y*):

3
> oyi0;Z = X;. (2.3.4)

=1
Then, the dual basis x’ = xjdy’ is determined by Sy} as

3
> x]oy] =47 (2.3.5)
j=1
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Hence,
3
dz = Z 0;Zdy’ = Z XIX;dy = ZXIXI' (2.3.6)
j=1 1,j=1,3
Taking the o value of this expression, we obtain
3 3
o(d2) = 3 o(Xn! = o(2) S o(Xi)x', (2.3.7)
I=1 I=1
or equivalently
3
o(2)7'o(dZ) = o(X10)x (2.3.8)
I=1
For example, for
dZ7(X10) = 67, (2.3.9)
we obtain the invariant dual basis
X' +ix® = z1dzy — 2dz, (2.3.10a)
X* = i(21dZ) + Zadzy). (2.3.10b)
If we introduce the polar coordinates (6, ¢1, ¢2) b
21 =sin e,z = cosfe 2, (2.3.11)
there invariant basis can be written
'+ ix? = e 0192) [—df + i sin 0 cos O(dgy — (2.3.12a)
> = de sin® 0 + de, cos® 6. (2.3.12Db)

The standard metric on the unit S® can be expressed in terms of this basis as

ds*(S%) = (x)* + ()" + (x*)”
From the relations
df = x?sinty — x!cos,
dp1 = x*+ (x'siny + x? cos) cot 0,
dpy = x* — (x'sine + x? cos ) tané,
where ¥ = ¢; + ¢2, we obtain

(2.3.13)

(2.3.14a)
(2.3.14b)
(2.3.14c)

asin® Odg; + bcos® Odp,
cos® 0d6? + sin® 0d 7

sin? 0df? + cos® Odgs

(a+b)x* + (a — b)(x' sintp + x* cos 1)) sin 6 cos 0,

(2.3.15a)
(x 3)2sm 9—|—2X (x"' siny + x? cos 1) sin 6 cos 6
+((xh %)?) cos® 0, (2.3.15Db)
(x*)? cos 9 2)( (x"' sinv + x? cos 1) sin @ cos 0
+((x")? + (x?)?) sin® 6. (2.3.15¢)
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2.3.2 S! fibring of S?V-!

The unit sphere S?Y~! can be embedded into CV by

z-z

N
> =1, (2.3.16)

Jj=1

where z and Z are the column vectors with N entries, z = (z;) and Z = (%),

respectively. If we parametrise z; as
zj = p;e', (2.3.17)

this equation is expressed as

=1 (2.3.18)

In terms of these coordinates the metric of S?V~1 can be written

N

ds’ (SN =dz-dz =Y (dpl + p3de3) . (2.3.19)

J
j=1

We can define a natural free U(1) isometric action on S*N~1 by
zj > ez (2.3.20)

As is well-known, the quotient space of S?N=' by this action is CPY ™!, and the
original S?V~! can be regarded as a S' bundle over CPY ™! with Fubini-Study
metric.

The explicit form of the metric in this fibring can be obtained in the following
way. First, the infinitesimal transformation X with unit norm corresponding this
U(1) action is given by

X =i(20; — 20;) , (2.3.21)

Then, this vector field X with a set of U(1)-invariant unit vector fields that are
orthogonal to X and project onto an orthonormal frame on CPY ™! form an or-
thonormal basis of vector fields on S?V~!. Let x’ be the 1-form basis dual to it

2N—-1

such that x = x is dual to X. Then, x is expressed as

N
x=Imz dz=> p3ds, (2.3.22)

j=1

SQNfl

and the metric of can be written

ds?(S*N71) = x2 4+ ds*(CPN Y, (2.3.23)
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where ds?(CPY ') is the Fubini-Study metric of CP" ! that is expressed in terms
of the homogeneous coordinates z; as

dz-dz |z -dz?

ds*(CPN ™1 = : 2.3.24
s(C ) z-Z (z-2)? ( )
Here, note that the Kahler form of this metric
i 7 { _ _
is related to x by
dy = 2. (2.3.26)

Further, it is easy to see that the set of isometries of S?V~! that preserves Y is iso-
morphic to U(N), which projects onto the isometry group of CPY ' SU(N)[KN69].

2.3.3 U(N) MP solution

For an odd spacetime dimension D = 2N + 1, the Myers-Perry solution[MP86]
can be written

2
ds? = %dﬁ + (4 a?)ds?(SPV ) + WMW(dt —ay)? —d? (2.3.27)
where
pr®
A=r*+a®— (2.3.28)

(’1“2 + a2)N71 ’

and x is the U(N)-invariant 1-form (2.3.22) on S*¥~! introduced in the previous
section. Note that the metric (2.3.27) has U(/V) invariance in addition to the time
translation invariance.

In terms of the coordinate y defined by
y =1 +a (2.3.29)

this metric can be regularly extended to r* < 0 as[MPS86]

d 2
ds* = _43/A + ds?, (2.3.30)
. 1
ds? = yds*(S*N 1) + F(dt —ax)® — dt*. (2.3.31)

where A now reads

9
A=y % (2.3.32)
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Killing //
horizons /
Hinlet s - // M=y
! /
//
,/
ux/ [/
/
2N
x+a2)N
Repulson ( )
//
Y X=r2
//
/
. <0
// M
//

Figure 2.1: Horizon position of the U(N) MP solution

Utilising the decomposition (2.3.23), the metric of the Killing orbits ds% can be

written
ds% = —Cdt* + B(x — Qdt)* + yds*(CPY 1), (2.3.33)
where
N 2
Yy A+ pa
N-1
y" A
= 2 = 2.3.34b
¢ yN + MaQ’ ( )
a
= 0 2.3.34
yN + /LGQ ( C)
From this, it follows that
det g = =" AT 13, (2.3.35a)
J
_Loan 2
det g = 1Y H 15 (2.3.35b)
J

Hence the possible loci of singularity are y = 0 and A = 0. Among these, y = 0 is
a curvature singularity because the Kretchman invariant of this metric is given by

AN(N = 1)p?

UVAT
R,ul/)\aR - y2N

{(2N —1)> = 8N(N + 1)%2 + 4(N + 1)(N + 2)3—2} :
(2.3.36)
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2.3.4 Internal Structure

As in the five-dimensional case, the location of the horizon is determined by the
zero of A,

(z+aH)" A= +a®)N —pr=0 (2.3.37)

where z = r2.

p> = NNa?V=1 /(N —1)N=1 while it has a single negative root x;, for u < 0.

As is shown in Fig. 2.1, this equation has two positive roots for

In the the former case, there exists no CTC in the regular region y = = + a® > 0,
and the two roots correspond to Killing horizons.

In contrast, in the negative mass case, CTC appears in the region A > 0 because
B < 0 from (2.3.32) and (2.3.33), and —C' > 0 around = = x;,. Hence, x = zy,
cannot be a horizon as in the N = 2 case. Now, we show that it is a quasi-regular
singularity in general that can be made regular by some periodic identification of
the time coordinate for a discrete set of values for the angular momentum a.

For that purpose, we introduce the new coordinate £ by

2.3.38
] s (2.3.38)
At around £ = 0, y is expressed in terms of £ as

y—yn=A(yn)€ +0(Y) . (2.3.39)

Hence, the metric (2.3.30) can be expanded around £ as

2
ds* = &+ PEY +yds’(CPN ) — — y_hyh (1+0(¢&%)) 72 +0(¢Y

2
d€? + E22 + yds2(CPN 1) — %7—2’ (2.3.40)
— Yn

Q

where ¢ is the constant

N N -1
= (1 - 7@) , (2.3.41)

VAGEE) N o

and 7 and y are the 1-forms

o= x— —at, (2.3.42a)
Yn
- N — 1yh~
- 2o 9.3.42h
X X+ a7 ( )

For further details, see G.W. Gibbons and H. Kodama (2009) Prog. Theor. Phys.
121: 1361.

§2.4
Black Ring
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Up

S

e :'C_i'_________
!

@
e :'C_S.'_________
!

@

'9_

2.4.1 Generalised Weyl Formulation

For #P~% symmetric spacetime of dimension D,

D-3
d82 — —€2Uodt2 4+ Z 62U¢d¢12 4+ €2V(dp2 + de) (241)

i=1

the Einstein equations reduce to a linear PDE system:
D-3
p~'0, (p0,Us) + 02U =0, Y Ui=1Inp (2.4.2)
i=0

Utilising this formulation in four dimensions, we can construct the Israel-Kahn
solutions that represent chains of black holes supported by struts or strings, as
superpositions of Schwarzschild black holes.

2.4.2 Static black ring solution

In five dimensions, utilising the generalised Weyl formulation, we can construct
a static asymptotically flat black hole solution whose horizon has non-trivial topol-
ogy S1£ S2 : [Emparan, Reall 2002]

2.4.3 Rotating black ring

The membrane singularity of a black ring can be removed by rotation. [Emparen,
Reall 2002]

e Asymptotically flat regular solution with two parameters: R,v

e Non-trivial horizon topology: S x S?
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e Rotating in a special 2-plane (in the S! direction).
M =RMv), Jy=R}J(v), J,=0, (2.4.3)
where 0 < v < 1.

e Non-unique: the parameter v can not be uniquely determined only by the

asymptotic conserved‘ charges’ M and J.

o 2tm J? (14v)?
7T %e T s

(2.4.4)
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__________

Rigidity and Uniqueness

§3.1
Initial value problem

3.1.1 Spacetime Decomposition

Let the Riemannian connection of (.#, g) be V, and ¥ be a hypersurface in a
spacetime (., g) with the unit normal n.

Riemannian Connection : The Riemannian connection of a Riemannian man-
ifold (A, g)V is the unique connection satisfying the following two conditions:

1. (metric conditoin) Vg = 0.
2. (torsion-free condition) VxY — Vy X = [X,Y].
Gauss’s formula : Let n be the unit normal field on ¥. For any two vector

fields X and Y tangential to 3, we can define DxY and K(X,Y) by the orthogonal
decomposition

VxY =DxY — K(X,Y)n; VxY,%. (3.1.1)

Then, D coincides with the Riemannian connection on X corresponding to the
Riemannian metric ¢ on ¥ induced from g, and K(X,Y) defines a symmetric
tensor on Y called the second fundamental form or the extrinsic curvature:

K(X,Y) = K(Y,X). (3.1.2)

Weingarten’s formula : For X3, let us define a mixed-type (1, 1)-tensor field
K(X) on ¥ by

g(K(X),Y) = K(X,Y). (3.1.3)
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Then, we have

Vxn==+K(X) /% g¢g(n,n)==+l. (3.1.4)

Riemann curvature tensor The curvature tensor of a linear connection V is

defined by
R(X,Y)Z = (VxVy = VyVx = Vixy))Z. (3.1.5)
Then, for a Riemanian connection, the covariant rank 4 tensor defined by
R(X,Y,Z,W)=g(Z R(X,Y)WV) (3.1.6)

satisfies the following identities:

R(X,Y,Z,W) = —R(X,Y,W, 2), (3.1.7a)
R(X,Y,Z,W) = R(Z,W,X,Y), (3.1.7b)
R(X,Y,Z, W)+ R(X,Z,W,Y) + R(X,W,Y,Z) = 0, (3.1.7¢)
(VwR)(X.Y,U,V) + (Vo R)(X,Y,V,W) + (VyR)(X,Y, W, U) 4301.7d)

The third and fourth of these are called the 1st Bianchi identity and the 2nd
Bianchi identity, respectively.

Gauss-Codazzi equation [ From the decomposition of VxY', for vector fields
X,Y, Z tangent to X, we have

R(X,Y)Z =VxVyZ—NyVxZ—VixnZ
= R(X,YV)Z + (K(X,2)K(Y) — K(Y, Z)K(X))
+[=(DxK)(Y, Z) + (Dy K)(X, Z)]n. (3.1.8)

These are equivalent to the following two equations:

RIX,Y,Z,W)= R(X,Y,Z,W)+ (K(X,W)K(Y,Z)
—K(X,2)K(Y,W)), (3.1.9)
RIX\Y,Zn) = +((VxK)(Y,Z)) - (VyK)(X,Z)). (3.1.10)

In terms of the orthonormal basis of .#Z consisiting of the orthonormal basis e of
> and ey = n, these are expressed as

Rijkr = Rk & (Ko Kk — KixKyz), (3.1.11a)
Roryre = nyR' 1y = +(Dg Ky — DyKig). (3.1.11b)
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Note : For dim X = 2, the curvature tensor can be alway written as

Rroxr = k(01x0s1 — 610051, (3.1.12)

and has one independent component 2Rjz19 = k.
Inparticular, when ¥ is a 2-surface in E?, from Rgeq = 0 and Gauss equation,
it follows that

k= K122 — K11K22 = det K[J. (3113)

Hence, because the eigenvalue of K, can be written 1/R;,1/Ry in terms of the
principal curvature radii Ry and Ry of 3, we obtain the famous Gauss’s formula
1

k= A (3.1.14)
3.1.2 (n+ 1)-decomposition
Metric

ds® = —N?dt* + q;;(da’ + B'dt)(da’ + 37 dt) (3.1.15)

Extrinsic curvature The unit normal n to the ¢ = const hypersurface ¥; is
given by
1 )
= —(0, — '0;). 3.1.16
n=~0,- 5'9) (3.1.16)

Then, by putting T'= Nn,

1 1

1
=+— X, Y). 1.1
s (Er9)(X.Y) (3.1.17)
Hence, we have
1 1
Kij = _i‘énqm’ T ON (=0kqi; + D;By + Dy3;) (3.1.18)

Constraint equations From the Gauss equation and the trace of the Codazzi
equation, the Gy, components of the Einstein tensor are decomposed as

2Gy = 2R, FR=FR+ K’ - KK/, (3.1.19a)

Gni = Rp==+(D,K! — D;K). (3.1.19b)

Hence, the corresponding components of the Einstein equations give the constraint
on the initial data

R+ K* — KIK! = 2k%p,
—D;K} + D;K = £*J;,
where

p:="Th, Ji:=T,,. (3.1.20)
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Evolution equations Similarly, the Gauss-Codazzi equation yields

Gy = R+ (Gy— R)gy, (3.1.21)
Ry = gkle;z‘lj + Roioj‘
= R+ (Kika — KKij) + R%y;. (3.1.22)
Here, the component }N‘Zoioj can be written in terms of T' = 9, — 3°0; as
~ 1 1
ROZ’OJ’ = —NETKM =+ KikKJ]'g — NDZ'DJ'N, (3.1.23)
9 LT K = £7K £2NKIK]. (3.1.24)
Therefore,
~ 1 1
Rij = Rij+ (QKikKJk - KKjj) — NETKU - ND@'D]'N, (3.1.25a)
_ 1 |
0 _ i
. 2 y 9
— — L KT (K?+ K'K7)Y — ZAN. 1.2
R R NET F ( + j Z) N (3 50)

From this, we obtain

~ 1

Gy = G+ |2K[Ky; — KKjj + (K + K{K})gi;
1 1 1

where, in the expression (£7K);; = 0,K;; — (£3K)

YRl
(£5K)i; = (DsK)ij + K D" + K Dif". (3.1.27)

Thus, the spatial components of the Einstein equations provide the 1-st order
evolution equation system for (g;.K}):

1 S (g
NET%‘J' = =2k (Kj + E(SJ’) ; (3.1.284a)
1 1 d . d—2 AN K2
—OrK = —K* K? R — " 63,1.28b
N TR T oIyt T N T aoq? Thi28)
1 g e dpi dR% 7 1 7 AN 7
NETKJ. = KK} + R, — Faj - D'D;N — — 5
lm
_i? (q Ty, — 5].) . (3.1.28¢)
Here,
£1qi; = 0qi; — Dij — D; 3, (3.1.29a)
£7K} = 0,K; — DK} — K\ D;3' + K;D)[3". (3.1.29b)
and
i v K
Kl =K+ —d. (3.1.30)

d J
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§3.2
Positive Energy Theorem

0 Definition 3.2.1 (Spatially asympotitically flat)0 0O A spatial metric g¢;; on a
3-manifold ~ R3 — C is spatially asymptotically flat if it has the asymptotic
behavior at infinity

MY*
%ij = (1 + 7) dij + Pij, (3.2.1a)

1 1 1
Pij = O(—z) , Dpij = O(—g) , DDpi; = O<—4) : (3.2.1b)
r r r
The constant M in this expression is called the ADM mass. _ []

00 Definition 3.2.2 (dominant energy condition)d [ The energy-monentum
tensor T, satisfies the dominant energy condition if T,,V? is past-directed
time-like vector for any future-directed time-like vector V. This condition is

equivalent to
p>0, p*>J% (3.2.2)
.

