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Abstract We explore higher-dimensional black holes
(BHs) using the Sharma–Mittal entropy, a widely employed
measure in BH thermodynamics due to the non-extensive
nature of BHs. We compute different thermodynamic quan-
tities like temperature, heat capacity, and Gibbs free energy
to study the stability of higher-dimensional BHs in Einstein–
Gauss–Bonnet gravity (EGBG). We explicitly analyze the
behavior for different horizon topologies (parameterized by
k) in EGBG and observe that these BH exhibit both local
and global instability. Additionally, we study the sparsity of
Hawking radiation, noting that the sparsity parameter tends
to zero as the horizon radius increases. It is also observed
that emission of energy radiates most rapidly for larger
BHs, which is consistent with physical observations. Further-
more, to support our analysis, we choose thermodynamical
topology methods (specifically, the temperature and on-shell
Gibbs free energy) to observe the stability of the aforemen-
tioned BH solutions. It is found that the total topological
charge obtained from the free energy method leads to + 1
for specific values of k, which also gives the confirmation of
the stability of these BH solutions in EGBG for a specific
choice of other constant parameters.
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1 Introduction

The theory of general relativity (GR), developed by Ein-
stein, is acclaimed as one of the most successful scientific
theories owing to strong experimental observation. GR pre-
dicted the existence of black holes (BHs), which continue to
be a compelling subject of study, bridging the gap between
classical GR and quantum gravity [1–5]. A BH is a fascinat-
ing cosmic phenomenon where nothing, not even light, can
escape its intense gravitational pull. Gravitational collapse
in massive stars leads to the formation of BHs, where space-
time becomes intensely dense, and it challenges conventional
physics. BHs evolved from theoretical concepts to observable
realities towards the end of the 20th century. The discovery
of quasars in the 1960 s provided strong evidence for super-
massive BHs at galactic centers, and in 2019, the Event Hori-
zon Telescope captured the first image of a BH’s shadow,
confirming predictions from GR [6]. Recent research has
expanded to include thermodynamics and quantum mechan-
ics, with studies on higher-dimensional BHs helping scien-
tists better understand these complex cosmic entities and their
influence on the universe [7–9].

BH thermodynamics has become a pivotal area of research,
forging connections between classical general relativity and
quantum theories of gravity. Understanding quantum gravity
heavily relies on BH thermodynamics, which associates gen-
eral relativity, quantum field theory, and statistical mechan-
ics [10]. Bekenstein and Hawking suggested that BHs share
thermodynamic attributes such as entropy and temperature
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with ordinary systems [3,4]. A key motivation for explor-
ing BH thermodynamics is to gain insight into the statisti-
cal mechanics of BHs, where entropy is linked to numerous
microstates [11–14]. This may profoundly shape our com-
prehension of quantum gravity, guiding the establishment of
the holographic principle [15–17]. Another important goal
is to study the possible phase transitions and critical behav-
ior that may arise in BH systems, including the Hawking-
Page transition linking a Schwarzschild BH to thermal radi-
ation in anti-de Sitter (AdS) space [11,13–15]. Many fas-
cinating and challenging topics arise in BH thermodynam-
ics, such as understanding the source and properties of BH
entropy, addressing the information paradox, incorporating
quantum modifications to classical laws, exploring pressure
and volume effects in extended phase space, and analyzing
the thermodynamics of many BHs [18–25]. The thermody-
namic behavior in AdS spacetime of BHs includes Hawking-
Page transitions where thermal radiation changes into stable
large BHs, similar to the phase change between liquid and
gas in van der Waals systems (Extensive research has been
conducted to analyze the stability and P − V criticality of
the various BHs for details, check Refs. [26–34]).

