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Abstract

The photoproduction of 77 mesons is a powerful source of information about the excitation spec-
trum of protons and neutrons. There are several methods to extract partial wave or multipole
amplitudes from experimentally measured polarized and unpolarized differential cross sections.
In so called isobar models the scattering amplitude is parameterized with two parts: resonances
and non-resonant background. Such a model, EtaMAID, has been developed in Mainz 15 years
ago when first precision data for unpolarized cross sections and beam asymmetries were mea-
sured. In the meantime, a significant amount of new data, in particular with polarized beams
and targets, are available. Within this thesis, the EtaMaid model was updated and used to fit
all available new data.

However, a drawback of all isobar models is the fact that they violate analyticity and crossing
symmetry which are important properties of scattering amplitudes. Therefore, in this thesis
fixed-t dispersion relations were applied as a constraint to the EtaMAID model in order to
obtain solutions which do fulfil analyticity and crossing symmetry. By fitting all modern
experimental data resonance parameters are obtained in an improved and less model dependent
way. Parameters like masses, widths, branching rations, and photocouplings for 14 nucleon
resonances were determined and are compared to results of the pure isobar model and to
existing averages from the PDG.

The thesis is organized as following: After a short introduction, baryon spectroscopy is dis-
cussed in Chapter 2 with special focus to quark models and lattice QCD. In Chapter 3 the
general formalism of 1 photoproduction on protons is introduced. In particular, the relations
between observables, invariant amplitudes, CGLN amplitudes and multipoles is described. Fi-
nally, the connection to the contributing resonances is provided. In Chapter 4 the partial wave
content of recently measured polarization observables is studied in terms of a Legendre poly-
nomial expansion. In Chapter 5 different models, in particular the EtaMAID isobar model,
are discussed. Fixed-t dispersion relations and their application in 1 photoproduction are ex-
plained in Chapter 6. The results of various fits with different background models are discussed
in Chapter 7. The thesis ends with a summary and conclusions.






Zusammenfassung

Die Photoproduktion von n Mesonen ist eine wichtige Informationsquelle iiber das Anre-
gungsspektrum von Protonen und Neutronen. Verschiedene Methoden wurden entwickelt, um
Partialwellen oder Multipolamplituden aus gemessenen polarisierten und unpolarisierten differ-
entiellen Wirkungsquerschnitten zu bestimmen. In sog. Isobaren-Modellen wird die Streuam-
plitude aufgebaut aus der Summe von Resonanzen und nicht-resonantem Untergrund. FEin
solches Modell, EtaMAID, wurde vor etwa 15 Jahren in Mainz entwickelt, als erste prézise
Daten fiir Wirkungsquerschnitte und Strahlasymmetrien gemessen wurden. Inzwischen gibt es
eine grofse Menge an neuen Daten, die mit polarisierten Strahlen und Targets gemessen wur-
den. In dieser Arbeit wurde das EtaMAID Modell aktuallisiert und verwendet, um alle neuen
Daten zu beschreiben.

Alle Isobaren Modelle haben jedoch das Problem, dass sie mit Analytizitdt und Crossing-
Symmetrie wichtige Eigenschaften von Streuamplituden verletzen. Daher wurden im Rahmen
dieser Arbeit fixed-t Dispersionsrelationen als Randbedingung fiir das EtaMAID Modell ver-
wendet, um Losungen zu erhalten, die analytisch sind und die Crossing-Symmetrie erfiillen.
Durch die Anpassung des Modells an alle moderen Daten wurden Resonanzparameter auf
bessere und modelunabhéngigere Weise bestimmt. Paramter wie, Massen, Breiten, Verzwei-
gungsverhédltnisse und Photo-Kopplungen fiir 14 Resonanzen wurden bestimmt und mit Ergeb-
nissen des reinen Isobaren Modells sowie mit Mittelwerten der PDG verglichen.

Die Arbeit ist folgendermafen gegliedert: Nach einer kurzen Einfiilhrung wird die Baryon-
spektroskopie in Kapitel 2 diskutiert. FEin spezieller Fokus liegt dabei auf Quarkmodellen
und Gitter-QCD. In Kapitel 3 wird der allgemeine Formalismus der 7 Photoproduktion er-
ldutert. Insbesondere werden die Zusammenhénge zwischen Observablen, invarianten Amplitu-
den, CGLN Amplituden und Multipolen hergestellt. Abschliefsend wird die Verbindung zu den
Resonanzbeitrégen erldutert. In Kapitel 4 werden kiirzlich gemessene Polarisationsobservable
hinsichtlich den beitragenden Partialwellen in einer Entwicklung nach Legendre-Polynomen un-
tersucht. In Kapitel 5 werden dann verschiedene Modelle, insbesondere EtaMAID, vorgestellt.
Fixed-t Dispersionsanalysen und deren Anwendung in der n Photoproduktion werden in Kapi-
tel 6 erldutert. Die Ergebnisse verschiedener Anpassungen mit unterschiedlichen Ansétzen fiir
den nicht-resonanten Untergrund werden in Kapitel 7 vorgestellt und diskutiert. Die Arbeit
endet mit Schlussfolgerungen und einer Zusammenfassung.






Chapter 1

Introduction

At the present time Quantum Chromodynamics (QCD) is the universally recognized theory of
strong interactions. According to QCD particles consist of gluons and quarks. Gluons transfer
interaction between quarks and quarks carrying non-integer electric charge and do not exists in
a free state, this phenomenon called confinement. According to QCD mesons consist of quark-
anitquark pairs, baryons consist of three quarks. However some models suppose existence of
so-called exotic particles, which consist of other numbers of quarks (4,5,6) [1-3] and also gluons
and its mix: hybrids [4] and glueballs ( [5] and references therein).

Although the lagrangian of the strong interactions (QCD) is well-known |6, 7], our knowledge
about interaction of particles at low and intermediate energies is very limited. This knowledge
is crucial because, for example, baryons form most of the known matter and understanding of
their structure is a very important task. Due to this problem a number of models were created
which explained properties of the ground states and predicted the spectrum of excited baryons.
The classical quark model which considered the baryons as bound states of three constituent
quarks explained very successfully the spectrum of baryon resonances below 1.7 GeV. However
with obtaining of the new data on different reactions it becomes obvious, that such quark model
is a too simplified approach for the description of strong interacting particles. For baryons,
this model predicts a large number of excited states with masses above 1.7 GeV, but it is not
supported by the experimental data. This is the problem of so called missing states: number
of particles predicted by different models exceeds the number of experimentally found states.
The possibly explanation can be that we just did not find new states in the experiment or just
do not see them in the data.

However even in the energy region below 1.7 GeV where the number of states is well known
the picture is not so clear. For example in case of yp — np the intermediate states (resonances)
have sometimes large widths therefore they overlap and it is rather hard to determine their
parameters. The procedure of the the analysis of the scattering amplitude is called partial
wave analysis (PWA) and can be done in different approaches. There are different groups that
are working in this area and using different models. The well known groups are: MAID |8, 9],
Bonn-Gathcina (BnGa) [10,11], Jiillich-Bonn (JiBo) [12,13], SAID [14]. All these groups have
their own web-pages [15-18].

The first direct source of information about baryon resonances was pion-nucleon scattering
reactions. The corresponding data were collected in a set of laboratories over the world, see
SAID web page [18], and a number of new states had been discovered. However a lot of modern
data come from different photoproduction reactions, see BuGa web page [16]. This gives us an
opportunity to analyze these data in order to determine the parameters of poorly known states
or to make the parameters of well known states more accurate.

An approach that is used in Mainz for a data analysis is called isobar model approach.
It has been developed more than 15 years ago [8] when first precision data for unpolarized
cross sections and beam asymmetries were measured. In so called isobar models the scattering
amplitude is parameterized with two parts: resonances and non-resonant background.

However with this procedure we do not take into account very important properties of the
scattering amplitude: analyticity and crossing symmetry. In order to fulfill them we introduce
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a procedure of fixed-t dispersion relations for invariant amplitudes [19-29]. This procedure
allows us to analyze the existing data on 1 photoproduction with additional constraints and
less model dependence. In our analysis we work in the energy region W < 1863 MeV, however
we are also able to describe the high energy data at small ¢ values.

The thesis is organized as following: After a short introduction, baryon spectroscopy is dis-
cussed in Chapter 2 with special focus to quark models and lattice QCD. In Chapter 3 the
general formalism of 7 photoproduction on protons is introduced. In particular, the relations
between observables, invariant amplitudes, CGLN amplitudes and multipoles is described. Fi-
nally, the connection to the contributing resonances is provided. In Chapter 4 the partial wave
content of recently measured polarization observables is studied in terms of a Legendre poly-
nomial expansion. In Chapter 5 different models, in particular the EtaMAID isobar model,
are discussed. Fixed-t dispersion relations and their application in n photoproduction are ex-
plained in Chapter 6. The results of various fits with different background models are discussed
in Chapter 7. The thesis ends with a summary and conclusions.



Chapter 2

Baryon spectroscopy

It is good to start this chapter with a very interesting question from Nathan Isgur which he
asked on NNV * 2000 workshop [30] "Why N*’s?" He gave three answers:

e The first is that nucleons are the stuff of which our world is made. As such they must be
at the center of any discussion of why the world we actually experience has the character
it does. I am convinced that completing this chapter in the history of science will be one
of the most interesting and fruitful areas of physics for at least the next thirty years.

e My second reason is that they are the simplest system in which the quintessentially
nonabelian character of QCD is manifest. There are, after all, N, quarks in a proton
because there are N, colors.

e The third reason is that history has taught us that, while relatively simple, baryons
are sufficiently complex to reveal physics hidden from us in the mesons. There are many
examples of this, but one famous example should suffice: GellMann [6] and Zweig [7] were
forced to the quarks by 3 ® 3 ® 3 giving the octet and decuplet, while mesons admitted
of many possible solutions.

Thus he predicted that baryon spectroscopy will be one of the most interesting areas for many
years.

This chapter is devoted to different approaches which give information about the baryon
spectrum. As an example the quark model and the lattice calculations are shown. This short
review is mainly based on PDG review [31] and book on mesons and baryons [32].

2.1 Quark model

In early sixties with the growth of the experimentally observed particles a question of system-
atization of them rased up. As a tool for systematization the quark model was developed. It
was done in the papers of Gell-Mann 6] and Zweig |7| where it was first shown that known at
that time hadrons could be built up of three quarks (u, d, s) carrying the non integer charge
and obeying the rules of SU(3) symmetry. Later it became clear that hadrons have to be con-
sidered as bound states of quarks (objects which we call now "constituent quarks"). In this
picture hadrons consist of quark-anitquark M = gq pairs (mesons), and three quarks B = qqq
(baryons).

In further development of the quark model one was realized that new quantum numbers
turned out to be necessary. Thus the picture of colored quarks was formulated by Gell-Mann.
In this picture quark possesses a quantum number color, which has three values: red, green
and blue. For the two-quark mesons and the three-quark baryons quark wave functions are

1 1
M Nei E 4G NG 5 k0qi Qe (2.1)

ikl

The sum is over the quark colours i, k, ¢ and €;x¢ is the fully antisymmetric unit tensor.
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It is known that quarks are strongly interacting fermions with spin 1/2 and, by convention,
have positive parity. Antiquarks have therefore negative parity. Quarks have the additive
baryon number 1/3, antiquarks —1/3. Table 2.1 and gives the other additive quantum numbers
(flavors) for the three generations of quarks.

Table 2.1: Quarks

d u s ¢ b t
Q - electric charge —% —i—% —% —i—% —% —i%

I - isospin s s o0o]lo]o0o]o0

I, - isospin z-component —% —i—% 0 0 0 0
S - strangeness 0 0 -1 0 0 0

C - charm 0 0 0 | +1] O 0

B - bottomness 0 0 0 0 -1 0

T - topness 0 0 0 0 0 | +1

The quantum numbers are related to the charge @ (in units of the elementary charge e
through the generalized Gell-Mann-Nishijima formula:

B+S+C+B+T

Q:Iz+ 9

(2.2)

where B is the baryon number. The convention is that the flavor of a quark (I, S, C, B, or T)
has the same sign as its charge Q. With this convention, any flavor carried by a charged meson
has the same sign as its charge. Antiquarks have the opposite flavor signs. The hypercharge is

defined as
C-B+T

Y =B+S-— (2.3)

If we consider the baryon spectrum we can see that three quarks u, d, s form multiplets: the
octet with J¥ = 1/2F:
isospin strangeness  particles

1/2 0 p,n
(/) 1 A (2.4)
1 -1 PO ILND S
1/2 -2 =0 =-
and the decuplet with JZ = 3/27:
isospin strangeness particles
3/2 0 AT AT A A
1 -1 DIRD S Vo (2:5)
1/2 -2 =0 =x-
0 -3 Q.

With this example we obtain the so called low lying baryons which are well known. Many of
their properties, in particular their masses, are in good agreement even with the most basic
versions of the quark model.
Low-lying baryons, octets and decuplets may also be described qualitatively in the framework
of SU(6) symmetry.
6®6R®6=>565® 70y ® 705 D20,y (2.6)
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Here the subscripts indicate symmetric, mixed-symmetry, or antisymmetric states under in-
terchange of any two quarks. The described above octet and decuplet together form 56-plet
in which the angular momenta between the quark pairs are zero. For 70 and 20 we require
additional spatial excitation and as a result we get states with non zero orbital angular mo-
menta. As it was said before the spectra of low lying baryons are well known however in case
of excitation spectra the situation is different. Quark model predict more states that are really
observed. This is so-called missing states problem, which appears, for example, also on the
lattice QCD calculations which will be described in the next section.

Different models were developed to decrease the number of predicted states. For example,
quark-diquark model where two quarks are clastering into a diquark allows to decrease the
number of degrees of freedom and therefore number of predicted states. But this number of
states is still more than experimentally observed ones.

Most of the information about exited baryons came from mN scattering. But some exited
states can be weekly coupled to m N channel. However a lot of new experiments on meson
photoproduction was made by many experimental groups over the world. This gives us an
opportunity to get information about excited baryons coupled to many different two- and
three-body final states. To extract this information is a very important task of partial wave
analysis.

2.2 Lattice QCD calculations

Theoretical calculations of hadron properties based on QCD principles is a difficult task which
includes nonperturbative approaches. Such a method is lattice QCD [33] which needs a big
computational power and effective calculation methods.

An example of lattice results is shown on Fig. 2.1 where the resonance spectrum of nucleons
and Deltas is presented. with m, = 396 MeV.

20} N* - A*
= : . 1 D
I
slmm ; 1 @ |
18 DD: - = m|m
| =)
I mo ]
1.6-!D u.-EEE--. :‘@ -
I
/| [ D% o :
1.4 = - 'q ==
G lar B = | T = o |
S
1 & 1
I SR |
S 121 ! == |
1 1 &=
= =
I
1.0} , - :
I — I
| 1
L I |
0.8 h |
— | |
I I
06f 1t 3+ 5+ 7+t1 1= 37 57 7 1+t 3+ 5+ 7ty 1- 3- 55— 7~
2 2 2 2 1 2 2 2 2 2 2 2 2 1 2 2 2 2

Figure 2.1: The nucleon excitation spectrum from lattice gauge calculations [34]. J P notation
is used for identifying excitation states.

One can see how good A(1232) 3/2% is reproduced. However not all states presented here
were found in PWA. This is the already introduced problem of missing states. Which can
be solved by analyzing the photoproduction spectrum. One can then decide whether the
resonances couple weakly to 7N or if the lattice calculations, when using large masses, do not
pick up the correct degrees of freedom adapted to baryon resonances.






Chapter 3

General formalism of n meson photoproduction on
proton

In this chapter the formalism of 7 meson photoproduction is presented. The following quantities
are introduced: Mandelstam variables, invariant amplitudes, CGLN amplitudes and multipoles.
The notation for resonances and their relation with multipoles will be explained. Differential
cross section and polarization observables are discussed. The part on the observables is based
on the common work of our group and colleagues from Tuzla nd Zagreb, see [35].

The notations for the variables introduced here will be kept and used in further chapters.

3.1 Kinematics

Let us first define the kinematics of a process, consider the reaction:

(k) + p)) = n(d") + ph), (3.1)

variables in brackets denote the 4-momenta of the participating particles. The 4-momentum
of the photon is denoted as p§ = k* = (E,, k). The 4-momenta of target and recoil protons
are denoted as pi' = (E;, pi) and p’]ﬁ = (Ey, pr) respectively. The subscripts ¢ and f stays for
initial and final states. The 4-momentum of the 7 meson is denoted as pj; = ¢* = (w,q). The
4-momentum conservation holds for the reaction

B+ pf = ¢ + pl. (3.2)
The reaction can be described by the three Mandelstam variables [36] s, t and u. They are:
s =P+ k)7 = (¢"+p7)% t=(¢"—k") = —p)? u=0—¢") = —q") (33)
the sum of them is equal to the sum of squares of the external masses
s+t+u:2m§+m%. (3.4)

Up to now the described physical quantities are independent from the reference frame. In
order to describe the scattering process explicitly two reference frames are used. The labora-
tory (lab) frame, where the target nucleon is initially at rest, and the center of mass frame
(c.m.). Both lab and c.m. coordinates can be transformed in each other by use of Lorenz
transformations.

11
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Below the graphical representation of these two frames is shown:

plnab — (Ef/a,b’ p,]lab) p;:l.m. — (E;;.nz.7 q)
” 7
/ /
< /

s i /
pi’gb — (E\iab> pq/lab) y p%.m. — (k k) y
eln,b ggm p;_;_m,_ _ (EZ{‘JYI“’ 7k)

p(z:m“ — (Ec.m.7 _q)
pigb _ (Ei‘gzb’ pflab) I f

Figure 3.1: Kinematics of 77 photoproduction in both laboratory and center of mass frames.

Kinematical quantities can be written in both frames, for example the total energy written
in terms photon lab energy looks like

W = /s = \/my(m, + 2E1ab). (3.5)
The photon laboratory energy therefore
lab __ p
By = ———. (3.6)

Now, let us go into the c.m. frame. Thus one gets the following quantities for the 4-momenta
of participating particles

pf = (E’La_k)v pl; = (Ef,—(]),

Beo= (k). ¢ = (@), (37
note that the subscript c.m. is now dropped.
2 2 2 2 2
L |k|:W —ms w:W +m; —m,
2w 2w ’
1/2
2 2 2\ 2
= |q| = W=+ My — My —m2
q - q - 2W n
W2+ m?
E, = —k=—"2F2
W 2W
W2+ m?2 — m?
Ef = W-w= 2‘;} 1 (3.8)

The formula below gives the relation for the cosine of the scattering angle in c.m. frame

t—m%—l—ka

T (3.9)

cos =

12



3.1 Kinematics

The face-space-factor is given by
q

In order to determine the kinematical limits of our reaction the Mandelstam plane [37] as
a function of 2 variables v, and ¢ can be drawn. Where v is so-called crossing symmetrical
variable v which is expressed by

S—Uu
v o= : (3.11)
4m,,
t—m
= Elb - 3.12

Now using ¢ and v we draw the Mandelstam plane [37] that shows the physical region for
our reaction and three production thresholds:

T T

/;%N . /'nN' | 'ﬁ'N/ |

0.0/

| A SN
00 05 10 15

v [GeV]

Figure 3.2: The Mandelstam plane for yp — np. The red solid curves are the boundaries of
the physical region from 6 = 0 to = 180°. The red dashed line shows 6 = 90°.
The inclined vertical lines from left to right denote the thresholds for 7N, nN, n/N
production respectively.

13
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3.2 Cross section and polarization observables

Experiments with three types of polarization can be performed in 7 photoproduction: photon
beam polarization, polarization of the target nucleon and polarization of the recoil nucleon.
Target polarization will be described in the frame {z,y, z} in Fig. 3.3, with the z-axis pointing
into the direction of the photon momentum R, the y-axis perpendicular to the reaction plane,
¥ =k x q/sinf, and the z-axis given by X = § x 2. For recoil polarization the frame {a’, y’ 2'}
is used, with the 2’-axis defined by the momentum vector of the outgoing meson q, the y'-axis
as for target polarization and the z’-axis given by x = y x .

The photon polarization can be linear or circular. For a linear photon polarization (Pr = 1)
in the reaction plane % we get ¢ = 0 and perpendicular, in direction ¥, the polarization angle
is ¢ = 7/2. For right-handed circular polarization Ps = +1.

Here the hat notation is used to define the unit vector.

p(—q)

Figure 3.3: Kinematics of photoproduction and frames for polarization. The frame {z,y, 2}
is used for target polarization {P,,P,, P.}, whereas the recoil polarization
{P,,P,,P,} is defined in the frame {z’,3/,2'}, which is rotated around 3’ =y
by the polar angle 6. ¢ is the azimuthal angle of the photon polarization vector
in respect to the reaction plane {z,y} and is zero in the projection shown in the
figure.

One can classify the differential cross sections by the three classes of double polarization
experiments and one class of triple polarization experiments:

e polarized photons (linearly or circularly) and polarized target (transverse or longitudi-
nally)

(EW, 0) = oo{l— PrX(E,,0)cos2p
+P, (—PrH(E,,0)sin2¢p + PoF(E,,0))
+P, (T(E,,0) — PrP(E,,0)cos2y)
+P, (PrG(E,,0)sin2¢ — Py E(E,,0))} (3.13)

ds2
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3.3 Invariant and CGLN amplitudes

e polarized photons (linearly or circularly) and recoil polarization

;%(EW, 0) = oo{l— PrX(E,,0)cos2p
+Py (=PrOy (Ey,0) sin2¢p — PoCy (E,, 0))
+Py (P(E,,0) — PrT(E,,0)cos2p)
+Py (=PrO.(Ey,0)sin2¢p — PoCy (Ey,0))} (3.14)

e polarized target (transverse or longitudinally) and recoil polarization

d
S7(B,,0) = 00{1+ P,T(E,,0)+ PyP(E-,0) + Py (PyTyw(E-,0) — P.Ly(E,,0))

Q)
+PyP,Y(E,,0) + P (P, Tu(E,,0) + P.L.i(E,,0))} . (3.15)

In these equations og denotes the unpolarized differential cross section. The transverse
degree of photon polarization is denoted by Pr. The right-handed circular photon polarization
is denoted as Pg.