0 Theorem 3.2.3 (Schoen-Yau 1979; Witten 1981)0 O Let us consider the
initial value problem in GR for the initial surface ¥ that satisfies the condi-
tion

Y —-C=~UjN;, N;~R*-C,
with some compact sets C' and C;. Then, the ADM mass is non-negative for
any solution to this initial value problem that is spatially asymptotically flat
at each end NV, if the dominant energy condition is satisfied. Further, if the
ADM mass vanishes under the same conditions, the spacetime is flat. _[]

§3.3
Rigidity Theorem for Static Black Holes

3.3.1 Birkhoff’s Theorem

0 Theorem 3.3.1 (Original 4D version)d O A weakly AS and spherically
symmetric vacuum solution to the 4D Einstein equations is always static
and coincides with the (dS/adS-)Schwarzscild solution. ]
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0 Theorem 3.3.2 (Generalised version)d O A vacuum or electrovacuum
SO(n + 1)/SO(n, 1)/ISO(n)-symmetric solution to the (n + 2)-dimensional
Einstein equation is always static and locally isomorphic to one of the fol-

lowing solutions:
e Nariai solution: .# = dS* x S", adS? x H", En+h1,
e Black hole solution with the metric
ds* = —f(r)dt* + f(r)~"dr* +r*do,

Fr) =k - :

m
L4

2
rn—l r2n—2 AT

3.3.2 Rigidity theorem: 4D

0 Theorem 3.3.3 (Original version(Israel 1967)[Isr67])0 O An asymptotically
flat, asymptotically predictable, static solution to the 4D vacuum Einstein
equations is spherically symmetric if DOC is homeomorphic to S% x R%2.  [J

Proof. (Outline) For a static (n + 2)-dimensional spacetime with the metric

ds® = —N?dt* + do*(X), (3.3.1)
the Einstein equations read
1
R;;j(X) = NVZ‘VJ‘N, AN = 0. (3.3.2)
If we express the spatial metric do? as
do? = p*dN? + vud2"dz"m, (3.3.3)
from the Einstein equations, the extrinsic curvature of the surface S(N) with
constant IV,
1 - 1
Ko = 2—3N’Yab = Kuop+ —Kap (3.3.4)
p n
satisfies
K —1(Dp)? N
On —Pl/nfl = —/ (n ( g) + KQ)
S(N) N S(N) n P
= 2 {(n— )M} " p < / R, (3.3.5a)
H
KN 2n 1 N Dp)? -
8N/ (—+ & —2):— / (R+(n—1)( g) +nK2)
sy \ P n—1p n—1Jsu) P
! 2nA A
= / INN [ R<ZCH = TH (3.3.5b)
0 S(N) P (n — 1)Qpu
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In particular for n = 2 (D = 4) and S(N) &~ S?, from the Gauss-Bonnet theorem,
we obtain

1Ay 167M .
/ R=8r= dr<—H_-"" cur= Dp=K=0  (3.36)
S(N) Pa PH

This implies that S(N) is isometric to a Euclidean 2-sphere, and the spacetime
has SO(3) symmetry. O

3.3.3 Rigidity theorem: High D

0 Theorem 3.3.4 (Bunting, Masood-ul-Alam 1987[BMuA87]; Hwang S 1998 Hwa98];
Gibbons, Ida, Shiromizu 2002[GIS03])0 O An asymptotically flat, asymp-
totically predictable, static solution to the electrovacu Einstein equations
in four and higher dimensions is spherically symmetric if horizon is non-
degenerate. O

Outline of proof

e Basic equations

ds® = —V?2dt* + g;;dz'da’, (3.3.7)
2M 1
AV = 0; VZl—Tnl—f-O(r—n), (n=D—2) (3.3.8)
1 4M 1

e Conformal trf

S gE = Qg Qu = ()
= Y =XtUX" Up: regular

Asymptotically flat, zero mass and R = 0
= (%,§;): flat (PET)

= Horizon is connected.

e Conformally flat =  spherically symmetric

4D caseld
1 1
Bach tensor Riji == DyRi; — DRy, + ZgiijR — ZgijDkR =0
0= Riijijk = 4V_4p_4(2p2KABKAB + DApDAp);

p~t = (DV)?
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=V = const is spherically symmetric.
D > 5 casell
Horizon is a totally umbilic surface in a Euclidean space ¥
= The horizon is a Eclidean sphere in ¥ (rigidity theorem)
2, is harmonic and constant on the horizon sphereX™

= The spherically symmmetric solution is the unique solution,

§3.4
Uniqueness Theorem: 4D Einstein-Maxwell

3.4.1 Outline

00 Theorem 3.4.1 (4D rigidity (Hawking 1973))0 O A stationary rotating black
hole solution to the Einstein-Maxwell system is axisymmetric if the horizon
is a connected analytic submanifold homeomorphic to S? x R.  __ []

From this theorem, the black hole metric can be written
g=—e(dt + Adg)* + eV (p*d¢® + e* (dp* + dz?)) (3.4.1)

For this metric, the system can be reduced to a non-linear o model with the help

of the Ernst formalism. This leads to

0 Theorem 3.4.2 (4D BH uniqueness (Carter1972; Robinson ; Mazur 1982;
Chrusciel 1996))0 O An asymptotically flat and predictable stationary
rotating black hole solution to the Einstein-Maxwell system is uniquelly de-
termined by its mass, angular momentum and charge and described by the
corresponding Kerr-Newman solution if the horizon is a connected analytic

submanifold. O
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3.4.2 Non-linear ¢ model

Ernst formalism

e Geroch decomposition of the metric When there is a Killing vector &,

the spacetime metric can be written
ds? = e 2V (vz — e ® £*>
where N = g(&£,&) = —ee?V.
e Compolex potential The complex electromagnetic tensor
F = F +ixF,
can te written in terms of a complex potential ¢ as

e Ernst potential In terms of the rotation of &,
W= *(5* A df*)
the Ernst potential is defined as

d& = —dN + iw — 2dd.

Embeding into a non-linear ¢ model

e Kinnersley vector

1

U= 2[N|1/2

(&—1,&+1,20)
In terms of this vector, we define the matrix
X € SU(1,2)N H(3),
as
Xap = Tap + 2€0a0p.
e SU(1,2)/S(SU(2) x U(1))-c model The action for X defined by
J:=X"'dX,

1
S = —/ «Tr(J - J)
2 )z

leads to the equation equivalent to the Ernst equation:

05=0 < dx*xJ=0.

(3.4.2)

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)
(3.4.11)

(3.4.12)
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Mazur identity Let X; and X5 be two solutions to the above equation, and .J;

and Jy be corresponding currents. Then, we obtain the inequality
—dldTrw = T (XA, X)AT) 2 0 (3.4.13)
where

V=X X;'~1, AJ=Jy—J; (3.4.14)

§3.5
Rigidity Theorem in General Dimensions

0 Theorem 3.5.1 (Hollands S, Ishibashi A, Wald R 2007 [HIWO07])0 O Station-
ary rotating analytic solution is axisymmetric if the horizon is a connected
analytic submanifold. ]

Proof. (Outline)

e Let k be the null tangent of 7" and . be the orbit space of null geodesic
generators. p: T — 7.

e [f the BH is rotating, because the time-translation Killing vector ¢ is spacelike

on the horizon, ¢ = p,£ becomes a non-trivial Killing vector on ..

e When the orbit of £ is not ergodic, each orbit is a simple closed curve, and
there exists a coordinate ¢ such that £ = €,0,. Hence, for an appropriate
f(@), the infinitesimal transformation n = £ — fk preserves the structure of
27" has closed trajectories on 7.

e When the spacetime and % is analytic, we can show that 1 can be an-
alytically extended to a rotational Killing vector on the whole spacetime
satisfying [£,n] = 0 with the helps of the Einstein equations.
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e Even when ¢ has ergotic orbits, we can show that the same arguments

hold by taking another appropriate Killing vector because . has higher
symmetries.

§3.6
Spacetime Topology

3.6.1 Topological censorship

0 Theorem 3.6.1 (Topological Censorship Theorem (Friedman, Schleich, Witt
1993)[FSW93])00 O If the (average) null strong energy condition holds,
each DOC of an asymptotically flat and future predictable spacetime . is
simply connected. ]

Proof. (outline) Let C' be a causal curve connecting .#* and .#~ in a DOC of .Z .
Suppose that .# is not simply connected. Then, C' can be chosen to be a curve
that cannot be continuously deformed into a neighborhood of .7.

Let .# be the universal covering of C be the lift of C to 4. Then, C
connects two points p and ¢ that belongs to infinities on different covering sheets
p€ I C .M and g€ Iy C M.

Let S be a sphere that crosses Cina neighborhoof of ¢. Then, S is a strong
outer trapped surface with respect to .#;". At the sametime, there should exist a
null geodesic generator v of J7(S) that terminates at ..

This contradicts the fact that there exists a pair of conjugate points on any
infinitly long null geodesic orthogonal to a strongly outer trapped surface if the
(average) null strong energy condition holds. O

0 Theorem 3.6.2 (Galloway GJ, Schleich K, Witt DM, Woolgar E 1999[GSWW99])[]
0 Let D be the domain of outer communications with respect to .#, and
assume the following conditions hold.

i) D' = DU .7 is globally hyperbolic.
ii) # admits a compact spacelike cut.

iii) For each point p in .# near .# and any future complete null geodesic s — 7(s)
in D starting at p, [, Ric(n/,7)ds > 0.

Then the PTC holds on D. ]
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3.6.2 Horizon topology

0 Definition 3.6.3 (Yamabe constant and type)d O Let ¢ (.#) be the set of
all conformal classes of Riemannian metrics on .Z™.

Yamabe functional F : C(€ €(#)) — R:

F(g) = /ﬂﬂ%. (3.6.1)

Yamabe constant Y (.#Z,C) = inf o F'(g) (finite).
Yamabe metric g st. F(g) =Y (#,C).
Yamabe invariant Y (.#) = supcey(p) Y (A, C).
(]

00 Theorem 3.6.4 (Yamaba conjecture (Yamabe H 1960; Trudinger NS, Aubin T
1987; Schoen R 1984; Schoen R, Yau T 1988))0 O Y (.#,C) <Y (S™, Cy)
and the equality holds only when (.#,C) = (S™, Cy). Further, Each confor-
mal class C' contains a Yamabe metric. ]

O Theorem 3.6.500 [ If the dominant energy condition is satisfied, the outmost
marginally ourter trapped surface has the positive Yamabe type [Galloway
GJ, Schoen R 2005(gr-qc/0509107)] O

0 Proposition 3.6.6[0 [ From the topological censorship theorem, horizon is
cobordant to a sphere by a simply connetect manifold, and as a consequence,
has vanishing Pontrjagin number and Stiefel-Whitney number. [
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This theorem provides some constraints on possible topology of horizon of 5 or

6 dimensional spacetime.

5D: 7 is homeomorphic to S? or S? x S*.[Galloway, Schoen 2005; Helfgott
C, Oz Y, Yanay Y 2006[HOY06]: hep-th/0509013].

6D If 7 is simply connected, it is homeomorphic to S* or S? x S2. This was
proved using the classification of 4D manifolds in terms of the intersection
form by Friedmann and Quinn and the fact that the signature of 4D manifold
is cobordism invariant (Helfgott, Oz, Yanay 2005 [HOY06])
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__________

Gauge-invariant Perturbation
Theory

In this section, we explain the basic idea and techniques of the gauge-invariant
formulation of perturbations[Bar80, KS84] for a class of background spacetimes
that includes static black hole spacetimes as special case. This chapter is based

on my lecture note in the 4-th Agean Summer School, Hideo Kodama:Lect. Note
Phys. 369: 427 (2009).

54.1
Background Solution

We assume that a background spacetime can be locally written as the warped

product of a m-dimensional spacetime .4 and an n-dimensional Einstein space

A as

M™M= N x 3 (M) = (y*, o) (4.1.1)
and has the metric (2.1.2)

ds® = gundz™dz" = g (y)dy*dy’ + r(y)*do?, (4.1.2)

where do? = ~,;;dz'dz? is an n-dimensional Einstein metric on J# satisfying the
condition

Note that for n < 3, an Einstein space is automatically a constant curvature space,
while for n > 3, JZ does not have a constant curvature generically.

For this type of spacetimes, we can express the covariant derivative V,;, the
connection coefficients 'Y, (2) and the curvature tensor Ry/nrs(2) in terms of the
corresponding quantities for 4™ and J£™. We denote them D,, ™% (y), "Raped(y)
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and ﬁl,f;k(x),l%wkl(x) respectively. For example, the curvature tensor can be

expressed as

; Dy Dyr ; i m i i

R%ca = "R%cq, R'ojp = — . ’ 8t R'jit = "Rabea— (Dr)(617j0— 01 i)
(4.1.4)

and the non-vanishing components of the Einstein tensor are given by

— 1)K — (Dr)?
Gab = mGab — EDan’I“ — TL(TL ) ( T) — QDT Gab (415&)
r 2 r2 r
; 1, (n—1)(n—-2)K —(Dr)> n-1 ;

G, = —3 R — 5 = + . Ur | 45 (4.1.5b)

From this and the Einstein equations Gyn + Agyuny = 2Ty, it follows that the
energy-momentum tensor of the background solution should take the form

Ty = Tup(y), Tui =0, T) = P(y)d;. (4.1.6)

4.1.1 Examples

This class of background spacetimes include quite a large variety of important

solutions to the Einstein equations in four and higher dimensions.
1. Robertson-Walker universe: m = 1 and J# is a constant curvature space.
ds* = —dt* + a(t)*do?.

The gauge-invariant formulation was first introduced for perturbations of this
background by Bardeen[Bar80] and applied to realistic cosmological models
by the author[Kod84, Kod85, KS84].

2. Braneworld model: m = 2 (and .# is a constant curvature space). For

example, the metric of AdS™"? spacetime can be written
ds* = L (1 — Ar?)dt* + r2dQ)? (4.1.7)
1— Ar? " o

The gauge-invariant formulation of this background was first discussed by
Mukohyama|Muk00]| and then applied to the braneworld model taking ac-

count of the junction conditions by the author and collaborators[KIS00].

