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Abstract

We study the kinetic Ising model under Glauber dynamics and establish an upper bound on
the spectral gap for finite systems. This bound implies the critical exponent inequality z > 2,
thereby rigorously improving the previously known estimate z > 2 — 7. Our proof relies on
the mapping from stochastic processes to frustration-free quantum systems and leverages the
Simon-Lieb and Gosset—-Huang inequalities.
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1 Introduction

The Ising model is a paradigmatic model of phase transition. As the namesake model for the
Ising universality class, its critical exponents in particular have been studied extensively with
numerical methods [1, 2]. Rigorous results, including the exact solution in two dimensions,
have also been explored [3, 4]. An important version of the Ising model is its stochastic
variant, which captures how spins equilibrate when there are no conservation laws. The
kinetic Ising model, which implements the Glauber dynamics of the Ising model, belongs to
this universality class.

When the Ising model is near or right at criticality, the relaxation time t is believed to
undergo critical slowing down. The degree of the critical slowing down can be captured by
the dynamical critical exponent. Near the critical point in an infinite system, t is expected to
behave as

T ey

where & is the correlation length, which also is expected to grow as & ~ |T — T,|™". For the
kinetic Ising model, Halperin [5, 6] showed zv > y, where y is the critical exponent of the

Communicated by Aernout van Enter.

B Haruki Watanabe
hwatanabe @g.ecc.u-tokyo.ac.jp

Department of Applied Physics, The University of Tokyo, Tokyo 113-8656, Japan
2 Department of Physics, Harvard University, Cambridge, MA 02138, USA

Published online: 26 May 2025 9\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10955-025-03456-3&domain=pdf
http://orcid.org/0000-0002-8112-021X

76  Page2of 16 M. Rintaro et al.

susceptibility i.e. x ~ |T — T.|~7.! Using (unproven) Fisher’s identity y = (2 — n)v, this
bound is converted to

1z2-n, @)

where 7 is the anomalous dimension characterizing the decay of correlation functions at the
critical point, i.e., (0;0;) > [i —j|794t2 M a5 |i — j| — oo. The values of i are known exactly
ind = 2,and d > 4, and very accurately ind = 3; n = 1/4 ford = 2, n = 0.0362978(20)
ford = 3 [2], and n = O for d > 4 [4]. Numerical results performed with models in
the stochastic Ising model give z = 2.1667(5) for d = 2 [7] and z = 2.0245(15) for
d = 3 [8], which are consistent with this bound. A recent five-loop e-expansion analysis
yields compatible estimates, z = 2.14(2) for d = 2 and z = 2.0236(8) for d = 3 [9].
Equivalently, right at the critical point in a finite system, the system size L replaces the
correlation length:
T~ L*. 3)

The best rigorous bound so far, based on this definition, for the two-dimensional kinetic Ising
model is z > 7/4 [10], which coincides with the bound (2).

In this work, we present a rigorous improvement of this bound for the kinetic Ising model
in any dimension d > 2:

7>2 4

using Eq. (3) as the definition of z. This bound for the two-dimensional Ising model was
conjectured before in Ref. [11]. The key step is our recent work, which proved z > 2 quite
generally for continuous-time Markov chains corresponding to a statistical mechanics model,
assuming only the detailed balance condition and the locality of the update rule [12]. This
work presents a shorter and mathematically more careful version of the proof focusing on
the Ising model.

Our proof is based on a lower-bound on correlation functions that follows from the corre-
lation inequality due to Simon and Lieb [13—15] and an upper-bound on correlation function
by Gosset and Huang [16]. Our proof not only applies to the critical point, but also to any
equilibrium state in which the two-point correlation function does not exhibit exponential
decay.

2 Definitions
2.1 Ising Model in Equilibrium

In this work, we consider the standard ferromagnetic Ising model with the nearest neighbor
interaction on the d-dimensional hypercubic lattice A; = { — % —LT_3, cee %}d C
74, where L is odd. We denote the a-th component of i by i@ (a=1,2,---,d). For each
site i € A, we associate a spin variable o; = *1. We denote by ¢ = (0;)ica, a spin
configuration, and by Sy, the set of all spin configurations.