Furthermore, the Bekenstein–Hawking entropy formula
(S = A/4G) assumes BHs behave like simple, additive
systems, but this doesn’t fully hold due to quantum gravity
effects and entangled particle interactions near their bound-
aries [35–37]. These complexities make BHs non-extensive,
meaning their entropy doesn’t scale linearly with size like
ordinary matter. To address this, scientists explore alternative
entropy frameworks – such as Tsallis, Rényi, and Sharma–
Mittal models – to better explain how BHs store and manage
information (for more detailed analysis regarding the gen-
eralized entropies and their impact on BH thermodynam-
ics, see Refs. [37–40]). Sharma–Mittal entropy serves as a
generalized entropy model that combines characteristics of
Rényi and Tsallis entropy, facilitating the analysis of sys-
tems exhibiting irregular thermodynamic behaviors, similar
to BHs [36]. Higher-dimensional BHs have been developed
by including the Gauss–Bonnet (GB) correction in the action,
which is known as EGBG in the presence of AdS (Anti-de
Sitter) [41]. Various thermodynamic features such as phase
transitions of the particles, stability, and topological ther-
modynamics have been studied with the GB corrections in
the action. These analyses suggest that incorporating the GB
term gives physically meaningful results under the aforemen-
tioned conditions.

Apart from classical thermodynamic aspects, BH thermo-
dynamics has been investigated using thermodynamic geom-
etry and thermodynamic topology, which provide crucial
insights into stability and critical phenomena. The growing
interest in the connection between topology and BH ther-
modynamics has led researchers to adopt topological tech-
niques to better understand the stability, behavior, and phase

transitions of BH systems [42–45]. For instance, topological
defects, winding numbers, and topological charges can be uti-
lized to categorize both local and global characteristics of the
BH thermodynamic parameter space [42,43]. Additionally,
the Brouwer degree, a topological invariant, can be employed
to capture the fundamental properties of critical points in BH
thermodynamics. By applying topological approaches like
Duan’s topological current theory, this framework enables
the analysis of BH critical points and phase structures in
an invariant fashion [42,43]. From a thermodynamic stand-
point, topology serves as a tool to highlight the similarities
and differences between different types of BHs (thermody-
namic topology has been studied for numerous BH frame-
works [46–55]).

Hawking radiation does not exhibit a continuous spectrum
like that of a classical blackbody; rather, it appears as widely
separated quanta, a feature known as radiation sparsity. Even
when the Hawking temperature remains fixed, a BH does
not radiate in a continuous manner like classical blackbod-
ies, but rather in quantized emissions [56]. This sparsity of
Hawking radiation plays an important role in its detectability
and quantum information in the context of Hawking radia-
tion. It was shown in Ref. [57] that neither the spin of the
particle nor the dimensionality of spacetime alters the spar-
sity parameter, affirming that the discreteness in Hawking
radiation is a general phenomenon. The outline of this paper
is as follows. In Sect. 2, we briefly discuss the BH solu-
tion in Einstein–Gauss–Bonnet gravity and also describe the
Sharma–Mittal entropy in Einstein–Gauss–Bonnet gravity.
In Sect. 3, we study the thermodynamic quantities of this
BH solution by using Sharma–Mittal entropy. In Sect. 4, we
discuss the sparsity of Hawking radiation and emission of
energy via Sharma–Mittal entropy. In Sect. 5, we discuss the
thermodynamic topology of BHs via Sharma–Mittal entropy
using temperature and Gibbs free energy (GFE) methods,
determining the topological charge (winding number) for sta-
bility analysis. In Sect. 6, finally, we present our conclusion.

2 Black holes in Einstein–Gauss–Bonnet gravity

In this section, we describe the solution of the BH in
EGBG and also corresponding thermodynamic quantities by
using the framework of Sharma–Mittal entropy. The five-
dimensional action of the Einstein-Maxwell GBG is given
by [58]

S = 1

16π

∫
d5x

√−g
[
R − 2� + α

2
(RμνραR

μνρα

−4RμνR
μν + R2) − 4πFμνF

μν
] + Sb, (2.1)

where
√−g represents the determinant of the metric, R is

the Ricci scalar and � = − 6
�2 is the cosmological constant.
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Furthermore,α denotes the GB coupling coefficient with AdS
spacetime, Rμνρα is the Riemann curvature scalar, R2 is the
Ricci squared scalar, Fμν is the Maxwell field strength and
Sb is the boundary term that may appear due to the integration
by parts. The metric for an AdS BH in EGBG is given in the
following expression