3. Higher-dimensional static Einstein black holes: m = 2 and J¢ is
a compact Einstein space. For example, for the Schwarzschild-Tangherlini
black hole, # = S™. In general, the generalised Birkhoff theorem says[KI04]
that the electrovac solutions of the form (2.1.2) with m = 2 to the Einstein
equations are exhausted by the Nariai-type solutions such that M is the
direct product of a two-dimensional constant curvature spacetime .4 and
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an Einstein space # with r = const and the black hole type solution whose

metric is given by

o dr® 2 27 2
ds® = on f(r)dt* +r2do;; (4.1.8)
flr)=K — 2M + & A2 (4.1.9)

rnfl r2n72

The gauge-invariant formulation for perturbations was applied to this back-
ground to discuss the stability of static black holes by the author and collaborators[KK103,
IK03, KI04]. This application is explained in the next section.

4. Black branes: m = 2+ k and J# = Einstein space. In this case, the
spacetime factor .4 is the product of a two-dimensional black hole sector

and a k-dimensional brane sector:

d 2
ds® = #) — f(r)dt® + dz - dz + r2do?. (4.1.10)

One can also generalise this background to introducing a warp factor in front
of the black hole metric part. The stability of this background for the case
in which % is an Euclidean space is discussed in §5.5.

5. Higher-dimensional rotating black hole (a special Myers-Perry solu-
tion): m =4 and # = 5"

ds® = gprdr®+goed0® + gredt® + 2014 dtdg+ g dd® +1° cos® 02, (4.1.11)

where all the metric coefficients are functions only of r and #. The stability
of this background was studied in [Kod07].

6. Axisymmetric spacetime: m is general and n = 1.

§4.2
Perturbations

4.2.1 Perturbation equations

In order to describe the spacetime structure and matter configuration (M, g, ®)
as a perturbation from a fixed background (M, g, ®), we introduce a mapping
F : background M — M, and define perturbation variables on the fixed back-

ground spacetime as follows:

hi=0g=F¢—g, ¢:=06b=F—07. (4.2.1)
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Gauge

X —> %
Background Perturbed
spacetime spacetime

Figure 4.1: Gauge transformation

Then, if these perturbation variables have small amplitudes, the Einstein equa-
tions and the other equations for matter can be described by linearised equations
well. For example, in terms of the variable ¥y = hyn — hgarn /2, the linearised
Einstein equations can be written as

Apun + VuVaan + Vs — VAVPYapgun + RAP Y apgun — Rbun
= 2620T N (4.2.2)

where Ay is the Lichnerowicz operator defined by

Aphyn = —Ovyn + Ryathy + Ryatsy — 2Ryan s, (4.2.3)

4.2.2 (Gauge problem

For a different mapping F”, the perturbation variables defined above change
their values, which has no physical meaning and can be regarded as a kind of gauge
freedom. Because I’ and F’ are related by a diffeomorphism, the corresponding
changes of the variables are identical to the transformation of the variables with
respect to the transformation f = F'~'F. In the framework of linear perturbation
theory, we can restrict considerations to infinitesimal changes of F'. Hence, f is

expressed in terms of an infinitesimal transformation ¢V as

S = aM(f(p)) — 2M(p) = M, (4.2.4)
and the gauge transformations are expressed as
ghMN = _EggMN = _ngN - ngM, 5@5 = —)ég@. (425)

From its origin, the perturbation equations including the linearised Einstein equa-
tions given above are invariant under this gauge transformation.

To be specific, for our background spacetime, the metric perturbation transforms

as
Shay = — Doy — Dy, (4.2.6a)
Ohe; = —12D, (%) — Di&,, (4.2.6b)
5hz~j = —ﬁifj — ﬁjfz — 2rD"ré, (4.2.6¢)
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and the perturbation of the energy-momentum tensor 7,y = 6T,y transforms as

gTab = —£CDCTab — TacDb£C — TbcDagc, (427a)
gTai - - abDigb - TQPDa(T_2§i)a (427b)
0737 = —£* Da(r’ P)vij — P(Di&; + D;&) (4.2.7¢)

In order to remove this gauge freedom, one of the following two approaches is

adopted in general:

i) Gauge fixing method: this method is direct, but it is rather difficult to

find relations between perturbation variables in different gauges in general.

ii) Gauge-invariant method: this method describe the theory only in terms
of gauge-invariant quantities. Such quantities have non-local expressions in

terms of the original perturbation variables in general.

These two approaches are mathematically equivalent, and a gauge-invariant vari-
able can be regarded as some perturbation variable in some special gauge in gen-
eral. Therefore, the non-locality of the gauge-invariant variables implies that the

relation of two different gauges are non-local.

4.2.3 Tensorial decomposition of perturbations

In this lecture, we focus on the gauge-invariant approach to perturbations and
explain that in the class of background spacetimes described above, we can locally
construct fundamental gauge-invariant variables with help of harmonic expansions.
This construction becomes more transparent if we decompose the perturbation
variables into components of specific tensorial types. This decomposition also
helps us to divide the coupled set of perturbation equations into decoupled smaller
subsets, and in some cases into single master equations.

First of all, note that the basic perturbation variables hy;y and 7);ny can be
classified into the following three algebraic types according to their transformation

property as tensors on the n-dimensional space % :
i) Spatial scalar: hgp, Tap
ii) Spatial vector: hg;, 7
iii) Spatial tensor: hyj, 7

Among these, spatial vectors and tensors can be further decomposed into more

basic quantities. First, we decompose a vector field v; on # into a scalar field v(®)
(t)

and a transverse vector v; ' as

v; = D® + vl-(t); Dyv® = 0. (4.2.8)
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Then, from the relation
Av® = D', (4.2.9)

the component fields v® and vi(t) can be uniquely determined from v; up to the
ineffective freedom in v® to add a constant, provided that this Poisson equation
has a unique solution on J# up to the same freedom. For example, when % is
compact and closed, this condition is satisfied.
Next, we decompose a symmetric tensor field of rank 2 on %~ as
tﬁzlmﬁ+abﬁ—lAwﬁ+mq+Dm+ﬁm~ (4.2.10a)
n n Ea

Ditt=0, t"'=0, Dt =o. (4.2.10b)

Here, ¢ is uniquely determined as ¢ = t!. Further, from the relations derived from
this definition,

A A AN A 1 -
n

n—1
A+ (n— 1)Kt = (8 — D'ATD;) (D™ — n ' Dit), (4.2.11b)
(tt)
ij
ineffective zero modes, provided that these Poisson equations have solutions unique

s and t;, hence t can be uniquely determined from ¢;; up to the addition of
up to the same ineffective freedom.
After these decompositions of vectors and tensors to basic components, we can

classify these components into the following three types:
i) Scalar type: v’ = Diy®), tij = %tgij + lA)iDjs — %Asgzj.

ii) Vector type: v; = oM tij = Dit]’ + ﬁjti.

1)

i (1)
iii) Tensor type: v* =0, t;; =1;;".

We call these types reduced tensorial types. In the linearised Einstein equations,
through the covariant differentiation and tensor-algebraic operations, quantities of
different algebraic tensorial types can appear in each equation. However, in the
case in which JZ is a constant curvature space, perturbation variables belonging to
different reduced tensorial types do not couple in the linearised Einstein equations
if we decompose these perturbation equations into reduced tensorial types as well,
because there exists no quantity of the vector or the tensor type in the background
except for the metric tensor. The same result holds even in the case in which
 is an Einstein space with non-constant curvature, because the only non-trivial
background tensor other than the metric is the Weyl tensor that can only transform
a 2nd rank tensor to a 2nd rank tensor.

Here, note that gauge transformations can be also decomposed into reduced ten-
sorial types, and the gauge transformation of each type affects only the decomposed
perturbation variables of the same reduced tensorial type. Hence, gauge-invariant
variables can be constructed in each reduced tensorial types independently.
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54.3
Tensor Perturbation

Let us start from the tensor-type perturbation, for which the argument is sim-
plest.

4.3.1 Tensor Harmonics

We utilise tensor harmonics to expand tensor-type perturbations. They are
defined as the basis for 2nd-rank symmetric tensor fields satisfying the following

eigenvalue problem:

(AL, = X\)T;;=0; Ti=0, D;T/=0, (4.3.1)
where A, is the Lichnerowicz operator on .# defined by

Aphij == =D - Dhy; — 2Ryh™ + 2(n — 1) Khy;. (4.3.2)

When % is a constant curvature space, this operator is related to the Laplace-

Beltrami operator by

AL =—A+ 2K, (4.3.3)
and, T;; satisfies

(A+E)T;; =0, kK =\, —2nkK. (4.3.4)

We use k? in the meaning of A;, — 2nK from now on when .# is an Einstein space
with non-constant sectional curvature.
The harmonic tensor has the following basic properties:

1. Identities: Let T;; be a symmetric tensor of rank 2 satisfying

/=0, D'T;=0.

2

Then, the following identities hold:
2D Ty DVT = 2DY(T;, DV T*) + Ty, [- AT + RIT™ + R T
2D Ty DTV* = 2D' (T DVT¥) + Ty, [-AT* — RIT™ — RN T

On the constant curvature space with sectional curvature K, these identities
read

2D T DITI* = 2D (T DETI®) + T (— A + nK)TF,

2D Ty DUTD* = 2D(Tj, DVTV®) + Ty (= — nK)T*.
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2. Spectrum: When % is a compact and closed space with constant sectional
curvature K, these identities lead to the following condition on the spectrum
of k?:

k* > n|K|. (4.3.5)

In contrast, when £ is not a constant curvature space, no general lower

bound on the spectrum £? is known.

3. When 7 is a two-dimensional surface with a constant curvature K, a sym-
metric 2nd-rank harmonic tensor that is regular everywhere can exist only
for K < 0: for 7% (K = 0), the corresponding harmonic tensor 7;; becomes
a constant tensor in the coordinate system such that the metric is written
ds? = dx® + dy*(k* = 0); for H?/T(K = —1), a harmonic tensor corresponds
to an infinitesimal deformation of the moduli parameters.

4. For # = S", the spectrum of k? is given by

E=1l+n—-1)—2, [=23,---, (4.3.6)

4.3.2 Perturbation equations

The metric and energy-momentum perturbations can be expanded in terms of
the tensor harmonics as

hab = 0, hai = O, hij = QTQHTTU, (437)

Tap =0, 78 =0, T; = TTT;'. (4.3.8)

Since the coordinate transformations contain no tensor-type component, Hr and
Tr are gauge invariant by themselves:

M =6M=0; §Hr=0, 670 = 0. (4.3.9)

Only the (7, j)-component of the Einstein equations has the tensor-type compo-
nent:

kE? + 2K

—OHy — 2Dr- DHp + == Hy = &’7p. (4.3.10)
T T

Here, (0 = D*D, is the D’Alembertian in the m-dimensional spacetime .4". Thus,
the Einstein equations for tensor-type perturbations can be always reduced to the

single master equation on our background spacetime.

54.4
Vector Perturbation
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4.4.1 Vector harmonics

We expand transverse vector fields in terms of the complete set of harmonic
vectors defined by the eigenvalue problem

(A+ KV, =0; D;Vi=0. (4.4.1)

Tensor fields of the vector-type can be expanded in terms of the harmonic tensors
derived from these vector harmonics as

1 . R
Vi = —ﬂ(Dz’Vj + D;Vs). (44.2)

They satisfy

Atk (n+ 1)K] V, =0, (4.4.3a)

K2 —(n— 1)K
2k

Here, there is one subtle point; V;; vanishes when V; is a Killing vector. For

Vi=0, D,VI= V. (4.4.3b)

this mode, from the above relations, we have k* = (n — 1)K. We will see below
that the converse holds when 7 is compact and closed. We call these modes
exceptional modes.

Now, we list up some basic properties of the vector harmonics relevant to the
subsequent discussions.

1. Spectrum: In an n-dimensional Einstein space J¢ satisfying R;; = (n — 1)K g,
we have

2DV DUV = 2D,(V; D'V £ Vi [~A + (n — 1)K V7, (4.4.4a)
2D Vyy D'V = 2D;(V;DCVI) 4+ Vj [=A — (n — 1)K] VY. (4.4.4b)

When % is compact and closed, from the integration of these over 2", we
obtain the following general restriction on the spectrum of k?:

k> (n—1)|K]|. (4.4.5)

Here, when the equality holds, the corresponding harmonic vector becomes
a Killing vector for K > 0 and a harmonic 1-form for K < 0, respectively.

2. For#™ = S™, we have
BP=0l+n—-1)—1, (£=1,2,---). (4.4.6)

Here, the harmonic vector field V; becomes a Killing vector for [ = 1 and is
exceptional.

3. For K = 0, the exceptional mode exists only when %" is isometric to T? x
¢" P, where """ is a Ricci flat space with no Killing vector.
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4.4.2 Perturbation equations

Vector perturbations of the metric and the energy-momentum tensor can be

expanded in terms of the vector harmonics as

hab == 0, h(u‘ = T’faVZ‘, hij == QTQHTVZ‘j, (447&)
Tap =0, 7 =17,V T; = TTV§-. (4.4.7b)

For the vector-type gauge transformation
fa = O, fl = TLVZ (448)
the perturbation variables transform as

5f, = —rD, (%) A R ) (4.4.9)

Hence, we adopt the following combinations as the fundamental gauge-invariant

variables for the vector perturbation:

generic modes: Tay Tr, Fo = fo+ %DQHT (4.4.10)
exceptional modes: 7, Fé;) =rD, <ﬁ) —rDy <&) (4.4.11)
r r

Note that for exceptional modes, F, = f, because Hy is not defined.
The reduced vector part of the Einstein equations come from the components
corresponding to G¢ and G; In terms of the gauge-invariant variables defined

above, these equations can be written as follows.

e Generic modes:

Lo (g1 p(D) B —(n-1K 2
—D (1 Fy)) - = 2T,
(4.4.12a)
k
—D,(r" ' F*) = —K%7p. (4.4.12b)
7/-’I’L

e Exceptional modes: k* = (n — 1)K > 0. For these modes, the second of
the above equations coming from Gé» does not exist.

1
rn—i—l

Db (it EY)) = —26%r,, (4.4.13)

§4.5
Scalar Perturbation
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4.5.1 Scalar harmonics

Scalar functions on .# can be expanded in terms of the harmonic functions
defined by

(A +kH)S=0. (4.5.1)

Correspondingly, scalar-type vector and tensor fields can be expanded in terms of
harmonic vectors S; and harmonic tensors S;; define by

1

Sz = ——DZ'S, (4 5) 2&)
k
1 o = 1

Sij = 13 DiD;S + —;8 (4.5.2b)

These harmonic tensors satisfy the following relations:

D;S' = kS, (4.5.3a)

[A+k*—(n—1)K]S; =0, (4.5.3b)

. - n—1k—nK

Si=0, DSl=" ; Si, (4.5.3¢)
n

[A 4+ k* = 2nK]S;; = 0. (4.5.3d)

Note that as in the case of vector harmonics, there are some exceptional modes:

For scalar harmonics, k£ = 0 is obviously always the allowed lowest eigenvalue.
Therefore, the information on the second eigenvalue is important. In general, it is
difficult to find such information. However, when J#™ is a compact Einstein space

with K > 0, we can obtain a useful constraint as follows. Let us define );; by
1
n
Then, we have the identity
ij iy j 1 2
Qi; Q7 = D' (D'YD;D;Y =Y D;,AY —R;;D’Y)+Y [A(A 4+ (n — 1)K)] Y_E(AY) .