3.3 Invariant and CGLN amplitudes

According to the paper of Berends [38] the most general Lorentz covariant pseudo-four-vector
for the nucleon electromagnetic current can be expressed in terms of the eight matrix elements.

By having two photon polarization states, two initial proton target spin states and finally
two proton recoil spin states we obtain eight matrix elements of the electromagnetic current
and thus eight invariant amplitudes.

In the case of i photoproduction the set of eight amplitudes is reduced to the set of four
amplitudes by applying the parity conservation. Thus the electromagnetic current takes the
form [39]:

4
Jh =" Ai(v,t) ML (3.16)
i=1
The complex functions
A1<V, t), AQ(V, t), Ag(lj, t), A4(l/, t), (317)

are called invariant photoproduction amplitudes and carry kinematical dependencies.
Invariant amplitudes have definite crossing symmetry. For n photoproduction, the amplitudes
A12,4(v,t) are crossing even, i.e Ay 94(—v,t) = A7 5 4(v,t). The amplitude A3(v,t) is crossing
odd, i.e Az(—v,t) = —A%(v, t).
The operators M; are gauge-invariant four-vectors and were written by Chew, Goldberger,
Low and Nambu (CGLN) [39]. They have the following form:

1,
MY = —gins (V- K
1 1
My = 2¢75(Pﬂk-<q—2k>—<q—2k>“k~P),
MY = —ivs(Y'k-q—kq"),
M = —2iy5 (YP k- P — jPM) — 2My MY, (3.18)
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Chapter 3 General formalism of n meson photoproduction on proton

here f = k,y*, for P* the following convention is used P* = (p!' + p%)/2 and the gamma
matrices are defined as in Ref. [40].
The transition matrix element of the electromagnetic current has the form:

4
ATW

JH = Aie MM u(p) = ——— X" Fxi 3.19

&ty = U(py) ; el up) = =P (3.19)

here u(p) is the Dirac spinor of the proton carrying information of the spin states of the baryon,
u(p)u(p) = 2my, and x the Pauli spinor of the nucleon.

The operator F can be decomposed in c.m. frame into four complex variables F; which are

called CGLN amplitudes,

F = —euJ#p
= (G- ORI +@F-Q@@xk)eFR+i(e-q)(F-k)Fs+i(e-¢)(T 4 Fy, (3.20)

where e = (e, €) and &k = 0. and & is the Pauli spin operator which has the following matrix

form:
01 0 —1 1 0
o1 = <1 0) , 09 = <Z 0 > , 03 = <0 _1> . (3.21)

These amplitudes have energy and angular dependence:
Fl(WwT)a FQ(W(E), F3(VV’$)’ F4(W7$)7 (322)

where W is the total energy and = = cos . As we can see from Eq. (3.19) CGLN and invariant
amplitudes are related to each other by a linear transformation.

CGLN amplitudes can be decomposed in terms of partial waves (multipoles) and Legendre
polynomials and their derivatives [41], the relations between them we show below.

B(W,z) = 2 [((Mey + Eey) Pryy(x) + (€4 1) Moo + Ep) Ppy (2)]

B(W,z) = i [(€+1) Mey + €M ] Py(z),

F(W,z) = g (Eey = M) Prly(2) + (Be- + M) P4y (2)]

Fy(W,x) = i [Myy — Egy — My — E; ] P/ (). (3.23)

~

[\

where x = cosf is the already introduced cosine of the scattering angle, £ is an orbital angular
momentum of the nN system, Py(z) and Py(z)’, Py(xz)” are Legendre polynomials and their
derivatives.

Factors Eyr (W) and My (W) in the expansion are complex numbers and are called mu-
tipoles. Multipoles are energy dependent functions that can be of two types: electric (E) and
magnetic (M). A certain terminology has been adopted for distinguishing of these types. A
photon having total angular momentum .J, and parity P, = (—1)7 is called electric dipole
photon or Ej photon, a photon having parity P, = (—1)77! is called magnetic dipole or M
photon [42]. The labels + or — on multipoles denote the angular momentum addition.

Another important conserved quantity that has not been discussed up to now is an isospin
(I). Tsospin is an internal quantum number which determines the number of charge states
of hadrons. Isospin is conserved in strong interactions and is not conserved in weak and
electromagnetic interactions.
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3.4 Nucleon resonances in 17 photoproduction

3.4 Nucleon resonances in 1 photoproduction

The multipoles FEyy (W) and M+ (W) that were discussed in the previous section are partial
wave amplitudes of photoproduction and contain contributions from s-, - and u-channel pro-
cesses. The biggest contributions in the low energy region come from the s-channel exchanges
(resonances). In PDG [31] one can find the discussion about resonance spectrum of photo-
production on proton. The notation scheme is also given there. Here we will discuss some
important aspects from the review and show connection between resonances and multipoles.

In the s-channel we can observe different types of baryons, e.g. N baryons, A baryons, A
baryons etc. These types are related to the different quantum numbers of the intermediate
states: isospin (I) and strangeness (S). For example in photoproduction reactions on a proton,
which has an I = 1/2, one can only have N (nucleon) resonances with I = 1/2 or A resonances
with I = 3/2. Then in order to distinguish between the resonances of the same type a notation
JP is used, where .J is the total angular momentum and P is parity.

In our case of yp — np reaction we observe only nucleon resonances in the s-channel, because
1 meson has an isospin I = 0. The next step is to define the possible values of J for resonances.
The produced 7 meson is a pseudoscalar therefore it is IJ” = 007, the recoil proton is IJX =
%%Jr. Eta-meson and a proton can have an orbital angular momentum ¢, thus the total angular
momentum J can have values J = £ & 1/2 and parity P = P,P,(—1)* = —(—1)*. Below a

diagram that describes the s-channel process is drawn:

v 1™ n 0~

+

DOl —

p

Figure 3.4: A schematic description of the s-channel process. Here the notation J for the
participating particles is used. J is the total angular momentum, P is a parity. ¢
denotes the orbital angular momentum of the n/N system. Double line indicates
s-channel intermediate state (resonance). I isospin quantum number are omitted
on this picture.

The general rules for quantum numbers of a 2 — 2 processes are given below.

16 gPCr L G2 g2 G2y G gPC G PGy s i FaCo (3.24)
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Chapter 3 General formalism of n meson photoproduction on proton

G = G1Gs G =G\G,
P=PPy(-1)"  P=PP-1)"
[ —Ll<I<h+1 |I[-Ll<I<I+]I
|1 — Ll <S<i+Jy |J—Jhl < S <J+Jb
IS—l<J<S+t |-l <T<S+/ (3.25)

where [ is an isospin, G denotes G-parity, J is the total angular momentum, P is parity, C' is
C-parity, S is a spin of a particle.

Let us now consider the resonance spectrum of nucleon resonances. Below the table, taken
from PDG, shows the resonances and their PDG rating that were used in the present data
analysis:

Table 3.1: Resonances used in the data analysis shown along with the PDG star rating.

Resonance Overall rating N~ rating Nn rating
N(1440) 1/2* skokok ok Kokok ok

(1520) 3/2_ Fok ok ok ok ok $kok
N(1535) 1/2~ KKk Kokokok KKKk
N(1650) 1/2~ kekokok Kokokok kK
N(1675) 5/2~ Ak ok ok ok *
N(1680) 5/2 ok ok ok ok ok *
N(1700) 3/2~ Ak KAk *
N(1710) 1/2+ %ok okok ok ok ok kkok
N(1720) 3/2+ kK ok Kk kk sokok
N(1860) 5/2 *ok
N(1875) 3/2~ *okx *okok
N(1880) 1/2+ ** *

N(1895) 1/2— *ok * **
N(1900) 3/2+ *kk k% * ok

*Hk* Existence is certain, and properties are at least fairly well explored

*** Existence is very likely but further confirmation of decay modes is required.
** Evidence of existence is only fair.

* Evidence of existence is poor.
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3.4 Nucleon resonances in 17 photoproduction

The presented above resonances are related to the multipoles that were discussed in the
previous section. In the Tab. 3.2 we show these resonances along with their quantum numbers
and the related multipoles.

Table 3.2: Resonances in used in the analysis and related multipoles.

Resonance ¢ J P Multipole
N(1535) 1/2= 0 1/2 —  Eot
N(1650)1/2= 0 1/2 —  Eo,
N(1895) 1/2= 0 1/2 —  Eot
N(1440) 1/2% 1 1/2 + My
N(1710) 1/2t 1 1/2 + My
N(1880) 1/2t 1 1/2 + My
N(1720) 3/2% 1 3/2 + Ei4, My
N(1900) 3/2% 1 3/2 + FEiy, My
N(1520) 3/2= 2 3/2 — Ey My
N(1700) 3/2= 2 3/2 — Ey My
N(1875) 3/2= 2 3/2 — Ey ,Msy_
N(1675) 5/2_ 2 5/2 — Eoy, Moy
N(1680) 5/2t 3 5/2 + FEs_,Ms_
N(1860) 5/2t 3 5/2 + FE3_,Ms_

Let us discuss the relations between the notations of the multipoles and resonances. We
consider the N(1535) 1/2~ resonance and the related Eyy multipole as an example.

First let us describe the subscript 0+. This resonance appears is the S-wave of the nN
system, therefore it has orbital angular momentum ¢ = 0. Then according to the quantum
mechanical rules the total orbital angular momentum is obtained J = 0+ 1/2. By putting
these two things together we get the subscript 0+.

The explanation why this resonance has only electric multipole is a bit more complicated.
As it was written before there are two types of multipoles: electric and magnetic. In order
to distinguish between them we can use parity conservation arguments and write down the
selection rules [41]:

Ej : (-)h=P=(-1)"" =11 =1, (3.26)
Mj : ()P =P=(-1)"T"=J =1 (3.27)

Now let us have a look on vp — N(1535) 1/2~ process under a different angle. Suppose that
we have v — p+ N(1535) 1/27. Photon has an total angular momentum and parity J., that
we can get as a sum of Jges = 1/27 and J, = 1/2%, following the quantum mechanical rules
we get Jy = 17. We also know that photon has a spin S = 1 therefore S = J, £+ L,. In order
to obtain this value and to conserve the parity the orbital angular momentum of the photon
must be L, = 0. Taking into account Eq. (3.27) we get L, = J, — 1 which means that the
multipole is electric.

The same procedure we can apply for other resonances and one can see that for 1/2% inter-
mediate states only M7+ multipole is physical. For states with higher total angular momentum
J both multipoles are present.
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Chapter 4

Partial wave content of polarization observables

Before we perform a partial wave analysis, the sensitivity of experimental data to high partial
waves can be discussed. The so-called partial wave content of polarization observables can be
investigated. In this chapter such a procedure is done for the data on the vp — np reaction.
The errors of the data are discussed as well. The analysis of the data is performed using
the Legendere expansion of polarization observables which provides qualitative results on their
partial wave content.

4.1 Description of the data using Legendre polynomials

Legendre polynomials are an orthogonal set of functions in the range [-1,1]. Below the formalism
is briefly shown and an example is given.

Table 4.1 shows all available data, the energy and angular coverage, the number of angular
bins of fitted observables and whether the data are used in the partial wave analysis.

Table 4.1: Observables in 17 photoproduction

Yp — np Observable Energy cos(0) Number Used
range (MeV) of angles in the analysis
[43] MAMI-C do /dS2 1488-1870  [-0.958,0.958| 24 -
[44] MAMI do /d9 1488-1956  [-0.958,0.958] 24 +
[45] CBELSA /TAPS do /d2 1588-2370 [-0.95,0.95] 20 -
[46] CLAS do /d2 1685-2895 [-0.85,0.85] 18 -
[47] GRAAL by 1490-1910 [-0.95,0.84] 10 +
[48] GRAAL ) 1506-1688 [-0.8,-0.8] 9 -
[49] A2 MAMI T 1495-1850 [-0.916,0.916] 12 +
49] A2 MAMI F 14951850 [-0.916,0.916] 12 +
[50]CLAS E 1525-2125 :0.9,0.7] 8 +

All observables can be expanded in Legendre series. For getting compact formulas, associated
Legendre polynomials {Pf(z), P}(x), P?(x)} are used. They have the form:

PKO(:U) = Pg(l’),
Pl = V12 P,

Pi(z) = (1-2%) P/(a), (4.1)

where Pé (x), PZ(&?) are first and second derivatives of Legendre polynomials over z. Using

21



Chapter 4 Partial wave content of polarization observables

these notations one can rewrite expressions for the observables in the following form

2£maz
O;(W,z) = > A(W) P)(x), for O; = {do/dQ, E},
k=0

O;(W,z) = Y  A(W) Pl(x), for O; ={T,P,F,H},
Oi(W,z) = > A(W) P(x), for O; = {%,G}, (4.2)

here O;(W,z) is the general notation for an observable. W is the total energy, {mq. is the
highest angular momentum up to which the series is truncated.

For all double polarization observables that include recoil polarization, the summation runs
up to 2,42 + 1, one term higher than for the other observables

2£maz+1
O;(W,0) = > A(W) P(cost), for O; = {C.r, L.},
k=0
O;(W,0) = > A(W) Pi(cosh), for O; = {Cur, Our, Loy, Tur },
k=1
ZZTVLG,JJ_‘_l i
O;(W,0) = AL (W) P2(cosh), for Oy = {0y, Ty }. (4.3)
k=2

It was shown that CGLN amplitudes can be expressed as infinite series in terms of multi-
poles, Legendre polynomials and their derivatives Eq. (3.23). In the Legendre analysis one
has to truncate the series at some £,,4, which gives information about the highest orbital an-

gular momentum. For the CGLN amplitudes F;(W, z) we therefore obtain the following set of
equations

émaa:
BW,z) = [((Mpy + Ee) Ppyy (@) + (E+ 1) My + Bro) Py ()]
=0
gmaz‘
FB(W,x) = (04 1) Moy + ¢M;_| Py(x),
(=1
émaw
Fy(W,z) = [(Eey — Mey) Ppi (@) + (Bo— + M) Py ()]
(=1
émaa:
F4(I/V, 1‘) = [Mg+ — Eg+ — Mg, — Eg,] PZ ((L‘) . (4.4)
(=2

In the work of Fasano and Tabakin [41] it was shown that the experimental observables can
be expressed in terms of CGLN amplitudes. Let us consider examples of the differential cross
section and target asymmetry and determine the partial wave content of them.

Assuming the highest orbital angular momentum /¢,,,, = 1 for the differential cross section
(do/dS2) the expression has the following form

do/dY= Re {F{F\ + F;Fo + (1 — 2°) (F5F3/2 + F5 F3) — 22F{ [} (4.5)
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4.1 Description of the data using Legendre polynomials

Substituting the expansion from Eq. (4.4) one gets the result:

9 5 .
do/dQ = Re{\E0+!2 + 5 B2+ [Mu? + DM+ M (3B + M)
—3ET+M1+ + (L’[2E8<+(3E1+ + M1+) — 2ES+M1_]

9 3 * *
+2? [§|El+|2 - §|Ml+|2 —3M{_(3E14 + Myy) + 9E1+M1+} } (4.6)

Using the expansion for observables Eq. (4.2) one can can write the following expression

2
do/d=> " AP(W) P (), (4.7)

where
do /dQ 2, 9 2 2,9 2 * *
Ag (W) = Re[Bot "+ 5B [" + [Mi-[" + Mg |7 + Mi_(3B14 + Miy) — 3By Muy

Afllg/dQ(W) = Im {2E;, (3E14 + Myy) — 2E5, My},

do /dQ2
Ay w)

9 3 « "
m {2|E1+\2 = SIMi|? = 3M{_(3B1y + Muy) + 9E1+M1+} : (4.8)

are Legendre coefficients containing the information about the partial wave content of the
do /dSQ.

Thus the lowest partial wave contribution to
|Eoy |2, in Aila/dg it comes from the interference of S and P waves 2E;, (3E1y + Miy) —
2E5, My, and for Ago/dQ it comes from the modulus of P waves: 3|Ey|*.

Aga/dQ

comes from the modulus of S-waves

For the target asymmetry T one gets the following:

T = 1—22Im {F}F;— oF;Fs}, (4.9)
T = 3V1-a2Im {E}, (Eip — Miy) — 2[Mi_(E1y — Myy) — 4Mi, By} . (4.10)

Using the Eq. (4.2) we have
2
=S Al P (@), (4.11)
k=1

where Legendere coefficients have the following form

Al =3Im {E{ (E1+ — Miy)}, (4.12)
AT =3Im {M{_(Evy — Myy) —AM{ Ei }. (4.13)

Thus we get the interference of S and P-waves Ej, (E14 — M) as the lowest partial wave
contribution to AT The lowest partial wave contribution to AT comes from the interference
of P-waves: Ml_(E1+ — M) —4M}, Ery.

If we assume that partial waves with orbital angular momentum higher that £ = 3 do not
appear in the reaction. One can write partial wave content of the Legendre coefficients in a
more schematic way. The coefficients Ada/ dQ(W) of Eq. 4.2 for the differential cross section

have the following combinations of partlal waves with different ¢ = 0,1,2,3, or in notations
S,P,D,F:
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Chapter 4 Partial wave content of polarization observables

AL/*® — §§4 PP+ SD+ DD+ PF+FF
Adelar SP+PD + SF + DF
Adela PP+ SD+ DD+ PF+FF
AL/ PD+ SF + DF
Adeld DD+ PF + FF
AL/ DF
A/ FF

The first summand shows the lowest partial wave contribution which can be seen in the
coefficient. For example Aga/ 9 contains squares of all partial waves and the lowest combination

of partial waves that could be observed is the modulus of S-waves, whereas Aga/ 9 Contains
only modulus of F-waves.
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4.2 Differential cross section, do/d}

In this section, results of the analysis of Legendre coefficients on differential cross section data
from MAMI [44] and CBELSA [45] are presented.

4.2.1 MAMI data

For these data two combined data sets are analyzed. The first data set (Run II) has 24 narrow
angular bins for each of 113 energy bins in the range from W = 1488 up to W = 1891 MeV.
The second one (Run III) has the same angular coverage and 12 energy bins which cover an
energy range from W = 1887 MeV up to W = 1956 MeV. Such quality of the data allows us
to obtain the information about partial wave content with good accuracy.

There is also another data set from MAMI [43] (Run I) which is not analyzed in present
work because the analysis of this run was repeated in Run II [44] with an improved cluster
algorithm that better separates electromagnetic showers which are partly overlapping in the
calorimeters, and with finer angular binning which provides better sensitivity to higher order
partial waves.

For the first data set (Run II) only n — 31y decays were used in the analysis of 1 photopro-
duction. Therefore cross sections were obtained by identifying the 1 meson via its 37% mode.
For the second data set (Run III) both neutral decay modes (n — vy and n — 37wy ) were
analyzed.

The statistical uncertainties come from the number of events in (E,,cos). The overall
systematic uncertainty due to the calculation of the detection efficiency and the photon-beam
flux was estimated as 4% and 5% for Run II and III respectively. An additional angular-
dependent systematic uncertainty is calculated as well. It includes a combined effect caused by
the angular resolution, background subtraction, and uncertainties in the angular dependence of
the reconstruction efficiency. For the first data set this kind of additional systematic uncertainty
was evaluated as 3%, and 5 % for the second one.

The angular-dependent systematic uncertainties were added in quadrature with the statistical
uncertainties in order to combine the results obtained from the different decay modes.

In the Legendre analysis the systematic uncertainties are not taken into account.

Fits with £4, = 1,2, 3,4 were done in order to test the sensitivity of data to P, D, F' and
G waves. Below the comparison of x? distributions and data description are shown.

5 5 5 5
2 2 2 2
4 X 2 X ‘(\ 4 X . X
|
3 3 I 3 3
‘[/
2b 2t | 2b 2t ‘
| ‘ ﬂ I\
I i T M Mo
al b i o HM‘W N 1\
N
01500 1600 1700 1800 1900 01500 1600 1700 1800 1900 01500 1600 1700 1800 1900 01500 1600 1700 1800 1900
W, MeV W, MeV W, MeV W, MeV

Figure 4.1: x? distributions for the description of the differential cross section by the series of
Legendre polynomials with the maximum ¢ = 1 (black), £ = 2 (red), ¢ = 3 (blue)
and ¢ =4 (green).

From the 2 plots it is clearly seen that the fit with £,,q, = 1 poorly describes the data with
the exception of energies below W = 1500 MeV, where the differential cross section is almost
flat, see Fig. 4.2. x? distributions for £,,.; = 2,3 optically look almost identical at energies
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do/dQ, ub/sr
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Figure 4.2: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ =1 (black).

between W = 1500 and W = 1800 MeV, and the only difference which can bee seen is at
energies higher than W = 1800 MeV.
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Figure 4.3: x? distributions for the description of the differential cross section at high energies

by the series of Legendre polynomials with the maximum ¢ = 2 (red) and ¢ = 3
(blue).

Which means that F' waves start to contribute. To check this assumption one can see how
the fits with £,,.. = 2,3 describe these data.
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4.2 Differential cross section, do /dS)

On the plot the hint is seen in the higher energy bins: the forward data point comes down
together with the blue curve. Also this forward point cannot be explained as as statistical
deviation. Further at higher energies one can observe the same behavior at forward angles.

do/dQ, ub/sr

W=1851

o " 1 " 1 " 1 " i " 1 " 1 " 1 " 1

cos 6

Figure 4.4: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ = 2 (red) and ¢ = 3 (blue).

From such a comparison it is seen that the fit with £,,4, = 3 gives a better result, although
the change in x? is very small. To better solve this puzzle one needs to treat the data at higher
energies and to make such an expansion for polarization observables, where the interference of
higher waves is more important in comparison with the differential cross section and, finally,
perform the partial wave analysis.

However despite the very good quality of the data, the low and the middle energy regions
are not sensitive to ¢4, = 3. Either the quality of the data is still not enough to provide
information about higher partial waves or, which is more likely, due to the fact that in con-
tributions from higher partial waves are suppressed by the N(1535) 1/2~ and N(1650) 1/2~
resonances 1 photoproduction in these energy regions. Therefore the influence of higher partial
waves cannot be seen in such type of an analysis.

27



Chapter 4 Partial wave content of polarization observables

The most significant difference is seen at energies above W = 1900 MeV, which corresponds
to the second data set. There the inclusion of G waves certainly improves the x? significantly.
By having a closer look at the x? distributions one can see how significant the change is.