ds2 = − f (r)dt2 + f −1(r)dr2 + r2d�2
3 (2.2)

where d�2
3 = dθ2 + sin2 θdφ2 + cos2 θdψ2 denotes the

line element for unit 3-sphere and f (r) represent the metric
function that depends on the mass of the BH, charge, and
GB coupling constant, and nonlinear electrodynamics (NED)
parameters. The general solution of the BH is obtained by
solving the equations of motion that follow from Eq. (2.1).
In the present scenario, the metric function turns out to be

f (r) = k + r2

2α

(
1 −

√
1 + 32αM

3πr4 − 16αQ2

3π2r6 − 4α

l2

)
,

(2.3)

Later on, we use f (r) = f (r+), which defines the space-
time properties in the area near the BH horizon. Here, Q and
M are the integration constants corresponding to the BH’s
charge and mass, respectively. The parameter l is called the
AdS radius and is related to the cosmological constant. The
solution f (r+) = 0 defines the radius of the event horizon,
which is crucial to comprehending the thermodynamic quan-
tities such as temperature and entropy. Moreover, k defines
the shape of the horizon, whether spherical, planar, or hyper-
bolic. For example, if the horizon varies with the parameter
k,

• becomes a positively curved 3-sphere for k = 1,
• a flat Euclidean space for k = 0,
• a hyperbolic space with negative curvature when k =

− 1.

Consequently, different k values result in topological BHs
whose thermodynamic characteristics and stability are notably
influenced by the underlying horizon topology. It is observed
that the GB term interacts with k and it plays a key role in ana-
lyzing the effects of curvature modifications in BH dynamics.
Also, GB coefficient (α) determines the role of higher-order
curvature corrections. At smaller α, the system approximates
standard Einstein gravity, while a large α produces significant
variations.

3 Thermodynamic quantities by Sharma–Mittal
entropy

In this section, we obtain some thermodynamic quantities
like mass, temperature, heat capacity, and gibbs free energy.

Before delving into studying thermodynamics, we first com-
pute the mass of the BH, which can be obtained by using the
expression for M from Eq. (2.3) into f (r)|r=r+ = 0, which
yields

M = π

8

(
3kr2+ + 4π Pr4+ + 3αk2) + Q2

2πr2+
, (3.1)

This equation explains the mass M associated with a charged
AdS BH in the GB framework in five-dimensional spacetime.
It integrates key elements: The first term indicates the addi-
tion of the geometry of the BH horizon, where k signifies the
geometry of the event horizon, such as spherical k = 1, pla-
nar k = 0, or hyperbolic k = − 1. The second term relates
to the BH mass in relation to the thermodynamic pressure P ,
focusing on the expanded thermodynamic approach, where
� is interpreted as a dynamic thermodynamic pressure and
can be defined as

P = 3

4π�2 . (3.2)

The third term is the adjustment resulting from the GB con-
tribution, focusing on the impact of higher-dimensional cur-
vature factors in adjusting the BH’s energetic structure. The
last component signifies the electrical influence contributed
by charge Q.

The Bekenstein–Hawking entropy plays a central in BH
thermodynamics, highlighting that BH entropy is directly
linked to the area of its event horizon. It establishes a con-
nection between quantum mechanics and general relativity
by considering BHs as thermodynamic phenomena. This
framework established the foundation for Hawking radia-
tion, demonstrating that BHs emit thermal energy, prompt-
ing significant discussions of the BH information paradox
[3,59,60]. However, in classical thermodynamics, entropy is
associated with the volume of a system, whereas for BHs,
it scales with the surface area of the event horizon, and this
area law relation of BH can be broken down in the presence
of higher-dimensional gravity theories like GBG. Hence, in
order to analyze the thermodynamic behavior of this BH,
we consider the Sharma–Mittal entropy, a generalized com-
bination of the Tsallis and the Rènyi entropies (for more
details regarding generalized entropies and their application
in BH thermodynamics, see Refs. [38,61–68]). Moreover,
the Sharma–Mittal entropy introduces a framework that gen-
eralizes the Rényi and Tsalli entropies with two parameters.
It is particularly beneficial in systems that require a flexible
approach to handling probability sensitivity. It is useful in
BH thermodynamics by clarifying generalized entropy-area
relationships and the stability of the system under varying
statistical frameworks [69–71]. By adopting the mathemat-
ical formulation given in the literature [72,73]. Following
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this, we define

