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ABSTRACT: Within the superspace formulation for four-dimensional N' = 2 matter-coupled
supergravity developed in arXiv:0805.4683, we elaborate two approaches to reduce the su-
perfield action to components. One of them is based on the principle of projective in-
variance which is a purely N' = 2 concept having no analogue in simple supergravity. In
this approach, the component reduction of the action is performed without imposing any
Wess-Zumino gauge condition, that is by keeping intact all the gauge symmetries of the
superfield action, including the super-Weyl invariance. As a simple application, the c-map
is derived for the first time from superfield supergravity. Our second approach to compo-
nent reduction is based on the method of normal coordinates around a submanifold in a
curved superspace, which we develop in detail. We derive differential equations which are
obeyed by the vielbein and the connection in normal coordinates, and which can be used
to reconstruct these objects, in principle in closed form. A separate equation is found for
the super-determinant of the vielbein E = Ber(E)*), which allows one to reconstruct E
without a detailed knowledge of the vielbein. This approach is applicable to any super-
gravity theory in any number of space-time dimensions. As a simple application of this
construction, we reduce an integral over the curved N' = 2 superspace to that over the
chiral subspace of the full superspace. We also give a new representation for the curved

projective-superspace action principle as a chiral integral.
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1 Introduction

One of the main virtues of superspace approaches to supergravity theories in diverse dimen-
sions is the possibility to write down the most general locally supersymmetric actions for-
mulated in terms of a few superfield dynamical variables possessing, as a rule, a transparent
geometric origin. The price to pay for this generality is that working out a reduction from
the parental superfield action to its component counterpart requires some special care. Be-
ing trivial conceptually, such a reduction may be technically quite involved and challenging.

The present paper is aimed at carrying out a component reduction, as well as a partial
superspace reduction, for the action principle occurring within the superspace formulation
for four-dimensional N/ = 2 matter-coupled supergravity recently developed in [1], as a



natural extension of the earlier construction for 5D A = 1 supergravity [2, 3]. The matter
fields in [1] are described in terms of covariant projective multiplets which are curved-
space versions of the superconformal projective multiplets [4] living in rigid projective
superspace [5]. In addition to the local ' = 2 superspace coordinates! M = (™, 05, 52)7
such a supermultiplet, Q™ (z,u"), depends on auxiliary isotwistor variables ul € C2\ {0},
with respect to which Q™ is holomorphic and homogeneous, Q(”)(c ut) =" Q™ (ut),
on an open domain of C2\ {0} (the integer parameter n is called the weight of Q™). In
other words, such superfields are intrinsically defined in CP'. The covariant projective

supermultiplets are required to be annihilated by half of the supercharges,

D;Q(") = ﬁgQ(”) =0, D = uf D, Df =] Dt , (1.1)
with Dy = (Da,Dfx,@f‘) the covariant superspace derivatives. The dynamics of
supergravity-matter systems are described by locally supersymmetric actions of the
form [1]:
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_ +1,,+ 4. 14074 -1 _ M

where 1 1
T =g ((D+)2 + 4S++)W = ((D+)2 + 4S++)W = St . (1.3)

Here the Lagrangian £1(z,u™) is a covariant real projective multiplet of weight two,
W (2) is the covariantly chiral field strength of an Abelian vector multiplet, ST+ (z,ut) =
S9(z)ufuf and ST (z,ut) = SY(z)ufuf are special dimension-1 components of the
torsion. The action (1.2) can be shown to be invariant under the supergravity gauge
transformations, and it is also manifestly super-Weyl invariant [1]. It can also be rewritten

in the equivalent form

L (utdu®) [ d*zd*ed*e EL (1.4)
o Jo S++G++ )

in which, however, the super-Weyl invariance is not manifest. The latter form makes

S

transparent the fact that the action is independent of the compensating vector multiplet
described by W and W provided £1+ is independent of it.

As argued in [1, 6], the dynamics of a general N’ = 2 supergravity-matter system can
be described by an action of the form (1.2), including the chiral actions which can always
be brought to the form (1.2). This is why the action principle (1.2) is of fundamental
importance in N' = 2 supergravity.

There are two special properties of the action (1.2) that we would like to point out.
First of all, the integration in (1.2) is carried out over the full superspace, therefore one has
to integrate out eight Grassmann variables in order to reduce the action to components.
Secondly, the Lagrangian in (1.2) obeys the analyticity constraints (1.1) which enforce £+
to depend on only half of the superspace Grassmann variables. In this respect, the N' = 2

"World indices take values m = 0,1,---,3, p = 1,2, i = 1,2 and i = 1,2, and similarly for tangent
space indices; see appendix A for our notation and conventions.



action (1.2), or more precisely its equivalent form (1.4), is analogous to the chiral action in
4D N = 1 supergravity [7, 8], as specially emphasised in [9]. These two features of the N/ =
2 supergravity action hint at an opportunity to use the experience gained and the techniques
developed, e.g., in 4D N = 1 superfield supergravity, in order to reduce (1.2) to components.

In textbooks on 4D N = 1 supergravity [10-12], one can find two methods of com-
ponent reduction. One of them (to be referred to as method 1), elaborated in detail?
in [10, 11], was originally introduced by Wess and Zumino [13] and presents itself as a
version of the Noether procedure. It involves the following two steps:

(i) starting from the superfield dynamical variables, one first reads off corresponding
multiplets of component fields and their local supersymmetry transformations, using
a Wess-Zumino gauge imposed on the superfield vielbein and connection;

(ii) after that, the desired density multiplet is iteratively reconstructed from its lowest
component in conjunction with the known supersymmetry transformation laws.

This method was further developed, and generalized to the case of chiral actions in N' = 2
supergravity, in [16-18] using covariant expansions with respect to ©-variables [10, 13] of
somewhat mysterious geometric origin. The other approach (method 2) was elaborated in
detail in [12], although its first application in the case of pure supergravity was given by
Gates and Siegel [8]. It can be implemented provided there exists a formulation of the
given supergravity theory in terms of unconstrained prepotentials, and such a formulation
is indeed available in the case of 4D N = 1 supergravity [8, 19]. It involves the same step
(i) as above modulo the fact that a Wess-Zumino gauge is now imposed on the supergravity
prepotentials. Its real gain is that, instead of carrying out the painfully laborious procedure
(ii) of method 1, now one should simply do an ordinary Grassmann integral.

Both methods discussed above are hardly of any practical use in the case of N' = 2
supergravity formulation under consideration. Being applicable in principle, method 1 be-
comes too laborious to be used for general N' = 2 supergravity-matter systems. As to
method 2, no prepotential formulation is yet available for the projective-superspace formu-
lation for A/ = 2 supergravity given in [1]. A prepotential formulation for N = 2 super-
gravity has been constructed within the harmonic-superspace approach [20-22].3 However,
no comprehensive analysis of the component reduction in curved harmonic superspace has
yet appeared.

A relatively new paradigm for component reduction in supergravity appeared some ten
years ago. As advocated in refs. [15, 25], which built on the earlier work [26], an ideal means
to perform covariant theta-expansions and integrate out Grassmann variables is provided by

the superspace normal coordinates introduced a quarter of a century ago by McArthur [27]

“More precisely, ref. [11] only stated the density formula and sketched its derivation. Years later, three
of the authors of [11] came up with simple alternative derivations of the density formula [14, 15].

3In the rigid supersymmetric case, the harmonic [20] and the projective [5, 23] approaches are closely
related [24], and this should extend, in principle, to the case of supergravity.



4 This technique was applied in [15, 25] to compute the

for completely different aims.
density formula for several supergravity models in diverse dimensions including the case
of 4D N = 1 supergravity. Since the method of fermionic normal coordinates employed
in [15, 25] is a version of Wess-Zumino gauge in curved superspace, this construction is
ultimately related to the earlier approaches pursued in [16-18].

The powerful property of the method of normal coordinates® [27] is its universality,
as emphasized in [15] (of course, this is not accidental, for the method is a superspace
extension of the Riemann normal coordinates). It can be used for any supergravity theory
formulated in superspace, for any number of space-time dimensions. For example, it has
recently been used in the case of eleven dimensional supergravity [31]. In particular, it
can be applied to reduce the action (1.2) to components. However, the latter application
would still require a nontrivial computational effort. Remarkably, the specific feature of
4D N = 2 supergravity (and also 5D N = 1 supergravity) is that it offers us an alternative
and much more efficient scheme to reduce the action (1.2) to components which is based
on the principle of projective invariance [2, 32, 33]. This unusual invariance, which has
no analogue in the N/ = 1 case, is easy to visualize in a flat superspace limit where the
action (1.2) reduces to

_ VLt (ut
Sfat = §%(u+du+)/d4xd49d49 WwW (U )

@ (DT)2W (D+)2W
utdut _
- % ((u+i_)2 /d% (D7PD7PLT ()] ggey (1.5)

Here the spinor derivatives D, and D; are obtained from DZ and D;L by replacing
+

u; — u,; , with the latter being a fixed constant isotwistor for which the only constraint
is (uTu™) # 0 at each point of the integration contour. Since L™ is a weight-two rigid
projective supermultiplet, the action can be seen to be invariant under arbitrary projective

transformations of the form:

a 0

(w;™, w;t) — (ui, uT)R, R = (
b c

> € GL(2,C) . (1.6)

Clearly, this projective invariance is almost obvious in flat superspace. In curved super-
space, however, it turns into a powerful constructive principle to reduce the action (1.2)
to components, and what is most non-trivial — without imposing any Wess-Zumino
gauge condition!

In [28], the normal coordinate techniques [27] were applied to compute the so-called by (or, equivalently,
az) coefficients for chiral matter in 4D N = 1 supergravity. Although there exists a purely covariant and
very efficient approach to evaluate the Schwinger-DeWitt coefficients in curved superspace [29], the method
of superspace normal coordinates [27] proves to be truly indispensable for deriving the density formulae in
supergravity theories, as emphasized in [15].

°In N = 1 supergravity, there exists a different normal coordinate construction [30] based on the pre-
potential formulation due to Ogievetesky and Sokatchev [19]. This normal gauge should possess a natural
extension to the case of N' = 2 supergravity formulated in harmonic superspace [20-22], and it would be
very interesting to work out such an extension explicitly.