3 3

2.5¢ X2 25F X2
2 2

1.5F 1.5F

1ir ir

0.5¢ 0.5¢ / X\_/\———\/

071900 1920 1040 1960 ° = 1800 1920 1040 1960
W, MeV W, MeV

Figure 4.5: x? distributions for the description of the differential cross section by the series of
Legendre polynomials with the maximum ¢ = 3 (blue), ¢ = 4 (green).

Indeed the indication of the presence of F' and G waves is seen on the Fig. 4.6. The case
with ¢per = 3 (blue curves) does not describe the shape of the data above W = 1900 MeV.
Curves with £, = 4 describes the data well.
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Figure 4.6: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ = 3 (blue) and ¢ = 4 (green).
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4.2 Differential cross section, do /dS)

Taking into account the discussed results in this section we choose the £,,4, = 4. Figure 4.7
shows the corresponding Legendre coefficients along with the model predictions from BnGa,
MAIDO07, and SAID models.
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Figure 4.7: Legendre coefficients from the fit with {4, = 4 for 3—6. Compared with models

MAIDO7 (black), BnGa (blue), SAID (green)

As seen from predictions Aga/ 9 {5 described almost identical with all of the models. SATD
and BnGa solutions show close results in all other coefficients. Except energies below W = 1700
MeV where SAID gives better description. Also MAIDO7 solution generally does not provide
proper quality of the fit.

By looking on Legendre coefficients one can see the resonance structures in coefficients up
to AZU/ “in the regions below W = 1800 MeV. Which can be produced by the following well
known resonances: N(1535) 1/27 N (1440) 1/2% N(1710) 1/2%, N(1720) 3/2%, N(1520) 3/2~,
N(1700) 3/2~. Which means that data allows to determine modulus of D waves as the lowest
contribution in this coefficient. However the influence of F' and higher waves, in particular:
N(1680) 5/2%, N(1860) 5/2%, N(1990) 7/2* and G-waves due to large errors is not observed
in the coefficients.
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Chapter 4 Partial wave content of polarization observables

4.2.2 CB ELSA data

CBELSA/TAPS collaboration has published data on the differential cross section [45] which
cover a wide energy range from W = 1588 to W = 2370 MeV with a good angular coverage.
The cross sections were measured by identifying the n meson via: n — 2y and n — 37° —
67 detection modes. Statistical errors are determined from the number of events in each
(Ey,cosf) and are bigger than in MAMI [44] data. In addition to the statistical uncertainties
the systematic ones are also present.

According to the [45] the systematic errors come from the uncertainties in the positioning of
the liquid hydrogen target and from the offset of the photon beam. Using kinematical fit and
Monte Carlo simulations the position of the target cell was found to be shifted upstream by
0.65 cm. Which led us to the angular dependent errors which are 2-3 % on the average and <
5 % at most around cosf = 0.

In addition the photon beam was assumed to be shifted by less than 2 mm off axis at the
target position. The uncertainty of the proton trigger has been determined from the small
disagreement of the differential 1 cross sections for energies £, < 1 GeV and cosine values
cos ) < 0 using two different decay channels.

In addition an overall + 5.7 % error is assigned to the reconstruction efficiency. And also
3 % systematic error accounts for the slightly different effects of confidence level cuts on data
and Monte-Carlo events.

Since this data set covers the energy range of MAMI EPT data [44] It is interesting to take
closer look and make a Legendre polynomials expansion for energies above the highest MAMI
EPT limit. Nevertheless the low energy limit is also described. Therefore fits with ¢4, = 3,4
were applied to the whole energy range.

Fig. 4.8 shows the x? distributions. From these plots fits give adequate description of the
data. The energies below W = 1900 MeV are described much lower x? in comparison with
MAMI data [44] which is due to the large errors of the data.

For the energies above W = 1900 MeV both fits provide similar description of the data.

2 2
2 2
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Figure 4.8: x? distributions for the description of the differential cross section by the series of
Legendre polynomials with the maximum ¢ = 3 (red) and ¢ = 4 (blue).
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4.2 Differential cross section, do /dS)

In close comparison of x? distributions in the high energy region one can see that fit with
Cmaz = 4 gives slightly better results.
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Figure 4.9: x? distributions for the description of the differential cross section at high energies
by the series of Legendre polynomials with the maximum ¢ = 3 (red) and ¢ = 4
(blue).

As one can see from the Fig. 4.10, blue curves give a better description in the forward region,
following the shape of data, where the very forward point comes down. The same behavior was

also observed in MAMI EPT data, see Fig. 4.6.
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Figure 4.10: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ = 3 (red) and ¢ = 4 (blue).

Despite the fact that data from CB ELSA have a larger energy range, and the description
with ¢4 = 4 shows similar behaviour at forward angles, the data does not have the proper
quality to allow us to check the sensitivity to G-waves in the high energy region. Therefore it

31



Chapter 4 Partial wave content of polarization observables

is useful to stop the fitting procedure at £,,4; = 3.
Fig. 4.11 shows the Legendre coefficients for the best fit with 4, = 3.
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Figure 4.11: Legendre coefficients from the fit with £,,4, = 3 for do /dS2.

Below the comparison with MAMI cross section is shown.
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Figure 4.12: Comparison of Legendre coefficients from the fit with £,,,4, = 3 for MAMI (blue)
and CB-ELSA (red) data for do/dS2.

As seen from the plot there is a good agreement with both data sets in the overlapping
energy region. MAMI [44] provides the description of the 1 threshold region, CB-ELSA [45]
provides information above 1’ threshold.

From the Fig. 4.12 one can conclude that the structure in Aﬁa /ds2 Legendre coefficient at
energies above W = 1900 MeV is produced by the modulus of D-waves, by the interference
of D and F waves and by the modulus of F-waves. Higher coefficients could be considered as
0. Nevertheless using ¢,,q, = 4 in the fit slightly smoothen the behavior of higher coefficients
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4.3 Polarization observables F , T

basically A‘Zg /dS2 and ASU /-
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Figure 4.13: Aga/dQ and Aga/dﬂ from the fit with £,,4, = 4 for do/dS).

This happens because of better fitting of the forward angles, but such change can not be
considered as a purpose to use £;q, = 4 for truncation.

4.3 Polarization observables F, T

This section will be devoted to the description of 7" and F' polarization observables [49]. These
two data sets were obtained with the Crystal-Ball/TAPS detector setup at the Glasgow tagged
photon facility of the Mainz Microtron MAMI. The mesons were identified via n — 27 or
n — 37° — 6 decay modes.

In order to apply Legendre expansion Eq. (4.2) one has to multiply the measured observable
with the differential cross section. For such a procedure the energy and the angular rebinning
procedure was applied to the [44] cross sections data. Uncertainties of the cross sections and
asymmetries were summed quadratically.

The asymmetries 7" and F' are determined in each energy and angular bin as count rate
asymmetries from the number N+ of reconstructed yp — np events with different orientations
of target and spin beam helicity

1 N7T:+1 _ N7r:—1
Pp|sin p| N™=+1 4 Nm=-1
1 1 No=t+l — yo=—1

F = — 4.14
Pr|cos | Py No=t1 4 No=-1 (4.14)

T —

Here Py and Pr denote the degree of circular beam and transverse target polarization ¢ is
the azimuthal angle of the target polarization vector in a coordinatg frameﬁxed to the reaction
plane with 2 = p}/|pi|, 9 = D3 x py/|p5 % p77|A, T =9xz m= Ppr-g/|Pr-y| = +x1 denotes
the orientation of the target polarized vector Pr to the normal of the production plane and, in
the case of the F asymmetry o = hPp - #/|Pp - #| = +1 is given by the product of the beam
helicity h and the orientation of P; relative to the 7 axis.

The systematic uncertainty is dominated by the determination of the degree of photon po-
larization (4%), the degree of photon beam polarization (2%) and the background substraction
procedure (3-4%). By adding all contributions quadratically a total systematic uncertainty of
less than 6% is obtained.

First the data of the F asymmetry is described then the data of the T asymmetry.
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Chapter 4 Partial wave content of polarization observables

4.3.1 F

In order to check the sensitivity of data to D, F' and G waves fits with £, = 2, 3,4 were done.
Fig. 4.14 shows the comparison of 3 different y? distributions.
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Figure 4.14: x? distributions for the description of the differential cross section by the series
of Legendre polynomials with the maximum ¢ = 2 (black) ¢ = 3 (red) and ¢ =4

(blue).

As seen from the plots fits with £, = 2,3 give almost identical results. Fit with £y,4, = 4
gives much better description in the middle energy rage which can be explained as overfitting
the data. Indeed on Fig. 4.15 which shows description of the data using Eq. (4.2) one can see
how the blue curve is describing each single wiggle in the data.
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Figure 4.15: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ = 2 (black), ¢ = 3 (red) and ¢ = 4 (blue).
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4.3 Polarization observables F , T

Due to the identity of x? distributions for £,,,; = 2,3 and by looking on the data description,
shown Fig. 4.15 one can conclude that there is no physical reason to use £pq; = 3 for the best
fit parameter. Therefore we choose the value £, = 2.

Below the Legendre coefficients for the best fit and also the model descriptions are shown.
As one can see the only model which describes the coefficients is BnGa.
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Figure 4.16: Legendre coefficients for the fit with £,,4, = 2 for the F. Compared with models
MAIDO7 (black), BnGa (blue), SAID (green)

By looking on Legendre coefficients one can see that the last coefficient which provides reason-
able information is A%. The structure of this coefficient gives the knowledge that interference
of P and D waves creates such a structure. Aff is nose, which means modulus of D waves
cannot be seen in such an analysis.

A

4.3.2 T

The same procedure as for F was applied for T. In order to check the sensitivity of data to D,
F and G waves fits with £, = 2, 3,4 were done.
Fig. 4.17 shows the comparison of 3 different y? distributions.
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Figure 4.17: x? distributions for the description of the differential cross section by the series
of Legendre polynomials with the maximum ¢ = 2 (black) £ = 3 (red) and ¢ =4
(blue).

As seen from the plots all fits with give very close results. Fit with £,,,,, = 4 may be neglected
due to the same reason as for F: the data points are scattered therefore the blue line tries to
describe every single wiggle in the data points which has no physical sense. Due to the close
results of x? distributions for first two £,,4; and by looking on the data description, see Fig.
4.18 there is no physical reason to use £;,4; = 3 as a fit parameter. Data is not sensitive to the
modulus of D waves. Therefore the best fit is the fit with 4,4, = 2
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Chapter 4 Partial wave content of polarization observables

Fig.4.18 shows description of the data using Eq. (4.2)
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Figure 4.18: Description of the differential cross section by the series of Legendre polynomials
with the maximum ¢ = 2 (black), ¢ = 3 (red) and £ = 4 (blue).

Below the Legendre coefficients for the best fit and also the model descriptions are shown.
As one can see again, that the only model which describes the coefficients is BnGa.
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Figure 4.19: Legendre coefficients for the fit with £,,,, = 2 for the F compared with models
MAIDO7 (black), BnGa (blue), SAID (green)

By looking on Legendre coefficients for certain one can see that the last coefficient which
provides reasonable information is AL, The structure of this coefficient gives the information

that interference of P and D waves creates it. AZ has no structure, which means that modulus
of D waves cannot be seen in such analysis.
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4.4 Polarization observable 3

4.4 Polarization observable ¥

This section is devoted to fit of the experimental data on beam asymmetry [47]. This data
set was obtained by GRAAL collaboration and published in 2007. It has 66 energy bins with
the coverage from W = 1490 up to W = 1850 MeV. Each energy bin contains 10 angular
bins with non-constant range. In general it covers € angles from ~33 up to ~160 degrees, or
cosf € [—0.95,0.84].

The beam asymmetry was determined from the standard expression:

]\:7\/(%0) - ]YH(‘P)
Nv(e) + Nu(e)

Where Ny () and Ny (@) are the azimuthal yields normalized by the integrated flux for the
vertical and horizontal polarization states, respectively. P, is the degree of linear polarization
of the beam and ¢ the azimuthal angle of the reaction plane. For a given bin in energy £, and
6, the beam asymmetry ¥ was extracted from the fit of the normalized ratio Eq. (4.15) by the
function P,Xcos(2¢), using the known energy dependence of P,. The measured asymmetries
were corrected for the finite ¢ binning Xyue = Eimeas(1 + Ry) with R, = 0.026 for 16 bins.

Two source of systematic uncertainties were considered: the uncertainty to the beam po-
larization (2%) and the uncertainty from the background contamination. For the second one,
two main contributions were identified: other photoproduction (hadronic) reactions and target
wall events. The uncertainty due to hadronic contamination was estimated from the variation
of the extracted asymmetries when opening cuts from +30 to £40. The resulting errors range
from 6% = 0.003 to 0.035. The rate of target wall events was measured via empty target runs
and found to be less than 1%. The corresponding error was neglected.

Fits with £ne: = 2, 3,4 were done. Below the x? distribution plots are shown.

= P, cos(2¢p) (4.15)
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Figure 4.20: x? distributions for N by the series of Legendre polynomials with the maximum
¢ =2 (black) ¢ =3 (red) and ¢ =4 (blue).

It is seen from the plot that the data only sensitive to fits with £,,,. = 2,3. Both fits give
close results, despite forward angles at energies higher than W = 1800 MeV, where inclusion
of F' waves in the fit improves the description, see Fig. 4.21. This figure shows the description
of the data using Eq. (4.2).

Fit with £,,4. = 4 does not produce good description. Therefore it is necessary to stop at
lmaz = 2, keeping in mind that in further partial wave analysis one has to take into account
that F waves ({;mqz = 3) could be considered at high energies.
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Figure 4.21: Description of by by the series of Legendre polynomials with the maximum ¢ = 2
(black) and ¢ = 3 (red).

Below the Legendre coefficients along with the models for the best fit is shown. It is seen
that almost all models describe the coefficients with a good agreement. Despite A7 where only
Bonn-Gatchina model give adequate description.
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Figure 4.22: Legendre coefficients for the fit with £, = 2 for ¥ compared with models
MAIDO7 (black), BnGa (blue), SAID (green)

It is clearly seen that the lowest contribution to the Legendre coefficients comes from the
modulus of P waves and from interference of P and D waves.
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4.5 Polarization observable F

These data were obtained in 2015 by CLAS collaboration [50]. However due to a small impact
to the overall x? and having a small number of data points it plays minor role in the analysis.
Nevertheless one should give a short overview of this observable.

In order to determine the helicity asymmetry E in a discrete event counting experiment, the
following equation is used to form the asymmetry

1 Ny — N_
E=- .
PTI[E]] <N+ +N_> ’ (4.16)

where Ny and N_ which are the number of 77 mesons counted in beam-target helicity aligned
and anti-aligned settings, respectively.

The measurements were done on a frozen butanol target (C4Ho9OH), the final state particles
photoproduction were detected using CLAS, which is a set of six identical detectors and 7
meson was identified via charge mode n — 7770,

Statistical uncertainties dominated the systematic uncertainties in all analyzed bins. The
systematic uncertainties include the target polarization P! uncertainty (6.1%) and photon

z
beam polarization PJ uncertainty (3.1%).
4.6 Conclusion

In this section a short conclusion on the fit results of the used data is presented.

do /dSY from MAMI

These data have narrow energy and angular binning and small errors. Fit with £,,4, = 4 was
done for a combined data set. Structures for energies below W = 1600 MeV up to AJ° are
observed. Modulus of D waves is the lowest contribution in this coefficient. Contributions of
higher partial waves are suppressed by the N(1535) 1/27 and cannot be observed in this type
of analysis.

do /dS) from CBELSA

In comparison with [44] this data has larger angular and energy bins as well as the errors. But
it has larger energy coverage. Threshold region of 1 meson is not covered. At energies above

W = 1900 MeV the resonance structure in AZJ/ “? i5 observed. The modulus of D and F waves
and also the interference of them produces it.

Polarization observables 7" and F

Truncation was done at £, = 2. The resonance structure is observed in the coefficients up

to A3T’F which means that the interference of P and D produces it.

Polarization observable X

Fit with 4,4 = 2 was done. The structure is observed up to A§ which means that the modulus
of P waves and also the interference of P and D waves produces it.
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Chapter 5

Partial wave analysis

In this chapter we discuss different partial wave analysis procedures. The main part is devoted
to the description of the procedure that was used in our analysis. After that we give a short
overview of other approaches.

5.1 EtaMAID isobar model approach

The approach which we used for the data analysis and which is historically used in Mainz is
an isobar model approach. Speaking of it an abbreviation MAID is generally used. MAID was
first developed for pion photo- and electroproduction [8], later it was extended to the 7 photo-
and electroproduction [9]. This model is usually called EtaMAID and also has a reggeized
version [51].

The ansatz is basically simple.

by () = 15, (W) + 11250 (W) (5.)

The scattering amplitude ¢, (W) is decomposed into two parts. The first part is the non-
resonant background tgf’n(W) which consists of Born terms (nucleon exchanges in the s- and
u-channels) and the ¢-channel vector meson exchanges. The second part is the resonance
amplitude tﬁff(W) that contains nucleon resonance excitations in the s-channel parameterized
with the Breit-Wigner ansatz.

In addition to the s-channel resonances the u-channel resonances should be included as well
in order to fulfill the crossing symmetry. However this does not work in practice because the
energy dependent width in the s-channel is finite and in the u-channel it is off shell and therefore
it disappears. Therefore conceptually these channels in an isobar model are always different and
do not fulfill the crossing symmetry. In our approach we treat effectively u-channel exchanges
within a background and fulfill the crossing symmetry with the fixed-t dispersion relations.

5.1.1 Resonance part

We parameterize the resonance part as a sum of Breit-Wigner resonance functions with a
unitary phase @7 for each resonance

Na
B (W) = D157 (W)e'™, (5.2)
j=1

where N, is the number of resonances for each partial wave.
Resonances are related to the multipoles (Myy), see Eq. (3.23). We parameterize them with
the following ansatz:

MRFtot(W)
MIZ% — W2 —iMRLiot (W)

M (W) = My fon(W) fan(W) Cyn (5.3)

where f,n(W) is the usual Breit-Wigner factor describing the 7N decay of the N* resonance
with total energy dependent width 'yt (W), Cpn is an isospin factor, which is —1 for 7V final
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states. The co-called reduced multipoles are denoted as M+ and related to the photon decay
amplitudes A;/ and Az/p. The reduced multipoles M,y in terms of an Ay /g and Agjy can be
found in Appendix Eq. (A.4) and Tab. A.1

The Breit-Wigner factor f,n(W) and the photon vertex f,n (W) are described by:

(W)
1 my k(W) Tyn(W) ]2
2J + 1)7T MR Q(W) Ftot(W)2:| ’

KON\ [ X2+k%
fw(W)—( (kR)> (ijrkg(ﬁ,J : (5.5)

with k(W) and ¢(W) the photon and the 7 meson momenta given in set of Eqs. (3.8). Factor
Gyy = £1 is a relative sign between the N* — nN and N* — 7wN couplings, X and X, are
phenomenological damping parameters. All momenta taken at the resonance position Mp are
denoted with an additional index R.

In our approach we assume that all resonances decay at least into 3 channels: 7N, nN
and 7w N. The traditional MAID parametrization of the energy dependent partial width is

following;:
¢
Len(W) = BznDr <qq( )> |

an(W) = CnN |:( (54)

X2+ g2(W)
20+1 2 4
X“+q
o) = et (02) (e
G27(W) 45, R
Coan(W) = BeenT — . 5.6
VW) = Bran R<%R> (Xuq%(w)) (5.6)

with the ¢.m. momenta of pion denoted by ¢,(W). For the effective 2w channel we use a mass
of 2m . Constants 8rn, [,n are branching ratios of the resonances into respective channels.

However this parametrization fails when a resonance has a mass Mp that is lower than
production threshold. In this case the momentum gr as well as the branching ratio £,y
become complex. The best example is N(1440) 1/2" which mass lies below 7N threshold but
this resonance contributes to the n/N production mechanism. For this case we use different
parametrization which takes correctly into account the excitation of the resonances below
threshold.

In this parametrization we set Bony = 0 below aN production threshold and ¢?(W) < 0.
After that we calculate the energy dependent width as shown below:

2 g2 (W) )f
Lo () = g2 TRV (52 20 ) 65.7)
where now |¢2(W)]| is well defined and always positive function, thus one can take /q2(W).
Parameter g is called coupling constant which plays a role of a branching ratio. We use this
constant in the analysis as a fitting parameter.

However our parametrization is not unique and there are other parameterizations which take
care of the sub-threshold resonances, for example Flatte parametrization, which can as well
been alternatively used.

It is also possible and convenient to use our parametrization of the energy dependent width
above threshold. For this we write the following relations between g2\ and Ban:

¢
BanTR X2
gon == 1+ 55—, (5.8)

do,R qu
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5.1 EtaMAID isobar model approach

QZNQQR
BaN = a : , 5.9
N = Tall + X2/ ) (5:9)

with the I'p as a width of a resonance.
For the 3-body 27 channel we also make a small adjustment:

2, W)\
)

FTI'WN(W) = g72r7rq7r7r(W) (XZ + q2 (W

(5.10)

In our analysis we take into account 7 different production thresholds, thus the total width
is calculated as shown below

FtOtZFﬂN—FFﬂﬂN—I—FnN—FFKA+FK2+FWN+F77/N7 (5.11)

and the threshold values for the described above decays are mentioned in the Table 5.1

Table 5.1: Threshold values in W (MeV) of various N* decay channels
TN nr N nN KA KX wN n'N
1077.84 | 1217.41 | 1486.13 | 1609.36 | 1686.32 | 1720.92 | 1896.05

Now let is make final remarks of the Breit-Wigner parametrization. First, one should note
that the total width in the numerator of Eq. (5.3) is canceled by the total width in f;n(W). The
complex quantity in the partial width I';x is canceled by the momentum in the denominator in
Eq. (5.4). Therefore it may be better to write the multipole parametrization in the following
way:

Mg fyn (W)

Mee(W) = Mo fon(W) 55— Moo (W
R O

) Con » (5.12)

where now the Breit-Wigner factor f,n(W) is described by:

k mp< lg(W)?| >Z v (5.13)
2J + D)r Mp \ X2+ |q(W)?| ’ '

where the coupling constant g,y now carries the sign of (,n.