SSM = 1

R

((
1 + δST

) R
δ − 1

)
, (3.3)

where R, δ are the dimensionless free parameters which
are obtained by comparing with the observational data
as mentioned in Refs. [37,69,74]. The parameter R acts
as a deformation parameter akin to Rènyi entropy and δ

governs the non-additivity inherited from Tsallis entropy
Refs. [36,37,69,74]. In BH thermodynamics, large values
of δ enhance the non-extensive impacts, which leads to the
negative behavior of heat capacity and increased instability
in small BHs, while a higher value of R leads to smooth-
ing the thermodynamic quantities like temperature and heat
capacity. These two parameters of Sharma–Mittal entropy
distinctly govern the non-extensive thermodynamics charac-
teristics of BHS [62,66]. Together, they significantly modify
the behavior of heat capacity and GFE, which impacts both
local and global thermodynamic stability of BHs. In addition,
ST is entropy associated with the GB entropy. The entropy of
BHs in higher dimensions under GBG is determined through
the following formula.

ST = π2r3+
2

(
1 + 6kα

r2+

)
, (3.4)

By incorporating the above entropy in the Sharma–Mittal
expression, one can get the final expression of the Sharma–
Mittal entropy, which turns out to be

SSM =
−1 +

(
1 + π2r+

2

(
r2+ + 6kα

)
δ

) R
δ

R
. (3.5)

Sharma–Mittal entropy provides a generic framework
to examine the higher-dimensional BHs under the Guass–
Bonnet gravity as compared to Tsallis and Rènyi entropy
models. In BH physics, Tsallis and Rènyi entropy frame-
works are often utilized to study non-extensive thermody-
namic behavior, particularly in contexts where higher cur-
vature or quantum gravity terms cause the ambiguity in the
Bekenstein–Hawking’s area law. However, Sharma–Mittal
entropy provides a generic framework that incorporates both
entropy models for example, we can retrieve Rènyi entropy
when R → 0 and Tsallis entropy when R → δ [36,37]. By
introducing two parameters, this framework permits a more
flexible approach to departures from additivity and exten-
sivity, specifically in the presence of higher-order curvature
effects associated with Gauss–Bonnet gravity. The Sharma–
Mittal entropy framework is more suitable to characterize the
non-trivial modification in BH’s horizon geometry and ther-
modynamic volume by such corrections. Due to its interpo-
lating relation between the Rènyi and Tsallis entropy frame-
works, Sharma–Mittal entropy provides a unique approach
to study intricate phase transitions and critical phenomena,

which is crucial to investigating the topological and ther-
modynamic aspects such as winding number, topological
charge, sparsity of Hawking radiation, and energy emis-
sion rate. In the context of Einstein–Gauss–Bonnet grav-
ity, Sharma–Mittal entropy provides a more comprehensive
and dynamically effective approach to examining thermody-
namic behavior, surpassing other entropy models that may
fail to integrate both non-extensive aspects.

3.1 Temperature

Moreover, it is straightforward to obtain the conjugate tem-
perature related to the Sharma–Mittal entropy by employing
the given relation

T =
(

∂M

∂SSM

)
P,Q,α

. (3.6)

This equation is obtained from the principles of the first law
of BH thermodynamics as expanded in the modified paper to
include further parameters such as pressure (P) and the GB
coupling parameter (α). In this context, M is recognized as
the enthalpy within the BH model. The equation associates
the thermodynamic temperature (T ) with the differential of
enthalpy (M) in terms of entropy (SSM) with fixed P, Q and
α.