This paper is organized as follows. In section 2, we provide an alternative derivation of
normal coordinates around a submanifold in an arbitrary curved superspace. Although the
consideration given in [15] involves some ingenious acrobatics, it leaves several important
questions unanswered such as the explicit structure of equations which could allow one to
derive normal coordinate expressions for the connection and the vielbein to any order in
perturbation theory (in this respect, the work [31], which closely follows the original normal
coordinate construction of [27], contains very useful results). Our presentation in section
2 is based in part on earlier approaches developed in general relativity [34] and quantum
gravity [35-38] many years ago, as well as some more recent covariant techniques for super
Yang-Mills theories [39].5 Here we derive differential equations which are obeyed by the
vielbein and the connection in normal coordinates, and which can be used to reconstruct
these objects, in principle in closed form. We also present an equation for the super-
determinant of the vielbein, E = Ber(Ej4), which allows one to reconstruct E without a
detailed knowledge of the vielbein. As an application of the techniques developed in section
2, in section 3 we explicitly reduce an integral over the full 4D N = 2 curved superspace
to that over the chiral subspace.

Section 4 is central to the present work. Here we reduce the action (1.2) to components
using the principle of projective invariance. We also consider two applications. First, we
prove the gauge invariance of the special vector-tensor coupling introduced in [1]. Second,
we give a curved superspace description for the c-map [41, 42]. In section 5, we derive a
new representation for the covariantly chiral projector and use this result to reformulate
the action (1.2) as a chiral integral.

This paper is accompanied by three technical appendices. In appendix A we collect the
salient points of the superspace formulation for N = 2 supergravity, following [1], which
are essential for understanding the main results of this paper. Appendix B summarizes the
main properties of covariant projective supermultiplets following [1]. Finally, appendix C
provides the proof of eq. (5.1).

2 Integrating out fermionic dimensions

In this section, we temporarily leave aside the main object of our study — A = 2 matter-
coupled supergravity in four space-time dimensions, and instead discuss the problem of
defining a normal coordinate system around a submanifold of a curved superspace with
any number of bosonic and fermionic dimensions. We will present an application of the
formalism developed to the case of 4D N = 2 supergravity in section 3.

2.1 Parallel transport and associated two-point functions

Let us consider a curved superspace M = M® with d space-time and ¢ fermionic di-
mensions, and let 2™ be local coordinates chosen to parametrize M. The corresponding
superspace geometry is described by covariant derivatives

Dy=FEs+ Py, Ey = EAM(Z)aM, Py = (I)A(Z)-J:EAM‘I)M . (2.1)

®The material in section 2 is based in part on unpublished lecture notes by one of us (SMK) [40].



Here J denotes the generators of the structure group” G (with all indices of Js suppressed),
Ey4 is the inverse vielbein, and ® = dzM®,; = EA® 4 the connection. As usual, the
matrices defining the vielbein E4 := dzM Ep 4 (2) and its inverse E4 obey the identities
EAMEyB = 6,48 and EyAEAY = 6V, An infinitesimal G-transformation acts on the

components of a vector field v = v3E,4 and a one-form w = F4w4 as follows:

(A-J,04] = MpoP = P4, AJ,wa]l = —wpAPa = MsBPuwp, (2.2)
such that (v)w := v4w, is invariant. Here we have assumed that the structure group
transformations preserve the Grassmann parity € of any tensor superfield, which requires
e()\AB) =0, and the transformation parameters are defined to obey Aa? = —\B 4.

The covariant derivatives obey the algebra
[Da,Dp} = Tap“De + RapJ, (2.3)
with T45% the torsion, and Rp the curvature of M. In particular,
{D4,Dp}we = Tup”DPpwe + Rapc” wp (2.4)

when acting on the one-form w 4.

It is pertinent to our consideration to recall the basic facts about parallel transport.
Let 2/ € M be a given superspace point, and y(t) = {2 (¢)} a smooth curve in M such that
~(0) = 2’. For the tangent vector to 7 at z(t), we convert its world index into a local flat one,

CAW) = 2M (O Ba (=(0)) - (2.5)

Let v4 = ’UM/EM/A,(Z/) be a tangent vector at 2/, v € T,» M. Its parallel transport along
7, v(t) € T,y M, is defined to satisfy the equation

(% + gB(t)@B(t)>vA(t) =0. (2.6)

The parallel transport of a tensor V' at 2z’ along the curve () is defined similarly.

All information about parallel transport along the curve v(¢) is encoded in the cor-
responding parallel displacement propagator along v, I1,(t) € G, which is defined by the
following conditions:

(i) the parallel transport equation
d B
1 + 7 )Pp() | 1y(t) =0 (2.7)

(ii) the initial condition

L(0)=1. (2.8)

"The formalism below can be readily generalized to incorporate an internal Yang-Mills group Gin by
replacing G — G X Gint.



Then, for any tensor V' at 2/, its parallel transport along ~(¢) is

v(t) = D(Lm)V', (2.9)

where D is the representation of the structure group G in which the tensor transforms.®

As is known, a unique solution to egs. (2.7) and (2.8) is the path-ordered exponential
L(t)=Pe h?. (2.10)

The important feature of the equation (2.7) is its invariance under reparametrizations of
the curve.
Now, let 4(t) = {zM (t)} be a geodesic through 2/,

d .
(5 +<P0ra) M =0, 50 =+ (.11)
For any point 2™ () on the geodesic, we define I(z(t);z’) := I;(t). Since any two points
Z' and z in M can be connected by a geodesic, which is locally unique modulo worldline
reparametrizations, we obtain a well-defined two-point function

I(z;2) e @, I(Z;2)y=1. (2.12)

It will be called the parallel displacement propagator.
The freedom to choose affine parametrization of the geodesic, which connects 2z’ and
z, can be fixed as

S=40),  ==4(1), (2.13)
which corresponds to the standard exponential mapping (see, e.g., [43]). For this
parametrization, we define vector two-point functions?

Mz ) =Mt =1) e LM, (2.14a)
AN(2s2) = =Mt =0) e TuM . (2.14D)

These functions are related to each other as follows:
CA(z;z') = —[I(z;z')}AB/ g‘B/(z/; z) . (2.15)
The parallel displacement propagator, I(z;z'), obeys the differential equations:

, (2.16a)
(2.16D)

8In what follows, we do not indicate explicitly the representation D of the structure group, and the
matrix D(I,(t)) will always be written simply as I (t).

In the case when M is an ordinary Riemannian manifold, in particular if T4 = 0, one can show that
(Mz,2') = D 0 (2,2') and ¢V (2';2) = DY 0(2,2'), where o(z,2') = o(2', z) is the so-called world function
coinciding with half the square of the geodesic distance between the points 2’ and z, see [34-36] for more
detail. In the mathematics literature, the o(z,2’) is sometimes referred to as the distance function [43].



These equations follow from (2.7). It also holds that
I(z)I(Z;2)=1. (2.17)
As to the two-point functions ¢4(z;2') and ¢4 (2/; 2), they enjoy the following equations:

¢PDp¢t = ¢4, (2.182)
BDpct = ¢ (2.18D)

To prove eq. (2.18a), it suffices to note that for a geodesic zM(t) passing through 2/,
2(0) = 2/, we have

CA();2) = t¢A(), (2.19)

with CA(t) the tangent vector to the given geodesic at z(t). Then, it only remains to
use the geodesic equation (2.11). As to equation (2.18b), it now follows from the rela-
tions (2.15), (2.16a) and (2.18a).

2.2 Covariant Taylor expansion

Let V(z) be a tensor superfield transforming in some representation of the structure group.
Then it can be expanded in a covariant Taylor series of the form:

o0

I(Z52)V() =Y ﬂ&% MDDy Da V() (2.20)

|
n:
n=0

It can be justified simply by generalizing the proof given, e.g., in [37] for the case when M
is a Riemannian manifold.

2.3 Parallel transport around the submanifold

Up to now, we have considered all possible geodesics passing through a fixed point 2’ € M,
where the latter have been completely arbitrary. From now on, we turn to a more general
setup. First of all, we will restrict 2z’ to belong to a fixed submanifold ¥ = »d1" of
the superspace M = M with ¢ < § or/and d’ < d. Secondly, we will only consider
those geodesics 4(t) through 2/, 4(0) = 2/, which are transverse to ¥. To make the latter
requirement more precise, we assume in addition that the vielbein E4s can be split into
two disjoint subsets,

E4 = (E% E%Y), (2.21)

such that the set of one-forms E%|,, constitutes a basis of the cotangent space T7,% at any

point 2/ € . Then, the requirement that 4(¢) be transverse to X, will mean the following:
s M a(,! !
2Y(0) Ep(2') =0, 2(0)=2"e€X. (2.22)

Finally, we put forward one more technical requirement, that the structure group G acts
reducibly on E4s such that each of the two subsets E% ad E%s transforms into itself under



the action of G. The setup introduced here reduces to that considered in subsection 2.1 if
Y shrinks down to a single point z’.

Let 2™ be local coordinates parametrizing the submanifold ¥. These variables can be
extended to provide a local coordinate system zM = (Zm, yﬂ) in the whole superspace M
in such a way that along > we have

M, ="y =0) . (2.23)
Reparametrization invariance can be further used to choose
EvA)], = (e‘m;(z) 5’2}”) . (2.24)
Then, eq. (2.22) becomes
M(0) = (0,97(0)) . (2.25)
In terms of (4(t), eq. (2.5), this is equivalent to
CH0) =Pt =0(0) (2:26)
It follows from the above consideration that
(z2) =¢"(2;2) =0. (2:27)

As an example, let us consider a curved superspace corresponding to four-dimensional
N = 2 conformal supergravity reviewed in appendix A. It follows from the anticommuta-
tion relations (A.9b) that the vector fields!® Ej := E¢ generate an involutive distribution
(see, e.g., [43] for a review of the relevant differential-geometric constructions), that is
_ . _ A . A k .
(B3, B}y = Uh(2)E] (2.28)
Then, the Frobenius theorem (see, e.g., [43]) implies that one can replace the original local
coordinates 2™ by new ones, {Z™, p/}, with the properties:

0

E;Z" =0, Es = Ndﬂ(é,ﬂ)a—pﬂ ;

(2.29)

for some non-singular matrix Ng”. It is clear that covariantly chiral scalar superfields,
D& = 0, are functions of the variables 2™, ® = ®(Z). The submanifold ¥ in the above
discussion will be identified with the chiral subspace defined by the equations p”* = 0.
Replacing p” by new variables y# defined as

pﬂ = yﬂ 59d Ndﬂ(z’p) ’ (230)

one can see that the inverse vielbein restricted to ¥ has the form:

EaM(2)|, = (5@Z(2) 5(;;9) . (2.31)

This result is equivalent to (2.24). In the example considered, the involutive distribution
generated by E2, determines all the tangent vectors being transverse to .