Second, let us talk about the unitarity resonance phase ®7. If we consider the MAID analysis
of pion production [8], then ®% is an energy dependent function and is used, in accordance
with the Fermi-Watson theorem, to adjust the phase of the total multipole (background plus
resonance) to the corresponding pion-nucleon scattering phase d;n or to the experimentally
observed one.

an(W) = gnN

However, in case of 1 production we do not have any theoretical approach for it. Also phase
was not used in the previous data analysis [9,52,53]. Therefore we decided to set it to a
constant.

In recent analysis which is as well combined with the fixed-¢ dispersion relations approach we
found this modification very productive as it significantly improves the results for the analysis
with the fixed-t dispersion relations constrains.

However, such parametrization is not an optimal one, as it produces problems, i.e phase is not
vanishing at threshold. But on the other hand more sophisticated parametrization introduces
a lot of new fitting parameters, which in our case we do not have.
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Chapter 5 Partial wave analysis

5.1.2 Non-resonant background

The non-resonant background in EtaMAID consists of two parts: Born terms and t-channel
exchanges.

tgfn(W) = tﬁ%rn(W) + t?yTnChannel(W) (5.14)

Born terms are constructed similarly to the work [9]. For the t-channel vector meson ex-
changes we use two Regge parameterizations [54]. In the first one the Regge amplitudes are
formulated in terms of Mandelstam variable s. In the second one, the Mandelstam variable s
is replaced by crossing symmetrical variable v.

Born terms

Born terms are obtained by evaluating the Feynman diagrams derived from an effective La-
grangian density.

Y Ui
Ve
Ve
Ve
Ve
p p p b

Figure 5.1: Feynman diagram for s and v Born terms.

The structure for the electromagnetic yINN vertex is known:

- o
Lyvn = —et |1 AMFP(Q%) + B (0" A FS(Q%) | o, (5.15)
P
with A# the electromagnetic vector potential, m, the proton mass and % the nucleon field
operators. In Eq. (5.15) (FﬂQ(QQ)) are the proton electromagnetic form factors, with Q2 = 0.
For real photons the form factors are equal to F¥'(0) = 1 and F5(0) = k, = 1.79.
The nINN hadronic vertex is described with 2 couplings the pseudoscalar (PS)

LI = —igovn 0151 by (5.16)
and the pseudovector (PV)
9nNN 7
LoNn =50 = 570 0"y (5.17)
Myp

Using the previous equations (5.15)-(5.17), the usual Born terms are constructed. The contri-
butions from them into invariant amplitudes A;(v, t) can be expressed in terms of the following
variables: the crossing variable v and the variable vp(t).

I €gnNN VB
AP (v,t) = sz e (5.18)
l _ —€gyNN 1
AP (v, t) = 2 = T (5.19)
€EgnNNK 14
APy 4y = N : (5.20)
2m2 % - v
Arteqy gy = SN _TB (5.21)
2m2 % - v
t—m?7
v = " (5.22)
P
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5.1 EtaMAID isobar model approach

where coupling 9727 yn/4m < 0.1 is very small in comparison with for example ngN /AT ~ 14.
This small value for the n-meson coupling was observed after the first measurement of the
differential cross section with MAMI in Mainz [55] it was also shown in this work that the
coupling must be a pseudo scalar.

In our present analysis we even get smaller results for the gg N /4 constant. Therefore we
conclude that Born terms play very small role in the data analysis in our energy region and,
therefore, may be neglected. Much more important role play ¢-channel vector meson exchanges
which we will discuss now.

Contribution from the ¢-channel vector meson exchanges

Traditional and old MAID approach for the ¢-channel vector meson exchanges is described in |8§]
where contributions from p and w mesons were considered as a single poles. In the current
work single poles are replaced with Regge poles |56] and Regge cuts |57-60] and contributions
from more mesons are taken into account, we will describe them later in the text.

The parameterizations for the t-channel exchanges that are used in the model are taken
from the work of Kashevarov, Ostrick and Tiator [54]. In this work Regge approach was
applied to the description of high energy data on 7 and 7° photoproduction. By modifying the
energy behavior one can apply Regge parametrization to the analysis of the low energy data
and describe the high energy data as well. With this modification we also solve the duality
problem.

This problem appears when we use at the same time resonances in the s-channel and Regge
exchanges in the ¢-channel. Whenever we add an infinite series of the resonances in the s-
channel it is equivalent that we add an infinite series in the t-channel. By adding these contri-
butions together we have a double counting. In our case we only have a partial double counting
since we have only 14 resonances in the s-channel and infinite series in the ¢-channel. Therefore
in order to deal with it we decided to apply a damping factor, which we discuss in the end of
this section.

The t-channel contributions can be derived from the Feynman diagrams presented below.

Y ' Y ' Y M
| T
| @,p {(D’p}Rﬂggezl Yi{o,pi} ®,p Il P, f>
|

N N N N N N

Figure 5.2: t-channel contributions to 7 photoproduction from single poles (left figure), Regge
poles (middle figure), and Regge cuts (right figure). An example for p and w meson
exchange and P and f> mesons for rescattering of two Reggeons.

If we consider the contributions from vector and axial-vector mesons, parameterized as a
single poles, into invariant amplitudes we get the following set of equations:
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Chapter 5 Partial wave analysis

elv gt t
A1) = 2
W0 = My 1= M2 (5.23)
, eAAgh t
) = - 24
() = 5t e (524
eAa g4 1
As(t) = mnA -y (5.25)
—eAvgl 1
Ag(t) = VIV (5.26)

my  t—ME’
where A, amplitude is calculated using formula below:
AL(t) = A1 (t) +t Aa(2) . (5.27)

With this parametrization we separate the vector and tensor contributions from individual
mesons. Thus the invariant amplitude A’ now has only contributions from the tensor coupling
of an axial-vector exchange.

In these formulas Ay-(4) denotes the electromagnetic coupling of the vector (V) or axial (A)

vector meson with mass My (4). The constants g{j(&) denote their vector (v) or tensor (t)
couplings to the nucleon.

In the work [54] couplings Av(a) were used as a fixed parameters and were determined from
the radiative widths T'y(4) of the decay V(A) — nvy via formula below

a(My(z —mp)
FV(A) 24 M{?}(A) m% )‘V(A) ) (528)

(®)

where « is a fine-structure constant. Constants gé(t A) vice versa were used as a fitting param-
eters.
Table 5.2 and Tab. 5.3 show the quantum numbers of the reggeons and their couplings

Table 5.2: Quantum numbers for pseudoscalar, vector and axial-vector mesons. Isospin I, G-
parity, spin J, parity P, and charge conjugation C.

¥ n | p(770) w(782) (1020) b1(1235) hy(1170)

I 10,1 of 1t 0~ 0~ 1t 0~

JPC 11— 0=t | 1— 1= 1= 1t- 1t-

Table 5.3: Coupling constants for n photoproduction used in the analysis.

Reggeon | Ty 4y (keV) | Ay g’ gt
p 50.6 0.910 | 2.7 4.2
w 3.9 0.246 | 14.2 0.
¢ 55.84 0.38 -4.3  -0.08
by - 0.1 0. -7.6
hy ; 2/3b | 0. 2/3b

Since there are no data for the decay by — 17y, therefore A, was arbitrary fixed to A,y = 0.1.
The contribution of the h; meson is suggested to be a fraction of 2/3 of the b; contribution.
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5.1 EtaMAID isobar model approach

An experimental observation is that mesons fall into linear trajectories when their spin is
plotted over the squared meson masses (Chew-Frautschi plot) [61,62]. These trajectories are
called Regge trajectories and are shown on the Fig. 5.3. In addition to them the so-called
Regge cuts trajectories, fo and Pomeron trajectories are plotted on the right side of the figure.
We will discuss Regge cuts further in the text.

6,

L
o
-
N
©w
I
(6]
(o]

t=M?2[GeV?]

Figure 5.3: Regge trajectories: (a) p black, w red, ¢ blue, by and h; green; Regge cuts (b) f2
red, P magenta, pfo black solid, wfa blue dashed, pIP black solid, wP black dashed.

For the Regge trajectories the general parametrization [63] is used:
a(t) = ap +a't, (5.29)

Technically, the t-channel exchange of Regge trajectories is done by replacing the single
meson propagator by the following expression:

1 s a(t)—1 ol S+ e—ima(t) 1
” ( > — (5.30)

=2, \so 0] 2 T((@)’
where § is the signature of the Regge trajectory, sp is a mass scale factor, commonly set
to 1 GeV?. The Gamma function I'(a(t)) is introduced to suppress additional poles of the
propagator.

The signature S is determined as S = (—1)” for bosons and S = (—1)7*1/2 for fermions. So
S = —1 for the vector and axial-vector mesons, and S = +1 for tensor mesons.

As Donnachie and Kalashnikova suggested [60], in addition to Regge trajectories, also Regge
cuts play an important role and can even dominate, they are also shown on Fig. 5.3. These
Regge cuts can be considered as a box diagram, where always two particles are exchanged.
In case of n photoproduction pP, pfs and wP, wfs cuts were taken into account. Here P is
the Pomeron with quantum numbers of the vacuum 07 (0"") and f, is a tensor meson with
quantum numbers 0 (27).

The exchange of two Reggeons with linear trajectories

a;(t) = a;(0) +ajt, i=1,2 (5.31)
yields a cut with a linear trajectory ac(t) [59]

ac(t) = ac(0) + ol t, (5.32)
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Chapter 5 Partial wave analysis

where

ac(0) = a1(0) +a2(0) -1,

N
= A% (5.33)
g+
All four contributions from Regge cuts can be written in the following form:
s ac(t)—1 ‘
Dcut = () e—wrozc(t)/Q edct . (534)
50
Thus, the vector meson propagators are replaced by:
Dy =Dy +cypDyp+cevyDyvy, V=puw, (5.35)
the axial vector meson propagators are replaced by:
Dy=Dy+ Z (6V[P’DV]P’+5VfDVf), A=b1,h (5.36)

V=pw

where the coefficients cyp,cy s are for natural parity cuts and cyp, ¢y for un-natural parity
cuts.
With this addition the invariant amplitudes will be upgraded to the following form:

1

Ao gt —e — Xy 95" [Dp(s,) + cop Dy (s, 1) + cpp D s (s, 1)) (5.37)
P
1
Aw gffjt F— M2 — Aw g},_),’t[Dw(S, t) + Cup DwIP(Sa t) + cwf Dwf(57 t)] ) (5'38)
w
1

Aby gltn — M2 = Ap, glnglH (s:t) +Ap 9; [Cop Dpp(s,t) + Cpp, Dy, (5, 1)]
b1

=+ )\w gi) [Ewp pr(s, t) + éwfg Dwf2 (S, t)] . (5.39)

An alternative Regge formalism is discussed in [54] as well. If we consider the Regge propa-
gator from Eq. (5.30) we will see that the energy dependence is proportional to s*M=1 which
violates the crossing symmetry. Therefore we cannot predict the behavior of this amplitude
under the dispersion integral. Thus the alternative parametrization is given below:

efiﬂ'aV,A(t) -1

Dy,.a = —Bi(t) A V)aV’A(t)fl . (5.40)

rava@]
Here the Mandelstam variable s is replaced by the crossing variable v and the Gamma
function in the denominator of Eq. (5.30) is replaced by a more general residue f;(t), where
i = 1,2,3,4 is index of the invariant amplitudes. ;"4 are scale parameters of dimension
GeV~!l. Each exchange, V or A, has its own scale parameter.
In Ref. [64] the following residues for V = p,w, ¢ and A = by, hy are given

v v —raV 1

i) = gt—y TEMOESE (5.41)
v B v—ma’V 1

) = gt —rat ! (5.43)
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5.1 EtaMAID isobar model approach

Here the prime in () denotes the fact that this is the A} residue, which explains the factor
of t. The factor —ma’/2 ensures the correct on-shell couplings. Both functions 1/T'(«v+ 1) and
1/T'(«) are equal to 1 at the pole @ = 1, however they differ in the physical region.

The values for the given trajectories as well as for Regge cuts are shown in Tab. 5.4

Table 5.4: The Reggeon and cut trajectories used in [54| and present work. Solution I (Regge
(s) in present work)) has contributions from p, w, b1, hy and pfa, wfa, pP, wP.
Solution IV (Regge (v) in present work)) has contributions from p, w, b1, hi, ¢.

Reggeon or cut aft)

P 0.477 4 0.8851
w 0.434 4+ 0.9231¢
b1, I —0.013 + 0.664 ¢
f2 0.671 4 0.8171

P 1.08 +0.25¢

4] 0.10 + 0.85¢
ot 0.148 + 0.425¢
w fo 0.106 + 0.436 ¢
pP 0.557 4+ 0.195¢
wP 0.514 4 0.197¢

Both these models were used in the present data analysis. In the beginning we did not
consider the implementation of the reggeized background into our model, since we are working
in the low energy region from 7 production threshold up to W ~ 1850 MeV. However, as it
was written in the beginning, we found a productive method to decrease the impact from such
background in the resonance region and perform partial wave analysis.
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Chapter 5 Partial wave analysis

This method is following. We multiply each Regge amplitude with an energy dependent
damping factor that has a form

W—-Winr

DF(W)=1—e & (5.44)
for Regge amplitudes written in terms of s, and
DF(v)=1—e 4", (5.45)

for Regge amplitudes, written in terms of v. Here Wy, = my, + m,), and vy, corresponds to
the nN production threshold for each ¢ value on which we perform our integration. Factors
A were obtained from the fit of the data in the resonance region with an isobar model. We
discuss the values for them in Chapter 7.

As a result of this procedure we obtain the following behavior:

Total cross section (ub)

P
\

0-/

16 1.8 2.0 22 2.4 26 28
W(GeV)

Figure 5.4: Regge contributions into the total cross section. Blue line shows normal Regge
contribtuions, red line shows contributions with Regge x DF.

As one can see this method effectively deals with large contributions and solves the duality
problem.

5.2 Other partial wave analysis models

In addition to the described above MAID model one should list alternative partial wave anal-
ysis approaches. They are: Bonn-Gatchina (BnGa), Jilich-Bonn (JiiBo) and SAID models.
Since the main goal of this work is not related to the comparison of the approaches only brief

introduction of the models based on a common paper which is done by MAID, SAID, JiiBo
and BnGa members [65] is listed.

5.2.1 Bonn-Gatchina approach

The BnGa approach relies on a fully relativistically invariant operator expansion method. The
advantage of the model is in direct imposing analyticity and unitarity constraints as well as the
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5.2 Other partial wave analysis models

simultaneous analysis of many (more than 100) reactions. The scattering amplitude includes
in itself the decay of baryon resonances and some ¢ and u-channel exchange diagrams.

In order to impose the listed above properties a so-called N/D-method is applied to the
description of the resonance spectrum. In a simplified version this method uses K-matrix
approach with real parts of the two-body loop diagrams taken into account. For three-body
final states, only the imaginary part is taken into account, which is calculated as the three-body
integral.

At high energies the t-channel meson exchanges are taken into account. The contributions
from 7, p,w, K or K* mesons are written in terms of Regge amplitudes.

5.2.2 Jiilich-Bonn approach

Strictly speaking JiiBo is not a partial wave analysis but rather a dynamical coupled-channel
approach. This approach allows us to extract the baryon spectrum and simultaneously analyze
pion- and photon-induced reactions.

Its advantage is that the theoretical constraints like analyticity and unitarity are manifestly
implemented. The formalism allows us to determine the resonance states in terms of poles in
the complex energy plane of the scattering matrix together with corresponding residues and
helicity couplings. However this approach has its own disadvantages. For example the long
fitting time and high computational efforts which is the consequence of the highly complex
equations that leads from theory.

5.2.3 SAID approach

The recent SAID parametrization is based on a Chew-Mandelstam K-matrix. The hadronic T’
matrix is described B -
Top =1 =~ KCl35Kop (5.46)

where C' is the Chew-Mandelstam function. The formalism differs from all described before
in the way that resonance properties except A(1232) 3/2% are deduced. This resonance is
explicitly introduced as K-matrix pole, all other resonances are calculated from the factor
[1 — KC]~! which is common for 7N scattering and yN reactions. And also the resonance
poles are not added by hand but are generated in the data analysis procedure. Thus only those
are necessary are produced.
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Chapter 6

Fixed-t dispersion relation approach. Previous results

This section is devoted to the method of fixed-t dispersion relations. First, mathematical aspect
is described. Then, previous applications of this method are discussed. The main attention
is put on the work written by Aznauryan on photo- and electroproduction of n meson [66].
Finally the model, used for the present data analysis is considered and the comparison with
work of Aznauryan is done.

6.1 Dispersion relations, mathematical formulation

Dispersion relations should be first formulated mathematically. Imagine that we have any com-
plex function f(z) that is analytic in the upper half-plane and satisfies the following condition:
Imf(z) = 0,z = oco. Therefore we can write the following relation:

fo) = L L&) z_ll,(P/mj( Dot +inf( )) (6.1)

2mi | 2 — 2z 27 o

Here P is a notation for principle value integral, 2z’ is a running integrating variable.

By simplification of this formula one can obtain the well-known relations for real and imag-
inary parts of f(z):

For real part one gets:

too g
Ref(z 73 / Imf(#) s (6.2)
2=z
For imaginary part one gets:
1 —+o0 R /
Imf(z) = ——P e/Z) 4 (6.3)
T 2 —z

—00

For the complex even functions f(—z) = f*(z) one gets the following relations for real and
imaginary parts:

too T
Ref(z) = 2P / : ,;nf S (6.4)
too IR
Imf(2) 7?/ : ef(zz) P (6.5)
For the odd functions f(—z) = —f*(z), real and imaginary parts are calculated as shown
below:
+o0 /Imf
Ref(:) = 2P / I g (6.6)
t© R
Imf(z _—7>/ & ef “rde (6.7)
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Chapter 6 Fixed-t dispersion relation approach. Previous results

6.2 Data analysis using the fixed-¢ dispersion relations approach

In data analysis different kinds of dispersion relations may be used and the one we are interested
in is the method of fixed-t dispersion relations for invariant amplitudes, which was successfully
applied in the data analysis in the resonance region [19-29].

For example one can see the application of it in the works of Chew and Ball [39,67], and also
find the extensions pion electroproduction from Devenish and Dennery [68,69].

Since 1990’s the method was successfully applied to analyze the pion production data from
the new generation of electron accelerators. In 2000’s it was applied to n production and used
in the analysis of the data on 7 photo- and electroproduction [66,70].

Since our goal is to analyze the n photoproduction data we are interested in a work of
Aznauryan [66] where the data existing at that time on yp — np reaction [48,71-74] were
analyzed using fixed-¢ dispersion relations approach. We consider in details the approach from
this work.

6.2.1 Data analysis using fixed-t dispersion relations in work of
Aznauryan

The data set contained only three experimental observables: do/d2, T, 3. Below one can find
the table which shows the energy range for the fitted data used in the analysis.

P — np Observable Energy range W (MeV)
[73]TAPS do d) 1491-1537
[7/GRAAL  do/dQ 1490-1716
[72]CLAS do /dQ 1528-2012
74] ELSA T 14921719
48] GRAAL > 1506-1688

Table 6.1: Database used in the analysis in the work [66]

These data were analyzed with the set of 13 resonances:

Table 6.2: Resonances used for the
data analysis in work [66].

Resonance 14

(1440) 1/2+
(1520) 3/2~
(1535) 1/2~
(1650) 1/2~
(1675) 5/2~
(1680) 5/2F
(1700) 3/2~
(1710) 1/2+
(1720) 3/2+
(1900) 3/2+
(1990) 7/2+
(2000) 5/2+
(2150) 3/2~

2z22222222222272
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6.2 Data analysis using the fixed-t dispersion relations approach

As a result the contributions of first eight resonances from Tab. 6.2 were found and the model
dependence of the resonance parameters was studied. In order to estimate this dependence the
isobar model approach was used for the analysis of the same data.

Let us consider the formalism used in this work, taking into account that formulas were
written originally for case v*N — nN, and in this work are simplified for vp — np.

The fixed-t dispersion relations were performed for a set of four invariant amplitudes:

Bi(s,t)[GeV 2], Ba(s,t)[GeV 2], Bg(s,t)[GeV 73], Bs(s,t)[GeV 3. (6.8)

These amplitudes were chosen as an independent set out of eight ones [38|, that describe the
electromagnetic current. The dimensions of the amplitudes are given in quadratic brackets.
At fixed value of ¢ the dispersion relations were performed according to the the formula below

1
Re B;(s,t) = egnNNRf< 5+ 1hi 2)
s—mZ  u-—m2

P Ji 1 ;i
+ W/Im Bi(s',t)< ; + >ds’, (6.9)

ss—s s —u

Scut

where m,, denotes the proton mass, s, t and u are the Mandelstam variables, s¢yt = (mp—{—m,r)2
is the lowest limit for integration, e*/4m = 1/137, g,nn is the nNN pseudoscalar coupling
constant.

The factors 7n; in the dispersion relations define the crossing symmetry properties of the
invariant amplitudes, they are equal to 1 = 2 = 176 = 1,78 = —1. RY correspond to the
residues in the nucleon poles and are recalculated through the nucleon proton Pauli form
factors FY =1, FY = k,/2m,, with k, = 1.79. Thus the residues have the following form:

Ry = FP +2m,F¥,

RE = —FP,
RE = 2FY,
RE = FL. (6.10)
The integrating path at a fixed-¢ lies in both physical and unphysical regions. In the
unphysical region from se,: = (m, + myg)? up to s = (my, + m,)? the contributions only
from N (1440) 1/2%, N(1535) 1/27 and N(1650) 1/2™ resonances are taken into account for
Im BZ‘(S, t).

In the physical region contributions from all resonances are taken into account and con-
structed from the Breit-Wigner parameterizations.

The resonance contributions to the multipole amplitudes for all resonances except Roper
are parameterized with a slightly different original MAID isobar model described in [9]. And
therefore very similar to parametrization given Egs. (5.3 - 5.5) with some small and insignificant
changes. The energy dependent widths are as well very similar to what is written in a set of
formulas given in Egs. (5.6)

For N(1440) 1/2*, however parametrization differs from the one that we use. Roper is a
broad resonance and, despite lying below threshold, is expected to have also an influence on
the production mechanism above threshold.