According to the first law of BH thermodynamics, the
change in mass of a BH is related to its physical characteris-
tics, like angular momentum, charge, and horizon area. This
law is significant for studying the behavior of BHs and has
been a core concept in research, particularly in the context
of modified gravity theories and BH dynamics [75,76]. The
expression for the first law of BH thermodynamics is given
as follows

dM = T dSSM + V dP + φdQ + Adα, (3.7)

T =
(

∂M

∂SSM

)
P,Q,α

, V =
(

∂M

∂P

)
SSM,Q,α

,

A =
(

∂M

∂α

)
SSM,Q,P

, φ =
(

∂M

∂Q

)
SSM,P,α

, (3.8)

where SSM, Q, φ, and P are thermodynamic variables for the
function. However, T , φ, and V are variables and conjugate
to SSM, Q, and P , respectively. However, the temperature
can be calculated as

T = 2−2+ R
δ r+

(
2 + π2r+

(
r2+ + 6kα

)
δ
)1− R

δ
(
3k + 8Pπr2+ − 4φ2)

3π
(
r2+ + 2kα

) .

(3.9)

This equation describes how the temperature varies with
the horizon radius (r+), the pressure (P), the electric poten-
tial (φ), and the GB coupling (α). Figure 1 shows the behavior
of the conjugate temperature corresponding to the Sharma–
Mittal entropy as a function of the horizon radius for dif-
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Fig. 1 Plots of thermodynamic temperature versus horizon radius for BH solutions with k = − 1 (a), k = 0 (b) and k = 1 (c). The red, green,
and blue curves correspond to three values of α = 0.01, 0.05, 0.5, respectively

ferent values of α. We obtain this behavior by fixing the
values of φ = 0.5, P = 0.01, α = 0.01, 0.05, 0.5 and
k = − 1, 0, 1 in Fig. 1a–c respectively. We observe that
in Fig. 1a for k = − 1, temperature is negative initially for
smaller values of the horizon radius and its behavior become
positive as the horizon radius increases. In Fig. 1b for k = 0,
the behavior of temperature shows increasing behavior with
negative behavior for smaller values of the horizon radius and
after some interval of the horizon radius the behavior of the
temperature grows as the horizon radius increases. Notably,
it is observed that that for k = 1 temperature behavior is
positive for all the values of the horizon radius. Furthermore,
it is observed that the phase transition is more significant at
lower values of α and horizon radius, whereas increasing α

leads to a smoother curve, indicating a stable BH. They high-
light the temperature curve associated with different values
of k in Fig. 1a–c. Phase transitions occur at small values of
the horizon radius in Fig. 1a, b.

3.2 Heat capacity

In BH thermodynamics, the energy needed to alter the BH’s
temperature is referred to as heat or thermal capacity, which
is a crucial and measurable physical quantity. One can deter-
mine whether a BH is stable or unstable based on the sign,
where a positive value indicates stability, and a negative value
indicates instability. There are two different types of heat
capacity: CV , which assesses the specific heat at constant
volume, and CP , which determines the specific heat at con-
stant pressure. It is observed that Eq. (3.1) serves as the basis
for determining the heat capacity to analyze local stability,
therefore, the specific heat at constant pressure and electric
potential can be computed by employing the following equa-
tion.
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Cφ = T

(
∂SSM

∂T

)
P,φ

. (3.10)

This equation determines the heat capacity Cφ of a BH in a
situation where the electric field potential φ and the pressure
P remain fixed. Heat capacity is an important thermody-
namic property utilized to evaluate the local stability of the
BH. Applying the equation of entropy 3.5, one can obtain the
following result

Cφ =
(

3π2r+
(
r2+ + 2kα

)2
(

1 + 1

2
π2r+

(
r2+ + 6kα

)
δ

) R
δ

(
3k + 8Pπr2+ − 4φ2))(

− 36k3π2r+α2(
R − 2δ

)

+8Pπr4+
(
2 + π2r3+(−3R + 4δ)

) + 3kr2+
( − 2 + π(

32Pα + πr3+(−3R − 32PπRα + 2δ + 64Pπαδ)
))

+16kα
( − 1 + π2r3+

(
3R − 2δ

))
φ2 + 4r2+

(
2 + π2r3+

×(
3R − 2δ

))
φ2 − 12k2α

( − 1 + π2r+
(
r2+

(
3R

+ 8PπRα − 2δ − 32Pπαδ
) − 4α

(
R − 2δ

)
φ2)))−1

. (3.11)