0The inverse vielbein is thus Ex = (Es, Es), where E; := (E,, E%).



2.4 Normal coordinates around the submanifold
A normal coordinate system!! around ¥ is defined by the following two conditions:
(i) All geodesics, which are transverse to X, are straight lines.
Pty =z3m,  yft) =t¢h. (2.32)
Such a geodesic connects the superspace points (Z,0) and (Z, ().
(ii) Fock-Schwinger (or structure group) gauge:
I(z2') =1(2,(;2,0) =1. (2.33)

For the two-point function (*(z,2), eq. (2.14a), the condition (2.32) implies

(M) = B (2,0 = VBN (2.0, = (0,07 (2:34)
For the two-point function ¢4'(2'; 2), eq. (2.14b), the condition (2.26) gives
M (5 2) = =Mou? (2.35)

Now, using egs. (2.15) and (2.33) gives
CMENA(E,Q) = (Mot =Mo" (2.36)
Furthermore, using egs. (2.16a) and (2.33) gives
(MDa(2,0)0 = MPu(20)3=0. (2.37)
The relations (2.36) and (2.37) are the key results for applications.!? These relations did
not appear in [15]. It is worth pointing out that eq. (2.37) implies
®4(2,0)-0 = Bj(2,0)-7 =0, (2.38)
while no restriction is imposed on ®,;,(Z,0)-J which is the connection on X.
Relations (2.36) and (2.37) can be rewritten in terms of the operation of interior

product, 2. It is worth recalling how the latter is defined. Given a vector field V =
VMo = VAE, and a p-form

Q= %dsz e dM Qo = %!EAP L BMQa 4, (2.39)
the (p — 1)-form 22 is defined as
W = ﬁdz%’ cdMYM = ﬁEAP LBV, 4 (2.40)
Now, egs. (2.36) and (2.37) can be rewritten as follows:
B = Moyt = ¢Phoyo, (2.41a)
@47 =0, (2.41b)

with @48 = dzM P48 = E€Pc4P the connection one-form.

"Tn Riemannian geometry, normal coordinates around a submanifold were discussed in [44].

2Tn the zero-dimensional case when ¥ reduces to a single point ', the relations (2.36) and (2.37) are
equivalent to those given in [27]. In the case when X = $(49 is the bosonic body of the curved superspace
M = M@ the relations (2.36) and (2.37) were derived in [31] in a different manner.

,10,



2.5 Structure equations

We turn to uncovering the implications of egs. (2.41a) and (2.41b), building on the con-
struction in Riemannian geometry given in [45, 46].
We start by introducing the torsion two-form

T = %ECEBTBCA (2.42)
and the curvature two-form
RJ = %EDECRCD-J, [R-J,wa] = RaPwp = %EDECRCDABWBa (2.43)
with w4 an arbitrary one-form. They obey the structure equations:

— T4 = dE4 — EBop?, (2.44a)
RsB =do,8 -0, . (2.44b)

Let us make use of the well-known differential geometric relation
LC =1 d+ dZC , (2.45)

with L¢ the Lie derivative. Applying both sides of this relation to ® 4B and using the
structure equation (2.44b) and the gauge condition (2.41b), we obtain

Le®s® =9 RA" . (2.46)
Similarly we can evaluate LCEA to obatin
LeBA=D¢A — o, D¢t = d¢?t - Bogt. (2.47)

Applying again L to both sides of (2.47) and making use of the gauge conditions and the
structure equations, one obtains

(L = 1)L EA = —DCP ¢CTep™ + (4 TP) (CTep? — EP¢CC L Tep?
—CByRpt . (2.48)
Here the Lie derivative of the torsion tensor can be represented, due to (2.37), as
LTep® = ¢P9,Tep™ = CBDBTCDA : (2.49)
The Lie derivative of a one-form is

0
Lywr = VN Onwas + (aZ—MVN)wN, (2.50)

and thus

LCWm = C . 6wm

Lewy = COpwn + 6p"wy = {

— 11 —



The relations (2.46) and (2.47), and their corollary (2.48), allow us to reconstruct the
connection ®y747(2,¢) and the vielbein Ej4(2,¢) as Taylor series in (s, in which all the
coefficients (except the leading (-independent terms) are tensor functions of the torsion,
the curvature and their covariant derivatives evaluated at ¢ = 0 (of course, there also
occur contributions involving the field £;,%(%) defined in (2.24)). Indeed, consider a tensor
superfield V such as T pA or Rep 52 and their covariant derivatives. In the normal gauge,
the covariant Taylor expansion, eq. (2.20), becomes

o) 1 . . [ee]
V(Z,0) = :mgan (M D, D, V(5,0)= > VW Covt =nY o (252)
n=0 n=0

with (¢ = Cﬂéﬂd. Eq. (2.46) can be rewritten in the component form:
Le@aa®(2,¢) = Bu"(2.Q) (" Rypa”(2,0) (2.53)

and similarly for eq. (2.47) or its corollary (2.48). Now, all tensors involved have to be
represented by covariant Taylor series of the form (2.52), while @342 (Z,¢) and Ep2(2,¢)
have to be given as ordinary Taylor series, in particular

= - 1 v U ~ - n
ExA(2,0) =) T O 05, B (2,0 = > B A (2.54)
n=0 n=0

In accordance with (2.51), the Lie derivative L acts on E(™ 4 in (2.54), which is
homogeneous of n-th degree in (, as the operator of multiplication by n if M = m or by
(n+1)if M =p.

2.6 Computing the determinant of the vielbein

Of crucial importance is the explicit ¢-dependence of the determinant E := Ber(Ej4).
The simplest way to address this problem is to derive a differential equation obeyed by E
that follows from the equations given in the previous section.

Using the standard identity 6E = (—1)M E§Ep A E4™ in conjunction with eq. (2.51),
we obtain

¢-OmE = (—D)M[LeEn? — 0m" By EAM . (2.55)
The right-hand side here can be transformed using the structure equation (2.47) to get
¢-0mE =—(—1)*[® ;¢ + Ty, 4] + (1) 6% (Ba — da") - (2.56)

This is the master equation to determine the (-dependence of E = FE(Z,() under the
boundary condition E(Z,0) = £(Z), where € = Ber(€3;,%) is the determinant of the vielbein
on the submanifold, as introduced in eq. (2.24). Eq. (2.56) shows that one has to know
the (-dependence of the connection in order to evaluate that of E. This result is quite nice
and, at the same time, somewhat counter-intuitive, for one usually evaluates the vielbein
only, while the explicit structure of the connection is completely ignored. For instance, the
authors of [15] use a more laborious approach, which is:
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(i) to compute the (-dependence of the vielbein Ej4 by iterations; and then
(ii) to evaluate the determinant of the vielbein.

Equation (2.56) can be rewritten in a somewhat different form if one recalls that the
structure group has been assumed to act reducibly, that is (I)ABC = (I)Aﬁﬂ 5@0. This gives

C-OME = —(=1)%0,,%7 — (~1)ACPT; A + (~1)P0,% (EaP — 667) . (2.57)
It often happens that

A A
(—1) Tp,"=0. (2.58)
In particular, such a situation occurs in the cases of ' =1 and N = 2 supergravity when
¢% are Grassmann coordinates. In this case we end up with the remarkably simple equation:

C-OIE = —(=1)%®,5°C7 + (=1)6;% (B — 65" . (2.59)

3 Reduction to chiral subspace in N' = 2 supergravity

As an illustration of the normal coordinate techniques developed in section 2, here we
apply the scheme to the case when M is the curved 4D N = 2 superspace as defined in
appendix A, and X its chiral subspace. All the relevant information regarding the chiral
subspace can be found at the end of subsection 2.3. Our goal is to reduce an integral over
the full superspace, [ d*z d*0d*0 E U, to that over the chiral subspace, for any scalar and
isoscalar superfield U.

In this section we continue to use the “hat” index notation, which was introduced in
section 2, as much as possible, keeping in mind that, for instance, Dy := 1320‘ We also use
the notation (2.52), with V() denoting the n-th level of the ¢-expansion of V. Moreover,
one more piece of notation used throughout this section is the following: given a superfield
U(z), we denote U| = U(z)|x to be its projection to the chiral superspace.

We focus on the computation of E using equation (2.59) which in our case becomes

¢-0lnE = Ed%wdgﬁ — 6,2 (Ea™ — 0a") . (3.1)

One should bear in mind that the connection now includes both the Lorentz and SU(2)
terms, see appendix A. To determine the right hand side of (3.1) one needs to know special
components of the connection, the vielbein and its inverse as functions of . These can be
found by solving iteratively, order-by-order in powers of ¢, the equations'® (2.46)-(2.48).

One can notice several important simplifications even before starting to solve
egs. (2.46)—(2.48). First of all, equation (2.29) tells us that

Ef =E"=0. (3.2)

3 Equation (2.47) has to be used instead of (2.48) in order to determine the vielbein at first order in C.
This follows from the fact that (L¢ — 1)L<E(1)mA =0.
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Second, since the structure group does not mix up the one-forms E% and E?, the following
identities hold: @, B = = P, b = = R; B = R4 b = 0. These results imply that eqs. (2.46)—
(2.48) allow one to evaluate EM , E4" and @Maﬁ without knowing the other components
of Ear?, Ea™ and @y 45.