For such a case Aznauryan starts from an effective Lagrangian for the nucleon to Roper
excitation and for the invariant amplitudes Bf(s,t) for both physical and unphysical regions
we obtain:

1
+ Z']\4I%oprtot ’

Bf*(s,t) = egynr ;" (6.11)
' bos— MI%op
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where:

R = (my, + Mpyp) Fy',
Ry =0,
R{P = 2F)P,
REP = FyiP.
The mass and the width of N(1440) 1/2% were set to Mp,, = 1440 MeV, I' = 350 MeV

respectively. The branching ratio into the 7N channel was taken to S,y = 60%. Values for
Ay were taken from the Particle Data Group an then calculate the from factor F2R P,

M 1/2
Ajjp=e <7rkRROP> Ffer, (6.12)
myp
R
FRe= " R_ g5 (6.13)
2 2m,’ P

The contributions from N (1535) 1/2~ and N(1650) 1/2~ resonances in the unphysical region
the were calculated using following expressions:

Eor = E0+
T 2W(B; + my) (By + my)] 2
Bl(S,t) = 50+’
Bs(s,t) =0, o1
Bg(s,t) = 2Bg(s,t) = — W - mp)v(VEZ;F mp)50+‘

with E; and Ey energies in the initial and the final state.

6.2.2 Data analysis using fixed-t dispersion relations with Eta-
MAID

Since the previous work [66] was published a new and precise data on 7 photoproduction were
taken. We want to analyze these data using fixed-t dispersion relations procedure. Let us
consider our parametrization and discuss the differences from [66].

The data with the preliminary analysis with Legendre polynomials have already been given
in Chapter 4, the energy and the angular coverages of these data are shown on Tab. 4.1. An
EtaMAID isobar model approach is described in Section 5.1.

In present data analysis the dispersion integrals are preformed for A;(v,t), i = 1,2,3,4
invariant amplitudes which we chosen alternatively to B;(s,t). These amplitudes are related
to the amplitudes Bi, B, Bg, Bg by the following relations:

A1(,0)[GeV 2] = Bi(v,t) — myBs(v,t),
Ao(1,1)[GeV Y = fo(;’f),
n
As(v,)[GeV ] = —Bs(n,t),
A, )[GeV 3] = —%Bﬁ(u,t). (6.15)

In our formalism the Mandelstam variable s is replaced with a crossing symmetrical variable
v. The relations between between them are given in Egs. (3.11) and (3.12).
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6.2 Data analysis using the fixed-t dispersion relations approach

Let us first describe the construction of invariant amplitude below threshold as this is the
most difficult part in the analysis.

Multipoles and CGLN amplitudes are functions in close connection to experimental observ-
ables. They are generally only defined above threshold, and for multipoles, the threshold
behavior is given by Ep,, My, o ¢*, see Eqs. (5.12 and 5.13). Taking this into account we can
define:

EZ:I: = Efj:/qea Mfi = Mfi/qg' (616)

Then by going into unphysical region we face the problem with the meson momenta g(W)
which real part becomes zero at threshold and below threshold the momenta starts having only
imaginary part. In our parametrization of the multipoles Eq. (5.12) and Eq. (5.13) we always
use |q?(W)| which is very convenient because this value can be easily defined in this area.

Then we have a problem with the scattering angle § which is undefined in the area outside
6 = 0 and 0 = 180 degrees. Cosine of the scattering angle cos # is infinite at threshold, however
the product of cosf, and ¢ remains finite and can be easily extrapolated into unphysical region
for any ¢t and s or v, and using Eq. (3.9):

t —m2 + 2kw
= —>"> —— 6.17
q cos o (6.17)
Taking this into account we we construct modified CGLN amplitudes Fj:
F, = R, F, = B/q Fs = F/q Fy = Fi/¢ (6.18)

At threshold these modified CGLN amplitudes retain contributions from any multipole. In our
case we truncate our series at the maximal orbital angular momentum £,,,4, = 3:

F, = Ey.+3 (]\;IH + E1+) gcosf + (SMQ_ + Eg_)q2
+(Eoy +2Msy)(15(q cos 0)* — 3¢%) /2
+3¢%(4M3_ + E3 )qcosf, (6.19)

Fy, = QMH_ + Ml_ +3 (3M2+ + 2M2_) qcosf

+3M;5_(15(qcos ) — 3¢%)/2, (6.20)

Fy = 3(Eiy — Miy) 415 (Egy — May)gcost
+3(Fs- + M3_)q?, (6.21)
F4 = 3 (M2+ — E2+ — Mg_ — Eg_) — 15(M3_ + Eg_)q cosf. (6.22)

The leading contributions are:

F = Fyy, (6.23)
FQ = QMH_ + Ml_ , (6.24)
Fy = 3(Ei. — M), (6.25)
F, = 3 (M2+ — E2+ — My_ — EQ_) . (6.26)
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Chapter 6 Fixed-t dispersion relation approach. Previous results

Now we construct the invariant amplitudes:

W+m, -~ ~ mp(t—mQ) =
A = T g (B J2 N AT
1 N{W—mp 1 — (Ef +my) 2+(W—mp)2 3
mp(Ef + mp) (t— m%) -
+ WQ—m% F4 )
N N 3
A2 = 7W—mp {Fg*(Ef‘Fmp)le}, (627)
A = N R empRt (Wm0 7
3 = W —m, 1+ (Ef +myp)Fy + +mp+2(W—MN) 3
% i F
+ —mp+m (Ef +mp) Fy o
Ar = N B B Pt ™ B ™ F
LT W, 1+ (Ep +myp) 2+2(W—mp) 3+2(W+mp)( ¢+ mp) Fyp,

where N = 47/ /(E; + m;) (Ef + mp), E; and Ey are defined in Eq. (3.8).

With this procedure we get the imaginary parts of invariant amplitudes which remain finite
down to N threshold and containing contributions from all partial waves. This can bee seen
later in the text on Fig. 6.3

Finally after obtaining the imaginary parts of Ay(v,t), As(v,t), As(v,t), As(v,t) we can
calculate the real parts via principle value integral:

, v ImA (V1)
U2 _ 2

2 o0
ReA;(v,t) = Alpde(l/,t)—l—?/ dv
s

Vihr (t)

. fori=1,24 (6.28)

" % [ ImA(, 1)
Red;(v,t) = A! (V’t)+7r7)/ dylﬂa

Vihr ()

fori=3 (6.29)

where vy, () is a value corresponding to the 7N production threshold, and caculated as

W2 —m2  t—m?
the P 4 U (6.30)

2my 4m,,

Vthr (t) =

with Wip, = my + mq, AP Ole(u, t) are the nucleon pole contributions coming from the Born
terms. ImA;(v/,t) contain contributions from resonances and Regge contributions (when used
in the analysis).

For the upper limit of the integration with resonances we choose vg.s = 2660 MeV because
at higher energies the contributions from the resonances might be neglected. In case when we
use Regge background we choose vgegge = 20 GeV.
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6.2 Data analysis using the fixed-t dispersion relations approach

Thus at fixed-t our path lies in the following regions: red, orange and green, see plot below.

T

/)%N a /'nN' | 'ﬁ'N/ j

0.0!

t [GeV?]

00 05 10 15
v [GeV]

Figure 6.1: The Mandelstam plane for yp — np. The red solid curves are the boundaries of
the physical region from 6 = 0 to § = 180°. The red dashed line shows 6 = 90°.
The inclined vertical lines from left to right denote the thresholds for 7N, nN,n/N
production respectively. Horizontal line plotted at t = —0.5GeV? with 3 colors:
red, orange, green shows the energy regions for the integration at this value. The
combination of red and orange regions cover energies from v, up to vy tpr. The
green region covers energies from v, ¢, Up to Vges and VRegge-

Thus the relation for the real part can be written in simple form:

Un thr VRes VRegge
Red;(v,t) = / ImA;(Res) + / ImA;(Res 4+ Regge) + / ImA;(Regge) (6.31)
Vinr(t) Vn thr VRes

where v, 41, is calculated via

2

W2, —m2 t—m
thr P n (6.32)

n
2my 4my,

Uy thr =

with Wyt = my +m,. A more clear way is to use the upper limits as a ¢t dependent function,
however this will change the results insignificantly.

After the real parts of invariant amplitudes are obtained we use the projection formulas
written in the Appendix Eq. (A.7) in order to get the CGLN amplitudes which we then combine
into helicity amplitudes Eq. (A.8) because of more compact formulas for the experimental
observables.

6.2.3 Restrictions on the ¢ values for dispersion relations

It is also important to mention the difficulties with the data analysis using fixed-¢ dispersion
relations. They are related to the divergence of the dispersion relations at ¢ = const. This
problem was discussed in paper on pion photoproduction by Pasquini, Drechsel, Tiator [75].
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Chapter 6 Fixed-t dispersion relation approach. Previous results

In Eqgs. (6.28, 6.29) we start integration from some v, (t) and go up to Vpgegge, therefore
part of our integral lies in the unphysical region. The way to construct the imaginary parts of
invariant amplitudes in this area is to use the partial wave expansion of CGLN amplitudes Eq.
(6.27) Where CGLN amplitudes are constructed according to already described procedure in
Eq. (6.22).

But what about convergence of this expansion at large negative ¢t-values? In present partial
wave analysis we go up to t ~ —1.5 GeV? which is related to the last backward angle of ¥
asymmetry [47]. Therefore we preform dispersion integrals for invariant amplitudes at this
fixed value of ¢t. According to [75] the convergence is based on the mathematical lemma: If
a function f(z = x + iy) is analytic inside and on an ellipse C' whose foci are at the points
(x = cosf = £1,y = 0), it can be expanded in a Legendre series. If we follow then the
arguments from this paper we will have to solve the following equation.

[s = (myp +mp)?][s — (mp — my)?Ifu — (my + my)?]

x[u — (my —my)?*] — (4m12) - m%)m%
X [2su — 2(m]2g - m%)(s +u)+ 2m12, — m%] =0, (6.33)
for t = const, when s = u and
s+t+u= Qm?)—l—m%, (6.34)
we get t = —4.83 GeV? therefore the the region where we are working have no kinematical

boundaries.
In addition there is a work of Noelle [76] where the presented below box-diagram is discussed.

Y T p

p n ™, 1

Figure 6.2: Diagram A from [76] for vp — 7% which gives the shape of su double spectral
region.

This diagram also give corrections on our ¢ values. However according to our analysis we
can conclude that in our case the impact of this diagram should be small because we replace
pion with an 7 that couples to the nucleon and the g,y coupling is small, therefore we can
omit it.

6.2.4 Comparison of the approaches.

Taking into account information about these two approaches that were discussed in this chapter
one can conclude that both of them are very similar to each other at some points. However
there are differences between them. For the small differences we may put different multipole
parametrization of the partial waves, less decay channels were taken into account by Aznauryan.

For the significant and most important differences we have that in our approach we take
into account contributions from all resonances. Not only N(1440) 1/2%, N(1535) 1/27 and
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6.2 Data analysis using the fixed-t dispersion relations approach

N(1650) 1/27. This is especially important for N(1520) 3/2~ which contribution to the invari-
ant amplitude is huge in comparison with other resonances despite very small branching ratio
Bnn < 1% and therefore must be taken into account. Such contribution you may see on figure
below, where we compare invariant amplitudes from our initial solution with and without this
resonarnce

Im A1(GeV7?), t= —0.2GeV?

Im A2(GeV™), t= —0.2GeV?

1200 1400 1600 1800 2000 2200 2400 1200 1400 1600 1800 2000 2200 2400

Im A3(GeV™?), t= —0.2GeV? A4(GeVT3), t= —0.2GeV?

W(MeV) [ W(MeV)

1200 1400 1600 1800 2000 2200 2400 1200 1400 1600 1800 2000 2200 2400

Figure 6.3: Invariant amplitudes for initial solution. Blue solid line shows imaginary parts of
invariant amplitudes for a full set of resonances. Blue dashed line shows imaginary
part of invariant amplitudes without N(1520) 3/2.

The second important difference is the resonance phase ® which is introduced in our ap-
proach, as it will be shown in the chapter with the fit results it plays important role in the
analysis.
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Chapter 7

Fit results

This chapter is devoted to the description of the fit results obtained using isobar model (IB)
and fixed-t dispersion relations (DR) approaches. We pay a special attention to the comparison
of results obtained with different methods. In our analysis we analyze the data presented in
the table below.

Table 7.1: Data used in present work. In the first part of the table the fitted data is shown. In
the second part of the table we show high energy data that was only described be

our models.

Yp — np Observable Energy range (MeV)
[44] MAMI do]dS) 1488-1851

49] A2 MAMI T 1495-1850

[49] A2 MAMI F 1495-1850

[47] GRAAL 5 1490-1863
[50]CLAS E 1525-1825
[77-80] DESY, Wilson, Daresbury, CEA do/dt 2360-3987

[79] Daresbury b)) 2360-2551
[81]Daresbury T 2896

In our analysis we used the set of 14 resonances that were shown on the Tab. 3.1.

In our analysis we performed many fits where we tested the influence of resonant terms, Born
terms and t-channel exchanges on the description the data. We obtained seven illustrative
solutions with which we can show the evolution of our results. These 7 solutions are:

e Solution 1: With resonances only
e Solution 2: With resonances and Born terms
e Solution 3: With resonances Regge trajectories (s) and Regge cuts (s)

Then we added unitarity phases ®¢ for j : 3/27, 3/2%, 5/27 states as a fitting parameters.

. . oed
e Solution 4: With resonances x¢e'®’ and Born terms

®7 Regge trajectories (s) and Regge cuts (s)

e Solution 5: With resonances xe’
e Solution 6: With resonances xe'®’ and Regge trajectories (1)

As a final step we added unitarity ®§ for all resonances except N(1440) 1/ 27T,

e Solution 7: With resonances xe'®7 for all resonances except N(1440) 1/2%, and Regge
trajectories (v)
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Chapter 7 Fit results

We decided not to add the unitarity phase for Roper since we wanted to fit only the coupling
constant of this resonance which describes the decay of N(1440) 1/2% — nN.

Thus we get two groups of solutions. Group 1 where solutions are obtained without phases
(Solutions 1-3). Group 2 where solutions are obtained using additional fitting parameters
(%) (Solutions 4-7). Solutions from the first group have larger x? values than solutions from
the second one. Solutions 6 and 7 we consider as the final ones.

For each solution we show description of the observables. After we discuss solutions of
group 1 and compare invariant amplitudes for them. Then we discuss solutions of group 2
and show comparison of invariant amplitudes as well. We show multipoles only for the last
solution, however one can find plots of multipoles for all solutions in the Appendix. Resonances
parameters, including unitarity phases, are discussed in the end.

7.1 Starting solution

Based on general considerations the starting solution has to be a good one, in order to get
a reliable results during the minimization procedure. This means that resonance parameters
should be more or less in agreement with, for example, PDG estimations and they should
not vary too much from reliable physical values. Following these ideas and using the set of
resonances from Tab. 3.1 we were able to obtain starting solution with a XQ/NdOf =2.33.

The same resonance parameters are used as a staring parameters for the analysis using fixed-¢
dispersion relations. The x? value is much higher in this case: XQ/NdOf = 130. To get a good
and reliable result one we use method of series, i.e we first obtain solution 1 (DR), then we use
it as a starting solution for solution 2 (DR), then solution 2 (DR) is used as a starting one for
solution 3 (DR) etc.

Below the description of the data with all obtained solutions is shown.
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7.2 Solution 1. Fit results with resonances only

7.2 Solution 1. Fit results with resonances only

As a first step the fit was done with resonances only. The table below shows x? values for the
fitted data sets:

Table 7.2: x? values for solution 1

Data Observable x?; x%r Number of points (Np)
[44] MAMI do/dQ 4054 6889 2544

[49] A2 MAMI T 523 1353 144

49] A2 MAMI F 509 975 144

[47] GRAAL 5 822 047 130

[50] CLAS E 2 52 42

Xip/Naog = 2.07 X% r/Naof = 3.4

7.2.1 Description of the do/df) and the total cross section

do/dQ, pb/sr

1_5'_ W=1494 MeV | W=1549 MeV | W=1599MeV | W=1651 MeV
ol - _M _
0.5 b i _-""’"‘““‘"‘s«,\&
] U S 1 U Y U b1
o4l W=1701MeV | W=1748MeV | W=1798MeV | W=1851 MeV
ot byt st f
0.3F F ¢ F + F
F F .00’+
OZ?M ] ;_ ] . 4
0.1f : o
O:I " " 1 " " " 1 1 " " 1 " " I:I " " " 1 " " " 1 1 " " " 1 " " " 1
1 0 1-1 0 1-1 0 1.1 0 1
cos 0

Figure 7.1: IB (red) and DR (blue) fit results for do/dQ) [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the IB fit
X?/Npt = 4054/2544, for the DR fit x?/N,: = 6889,/2544.

It is clearly seen that the data are described within the errors by both approaches. In most
cases the differences between two curves are small. The descriptions are mainly overlapping
with each other. Therefore the x? difference is due to the small data errors. There is the
problem with the description of the data at highest energies. The reason is that at these
energies the contributions of ¢-channel exchanges should be taken into account. Fig. 7.2 shows
the description of the total cross section. These data were not used in the analysis but it is
useful to show the description of this observable because it indirectly shows the quality of the
fit of the differential cross section. In addition the figure mainly shows the description of the
cusp effect observed in the data which can be explained by the decay of N(1650) 1/27 into
K% channel.
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Chapter 7 Fit results

Total cross section (ub)

W(GeV)
1.5 1.6 1.7 1.8 1.9

Figure 7.2: IB (red) and DR (blue) fit results for the total cross section. for solution 1. Results
for all other solutions are very similar. Therefore we do not show similar figure for
other solutions.

One can conclude that the data are perfectly described by both approaches and the cusp
effect is reproduced.

7.2.2 Description of 7" and F' asymmetries

The descriptions of polarization observables T' and F' are shown below on Figs. 7.3 and 7.4.

T
04~ W=1497MeV | W=I516MeV | W=1534MeV | W=1558 MeV
0.2r B r ¢ ¢
I A Mg‘#\
o_—A—/F’—t‘:'—T—“‘"H-r ey | )
03[ W=1588MeV | W=1617 MeV | W=1646 MeV
0.4 . .
02f sreeenr y ferm f
of . .
olWEI702MeV | WEIZ43MeV | We1796Mev | ' |
e ¢
0.4 (4
0.2_—+ Py
or
02b et

Figure 7.3: IB (red) and DR (blue) fit results for 7' [49]. For the IB fit x?/N,: = 523/144, for
the DR fit x?/N, = 1353/144.
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7.2 Solution 1. Fit results with resonances only

F
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cos 6

Figure 7.4: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 509/144, for
the DR fit x?/Ny: = 975/144.

Unlike the case of differential cross section, the differences between IB and DR fits are bigger.
In case of F' red and blue curves are closer one to another than in case of T', where the red
curves mostly lie within the errors but the blue ones are mainly off.
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Chapter 7 Fit results

7.2.3 Description of > and F asymmetries

The descriptions of polarization observables 3 and E are shown below on Figs. 7.5 and 7.6.

0.4

0.3
0.2

0.1

-0.1F

0.6
0.4
0.2

0.8F

0.4
0.2

0.8F

0.6F

2
E W=1496 MeV | W=1519MeV [ W=1540MeV [ W=1585MeV
3 i ] m // \'\ ] m
- W=1619MeV | W=1654MeV | W=1689MeV | W=1718MeV
- WEI7eaMeV | W=1783MeV | W-1810MeV | W=1837 MeV
z_ E ++++’ E +++.0 E +++¢+
| + _“/\\_/\_ +
F L ) E oo [) E o
- W=1863 MeV 1 0 11 0 i1 0 1
EREAK
¢

cos 0

Figure 7.5: IB (red) and DR (blue) fit results for ¥ [47]. For the IB fit x?/N,: = 822/130, for
the DR fit x?/Np: = 947/130
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Figure 7.6: IB (red) and DR (blue) fit results for E [50]. For the IB fit x?/N,: = 42/42, for
the DR fit x?/Np = 52/42

As one can see from Figs. 7.5 and 7.6 the results of both approaches are in a good agreement.
Nevertheless the description is inconsistent with the data in case of ¥ observable for energies
above W = 1754 MeV and with the data on E observable for energies above W = 1625 MeV.
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7.2 Solution 1. Fit results with resonances only

7.2.4 Solution 1 summary

This solution provides a good description of the data only for the differential and the total
cross section. However the polarization data are only described with isobar model approach.
Such a simple case where we have only resonances shows that one needs to improve our model
in order to get good results.
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Chapter 7 Fit results

7.3 Solution 2. Fit results with resonances and Born terms

In the next step Born terms were taken into account and Solution 2 was obtained. Unlike the

case of pion photoproduction Born terms do not have a big impact to the scattering amplitude

in 1 photoproduction. Nevertheless it is interesting to study the effect of such background.
The table of x? values for the fitted data is presented below:

Table 7.3: x? values for solution 2

Data Observable x?; X% Number of points (Np)
[44] MAMI do/dQ 3822 5170 2544

[49] A2 MAMI T 605 1196 144

[49] A2 MAMI F 443 711 144

[47] GRAAL 5 637 1111 130
[50]CLAS E 29 37 42

X%B/Ndof =1.88 X%)R/Ndof = 2.78

7.3.1 Description of the do/df)

do/dQ, pb/sr
15| W=1494MeV | W=1549MeV [ W=1599MeV | W=1651MeV

¥ . Mw\\

O-I 1 1 1
045_ W=1701 MeV | W=1748MeV | W=1798MeV | W=1851 MeV

i 4.t ¢
0'3;_ E * E 3 Y
0.2 2 2 2 :
o1k - >

071 0

[y
]
=F
o
[y
]
=F
o
[y
= F

0 1
cos 6

Figure 7.7: IB (red) and DR (blue) fit results for do/d) [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the IB fit
X2/ Npt = 3822/2544, for the DR fit x2/N,: = 5170/2544.