The energy of a spin configuration ¢ € S, is given by

E(a):—Zaiajz—%ZGiZUj, &)

()] IEAL  JEB;

' We review the discussion in Ref. [5] in Appendix A.
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where the summation in the first expression is over nearest neighbor pairs, and B; in the second
expression is the set of sites adjacent to the site i. We use periodic boundary conditions to
regard Az as a torus. For any function O of spin configurations, we denote its expectation
value in the equilibrium state at inverse temperature 8 > 0 as

1
(0):=— 3 O@w), (6)
O'GSL
where
w(o) = e PE@ 5 0 (7
is the Boltzmann weight and
Z:=>) w) ®)
G’ESL

is the partition function. We note that the spin flipping symmetry w(o) = w(—o) implies
(0i) = 0. Also, the first Griffiths inequality [17] states

0 < (ioj) < 1. ©)

It is well known that the model undergoes a ferromagnetic phase transition if d > 2 [18, 19].
It has been proved that

. < oo ifB < Be;
lim sup (000i) L . (10)
Lo ; T =00 ifp B
where o € Ay is the origin (0,0, - - - , 0) and B, < oo is the critical inverse temperature.

2.2 Kinetic Ising Model

Now we introduce the kinetic Ising model, also called the stochastic Ising model, which
implements the Glauber dynamics. Let p(¢, o) > 0 be the probability for the spin configu-
ration o to be realized at time t. We consider a continuous-time Markov process described
by the master equation?

d /
P10 =) Wogplt,a). (1)

o'eSy

Let P;(6) > 0 be the rate at which the spin at i is flipped. Let us denote by 7; (o) the spin
configuration obtained by flipping the spin at site i in & € Sy . Then the transition rate matrix
W is given by > ;. , Wi, where

Pi(c") (o =1(0")

Wi o0 =1 —Pi(d") (6 =0") 12)
0 (otherwise)
which satisfies
> (Wiger =0. (13)
UGSL

2 See, for example, Ref. [20] for a general introduction to stochastic processes.
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This relation is necessary for the conservation of probability } , .5, p(t,0) = 1.
For concreteness, in this work we assume the heat-bath algorithm [21]

11
Pi(o) = 5 — Soitanh | B > o >0 (14)
JEB;

which satisfies the detailed balance condition
Wig,orw(a') = (Wi)g' g w (o) (15)

for any 0,0’ € Sy. Other choices of P;(o) can be treated in the same way with minor
modifications as discussed in Appendix C. The Boltzmann weight w(o) > 01is aneigenvector
of W with the eigenvalue 0:

> Wigow@)=| Y (Wero | wio) =0, (16)

G/ESL (I/ESL

As we will see in Sect. 2.3, w(o)/Z is the unique stationary distribution of our Markov
process.

2.3 Real Symmetric Matrices

In order to relate the Markov process to a quantum mechanical problem, we use the standard
similarity transformation to define a matrix H; foreachi € A by

w(o’)
(Hi)o,o’ = (Wi)o,o"~ (I7)
w(o)
The matrix will be used in (26) to define the (generalized) Rokhsar-Kivelson Hamiltonian [11,
22-24]. Note that the detailed balance condition (15) implies (H;)g o = (H;)g’.c and
hence H; is a real symmetric matrix. Since H; and —W, are related to each other by the
similarity transformation in (17), their eigenvalues are common. Also, the non-positive nature
of off-diagonal components of H;, combined with Eq. (16), implies that H; is positive semi-
definite .3 We also find from (16) that the normalized vector ® defined by

w(o)

(®0)o = Z (18)
is an eigenvector of H; with eigenvalue 0. It should be noted that the vector ®g does not
depend on i. As long as 0 < B < o0, the Perron-Frobenius theorem [25] implies that the
eigenvalue O of H = ) H; is nondegenerate. Therefore, we have limy— o (e~ F* oo’ =
Jw(e)w(a’)/Z.