Let us turn to evaluating E; and Qﬂdé using eqs. (2.46)—(2.48). According to the
definition of the normal coordinate system, we have

B =06,%, B =0 @57 =0. (3.3)
Since T Bé‘ = 0, equation (2.47) implies that
EW & =0, (3.4)
Next, equation (2.46) has the following consequence:
(C-0+1)0p5" = BRSO Rys6” . (3.5)
To first order in (, the latter gives
R 1 O
2507 = 28 Ryza”ICT (3.6)
To compute Eﬂd to second order in ¢, it is handy to use equation (2.48) which gives
1 s P
E® & = 65,15}25%%(50 . (3.7)
Next, making use of (3.4) and (3.5) gives
R 1 » A
055" = 20,°(DsRy3a")IC0C7 (38)

Here we have used, for the first time, the covariant Taylor expansion (2.52) of the curvature.

Further iterations lead to

. 1 s

B8 = 5030 (D Ry g (3.9)
2 1 V2

@0 = —5 ( R;:p5° Ré,w + (D;DsR54 )) sl (3.9b)
& 1 a1 $1 AP A S

EW & = z—oaﬂﬁ <6R3w5 Rs 5% + (D:D; pRas" )> CICOCPeT (3.9¢)

As a result, we have computed the components Eﬂd of the vielbein,
A A 2) a 3) & 4) &
By = 8,9+ E@ 0 4 g®) & p) & (3.10)

Since Eﬂ‘i = 0, the components Ez” of the inverse vielbein constitute the inverse of the
matrix (3.10) which can be easily computed. Now, the master equation (3.1) becomes

C-0lnE = §lol a<5+5 (2 agﬁ+5 ap®) ﬁgﬁ 5@%&@(2)&&@(1)%&(3
+6d“E(2) 28— 55/5&%7(2) AE® 8 4 5,AE®) 8 4 5AEW & (3.11)
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At this stage, we need the explicit form of the curvature Ry 3“78' In accordance

with (2.4), it can be read off from the anticommutator {D¢, @f}, eq. (A.9b).
Ry’ = RIS
= (451']'87(&5?)52 + 2&‘@']’50’45}7&552 + 2€ij€d65kl(5; + 4}7aﬁ€k(25§)53> s (3.12)
and hence
R&[ﬁd = —45}]&65{ — 4Y6P.Y€jk . (3.13)

Now, using (3.13), the relations

PO 1 o
(U = g ey 5CaC" = 5435 U CagCM, (3.15)
and the Bianchi identities (A.12), one can prove that
3" E® & = 0. (3.16)
Then eq. (3.11) drastically simplifies
1 A B A 1 5 B A ah
C-OlnE = —ngaygﬁgv + ERM,;‘SRMB“KBCCP( . (3.17)

Making use of the relations (3.12) and (3.13) along with the identities

1 . 3 o
C4 = gcmﬁij ’ CZJCM = _El(kgl)JC4a CdBC"yS = Ed(;yz’:“(';)ﬁgét, Caﬁ Y= (318&)

A A A B 1 . .
PO = Loy e, (31

equation (3.17) becomes

4_ ..
¢ B = VG~ SSylcT + o (VOF, 5~ 8ySY)|¢h (3.19)

Its solution is given by the simple formula
E=&(1+ §Y Kaﬁ — gsmg , (3.20)

where & = Ber (€;,%) is the chiral density.
Relation (3.20) can be used to reduce an integral over the full superspace to that over
the chiral subspace. Consider the functional

/ d*zd9d*0EU = / d*zd*0d*¢ E(z,0)U(5,¢), (3.21)

where U(z) is a scalar and isoscalar superfield, and 2™ = (2™, ') the variables parametriz-
ing the chiral subspace. In the normal coordinates, one represents U by its covariant Taylor
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expansion in ¢, eq. (2.52), then evaluates the product E U, and finally performs the inte-
gration over d*¢. The result is as follows:

/d% d*9d 9 FEU = /d4:c SN (3.22)
Here A denotes the following fourth-order operator:

N o G\ TS s y &3)p
A = (07 +1657)Dy; — (D* —16V*)D, )

1 /-  _.. . _ L -
= o (Ds(DY +168Y) - D, y(D* — 167%%)) (3.23)

where we have defined
DY = D*DI, Dy =Dy D} . (3.24)

The operator A is the N = 2 covariantly chiral projector [18]. Its fundamental property is
that AU is covariantly chiral, for any scalar and isoscalar superfield U(z),

DIAU =0 . (3.25)

In section 5, we obtain a different representation for the chiral projector.

4 Density formula in N' = 2 supergravity

In this section, the supergravity action (1.2) is reduced to components using the principle
of projective invariance. We start by elaborating some auxiliary tools.

4.1 Relating the superspace and the space-time covariant derivatives

For any superfield U(z) we define its projection U| to be the lowest component in the
expansion of U(z,0,0) with respect to fs and 0s,

U2)| :==U(2,0,0)|9_5_0 - (4.1)
One can similarly define the projection of the covariant derivatives:
1
Da| = Es™(2)|0n + 5QAbC(z)\Mbc + @AM ()| T (4.2)

More generally, given a gauge covariant operator of the form Dy, ...Dy4,, its projection
(Da, ... Da,)| is defined as

((Par-Da,)|U)| = (Day .. D4, V)| (4.3)

with U an arbitrary tensor superfield. The reader should keep in mind that the projection
operation defined above differs from that used in section 3.

In the case of the vector covariant derivatives, D,, their projection can be represented
in the form:

Dol =V + \I'aZ(x)Dlﬂ + ‘I’aﬁ(ﬁv)ﬁll + ¢akl(5€)Jkl ) (4.4)
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with V, a space-time covariant derivative,

1
Vae=¢€4+wgy, eq =€, ()0, wq= §wabc(aﬂ)Mbc . (4.5)

Here we have introduced several component gauge fields defined as follows:

E"(2)] = e (@) + W) () EE™(2)] + Uk (@) B (=) (4.60)
Bl (2)| = U (0) BN (2)| + Bl () Bt(2) (4.6b)
Eaf(2)| = ol (2) BN (2)] + Wk (@) B (=), (4.6¢)
Qabc(z)| = wabc(:c) + \I’QZ(x)Qf{bc(zﬂ + @aﬁﬁzbc(zﬂ , (4.6d)
aH(2)] = ¢a(2) + Vo ()M ()] + B () (4.6e)

These include the inverse vielbein e,™, the Lorentz connection w,’® and the SU(2)-
connection ¢,*, as well as the gravitino fields \I/az and @ag.

It is worth noting that if one chooses an N/ = 2 analogue of Wess-Zumino gauge [13]
defined as

) o . o
DZ = — DO{ = — 4.7
Oz‘ 89? ? (2 ‘ 80& ? ( )

then the relations (4.6a)—(4.6e) considerably simplify and take the form:
E"(2)] = ea™ (x) , Eaj(2)] = Wap(2), Eaf/(z) = @aff(x) ) (4.8a)
Q,"(2)| = wa™(2), ®,M ()] = ¢a" () - (4.8b)

The space-time covariant derivatives obey the commutation relations
1
[Va, Vi) = T (2) Ve + 5Rabcd(gc)Mcd : (4.9)
Here the torsion tensor determines the rule for integration by parts:

/d4xevav“ = /d4xev“ b’ el = det(e,™), (4.10)

with v® an arbitrary vector field.

The space-time torsion 7g,¢ and curvature R ., can be related to those appearing in
the superspace (anti-)commutation relations (A.9a)—(A.9¢). Using the definition (4.4) and
egs. (A.9a)-(A.9e), one can evaluate the projection of the commutator [D,, Dp] to be

. - 1
[Da, Dy)| = Tap Ve — 4i0 () Uy 5V,0 + §RadeMcd — Wio) Ry 5 Mg

1 1o e i _ -
+§x11[a’,;qu]?R,’§gcd|Mcd+im[agmb]gz%g?cdwcﬁ\If[a’,g\yb}ng;?cd|Mcd+2(v[a\yb}g)D,’;|

—2W Tyl I DE| — 20Ty I DE| — 2001 Wy DE| — 410, ) Ty 50, 07 DE|
+2(V Uy 5) D)) — 22U Ty i D) | — 20 ATy 1A DY | + 200" 1944 D] |
—4iW Uy E 0 E DY 4 2(V 0y ™) Tt — 200 RyZ M Ty — 29,2 Ry T T
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+W,] ‘SR”’“|J;€1+\I'[M\Ifbf;RZf’“l|Jkl+2\I'[a fSR;;”fl|Jkl+2¢a]¢b]ﬂ Jii

—4i0 )y, 5%5’“1% (4.11)

On the other hand, the commutator [D,, D] can be evaluated using egs. (A.9a)—(A.9e).
Comparing the similar structures on both sides gives a number of important relations
including the following;:

T = 4100, 0,5(0),, (4.12a)
(Via¥yy) = ; Ty + V1 Tyanl + b Tyin ] + dpar' Wy + 2i‘l’[a?¢’b]f;‘l’asz ,  (4.12b)
(Vialyk) = ; Tuk| + U Tyhh | + iah Tk — dra™ 10yl + 21017 ‘I’b](;‘l’a (4.12c)

Rap™ = Rap™| + 2o Ry + 2‘I’[Q§Rb ) = oy ] REG
—m[aﬁmblém&ﬂ — 20,0, LR (4.12d)

(Viadn") = —Rabkl\ + W) Ryl |+ ‘I’[ain M~ —‘I’[J\P SR — —\I/ LUy LRI
—‘I’[aZ‘I’b]éR%?kll — p" i’ + 219, V\I’b]éqb»y‘w : (4.12¢)
In what follows, we will often use eq. (4.12a), (4.12b) and (4.12c).

