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Neural-network-based variational quantum states, particularly autoregressive
models, are powerful tools for describing complex many-body wave functions.
However, their performance depends on the computational basis chosen and
they often lack physical interpretability. We propose a modified variational
Monte-Carlo framework which leverages prior physical information to con-
struct a complete computational many-body basis containing a reference state
that serves as a rough approximation to the true ground state. A Transformer
is used to parametrize and autoregressively sample corrections to this refer-
ence state, giving rise to a more interpretable and computationally efficient

representation of the ground state. We demonstrate this approach in a fer-
mionic model featuring a metal-insulator transition by employing Hartree-
Fock and a strong-coupling limit to define physics-informed bases. We also
show that the Transformer’s hidden representation captures the natural
energetic order of the different basis states. This work paves the way for more
efficient and interpretable neural quantum-state representations.

Neural quantum states (NQS) have been successfully used within
Variational Monte Carlo (VMC) to describe highly accurate and flexible
parametrizations of the ground state wavefunction of a variety of
many-body physical systems'”. Parallel developments have expanded
NQS capabilities to capture excited states®’, while improvements of
the stochastic reconfiguration method®" have enhanced both the
scalability and accuracy of these variational ansitze. Recently, hybrid
approaches which integrate NQS with experimental or computational
projective measurements in a pre-training stage'>, or quantum-
classical ansitze'® have also shown substantial VMC performance
improvements.

Neural autoregressive quantum states (NAQS), which are based on
the idea of efficiently parameterizing joint distributions as a product of
conditional probabilities, have acquired substantial attention due to
their general expressiveness and ability to perform efficient and exact
sampling®’®. Recurrent Neural Networks'>* and Transformers*?
constitute prominent examples of autoregressive architectures com-
monly used as variational ansitze” . Transformer quantum states
(TQS), in particular, have proven effective in providing highly accurate
representations of ground states in frustrated magnetism”-*®, quan-
tum chemistry?**°, and Rydberg atoms®, while also holding promise

for interpretability within the context of the self-attention
mechanism*,

Despite their versatility, NQS effectiveness may still depend on the
basis in which the Hamiltonian is represented. For instance, Robledo-
Moreno et al.** demonstrated that variationally optimized single-
particle orbital rotations can significantly improve the accuracy of
calculated observables. Furthermore, NQS wave function representa-
tions may lack direct physical interpretability, e.g., with respect to the
relative frequency of sampled states from the Hilbert space. This
contrasts with post-Hartree-Fock (HF) methods in quantum chemistry,
such as coupled cluster theory”, where corrections are naturally
interpreted as single or double excitations to the HF state.

We present a modified VMC approach that simultaneously
addresses these aspects. Although the method is architecture-agnos-
tic, we demonstrate its effectiveness using a Transformer-based***
framework. As a first step, an effective theory—a simplified solvable
model, Flo, that aims at capturing the essential physics in specific
parameter regimes of the full Hamiltonian H—is introduced and its
spectrum defines the computational basis (see also Fig. 1a); for con-
creteness, we here use two examples—the basis that diagonalizes the
Hamiltonian in the mean-field approximation and a natural basis in the
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Fig. 1| General methodology. a First, we choose an effective theory H, approx-

imating the target Hamiltonian /1, e.g., via a mean-field approximation or by taking
the strong-coupling limit. We use the groundstate |RS) and excited states |s) of H,
to define a physics-informed, interpretable basis for the Transformer (b) in Equa-
tion (4); as long as the dominant weight of the ground state of H is in the low-energy
part of the spectrum Eq(s) of H,, this further improves sampling efficiency and the
expressivity of the ansatz. ¢ We sample the states s using the batch-autoregressive
sampler®’**%, It is controlled by the batch size N; and the number of partial unique
strings ny, and directly produces the relative frequencies r(s) associated with each
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state in a tree structure format. Back to (b), the states s are then mapped to a high-
dimensional representation of size demp, and passed through Nge. decoder-layers®,
containing N, attention heads, which produce correspondent representations
h(s) € R%m in latent space. In Supplementary Note B6 we explain how these
parameters are chosen. As discussed in the main text, the wavefunctions