Figure 2 illustrates the relationship between the heat
capacity and the radius of the horizon with α = 0.01, 0.05,

0.5 and the variable value of the parameters. The trajectories
are denoted in the red curve for α = 0.01, the green curve
for α = 0.05, and the blue curve for α = 0.5. The thermo-
dynamic stability of the BH can be analyzed using specific
heat, where positive values imply a stable state, while nega-
tive heat capacities suggest the system is thermodynamically
unstable. In Fig. 2a, we get Cφ as the function of r+ by
inserting φ = 0.5, P = 0.01, α = 0.01 and k = − 1.
It shows that the behavior at lower values of r+ is a ther-
modynamic instability due to negative specific heat. With
increasing r+, the positive value of the specific heat suggests
a transition to a stable thermodynamic phase. Increasing the
coupling constant α moves the transition point to higher val-
ues of r+, suggesting that higher α improves the stability of
the system at larger radii. The system maintains stable ther-
modynamic behavior as the specific heat remains positive.
In Fig. 2b, we obtain Cφ as the function of r+ by inserting
φ = 0.5, P = 0.01, α = 0.05 and k = 0. The specific
heat increases gradually with the radius of the horizon r+,
suggesting that the thermodynamic behavior is more stable
throughout the region. In the early region, for smaller values
of r+, the specific location of the transition point is affected

by the value of α. The specific heat increases and remains
positive. This indicates that BHs within these circumstances
maintain stable thermodynamic behavior. However, stability
is more uniformly stable in Fig. 2b. In Fig. 2c, Cφ as the
function of r+ by inserting φ = 0.5, P = 0.01, α = 0.5
and k = 1. In the early region of Fig. 2c, for smaller values
of r+, the heat capacity shows negative behavior, suggesting
an unstable BH phase. When the horizon radius increases,
the heat capacity becomes positive, marking a transition to a
stable BH phase.

3.3 Gibbs free energy

The on-shell GFE serves as a crucial tool in investigating the
global thermodynamic stability and phase behavior of BHs.
The on-shell GFE is described in detail in the literature [77],
and it can be defined as follows

G = M − SSM

τ
− φ Q, (3.12)

where τ is the inverse of the conjugate temperature corre-
sponding to the Sharma–Mittal entropy. We compute the on-
shell GFE to determine the global stability of the BH, by
inserting Eqs. (3.1), (3.5), (3.8), (3.9) into Eq. (3.12), which
can be written as

G = 8 − 8
(
1 + 1

2π2r+(r2+ + 6kα)δ
) R

δ + πRτ
(
3kr2+ + 4Pπr4+ + 3k2α − 4r2+φ2

)
8Rτ

. (3.13)

Figure 3 show a graphical representation of GFE along
with the horizon radius (r+) for the fixed value of α =
0.01, 0.05, 0.5. The red curve representsα = 0.01, the green
curve represents α = 0.05, and the blue curve represents
α = 0.5. The behavior of GFE is graphically obtained by
putting φ = 0.5, P = 0.01, and k = − 1, 0, 1 in Fig. 3a–c,
respectively. Negative values of GFE indicate instability, pos-
itive values of GFE suggest stability, and zero corresponds
to the occurrence of a phase transition. The graph 3a high-
lights the behavior of GFE as the horizon radius changes with
the varying GB coupling constant α. In the early region, for
smaller values of r+, the specific location of the transition
point is affected by the value of α. The figure also shows
that with higher values of α, the stability transition occurs at
larger values of r+, indicating that increasing the coupling
constant delays instability. Even at large horizon radii, the
GFE becomes positive for all potential values, implying that
larger BHs are thermodynamically stable. In the context of
BHs, this suggests that the BH is in a state of thermodynamic
stability. It can be seen that GFE is negative in the early region
of the horizon radius. GFE describes BH global stability. The
positive trajectories along the horizon radius for all values of
α represent the stable region. In Fig. 3b, GFE is an initial
decrease with negative behavior and is graphically obtained