For Y = §, integrating this identity, we obtain the constraint on the second eigen-

value
k* > nK. (4.5.4)
For 2" = S™, the equality holds because the full spectrum is given by

E=0{+n—-1), (£=0,1,2,---). (4.5.5)
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4.5.2 Perturbation equations

The scalar perturbation of the metric and the energy-momentum tensor can be
expanded as
hay = fabS, hai = 7 faSi, hij = 2r*(Hpv,S + HrSij), (4.5.6a)
Tab = TabS, T = TTaS;, T; = (5P(5;S + TTS;.. (4.5.6b)
For the scalar-type gauge transformation

ga - TaS> gz - TLSZ" (457)

these harmonic expansion coefficients for generic modes k*(k* — nK) > 0 of a

scalar-type perturbation transform as

_ - L k
5fab - _DaTb - DbTaa 5fa = —TDa (_> + _Ta, (458&)
r r
_ k D® - k
SHy = —— L - 21 §Hp="1L, (4.5.8b)
- nr r r
0Tap = —1T°D 1o, — Ty DT — Ty DT, (4.5.8¢)
- k _ _
1 = ~(T4T" — PT,), &(6P)=~T°D,P, érp = 0. (4.5.8d)
r
From these we obtain
6Xo =T Xo=7 (fo+ %DGHT) . (4.5.9)
Hence, the fundamental gauge invariants can be given by 7y and the following
combinations:
1 1
F = HL + —HT + —DaTXa, (4 510&)
n r
Foy = fap + Do Xy + Dy X, (4.5.10b)
Yab = Tap + TbCDaXc + TaCDch + XCDcTaba (4‘5‘100)
k
Yo =Ta — ~(T'X, — PX,), (4.5.10d)
r
¥ =0P+ X*D,P. (4.5.10e)

The scalar part of the Einstein equations comes from G, G, and Gé First,

from 0G4, we obtain
c

D
—UFu + Do D Fy + DyD.F; +n ! (=D.Fop+ DoFo, + DyF.,)

r

k2
_'_chCchb + mRZFca - 2mRacbded + <_2 - R + 2A) Fab - DanFcc
T

1 1
—2n (DanF + —-D,rDyF + —Db’I“DaF)
r r

2 2 —1
- {Dchch + DD Ry + (DD + 0 =) ey iy
r r

r
2 1 k? —nK
—chd) Fu—200F - 2D b DE 4o - g —F
T T
c n c k2 c 2
—UF, = =Dr-DF; + < F_| gab = 26" Xgp- (4.5.11)
r T
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Second, from dG¢, we obtain

k 1

r rn—2

1
Dy(r"?F?) +rD, (—Fé’) +2(n — 1)DaF] = 2K%%,. (4.5.12)
r

Finally, from the trace-free part of 5G§», we obtain
’ 2
~52 2(n — 2)F + F2] = k7, (4.5.13)
and from the trace 0G",

1 1
—éDanF“b _n

D DF,,
r
—1)(n —2)
212
1 n—1 n—1k>
—OF¢ Dr-DF¢ — —F° — 1HOF
+2 e T 2r " ¢ 2n 12 c )
_ _ _ 2 _
+n(n 1)D7"~DF—(n (n—2)k 2nK
r n r

D*Dbr

1
+ imRab — (n DD — (n —1) Fy

F = k*%;. (4.5.14)

Note that for the exceptional mode with k? = nK > 0, the third equation does
not exist, and for the mode with k? = 0, the second and the third equations do
not exist. For these exceptional modes, the other equations hold without change,
but the variables introduced above are not gauge invariant.

Although the energy-momentum conservation equation VyT5) = 0 can be de-
rived from the Einstein equations, it is often useful to know its explicit form. For
scalar-type perturbations, they are given by the following two sets of equations:

1 k n—1k*—nKk

D, (r"t1ye) — =%
rntl (r ) r Lt n kr T
k
+2—(T“bFab — PF") =0, (4.5.15a)
r
1 k D,
— Dy [I"(S = TEFY)] 4 ~%, —n=2y,
rh T T
1
+n (TyDyF — PDF) + 5 (T} DyFy = T"DyFic) = 0. (4.5.15h)
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Instabilities of Black Holes

§5.1
Various Instabilities: summary

5.1.1 4D black holes
Test fields

1976 Superradiance instability of a massive scalar field in 4D Kerr [Damour T,
Deruelle N, Ruffini RIDDR76]]

1979 Analytic estimations of the SR instability growth rate: WKB [Zouros TJM,
EardleyDM 1979[ZE79]], Matched asymptotic expansion| Detweiler S 1980[Det80]]

2007 Numerical estimation of the SR instability growth rate [Dolan SR 2007[Dol07]]

Stability against gravitational perturbations
e Vacuum Einstein with A =0

— AF static: Schwarzschild BH (unique &stable )
— AF rotating, connected: Kerr BH (unique &stable )

e Vacuum Einstein with A # 0

— AS static: dS/adS Schwarzschild BH (uniqueness ?: stable )
— AS rotating: dS/adS Lerr BH (uniqueness ?: stability ?)

e Kinstein-Maxwell with A =0
— AF non-deg. static: RN BH (unique, stable)

— AF rotating, connected : Kerr-Newmann BH (unique: stability ?)

Jo Index



Ch.5 Instabilities of Black Holes 74 To Tndex 1

Einstein-Maxwell with A # 0

— AS non-deg. static: dS/adS RN BH (uniqueness ?: stable )

— AS rotating, connected: Plebanski-Demianski BH (uniqueness 7: sta-
bility ?7)

Einstein-Maxwell-Dilaton

— AF non-deg. static: Gibbons-Maeda (unique; stability 7) [Masood-ul-
Alam 1993; Mars, Simon 2001; Gibbons, Ida, Shiromizu 2002; Rogatko
1999, 2002]

— Rotating: ?

Einstein-Harmonic Scalar

— AF non-deg. rotating: Kerr (unique) [Breitenlohner, Maison, Gibbons
1988, Heusler 1993, 1995

Einstein-Maxwell-Dirac

— AF non-deg. static: RN BH [Finter, Smoller, Yau 2000]

Einstein-YM system

— Static: non-unique, 3 families: Schwarzschild + another regular BH
solution (unstable) + spherically symmetric, regular soliton (unstable)
[Bartnik, McKInnon 1988; Volkov, Gal’tsov 1990; Kiinzle, Masood-ul-
Alam 1990] [Straumann, Zhou 1990; Bizon 1991; Zhou, Straumann
1991]

Einstein-Skyrme

— AF non-deg. static: Schwarzschild + spherically symmetric regular
bh solution with skyrme hair (stable) [Droz, Heusler, Straumann 1991]
[Heusler, Droz, Strumann 1991, 1992; Heusler, Straumann, Zhou 1993]

5.1.2 Higher-dimensional BHs
Instability milestones

1993 Gregory-Laflamme instability of black brane/string [Gregory R, Laflamme
C 1993[GL93]

2003 Conjecture: GL-type instability of HD Kerr (D > 6) [Emparan R, Myers R
[EMO3]]

2006 Special adS-MP: SR unstable if rapidly rotating and odd D > 7 [Kunduri
HK, Lucietti J, Reall HS 2006 KLROG]]
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2008 Gravitational instability of dS-RN BH for D > 7 [Konoplya RA, Zhidenko
A 2008[KZ09]]

2009 adS-Kerr: SR unstable if rapidly rotating and D > 7 [Kodama H, Konoplya
R, Zhidenko A 2009|KKZ08]

- GL-type instability of HD Kerr (D > 6) [Dias OJC et al[DFM™09]]

2010 Bar instability of rapidly rotating HD Kerr (D > 6) [Shibata M, Yoshino H
2010[SY10b, SY10a]]

Weakly asymmptotically simple solutions
e Vacuum Einstein with A =0

— AF static, regular: Tangherlini-Schwarzschild BH (VD: unique & sta-
ble)[Hwang S 1998; Rogatko 2003][Ishibashi, Kodama 2003]

— AF static with conical singularity: static black ring[ER02a]

— AF rotating, connected: Myers-Perry BH [MP86](unstable for D >
6 if simply and rapidly rotating)[Emparan R, Myers R [EMO03];Dias
OJC et al[DFM™09]; Shibata M, Yoshino H 2010[SY10b, SY10a], black
rings[ER02b, PS06]/black saturn[EF07]/black diring[lzu08] (stability

7).
e Vacuum Einstein with A # 0
— AS static: HD dS/adS Schwarzschild BH (unique ?: stable for D < 6
and A > 0)
— AS rotating: GLPP soulution|GLPP05](unique ?) > adS-Kerr (SR un-
stable if rapidly rotating)[Kodama H, Konoplya R, Zhidenko A 2009[KKZ08§]
e Einstein-Maxwell with A =0

— AF non-deg. regular staticc HD RN BH (unique: stable for D <
5)[Gibbons, Ida, Shiromizu 2002[GIS03]; Rogatko 2003|[Kodama, Ishibashi
2004[KT104]]

— AF static with conical singularity: charged static BR[IU03] (stability
7)

— AF rotating : unknown
e Einstein-Maxwell with A # 0

— AS non-deg. static: HD dS/adS RN BH (uniqueness ?: stable for
D <5and A > 0, unstable for D > 7 and large @ and A) [Kodama H,
Ishibashi A 2004; Konoplya RA, Zhidenko A 2009[KZ09]]
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— AS rotating: unknown
e Einstein-Maxwell-Dilaton

— AF non-deg. static: Gibbons-Maeda (unique; stable ?) [Gibbons, Ida,
Shiromizu 2002

— Rotating: ?
e Finstein-Harmonic Scalar

— AF static: Tangherlini-Schwarzschild BH (VD: unique) [Rogatko 2002]

Kaluza-Klein type splutions
e Vacuum Einstein with A =0

— BB static: Uniform solution + Non-Uniform BS solution + Caged BH
solution (Gregory-Laflamme instability)[Wiseman T 2003[Wis03]; Ku-
doh H, Wiseman T 2005[KWO05];Kol B2006[Kol06]][Gregory R, Laflamme
C 1993[GL93]]

— BB rotating: Kerr BB (SR-unstable for Kerr* x R™ SR-stable for
Kerr™ x R™ with m > 4)[Cardoso V, Yoshida S2005[CY05]]

e Vacuum Einstein with A # 0
— BS static: 5D warped BS (GR unstable)[Gregorry R 2000[Gre00]]
e Einstein-Maxwell with A =0
e BB static: BB charged with form field [Gregory R, Laflamme C 1994[GL94]]
e Einstein-Maxwell with A # 0
e Einstein-CS with A =0
e Einstein-CS with A # 0
e Einstein-Maxwell-Dilaton
e Einstein-CS-Dilaton
e Kinstein-Harmonic Scalar

e Kinstein-Dilaton-Axion

§5.2
Superradiance
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ds k

5.2.1 Klein-Gordon field around a Kerr BH

e Klein-Gordon product: From the field equation
D'D,¢=0;, D, =0, —1iqA, (5.2.1)

the KG product defined by

K(¢1,¢2) = —i/ (01D" ¢y — (D" 1) o) dX,, (5.2.2)
)
is independent of the choice of the Cauchy surface > in DOC.

e Scattering problem When no incoming wave comes from the black hole,
the flux conservation yields

Ly =1+ + L+ (5.2.3)

5.2.2 Integral on a null surface
Let us consider a hyperboloid in Minkowksi spacetime,

Y t?—a?=¢ (5.2.4)
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Because the tangent vector (dt, dx) satisfies

tdt — xdx = 0,

its unit normal is given by

€

Further, the line element along the hyperboloid can be written

ds = +Vdz? — di2 = %dx

Hence, we have

nd5:dx<8t+%({)m>—>kdui as €—0, upx=txzx

5.2.3 Flux integral

78 16 Tdek

(5.2.5)

(5.2.6)

(5.2.7)

(5.2.8)

Because the massless scalar field behaves at the null infinity .#* as

1 4 4 .
O~ . (A7e ™" ¢ Atet™ ) e™?; uy =t F /dr/f,

the flux integral on .+ is given by

(5.2.9)

e —z/dui/ dSy lim r" ¢aui¢ Z/dwélmu |Awm| )s2/u(1)-
SQ

r—00

(5.2.10)

Next, at horizon, the regularity condition on the scalar field is expressed as

gb = QB(T, Z)efz'thrimgo — gb(?“, Z)efiw*tJr@'m@

— ¢(7 Z) eiw*r*efiw*mﬂrim@ ~ C(Z)efiw*v++im¢
where
wy =w—mQ, ¢=c¢— Wt

Hence, the flux integral on the horizon can be written

o p-2_ (7.5 '
Ly = z/dmr/%d a<¢(3v+ +2’qu>)¢>%+
= 3 [ dwtn(on = @) |Com )i

(5.2.11)

(5.2.12)

(5.2.13)
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5.2.4 Superradiance condition

The flux conservation law can be written

W(|AZml?) = w{|AL ) + (w = mQy — q@4) {|Coml?) (5.2.14)

w

If we devide this expression by the incoming flux integral on the left-hand side, we
obtain the transmission and reflection coefficients:

1=R+T;, T<0= R>1. (5.2.15)
Hence, if the superradiance condition
w < mfy, + qPy, (5.2.16)

is satisfied, the outgoing wave has a larger amplitude than the incoming wave.
This condition is equivalent to

k-p>0; p,=—10,—qA, (5.2.17)

5.2.5 Penrose process

Energy conservation law Let P be the 4-momentum of a free partilce and &
be the time-translation Killing vector. Then, the energy defined by £ = —¢ - P is

conserve:

E=-V,(p-&) =—puV&y =0 (5.2.18)

Ergo region of a rotating bh Because £ is spacelie, a physical partical can
have a negative energy £ = —¢ - P < 0. We can extract energy from a black hole
through reactions in the ergo region.