Yo(5) = /qg(s)e?s® can be directly obtained from these vectors. A new set of states
Cis then obtained, according to the updated gg(s), and the process is repeated until
the convergence of {0, a} according to Equation (5).

limit of strong interactions of our model. Both of these bases contain a
“reference state” (RS) which is a candidate for an approximate
description of the ground state of the system. In the case of the mean-
field approximation, the RS just corresponds to the Hartree-Fock (HF)
ground state. Meanwhile, for the second basis, the RS is the exact
ground state at strong coupling. We explicitly parametrize the weight
of the RS using a single parameter a € R while the Transformer net-
work focuses on describing the corrections to it. Apart from enhancing
convergence, a is convenient as it directly quantifies how close the
many-body state is to the interpretable RS. We emphasize that this
approach (as opposed to, e.g., coupled cluster methods) is not biased
toward favoring states close to the RS or, equivalently, a near 1. In fact,
we demonstrate explicitly that the technique leads to a vanishingly
small weight of the RS should the latter not be a good approximation
to the true ground state. In addition, for example, in the HF basis, the
remaining basis states have a natural interpretation as being associated
with a certain number of particle-hole excitations in the HF bands. This
produces a natural energetic hierarchy that we also recover both in
their relative weight and hidden representation of the Transformer’s
parameterization of the many-body ground state.

To exemplify this methodology, we use a one-dimensional inter-
acting fermionic many-body model in momentum space. This model
features an exactly solvable strong-coupling limit, which is used to
define the strong-coupling basis mentioned above. Moreover, it exhi-
bits a finite regime where integrability is no longer apparent, showing
clear differences between exact diagonalization (ED) and HF, where
corrections to mean-field treatments become significant.

Our results demonstrate that when the true ground state is close
to a product state (the strong coupling limit), the HF basis (strong
coupling basis) guides the TQS to converge to a variational repre-
sentation with two key characteristics: (i) the number of states
required for an accurate ground state representation only involves a
fraction of the total Hilbert space which is learned and efficiently
sampled from by the Transformer; (ii) the states self-organize hier-
archically by their statistical weights, with a clear physical structure on
latent space, naturally representing excitations on top of the RS.
Finally, we show how these features contrast sharply with a generic
basis, which generically requires an exponentially large amount of
states, hindering scalability and the identification of dominant cor-
rections to mean-field treatments.
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Results

General formalism

Our central goal is to determine the ground state of a general inter-
acting fermionic Hamiltonian A given by

H= > dj, Jha pK)dy +
a, b,k

P Ko ko, ks Ky @
+ Z dkl,aldkz,azdkz'bzdkvbl Vapazvbz'bl ’
ay.a3,b1,b;
KKy Ky Ky

where d,*(’a and dy, are fermionic, second quantized creation and
annihilation operators with momentum k, and indices a, b, ... indicate
additional internal degrees of freedom of the system, such as spin and/
or bands. The one and two-body terms are determined by h, ,(k) and
V';I:g;:f;";", respectively; although not a prerequisite for our method,
we assume translational invariance for notational simplicity.

A first approximation to the ground state of Equation (1) can be
provided by HF*®*; restricting ourselves to translation-invariant Slater-
determinants, HF can be stated as finding the momentum-dependent
unitary transformations Uy of the second-quantized operators,

C71k,p= Z (Uk)p,adk,a’ )

such that the HF self-consistency equations are obeyed (see
Supplementary Note A4) and the Hamiltonian assumes a diagonal
quadratic form within the mean-field approximation, i.e.,

X -
H=3 e pdipdip* - 3)
k.p

where the ellipsis indicates terms beyond mean-field. The transforma-
tions in Equation (2) are obtained in an iterative approach until a
specified tolerance is reached.