4.2 The component action

We turn to demonstrating that the component reduction of action (1.2) is

5= fd,ﬁ 2 4)/d4xe[116(D)2(D)2+%S(D 2352955

,4;

Z\I/‘“a (D7D + ;0% (DD, — ¢°* D, D;
(o) P, - (wbg (D*)%ﬂzﬁ*q;@;) +(67)0, (@bﬁf (15*)2+2x11b5*z>5156.—>
+3i<\If“é‘;5”“D; + \If”‘d;S“T);) N <(a“b)5wb§D; — (5“1’)5@,};1’);)
SELS{CHI o e (@J*D; n \I/j*@‘) —12e (gg) WG
+12(0") Wy Wy S + 12(5@)@%“5@*’55] £++(z,u+)‘ : (4.13)
where
SEE = =u; uiS” v, i = ui\I/afx, ot = ul.iuj[qﬁaij, (4.14)

and similarly for ST+ and \I’ai. The spinor derivatives D, and D are obtained from DJ
and D7 defined in (1.1) by replacing u;” — u; . The contour integration measure in (4.13)
is defined as follows:

(—2,—4) _ 1 u;rduﬂ 1 (’L.L+’LL+)

S S e 41
du 271 (utu=)* 27 (utu—)* d, (4.15)

with ¢ an evolution parameter along the contour C', and f := df(t)/dt the time derivative of

a function f(t). Here u; is a constant isotwistor subject only to the restriction that u; and
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u; (t) are linearly independent at each point of the closed contour C, that is (utu™) # 0.
The remainder of this section is devoted to the derivation of (4.13).

In what follows, we often change bases in the space of isotensors by the rule A* —
At = Aiuzi using the completeness relation

N IS A
(Wu™) o) =uuy —uT g (4.16)

We also find it helpful to introduce a notational convention that differs slightly from
that used in [1-3]. Specifically, F®9(u* u~) denotes a homogeneous function of
uTs and w”s, with integers p and ¢ being the corresponding degrees of homogene-
ity with respect to uts and w”s, that is: F®9(cut u™) = #FPD(yT u~) and
FPO(yt cu~) = AFPD(yt, u~), where ¢ € C\ {0}. This convention is reflected in the
definition (4.15). In the case of a homogeneous function of u*s only, we use the simplified
notation: F(ut) = FMO)(yF): if n > 0, we can also write F®) = F+% where the
number of + superscripts is equal to n. In the case of a homogeneous function of u~s
only, we often use the simplified notation F~~(u~) = FO™) (4~) with m > 0, where the
number of — superscripts is equal to m.

A few words are in order regarding our strategy of deriving (4.13). It is clear that the
component Lagrangian corresponding to the action (1.2) should be a combination of terms
with four and less spinor covariant derivatives acting on £7. In the complete set of spinor
covariant derivatives, D!, and @é, these derivatives should be linearly independent from
the operators D} and D7 which annihilate £+F. A natural way to define such a subset of
spinor covariant derivatives is to pick an isotwistor u; such that (uTw~) # 0. Then the
operators D, and T)O-j clearly satisfy the required criterion. In other words, in order to

construct the component action one is forced to introduce an external isotwistor u; which
+

does not show up in the original action (1.2).!* The latter involves only the isotwistor u;,

and is invariant under arbitrary re-scalings
Wt = )i (t),  olt) 20, (4.17)

along the integration contour. Therefore, the component action should be invariant un-
der arbitrary projective transformations (1.6). Indeed, the invariance under infinitesimal
transformations of the form

uy — up +ou; ,  du; = at)u; + B1)u (1), (4.18)

3 3

implies independence of the action from the choice of w; . Since both u; and du, are
required to be time-independent, the transformation parameters should obey the equations:

(it u) (it u)
(wru) (wFu)

=B b=-p (4.19)

Setting 4 = 0 in (4.18) gives a scale transformation, du; = aw; . Therefore, the compo-
nent action must be invariant under arbitrary rigid re-scalings of u, . If the component

MThis is similar to the Faddeev-Popov quantization of Yang-Mills theories. In order to develop a path-
integral representation for the vacuum amplitue (out|in), one has to introduce a gauge fixing condition.
However, the amplitue (out|in) must be independent of the gauge condition introduced.
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Lagrangian density is chosen to be homogeneous in u; of degree zero, then the invari-
ance under rigid re-scalings of u; clearly extends to that under the time-dependent a-
transformations in (4.18). It turns out that a nontrivial piece of information is provided
by requiring the action to be invariant under the S-transformations in (4.18).

On general grounds, it is not difficult to fix a four-derivative term in the component
Lagrangian corresponding to the action (1.2). We have

S=Sy+--, Sp= 1i6 yfdﬂ<—27—4> /d4xe(D_)2(D_)2E++(z,u+) , (4.20)
where the dots denote all the terms with at the most three spinor derivatives. The func-
tional Sy is obviously invariant under the local re-scalings of u;r, eq. (4.17), and also under
the a-transformations in (4.18). It turns out, however, that Sy is not invariant under the
[-transformation in (4.18). To cancel out the S-variation of Sy, it is necessary to add to Sy
some terms with three and less spinor derivatives acting on £77. The latter produce new
non-vanishing contributions of lower order under the the g-transformation in (4.18). As a
result, we end up with a well-defined iterative procedure to restore a projective invariant
action. Conceptually, our approach below is quite simple.

Before proceeding with the computation, it is useful to collect some auxiliary results
and make a technical comment. Since the superfield Lagrangian £ (z,u™) is a weight-two
projective supermultiplet, it holds that

1
++ _ +outDELY 9yt o+t
Jg LT = (ra) (u(kul)D 2u(kul)>£ , (4.21a)
d ooy T @) Sy
L e LA e LA G (4.21D)
, d (whu™) (wru™) _
(uTut) I Lt = uz%ug&EJr'F - (u+u—)u&u$£++ + mu&ul) LT (4.21c)

with Ji; the SU(2) generators. Here the operator D(1D) g defined in (B.3). Consider now
any operator O~ ~, which is independent of u™, 90~ /Ou™® = 0, and is homogeneous in
the variables u; of degree +2. Using equations (4.21a)—(4.21c), one gets

O e = et .
This implies the following relation:
74 dp2Vo——Jg =0 (4.23)
Due to the identities
008 = D g - e g (4
{D,.D,} =8Gaa] J =, D ]=[J".D;]=0, (4.25)
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we also obtain

f @O L = fan D@
= 7{ dp 2= (D)D) Lt = f{ dp 2D (D7)?2DA Lt L (4.26)

These identities justify the fact that Sy is unambiguously defined.
Using equations (4.19) and (4.21a)—(4.21c), one can also prove (compare with the
similar observation in the 5D case [2]) the following result: for any operator O3k which

is an homogenous function of degrees 1 and 3 in uj' and u; , respectively, it holds that

jédu(_Q’_4) GOy e+

_ (—2,—4) B (13)+— ptt o4+ [ (=11 13K pt+
j{du 7(u+u—){40 LT+ uy u, (D (@] )ﬁ } . (4.27)

This identity will often be used in what follows.
Let us consider the variation of Sy, eq. (4.20), under the infinitesimal projective trans-
formation (4.18). Since D LT = DI LT =0, we obtain

1 _ o
080 = — j{du(‘Q"A‘)ﬁ/d4x6[{D“+,D;DdD“‘} + DD, D; D

16
+D“‘D;{Z§d+,13é“}] £+, (4.28)
which is equivalent to
1 . _ _.
550 = 1o du-2-93 / d4xe[{DO‘+,D;}D;DO‘_ +4{DS, D yD* DY~
—4[{D,, D, }, D**DY —4{D*", D, }, D, D — 2D (D], D, }, D]
+DQ*D;{25;,25“}] c++‘ . (4.29)

Here the (anti)commutators can be evaluated by making use of the algebra (A.9a)—(A.9e).
As a next step, we systematically move the Lorentz and SU(2) generators to the right and
then use the identity My LT = 0 and eq. (4.27). If in this process some spinor covariant
derivatives D} or T)I are produced, we push them to the right until they hit £, and the
latter contribution vanishes due to D L1+ = T)IE‘H‘ = 0. We then find

05y = 1_16 du(2’4)ﬂ/d4xe[— 8i(utu")Dag D DY —24StT" D DY —245T DY D,
_ V(DTN D— N~ Gt+—\Po— _ B— G+—\P—
16(u"u™)(DyW*)D; —48(Dy 5™ )D 56(D7" 5T )Dy
+8(uTu") (D" W, ) D'~ 4+ 16(uu™ ) (D™ Gog) D™

~192877 8§+ —32(DP Dy 5) - 16(u+u_)(Do‘_T)d_Gad)} L++( . (4.30)

This expression can be simplified if one notices that the Bianchi identities (A.11)-
(A.14) imply
3

DFS™™ = —2D- 5t~ DS~ =
“ @ ’ ! (utu™)

D, ST, (4.31a)
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_ 1 _ 1
DY Gy = ——DIS 4+ =D~ 4.31
GO&Q’ 4(u+u_) Q/S + 2 WO(’Y? ( 3 b)
DD W,5 =0, DY D,STT =48t"§ 7 —45 ST,  (4.31c)
_. 2 _ _
DY DY Gy = — A 5t 4.31d
G (uﬂr)s S+ (umf)s St (4.31d)

along with complex conjugate relations. We then end up with the following variation:
05y = jédu(_l_‘l)ﬁ/dd‘xe[ — %(u+u_)DadDa_@d_ - ;S+_@;@é‘_ - g§+_D‘X—D(§
—3(15;S+*)15d*—3(D0‘*S+*)D;—(u+u*)(15;Wd5)15§+(u+u*)(Da*Wa5)95*
6575 — 65+_S__} £++( . (4.32)
To cancel out the terms with two derivatives, we add to Sy the following structure:
(—2-4) [ 14 |3 a2 | B a—— 2| pt
St = $au Y [dlze| 257 (DT) + 25T (D)L ‘ (4.33)
Its variation is
(—2,-4) P K D S F ¥ Py
8S1 = o du'mo7Yp dxe§S (D)+§S (D7)
—1287- 8t — 1255*} L**( , (4.34)

and therefore the functional Sy + S varies as

18875 — 185*5} c**‘ . (4.35)
To cancel the variation in the last line, we have to add to the action another term
Sy = f{ dp=2= / d4xe[95”5"}£++( . (4.36)
As a result, the functional Sy + S7 + Sy varies as
5(So + 51+ Ss) = f{ dp=2=9g / dize [ — %(um*)padz)a*z’)d* —3(D, ST)D%"
- 3(D* StT)D, — (u*u’)(ﬁd_W‘j‘s)@s_ + (u+u)(DaWag)D5] ﬁ**‘ . (4.37)
In the first term of the variation obtained, we can make use of (4.4). This leads to