§5.3
Superradiant Instability
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5.3.1 Massive scalar around a (adS-)Kerr BH

Kerr metric

A —a’X sin?0 2a sin? 0 2M
2 _ 2 2,2 2
ds® = — 2 dt® — o {/\p (r*+a) + Tnl}dtdgb
in” 0 2a*M
+SCH;7 C(r* +a*)p® + ;—1 sin? 0] dep?
p? P
—|—Zdr2 + Xd02 + 7% cos? 0d22. (5.3.1)
where D = n + 4, and
2M
A= (1-=X?)(r*+ad* — D5 (5.3.2)
C =1+’ X =1+ Aa*cos’¥. (5.3.3)

Klein-Gordon equation Solutions to the Klein-Gordon equation on this back-
ground

(O— e =0 (5.3.4)
can be written as a superposition of solutions of the form
d = e WHHmYIP(1r)Q(0) (5.3.5)

where Y is a harmonic function on S™ satisfying

ALY = —l(l4+n—1)Y (5.3.6)
as
in?6 — cos? 0
X " n s 2 9 _ 2 /
Q ( e y— + Xa® {n + (n+3)cos®f}cotd ) Q
C a’sin® 0 l(l+n—-1)
Y 2 2 2 2 2 —0.
( m+'uacose+sin29m+ x 7 cos? 0 )Q 0
and
2M na?
AP + {—THH 24— - Mm+4)r*+ (n+ 2)a2}] rP’
2,2
! 9 9 . a‘m 9 oy 2AM
—I—{—Am—,ur—k A ((1+/\a)(1—/\7’)—rnl)
4M (r* +a*)*w? I(l+n—1)a?
~ T e + A - - ] P =0, (5.3.9)
where
AL = Al (a®w? Na?, pa?) (5.3.10)

is a separation constant.
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The equation for () In terms of the variable defined by
xr =cos(20), (-1 <z <1),

the equation for () can be written

2
(1 —2)(2 + Na® + Aa%)%
Aa? d

+{n—l—(n+3)x+7a(1+x){n+1—(n+5)x} g

AL pPa? a*w?(x — 1) 1+ Xa®

Zmo_ 1
+l2 PR TSI P v S B

I(l+n—1)
T g =o.
1+ }Q

81 116 Thdex

(5.3.11)

(5.3.12)

The separation constant A! is determined by the requirement that this equation

has a solution that can be normalised with respect to the norm

1
JWQMx[me+@“1WMW-

Note that for a = 0, we have

(@) = (1= 2)"™2 (14 2)2G; (Im| + 7,7 52)

m’j
where G;(m,~, ) is the Jacobi polynomial and

_l+n+1
Y= 5

The equation for P(r) In terms of P;(r) defined by
P(r) =r"(? +a*) 2 Pi(r),

the equation for P can be expressed as

2Mam 2 A
2 _
D™Py + (w_(T2+a2)2rn—1) _(r2+a2)2U P =0,
where
A d 2M d
D = — (12— @
r2 + a?dr ( " rn(r? + aQ)) dr’
2,2 M
U = N, +p>r’— (7“;—1—77:12)2 {(7«2 +a%)(1+ Aa?) + 1}
2
n(n + )(1—)\(12) N2 (n—|—2)(n+4)/\r2
4 4
n n a®  a*(1+ A\a?)
Hi+3) (- e
{(n+2)r2 + na2}? — 8a2r> M
2(r2 + a2)? pl

(5.3.13)

(5.3.14a)
(5.3.14b)

(5.3.15)

(5.3.16)

(5.3.17)

(5.3.18)

(5.3.19)

Jo Index



Ch.5 Instabilities of Black Holes 82 To Tndex

Effective potential for a massive scalar around the Kerr BH
20

154

Veff 104

K50 0 50 100 150 20¢
P/

m=13

m=0|

Figure 5.1: Effective potential for a massive scalar in 4D Kerr

Boundary condition at horizon From the regularity condition at the future

horizon

gb — QE(T, Z)e—z‘wt-i-imgo — ¢(T’ Z)e—z‘w*tﬂ‘m@

= (1, 2)e™ T e WOHTIME g O() e R+ TIME (5.3.20)

R should behaves near the horizon as

R(r) = e [Zy + O((r — )] = (r —ra) =/ [Zy + O((r — 1))
(5.3.21)

5.3.2 4D Kerr

Boundary condition In this case in which n = 0 and A = 0, the boundary

conditions are

e At horizon:
Ry & Cye” @57 (5.3.22)
e At infinity:

Bim irr
Ry ~ =2t | = (W% — )2, (5.3.23)
r
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Instability condition From the KG equation, we obtain the energy integral as

0 = /g/wsin@/dmz(aﬂ))*(ﬂ—/f)q)

T=Toco

= [/ d@sin@(iw*)ACI)*aTCD}

T=Tp
—l—/dr/d@ sin@[in\wP(—wgtt + 2mg"?)|®|?
—iw*p® (m?g%? + 1i?) |®]* — iw* (A]0, @) + |0p@|?) ] (5.3.24)
From this, we obtain the flux condition

Bwr(mQy, — wr) + wi(C + Cowr) = Awy,

where
B=(r; + a2)62“1”+|]%\f:rh, (5.3.25)
Cy = /erreQw’”ﬂéP, (5.3.26)
Cy = aQ/drezw””f/d@sinBH\éS{”\Q, (5.3.27)

all of which are positive, and

A = / drems / A9sin 0| RPI06ST? + () |0, RP1S7

. H . ox (TQ + a2) I ? m
—|—a2 81n98TR—2wRWR |Sl |2
2(m — 2 _
+ {% 4P+ ,u2,02} \RS™2, (5.3.28)

P = p(r*+a*)*{p’ +4a*sin® 0} (gu)*
+8Ma?sin? 0 |:7’(7“2 +a?)(—gu) + %jnﬁq (p* + 2a” sin” 0) } :
(5.3.29)
From these, we obtain the following necessary conditions for instability:
1. The mode is bounded.
2. R is peaked far outside the ergo region = A > 0.

3. w is nearly real: |w;| < wg.

4. w satisfies the superradiance condition: wgr < mf2,. [Zouros TJM, Eardley
DM 1979[ZE79]]
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Numerical estimates Let us expand R(r) as

z s n r—r
R(r) = meq Zanx ) T= Tf, (5.3.30)
n=0
where
2 — mf)
o= Zrlw = M) (5.3.31)
ry —Tr—
g=—(u* —w?)'? (5.3.32)
X = (4* = 20%)/q, (5.3.33)

Then, the equation for P(r) gives the recurrence relation

OpQpt1 + ﬁnan + Vnln-1 = 07 (5334)

with
a, = (n+1)(n+ ), (5.3.35)
Bn=—2n*+ (c1 + 2)n + c3, (5.3.36)
Yo =n?+ (c2 = 3)n + ¢4, (5.3.37)

where ¢; ~ ¢4 are functions of w, g, a, m and A;,,. If we require that the series for
R(r) converges, we obtain the infinite continued fraction,

n+1 _ Yn+1 _ Unt1 Ong1Vndg2 Bng2Vng3 (5.3.38)

Qp, /37L+1 + Opt1 Z:ii? B ﬁnJrl_ ﬁn+2_ ﬁn+3_

Hence, w can determined as roots to the equation|[Dol07]

QoY1 172 Q273

B B Ba—

B — 0. (5.3.39)

General features

The growth rate is greatest for My < 0.5.

The mode with [ = m = 1 is most unstable:

e The maximum growth rate at a = 0.99 is

T 15 x 107(GM /) (5.3.40)

In the asymptotic regions

107e! 84 o R, i Rgp>1, a=1
—1
a -9 .
24 (&) (By) "Ry i Rop < 1

TR

(5.3.41)
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§5.4
Stability of Static Black Holes

We study the stability of static black holes utilising the gauge-invariant formu-
lation for perturbations explained in the previous section. We consider the static
Einstein black hole which corresponds to the case with m = 2 of the general back-
ground considered in the previous section and has the metric (4.1.9). The key point
is the fact that gauge-invariant perturbation equations can be reduced to decou-
pled single master equations of the Schrodinger type for any type of perturbations
in this background.

5.4.1 Tensor Perturbations

The gauge-invariant equation for tensor perturbations is already given by a
single equation for each mode. Assuming that the source term vanishes, it reads

k? + 2K

Here, note that even if there exist electromagnetic fields, 7 vanishes because the
electromagnetic field is vector-like and does not produce a tensor-type quantity in
the linear order at least.

With the help of the Fourier transformation with respect to ¢, i.e., assuming
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Hp o e™!, this equation can be put into the Schrodinger-type eigenvalue problem;

WO = —f0.(f0,8) + Vib;  Hp =1 o(r)e ", (5-4.2)
where
Il nrf’ nn—2)f
= = | +2K A
v, 3 |W 2K+ = I (5.4.3)
fl,, n*—2n+8 nn+2) o, n*M n(3n—2)Q?
= S|+ —K——2) -
r? * 4 4 T 2pn—1 4p2n—2

If V; is non-negative, we can directly conclude the stability. However, it is not so
easy to see whether V; is non-negative or not outside the horizon. This technical

difficulty is easily resolved by considering the energy integral

roe 1 k* + 2K
Th
From the equation for Hp, we find that

Hence, in the case J# is a constant curvature space, the condition on the spectrum
k* > n|K| guarantees the positivity of all terms in F, and as a consequence the

stability of the system.

5.4.2 Vector Perturbations
Master equation

For vector perturbations, the energy-momentum conservation law is written

Do (r" %) + %T”TT =0. (5.4.6)

For m, = k? — (n — 1)K # 0, with the help of this equation, the second of the

perturbation equations, (4.4.12b), can be written

2 2
N Dy (). (5.4.7)

D,(r"'F") =

v

In the case of m = 2, from this it follows that F® can be written in terms of a

variable 2 as
2 2
PR = Dy Q + Tt (5.4.8)

My

Further, the first of the perturbation equations, (4.4.12a), is equivalent to

Da (TTH_lF(l)) - myTn_leabe = _2H2Tn+1€ab7b> (549)
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where €., is the two-dimensional Levi-Civita tensor for g,;, and

R
Fﬂhznga(JQ::g%Da<é), (5.4.10)
T T

Inserting the expression for Fj, in terms of € into (5.4.9), we obtain the master

equation

2k

My

D, (%DGQ) — %Q = "D, (rm). (5.4.11)

Next, for m, = 0, the perturbation variables Hy and 7p do not exist. The
matter variable 7, is still gauge-invariant, but concerning the metric variables,
only the combination F™") defined in terms of f, in (5.4.10) is gauge invariant. In
this case, the Einstein equations are reduced to the single equation (5.4.9), and
the energy-momentum conservation law is given by (5.4.6) without the 7 term.
Hence, 7, can be expressed in terms of a function 7Y as

", = e DT, (5.4.12)

Inserting this expression into (5.4.9) with e“?D.(F;/r) replaced by F")/r, we ob-
tain

Da(T"JrlF(l)) _ —252Da7'(1)- (5.4.13)

Taking account of the freedom of adding a constant in the definition of 7V, the
general solution can be written

2k27(1)

1) _
PO = -

(5.4.14)

Hence, there exists no dynamical freedom in these special modes. In particular, in
the source-free case in which 7(!) is a constant and & = 1, this solution corresponds
to adding a small rotation to the background static black hole solution.

Neutral black holes

For a neutral static Einstein black hole, the master equation for a generic mode

can be put into the canonical form as

WO = —£0,(f0,0) + V,®; Q= r"®(r)e ", (5.4.15)
where
_f nrf’ n(n+2)f
e e
f o nn+2)K nn-2) , 3n*M
_ I _ A2 — . 5.4.16
r2 + 4 4 " 2rn—1 ( )
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Figure 5.2: V, for K = 1, = Figure 5.3: V, for K = 1,\ <
0,1 =2. 0,0l =2.

This equation is identical to the Regge-Wheeler equation for n = 2, K = 1 and

A = 0. In this case, we can put V,, into an obviously non-negative form as

vV, = TiQ (mo + 3f), (5.4.17)

proving the stability of the black hole against vector perturbations (or axial or
odd perturbations).

In higher dimensions, the potential V, is not positive definite anymore and we
can not use this type of argument. However, we can still prove the stability with
the help of the conserved energy integral as in the case of tensor perturbations. In

the present case, if we define F as

Teodr |1 m
E = — | =(0,2)? 9,0)? + —0? 5.4.18
|75 [Foor+ raer+ T, (5418
we have
E=2 LinatQaTQ} = 0. (5.4.19)

Th

Further, all terms of £ is non-negative because m, > 0. Hence, the stability can
be concluded.

Charged black hole

The formulation for neutral static black holes can be extended to charged static
black holes. The final master equations consist of two equations: the extension of
the equation for gravitational perturbations with an electromagnetic source and
the equation coming from the Maxwell equations[KI04]:
2K%q
2

1
"D, (—D“Q) Ty, (5.4.20a)
rT T

1

-2

r

m, +2(n— 1)K q
(2 Ly o [m,Q + 2K*q.7(5,4.20b)

D, (r"2?D"ef) —
rm r
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where &7 is the gauge invariant representing a vector perturbation of the vector
potential of the electromagnetic field defined by

(5Aa = 0, 5142 = JZ%VZ, (5421)
and ¢ is the black hole charge related to the charge parameter () in the background
metric by

2 2

2 K~q
= 5.4.22
@ n(n—1) ( )

By taking appropriate combinations, these equations can be transformed to the

two decoupled equations
— 0}y = (=0 + Vi)Ps, (5.4.23)

where the effective potentials are given by

f nn+2)K nn-2). , nBn-2)Q* px
V:t = ’]“_2 My + 1 - 1 Ar + Jy2n—2 + 1 5
(5.4.24)
with
n? +2 2 2 2772 2
pe = — M+EA; A°=(n°—1)"M"+2n(n—1)m,Q". (5.4.25)

S-deformation

The effective potentials V. are not positive definite as in the neutral case. In
the present case, we prove that the system is still stable not by the energy integral
method, but rather by a different method, which we call the S-deformation[IK03].

We first explain the basic idea by the eigenvalue equation

w® = (-=D*+V(r)) @, (5.4.26)

where D = 0,,. If there exists an unstable mode with w? < 0 and if V is non-
negative at horizon and at infinity, we can show & falls off sufficiently rapidly at
horizon and at infinity. Hence, we obtain the integral identity,

w2/ " lopd _ / " Ipep + virjeP] L. (5.4.27)
" I f

If V(r) is non-negative definite, this leads to contradiction and hence proves the
stability because the right-hand side is non-negative. In contrast, in the case in
which the sign of V' is not definite, we cannot say anything about stability from
this equation.
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In order to treat such a case, let us replace D by D = D —S(r). Then, by partial
integrations, we obtain the modified integral identity with D and V replaced by
D and V given by

V=V+ f% — S (5.4.28)

Hence, if we can find S such that the modified effective potential V' is non-negative,
we can establish the stability of the system even when the original potential is not
non-negative definite.

For example, by the S-transformation with S = nf/(2r), the effective potentials
V. above can be modified into

~ ds f 1 (3n?
Vi=Ve+ f% -5 = 2 [mv + 1 (TM + Hi)} - (5.4.29)

Here, V, is obviously positive definite. We can also show that V_ is also positive
definite. Hence, a charged static Einstein black hole is stable for vector perturba-
tions.

5.4.3 Scalar Perturbations

Master equation

For a static Einstein black hole background, assuming that F,,, F' oc =™, we
can reduce the whole linearised Einstein equations into a single master equation,

as in the case of vector perturbations[KI03]:
wW® = —f0,(f0,9) + V., (5.4.30)

where the master variable ® is defined as

n/2 EFr ( + 1)
nr nn
o = 2F L), H= S 5.4.31
H ( - iwr) ’ mtTS ( )

with m = k? — nK and x = 2M/r"!, and the effective potential V; is given by

Vi(r) = 255, with

Ur) = —[n*(n+2)(n+1)%" —12n°(n+ 1)(n — 2)ma
+4(n — 2)(n — 4)m?*] Air® + n*(n + 1)
+n(n+1) [4(2n* = 3n+4)m + n(n — 2)(n — 4)(n+ 1) K] 2°
—12n[(n —4)m+n(n+1)(n — 2) K] mx
+16m® + 4Kn(n + 2)m?>. (5.4.32)
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Neutral black holes

The above master equation is identical to the Zerilli equation for the four-
dimensional Schwarzschild black hole (n = 2, K = 1 and A = 0). In this case,
from

f ) 6m2M  36mM?  T2M3
Vo= (mm+2) + ——+ = 5—+ "5~ >0,

where m = (I — 1)(I + 2)(l = 2,3,---), we can easily prove the stability of the
black hole. In higher dimensions, however, the effective potential V; is not positive

(5.4.33)

definite. Hence, an instability may arise.