The ground state within HF is given by filling the lowest fermionic
states in Equation (3), which we will use as our RS, denoted by |RS) in
the following. Importantly, though, HF also defines an entire basis via
Equation (2), which is approximately related to the spectrum of the full
Hamiltonian and parametrized by ¢ ,. We leverage both the spectrum
€xp and its associated basis to improve sampling efficiency and phy-
sical interpretability within the VMC framework. As summarized gra-
phically in Fig. 1(a, b), we express the many-body state in the HF basis
(2) and denote the associated computational basis by |s), where

s:(sl,...

by fi,:’ p in the Ny different electronic momenta k. Our variational many-
body ansatz then reads as

,st) labels the occupations of the fermionic modes created

Wio,0) =aIRS) + V1—a2 Y hy(s)ls), @)

s#RS

where g(s) € C is a neural network representation’ of the amplitudes
for the states s that are not the RS, and «a is an additional variational
parameter describing the weight associated with the RS. Note that a
global phase choice allows us to take @ € R without loss of generality.

The motivation for the variational parameter « is two-fold. First, it
explicitly quantifies deviations of the ground state from the RS, which
for HF refers to the optimal product state. A ground state being close
to the RS is then reflected by a approaching unity, while small a will
indicate strong deviations from a product state. As such, our approach
combines the interpretability of HF with the lack of being constrained
to (the vicinity of) a Slater determinant. We emphasize that different
HF calculations, e.g., restricted to be in certain symmetry channels, can
be used and compared. Secondly, through Equation (4), the NQS can

solely focus on the corrections 6F to the RS energy Egs. Since the RS is
never sampled by the NQS by construction, this separation is beneficial
when HF captures the dominant ground state contributions, as tar-
geting corrections would be hindered by low acceptance probabilities
in Metropolis-Hastings sampling*°—a phenomenon analogous to mode
collapse in generative adversarial networks**%. If HF is not a good
approximation, there is, in general, no reason why splitting up the
contribution of the RS would be detrimental to the network’s
performance.

It remains to discuss how the other states, s # RS, are described
through @e(s) which depends on a set of parameters @ € R”. These
parameters are jointly optimized with a according to

<w(0,a) H‘W(B.u)>
<"p(0,a} "p(&a}>

i.e., via a minimization of the energy functional E£(0, a) (see Methods
section). We emphasize that this approach is distinct from neural
network backflow****, but not mutually exclusive, as we use the HF
basis to express the many-body state rather than dressing its single-
particle orbitals with many-body correlations. While other approaches
are feasible, too, we here employ a Transformer”® to represent the
Born distribution gg(s) = }tpe(s)|2 /> \(pg(s’)|2 autoregressively, i.e.,

argming ,,E(0, a)= argming ,, , 5)

Ny
Go(8)= Hq(si\si—lr cS1). ©)
i-1

From this distribution, both the amplitudes and phases are obtained
for the associated wave functions, ,(s)=./qg(s)e?®, from the
Transformer’s latent space (see Fig. 1b). Both components are calcu-
lated from the same output of the final Addition and Normalization
layer of the Transformer. The amplitude is obtained through an affine
linear transformation followed by a softmax activation function, while
the phase uses a scaled softsign activation function to ensure
@o(s) € [ - m, m]***°. This approach guarantees that the output of the
Transformer output yields normalized conditional probabilities in
Equation (6)*.

Model Hamiltonian

To test and explicitly demonstrate our methodology, we construct
a concrete minimal model of the form given in Equation (1). The
model has exact strong and weak coupling limits that can be used as
effective theories H,—together with HF—for intermediate coupling
regimes.

It describes spinless, one-dimensional electrons which can occupy
two different bands, a = +, as described by the creation and annihi-
lation operators d;a and dy,, respectively. They interact through a
repulsive Coulomb potential V(q)= (2N, (1+q2))71. More explicitly,
the Hamiltonian reads as

H=t >~ cos(k) dio.d,+U > V@pep—q )
keBZ geR

where the momenta k are defined on the first Brillouin zone
(BZ) :==[ - m, ..., m — 2m/N{] of a finite system with N sites and o;
(=0, x,, 2) are the Pauli matrices in band space. The density operator
is given by