%dﬂ(2’4)ﬁ/d4xe [_ %(u+u)DQdDaDd:| £++‘
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L 1
= (_27_4) 4 + _ o _’y—|— _ 1 L +
%d,u B/d $6|: 2(u u )(VQ{Q (u+u_)\1]aa D’y + (’U,+’u,_)\llaa D’y
1 1 - B
(utu™) ’y + (wta) 4 + ¢ J]d) L (4.38)

This variation can be simplified, in complete analogy with the above calculation, by
systematically moving the Lorentz and SU(2) generators as well as the derivatives D, D
to the right until they hit £, at which stage we can use the identity M, LT = 0,
eq. (4.27) and the analyticity conditions DS LT = DI LT+ = 0. We then find

fdﬂ(2’4)ﬁ/d4:ce |: _ %(quu)Dad/DaDd] E++‘

_ 7{ du >3 / d%e[— %(um*)vadi)a*@d*—iwdg(D*)Qﬁ;—i@‘mg(ﬁ*)%;
+2006 T DYDY ddag” {D*, DY I+ (uT U)W D D, + (utuT ) UOYTTD,s Dy
+3i(u’ —)WM—YM@* — {4 STTDL + di(utu” )T Gy Dy
—2i(utu )\Ilaa D'Y + 3i(utu" )T Yy D, — 40T ST Dy

—di(utuT )W G,YO,D + 2i(utu )\I’aa( Gp)a DA~ 4 3i(utum) e (D3 Yary)
F3i(utuT )TN (D Vas) — 1wt u™ ) U0 (DO 5) — i(utu™ )T (D0W,5)
— 31000 (D §1) — 3l (D 5 )} L++(. (4.39)

Now, in order to cancel out the second, third, fourth and fifth terms, we have to add to
the action one more term

Sy = 7{ dp =24 / d4xe[i\11ada(D)2Dd + 4@” (D7)*D;,
—%dpaﬁd]ﬁH‘ . (4.40)
Evaluating the variation of S3 and combining it with 6(Sp + S1 + S2) gives

0(So + S1+ 52+ S53) = jédu(_l_‘l)ﬁ/dd‘xe[ — %(quu_)VadDo‘_@d_
+(uTum )T D, 4Dy 4 (T uT ) D DT+ (utu )W TD, D
+HutuT)BOED, DI 4 Bi(ut U ) UONTY,, Dy — 91w St Dy
+4i(uTu )T Gy Dy — i(u‘Lu*)\Ifad;Gadﬁ“" —i(utuT )OO W DI

—3(D; STT)D* — (u+u*)(1§;V‘Vd5)255— + 3i(utu" )Y, D, — 90T ST Dy
—4i(uTuT )W GL DL+ i(u+u7)\Dad‘EGadD67 —i(ut U)W W, DT
—3(D*"ST)D, + (utu”) (D Wa)DP™ + 3i(uTu™ ) ¥~ (D, Yy,

F3i(ut )TN (D Vay) — 3iutu )T (DI, p) = 3i(uTuT )T (D W)

—9iOY (D ST) — 9B (D, S )] L**‘. (4.41)
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Let us consider the first to fifth terms in (4.41) which involve vector covariant derivatives.
In this sector, we apply (4.4), the formula for integration by parts, eq. (4.10), with the
space-time torsion (4.12a) expressed as

c 4i I o—(c\ b =\ ey 6
T = —(u+u_)<‘1’[ay+‘1’b}5 (0))" = W~ Ty (0°), ) : (4.42)

Implementing also the usual iterative procedure, we obtain
%du(—%—ﬁl)ﬂ/cﬁx e (u—l—u—) |: _ %vad’l)a—ﬁd_ + \I’adﬁ_DﬁdD; + \I,ao'z;DBdDﬁ_
gD, DT wadpaﬁ.pﬁ] |

= %du(2,4)6/d4xe[2(0ab)a6\p[aﬁ+@b]dIDarD; + 2(&ab)dﬁq}[aa+@b}5*'D;'D;

S)

)WY TDL D, 4 2(5) 5, Uy DL Dy — 2(0) W, Uy (D)
&ab)dﬁ@a'_@bg (@—)2 - 4(u+u_)(Uab)ﬁ,y?-[ak\c\llb]ﬁ_pw?

uFum)(6) 5 Taje Uy ” Dy + A(utu) (0% (Viely " )Dy
W) (65 (VP )D5 +12(0%)57 0,56, Dy — 12(6%) 10,59, D;
)30 D, Dy} — 4(6°°) 50,7 W T {DF, D}

o) a0, 0D, D} — 4(6°) 40,0, (DY, Dy}

— 32wt u) ()" VT G — 8(utu ) (0™) 50, WY,

— 8(u+u_)(5’ab)dﬁ'¢/aﬁ_¢/b&_?¢y] £++‘ . (4.43)
In order to cancel the first six terms in (4.43), we have to add to the action one more
structure

Sy = %d,u(2’4) /d4:ve[ — Q(O'ab)ag\l’[aﬁfi’b]dipgﬁd_ — 2(5_ab)d5\1,[aa7¢,b][371);13;
O 5 (D7) ()00, 50y (D] £ )| (444)

and consider the variation §(So + S1 + So + S3 + S4). We use (4.4), then move DT, DT
derivatives, Lorentz and SU(2) generators to the right. Next we should move to the left
all V, derivatives and use the rule for integration by parts, eq. (4.10). At this stage, we
can use the identities

Vil = 5 G) 0T Vi)l + 1 (0) (DT W) + 5 (00" D5 54
+ i(ff[a)(ag"l’b];mm - m(%)m‘l’bﬁsl + m(5[a)d7‘1’b}ds+|
- %(U[G)ad@b}gwwl - %(U[G)Vgg‘i’bﬁydm + (u+1u_) {¢[a+_‘1’bﬂ_ - ¢[a"‘1’bﬂ+}
& f;_) (06)55\110%{\11[(1”@,,](; - \I/[f—@b};} (4.45)
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and

ViV = —g(%b)aﬁ(@v_yaﬁ)’ + §(5ab)dﬁ(@v_Waﬁ)’ - Z(5ab)¢5(9575+7)\

: o\ G— 1 « ——
—i(01a)"@¥y" " Gay)l +W(U[a)o@‘1’b] TS S _)(U[a)a&‘l’b] St
i R i o 1 = =
= 5(07a)a” Ty Wi | = §(U[a)5&‘1’b} Yol + m{qﬁ[ﬁ Uy — dla ‘I’bﬁ}
2 g ot — —3 g -
~ a0 - vy e (4.46)

which follow from (4.12b) and (4.12c). After rather long computation, which involves
algebraic manipulations using some results from appendix A, non-trivial cancellations
occur. One obtains

(5(50 + 51+ S5+ 53+ 54) = Y{du(_Q’_4)ﬂ/d4x 6[ — 24(Uab)aﬁ\1fa;\l’blgs+_
—24(0™)ap U TS — 24(5), 50,4005 — 24(5°) 0TS S
—610 L STTD, — 310, TS DY — 610, STTD, — 310 IS Dy
+8(0ab)a5¢a+_q}ba_pﬂ_ + 4(0ab)aﬁ¢a__q}ba+pﬁ_ - 8(&ab)a5'¢a+_\ilbd_ﬁﬁ_
_4(6_ab)d£¢a77@bd+@37 — 4€abcm(0'm)ao'é\1/aa+\1/bﬁi\chdifDﬁ_
—4 " (0m)aa VoW WAT DY — 46 (0,00 W W, T LD
A (1)) 0 W T T @f—@g - 4gabcm(am)ad\paa—@ww—@ﬁ.—
_45abcm(0m)ad\1’aa_ \I]bd_ \Ilcﬁ—’—ﬁ; + 12€abcm (Um)ad¢a__\1’ba+\i’cd_
+126™ (0 aaba Wp® T WA 4 246 (0 ) aida T W \Ifcd*} L**‘ : (4.47)
The nontrivial point is that all terms with four gravitinos have identically cancelled out at
this stage. And one more iteration — we have to add to the action the following structure:
S5 = ¢ du27Y [ dize |30 STTD + 310 ST D + 12(0™) P, S0, - S
5 = H re|al & o T 91 @ o T (U) ao *bg
+12(&ab)d5\iia(;¢/b[;5” — 4(0™) gy, DI 4 4(&“)3’%”@,,;155
126U 0 g)yaba” WU + 46 (04) 00 VoW UL DY
+4eabcd(ad)ad\1/a“—@bd—écﬁ—@ﬁf]L++‘ . (4.48)
This proves to complete the procedure. One can now check that

0(So+S1+S24+ S35+ S4+55)=05=0 (4.49)

We have thus demonstrated that the action (4.13) is uniquely obtained from the
requirement of projective invariance.
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4.3 Analysis of the results

The component action (4.13) is the main result of this work. In technical terms, our
procedure for deriving (4.13) from the original superspace action (1.2) has many similarities
with the earlier construction for 5D N' = 1 supergravity [2]. There is, however, a very
important conceptual difference. The point is that, unlike the five dimensional analysis
in [2], no Wess-Zumino gauge has been assumed in the process of deriving (4.13).'> In
other words, all the gauge symmetries of the parental superspace action (1.2) are preserved

16 This huge gauge freedom can be used at will

by its component counterpart (4.13).
depending on concrete dynamical circumstances. It is worth giving two examples.

The action is invariant under the super-Weyl transformations generated by a covari-
antly chiral parameter o, @éa = 0. This local symmetry can be used to choose a useful
gauge condition, for instance, to set the field strength W of the compensating vector mul-
tiplet to be

W=1. (4.50)

The action is invariant under local SU(2) transformations generated by a real symmet-
ric parameter K% that is otherwise unconstrained, see eqs. (A.5) and (A.6). Consider an
off-shell tensor multiplet described by a symmetric real superfield H% (z),

DIk — @gij) —0, H = [t Hii = H;,; . (4.51)

Associated with H%(z) is the O(2) multiplet H*+(z,ut) = H”(z)u:'uj' We will assume
H' to be nowhere vanishing,

HY9H; #£0, (4.52)

the condition required of a superconformal compensator. Then, the SU(2) gauge freedom
can be partially fixed as

Hij:—%(a1)ijG, G=G>0, (01)" = <(1) ;) 5 (4.53)

which leaves an unbroken U(1) gauge symmetry. To be consistent with the con-
straint (4.51), the SU(2) connection should be
1k =% (0)F + £UEN In G, (4.54)

with 3¢ a U(1) connection. We will give an application of the gauge condition (4.53) in
the next subsection.