Let us denote by €, the smallest eigenvalue of —W other than 0. The quantity €7, which
is called the spectral gap in the mathematical literature, essentially determines the decay

ieAL

3 Let v be an eigenvector of H; with the lowest eigenvalue p; and u be a vector whose components are
given by ug = |vg |. Since off-diagonal components of H; are nonpositive, u; = Za,a’ Vo (Hj)g g/ V5" =
ZGJ/ ug (H;)g q/Ug - Then the variational principle implies that u¢ is also an eigenvector of H; with the
eigenvalue jt;. On the other hand, we = /w(a) > 0 is an eigenvector of H; with the eigenvalue 0 and
ZaeSL Wollg = ZO’ESL We |vg | # 0. Therefore, u; = 0.
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property of autocorrelation functions. For example, the equilibrium autocorrelation function
of an operator O is defined by

<OeW’O):% Y 00)(€")g.5 0@ wio"). (19)

o,0'eSy

For any o/, limt_)oo(eW’)aya/ = w(o)/Z, which implies

. Wi w(o) awl)
t@;@(Oe '0) = ; 0(0)—— Z; O ——= =(0). (20)
[ L o' €0],

Then the autocorrelation function behaves as
[(0e"0) — (0)?| ~ Ce". 1)

Suppose that the relaxation time 7 = 1/e; grows with L as L*. This scaling defines the
dynamical critical exponent z.

2.4 Theorem
Our main theorem is the following upper bound for the spectral gap €/ .

Theorem 1 Let d > 2. Then there exist constants C and L that depend only on d such that

2
log L
O<eL§C< Oi ) 22)

forany B > B.and L > L.

Comparing the bound (22) at 8 = S, with the expected finite size scaling behavior
€ >~ L7%, we see that the theorem implies z > 2 (assuming the existence of the exponent
7). We also note that the bound (22) is most meaningful for 8 = . since it is expected that
€1, decays much faster as L grows in the low-temperature phase with 8 > S.. See Ref. [26]
for known rigorous results for sufficiently large 8.

3 Proof
We examine the behavior of the quantity

c(L):=2d Y (0,0)) (23)

JEIAL

as a function of L, where d Ay, is the set of lattice sites in which at least one of its components
satisfies || = % Note that d A1, does not represent the boundary since we are imposing
periodic boundary conditions.

We shall prove a lower bound (24) and an upper bound (34) for the same quantity c(L).
The combination of the two bounds leads to the desired upper bound for the spectral gap.

@ Springer



76  Page 6 of 16 M. Rintaro et al.

3.1 Lower Bound

A lower bound of ¢(L) can be derived based on the Simon-Lieb inequality [13—15]. If the
correlation function (o;0 )7’ does not decay exponentially, then

c(L)>1 (24)

for any L = 1,3,5, -+ [13-15] . For readers’ convenience, we review the proof in the
Appendix B.

3.2 Upper Bound

In order to make use of results from quantum information, we shall identify the matrices
discussed in the previous section with quantum mechanical operators. For each i € Ay, let
the local Hilbert space H; be the two-dimensional Hilbert space with the basis {|+1);, |—1);}.
We consider a quantum system with the Hilbert space ®;ca, H; and denote its basis states
as

l0) = ®ien,l0i)i, (25)
where o € Sp. Given (H;)s o in (17), we define the Rokhsar-Kivelson Hamiltonian H=
ZieAL H; by

H = Y (H)golo)o]. (26)
o,0'eSy

As detailed in the previous section, the spectrum of this Hamiltonian coincides with that of
the transition rate matrix.
For the heat-bath algorithm (14), we find

5 1 —B6EY i 6

H; = (PR S ), 27
2cosh (BY s, 67) !

which includes up to (2d + 1)-spin interactions. Here &;* and 67 are operators defined by

= Y Iu@)ol, 6i= ) ailo)al, (28)

G’ESL GESL

which can be represented by Pauli matrices

o = (? (1)> , 0%= <(1) _01> (29)

on H;. It is easily checked that [H,, H ] = O unless |i — j| = 1. As one can easily show,
H 2= H, implying that H;isa projector. Furthermore,

|®g) = Y (®o)olo) (30)

U'ESL

is a simultaneous ground state of all ﬁi ’s with the eigenvalue O:

Hi|®o) = — ) |o)(H;®), =0. 31)

UGSL
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In general, H= > H is said to be frustration-free if a ground state |®) of H is a simulta-
neous ground state of all H s. (31) implies that His frustrat10n free

For a general frustration-free Hamiltonian H = > H with H 2 H and for arbitrary
operators O and O, the following inequality holds [16]*:

®o|O(1 — G)O'|® D(0,0") -1
(@000 =6)0"1%) _ 2 D(O.0) \/ZT , 32
1070} (IO Do)l c—1 g~ +eL

where G is the prOJector onto the ground states, €L is the smallest eigenvalue of H apart
from 0, and D( O 0’ ) is a “distance” between O and O’ with respect to the Hamiltonian
H. See Appendix F for the definition. For our Rokhsar-Kivelson Hamiltonian, D(6¢, ;)
coincides with the L'-norm |)i||; under periodic boundary condition defined by |[|i]|; =
>4 min (i@, L — [i@]}. We also have ¢ = 2, g = 2d, G = |®o)(Pol, {®o|6Z|Po) =
(@06 |Po) = 0, and [|GZ|Po) || = |67 |Po)|l < 1. Plugging these in, we find®

€L

d)? + e (33)

(@0]6567|®o) < 2¢* exp (—(Ililll -1

Since (<I>0|856iz|d>0) = % ZaesL o,0;w(o) = (0,0i), the inequality (32) gives an upper
bound of ¢(L):

L—-3 €L
L) <2d|dAr| - 26 - 34
e(L) < 2d1aAL] 207 exp (= =5 [ ot ) (34)
where [dA 1| < 2dL9 1.
3.3 Proof of (22)
Inequalities (24) and (34) imply
€L
_ 35
€L+(2d)2_f() (35)
where
2
f(L) = In(8¢%d>L™ 1. (36)
L-3
When f (L)? < 1, this can be written as
f(L)?
0 ) e a— 37
<eL =( )l—f(L)2 37
We find that
logL
0 < e < (2d) ( - ) (38)

for any L > 10e*d>.

4 This expressmn 1mpr0ves the original inequality in Ref. [16] in several ways: (i) the operator norm || 0 || is
replaced by || 0|d>0) <1 0 II, (ii) 2¢ — 1 in the exponent is replaced by 2(c¢ — 1), and (iii) the definition of
the distance between O and O’ is refined. We include the proof of this version in the Appendix F.

5 The inequality (32) for L — oo in the disordered phase directly implies that the correlation length & is

[ 2d)2 2
smaller than or equal to (2‘1)6% This suggests that 7 = % > §2d)2 Hence, if one uses Eq. (1) as the

definition of z, then this relation already implies that z > 2 for the critical point.
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4 Discussions

Our results are applicable not only to the critical point but also to the entire ordered phase. In
the ordered phase, €; measures the finite-size gap of quasi-degenerate ground states, which is
typically exponentially small. A conjecture in Ref. [27] suggests that excitations are gapless
throughout the ordered phase. Furthermore, our methods naturally extend to broader classes
of Markov chains; see Ref. [12] for a comprehensive discussion.

Before closing, we note that Refs. [28—31] establish upper bounds on the spectral gap for
frustration-free Hamiltonians under open boundary conditions without boundary terms®. The
bound €; < C/L? derived in the first three works is not directly applicable to our model (27),
as it assumes strictly nearest-neighbor interactions. The result in Ref. [31] implies a similar
bound, but there are important differences: it considers anisotropic shapes in addition to open
boundary conditions and focuses on the asymptotic behavior in the large L limit, rather than
providing a bound for each finite system. Hence, the conclusion is not directly comparable
to ours.

Appendix A Halperin’s bound

Here we review the argument for the previous best bound z > 2 — ) obtained by Halperin [5]
in terms of the Rokhsar-Kivelson Hamiltonian.
Let us consider the autocorrelation function of the total magnetization M =}, §;.

C(t) = (Dol Me™ (1 — G) M| Do), (A1)

where G = | Do) (Po] is the projector onto the ground state of H= ZieAL l-?i in Eq. (27).
Let |®,) (n =1, 2, - - - ) be excited states and E,, be their eigenenergies. It follows that

C(t) =Y [{®u| M|Dg)Pe™ 5", (A2)
n
We define the characteristic time 7 by
AG A Y 2
 fRdicey  (@MEEM@g) y, OaIE
— = _ S = = <-=r. (A3)
CO) (@o|M(1 — G)M|Do) 3, [(Pu|M|Do)2 ~ €

To derive a lower bound of this quantity, let us define the uniform susceptibility (7 is the
temperature)

1 ~ Al A
X = gra{PolM1 = G)M|Po) (A4)

and a quantity

1 " -
R =~ (@0l MH (1~ G)M|%o)

1 ~ PN
= ﬁ@ouM, [H, M]]|Do)

6 Under the open boundary condition without boundary terms, the Hamiltonian decomposes into a direct sum
of sectors, each defined by fixing the boundary spins in every possible configuration. This situation differs from
the familiar plus/minus boundaries, where all boundary spins are fixed to +1 or —1, and from free boundaries,
where the boundary spins remain completely unconstrained.