Pe= (quf(k, adi - Y 84,6/ 1(k, G)). ®)
keBZ GeRL

where RL=2m7Z is the reciprocal lattice and the “form factors” read as

F(k,q)=f1(k,q) +io,f,(k, q); for concreteness, we choose f,(k,q)=1

and f,(k, )= 0.9 sin(k)(sin(q) + sin(k +g)) in our computations below.
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Fig. 2 | Performance of HF-TQS for different system sizes and couplings ¢/U.

a Difference between the HF-TQS ground state energy per electron and HF as a
function of ¢/U at various system sizes N,. The solid lines show the difference
between ED and the HF ground state energy. The inset shows the absolute value of
the relative error 6Egp = |Eyr_1qs — Egpl- The corresponding converged a values
[according to Equation (14)] are shown in panel c. The gray regions indicate the
vicinity of the metal-insulator transition. We fix ny = 4 x 10 in this region to high-
light how this parameter controls the accessible corrections. Therefore, the break
in trend for the corrections at N.>14 highlights that a larger n, is necessary to

correctly capture them. To illustrate this point, the white circles in panels (a, d) for
N, =14 were computed using n;, = 17,000. We refer the reader to the main text for
more details. b Convergence of the ground state energy per electron and of a
(panel ¢) during training for ¢/U = 0.16 and N, = 30. The total number of unique
states n{, indicates how many states are retained by the Transformer from the initial
value n, determined in Fig. 1c. Training was performed on one NVIDIA H100 GPU
with the displayed network hyperparameters as defined in Fig. 1b (see also Sup-
plementary Note B6). The total number of network parameters is denoted by #8.

Note that this model is non-sparse since all momenta are coupled
and, as such, is generally expected to be challenging to solve. It is
inspired by models of correlated moiré superlattices, most notably of
graphene, which exhibit multiple low-energy bands that are topolo-
gically obstructed**¢; they can, hence, not be written as symmetric
local theories in real space and are, thus, typically studied in momen-
tum space*’™’.

Furthermore, the strong coupling limit, ¢U »> 0, of Equation (7)
can be readily solved: to this end, we introduce a new basis defined by

1
Uk=<1

F(k, g) at all momenta. It follows (see Supplementary Note Al) that, at
half-filling (the number of electrons N, = N;), any of the states

)= nka; . 10) are exact ground states in the limit ¢/U > O; which of
the two ground states is picked is determined by spontaneous sym-
metry breaking: the Hamiltonian is invariant under the anti-unitary
operator PT with action PTd,_, (PT)' =d, ;, which is broken by both of
these states. The resulting symmetry-broken phase can be shown to
exhibit a finite gap. Importantly, this strong coupling limit defines
another natural computational basis and associated |RS) =|+) or |-),
which we will use and compare with the HF basis defined in the pre-
vious section; in analogy to twisted bilayer graphene*®, we will refer to
this strong-coupling basis as “chiral basis”.

In contrast, at large ¢/U, the non-interacting term in Equation (7)
dominates and we obtain a symmetry-unbroken metallic phase. As
such, there is an interaction-driven metal-insulator transition at half-
filling at some intermediate value of t/U ( ~ 0.14 according to HF). To

:.l > /+/2 in Equation (2) which diagonalizes the form factors

be able to compare both chiral and HF bases and since half-filling has
the largest Hilbert space, we will focus on N, = N in the following.
Furthermore, we will neglect double-occupancy of each of the N,
momenta for simplicity such that the basis states |s), with s; € {0, 1}, in
Equation (4) can be compactly written as |s) = H’kvilak,(,l)sk 10).

Hartree-Fock as an effective theory

We first discuss the results using HF as FIO. The solid gray lines in Fig. 2a
show the deviations of the HF ground state energy from that obtained
by ED for system sizes N, where the latter is feasible. As expected, the
corrections exhibit a higher magnitude near the metal-insulator tran-
sition (gray region). In the metallic regime (¢/U > 0.10), the corrections
decay more gradually, forming an extended tail. In contrast, in the
insulating regime (¢/U < 0.05), the corrections decrease rapidly as N,
increases. To simultaneously display the performance of the
Transformer-corrected ansatz (4) using the HF basis—which we refer to
as HF-TQS from now on—the colored markers in Fig. 2a show the
deviations of HF from the HF-TQS ground-state energy. The fact that
they are very close to the deviation of HF to ED for all parameters
demonstrates the expressivity and convergence of our approach; this
can also be more explicitly seen in the inset that directly shows the
difference in ground-state energy between ED and HF-TQS.