Let us denote by P4 (y~) the differential operator in the square brackets in (4.13).
Then the component action can be rewritten as

S = / dize f{ A2 POD () L (2, 0| (4.55)
C

15 A careful analysis of the 5D construction [2] shows that the choice of the Wess-Zumino gauge was not
essential. It is just an unfortunate stereotype forced upon us by textbook lessons [10-12] that choosing
Wess-Zumino gauge is imperative for component reduction.

6\ ost of purely gauge degrees of freedom are contained in the vielbein and connection superfields for
D!, and D. In the construction used, however, these objects do not show up explicitly.
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Without loss of generality, we can assume the north pole of CP!, i.e. u™ o (0,1), to be

+

outside of the integration contour, hence u™ can be represented as

u+i = u+l(17 C) = u+lCi ) Cz = (17 C) ) Cl = E&ij C] = (_Ca 1) ’ (456)
with ¢ the local complex coordinate for CP'. Now, the projective invariance, eqs. (4.18)
and (4.19), can be used to set
u; =14, =(1,0), " =eYa; =(0,-1) . (4.57)

7

Finally, representing the Lagrangian in the form
LT (z,uT) =iu a2 L(2,0) = i(u+l)2C L(z,(), (4.58)
the action turns into

S = —/d4x673}{ ;—fi L(z,¢)|, P =POA G . (4.59)
C

The important point is that the operator P is (-independent, and therefore its presence is
not relevant when evaluating the contour integral. If the original Lagrangian, £, depends
on matter superfields only, the contour integral in (4.59) corresponds to that arising in a
rigid superconformal theory [4].

4.4 Application I: gauge invariance of the vector-tensor coupling

Let S(£*) denote the action (1.2). Consider LT, = H*TV, where H™+(z,u™) is a tensor
multiplet (or a real O(2) multiplet), and V(z,u") a real weight-zero tropical multiplet
(see [1] for more detail). The latter describes a massless vector multiplet provided there is
gauge invariance

SV =X+, (4.60)

where A(z,u") is an arctic weight-zero multiplet, and A(z, u™) its smile conjugate (see [1]
for more detail). We can now prove that the functional S(H*V) is invariant under the
gauge transformation (4.60). It is sufficient to prove that

S(HT)\) =0, (4.61)

for an arbitrary arctic weight-zero superfield A\(z,u"). The latter follows from the fact that
the action (4.13) with £7T = H™TX has no pole in the complex (-plane.

4.5 Application II: the c-map

In this subsection we would like to give a curved superspace description for the c-
map [41, 42]. The problem of developing a superspace description for the c-map has
already been discussed in [47] (see also [48]) and [49]. However, since no projective super-
space formulation for 4D A = 2 matter-coupled supergravity was available at that time,
the only possible approach to address the problem was
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(i) to use the existence of a one-to-one correspondence between 4n-dimensional quater-
nionic Kéhler spaces and 4(n + 1)-dimensional hyperkéhler manifolds possessing a
homothetic Killing vector, and the fact that such hyperkéhler spaces (or “hyperkéhler
cones” [52]) are the target spaces for rigid N/ = 2 superconformal sigma models; and

(ii) to construct an appropriate hyperkéahler cone associated with a rigid superconformal
model of NV = 2 tensor multiplets.

Now, we are in a position to overcome all the limitations of the earlier works.
In accordance with [47], a tensor multiplet model corresponding to the c-map is de-

scribed by the Lagrangian

1 _
L = Ve <F(H;r+) - F(Hﬁ)) ., I=1,...,N+1. (4.62)
Here H;FJF and HJJF are tensor multiplets, with HJJF obeying the constraint (4.52), and
F(2") is a holomorphic homogeneous function of second degree, F(cz!) = ¢2F(z!). Thus

we have to consider the following action:

F H
Im/d4xe73j{ de 1 ) , (4.63)
2mi
where the superfields H;(¢) and Hy(() are defined as
H " (z,u%) = i(“ﬂ)ZHI(Z, ¢), Hi(¢) = @1 + (G — (*®y, (4.64)

and similarly for Hy(().
Before we start studying the curved-superspace action (4.63), it is worth giving some
comments about its flat superspace version. Let Pg,t and Lg,t be the flat-superspace

counterparts of the operator P (4.59) and the Lagrangian £ (4.58). We obviously have
Lo

Phat = _(D_)2(Dl)2 =

T 75 (DD (D2)*, (4.65)

16 =

with D!, and Df‘ the flat spinor covariant derivatives. It is easy to see that the flat-
superspace version of the analyticity conditions (1.1) implies (Df +¢ Dg)ﬁﬂat(c ) =0, and
thus for the rigid supersymmetric action Sg,; we get

Shat = Im/d4gc jé %PﬂatF ‘—Im/d‘* 1)2% d'C F(HI(C))‘

¢ 2mi¢?  Ho(C)
o rd F Hi(
— Im / d*z d20d%0 fc 2m<<2 ELIOE 5)) (4.66)

The action obtained defines an N' = 2 supersymmetric theory formulated in N = 1 super-

02=02=0

space. It is the N' = 2 superconformal model which was studied in [47, 49].

In [47], the problem of evaluating the contour integral in (4.66) was reduced to that
solved several years earlier in [53] (see also [52]) for the case of the rigid c-map. Specifically,
Rocek et al. [47] imposed the SU(2) gauge condition (4.53) or, equivalently, Hy(() = (Go,
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which essentially corresponds the rigid c-map (more precisely, Go = 1 in the case of the
rigid c-map, but the presence of G is irrelevant for computing the contour integral). The
subtlety with the analysis in [47] is that their tensor multiplet model is rigid superconformal,
and hence the SU(2) parameters are constant.!”

In our case, however, the SU(2) transformations are local, and it is legitimate to choose
the gauge condition (4.53). As a result, the action turns into

S = Im/d4xe77 F(G(I;I) ‘ (4.67)

provided the contour C' in (4.63) is taken to be a circle around the origin in C. Still, the

consideration given is not quite satisfactory, because of a special gauge chosen.
Fortunately, there is no need to impose any SU(2) gauge condition in order to do the

contour integral in (4.63). Following the rigid supersymmetric analysis of [49], we represent

Ho(Q) = =@0(¢— ¢ ) (¢-¢ ), o= 2%(GO:F\/GQ+4|<I>0|) (4.68)

and choose the contour C' in (4.63) to be a small circle around the root (4. This leads to
H
S =1Im / dhpep FULG)) ( (4.69)
G2 + 4| ®g |2

Since
29 <1>0H0

(Go + \/G2 +4‘CI)0 )

the covariant action (4.69) reduces to (4.67) in the limit ®; — 0. In the flat superspace

G = (4.70)

limit, we reproduce the results of [47, 49].

5 Chiral representation for the action principle

In this section we derive a new representation for the action principle (1.2) as an integral
over the chiral subspace.

The covariantly chiral projector A was defined in section 3, eq. (3.23). It turns out
that A can be given an alternative representation. It is

A 7§ (utdut) U = % 7§ %((@)? £45) (D 445U ()

with U(=2) (2, u") an arbitrary isotwistor superfield of weight —2 (see [1] for the definition of
isotwistor supermultiplets, as well as appendix B below). As before, the constant isotwistor
i (

u; is chosen to be linearly independent from u;", (utu™) # 0, but otherwise is completely

arbitrary. It is proved in appendix C that that the right-hand side of (5.1)

(i) remains invariant under arbitrary projective transformations (1.6); and

17 Actually, in the case of rigid A" = 2 supersymmetry, if a tensor multiplet is constrained as in eq. (4.53),
then it is simply constant, G = const.
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(ii) is covariantly chiral.

Let us transform the action functional (1.2) by making use of egs. (3.22) and (5.1):

1 _ 1 L++
S(LTr) = o / d*zd*ed*o E jé (utdu™) WWEL -
T

CHE

_ 217T/d4xd405Aj{ utdut )W{;Zf)ﬂ

- gz [atsatos R (@ a5 ) (0050
- _/d4 d495W]§ :‘;izﬁ D_)2+4S“>§—:, (5.2)

where we have used eq. (1.3), the chirality of the vector multiplet strength, @f‘W =0, and
the fact that £+, X7+ and 7T obey the constrains (1.1). This result can be interpreted
as a coupling of two vector multiplets described by the covariantly chiral field strengths W
and W, respectively.

S(Ltt) = —/d4xd405 WW,

[+t

((15—)2 + 45">V, Vi= S (5.3)

1 [ (utdu™)

W= 8 ) (utu)?

The composite superfield V introduced can be interpreted as a tropical prepotential for the
vector multiplet described by W.

Let us choose the Lagrangian in (5.2) to be £t = HTT) where HTF(z,u™) is a
tensor multiplet, and A(z,u™") an arctic multiplet. Since both H™* and X are independent
of the vector multiplet described by the strengths W and W, the latter can be chosen such
that X+ = H™T. Then

S(H2) = %/d% Qe W (D) +45) ]é%)\(z,zﬁ) L (54

We can now represent 1+ in the form (4.56) and fix the projective invariance by choosing
u; asin (4.57).

S(HT)) = —%/d‘lx d495W((15l)2 +45ﬂ) }[dgA(z,g) ~0, (5.5)

since the integrand of the contour integral possesses no pole in the (-plane. This com-
pletes our second proof of the fact that the vector-tensor coupling £, = H*+V, with
H**(z,u™") is a tensor multiplet and V(z,u™) the tropical prepotential of a vector multi-
plet, is invariant under the gauge transformations (4.60).