The description of this observable is similar to what was shown on Fig. 7.1
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7.3.2 Description of 7" and F' asymmetries
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Figure 7.8: IB (red) and DR (blue) fit results for 7' [49]. For the IB fit x?/N,: = 605/144, for
the DR fit x2/Ny: = 1196/144.
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Figure 7.9: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 443/144, for
the DR fit x?/Ny: = 711/144.

Figs. 7.8 and 7.9 show that the discrepancy between two curves, IB and DR, still remains.
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7.3.3 Description of > and F asymmetries
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Figure 7.10: IB (red) and DR (blue) fit results for X [47]. For the IB fit x?/N,: = 637/130,
for the DR fit x?/Ny = 1111/130
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Figure 7.11: IB (red) and DR (blue) fit results for E [50]. For the IB fit x*/N,: = 29/42, for
the DR fit x? /Ny = 37/42.

The results are very similar to what was shown on Figs. 7.5 and 7.6.

7.3.4 Solution 2 summary

Fit results in this case are almost identical to the previous ones. The introduction of the Born
terms did not change the results significantly. The improvement in x? comes mostly from the
differential cross section. However one can see also an improvement in x? for polarization data,
but still the discrepancy between IB and DR results is still rather big. Obtained values for the
coupling constant g7y /47 = 3.07 x 102 in IB fit and g7y /47 = 3.34 x 1072 in DR fit.
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7.4 Solution 3. Fit results with resonances and Regge contribu-
tions (s)

Up to now the background was purely real. With the introduction of Regge trajectories and
Regge cuts one has to take into account their contributions to the imaginary part of the invariant
amplitudes. In addition we apply the damping factor, see Eq. (5.44) in order to suppress the
the Regge contributions in the resonance region and also in order to deal with duality problem.
The constant A for the damping factor was set to A = 400 MeV which comes from the result
of the fit of high energy proton and neutron data with an isobar model.

The specific choice of the Regge expression was based on the results of [54].

Regge formulas are written in terms of Mandestam variable s, therefore they violate the
dispersion relations, as it was explained before. But we expected that this violation has not a
strong effect and the results at high energies should not be changed significantly.

The table of x? values for the fitted data is presented below:

Table 7.4: x? values for solution 3

Data Observable X% B X2D r Number of points (V)
[44|MAMI do/dQ 5008 6361 2544

[49] A2 MAMI T 453 1082 144

[49] A2 MAMI F 425 809 144

[47] GRAAL DM 1117 1005 130
[50|CLAS E 56 42 42

|77-80] DESY, Wilson, Daresbury, CEA  do/dt 33 108 52
[79]Daresbury by 4 33 12
[81|Daresbury T 3 31 3

X3p/Naof = 2.45 Xhr/Naog = 3.11
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Chapter 7 Fit results

7.4.1 Description of the do/df)
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Figure 7.12: IB (red) and DR (blue) fit results for do/dS2 [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the 1B

The description of the differential and total cross section data is very similar to solutions 1

and 2.

do/dQ, ub/sr

W=1494 MeV | W=1549MeV | W=1599MeV | W=1651MeV
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fit x?/Np = 5008/2544, for the DR fit x*/N,; = 6361/2544.

7.4.2 Description of 7" and F' asymmetries
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Figure 7.13: IB (red) and DR (blue) fit results for T' [49]. For the IB fit x?/N,: = 453/144,
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for the DR fit x?/Ny: = 1082/144.

Both approaches show the same inconsistency observed in solutions 1, 2.
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7.4 Solution 3. Fit results with resonances and Regge contributions (s)
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Figure 7.14: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,; = 425/144,
for the DR fit /Nyt = 809/144.

7.4.3 Description of > and F asymmetries
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Figure 7.15: IB (red) and DR (blue) fit results for ¥ [47]. For the IB fit x%/N,: = 1117/130,
for the DR fit x?/N,: = 1005,/130.

The description of ¥ at energies above W = 1754 MeV is similar to solutions 1, 2, but the
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Chapter 7 Fit results
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Figure 7.16: IB (red) and DR (blue) fit results for E [50]. For the IB fit x?/Ny: = 56/42, for
the DR fit x?/Ny = 42/42.

difference between IB an DR curves is bigger. The description of E did not change significantly.

7.4.4 Description of do/dt, ¥, and T at high energies

do/dt, ub/GeV?
2360 MeV 2551 MeV 2896 MeV 3484 MeV 3987 MeV

+

> (2551 MeV) | 0 1.0 10

Figure 7.17: IB (red) and DR (blue) fit results for do'/dt, ¥, T [77-80]. For the IB fit x?/Np: =
33/52 4/12 3/3, for the DR fit y2/N,, = 108/52 33/12 31/3.

Fig. 7.17 shows that the given form of Regge trajectories and Regge cuts strongly violates
the fixed-t dispersion relations which leads to the bad description of the data by DR fit.
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7.4 Solution 3. Fit results with resonances and Regge contributions (s)

7.4.5 Regge contributions to the invariant amplitudes at fixed
t-values

In this solution Regge contributions (W) were taken into account. It is interesting to plot
invariant amplitudes A; in order to see how they changes. Fig. 7.18 shows A;(WW) amplitudes
at t = —0.2 GeV? with only Regge contributions taken into account.
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Figure 7.18: Regge contributions to the invariant amplitudes Ay, A, A3, A4 fort = —0.2 GeVZ2.
Solid red and blue lines denote real and imaginary parts obtained with an IB
model. Red dashed lines denote real parts obtained using dispersion relations
from the imaginary parts. Black vertical lines show the threshold of the physical
region for a given t-value.

From Figs. 7.18 one can observe how big is the discrepancy between real parts in IB and DR
approaches therefore the expected coincidence of the real parts at high energies is not observed.

7.4.6 Solution 3 summary

The fit results for the polarization observables did not change much. One can also observe that
the Regge expressions in given form violate the fixed-t dispersion relations significantly, thus
high energy data are undescribed by such approach. In order to solve the problem with the
description of high energy data it was concluded to use another form of Regge formulas, namely
in terms of crossing symmetrical variable v which obeys the dispersion relations by definition.
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Chapter 7 Fit results

7.5 Intermediate conclusion for solutions 1-3

The common feature of all presented fits is the inconsistency of the fit results of two different
approaches for the 7" observable. The description of ¥ and F' with an IB fits usually gives the
x? value which is about two times better than the DR fit. The good agreement is only observed
in the results for the differential and the total cross sections.

A good description of the differential cross section can be easily explained. If one has a look
at the multipole decomposition of the observable using Legendre polynomials Eq. (4.6), one
can see that the main contribution into this observable comes from the squares of the multipoles
therefore the interference of them plays smaller role.

Also due to the dominance of N(1535) 1/2~ and N(1650) 1/2~ resonances which have the
biggest branching ratios in 1 channel, 3, ~ 45 % and f3,, ~ 20 % respectively, the total cross
section is reproduced as well.

On Figs. 7.19 invariant amplitudes A; for solutions 1-3 are presented.
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7.5 Intermediate conclusion for solutions 1-3
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Figure 7.19: Invariant amplitudes A; for solutions 1-3. Solution 1 is plotted in black, solution
2 in red, solution 3 in green. IB and DR results are drawn as solid and dashed

curves respectively. Black vertical lines show the threshold of the physical region
for a t = —0.2 GeV2.

In order to improve the description of the data, we have included the unitarity phases for
JP . 3/27, 3/2%, 5/27 intermediate states as a fitting parameters. As it has been described
above in the Section 5.1. Such implementation significantly improved the results.

The reason why we have chosen these states is because the biggest description in the IB and
DR results was observed in the T asymmetry. If we look on the partial wave contributions
into this observable Eq. (A.30) we will see that the main impact comes from the interferences
of Egy with Fi14, My, Fo, Ma_, FEoi, My, multipoles. The interferences of other partial
waves may be neglected due to the dominance of Eg; multipole.
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Chapter 7 Fit results

7.6 Solution 4. Fit results with resonances x e'® for j : 3/27, 3/2%, 5/2~
states, and Born terms

Solution 4 is obtained by modifying the solution 2, where Born terms were used as a background.
Here phases of N(1520) 3/2, N(1675) 5/2—, N(1700) 3/2~, N(1720) 3/2*, N(1875) 3/27,
N(1900) 3/2% were chosen as fitting parameters, the other ones were fixed to zero.

The table of x? values for the fitted data is presented below:

Table 7.5: x? values for solution 4

Data Observable x?5 X%r Number of points (Np)
[44]MAMI do/dQ 3427 3890 2544

[49]A2 MAMI T 532 708 144

[49]A2 MAMI F 316 534 144

[47] GRAAL 5 490 794 130
[50]CLAS E 38 33 42

X3g/Naof = 1.68 X% p/Naos = 2.02

7.6.1 Description of the do/dS2

do/dQ, ub/sr
15l W=1494MeV | W=1549MeV [ W=1599 MeV [ W=1651MeV
Al _M I i
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Figure 7.20: IB (red) and DR (blue) fit results for do/dS2 [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the 1B
fit \2/Npt = 3427/2544, for the DR fit x?/N,: = 3890/2544.

As in solutions 1-3 the description of these observables are good. The difference in x? values
became much smaller in comparison with solution 2.
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7.6 Solution 4. Fit results with resonances x €% for j: 3/2~, 3/2%, 5/2 states, and Born

7.6.2 Description of 7" and F' asymmetries
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Figure 7.21: IB (red) and DR (blue) fit results for T [49]. x*/N,+ = 532/144, for the DR fit
X2 /Npt = 708/144.

Comparing the results on Fig. 7.8 and Fig. 7.21, one can see a big improvement in the
description of T at energies above W = 1646 MeV. The description of the data at energies
W = 1588 MeV and W = 1617 MeV is now a bit worse than in solution 2.

The improvement in the description of F' is observed at all energies.
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Figure 7.22: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 316,144,
for the DR fit x2 /Nyt = 534/144.

81



Chapter 7 Fit results

7.6.3 Description of > and E asymmetries
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Figure 7.23: IB (red) and DR (blue) fit results for X [47]. For the IB fit x?/N,: = 490/130,
for the DR fit /N, = 794/130
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Figure 7.24: IB (red) and DR (blue) fit results for E [50]. For the IB fit x?/N,: = 38/42, for
the DR fit x?/Ny = 33/42

The x? values became better. The consistency in the description remains.

7.6.4 Solution 4 summary

The introduction of the phases led to an improvement of the x? values for all data, especially
for the differential cross section. The description of other observables, especially T, also became

better.

The value of the Born term coupling constant was obtained to be equal to 9727 Nn/AT = 1075,
This means that contribution from the Born term is completely negligible.
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7.6 Solution 4. Fit results with resonances x €% for j: 3/2~, 3/2%, 5/2 states, and Born
terms

However one can see on Fig. 7.23 that data on ¥ at energies W = 1837 and W = 1863 MeV
are nor described due to the very small impact from Born terms. This motivates us to use
Regge background.
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Chapter 7 Fit results

7.7 Solution 5. Fit results with resonances x ¢'* for j : 3/27, 3/2%, 5/2~
states, and Regge contributions (s)

As we already seen the Regge contributions formulated in terms of W violate the fixed-¢ dis-
persion relations. Nevertheless it is interesting to see the effect of the phases on the description
of the data in the resonance region.

The table of x? values for the fitted data is presented below:

Table 7.6: x? values for solution 5

Data Observable X% x%r Number of points (Np)
[44]MAMI do /dQ 4729 3527 2544

[49] A2 MAMI T 606 503 144

[49] A2 MAMI F 316 581 144

|47 GRAAL b 832 796 130
[50]CLAS E 38 26 42

[77-80] DESY, Wilson, Daresbury, CEA do/dt 34 102 52
[79|Daresbury z 7 15 12
[81]Daresbury T 3 19 3

X3p/Naof = 2.23 X5 p/Niof = 1.86

7.7.1 Description of the do/df) and the total cross section

do/dQ, pb/sr
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Figure 7.25: IB (red) and DR (blue) fit results for do/dS2 [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the 1B
fit x?/Npr = 4729/2544, for the DR fit x*/N, = 3527/2544.
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7.7 Solution 5. Fit results with resonances x €'% for j: 3/27, 3/2%, 5/2 states, and
Regge contributions (s)

7.7.2 Description of 7" and F' asymmetries
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Figure 7.26: IB (red) and DR (blue) fit results for 7' [49]. For the IB fit x?/N,: = 606,144,
for the DR fit x2 /Nyt = 503/144.
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Figure 7.27: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 316/144,
for the DR fit /Nyt = 581/144.
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Chapter 7 Fit results

7.7.3 Description of > and F asymmetries
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Figure 7.28: IB (red) and DR (blue) fit results for X [47]. For the IB fit x?/N,: = 832/130,
for the DR fit /Ny = 796/130
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Figure 7.29: IB (red) and DR (blue) fit results for E [50]. For the IB fit x?/N,: = 45/42, for
the DR fit x?/Ny = 33/42
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7.7 Solution 5. Fit results with resonances x €'% for j: 3/27, 3/2%, 5/2 states, and
Regge contributions (s)

7.7.4 Description of do/dt, 2, and T at high energies

do/dt, ub/GeV?

2360 MeV 2551 MeV 2896 MeV 3484 MeV 3987 MeV
L "t L L
1 M—* ./\*\_.
2 (2551 MeV) | O 1 0 1 0 1 )
t (GeV?)

0 ofs 1
t (GeV?)

Figure 7.30: IB (red) and DR (blue) fit results for do/dt, ¥, T |77-80] as functions of t. do/dt
is shown in pb/GeV?2 units. For the IB fit x?/N,: = 34/52 7/12 3/3, for the DR
fit x2/Np = 102/52 15/12 19/3

7.7.5 Solution summary

The results for the low energy data clearly show the improvement in the description of all
fitted observables. Blue curves now lie closer to the red ones. Although the problem of the
description of high-energy data by the DR fit still presents. The reason is that here for the
Regge contributions non-crossing symmetrical expressions are still used.
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Chapter 7 Fit results

7.8 Solution 6. Fit results with resonances x e'® for j : 3/27, 3/2%, 5/2~
states, and Regge contributions (v)

In order to describe the high energy data another Regge formalism was used. As well as the
previous one this formalism is also described in the paper of [54]. Now the Regge amplitudes
are formulated in terms of crossing symmetrical variable v and fulfill the dispersion relations
by definition.
The damping constant for the damping factor in Eq. (5.45) was set to A = 689 MeV and
was obtained from the analysis of high and low energy data with the isobar model approach.
The table of x? values for the fitted data is presented below:

Table 7.7: x? values for solution 6

Data Observable X% X%z Number of points (Np)
[44]MAMI do /dQ 3946 3641 2544

[49] A2 MAMI T 536 519 144

[49] A2 MAMI F 333 304 144

[47] GRAAL z 377 437 130
[50]CLAS E 53 36 42

|77-80] DESY, Wilson, Daresbury, CEA do/dt 11 13 52
[79|Daresbury z 7 7 12
[81]Daresbury T 1 2 3

Xip/Naof = 1.84 X% p/Naoy = 1.77
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7.8 Solution 6. Fit results with resonances x €% for j : 3/2~, 3/2%, 5/2 states, and
Regge contributions (v)

7.8.1 Description of the do/df)

do/dQ, pb/sr
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Figure 7.31: IB (red) and DR (blue) fit results for do/dS) [44]. Data are plotted from the
threshold up to the last measured energy with the W step ~50 MeV. For the IB
fit x2/Npt = 3946/2544, for the DR fit x2/Ny = 3641/2544.

Fit results for this observable show the best agreement among all fits that were described
here. DR fit now describes the data better than IB fit, especially the highest energy bins.

7.8.2 Description of 7" and F' asymmetries
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Figure 7.32: IB (red) and DR (blue) fit results for 7' [49]. For the IB fit x?/N,: = 536,144,
for the DR fit x2/Ny: = 519/144.

Both these observables are described with a close x? and show the good agreement with the
data.
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Figure 7.33: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 333/144,
for the DR fit x?/N,: = 394/144.

7.8.3 Description of > and F asymmetries
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Figure 7.34: IB (red) and DR (blue) fit results for X [47]. For the IB fit x?/N,: = 377/130,
for the DR fit x? /N, = 437/130

This fit has solved the problem with the description of X at energies above W = 1754 MeV.
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7.8 Solution 6. Fit results with resonances x €% for j : 3/2~, 3/2%, 5/2 states, and
Regge contributions (v)
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Figure 7.35: IB (red) and DR (blue) fit results for E [50]. For the IB fit x2/N, = 53/42, for
the DR fit x?/Np = 36/42

7.8.4 Description of do/dt, ¥, and T at high energies

do/dt, ub/GeV?
2360 MeV 2551 MeV 2896 MeV 3484 MeV 3987 MeV
l
L L1 L L L
0.5 ++

;
|

S (2360 MeV) | | = (2551 MeV) | 0 T 0 0
¢

[N

N\t

O_

T (2896 MeV) [0 05 1 )
0.5 t (GeV?)

_05 -

o055 1

t (GeV?)

Figure 7.36: IB (red) and DR (blue) fit results for do/dt, ¥, T [77-80] as functions of t. do/dt
is shown in pb/GeV? units. For the IB fit x?/N, = 11/52 7/12 1/3, for the DR
fit x2/Np: = 13/52 7/12 2/3.

The high energy data for do/dt is now equally well described with both approaches. The
descriptions of ¥ and T are however does not coincide.

7.8.5 Solution 6 summary

The description of the observables is now much better in comparison with the previous solutions.
High energy data are now also described with the new Regge formalism. Next and the final
step should be done by fitting the phases of all other resonances except of N(1440) 1/27.
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7.9 Solution 7. Fit results with resonances x ¢'® for all reso-
nances, and Regge contributions v)

Here the final solution is considered, where phases of all other resonances except of N (1440) 1/2%
are varied. The same parametrization of Regge contibutions as in previous solution 6 is used,
damping constant is fixed to A = 689 MeV.

The

table of x? values for the fitted data is presented below:

Table 7.8: x? values for solution 7

Data Observable X% x%r Number of points (Np)
[44]MAMI do /dQ 3448 3388 2544

[49] A2 MAMI T 456 423 144

[49] A2 MAMI F 318 426 144

|47 GRAAL z 323 353 130
[50]CLAS E 38 31 42

[77-80] DESY, Wilson, Daresbury, CEA do/dt 11 13 52
[79|Daresbury z 7 13 12
[81|Daresbury T 1 2 3

X3p/Naof = 1.61 X5 p/Naof = 1.61

7.9.1 Description of the do/df)

do/dQ, pb/sr

15+ W=1494 MeV | W=1549 MeV | W=1599 MeV | W=1651 MeV
Al _m I i
0.5+ - —m _,)""“"'&.\
O_I " " " 1 " " " 1 1 " " " 1 " " " 1 1 " " " 1 " " " 1 1 " " " 1 " " " 1
b W=I70LMeV | W=1748MeV | W=1798MeV | W=1851MeV
F 4.t ¢
0.3F F ¢ b ) 2
02} M _ o
0.1f : : :
O:I " " 1 " " " 1 1 " " " 1 " " " 1 1 " " " 1 " " " 1 1 " " " 1 " 1
1 0 1-1 0 1-1 0 11 0 1
cos 6

Figure 7.37: IB (red) and DR (blue) fit results for do/dS2 [44]. Data are plotted from the
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threshold up to the last measured energy with the W step ~50 MeV. For the 1B
fit x?/Np = 3448/2544, for the DR fit x*/N,; = 3388/2544.



7.9 Solution 7. Fit results with resonances x €'%i for all resonances, and Regge contributions

v)

7.9.2 Description of 7" and F' asymmetries

-
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Figure 7.38: IB (red) and DR (blue) fit results for 7' [49]. For the IB fit x?/N,: = 456,144,
for the DR fit x2 /Ny = 423/144.
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Figure 7.39: IB (red) and DR (blue) fit results for F' [49]. For the IB fit x?/N,: = 318/144,
for the DR fit x? /Nyt = 426/144.
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7.9.3 Description of > and F asymmetries
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Figure 7.40: IB (red) and DR (blue) fit results for X [47]. For the IB fit x?/N,: = 323/130,
for the DR fit x?/Ny: = 353/130
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Figure 7.41: IB (red) and DR (blue) fit results for E [50]. For the IB fit x?/N,: = 38/42, for
the DR fit x?/Ny = 31/42
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v)
7.9.4 Description of do/dt, ¥, and T at high energies

do/dt, ub/GeV?

2360 MeV 2551 MeV 2896 MeV 3484 MeV 3987 MeV
05 B ) r " ++ I B B
Y () +
3 )
0 , I ) M S e
S (2360 MeV) | [ = (2551 MeV) | 0 T 0 T 0 T
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0 ofs 1
t (GeV?)

Figure 7.42: 1B (red) and DR (blue) fit results for do/dt, ¥, T [77-80] as functions of t. do/dt
is shown in pb/GeV?2 units. For the IB fit x?/N,: = 11/52 7/12 1/3, for the DR
fit x2/Npt = 13/52 7/12 2/3
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Chapter 7 Fit results

7.9.5 Regge contributions to the invariant amplitudes at fixed
t-values

In this solution Regge contributions (v) were used. It is interesting to plot invariant amplitudes
A; in order to see how they changes. Fig. 7.43 shows A;(W) amplitudes at t = —0.2 GeV? with
only Regge contributions taken into account. On Figs. 7.43 it is seen that at high energies now
real parts in IB and DR approaches coincide.
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S L5F
<
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<
—0.5}¢
-1.0t 0.0k

1600 1800 2000 2200 2400 2600 2800 3000 1600 1800 2000 2200 2400 2600 2800 3000
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Figure 7.43: Regge contributions to the invariant amplitudes Ay, A, A3, A4 for t = —0.2 GeV?2,
Solid red and blue lines denote real and imaginary parts obtained with an IB
model. Red dashed lines denote real parts obtained using dispersion relations
from the imaginary parts. Black vertical lines show the threshold of the physical
region for a given ¢-value.
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v)
7.9.6 Multipoles

For this final solution we show the obtained electric and magnetic multipoles. For all other
solutions the multipoles are presented in Appendix.

20F [ ] i

10

Eq. (Mfm)

E,, (mfm)

E,_ (mfm)

E,., (mfm)

E;_ (mfm)

-0.2

1500 1600 1700 1800 1500 1600 1700 1800
W (MeV) W (MeV)

Figure 7.44: Multipoles for Solution 7. Here real parts of multipoles are drawn in red, imag-
inary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical lines show the resonance positions.