Naturally, the HF-TQS ansatz can also be applied to larger system
sizes not accessible in ED. For instance, in Fig. 2b-c, we show the
variational energy and a during training for N, = 30 electrons at
t/U = 0.16. Here and similarly on the low-t/U side of the phase transi-
tion, we obtain fast convergence and systematic corrections to the HF
energy consistent with the trend at smaller N, in Fig. 2a, although we
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Fig. 3 | Performance comparison of the TQS with distinct effective theories.
a Difference between the TQS (with distinct effective theories labeled by the
markers) ground state energy per electron and HF as a function of ¢/U for N, = 10.
The solid line shows the difference between ED and the HF ground state energy.
The inset shows the absolute value of the relative error 6Ey, = |Eqs — Egpl onalog
scale. b Converged a for the TQS (markers) in panel a as a function of ¢/U, with

dashed lines as a guide to the eye. The gray region indicates the vicinity of the
metal-insulator transition. ¢ Histograms showing the total relative frequencies R,
according to Equation (10), for the excitation classes £(s) from Equation (9). These
quantities represent the importance of corrections for each particle-hole excita-
tion class. From left to right, the columns correspond to ¢/U values in the insulating,
critical, and metallic regimes, respectively.

just use the moderately large number of ny = 4 x10° unique samples
(cf. Fig. 1c). The data in Fig. 2b—c reveals that the Transformer properly
captures the non-product corrections to the HF state. In fact, we can
see that the converged Transformer only ends up having to sample
n},=1812 distinct states (out of the ~ 10° total states). This efficiency
extends to even larger systems, as we demonstrate in Supplementary
Note B7 with results up to N, = 60.

The situation is different in the critical region, where the method’s
performance is primarily constrained by our current choice of a
comparatively small total number of uniquely sampled states ny,. This
leads to the drop (increase) of the energy correction (a) in Fig. 2a, d for
large system sizes in the gray region. Here a larger number of states is
required for an accurate representation. When ny, is sufficiently large
to represent a substantial portion—or even the entirety—of the Hilbert
space H, the HF-TQS converges with good accuracy in this region. As
we will see later, all effective theories exhibit the same behavior in the
gray region, confirming this is a challenging regime for the
Transformer-NQS to solve, regardless of the effective theory con-
sidered in this work. The trend change observed for the corrections in
this region in Fig. 2a then comes naturally from the fact that we have
fixed ny = 4 x10° for all system sizes N,, which seems insufficient for
N>14. To demonstrate this, we increased ny, leading to the white cir-
cles in Fig. 2a, d (see Supplementary Note B7 for more details).

The relevance of the RS can also be conveniently seen from the
parameter « in Fig. 2b. Away from the critical region, a approaches 1
signaling that HF becomes an increasingly accurate approximation
while, within the critical region, we find a ~ v1—-0a2 ~ 0.7 ~1/V/2,
indicating that only about half of the ground state or half of its energy
[cf. Equation (14)] is described by the HF state.

Finally, we point out that the learning rate A, for optimizing ao
was set to a fixed value, such that the training dynamics is dominated
by the one of @ (Fig. 2d). While alternative learning rate scheduling
strategies could be proposed, they should be done with care. Specifi-
cally, we observed that low values of A, can cause the optimization of
6, according to Equation (15), to become trapped in local minima,
particularly near to the phase transition.

Other effective theories

We next compare the performance when using the HF basis with that
of the chiral basis, whose associated RS is expected to provide a good
approximation to the ground state for small ¢/U. To this end, we show
in Fig. 3a the deviation of the variational ground state energy from HF
(main panel) and ED (inset) for these bases choices. We see that the
chiral and HF bases both provide accurate representations of the
ground state across the entire phase diagram demonstrating again that

the method is not intrinsically biased to being close to the RS, which,
for the chiral basis, is not a good approximation for the ground state
away from t/U > 0; this is also confirmed by the behavior of the
respective a shown in Fig. 3b: for the HF basis, it only dips significantly
below 1in the critical region, where non-product-state corrections are
crucial, while dropping to zero for increasing ¢/U in the chiral basis.