Nevertheless, in the case of K = 1 and A = 0, i.e. for the Schwarzschild-
Tangherlini black hole, we can prove the stability by applying the S-deformation
to the energy integral. First, from the above master equation, we obtain

e dr 2 2
E::/ - [(0,9)* + (DP)* + V,®7] (5.4.34)

To

= [2/0,20,®]"= =0, (5.4.35)

where D = f9,. Next, we replace D to D = f8, + S. Then, by partial integration
we obtain

E- / N Cif (0.9) + (D@)? + V22, (5.4.36)
where

~ s 9

= — =5~ 4.
Vis Vot fom =5 (5.4.37)
For example, for
fdh — .n/2+1-1 .

S = an h=r {T=1)(+n)+n(n+1)x/2} . (5.4.38)
we obtain

V, = f(r)Q(r) (5.4.39)

4r2{(l = 1)l +n)+nn+1)z/2}’
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where
Q(r) = lz[in(n + Dz +2(1 — D{n® +n3l —2) + (1 — 1D?]. (5.4.40)

Clearly V, > 0.

Charged black holes

For charged black holes, we can also reduce the perturbation equations to de-
coupled single master equations. First, we generalise the master variable ® for the
metric perturbation given in (5.4.31) by replacing H by

nn+1)M n?Q?
yn—1 22

H=m+ (5.4.41)

Next, we introduce the gauge-invariant variable &7 in terms of which the scalar
perturbation of the electromagnetic field is expressed as

(5}}[, + Dc(EoXc)GabS = éaeabS, (5442&)
6Fui — kEoeay X°Si = reany&°S;, (5.4.42b)
with
k
6= ——Dodd, "E =Ko + %(F,f — onF). (5.4.43)
r—

Then, the Einstein and Maxwell equations for scalar perturbations of a charge
Einstein black hole can be reduced to the following two coupled equations[KI04]:

d>® /<;2qu51
d 1 do/ k* 2n2(n — 1)2Q*f
2o = —r"TE — ./ ¥4
w " dr, (T”_2 dr*) +/ (T2 + r2n )
(n—1)q (4H? — nPy
P D). 4.44b
R A . + fro, (5 )

where V;. Pg; and Py are the functions of r (see [KI04] for their exiplict expres-
sions).
As in the case of vector perturbations, we can find linear combinations of .o and

®, in terms of which these equations are transformed to the decoupled equations

fUx

’ Viq) . V. =
foF T 64r2HZ?

w

o= —(f2L) +
Here, Hi =1 —n(n+1)0x/2, H- = m +n(n+1)(1 + md)x/2, and ¢ is a non-
negative constant determined from @) by

(5.4.45)

Q% = (n+1)2M?6(1 +md). (5.4.46)
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The effective potentials Uy can be expressed in terms of z, \r?,m and § as

follows:

Up = [—4n°(n+2)(n+1)%0°2" — 48n*(n + 1)(n — 2)dx
—16(n — 2)(n — )] X\r* — *n3(3n — 2)(n + D)*(1 + mé)z*
+40°n*(n 4+ 1)* {(n + 1)(3n — 2)md + 4n* + n — 2} 2°
+40(n+1) {(n = 2)(n — 4)(n + 1)(m + n’K)6 — Tn* + Tn® — 14n + 8} 2
+{16(n+1) (—4m +3n*(n —2)K) § — 16(3n — 2)(n — 2) } =
+64m + 16n(n + 2)K, (5.4.47)

U_ = [-4n°(n+2)(n+1)*(1 + md)*z* + 48n*(n + 1)(n — 2)m(1 + md)x
—16(n — 2)(n — 4)m*| y — n*(3n — 2)(n + 1)*6(1 + mé)*z*
—4n*(n+1)*(1 + mé)* {(n + 1)(3n — 2)md — n*} z*
+4(n +1)(1 4+ mé) {m(n — 2)(n — 4)(n + 1)(m + n*K)d

+4n(2n® = 3n +4)m +n’(n — 2)(n — 4)(n + 1)K } 2?
—16m {(n+ 1)m (—4m +3n*(n — 2)K) §
+3n(n —4)m+3n*(n+1)(n —2)K } «
+64m® + 16n(n + 2)m* K. (5.4.48)

By applying the S-deformation to V., with

J dhy 2-1
S h+ dr + r +> (5 9)
we obtain
- k;2f
gy = 0T, [(n—2)(n+ 1)z +2]. (5.4.50)

Since this is positive definite, the electromagnetic mode @, is always stable for
any values of K, M, () and A\, provided that the spacetime contains a regular black
hole, although V, has a negative region near the horizon when A < 0 and Q*/M?
is small.

Using a similar transformation, we can also prove the stability of the gravita-
tional mode ®_ for some special cases. For example, the S-deformation of V_
with

[ dh_ Ja-1
S — H_ 4.51
S P h_=r (5.4.51)
leads to
v __Fr [2m — (n+1)(n — 2)(1 + mé)z] (5.4.52)
= o m—(n n mo)zx] . 4.
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Table 5.1: stability of generalised static black holes.

Tensor | Vector Scalar

V@ V@ Q=0 Q#0
D=1 K

K=1 A=0| OK OK OK 5 0
D>67
D < K| D=4 K

A>0 OK OK <60 5 0
D>77 D>67

D =4 0K D =4 0K

A<0]| OK OK O O
D>57 D>57

D =4 0K D =4 0K

K=0 A<0| OK OK O O
D>57 D>57

K=_1lx<0| oK | og | P=40K | D=40K
D>57 D>57

For n = 2, this is positive definite for m > 0. When K =1, A > 0and n = 3
or when A > 0,Q = 0 and the horizon is S, from m > n+2 (I > 2) and the
behaviour of the horizon value of = (see Ref.[KI04] for details), we can show that
Vs_ > 0. Hence, in these special cases, the black hole is stable with respect to any
type of perturbation.

However, for the other cases, Vy_ is not positive definite for generic values of the
parameters. The S-deformation used to prove the stability of neutral black holes
is not effective either. Recently, Konoplya and Zhidenko studied the stability of
this system for n > 2 numerically. They found that if A > 0, the system is stable
for n <9, ie., D < 11[KZ07].

5.4.4 Summary of the Stability Analysis

The results of the stability analysis in this section can be summarised in Table
5.1. In this table, D represents the spacetime dimension, n + 2. The results for
tensor perturbations apply only for maximally symmetric black holes, while those
for vector and scalar perturbations are valid for black holes with generic Einstein
horizons, except in the case with K =1,QQ =0,A >0 and D = 6.

Note that this is a summary of the analytic study. As we mentioned above, the
stability of AF/dS black hole is shown for D < 12 numerically.

§5.5
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Flat black brane

Static flat black brane solutions are perturbatively unstable in contrast to asymp-
totically simple static black holes discussed in the previous section. This was
first shown by Gregory and Laflamme for the s-mode perturbation, i.e. per-
turbations that is spherically symmetric in the directions perpendicular to the
brane[GL93, GL95|. Later on, it was shown that the system has no other unstable
modes numerically[SCMO05, Kud06]. These analyses however assumed that the
frequency of an unstable mode, if it exists, is pure imaginary. In the static system
this assumption may appear to be natural, but it is not the case in reality. In
this section, we explain this point explicitly by applying the the gauge-invariant
formulation in the previous section to this system.

5.5.1 Strategy

Let us rewrite the (m + n + 2)-dimensional flat black brane solution
ds* = —f(r)dt* + f(r) " tdr® + r?do? + dx?, (5.5.1)

which is the product of (n 4 2)-dimensional static black hole solution and the
m-dimensional Fuclidean space, as

ds* = gap(y)dy“dy® + r*do}, (5.5.2)
with the (m + 2)-dimensional metric
dsh, o = gap(y)dy*dy® = — f(r)dt* + f(r)~"dr® + da®. (5.5.3)

Then, we can classify metric perturbations into tensor, vector and scalar types with
respect to the n-dimensional constant curvature space #™ with the metric do? =
7ij(z)dz"dz?, and apply the gauge-invariant formulation developed in the previous
chapter to them. Further, since the background spacetime is homogeneous in
the brane direction «, for each type of perturbations, we can apply the Fourier
transformation with respect to & = (2P) to the perturbation variable as

8Gu = hu(t,r, 2™, (5.5.4)

Since the background metric is static, we can further apply the Fourier transfor-
mation with respect to ¢ to hy, if necessary and assume that

R (5.5.5)

ng

Hence, we can reduce the Einstein equations for perturbations to a set of ODEs
with respect to r. In this section, we assume that £ is compact.
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5.5.2 Tensor perturbations

The equation for tensor perturbations (4.3.10) with 7 = 0 reads for the present

system

f

n

k3 4+ 2K

~O0?Hyp + —0,(r"f0,Hr) — f ( — + k:Q) Hp = 0. (5.5.6)

r

Let us define the energy integral for a tensor perturbation by

00 1. k2 + 2K
E = / drr™ {?H% + f(H'T)2 + (% + kz) H%} . (5.5.7)
Th

Then, from the perturbation equation, we have £ = 2 [r” fHTH’T] OO. If there ex-
ists an unstable solution Hy oc e™®! with Imw < 0, it must fall ofghexponentially
at r — oo and vanish at the horizon from the above equation, provided that
the solution is uniformly bounded. For such a solution, £ becomes constant and
contradicts the assumed exponential growth because all terms in the energy inte-
gral is non-negative definite. Hence, the black brane solution is stable for tensor

perturbations.

5.5.3 Vector perturbations
Basic perturbation equations

Basic gauge-invariant variables for vector perturbations are given by F°(t,7)
witha =t¢,7,p (p=1,---,m). Among these components, we decompose the part
parallel to the brane, F},, into the longitudinal component Fj, proportional to the
wave vector kP and the transversal components FpL as

Fo = ik’F, = ,F?, F:—F,+ 2o
k=1 p— 0Op y p p+ﬁ k- (558)

With this decomposition, the perturbation equations (4.4.12a) and (4.4.12b) can

be written as the four wave equations

1 fa . nf +m, + r2k? , 2
?8317,5 — T—n&n(r &Ft) + 2 Ft = — 7 @Fr, (559&)
1 f o o 2n—=1)f+m,+ k> f
?Q?F — =2 3r(7" 287«F ) + 2 F" = 78151:}, (559b)
1 1 ! o+ K22 2k
Lorm — Lo mpom) ¢ A Eme TR P 2K (5.5.9¢)
f rn r? r
SRF ) — i [P o ()] + (R TR) (PR =0, (5.5.99)
f t 2" r 72 0 e
and the constraint
1 1
—?@Ft + m&(r”_lfﬂ) + F, = 0. (5.5.10)
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With the help of this constraint, the second of the above can be also written as

1

Tn—2

(n—1)(2f —rf) +m, + E*r?
2

1

fafF’" —

O (r" O, F") + F' = f'F,.

(5.5.11)

Clearly, the transversal part FpL decouple from the other modes and each com-
ponent obeys the same single wave equation. Further, each of (F}, F") and (F", F},)
obeys a closed set of equations, and the remaining components Fj and F}, respec-
tively, are directly determined from them with the help of the above constraint

equation.

Master equation

Let us take F" and F}, as fundamental variables and set

n/2F
r k
= . 5.5.12
((n + 1)rn/271F7‘ 4 Tn/QFk> ( )
Then, the perturbation equations can be put into the form
20 _ 2

WV = (=D*+V + fA) U, (5.5.13)

where V' is the scalar potential
My n(n + 2)
V=Ff|—+kK+—75> 5.5.14
/ {7"2 TR 4r? f} ' ( )
and A is the matrix potential
282 (nd2)f _ 2k
A= e (5.5.15)
n+1 n+1 2r

In order to see whether this set of equations can be reduced into decoupled single

equations, we introduce a new vector variable ¢ by
= QU + PV, (5.5.16)

where P and () are matrix functions of r that are independent of w. If we require
that ® obeys the equation of the form

P+ (W -V -W)D =0 (5.5.17)

with a diagonal matrix W, we obtain constraints on V' and B.
For the exceptional mode with m, = 0, these constraints are satisfied, and we
find that for the choice P =1 and

kK% n+42 k2r
_ 1 2 1
Q - n+_ k2p " kQTn::: lf ) (5518)
n+1 n+1 2r
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W is given by the diagonal matrix whose entries are

W1:n+2f(1—w), Wy = ——f (1—M). (5.5.19)

T2 rn 1 7”2 Tn—l

The corresponding equations for ® decouple to

P 4 (w? — V;)®; = 0, (5.5.20)
5 M+ 2 2(3n+2)M
n 2nM
Vo=Ff {k2+@ (n—2+ TN)]. (5.5.22)

V4 is clearly positive. Further, in terms of the S-deformation with S = (n + 2) f/(2r),
Vi is transformed into Vi = k2f > 0. Hence, this system is stable for this excep-
tional mode.

If we apply the same transformation in the case m, # 0, we obtain

2my, fh fh
0,)* — v O +wr—Vy| &= B,
[(f ) r(r?w? —mvf)f e 0 (n+ 1)(r?w? — myf)
(5.5.23)
where h =1— (n+ 1)M /r"~! and
m n?+2n+4 (n*+4n+2)M my, fh
= ==+ k2 — v
Vo=1 lr2 T 4r? 2pntl r2(r2w? — mvf)} ’
(5.5.24)
1 2,2 2 2 -9 2
p— (Wt 2mk ok (5.5.25)
2m,k —{(n+ 1)*w? + 2m,k*}
Since B is a constant matrix with eigenvalues
A=E(n+ 1w [(n+ 1%+ 4m,k?] " (5.5.26)

we can reduce the set of equations for ® to decoupled single second-order ODEs.
However, these equations are not useful in the stability analysis because their

2

coefficients depend on w? nonlinearly and have singularities in general®.

Stability analysis

Since we cannot find a convenient master equation, let us try to analyse the
stability by directly looking into the structure of the set of equations (5.5.13).
The subtle point of this set of equations is that the operator on the right-hand

'In Ref[Kud06] the author derived a well-behaved single master equation of 2nd-order for the
black string background. There, the author took the gauge in which f, = 0 and Hy = 0. Such
a gauge cannot be realised in general because the gauge transformations of f, and Hp are given
by 6f. = —S9.(L/S) and §Hr = k,L/S. If we set f. = 0, we cannot change the z-dependence
of Hp in general.
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side is not self-adjoint because A is not a hermitian matrix. Therefore, we cannot
directly conclude that w? is real.

Allowing for the possible existence of the imaginary part of w?, we obtain the
following two integral relations from the above equation:

*d
Re (w?) (T, T) = 7’" [(DW,)? + (DW,)? + fUL |4 [? + fUL|Ws[7] , (5.5.27a)
Th
) 4]€2 o) _
Im (w*)(V, V) = — drlm (U, 0,). (5.5.27b)
n+1/,.,
Here, D = fd/dr and
~my  n+3 ., n(n+2) (n+2)f
Ul - T2 n+ 1k + 47,2 f+ 2 ) (5528&)
4k* 1f
Uy = Uy — _ntlf (5.5.28b)
n+1 r

By applying the S-deformation with S = - f to Wy, the right-hand side of the

equation corresponding to Re (w?) is deformed to

m n—1
DU D + Sw U. —
2 = (D + 5) s, 2_>7“2+n—|—1

k2. (5.5.29)

Therefore, if we assume that w? is real, as is assumed in most work, we can
conclude that the system is stable against vector perturbations. However, we

cannot exclude the possible existence of an unstable mode with Im (w?) # 0.