@ Springer



Rigorous Lower Bound of the Dynamical... Page9of16 76

1 ! 5%
~Ld Xl: <q>0|cosh (B jen &f) K |q)0>. )

The Schwartz inequality

~1-G - . A . N
<<I>0|M 7 M|¢o><<l>o|MH(1—G)M|<I>o)Z (Do|M(1 — G)M|Dy)> (A6)

T>7T>

X (A7)

x|~

Now, we take the L — oo limit. The susceptibility behaves as x >~ |T — T,| ™7, while R does
not show singularity around the critical point T = T,. Hence, if we assume 7 =~ |T — T.| %",
one gets

v =>y. (A8)

Appendix B Derivation of the lower bound
Here we review Simon and Lieb’s results [13—15] on the correlation function of Ising model

(7). In this section, we specify the system size in the expectation value (6) and write (O)[.
We recall that we always use periodic boundary conditions.

B.1 Statement

Suppose that ¢(L) defined in (23) satisfies 0 < ¢(L) < 1 for some L = 1, 3,5, ---. Then
the correlation function (o,0;);/ decays exponentially for any L’ > L, i.e.,

(0007} < CeIM=/%, (B9)
where & = _W?(L) >0,C = c(L)~!, and ||i ||« is the L>°-norm defined by
lilloo := max { min {|i|, L — [i|}}. (B10)
a
Note that B9 implies
lim sup Z (0,07) 7 < 00O (B11)
L'=00 jen,,

and hence 8 < B.. See [18, 19]. We thus find that ¢(L) > 1 forany L = 1,3,5,--- if
B = Be.

B.2 Proof

Let us define an integer n; by

2
mi = | oy lills |- (B12)
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where |r | represents the integer part of a real number r. If n; > 1, the Simon-Lieb inequal-
ity [13—15] implies

(ool = Y. Y {000 ok 01 1, (B13)

JEIAL ki€BjNIAL 2

where B; denotes the set of lattice sites adjacent to i and (0,0 )fLree is the correlation function
with free boundary conditions, which can be bounded as (0,0 )fLree < {0,0;) L by the Griffiths
second inequality. Thus the right-hand side of B13 can be bounded from above to give

(0001l <) |Bjl{o0o)j)L, max (ok0i)L (B14)
. 1 L+2
JjedA

Plugging | B| = 2d and the definition of ¢(L) in (23), we find

(000i) < c(L) max (0,0i—k )1+ (B15)
k1€dAL+2

Repeating this process n; times and using (9), we find

(0007) 1 < c(L)" max (aaoi_zn,- kA> <c(Ly" < celil</5 - (B16)
j=1%1r

kikp, e kn; €A L42

where we used |r] > r — 1 in the last step.

Appendix C Generalization

Our discussion presented in the main text can be readily extended to other algorithms in
which P; (o) (i) satisfies the detailed balance condition (15), (ii) depends only on spins in a
finite distance from the site i, (iii) gives the transition matrix W with ergodicity.

To see this, note that the corresponding Rokhsar-Kivelson Hamiltonian

AR = 3™ gRO, (€17)

ieAp

defined by (12) and (17), is frustration free and its unique ground state is given by |®g) in

(30).
Let |i,n) (n = 1,2, ---) be the eigenvectors of Hl.(RK)

ﬁi(RK) =, li,n){i, n| is the projector version of ﬁi(RK). Let e(LRK) and é(LRK) be the second

with nonzero eigenvalues. Then

smallest eigenvalue of H®K) and Dic AL f’[(RK), respectively. Then we have
7 (RK) 7 (RK) p (RK)
AT < max [ AV > PR, (C18)
L ieAp
which implies
ef,‘RK) < max |FIi(RK) HEERK). (C19)
ieAp

Therefore, our discussion for projector Hamiltonians is sufficient.
For example, in the Metropolis algorithm, the flipping rate P; (o) is given by

Pi(o) == min (1, ¢~ 207 Zien; 1) (C20)
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and the corresponding Rokhsar-Kivelson Hamiltonian is

I:Il.(RK) = min (e PLjen 5 e P Ljes, (};)(e_’%"z Ljen 5j _ cAriX). (C21)
The largest eigenvalue of PAIi(RK) gives ||I-?;RK) =2
Another simple choice will be
Pi(o) = e PO 2ien; % (€22)
which corresponds to
ARK) = 7P Ljen o) _ 6 (C23)

L

with | AN = 2 cosh(2d ).