To analyze the performance of our ansatz further, in Fig. 3a, b, we
also show results using the band basis [U; =1 in Equation (2)], and
choose a fully filled band (e.g., a = - ) as RS which, importantly, is not
close to the ground state for any ¢/U—not even in the non-interacting
limit [as can be seen in Equation (7), the band occupation has to change
with momentum for U = 0]. In line with these expectations, we find
a < 1 in the entire phase diagram, see yellow pentagon markers in
Fig. 3(b). As expected from Equation (4), the formalism then reduces to
standard Transformer-NQS approaches in this regime. Nonetheless,
the expressivity of the Transformer in the ansatz (4) allows to
approximate the ground-state energy better than HF; it is not quite as
good as in the HF or chiral basis which seems natural since the RS does
not have any simple relation to the ground state in any part of the
phase diagram. Thus, representing it and sampling from it is gener-
ically expected to be more challenging than in physics-informed bases.
We checked that, for larger /U, the transformer converges to the exact
ground state energy also in the band basis as the asymptotic ground
state is just one of the basis states (see Supplementary Fig. 5).

Additional important details about the wavefunction and sam-
pling efficiency in the different bases can be revealed by studying the
contributions of the various basis states. To group them, we recall that
each |s) in Equation (4) is labeled by s =(sy, ... sy, ), sk € {0, 1}, and with
the convention |RS) = (1,1, ..., 1)) it makes sense to use the number of
“excitations” or “flips”

Ny

Es): =) (1-5)

k=1

©

relative to the RS; in the case of the HF basis, these are in one-to-one
correspondence to the particle-hole pairs described by the mean-field
Hamiltonian (3). For N = 6, for example, states like |111110) and |111101)
belong to the class with £=1, i.e., with a single excitation above the RS.
We also define

R:= 3" rs for j=1,...N,,

10
s|E(s)=j 10)

where r(s) are the relative frequencies defined in Equation (12). This
quantity represents the relative weight of the ground state
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parison to those obtained solely from HF (dashed lines) for N, = 12 at t/U = 0.09.

wavefunctlon in the sector with j excitations, normalized such that
Z, IRJ 1 (excluding the reference state with j = 0). More formally, if
we define the projector P =2 s0¢)15)(s| onto the subspace with
&)=/, then R = HP w2 /(1 — a?), where |W) is the ground state.
These quantities provnde a quantitative measure of which particle-hole
excitation sectors contribute most to the corrections needed to reach
the true ground state from H,,.

The histograms in Fig. 3¢ show these quantities for the three
respective values of /U indicated in Fig. 3a. The chiral and band bases
are fundamentally limited by the curse of dimensionality: the ground
state physics cannot be captured by just a few dominant basis states, as
demonstrated by the significant contributions of all R away from the
insulating regime. This broad distribution would consequently limit
their applicability for larger system sizes N,. In contrast, the ground
state representation in the HF basis for both the insulating and metallic
parameter range is dominated by low-order excitations relative to the
HF state, as expected from Equation (3). This behavior enables accu-
rate calculations for N.>16 in Fig. 2, both in the metallic and insulating
regimes, in spite of the non-sparse nature of the Hamiltonian.

Unlike coupled cluster methods in quantum chemistry, for
example, the Transformer independently selects the most important
excitation classes. This can be seen particularly from the HF-basis
histogram close to the phase transition (t/U = 0.09), as an increasing
number of higher order excitations starts contributing to the ground-
state energy. The number of accessible classes is then limited by only
two factors: the total number of unique partial strings n, allowed in the
batch-autoregressive sampler (Fig. 1c), and the Transformer’s expres-
siveness, which is primarily controlled by demp, Nn and Ngeo° (see
Fig. 1b and Supplementary Fig. 2). Interestingly, though, we see in
Fig. 3c that even close to the phase transition, the HF basis clearly
benefits more from importance sampling than the other bases.