An interesting observation is that despite the fact that solutions have very close x? the
multipoles look very different except for the Egy which is the dominant one. This effect is
known and the difference between multipoles is not so strong for yp — ©N [65], where much
more observables are measured. Therefore with the measuring of new polarization data for
vp — mp one can also make the difference smaller.
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7.9.7 Solution 7 summary

Descriptions of all analysed experimental data show good consistency with the data in both
approaches. Observables are described with similar x? values.

7.10 Intermediate conclusion for solutions 4-7

When we input phases for resonances and take into account Regge contributions in the proper
form, we obtain a good description od the data. Our A; amplitudes now obey dispersion
relations equations.

On figs. 7.45 invariant amplitudes A4 for solutions 4-7 are presented.
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Figure 7.45: Invariant amplitudes A; for solutions 4-7. Solution 4 is plotted in black, solution
5 in red, solution 6 in green and the final solution 7 in blue. IB and DR results
are drawn as solid and dashed curves respectively. Black vertical lines show the
threshold of the physical region for a t = —0.2 GeV?
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7.11 Final discussion of the resonance parameters

The partial wave analysis of yp — np was done with two different approaches: using MAID
isobar model and using fixed-¢ dispersion relations.

Similar work was done in 2003 by Aznauryan [66] where fixed-t dispersion relations approach
was applied to analyze the existing experimental data at that time [48,71-74].

The difference between present work and [66] is that
1) now modern and more precise data are used in the analysis,

2) in the DR case contributions of the unphysical region from all resonances are taken into
account.

In the work [66] contributions below threshold were only taken into account from N (1440) 1/27,
N(1535) 1/27, N(165) 1/2~.

The initial task was to describe low-energy data and to determine the leading singularities of
the scattering amplitude, 7.e the extraction of the resonance parameters. During the study, it
was found that the use of {-channel exchanges and resonance phases provide a good description
of the low energy data, and also the description of the high energy data. We did not attempt
description of the high energy data in the beginning, but nevertheless the result gives space for

further research.
Seven different solutions were investigated. Summary tables 7.9 and 7.10 show x? values for
all solutions together.

Table 7.9: x? values. Red values are for IB fits, blue ones are for DR fits.

X5

XE

2

X°/Naos

Sol. [ X3, /a0 Xt X Xaosat | X% | Xt
1 4054 6889 | 523 1353 | 509 975 822 947 42 52 2.07 3.04
2 3822 5170 | 605 1196 | 443 711 | 637 1111 29 37 1.88 2.78
3 5008 6361 | 453 1082 | 425 809 | 1117 1005 | 56 42 | 33 108 | 433 | 3 31 | 2.45 3.11
4 3427 3890 532 708 316 534 490 794 38 33 1.68 2.02
5 4729 3527 | 606 503 | 316 581 832 796 3826 | 34102 | 715 | 319 | 2.231.86
6 3946 3641 536 519 | 333 394 377 437 5336 | 1113 T 12 1.84 1.77
7 3448 3388 | 456 423 | 318 426 323 353 38 31 1113 | 713 12 1.61 1.61

Table 7.10: x? /Npt values. Red values are for IB fits, blue ones are for DR fits.
Sol. | Xaoyan Xt XF X5 X Xo /dt X5 Xt

1 1.59 2.71 3.63 9.4 3.53 6.77 | 6.32 7.28 11.24

2 1.5 2.03 4.2 8.3 3.074.93 | 4.98.55 | 0.69 0.88

3 1.972.5 | 3.157.51 | 2.955.61 | 859 7.73 | 1.330.98 | 0.63 2.08 | 0.33 2.75 110.3

4 1.351.53 | 3.694.92 | 2.19 3.71 | 3.776.11 | 0.9 0.79

5 1.86 1.39 | 4.21 3.49 | 2.19 4.03 6.4 6.12 0.9 0.62 0.65 1.96 | 0.58 1.25 16.33

6 1.551.43 | 3.723.6 | 2.312.74 | 2.93.36 | 1.26 0.86 | 0.21 0.25 | 0.58 0.58 | 0.33 0.66

7 1.36 1.33 | 3.17 2.94 | 2.21 2.96 | 2.48 2.72 0.9 0.74 0.21 0.25 | 0.58 1.08 | 0.33 0.66
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Chapter 7 Fit results

Below the summary tables of resonance parameters for each resonance and all solutions are
given. Red values are for IB fits and blue values are for DR fits. Values which were fixed in
the fit are given in black bold type. The last line gives PDG values and star rating. Branching
ratios are shown with the sign that is taken into account in the coupling constant g,n-.

e All given errors for masses, widths, photoexitation helicity amplitudes and phases were
taken from the fitting program (MIGRAD) and correspond to the values of the last (best)
solution. The shown errors for the branching ratios are calculated out of errors of the
coupling constants g,n, which were used as a fitting parameters. For presented errors all
correlations are taken into account by the MIGRAD package.

e For each resonance at least one of the photoexitation helicity amplitudes (A;/; or Az/s)
must be fixed. These 2 parameters strongly correlate with each other, therefore we cannot
fit both of them together. We decided to fix always A3/, when both of them are present
and fix Ay, for 1/2% and 1/27 states. We fix these values either to the PDG estimations
or to the results obtained in the latest EtaMAID analysis.

N (1440) 1/2+

At first let us discuss the fit parameters of N(1440) 1/2%. This is four-star resonance which
parameters are very well known. In all calculations mass, width, and A /; were fixed M = 1430
MeV ' = 350 MeV A,/ = —60 x 1073GeV—1/2 respectively. Branching ratios into other
channels fry = 65%, Bxa = Brs = Bun = Byn = 0%, Brry = 1 — ) B; The only fitting
parameter was coupling constant into 7N channel. The values for g,y are listed in the table
below:

Table 7.11: Fit results for g,y for N(1440) 1/2%. Red values were obtained in the IB fit, blue
ones in DR fit.

Solution InN
1 17, 51
12, 22
13, 49
10, —11
3, =3
4, =27
18494, —19 4+ 37

~N O Ot =W N

As one can see implementation of phases and additional physical constrains forced fit to pick
a different sign of the coupling constant. The obtained errors are large because this is a sub-
threshold resonance and only limited part of its energy dependent behavior is under control.
However one can see that in the case of DR the error is about 2 times smaller because in this
approach the real parts of the invariant amplitudes are obtained via the integration of the
imaginary parts, therefore the sub-threshold behavior is taken into account.
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N(1520) 3/2~

Table 7.12: Resonance parameters for N(1520) 3/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to Sy = 61%, Brka = Brs = Bun = Byn = 0%, Bran =
1 —>_ ;. Stars show the overall PDG rating.

N(1520) 3/2~ | Solution M r Con Bn (%) Ao As o

1 1510, 1520 115 +0.09, +0.05 —25, —25 140

2 1511, 1519 115 +0.08, +0.06 —25, —25 140

Phase(®%) 3 1510, 1510 115 +0.08, +0.02 —25, —25 140

33, —18 4 1520, 1510 115 +0.13, +0.07 —25, —25 140

34, —25 5 1510, 1510 115 +0.12, +0.07 —25, —25 140

21, —37 6 1520, 1510 115 +0.1,+0.09 25, —25 140

—2473, —31418 7 1510410, 151446 | 115 | +0.05+1, +0.14+1 | —25+6, —25+6 140
ok PDG 1515+ 5 115717 0+1 —20+5 140 £ 10

According to the PDG star rating N(1520)3/27 is well studied resonance. Results of our
analysis show consistency with the PDG estimations for this resonance. The A;/; values
however are at the top border of the interval in which we vary the values for this parameter.

We also fixed the width of this resonance. In the research we have observed that this
parameter always got stuck in the unphysical value of ~ 50 MeV.

We can conclude that the values obtained with both approaches are in a good agreement
with each other and with PDG.

N(1535) 1/2~

Table 7.13: Resonance parameters for N(1535) 1/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other

channels were fixed to By = 52%, Bra = Brs = Bun = Byn = 0%, Bran =
1 — > B;. Stars show the overall PDG rating.

N(1535) 1/2~ | Solution M T Con B (%) A1y | Asps
1 1525, 1525 156, 168 40, +40 115 -
2 1525, 1525 155, 174 +40, +41 115 -
Phase(®%) 3 1537, 1525 174, 175 +45, +41 115 -
0 1 1525, 1525 157, 175 140, +44 115 -
0 5 1525, 1525 148, 175 +38, +43 115 -
0 6 1525, 1531 160, 175 +39, +41 115 -
—4+31,10+27 7 1525417, 1530413 | 158437, 175447 | +40+15, +40+£13 | 115 -
EEE PDG 1535 + 10 150 + 25 42+ 10 115+15 | -

N(1535) 1/27 is also a well determined resonance with a big branching ratio into n/N channel.
Results of the analysis show a very good agreement with the PDG values. Both IB and DR

approaches give close results. The obtained errors are qualitatively similar to the ones given
by PDG.
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N(1650) 1/2~

Table 7.14: Resonance parameters for N(1650) 1/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to Bzy = 51%, Bra = 10%, Bun = Byn = 0%, Bran =
1 — > ;. Stars show the overall PDG rating.

N(1650) 1/2~ | Solution M r Con B (%) A | Aspo
1 1641, 1642 137, 117 —22, 16 45 -
2 1640, 1640 135, 130 —22, —16 45 -
Phase(®%) 3 1640, 1640 125, 120 —20, —12 45 -
0 4 1640, 1643 135, 123 —21, —16 45 -
0 5 1640, 1640 135, 114 —23, —15 45 -
0 6 1645, 1650 137, 119 22, —26 45 -
4427, —18422 7 1653421, 1640427 | 137429, 122428 | —23+16, —25+14 45 -
kK PDG 1655715 140 + 30 1+2, 1844 45+10 | -

Another four star resonance is N(1650) 1/27. As well as N(1535) 1/27 it has a big branching
ratio into n/N channel. The result for all parameters is a good agreement with the PDG values.
The branching ratio into n/N channel coincides with the results of Bonn-Gatchina analysis
(18 £ 4%). Both IB and DR approaches give similar results.

In addition in order to describe the decay of N(1650) 1/27 into KX channel, coupling
constant gxy was used. Using this constant we were able to describe the cusp effect in the
total cross section, see Fig. 7.2. Table below shows gxy values for all solutions.

Table 7.15: Fit results for gxy for N(1650) 1/2~

Solution JKS
1 94, 100
92, 89
99, 91
95, 97
100, 78
81, 35
68483, 43+67

~N O O | W N

Values for the coupling constant coincide within the errors in both approaches. One can also
see that in the DR case the error is smaller, the previous explanation for the case of Roper is
valid for this constant also.
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N(1675) 5/2~

Table 7.16: Resonance parameters for N(1675) 5/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to -y = 41%, Bra = 1%, Prs = Bun = Byn = 0%, Brrn =
1 —>_ ;. Stars show the overall PDG rating.

N(1675) 5/27 | Solution M r Con By (%) Ao Az /s
1 1670, 1670 165, 147 ~1, —0.06 11, 11 20
2 1670, 1670 165, 135 ~1, —0.15 11,13 20
Phase(®%) 3 1670, 1670 165, 135 ~1.7, —0.06 11, 26 20
60, 30 4 1670, 1680 165, 135 1.2, —0.7 26, 26 20
—60, —6 5 1680, 1670 162, 157 0.2, —2 14, 27 20
43, —10 6 1680, 1678 165, 159 —14, -1.7 11, 11 20
22491, —2416 7 1680410, 167748 | 165419, 135415 | —2+1, —1.241 | 11£16, 1248 | 20
kK PDG 1675+ 5 150757 0+1 19+8 20+ 5

N(1675) 5/27 is a four star resonance which parameters were well studied in pion photopro-
duction due to a high branching ratio, ~ 45%, into this channel. However in 7 photoproduction
the branching ratio is small. The value 8,y = 0% 1 is the only result which is given in PDG
above the line. The results of different analysis below the line coincide with this estimation
within the errors. Both approaches in our analysis are matched with PDG estimations. Ob-
tained phases can not be precisely determined. But one can observe that DR errors are much
smaller than the ones obtained with an IB.

N(1680) 5/2+

Table 7.17: Resonance parameters for N(1680) 5/2%. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other

channels were fixed to Sy = 62%, Bra = betaxs = Bun = Byn = 0%, Bran =
1 — > B;. Stars show the overall PDG rating.

N(1680) 5/27 | Solution M T Con By (%) Ay o Az /o

1 1684, 1675 120, 122 +0.22, +0.14 —21, —21 133

2 1680, 1675 120, 120 +0.3, +0.24 21, —21 133

Phase(®$) 3 1675, 1689 120, 120 +0.1, +0.2 -9, —21 133

0 4 1679, 1695 120, 120 +0.22, +0.12 —21, -9 133

0 5 1675, 1695 120, 120 +0.13, +0.1 —~19, —10 133

0 6 1680, 1675 120, 129 +0.16, +0.05 —21, -9 133

3483, 244 7 1691418, 1675410 | 120420, 138412 | +0.16+1, +0.024+1 | —21+10, —1948 133
REEE PDG 1685 + 5 130 £ 10 0+1 —15+6 133+ 12

Another four star resonance with a small branching ratio to the nN channel is N (1680) 5/27.
The masses and widths of all solutions are in a good agreement with PDG values. The results
for Ay are close to PDG mean values as well.
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N(1700) 3/2~

Table 7.18: Resonance parameters for N(1700) 3/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to Bxn = 15%, Bra = 3%, Prs = Bun = By~ = 0%, Brrn =
1 — > B;. Stars show the overall PDG rating.

N(1700) 3/2~ | Solution M r Con Bn (%) A s As o

1 1726, 1650 100, 100 —0.01, +0.3 20, 24 —37

2 1750, 1650 146, 100 +0.09, 4+0.6 80, 20 —37

Phase(®9) 3 1750, 1650 223, 250 +0.2, —0.2 80, 80 —-37

55, 49 4 1750, 1665 100, 115 —0.5, +1.1 20, 20 37

—60, 60 5 1694, 1686 100, 100 —0.43, +0.15 20, 20 -37

20, 25 6 1650, 1685 250, 100 —0.4, +2 80, 20 -37

30486, 27440 7 1650456, 1686439 | 2504117, 100481 | —0.3+1, +2.741 | 80+56, 20457 -37
ok PDG 1700 + 50 1507190 No average 41+ 17 —374+ 14

Obtained masses and widths of N(1700) 3/2~ are in agreement with the PDG estimations.
However the latest BnGa analysis [82] gives values for them ~ 1800 and ~ 400 MeV respectively,
which is higher than the results from our IB and DR fits. Also the boundary values for the

width were preferred by both fits.

There are no estimations for the branching ratio that are above the line from PDG. The
values that were not used for averaging varies from 1% (old result) to 14% (latest result). In
our analysis a big branching ratio is not observed.

The allowed boundary values for A,/ were preferred in all solutions except DR fit for the

first solution.

N(1710) 1/2+

Table 7.19: Resonance parameters for N(1710) 1/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to Brn = 5%, Bra = 23%, Brs = Bun = Byn = 0%, Brrn =
1 — " B;. Stars show the overall PDG rating.

N(1710) 1/27 Solution M r Con Bn (%) A1) Az)o
1 1701, 1680 100 +1.1, —1.7 50 -
2 1701, 1740 100 +1.5, —1.1 50 -
Phase(®5) 3 1694, 1702 100 +0.8, +0.4 50 -
0 4 1700, 1724 100 —1, +0.8 50 -
0 5 1695, 1706 100 +0.2, +1.4 50 -
0 6 1710, 1740 100 +1.6, —0.3 50 -
—35+107, —43+111 7 1699+48, 1732432 | 100 | +0.96+4, —0.1945 50 -
kR PDG 1710 + 30 1007537 10 — 50 50+ 10 | -

The mass of N(1710) 1/2% was determined with an agreement with the PDG values. The
width was fixed for the same reasons as for the N(1520) 3/27. With the open ranges this
parameter always got stuck in the unphysical value of ~ 50 MeV. However the branching ratio
obtained in our analysis is much smaller in comparison with the results of other groups.
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7.11 Final discussion of the resonance parameters

N(1720) 3/2+

Table 7.20: Resonance parameters for N(1720) 3/2%. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to B-n = 11%, Bra = 8%, Prs = Bun = By~ = 0%, Brrn =
1 —>_ ;. Stars show the overall PDG rating.

N(1720) 3/27 | Solution M T Con B (%) Aijo Az/o
1 1750, 1731 190, 213 +0.6, +1.7 96, 127 80
2 1750, 1734 195, 171 +0.7, +1.4 93, 130 80
Phase(®9) 3 1750, 1750 397, 168 +0.9, +1.2 80, 82 80
—6, —40 4 1750, 1747 228, 326 +1.2, +2.7 80, 80 80
~17, —44 5 1750, 1750 400, 370 +1, +6 80, 80 80
10, —39 6 1750, 1750 231, 344 +1, +7 80, 115 80
12492, —40+7 7 1750449, 1750431 | 2114173, 3234191 | +0.64+3, +9.242 | 80450, 92427 80
Ak PDG 1720750 2507150 0+1, 3+2 100 + 20 135 + 40
48 42

The mass and the width of N(1720) 3/2% are in agreement within the errors with the PDG
estimations and results of other analysis. A clear tendency of choosing the bordered values
for the mass of the resonance is observed. It is also seen that the uncertainties for the width
obtained with both approaches are large. The obtained branching ratio into n/N channel is
compatible with other results. For A3/, different two values above the line a given in PDG. In
our case we fixed this value to 80.

N (1860) 5/2+

Table 7.21: Resonance parameters for N(1860) 5/2%. Red values were obtained in the IB
fit, blue ones in DR fit. Fixed values are written in bold black. Branchings into
other channels were fixed to B,y = 20%, Brxa = Brx = Buon = 0, Brrn =
1 =3B, gyn = 0. Stars show the overall PDG rating.

N(1860) 5/27 | Solution M T Con Bn (%) Ayjo Az /o

1 1860 270 —5, —2.5 1, —22 29, 49

2 1860 270 —5.6, =3.9 -5, =31 36, 44

Phase(®%) 3 1860 270 ~35, 1.2 16, —5 8, 54

0 1 1860 270 —5.1, —04 2, —37 24, 9

0 5 1860 270 —3.4, —4.9 5, —7 21, 8

0 6 1860 270 —-1.1, —6.3 59, —12 22, 11
3490,041 7 1860 270 | —0.6+7, —6.948 | 544123, —18+15 | 38+£111, 1418

*x PDG 18607300 | 270F:° No average No average No average

N(1860) 5/27 is a poorly studied resonance with no given PDG estimations for the branching
ratio and for A;/;, A3/, photoexitation helicity amplitudes. The results that we obtained with
isobar model and with a fixed-¢ dispersion relations are scattered. The errors of Ay /5, A3/s
obtained with an IB fit are very large, however with an implementation of dispersion relations
they are much smaller. One can conclude that even if the parameters are strongly correlated
an additional physical constraint helps us to decrease the error.
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Chapter 7 Fit results

e Until this point all resonances had masses that lay within the analyzed data interval.
However we also included resonances with higher masses and large widths. We reduced
the number of fitted parameters for these resonances because our analyzed data are not
sufficient for the correct determination of their values.

e For N(1875) 3/27 we fit only coupling constant, A;/, helicity amplitude and phase.

e For the resonances with higher masses we fit only coupling constants and phases. Other
parameters were fixed to the results obtained in the latest EtaMAID analysis or to the
PDG estimations.

N(1875) 3/2~

Table 7.22: Resonance parameters for N(1875) 3/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to By = 4%, Bra = 4%, Brs = 15%, Bun = 20%, Brxn =
1 =3 Bi, gyn = 0. Stars show the overall PDG rating.

N(1875) 3/2~ Solution M r CnN Bn (%) Ay s Az o

1 1875 250 +27, +20 11, 30 -7

2 1875 250 +29, +23 10, 30 -7

Phase(®%) 3 1875 250 —0.6, +25 30, 30 -7

60, —27 4 1875 250 +1, +17 29, 24 -7

60, —16 5 1875 250 +20, +34 25, 12 -7

60, —34 6 1875 250 +0.7, +6 30, 25 -7

60484, —32 4 21 7 1875 250 422410, +5.5+8 | 30+19,30+17 | -7
ok PDG | 187575 | 250+ 70 0+1 18+ 10 —7+4

In case of N(1875) 3/27 due to a limited data range the obtained results have large uncer-
tainties.
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N(1880) 1/2F, N(1895) 1/2~, N(1900) 3/2*

7.11 Final discussion of the resonance parameters

Table 7.23: Resonance parameters for N(1880) 1/2%. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to S,y = 6%, Brxa = 2%, Brx = 17T%, Bun = 0%, Brrn =
1 =3B, gyn = 0. Stars show the overall PDG rating.

N(1880) 1/2F Solution M r Con By (%) AL Ay

1 1880 230 —4, +6.7 21 -

2 1880 230 —20, +1.6 21 -

Phase(@?) 3 1880 230 +0.05, +5.5 21 -

0 4 1880 230 —19, +8.5 21 -

0 5 1880 230 —0.7, +4.3 21 -

0 6 1880 230 —19, —2.7 21 -

—60 + 118, —31 £+ 72 7 1880 230 —19+ 15, =9.8 4+ 10 21 -
Kk PDG | 1875440 | 230 & 50 25150 No average

Table 7.24: Resonance parameters for N(1895) 1/27. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to B,ny = 2.5%, Brxa = 18%, Brsx = 13%, Bun = 0%, Brzn =
1—>" B, gyn = —T1. Stars show the overall PDG rating.

N(1895) 1/2— Solution M r Cyn By(%) A1o Az /o
1 1896 130 +27, +24 —36 -
2 1896 130 +21, +15 —36 -
Phase(®) 3 1896 130 +18, 45 —36 :
0 4 1896 130 +21, 4+7 —36 -
0 5 1896 130 +6, +11 —36 -
0 6 1896 130 +3.5, +2.5 —36 -
—35+£ 107, 56 =63 7 1896 130 +1.1+4, 40.2£8 —36 -
Hk PDG | 1905+ 12 [ 1003) 21+6 ~16+6 | -

Table 7.25: Resonance parameters for N(1900) 3/2%. Red values were obtained in the IB fit,
blue ones in DR fit. Fixed values are written in bold black. Branchings into other
channels were fixed to B,n = 4%, Bra = 12%, Brs = 5%, Bun = 13%, Brxn =
1—>" B, gyn = —12. Stars show the overall PDG rating.