Appendix D Interaction graph

Let us define some notions that will play fundamental roles in Appendices E and F.

Consider a quantum system with Hilbert space H and let PAI,- with i € V be an arbitrary
collection of operators on H. Here, V is an arbitrary finite set, which we identify as the set of
vertices. We then define the set of edges E as a collection of unordered pairs {i, j} such that
[ﬁi  H i1 # 0. The graph (V, E) is called the interaction graph associated with the collection
of I‘AI i

Let V; == |j € V | [H;, Hj] # 0} be the set of vertices adjacent to i € V. Let
g ‘= maX;cy | V;| be the maximum degree and ¢ be the chromatic number of the interaction
graph. We assume ¢ > 2. Also, let d(i, j) be the graph theoretic distance (the shortest-path
distance) between i € V and j € V on the interaction graph.

Appendix E Detectability Lemma

The proof of the Gosset—Huang inequality is based on the detectability lemma [32, 33].

E.1 Statement

Suppose that the Hamiltonian

N
1= H (E24)
i=1

is a sum of projectors H 2 H, and is frustration free, i.e., all Hl s can be simultaneously
mlmmlzed We assume that the lowest eigenvalue of H is 0.

Let G be the projector onto the space of all the ground states of H. Note that H; G =0
for any i. Let € be the smallest eigenvalue of H other than 0. Let us write £ := 1 — H; and
define

A

P = Poy P+ Poy, (E25)
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where o is an arbitrary permutatAion of 1,2, ---, N.Furthermore, we consider the interaction
graph (V, E) associated with H; and V = {1, 2, --- , N} and define the maximal degree g
(see Sec. D). Then,

(E26)

E.2 Proof

Take a state |) and we perform the following operations to the quantity || H; P(,( e }3(,(1\/)|
). If H commutes with H(,(J),
1H; Py -~ Poowy )l = 1 Po iy Hi Pojeny -~ Poay 19
< 1 H; Po ity Py W) (E27)

Otherwise,

1H; By - - Poony W) = I1Hi (1 = Ho(j) Pojvny - - Booiy |90l
< 1H; Po(js1) - ooy W) + 1 Hi Hy (jy Po sty - - ooy W)

< 1H; Pojs1y - - o)+ 1 Ho () Poisty -+ Pooiy 19
(E28)

Note that the ﬁrst term in the last expression is the orlglnal quantity but j is shifted toj+ 1.If
we start from || Hl P |} || and repeat this procedure, H, never reaches |1/), because Hl P, =0.
At the end, we obtain the following terms:

I Pyl < Y 1By Poassy -+ Poy 1)1 (E29)
a(l)eV;

Since the square of an average is less than or equal to the average of the squares,

2
A oA 1 N A A
1A Ply)I1* < Vil > WHyay Poary -+ Pony 1)l
|Vi|(r(l)eV-
1 N N A~
<|Vi? Vi > How Posry -+ Poay 9117
Yomey;
<8 Y MHew Poyry - Pocny V)11 (E30)
a(eV;

Therefore,
N N N
(WIPTHPIY) =Y (WIPTHPly) =) (y|PTH Ply) = Z 1 Plyr) I
i=1 i=1 i=1

ng Y M Howy Poyny -+ Poawy 917 (E31)

i=1 o(l)eV;

Exchanging the order of the summations, we find
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N
(WIPTE Py Z 1oy Poisny -+ Py W)

N
=& N = Po) Porny -+ Poy 1) I
=1

N
=8> (1Pa1y Py WP = I1Poy -+ Poay[9)1?)
=1

=g (1) I1> — 1 P1y) 7). (E32)
Applying this result to |1) := (1 — G)|v) and using the definition of e,
ellPlyH)I1* < (whIPTHPIY) < S2Ulv D12 — 121y 1), (E33)

which can be rewritten as

~

121yl s/;w ). (E34)
Therefore, using PG = G,
1P = &)l = 1P = G)y) |l = I1PlyH)] < \/?WHH < \/?mmu
g +e€ g° te€