Observables
Apart from the ground-state energy of Equation (7), we can naturally
estimate other observables, such as the momentum-resolved fermio-
nic bilinears,

N = [i,tajfik, j=x,y,2, 1
where d,, are the fermionic operators in the chiral basis. In Fig. 4, we
show their expectation values within HF and HF-TQS in the critical

region (¢/U = 0.09). As the dispersion involves [first term in Equation
(7)1 o, in the chiral basis, it is natural to recover the cos-like shape in

(N%). Most importantly, (NV%), which describes the symmetry breaking
in the insulating regime, is sizeable in HF, showing that the system is
already in the symmetry-broken, insulating regime. However, the
additional quantum corrections from our HF-TQS approach lead to a
much smaller almost vanishing (A7) ~ 0. This is in line with general
expectations that HF overestimates the tendency to order. Moreover,
corrections to A3, are more pronounced near the points where the
kinetic term in Equation (7) changes sign (vertical gray lines in the
plot). In combination with the fact that the deviations between HF and
HF-TQS are much less pronounced away from the critical region (see
Supplementary Fig. 4), these results demonstrate that the value of the
parameter a ( ~ 0.76 at t/U = 0.09) also serves as an indicator of
expected deviations from HF predictions for other physical
observables.

Hidden representation

Finally, we investigate the influence of the three different bases on the
Transformer’s latent space by projecting the high-dimensional para-
metrization of gg(s) onto low-dimensional spaces using principal
component analysis (PCA)***. We apply this method to the set of
vectors {H(s)= Zj'.vf ,(s)|Vs#£RS}*, which are obtained at the output of
the Transformer’s Nge. layers (see Fig. 1b). For visual clarity, we focus
on N, = 10 electrons. Figure 5 shows the first and second principal
components of PCA for all bases at t/U = 0.04 (insulator), t/U = 0.12
(close to critical region) and ¢/U = 0.16 (metal). To first compare the
two natural, energetically-motivated bases—the HF and chiral basis—
we see that the states are indeed approximately ordered based on the
classes defined via Equation (9) in the regimes where they are expected
to be natural choices, i.e., for all ¢/U (small t/U) for the HF (chiral) basis.
This illustrates that the physical motivation for choosing these
respective bases is not only visible in the histograms in Fig. 3b and the
sampling efficiency but also “learned” by the Transformer’s hidden
representation. While some clear structure also emerges for the band
basis, we emphasize that the labels £(s) do not directly translate to the
energetics of the states: as discussed above, the RS is never close to the
ground states in any regime, such that the number of excitations &£
above it also does not present clear energetic relevance either. Only for
large /U does a related quantity, the excitations away from the pro-
duct ground state, that can be defined in this basis become relevant.
The Transformer appears unable to uncover any additional emergent
structure, which is likely related to the poor performance of the band
basis, as shown in Fig. 3a. Hence, interpretability of these structures is
not automatically ensured, as the above example illustrates.

Discussion

We have introduced and demonstrated a modified transformer-based
variational description of the ground state of a many-body Hamilto-
nian, which is based on first choosing an energetically motivated basis
{IRS), |s)}, according to Equation (4) and Fig. 1a. We showed that HF
provides a very natural and general route towards finding such a basis
since the associated mean-field Hamiltonian (3) encodes an approx-
imate energetic hierarchy of the states. As a second example, we used a
basis defined in the strong-coupling limit. Overall, our approach has
the following advantages: (i) there is a single parameter, a, which
quantifies how close the (variational representation of the) ground
state is to |RS); for instance, for the HF basis, this would be the mean-
field-theory prediction, i.e., the Slater determinant closest to the true
ground state; (ii) except for right at the critical point, the HF basis is
found to be particularly useful for improving the sampling efficiency
since only a small subset of the exponentially large basis states con-
tribute. This is expected based on general energetic reasoning and is
most directly visible in the histograms in Fig. 3c. Finally, (iii) the phy-
sical nature of these bases also allows for a clear interpretation of the
different contributions, e.g., as excitations on top of the RS, which we
also recover in the transformer’s hidden representation (see Fig. 5).
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Fig. 5 | Visualization of the Transformer’s latent space. Results are shown for
N, =10 electrons at different values of t/U for the band, chiral and HF bases. Each
point represents a basis state s, which is colored according to the class label £(s) [cf.
Equation (9)], and has been obtained by projecting the respective latent space

features H(s) onto the first two principal components (PCs) using PCA. All simu-
lations use embedding dimension demp, = 300 with single attention head and
decoder layer (M, = Ngec = 1).