In ref. [6], it was postulated that any chiral integral of the form

S. = /d4:c d0EL. + cc.,  Dyle=0, (5.6)
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can be represented as follows:

1 + 3o+ 4 g WWLET
= — Ei
S, 27T7§(u du )/dxd 040 T
1 L _ i\ L
++ _ _ - +12 +4) £e +12 +4) Z¢
Lt = 4V{((D )2 448 ) +<(D )2 +48 ) } (5.7)

with V(z,u") a tropical prepotential for the vector multiplet characterized by the field
strength W. This assertion can now be immediately proved with the aid of (5.2).
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A Superspace geometry of conformal supergravity

Consider a curved 4D N = 2 superspace M*® parametrized by local bosonic (z) and

fermionic (#,6) coordinates 2™ = (xm,ﬁf,éfl), where m = 0,1,---,3, p = 1,2, o = 1,2

and ¢ = 1,2. The Grassmann variables 6! and 9@ are related to each other by complex
conjugation: @ = 07, The structure group is chosen to be SO(3,1) x SU(2) [1, 54], and
the covariant derivatives Dy = (D, D%, D) have the form

Da=FEq + Qq + &y (A.1)
Here E4 = EAM(2)0); is the supervielbein, with dyy = 9/02M,
Q4 = %QAbchc = QA% My, + Q7 My, (A.2)
is the Lorentz connection,
Op =", T = J (A.3)

is the SU(2)-connection. The Lorentz generators with vector indices (Mg, = —Mp,) and
spinor indices (Mag = Mg, and M, 5= M 34) are related to each other by the rule:

Ry 1 1
Mab = (Uab)aﬂMocﬁ - (Uab)aﬁMdBa Maﬁ = §(Uab)ozﬁMaba Mdﬁ' = _i(aab)dBMab .
The generators of SO(3,1)xSU(2) act on the covariant derivatives as follows:!8
[Tkt Do) = =03, Do) [Tk, DfY] = =i Dfy
[Ma,@7 D,ZY] = E,\/(O{D%) s [Md57 ,D,ZY] = €ﬁ(dﬁg) s [Maba Dc] = 2770[an] s (A4)

181n what follows, the (anti)symmetrization of n indices is defined to include a factor of (n!)~!.
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while [ aﬁ,D | = [Maﬁ’D | = [Jki, Do) = 0. Our notation and conventions correspond
to [1, 12]; they almost coincide with those used in [10] except for the normalization of the
Lorentz generators, including a sign in the definition of the sigma-matrices o4, and 4.

The supergravity gauge group is generated by local transformations of the form
1
0kDa=[K.Dal,  K=K)Dc+ ;K )Mea+ KE"(2) I, (A5)

with the gauge parameters obeying natural reality conditions, but otherwise arbitrary.
Given a tensor superfield U(z), with its indices suppressed, it transforms as follows:

SkU=KU . (A.6)

The covariant derivatives obey (anti-)commutation relations of the form:
c Lo e Kl
[Da.Dp} = Tap™De + 5 Rap" Mo + Rap™ Ji (A.7)

where TA_BQ is the torsion, and R A_Bkl and R A_BCd constitute the curvature. The torsion is
subject to the following constraints [54]:

Tide = Tidy = Tidk = TiPT = T,0e = T,e =0,

TiPe = —2i6i(0°)s" T = 8) Tug (A.8)

Here we have omitted some constraints which follow by complex conjugation. The algebra
of covariant derivatives is [1]

{DL,, DL} =4S Mg + 26705V My + 26 ﬁWWM

+2€aﬁ€”SkZJkl + 4Yang” s (A.Qa)
{ﬁ?,ﬁf} = —4gijMdB — 2627‘6@5?&5]\74#5 — 2€ij6dBWﬂ/6Mq/5
—2¢; ‘e’deSkZJkl — 4}70'46%“ , A.9b
J J

{Di, D7} = ~2i6i(0°)" Do + 46107 Mg + 451Gy MV +8G. 2T, (A9c)

[D,, D] = 1( o) (3 BG 5D+ 5 ((Ua)msjk — &/ (0a) 5" Wy, — €jk(0a)awYaﬁ)@Z
Cdé ( C)B5Tad§ - (Ud)B(STacg) MCd

P N 1 R
( )ik pl) Y — (aa)g,-ygﬂ’m?w% - 5(%)57@;5’“1) Ju,  (A.9d)

,-\ w|~ wl

[Dm @6] =

. Oa)a (ﬁGom/)D P 5 <(5a)6w5~jk — Ejk(Ua)a[}Wm _ Ejk(%)vo'ydﬁ) D’;

(5a)s" Tea? wd) + (0¢)s" Tud) — (O'd)(SﬁTac?>MCd

k 3 (ki 1 3o @
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where
1, . — 1 1 _
Tapy, = —Z(%b)aﬁDZY(w + Z(Uab)aﬁDzWaﬁ - E(Jab)wpfssm, (A.10a)

1 _ 1, . h=p= 1, . _;
Tabf]; = _Z(Uab)aﬁpf;yaﬁ + Z(Uab)aﬁpf;wdﬁ' - E(O-ab)fyspfskl : (AlOb)

Here the real four-vector Gag, the complex symmetric tensors S% = S7¢, Was = Waa,
Yo = Yjo and their complex conjugates S;; := S, de = Wag, Yo'zB := Y,3 obey
additional constraints implied by the Bianchi identities. They comprise the dimension 3/2
identities [1, 54]:
DESu+D]Yse =0, DISH =DM =0, Dj Vs =0, DiWs =0, (A1l
DS+ DLY% =0, D;Sjy = DgSw =0, DAY =0, DIWAT =0, (A.12)

. 1 _. 1 _ ) 1 e

DiGpy = — D Yas + Esaﬁpws” -~ Zeaﬁp‘”ww (A.13)
_ . ; 1 _ L 1 .; _ 1 .

DEGYP = ZDZY‘W — Eaaﬁmlsu + Zaa%&w% : (A.14)

It should be remarked that the constraints (A.8) are invariant under super-Weyl trans-
formations generated by a covariantly chiral superfield o

Do =0. (A.15)

)

The reader is referred to [1, 9] for the transformation laws of the covariant derivatives and

torsion superfields under the super-Weyl transformations.

B Projective supermultiplets

A projective supermultiplet of weight n, Q(")(z,u+), is a scalar superfield that lives on
+

M8 is holomorphic with respect to the isotwistor variables u; on an open domain of

C?\ {0}. The variable u;L are constant and invariant under the structure group action.
The projective supermultiplet of weight n is characterized by the following conditions:

(i) it obeys the covariant analyticity constraints (1.1);
(i) it is a homogeneous function of u™ of degree n, that is,
Q(")(z,cu+) =" Q(")(z,u+) ) ceCr; (B.1)
(iii) gauge transformations (A.5) act on Q™) as follows:

5 QM = (KCDC + KijJij>Q(”),

i n 1 - - n i
K700 — ) (K++D( L) _ o gt )Q( ), KM= KVuF, (B2)
where
_ ;0 - i 0
D( 171) =u au+@' , D(lv 1) — u+ W (B3)
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The transformation law (B.2) involves an additional isotwistor, w; , which is subject to
the only condition (utu™) := u‘”u; # 0, and is otherwise completely arbitrary. By
construction, Q™ is independent of u ™, i.e. OQ(")/au_i = 0, and hence D=1 QM = 0.
One can see that Q™ is also independent of the isotwistor u~, d(dxQ™)/du~" = 0,
due to (B.1).

More generally, a weight-n isotwistor superfield U (")(z, u™) is defined to live on MAB,
+

be holomorphic with respect to the isotwistor variables u;” on an open domain of C2\ {0},

and satisfy the conditions (ii) and (iii).

The operators D} and T)I obey the anti-commutation relations:
(D, D5} =4Yap J T +457 Mg, {D}, 13;} =8G,; 7, (B.4)

where J*t := wluf JY and STF := ufuf SY. Tt follows from (B.2)
JHQmW =0, Jtt oD, (B.5)

and hence the covariant analyticity constraints (1.1) are consistent.

We refer the reader to [1, 9] for a more complete analysis of projective supermulti-
plets including their super-Weyl transformation laws and the definition of the “smile” (or
analyticity-preserving) conjugation.

C On the chiral projector

In this appendix we prove that the right hand side of (5.1)
1. is invariant under arbitrary projective transformations (4.17), (4.18) and (4.19); and
2. is covariantly chiral.

The expression (5.1) is manifestly invariant under arbitrary re-scalings of u™, eq. (4.17),
as well as under the a-transformations (4.18). It remains to check invariance under infinites-
imal §-transformations (4.18), with the parameter §(t) constrained as in (4.19). Applying

the p-transformation gives
5((13—)2 + 4S"> ((13+)2 + 4S++> U2 = 4pp-LD g+ ((15+)2 + 4S++> U2 (C.1)
Then, using (4.19) and the identity

A 2(u+u’)v(+z) B (ﬁ+u+)D(_1,1)V(+2) (C.2)

dt (utu~) (utu™) '

which holds for any isotwistor superfield V(2 of weight +2, such as the superfield
ST ((D*)? +45+F) U2 appearing on the right of (C.1), it follows that

(0 ut) DL (+2) _i( g V(+2)> . (C.3)

(utu—)? dt \(utu~)

g

This indeed demonstrates that the right hand side of (5.1) is projective invariant.
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Now let us prove that the right hand side of (5.1) is covariantly chiral. First of all,
consider a weight-zero isotwistor superfield P(z,u™) such that

DIP=0. (C.4)

An example of such a superfield is ((DF)% +45++)U(2). Using the identities

J7P = —(utuT)DHP, (C.5)
e R
D5 (D7) +4577) = —4S7 D7 My = 4V ;D77 = 3(DagS)T 7, (C6)
[DF.(DPIP = (4(D5 %) — 4w u")Y, ;D7
~4D™"§**D; — 2D~ (D;5%)) P, (eks)

one can show that

— Y (D —u D (D)2 + 45
- wi Dy — e D | (D)2 +4577)P
= (2u,;(15;5++) + duy §TFD; + duf (ut )Y ;DO — zu;(zaggﬁ)) P .(C8)

V42

Secondly, we notice that for any superfield V;; (z,u™), which is homogeneous in u;L of
degree +2, the following identity holds

(@u®) Scanpey _d 1 (+2)
e = g () ©9
Using (C.8) and (C.9), one can then prove that
_ utdu™ _ _ _ _ B
de%ﬁ((@ )2 +4577) (D)2 + 48+ U2 0 . (C.10)

As a result, the right hand side of (5.1) is indeed covarianly chiral.
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