(E35)
for any |¢), which implies (E26).
Appendix F Gosset-Huang Inequality
F.1 Statement
Let V be a finite set and suppose that the Hamiltonian
H=>H (F36)

ieV
is a sum of projectors I:Ii2 = I:Ii and is frustration free. We assume that the lowest eigenvalue

of H is 0. Let G be the projector onto the space of all the ground states of H. Let € be the
smallest eigenvalue of H other than 0.

We consider the interaction graph (V, E) associated with FAI,' (see Sect. D). Let g be the
maximum degree and ¢ be the chromatic number of the interaction graph. We assume ¢ > 2.
Also, let d(i, j) be the graph theoretic distance between i, j € V on the interaction graph.

Then, for any operators O and O', the following inequality holds [16]:

Do|lO(1 — G)O'|® D(0,0") —1
( (1|._ ( ) |Po) <2¢%exp - ( ) € (F37)
107120) 110" |Po) I c—1 8 +te
where € is the smallest eigenvalue of H apart from 0 and
D(0, 0"y ==min {d(, j) |[H;, 01 #0,[H;, O] #0}. (F38)
i
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F.2 Proof

We assume a vertex coloring of the interaction graph and decompose the set V according to
the colors of vertices as V = Uj‘:l VW) sothat {i,i’} ¢ E forany i,i’ € V). We shall

relabel the operators I:Ii as I:Ii(j ) where j € {1,--- ,c}andi € v, By definition, I:Ii(j ) with

the same color j commutes with each other. Set 131.” ) =1- I:Ii(j )and PV = [Tieve f’i(j )
foreach j € {1, - - - , c}. Furthermore, define

A A

P=pPO...p@OpO, (F39)

Let n be a nonnegatlve integer. Note that (PTP)" contains 2n(c — 1) + 1 layers. The
definition of D(O 0 ) in (F38) implies that any path that connects O and O’ on the interaction
graph contains D(0, 0') + 1 non- commuting operators. However, as far as

weme= | 20D 1 (F40)
2(c—1)
2n(c— 1) +1< D(O, é’). Hence, using f’i(j)ldJo) = |®g) for any i, j, we obtain
(@0 O(PTP)" 0'|®g) = (|0 0'|D0), (F41)
For any m-th order polynomial Q,,(x) with Q,,(1) = 1, we have
(@0|00'|®g) = (900 Qu(PTP)O'|D0). (F42)
Writing G1 = 1 — G and using PG = G,
PPy —G=FPP-6)"=PP-G6)Gt (F43)
forn > 1. Forn =0,
PP —G=G=PP -GGt (F44)
Therefore,
(@0lO(1 — G)O'|g) = (D0 O(Qu(PTP) — G)O'|)
= (®0|0 Qu(PTP — &)G*0'|00)
< 107121110 |®) | @ (PTP — G (F45)

Now we set § := €/(g2 + €). Since the detectability lemma (E26) implies || PTP-G | <
1 — 8, we obtain

1Qn(PTP =Gl < max |Qn(x)l. (F46)
We set
T (5~ 1)
Om(x) = 3. (F47)
T (25 = 1)

Here, T, (x) is the m-th order Chebyshev polynomial of the fist kind defined by T, (x) =
cos(m arccos x) (x| < 1) and T, (x) = cosh(m arccosh x) (x > 1), which satisfies

Tm(x) > %e2m«/(x—1)/(x+1) (F48)
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for x > 17 and | T, (x)| < 1 for |x| < 1. Hence, Q,,(x) satisfies

[Qm(x)] < <2e72mV3 Z 2 exp (—Zm

Tn(%5) ~

for 0 < x <1 —§é. Therefore, using [r] >r — 1,
|01 — G)O'|D
(®0/0(1 — 6)0'|0) 526xp(—2m\/2i)
107D} |10 Do) | 8" +e
D(0,0") —1
§2¢xp <2\/2j)exp _ ( ) \/ZT
g +te c—1 g +e

Finally using v/€/(g2 + €) < 1, we arrive at (F37).
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