123



Eur. Phys. J. C           (2025) 85:971 Page 7 of 18   971 

Fig. 2 Plots of specific heat versus horizon radius for BH solutions with k = − 1 (a), k = 0 (b) and k = 1 (c). The red, green and blue curves
correspond to three values of α = 0.01, 0.05, 0.5, respectively

by putting φ = 0.5, P = 0.01, and k = 0. It can be seen in
Fig. 3c that the GFE is positive throughout the region. GFE
describes BH global stability. The positive trajectories along
the horizon radius for all values of α represent the stable
region. The figure emphasizes the role of higher curvature,
not effects, such as the GB term α, which influence the BH
being stable.

4 Sparsity of Hawking radiations and emission of
energy via Sharma–Mittal entropy

In this section, we discuss the sparsity of Hawking radiations
and emission of energy for analyzing the Hawking radia-
tions phenomenon in the presence of Sharma–Mittal entropy,
respectively. Firstly, we explore the concept of BH sparsity,
highlighting how BHs emit radiation similar to black bod-
ies, with the temperature governed by their surface gravity.
Hawking radiation differs significantly from classical black-

body radiation, exhibiting an exceptionally sparse character
as the BH evaporates. As defined in Refs. [57,78], sparsity
measures the average interval between the emissions of adja-
cent quanta, which is determined by the energies associated
with those emissions. It can be written as

η = C

g

(
λ2
t

Ae f f

)
, (4.1)

where the thermal wavelength is defined as λt = 2π/T ,
g̃ characterizes the spin degeneracy of the emitted quanta,
and the BH’s effective area is Ae f f = 27ABH/4. Here, C
is defined as a parameter without any physical dimensions
and for a simple Schwarzschild BH scenario with the emis-
sion of massless spin-1 bosons and λt = 8πr2+, the resulting
efficiency is ηSH ≈ 64π3/27 ≈ 73.49. Let us mention here
that we use the conjugate temperature that corresponds to
Sharma–Mittal entropy given in Eq. (3.3) to discuss the spar-
sity instead of the Hawking temperature. It is worth recalling
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Fig. 3 Plots of GFE versus horizon radius for BH solutions with k = − 1 (a), k = 0 (b) and k = 1 (c). The red, green and blue curves correspond
to three values of α = 0.01, 0.05, 0.5, respectively

that η � 1 in the case of black body radiation as a reference
point.

ηSM =
π3 C 26− 2R

δ

(
2αk + r2+

)2 (
π2δr+

(
6αk + r2+

)
+ 2

) 2R
δ

−2

3gr4+
(

3k + 8π Pr2+ − 4φ2
)2 .

(4.2)

To examine how changes in BH system parameters influ-
ence Hawking sparsity by using Sharma–Mittal entropy,
Fig. 4 illustrates the variation of the specific quantity η with
respect to Horizon radius r+ for different values of k by
putting φ = 0.5, P = 0.01, R = 0.1, δ = 0.2, for various
trajectories we used α = 0.01 (red curve), α = 0.05 (green
curve) and α = 0.5 (blue curve). We insert the parameter
k = −1 in Fig. 4a, k = 0 in Fig. 4b and k = 1 in Fig. 4c.
Sparsity diminishes with increasing r+, which differs from
the behavior seen in Schwarzschild’s BHs. At small values of

r+, the sparsity surpasses the standard Schwarzschild value
ηSch , meaning that the BH emits radiation that is sparser
than Hawking radiation at this evaporation stage. When r+
increases, η is consistently reduced and gets closer to zero in
the limit. Notably, variations in the BH parameter space lead
to significant variations in the decay trend. We see that in all
cases of k, the behavior of all curves becomes convergent. In
Fig. 4a, b with hyperbolic and planar geometry, they show
slow behavior that goes to zero, but in Fig. 4c, for k = 1
(spherical geometry), even with small values of the Horizon
radius, it becomes zero.