5.5.4 Scalar perturbations
Perturbation variables

The gauge-invariant variable set Fy;, in the general formulation can be decom-
posed into the scalar, vector and tensor parts by their transformation behavior
with respect to the brane coordinates as

SCalar part: Ftta FtT‘7 FT’I‘) Fkta Fk‘T) Fkk‘) FL'
Vector part: F'jp, F'ipr, Flipk-

Tensor part: F', .

Here,
Fra = 0"Fa/(ik) = (K?/k)Fpa, (5.5.30a)
Flpo = Fpo — (ky/K*)k Fyy = Fpo — (kp/k) Fra, (5.5.30Db)
Fyp = (KPk1/E*)Fyy,  FL = FP — Fyy, (5.5.30¢)
1
Fipis=Fip,— (ky/k)F Lk — ﬁFl(épq — kyko/K?). (5.5.30d)

The remaining gauge-invariant variable F' in the general formulation also belongs
to the scalar part. Note that the vector and tensor parts do not exist for the black
string background.
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S-mode

First, we consider the exceptional mode with ks = 0, which is often called the
S-mode. For this exceptional mode, the general gauge-invariant variables reduce
to Fyy = fu and F' = Hj, due to the non-existence of corresponding harmonic
vectors and tensors. These variables are not gauge invariant and subject to the

gauge transformation law

SHp = —%TT, (5.5.31a)
5fmt = 2iwT; + ff/Tm gftr =T, — f(Tt/f),a

0 fr = =21, = (f'/ T, (5.5.31b)
Sfu = iwTy — ikTy, Of = —T) —ikTy., Ofen = —2ikTy,  (5.5.31c)
Ofipt = 1wl ip,  Ofipr=—T1, Ofipp = —ikTL, (5.5.31d)
§fL=0, 0fip1,=0. (5.5.31e)

In particular, we have

) (ftk; + %m) = —ikT;, o (fm + %f,;k) = —ikT,. (5.5.32)
From these, we can construct the following five gauge invariants for the scalar
part:

r? "X = —F), (5.5.33a)
P X —Y)=F —2rF — (%f/ - 2> F, (5.5.33b)
r* "7 = F] + %(Ff)’ + iwrF — % (TTJNF)/ (5.5.33¢)
P2yt = Fl 4 % (F; - %F) - %Fkk, (5.5.33d)
"V = F —ikrF + %F,;k (5.5.33¢)

For the vector part, we adopt the following two gauge invariants
7"2*"W1§ = Fjp — ;—fFka, 7"27"W1;" =F[,+ %Fipk. (5.5.34)

(1) Tensor part. First, we study the stability in the tensor part. The pertur-

bation variable of this part, F'i,, |4, follows the closed equation
—f(r"fFL ) + (B f = w?)r"Fi,, =0. (5.5.35)
From this we obtain the integral relation

w2/ dr*rn|FJ_pJ_q|2 = / drr” [f|Fipiq‘2 + k2|FJ_pJJ1|2:| - [TnfplquFipiq] >~

Th Th

rh'
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(5.5.36)

If there exists an unstable mode with w = w; + iws (wy > 0), a solution that
is bounded at the horizon behaves as F',, |, ~ e~ near the horizon. Next, at
infinity, the solution behaves

1 :
Fipigr~ WZV(\/ w? — k2r) ~ " exp(Eivw? — k2r). (5.5.37)

Therefore, for an unstable mode that is uniformly bounded, the boundary term in
the above integral relation vanishes and the integral at the left-hand side converges.
This implies that w? > 0 and leads to contradiction.

(2) Vector part. Next, for the vector part, we obtain the following two equa-
tions for the gauge-invariant variables Wlﬁ and W

, n—2 f Bf—w?
—lw |:Wj_p/ - ( - + 7) Wip:| + TWLP = 0, (5538&)
: . 2 .
—iwWi, + Wi, + ;Wlp =0. (5.5.38b)
Therefore, we can set

Wi, =r2®, wWi, =rd, (5.5.39)

and the perturbation equations can be reduced to the following single master

equation for ®;
—f(rf O + (K f —wh)r "® = 0. (5.5.40)

By the same argument for the tensor part, we can show that this equation does

not have a uniformly bounded solution with Im (w) > 0.
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(3) Scalar part. Finally for the scalar part, the perturbation equations gives
the closed 1st-order set of equations for X,Y, Z, V*,

X' = #H]Q [rzw‘l —w? {k‘2r2f +n—n(n+1)z+ %xz}
—< ";5 >k2Hf} X+ 1fH{ (1— ”;%) +k2H2}Y
+I€22;%;"H(nw2 —K*H)Z + m {20*° + (n—1)zH} V',  (5.5.41a)
Y = m [rzw‘l —w? {2k2T2f +n—n(n+1)z+ L‘?n_lﬁ}
+r2kt 2 — {n —(n*+ Dz + (n —Z 1)23:2} ka} X
—|—ﬁ [nuﬂ (1 - n; 1:70) + (n—1)k* {n — %x + w:f}} Y
%(& —k*NZ + m {2r*w® = 2k*r°f + (n — 1)zH } V',
(5.5.41b)
7'= —i (HQZ);Q)%X + 2:2(,0 {T2w2 + (n— 1)%} Y
—% (1 - ”; 120) Z +ikfV?, (5.5.41c)

w

Vt /:
V)'= sepm
2 N —
P2 g2 {n —on?r M:ﬁ?H X

3n?+2n—1
{—rzw‘l + w? {2k2r2f +n—n(n+1)z+ H—nxz}

4

4

w 9 n+1 9 B 3n*+2n—1 ,
+72rk:3f2H[ nw ( 5 x)—f-k‘ {n n(n+1)x+—4 e |Y

+k:3f3H{ nw” + k‘w <2n 5 x) k:fH}Z
1 -1
{—r2w4 + w? (k‘2r2f _n xH) + (n — 2)k:2f2H} Vi (5.5.41d)

_l_
rk?f?H
and the expression for V" in terms of these quantities,

2inw3r

RS

i(w? 4+ k2 f)

V=
2nk3r f2

[{(w RN+ nf P X +nfY + — Z+2wkr2fvt}

(5.5.42)

Here, x = 2M /r" .
From these equations, we find that X obeys the closed 2nd-order ODE

f2
—FUXY +(n = )X

+ [—uﬂ +f (k:2 +

(n— Q)x}ﬂ X =0, (5.5.43)
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which can be put into the canonical form in terms of ® defined by
X =229 (5.5.44)
as

_F(P) + [_uﬂ +f {;& + %(n o nx)}] ® =0, (5.5.45)

It is clear that this equation does not have an unstable mode.
Next, let us define the new variable (2 by

1
Q::PX—I—nf(l—n—;

P [n-kl (n—l)x( n+l

x) Y + 2inwrZ + 2kwr? fV; (5.5.46)

—1
x)} wir? + n2—xk‘2r2

n

om 2k2r?
—n+nn+ 1Dz — (3n* +2n — 1)2?, (5.5.47)

Then, we find that €2 satisfies a closed 2nd-order ODE mod X = 0:

—f(fYY + AfQY + (—w? + Vo) = BX, (5.5.48)
where
f
= TgH [{4n* +2(n + 1)(n — 2)a} k*r?
+n*(n— D)z {3(n+ 1)z —2(n+2)}] , (5.5.49a)
f 2,4 4
= 2{2n — 1
Vo 87’492]{[ {2n — (n+ D)z} K'r
+{8n*(n +2) — 4n(n + 2)(3n* + n + 2)z
+2n(n + 1)(8n* 4 5n 4 5)2” — (n+2)(3n — 1)(n + 1)%z*} k*r?
+n*(n — 1)z {n(n+1)°z* — 3(3n — 1)(n + 1)2*
+4(2n° + 2n — 1)z — 4n*}] (5.5.49b)
f9
= {(n+1w* = k*} [-2k**(1 — nz) + n(n — 1)z(n — £)]5.49¢)
—1) n+1
H — 2 n(n i = — . . 4
k* + o & gi=n 5 (5.5.49d)
By the transformation
Q=7r"2gHU, (5.5.50)

we can put this equation into the canonical form
—f(fYY + (= + V)U = r"/2gHBX, (5.5.51)

where V' = fU/H?* with

e, (n+ AR n(n — 1)k?
U= k —I—T(n—f—Z—Snx) — T{Bn(n—FZ)
3 -1 2
—(2n® +3n+ )z + wﬁ(n — 2+ nx). (5.5.52)

1676
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V -
v k=0.5_

S-mode:n:z,k:o-o.s//

_—
—

Figure 5.6: The effective potential for S-modes

This potential has a deep negative region for 0 < k < k, with some constant k,
dependent on n. It has been shown by numerical calculations[SCMO05, Kud06] that
the eigenvalue w? becomes negative for some range 0 < k < k., as first pointed
out by Gregory and Laflamme using a different reduction[GL93].

Generic scalar perturbation

(1) Tensor part. The tensor part of generic scalar-type perturbations obeys the
decoupled 2nd-order ODE

n—+m

—f(r"fFL, ) + (—w2 + K f + 3 f) r"Fi, 1, =0. (5.5.53)

It is obvious that this equation has no unstable mode.

(2) Vector part. In terms of the gauge-invariant fundamental variables
Vi= 7hn_2Epr> V.= rn_2Frip7 Vi = Tn_QFk;lp) (5554)

the perturbation equations for the vector part are expressed as

—(fV2) —iwfV; —ikVy = 0, (5.5.55a)
w o, n—=2 _w_2 s n+m
Zf(Vt ert)+( 7R >Vr
—2
+ik (V,; U - Vk) — 0, (5.5.55h)
2
4 d—mn w n+m n-—2 n—2
-r (T ka,), + (—7 + 2 + ’ f/ + 2 f) Vk
k 2
—%Vt + ik ((fw)’ + va) =0, (5.5.55¢)
—2 2

—7“”74][(7"47"‘/;/)/ X (m:Q_ n n TLTQ ) Vi —iwf (Vr/ 4 ;‘/;“)

+kwVy = 0. (5.5.55d)

Jo Index



Ch.5 Instabilities of Black Holes 106 Jo Index ™ ™

By eliminating V; and introducing the new variables Y and Z by

Z
o = <Y> C V= —ir™?27, v, = /2y, (5.5.56)

this set of equations are reduced to a set of two ODEs,

-2
DQCI)_ {_w2+k2f_'_n:2mf_'_n(n4 )

nllp _okf
A= oy | - (5.5.58)
<_Tff ~sh s

f2} ® = Ad; (5.5.57)

This set of equations has the same structure as that for vector perturbations and

can be shown to have no unstable mode if w? is real.

(3) Scalar part. Finally, we discuss the scalar part of the generic scalar-type
perturbation. Utilising one of the Einstein equations

Er=2(n—2)F + F* =0, (5.5.59)

the basic perturbation variables can be expressed in terms of X, Y, Z, V!, V" S and
U as

Fl =X 4+2F —K2fVt, F' =Y 4+2F, F =iwZ, (5.5.60a)

Fl =ikV", Fl=wkV', Fu=5+w?V!+2F, (5.5.60D)

2n+1F=-V—-X-Y -8 —(-KfV, F =¥  (55.60c)
Here, Q = r"2(Q) in general.

In terms of these variables, the Einstein equations can be reduced to the decou-
pled single equation for W,

—T_nf(Tnf\I//),—f- |:_w2 + (k)2 + n;;m) f:| v =0. (5561)

and the regular 1st-order set of ODEs for X, Y, Z, V!, V" and S,

7' =X, (5.5.62a)
, n—2 o2 1/ w? , m+n
X' == X+(7—;) +?<—7+k+ > )Z
+E* 'V, (5.5.62b)
, f/ w2 2 . ff/ .
Y 2f(X Y)+ fZZ + 7 Vv 5 Ve, (5.5.62c¢)
(V") = -5, (5.5.62d)
n—2 f 1 [w? n+m
I o —Y 2 t I R T 9
S . S . + fv+f(f k = )V, (5.5.62¢)
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Er2f f2(VY = [szrz +(n—1)x (n Ul —21_ 13:)] X

(n+21)2 2} v

+ [2w2r2 —2(K*r* +n+m)f +2n — dnx + x

1
+= [2nw*r? + (n — Da(K*r* + n+m)| Z

r
-9 1

—(n — 1)k (2 + 2 5 x) fVt—2k?r (n — n—2|— x) VT

—2k* 12 fS, (5.5.62f)

where z = 2M /r"~1.
If we define Xy, X5, X3 by

Xi=2, Xo=r(X+Y)—nZ+EkrfV,

X3=— (1 + r > r(X+Y)—nZ] — @f'vt (5.5.63)
2n.f 2n '
and introduce ® by
Tﬁn/QXl
Q= [ /21X, | (5.5.64)
rfn/2X3

we can reduce the above set of 1st-order ODEs to the set of 2nd-order ODEs of

the normal eigenvalue type as
wW?® = (=D* +Vy + W)®. (5.5.65)

Here, V; is the scalar potential

Vo = 4—{2 [4(m + E*r?) + n® — 2n+ n(n+4)z] (5.5.66)
and W is the following matrix of rank 3:
2 1 2 2 2
W11 = 0, W12 = M, W13 = LQ, (5567&)
nr r
4—2n+ Da} k22 —2(n — Dyma —n(n? — 1
Wy — { (n+ 1)} k*r (n —1)mz —n(n )x’ (5.5.67h)
rf
2
WQQ = %, ng = O, (5567(3)
_ 1 _ _ 27.2 _ 2
W3 = o2} [2(n — Dz(n — 2+ 2)r*k* + {4n + 2n(n — 5)z + 2(n + 1)z} m
nr
+n(n+ 1)z {2n* — (2n° + 3n — D)z + n(n + 1)2%}] (5.5.67d)
21 2 — 1 1)12 — 1
SIS EYUES 1Y U T cEYUET I T
nr r

Unfortunately, it is not possible to analyse the stability of this 2nd-order system
by an analytic method, partly because it is not a self-adjoint system. However, all
numerical calculations done by various authors have found no evidence of insta-
bility for this system[SCMO05, Kud06].

Jo Index 1



To Index ™ - 108-
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Lovelock Black Holes

When Einstein derived the field equations for gravity, he adopted the three require-
ments as the guiding principle in addition to the principle of general relativity. The
first is the metric ansatz that gravitational field is completely determined by the
spacetime metric. The second is that the energy-momentum tensor sources grav-
ity, hence it is balanced by a second-rank symmetric tensor constructed from the
metric. The last is the requirement that the field equations contain the second
derivatives of the metric at most and are quasi-linear, i.e., the coefficients of the
second derivatives contain only the metric and its first derivatives. These require-
ments determine the gravitational field equation uniquely.

In 4-dimensions, we can obtain a similar result even if we loosen the third
condition and require only that the field equations contain second derivatives of the
metric at most. To be precise, gravity theories satisfying these weaker requirements
are the Einstein gravity and the f(R) gravity, the latter of which is mathematically
equivalent to the Einstein gravity coupled with a scalar field with a non-trivial
potential.