Several directions can be addressed in future work. First, applying
this methodology to different Hamiltonians and deep learning archi-
tectures is a natural next step to determine more generally under
which conditions only a small subset of basis states is required for the
ground state in metallic and insulating regimes. In particular, since the
mean-field approximation becomes more accurate in higher dimen-
sions, one would expect HF to provide even greater advantages as an
effective theory in higher dimensions. Additionally, inspired by Ref. 36,
where orbital rotations applied to determinant-based
wavefunctions***** were shown to improve variational energies and
to modify orbitals in certain scenarios, it would be interesting to
investigate whether effective theories could provide similar sampling
benefits in the context of such ansétze.

From a methodological perspective, efficiency improvements
could be achieved through the usage of modified stochastic
reconfiguration techniques for the optimization of the network
parameters'”", and with the incorporation of symmetries in the HF-
based ansatz®>*°. For systems with non-sparse Hamiltonians like
our current model, the implementation of the recently proposed
GPU-optimized batch auto-regressive sampling without
replacement” should also be beneficial. Furthermore, our
approach could be used to test the validity and accuracy of dif-
ferent effective theories by using them as A, in Fig. 1a to define the
computational basis.

Methods

Local energy estimators

The energy expectation values for the corrections 6F are calculated as
a weighted average over a set S of n, unique states (from a batch of N
sampled states s) from gg(s) through the batch auto-regressive
sampler”’ (see Fig. 1c) as

<5E> = Equs [Hloc(s)] =~ Z HIOC(S)I'(S).

seS#RS

12)

Here, r(s) = n(s)/Ns represents the relative frequency of each state s and

(SIH|S')y(s))

Ho®= 2 00

s§'#RS

13

are the typical local estimators. According to Equation (4), the energy
functional is divided into sectors

E@,a0)=a’Egs+ (1—0%)Eg_g, [Hioe(8)] +

+2av/1— a?Re (B, [H9))).

14)

with the modified local estimator HR> (s) = (s|H|RS) /g(s). The network
parameters @ are optimized as usual with the gradients of the
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expression (14) given by

VoE (B, a)=2Re (ESN% [Hioe(S, @) - Vg l0g P ()] ) , (15)

with

Hipe(s, @) = ((1 — @) Hpe($)+av1— aZH}f,Sc(s))

To prevent numerical instabilities during the optimization of Equation
(4), it is necessary to constrain a with the parametrization
a=(1+ tanhag)/2 to the interval [ — 1, 1]. After updating the network
parameters @ at each iteration, the reweighting parameters are dyna-
mically adjusted according to the gradient of £(0, ) in Equation (14)
with respect to ay, i.e.,

Eggs (1 — 202
Vo E0,0)=2aV, a {ERS —Eg + “‘S(a)} (16)

2av1—a? |

where Eg =Eg , [Hic(s)] and EsRS:ZRe(EMH [HE)SC(S)D. For the

optimizer, we use stochastic gradient descent for Equation (16) and
preconditioned gradient methods®**' for Equation (15) with adaptable
learning rate schedulers (see Supplementary Note B6 for more details).

Data availability

The minimal dataset required to reproduce the more data-intensive
plots in Figs. 2a, d, 3a, b, and Supplementary Fig. 3 is available at
https://doi.org/10.5281/zenodo.17600587%. Data for Figs. 2b, c, 4, 5,
and remaining figures on the Supplementary Information can be
readily reproduced using the provided source code.

Code availability
The source code is publicly available at https://doi.org/10.5281/
zenodo.17600587%,
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