N(1900) 3/2% | Solution M T o B (%) AL Az

1 1900 200 —1.5, =0.9 19 —67

2 1900 200 -2, —2.1 19 —67

Phase(®%) 3 1900 200 —0.07, 1.2 19 —67

—28, —49 4 1900 200 -1.9, -14 19 —67

60, —60 5 1900 200 —0.6, —1 19 —67

11, —18 6 1900 200 ~3, -6 19 —67

—15+ 81, —13+46 7 1900 200 —3.2+10, —4.1+8 19 —67
*okx PDG 1900 + 30 | 200 £ 50 2+2, 10+4 244+14 | —67 £+ 30
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Chapter 7 Fit results

For N(1880) 1/2%, N(1895) 1/2~ and N(1900) 3/27" resonances the obtained values for the
fitted parameters have large errors.

Damping parameters

Finally we present the phenomenological parameters X and X, that are used in the the
parametrization fyn(W) and f,n(W) Eqgs. (5.5 and 5.13). These factors plays minor role
in the parametrization therefore we give them without errors.

Table 7.26: Fit results for damping parameters X and X, for all resonances. IB results are
written in red, DR results are written in blue.

Solution X

Xy

1 209, 318
190, 278
220, 250
221, 375
319, 83
235, 100
219, 123

N S O s W N

0,0
204, 500
500,0
350, 177
500, 319
500, 227
194, 260

In addition to the presented above parameters we also use damping factors X, for selected
resonances. They are shown below.

Table 7.27: Fit results for damping parameters X, for selected resonances.

Solution

X, (N(1520) 3/27))

X,(N(1535) 1/27)

X, (N(1650) 1/27)

X, (N(1895) 1/27)

1

N O Ot s W N

500, 500
500, 500
500, 440
500, 71
0, 17
9, 32
428, 44

462, 177
285, 145
156, 173
304, 462
292, 321
359, 5

338, 342

292, 0
324, 9
328, 0
347, 25
0,0
500, 500
0, 500

288, 0
35, 0
248, 0
73, 490
500, 1
500, 13
10, 132
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7.11 Final discussion of the resonance parameters

7.11.1 Conclusion for the resonance parameters and error discus-
sion

Below the final table of parameters from solution 7 is presented for the convenience. All the
errors discussed above are presented as well.

Table 7.28: Parameters for the resonances used in the analysis. Red values correspond to the
IB results from solution 7, blue values to the DR results from solution 7. Fixed
values are written in bold black. The presented errors correspond to the errors
from solution 7 as well.

Resonance Phase(®%) M r G By (%) Aqjo As)o
N(1520) 3/27 —24+73 1510 £ 10 115 +0.05+1 | —25+6 140
—31+18 1514 + 6 115 +0.1+1 —25+6 140
N(1535) 1/2~ —4 + 31 1525+ 17 | 158 £37 | +40+ 15 115
10 £+ 27 1530 £13 | 175+£47 | +40+13 115
N(1650) 1/2- | 4+27 | 165321 | 137£29 | —23+16 | 45
—18£22 | 1640 £27 | 122+ 28 —25+14 45
N(1675) 5/2~ 224+91 1680 £10 | 165+ 19 —2+1 11£16 20
—2+16 1677 £ 8 135+ 15 —-1.2+1 12 £8 20

N(1680) 5/2+ 3+83 1691 +£18 | 120£20 | +0.16 £1 | —21+£10 133
2+4 1675 +10 | 138 £12 | 40.02£1 | —19£8 133

N(1700) 3/2~ | 30+£86 | 1650456 | 250 £117 | —03=+1 | 80+56 | —37
27+40 | 1686439 | 10081 | 42.7+1 | 20457 | —37
N(1710) 1/27 | —=35+107 | 1699 48 | 100 | +0.96 -4 50
—434+111 | 1732432 | 100 | —0.19+5 50
N(1720) 3/27 | 12+£92 | 1750+£49 | 211 £173 | +0.64£3 | 80 50 80
—404+7 | 175031 | 3234£191 | 49.2+2 | 92427 80
N(1860) 5/27 | 3+90 1860 270 —06+7 | 54+123 | 38+ 111
0+1 1860 270 —69+8 | —18+15| 1+18
N(1875) 3/2~ | 60+ 84 1875 250 | 122110 | 30+ 19 —7
—32421 | 1875 250 +55+8 | 30417 —7
N(1880) 1/27 | —60 £ 118 | 1880 230 | 19+ 15 21
—31+72 | 1880 230 | —9.8+10 21
N(1895) 1/2~ | —35+107 | 1896 130 T11+4 | —36
56 = 63 1896 130 —02+8 | —36
N(1900) 3/27 | —15+£81 | 1900 200 | —32+10 19 —67
~134+46 | 1900 200 —41+8 19 —67

As one can see from our analysis the resonance parameters obtained with 2 approaches in
general coincide with the results of other groups. With both approaches the data are described
similarly good, however we prefer the DR results over the IB ones because they were obtained
with an additional physical constraints.

What is also very important are the obtained uncertainties. A general picture is that the
errors obtained with the fixed-t dispersion relations procedure are smaller or even much smaller
than the ones obtained with the isobar model approach. The best example of this observation
are the errors for the unitarity phases or the coupling constants for the N(1440) 1/2% and
N(1650) 1/2~.

The results for the resonances with masses higher that Mpr > 1860 MeV have large errors
because we are not able to precisely determine them with the limited data set.
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Chapter 8

Summary and conclusion

In this work a partial wave analysis of 7 photoproduction data was performed in two approaches:
isobar model approach (IB) and approach with fixed-t dispersion relations for invariant ampli-
tudes (DR). For both types of the approaches we used the EtaMAID model. In this model the
scattering amplitude is parameterized with two parts the resonant part and non-resonant part.
For a resonant part we took into account a set of 14 nucleon resonances. For the non-resonant
part we considered two different types of background: Born terms in s and w channels, and
t-channel exchanges. As a result we obtained 7 illustrative solutions that show different aspects
of our parametrization and progression in the description of the data. The maximum energy
and the largest negative t-value that were analyzed in the resonance region are Wy, = 1863
MeV and t,,4, = —1.5 GeV? respectively. The maximum energy and the largest negative t-value
that were taken into account for high energy data are Wya, = 3987 MeV and tpq, = —1.37
GeV2.

The t-channel exchanges were parameterized with Regge anzatz that typically works only at
high energies whereas and at low energies it has large contributions. However we were able to
smoothly damp this behavior at low energies which gave us a possibility to use Regge in the
resonance region. On order to do this we multiplied Regge amplitudes with a damping factor
function (DF), See Egs. (5.44 and 5.45).

In our analysis we considered two types of Regge formalism and tested the behavior of them
under the dispersion relations. In the first one the Regge anzatz was formulated in terms of
Mandelstam variable s and contained Regge trajectories and Regge cuts. It was found that it
strongly violates the dispersion relations. In the second one the Regge formalism was written
in terms of crossing symmetrical variable v which fulfills the dispersion relations by definition.

For the resonance part we found that unitarity resonance phase ®J' plays a very important
role. The approach with phases was used in a MAID analysis for pion photoproduction [§],
however it was never used for 1 photoproduction. We found that it significantly improved the
results for the DR approach, however for the IB one the improvement is not so big.

We also compared our analysis with the one that was done in 2003 by Aznauryan |66] and
found significant improvements in our case. For example in the unphysical region we took into
account contributions from all resonances and not only N(1440) 1/2%, N(1535) 1/27, and
N(1650) 1/27. We found out that N(1520) 3/2~ despite very small branching ration into nN
channel produces the largest contribution into invariant amplitudes and should be taken into
account.

We presented 7 illustrative solutions that describe our data with different x2. However only
solutions 6 and 7 should be considered as a good ones, if we follow the x? criteria. The overall
X306 IB/DR) =1.84/1.77 and x%,, (IB/DR) = 1.61/1.61.

Nevertheless other solutions are informative as well. We show that Born terms play a small
role in the 1 photoproduction and sometimes even negligible but they can still improve the
results. In solutions 2 and 4 we obtained the values for gg N /4T coupling constant. In solution
2 we got g%NN/47r = 3.07 x 1073 and g%NN/47T = 3.34 x 1072 for IB and DR fit respectively.
In solution 4 in both cases value were in the order of gf]NN/47r ~ 1076
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Chapter 8 Summary and conclusion

As a final result of our analysis we obtained resonance parameters in an improved a less
model dependent way that takes into account such important properties as analyticity and
crossing symmetry.

For example for the dominant resonance N(1535) 1/27 we got the results that coincide with
the results of other analysis and PDG estimations:

Table 8.1: Resonance parameters for N(1535) 1/27. Obtained with solutions 6 and 7. IB
results are written in red, DR results are written in blue, fixed parameters are
written in black. We omit here the obtained errors since we discussed them in the
thesis before.

N(1535) 1/2~ | Solution M r GnBy(%) | Ay | Agpo
6 1525, 1531 | 160, 175 | +39, +41 | 115 -
7 1525, 1530 | 158, 175 | +40, 440 | 115 -
| AR | PDG [ 1535410 | 150£25 | 42410 [115+15 ] - |

In principle all 1/27 states give very stable results that are in agreement with with the results
of other analysis and PDG estimations

One can also mention the example of N(1700) 3/27. For this resonance it appeared that
DR choose opposite sign for the factor ¢,n. The values for the A, /, amplitude are different as
well.

Table 8.2: Resonance parameters for N(1700) 3/27. Obtained with solutions 6 and 7. IB
results are written in red, DR results are written in blue, fixed parameters are
written in black. We omit here the obtained errors sicse we discussed them in the
thesis before.

N(].?OO) 3/2_ Solution M T CnNﬁn(%) Al 2 A3 2
6 1650, 1685 | 250, 100 | —0.4, +2 | 80, 20 —37
7 1650, 1686 | 250, 100 | —0.3, +2.7 | 80, 20 —37

] Hrx | PDG | 170050 | 150730" | No average | 41 £17 | —37 + 14

We also discussed the errors for the resonance parameters that were obtained using subrou-
tine MINOS in the MINUIT package. One can observe in case of fixed-t dispersion relations
approach the errors are considerably smaller than in case of an isobar model approach. This
means that the dispersion relations approach is not only more fundamental but also more
accurate.

For further improvement one can also perform a combined fit of pion and n photoproduc-
tion data. This will give us additional constraints and allow us to determine the resonance
parameters more precisely.

However in PDG pole positions are preferred over the Breit-Wigner parameters. In order to
obtain them we collaborate with Tuzla and Zagreb (MTZ collaboration) where people developed
the so-called L+P method (Laurant + Pietarinen) [83-86] with which these parameters can be
obtained. This can be considered as a proposal for further improvement of the results.
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Despite that both solutions 6 and 7 have very close x? if we plot predictions for the unmea-

sured observables, for example P and H, we will get different results, see figures below.
For P we have:
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Figure 8.1: Predictions from solutions 6 and 7 for P observable at energies 1700 MeV and 1800

MeV. Solution 6 is plotted in blue (blue solid - IB, blue dashed - DR). Solution 7
is plotted in red (red solid - IB, red dashed - DR)

For H we have:
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Figure 8.2: Predictions from solutions 6 and 7 for H observable at energies 1700 MeV and 1800
MeV. Solution 6 is plotted in blue (blue solid - IB, blue dashed - DR). Solution 7
is plotted in red (red solid - IB, red dashed - DR)

In order to solve this problem one has to perform a PWA including new polarization data.
This can be considered as a proposal for further experimental improvement.
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Chapter A

Formalism

A.1 Reduced multipoles in terms of photo decay amplitudes A

and A3/2
_ 1 (2,
My = e (AJZ + gAJQ) , (A.1)
By = -1 (ar ) Loan (A2)
A e VA T
il B L[ - ¢ AL A
- = o Ve T e o (4.3)
- 1 41—, JC+2 e
JP E M
12 s —
1/2% — Avya
3/2% %(%Asm — Ayj2) %(\fAza/z + Ai)2)
3/2% —3(V3A3/0 + A1 ) %(%sz — Ayja)
5/27 %(%AL%/Q — Ay ) —1(V243)5 + Ay o)
5/2% _%(\/ﬁAS/Q + Ay)2) %(7A3/2 — Ay)2)

Table A.1: The reduced multipoles M, in terms of the photon decay amplitudes Ay.

A.2 Helicity amplitudes in terms of CGLN amplitudes

The helicity amplitudes are related to the CGLN amplitudes in the following way:

H = —% VA= (1 +2)(Fs + Fy) (A5)
Hy, = Vitaz|F— L%y~ Ry (A.6)
Hy = %¢(1 (0 —2) (Fs — Fy) (A7)
H = VI—z] . (B + Fy) (A.8)

with & = cos#.
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Appendix A Formalism

A.3 Expansion of B; invariant amplitudes in terms of CGLN am-
plitudes

Amplitudes B; can be expressed by the CGLN amplitudes F; accordingly:

B = N{Fl—M(Ef—i-mp)?}, (A.9)
By = 2(WA—/’mp) (t—m%){?_<Ef+mp)§§}v

B = A ) T g B s By em
By = W__/\inp{Fl+(Ef+mp)l;2+<W+mp+2(;/__m7’?w>1;13

t —m? Fy
W — "\ (E 4l
+( mp+2(W+mp))( f+mp)q2}

where N = 47/+/(E; + my) (Ef 4+ my).

A.4 Expansion of CGLN amplitudes in terms of A; and B; invari-
ant amplitudes

The CGLN amplitudes are obtained from the invariant amplitudes A; by the following equations

 W=my, ' 2mpVs
k= ST W (Ez+mp)(Ef+mp)(A1+(W mp) Ay W —m, (A3 A4))’
W+m E. —m 2mVB
P = P v P(_ A 174 A — —P5 (Aa— A
2 sew J Ef+mp( L (Wemy) A W+mp( 2= A
W +m
By o= =g (B~ my) By my) (W —my) A+ A3 — Au).
St W
W —-—m E;i+m
F = P 2 : P(— Ay + Az — A .
4 grw ¢ Ef+mp( (Wmp) Az + s = 44). A0

with v = (t — m%)/(élmp).
The CGLN amplitudes are obtained from the invariant amplitudes B; by the following equa-
tions

W —m 1 2myrg 1

R = —2 . /(E; E B, — = Bsg— —22 (-Bs—B

L= e VB )y ) (B G0 ) Bo— T G ).
W +m E,—m 1 2m,rvg 1

F, = P L P _(By+=(W —=myp)Bg) — —2= (=Bs— B

2 srw 1 Ef+mp< (Bi oW =my) Bo) = - (5 Bo 8)>’
W4+m W —-—m 1

Fy = — P E; — E -~ PB,+-Bs—B

3 s 4 ( mp)( f+mp)<2mpy3 2+ 556 8>7

W —m Ei+m W+ My 1
F, = L L Pl - "N B+ -Bs— Bg|. A1l
4 srw L\ Ef+m, Sy 2200 T8 (A.11)

with v = (t — m%)/(élmp).
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A.5 Observables expressed in CGLN amplitudes

A.5 Observables expressed in CGLN amplitudes

o0 = Re{F{F\+F;F+ (1—a®) (FF;/2+ F{Fy/2+ F;Fs + F{ Fy
+x F5Fy) — 20 Fi Fa}p (A.12)
S = —(1-2®)Re {(FiFs+ FjFy) /2 + FyF3+ FfFy +x FyFy} p (A.13)
T = 1-a2Im {F{F;— F;Fy+a(F{Fy— F;F3) — (1 — 2®) F{Fi} p (A.14)
P = —\V1-22Im{2F P+ FiFy— F}F, — 2 (F;Fy — FI'F)) (A.15)
—(1—a®) F{ Fa}p (A.16)
E = Re{FfRi+FF—20FiF+ (12 (F3F+FF)}p (A.17)
F = \1—a2Re {FjF3— F;F,—x(F;F5— F;Fy)}p (A.18)
G = (1—2))Im {FSF;+F'F}p (A.19)
H = 1—22Im {2FFy+ F{F3 — F}Fy+ x (F{Fy — FSF3)} p (A.20)
Co = V1-22Re {FfF — FjFy — FyFs + F{Fy — o (F; Fy — FYF3)} p (A.21)
Cy = Re{2F[F—x(F{Fi+F;F)+ (1 -2 (FfFs+ F5Fy)}p (A.22)
Op = V1-22Im {F5Fs— FyFy+z (FSFy— F{Fy)}p (A.23)
0. = —(1—2°)Im {F{Fs+ Fy Fy} p (A.24)
Ly = —\V/1—a2Re {FfF — FF, — FyFs + FfFy + (1 — 2°) (F{ Fy — F{ F3)/2
+x (F{Fs — FyFu)}p (A.25)
Ly = Re{2F{F —x(F{F + FF)+ (1 —2%) (F{F3 + F5Fy + FiFy)
+x(1 —2?) (F§Fy + FyFy)/2} p A.26)
Ty = —(1—2")Re{F{Fs+ F5Fy+ FFy+z (FjFs + F{F1)/2}p (A.27)
T, = \1—22Re {FfF,— FjFs+z(F{F3 — F}F))
+(1—2?) (FfFy — FiF3)/2} p A.28)
with ¥ = Y og etc. and p = q/k. (A.29)
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Appendix A Formalism

A.6 T asymmetry expressed in terms of multipoles from the set
of resonances used in the analysis

T 3 . .
T2 = om {2E0+(EH — Miy) + E5_(—2Eo+ +4E>- + 9Eoy)
— M;_(2Eos+ +5E>— + 9Mo_ — 9Moy) + B, (4E>_ + 9E5.)

+ 2M; (Ey_ + Eoy + My — Moy )+ My, (=5Eay +4Ms_ — 4My,)

3
— =z ilm |:2ES+(E2_ —4Fy, + My + 4M2+) — ET_‘_(BOE;;_ +2My_ — 8Mi4+ + 3M3_)
+ E5_(25E94 +8Mao_ +2Msy) + 3E§p(M2_ —6Moy) + 3E§_ (AM1— — My —9M3_)

— QMik_ (M1+ —+ 4M3, — 25M37Mik+ + 30M2+M2*_)
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A.7 Projection formulas for multipoles out of CGLN amplitudes

+1

_ 1 3 o Pea(®) = P ()
—1
L7 Py_i(x) — Pey: ()
. - FLPy(x) — FyP L) T L1 T
“ 2(£+1)/dx< 1P(@) = FoPia (2) + £Fy 20+ 1
1
Py(x) — Ppio(x)
)F A.32
+(l+1)F, 513 (A.32)
LT Piy(2) — Py (2)
_1lx) — X
M = o [ da (—Fng(:c)+F2Pgl_1(x)+F3 S Hﬁ“ > (A.33)
LT Py (z) — Pria(2)
_1\x) — X
B = g [to(FRda) - RPi(o) - e P2 00
]
Pyo(x) — Py(x)
P = — (A.34)

118



Chapter B

Plots of the fit results

B.1 Plots for Solution 1
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Figure B.1: Invariant amplitudes for Solution 1. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Appendix B Plots of the fit results
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Figure B.2: Invariant amplitudes for Solution 1. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.3: Invariant amplitudes for Solution 1. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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B.1 Plots for Solution 1
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Figure B.4: Multipoles for Solution 1. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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Appendix B Plots of the fit results

B.2 Plots for Solution 2

A1(GeV™?), t= —0.2GeV? A2(GeV™), t= —=0.2GeV?

1500 1600 1700 1800 1900 2000 1500 1600 1700 1800 1900 2000

A3(GeV™?), t= —0.2GeV? A4(GeV7?), t= —-0.2GeV?

1500 1600 1700 1800 1900 2000 1500 1600 1700 1800 1900 2000

Figure B.5: Invariant amplitudes for Solution 2. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.6: Invariant amplitudes for Solution 2. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.7: Invariant amplitudes for Solution 2. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.8: Multipoles for Solution 2. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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B.3 Plots for Solution 3
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Figure B.9: Invariant amplitudes for Solution 3. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.10: Invariant amplitudes for Solution 3.
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curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.11: Invariant amplitudes for Solution 3.

Real parts of amplitudes are drawn in red,

imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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B.3 Plots for Solution 3
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Figure B.12: Multipoles for Solution 3. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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Appendix B Plots of the fit results

B.4 Plots for Solution 4
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Figure B.13: Invariant amplitudes for Solution 4. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed

A2(GeV™), t= —-0.2GeV?

1500 1600 1700 1800 1900 2000

A4(GeV7?), t= —-0.2GeV?

1500 1600 1700 1800 1900 2000

curves. Vertical black line denote the physical threshold for a given ¢ value.
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curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.16: Multipoles for Solution 4. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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B.5 Plots for Solution 5

B.5 Plots for Solution 5
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Figure B.17: Invariant amplitudes for Solution 5. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.18: Invariant amplitudes for Solution 5.
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Figure B.19: Invariant amplitudes for Solution 5. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
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B.5 Plots for Solution 5
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Figure B.20: Multipoles for Solution 5. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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Appendix B Plots of the fit results

B.6 Plots for Solution 6
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Figure B.21: Invariant amplitudes for Solution 6. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.22: Invariant amplitudes for Solution 6.

B.6 Plots for Solution 6
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Figure B.23: Invariant amplitudes for Solution 6. Real parts of amplitudes are drawn in red,

imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.24: Multipoles for Solution 6. Real parts of multipoles are drawn in red, imaginary
parts in blue. IB results are drawn as solid curves, DR results as dashed curves.
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B.7 Plots for Solution 7
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Figure B.25: Invariant amplitudes for Solution 7. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.26: Invariant amplitudes for Solution 7.
curves. Vertical black line denote the physical threshold for a given ¢ value.
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Figure B.27: Invariant amplitudes for Solution 7. Real parts of amplitudes are drawn in red,
imaginary parts in blue. IB results are drawn as solid curves, DR results as dashed
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