When we extend general relativity to higher dimensions, however, the difference
between the two versions of the third requirement becomes important. In fact,
we require the stronger version, we obtain the same field equations for gravity in
higher dimensions. In contrast, we require the weaker version, we obtain a larger
class of theories that contains the higher-dimensional general relativity as a special
case. Such extensions to higher dimensions were first studied systematically by D.
Lovelock in 1971[Lov71]. What he found was that the second-rank gravitational
tensor F,, balancing the energy-momentum tensor 7}, is a sum of polynomials
in the curvature tensor and that the polynomial of each degree is unique up to a
proportionality constant. The physical importance of such an extension was later
recognised when B. Zwiebach pointed out that the special quadratic combinations
of the curvature tensor named the Gauss-Bonnet term naturally arises when we
add quadratic terms of the Ricci curvature to the quadratic term in the Riemann
curvature tensor obtained as the o’ correction to the field equations in the heterotic
string theory to obtain a ghost-free theory[Zwi85]. In this section, we briefly
overview the Lovelock theory, its static black hole solution and perturbation theory
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recently developed by Takahashi and Soda[TS09a, TS10b].

§6.1
Lovelock theory

In 1986, B. Zumino pointed out that the class of theories obtained by Lovelock
has a natural mathematical meaning. That is, the Lovelock equations for gravity
can be obtained from the action that is a linear combination of the terms each of
which corresponds to the Euler form in some even dimensions:

[(D=1)/2]
S = / > ws (6.1.1)
k=0
1
L = 7@_%)!eLl...L%Ml...MD%{%’LlLQ/\---/\%’L%*lL%A0M1 M2t
= L, (6.1.2)

where Z* ) is the curvature form with respect to the orthonormal 1-form basis 6%
(LM =0,---,D—1), 01" =0Ln...0M Qp is the volume form, and

Iy = %55;1';;33;RL1L2M1M2 o Ry 1y Mo Mo, (6.1.3)
The explicit expressions for small values of k are

Iy = 1,

I = R,

I, = R?—4RYRM 4 RiyNPRyp™,

(6.1.4a)
(6.1.4b)
(6.1.4c)

Is = R®—3R(—4RYRY + Rip™" Ryp™) + 24RY RN RY + 3R ™" Ry p?° Ros™.

Hence, if we require that the theory has the Einstein theory in the low energy limit,
o and a; are related to the cosmological constant A and the Newton constant

k%2 = 871G as
A 1

— Q= —.
bl
K2 QK2

Further, if the Gauss-Bonnet term % comes from the O(a’) correction in the

ap = (6.1.5)

heterotic string theory, ay > 0.
From the Bianchi identity 2%, = 0, the variation of the Lagrangian density

can be written

(6.1.4d)

Z = k
" d) + m%---%ml---MD,%(SleLQ ANREE N @M p MM o
(_1>D—1 L1Lo Log_1 Lo MiMp_sp_1 Mp_op
+m€L1---L%Ml---MD_%% ARRRE/4 A6 A 60

= d(x) + {kTW, 1, 0™ ) , + (=1)P T EWL 600 el } Qp,
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L1 is the connection form with respect to 67, ey, is the vector basis dual to

where w
0%, 9 is the corresponding covariant exterior derivative, ©F = 2% is the torsion

2-form, and

(k)L _ LN1---Noy, P1P2 PPk 3Pk 2 P% 1
T MMy — 5M1M2P1 -Pojp 1R N2 R Nog—3Nag—2 Nzk 1§\62kl 7&)
(k)L  _  _ ~ gLLi-Loyg M1M2 . Map—1 Mz,
EWL  — o 5MM1 ST Ri,. L. . (6.1.7b)

Hence, if we treat 6 and w”,; as independent dynamical variables, the field equa-
tions are given by

> aEWY =0, (6.1.8a)
k

> ko T® 5y = 0. (6.1.8b)
k

If we require the connection to be Riemannian, the second equation becomes trivial
due to the torsion free condition T, = 0. Examples of the explicit expressions
for EME and T®L - are

EOL = 5L (6.1.9a)

EWL = 9oRL _ ReE (6.1.9b)
EWL — LI, + 4ARRE, — 8RN, pRE

+8RYRY, + AR NS By NN (6.1.9¢)

TOhN = Tin+250Thp, (6.1.9d)

TNy = 86k (=2R\Tp + R™ N, This, + RTn) — 2R Tz )
+12(RM \nTp = 2R3, Ty — 2R i Ty, — 12RETHGe)-9¢)

§6.2
Static black hole solution

6.2.1 Constant curvature spacetimes

In general relativity, a constant curvature spacetime is always a vacuum solu-
tion and the curvature is uniquely determined by the value of the cosmological
constant. This feature is not shared by the Lovelock theory. In fact, the Lovelock
theory does not allow a vacuum constant curvature solution for some range of
the coupling constants {ay}, and have multiple constant curvature solutions with
different curvatures for other range of the coupling constants.

To see this, let us insert the constant Riemann curvature

RMV}\O’ = /\(gukgua - guaguk) (621)
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into the field equation (6.1.7b). Then, we obtain

P(\) =0, (6.2.2)

(D=1)/2] "
X

6.2.3

Z D 2k 1) (6:23)

For general relativity for which o = 0 for £ > 2, this equation has a unique
solution. In contrast, when D > 4 and a; # (k > 2), the equation can have no
solution or multiple solutions depending on the functional shape of P(X).

6.2.2 Black hole solution

Now, let us look for spherically symmetric black hole solutions. Because the
Birkhoff-type theorem holds for the Lovelock theory except for the case in which
P(X\) = 0 has a root with multiplicity higher than one[Zeg05, Wil86], we only
consider static spacetimes whose metric can be put into the form

ds* = —f(r)dt* + d—TQ + 12do?, (6.2.4)
h(r) "
where do? represents the metric of a constant curvature space with sectional cur-
vature K. For a spherically symmetric solution, K = 1. However, because the
argument in this section holds for any value of K, we consider this slightly general
spacetime.
Then, the non-vanishing components of the curvature tensor are given up to
symmetry by

h f// (f/)Q h/f/
T - 6.2.5
01 9 ( ‘f + 2f2 4f ) ( a)
hf' h
Roioj = ﬂgija Ry = _Zgija (6.2.5Db)
Riji = X(Gikgji — 9u9ik) (6.2.5¢)

where X (r) := (K — h(r))/r?. Inserting these into (6.1.7b), we find that the field

equations reduce to

(" P(X(r) =0, POX()(f(r)/h(r)) = (6.2.6)
The first of these is integrated to yield

PX(r) = & (6.2.7)

pntl ’

where C' is an integration constant. This determines the function h(r) implicitly.
In particular, for C' = 0, we have h(r) = K — \r? for each solution to P(\) = 0. If
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PM(X) # 0, after an appropriate scaling of ¢, f(r) = h(r) follows from the second
of the above field equations:

2

ds* = —(K — Mr?)dt* + % + r2do? . (6.2.8)
This represents a constant curvature spacetime with sectional curvature A irre-
spective of the value of K, as is well known.

This implies that for C' # 0, we have in general multiple solutions corresponding
to multiple solutions to P(A) = 0. Each solution approaches a constant curvature
spacetime with sectional curvature A at large r asymptotically. For these solutions,
we can always put f(r) = h(r) and the metric can be written[Whe86|

2 , A 27 2 2
ds® = —f(r)dt* + o) +ridos,  f(r)=K — X(r)r*. (6.2.9)
In general, the constant C' is proportional to the total mass M of the system
and positive if M > 0. We can easily show that X(r) changes monotonically
with 7 from infinity to some value of » where the metric becomes singular. This
singularity may or may not be hidden by a horizon depending on the functional
shape of P(X). In the former case, we obtain a regular black hole solution.

§6.3
Perturbation equations for the static solution

The linear perturbation of the Lovelock tensor (6.1.7b) in general reads

[(D-1)/2] ko
(673
o K- o vive || Vok—3V2k—2 Vok—1V2k
OEY = E oF — oLt Vo Ry Ry sk s ORyup 1o :
k=1
(6.3.1)

Inserting (6.2.5) with f(r) = h(r) = K — X (r)r? into this yields[TS10b]

n—1 t TT, % ir
rlSED = ORyY — 2T6R,, ", (6.3.2a)
n_
OB = —2T6R;", (6.3.2b)
n—1 T TT, %
r"TOE, = — 5R”J — 2T6 R, (6.3.2¢)
n_
| 2T
g = 2 —0R,;" + 2T Ruy”, (6.3.2d)
’,’I/_
, 2rT’ 2r2T" ,
ISR = S R, SR ™
L AN o by s R
) 2 T/ 2T//
50 |2T6R,, " + — — R + L SRy | (6.3.2¢)

(n—1)(n —2)
05 Tndex
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where
T(r) := r" ' PO(X(1)). (6.3.3)

Thus, we can obtain perturbation equations for the metric in the Lovelock theory
simply by calculating the perturbation of the curvature tensor.

6.3.1 Tensor perturbations

For tensor perturbations, the metric perturbation can be expanded in terms of
the harmonic tensor T;; as (4.3.7). The non-vanishing components of the curvature

tensor for this type of perturbations read

. ) )
OR;Y = — (DHT + —Dr- DHT) T, (6.3.4a)
T
, ! 2K + k? ,
SRy* = [—(n - 2)%H’T + 7; ‘ HT} T;. (6.3.4b)

Hence, from the above expression for 5Eg , we obtain the following wave equation
for Hy:

. T 2f 2K + k2T
If we introduce the mode function ¥(r) by
\IJ<T) —iw
HT(t, T) = TT/(/,A)e t, (636)

this wave equation can be put into the standard form

d*U
VU = W0, (6.3.7)

dr?
with the effective potential

K+ k)T 1 3(rVT)
(n—2)yr T »/T0 dr?2 ’

where dr, = dr/f(r) as in the Einstein black hole case.

Vi(r) = (6.3.8)

6.3.2 Vector perturbations

For vector perturbations, the perturbation of components of the curvature tensor
that are relevant to the field equations can be expressed in terms of the basic
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gauge-invariant quantities F, as

‘ k )
IR, = ——D“(rFa)VZ-, (6.3.9a)
; 2)k Dr
SR;"» = —! F,Vi, (6.3.9b)
r
Y R— n—1 —DbF(l)—kz (n_l)KF Q(K—f)—l—Tf/ i
5Ra] 22 |: ba (n — 1) a , fa(6\39c)
i 1 f// f/ ;
SR, = [—ﬁDb(ﬂFbﬁ )+ 53 ————f,| V" (6.3.9d)

Inserting these into (6.3.2d), we obtain the following equations for the gauge-
invariant variables:

(n—1)K
(n—1)r

( 2 ) i F,=0, (6.3.10a)

1
~D'(rT'F,) = 0. (6.3.10b)

The gauge-dependent residuals in the expressions for the curvature tensor cancel
exactly owing to the identity

n -+ 2

P(l)X// + P(Q) (X/)2 +
r

——PWX' =0 (6.3.11)
obtained from the background equation (r"™'P(X)) = 0. We can easily confirm
that for general relativity for which T'= r"~!/(2x?), these reduce to (4.4.12a) and
(4.4.12b) with no source terms.

A master equation for vector perturbations in the Lovelock theory can be derived
in the same way as that in general relativity. First, the second perturbation
equation implies the existence of a potential €2 in which F, can be expressed as

rT'F, = e D'Q. (6.3.12)

Inserting this into the first perturbation equation, we easily find that it is equiva-
lent to

1 E*—(n—1)K
TD DQ ) — Q=0. 3.1
" a (rzT’ ) (n—1)r? 0 (6.3.13)
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6.3.3 Scalar perturbations

For scalar perturbations, we have

‘];//F“JrX“D f } (6.3.14f)

. k2 /
OR"y; = o ——F+ fD[bF:}L + %Dan + 7;—f s —nDyD*F
/
——(DarDb + DyrD*)F + gXCDC (f ) 0y s (6.3.14a)
ai kQ aQl D T 1 a
0R aj — _ﬁFaS] { — 2—D’I" DF
[k 1 ) f .
— Fr— —D“ D, F)+ XD, | — 6:S.14b
* (27’ + 2nr? (r )+ r (6; )
4 DerDP 2 2(k* —nK
SR*, = (n—1) { g, 2prep,p o 2
r r nr
K f ) k:2 7
—-D ( 2 ) Xb} (5JS (n 2)T—2FSJ., (6.3.14c)
) k 1 )
5Rlbab = |: —D[ ( > + ﬁ(f/ — Tf”)DaHT:| SZ, (6314d)
r
. D 1 2(K — ! <
SRY, = (n—1)k ber + 5 D.F ~ 28 =D+l 5 | g3 140)
2r2k2
SR™, = { OF® + DD Fy, +

Inserting these into (6.3.2), we obtain

T ! T/ 2

r”_15Ef = [

2
( fT +onfT +nf T) F' - 2T’¥F] S =(6.3.15a)

T
TSR = { /T [F + —FT — 2[( ) H =0, (6.3.15b)
2 !
rnfl(SETr = Tnf t / . k Ft 2nfTF;‘, . TLfT f Fr
nfr r r f T
2nT 1 , k2 —nK
—7F+nfT(f T)F — 27" ————F| §(6:1)15¢)
n—1 [ k T b 1 b ! 7
T 5Ea = ; —Db 7Fa + TDQ ;Fb + 2T DaF St = O, (6315d)
) 2 T )
misg =~ (Lpeyorp)s
J n—1\r ¢ J
/T / 2T/
— [—D“(TDGF,f) + <(f 5 S+ km ) F¢+ DD (TFyu)
2 2(k? — nK :
—ZD (*T'D,F) + 26 = 08) gl gis — 0. (6.3.15)
r n J

As was first shown by Takahashi and Soda[TS10b], we can reduce these equations
to a single master equation in terms of the master variable ® defined by

Fl =r(®+2F), (6.3.16)
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as
fA2 7/.2']['7-\/ /
“p \ e ¥ Tee=0 (6.3.17)
where
A =2k =2nf +nrf', (6.3.182)
= f 2 ' (AT) 1" 2 prpry/
Q= —5= [T +nrfT') (2= — = | = n(*fT')| . (6.3.18b)
The other gauge-invariant variables are expressed in terms of ® as
1 T
=1 {”qu)/ + (’fz + m“f7> ¢>} , (6.3.19a)
k? A
L e (6.3.19b)
2 T//
Ff=—F) —=5F (6.3.19¢)

T/

56.4
Instability of Lovelock BHs

As we have seen in the revious section, there are known exact solutions of static
black holes in Lovelock theory, and the master equations for all types of per-
turbations of static vacuum black holes in general Lovelock theory have recently
been derived by Takahashi and Soda[TS10b]. Using the master equations, they
have found that an asymptotically flat, static Lovelock black hole with small mass
is unstable in arbitrary higher dimensions; it is unstable with respect to tensor
type perturbations in even-dimensions[TS09b, T'S09a] and with respect to scalar
type perturbations in odd-dimensions[TS10a|. The stability under vector type
perturbations in all dimensions has also been shown|[TS10a] by applying the S-
deformation technique.

In fact, such an instability against tensor and scalar type perturbations, as well
as the stability under vector type perturbations, have already been indicated by
earlier work|DGO0ba, DG05b, GD05, BDGO7] performed within the framework of
second-order Lovelock theory, often called the Einstein-Gauss-Bonnet theory. For
such a restricted class of Lovelock theory-though most generic in d = 5,6, the
master equations for metric perturbations have previously been derived by Dotti
and Gleiser[DGO5b, GDO05]. A numerical analysis of the (in)stability of static
black holes in Einstein-Gauss-Bonnet theory in dimensions d = 5, ..., 11 has been
performed in Ref. [KZ08|.

It is interesting to note that the instability found in small Lovelock black holes
is typically stronger in short distance scales rather than long distance scale/low
multipoles as one may expect.
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