Hawking radiation causes the creation of particles and
antiparticles, as well as the event horizon rh . Additionally,
evaporation starts when positively charged particles leave the
central areas of Hawking radiation by means of quantum tun-
neling. The rate of energy release, which can be seen by an
observer situated a considerable distance from the BH, deter-
mines the pace of BH evaporation. A large energy-absorption
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Fig. 4 Plots of emission of energy (η) versus horizon radius for BH solutions with k = − 1 (a), k = 0 (b) and k = 1 (c). The red, green and blue
curves correspond to three values of α = 0.01, 0.05, 0.5, respectively

cross section for this observer is connected with the BH
shadow, which is an indication of the BH interaction with
incoming radiation. The limiting value of the cross section
corresponds to [79].

σlim = πr2+. (4.3)

Therefore, the rate of BH energy emission is given by

d2ε

dμdt
= 2π2r+μ3

eμ/T − 1
. (4.4)

In order to find the rate of BH energy emission, we use
Eqs. (3.9) and (4.4), we get

εμ = 2π2r+μ3

exp

⎛
⎝ 3πμ

(
2αk+r2+

)

r+2
R
δ

−2
(

3k+8π Pr2+−4φ2
)(

π2δr+
(

6αk+r2+
)
+2

)
1− R

δ

⎞
⎠ − 1

,

(4.5)

The plot of emission energy rate (εμt ) versus horizon radius
is shown in Fig. 5 by assuming the same constant parameters.
For BH solutions corresponding to values k = − 1, 0, the
emission energy rate shows a constant behavior for smaller
horizon radius, whereas an increasing behavior for larger BH.
This depicts the emission of radiation faster for larger BHs.
For the BH solution with k = + 1, the energy emission shows
fluctuations (initially it shows an increasing behavior, then
attains a specific peak, and then shows a decreasing behavior)
for a smaller radius, whereas it exhibits an increasing behav-
ior for the case α = 0.01. This shows a complex behavior
of BH evaporation, but for the larger BH (with a larger hori-
zon radius), the BH radiates forever. For other choices of α,
this BH solution represents a similar behavior as mentioned
for the cases k = − 1, 0. It became more difficult to identify
BH in high-energy configurations as a result of changes in the
emission spectra, which caused it to produce low-frequency
radiation with a large entropy. In the context of astronom-
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Fig. 5 Plots of emission of energy (εμt ) versus horizon radius for BH solutions with k = − 1 (a), k = 0 (b) and k = 1 (c). The red, green and
blue curves correspond to three values of α = 0.01, 0.05, 0.5, respectively

ical observations of BHs evaporating, the impacts of these
actions play a significant role in differentiating between var-
ious gravity principles and standard GR.

5 Thermodynamical topology of black holes via
Sharma–Mittal entropy

In this section, we basically describe the basic framework of
the thermodynamic topology in which Duan’s current map-
ping theory is used to determine the non-zero topological
charge. Examining the topological properties of BH ther-
modynamics highlights the relationship between thermody-
namic behavior and the topological framework of BHs [80].
Topological thermodynamics applies thermodynamic con-
cepts with topological approaches to analyze structural prop-
erties, especially in the context of phase transitions and crit-
ical behavior. This framework examines topological invari-
ants, including winding numbers, to explore thermodynamic

state spaces. BH physics uses topological thermodynamics to
explore the stability and phase transition of BHs, associating
thermodynamic quantities like entropy and temperature with
the topological nature of spacetime. Additionally, we discuss
the role of winding number (or topological charge) obtained
by using Duan’s current mapping theory in thermodynamic
topology and its correspondence to the BH’s stability. In ther-
modynamic space, a winding number describes how many
times the rotation made by a vector field (which is generally
the gradients of GFE or the temperature) near a critical point,
often plotted in the (r+, θ) plane [42]. A positive winding
number 1 illustrates a stable thermodynamic configuration
(novel phase), while the negative − 1 indicates an unstable
thermodynamic configuration (conventional configuration),
and if we have topological charge or winding number 0, then
it indicates the absence of any critical point. Furthermore,
these integer values provide a topological invariant that clas-
sifies the BH stability independent of coordinate choices or
particular parameterizations. Additionally, this classification
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aligns with some known results: for example, Schwarzschild
BH exhibits a total topological charge − 1, RN BH yields
a total topological charge 0, and RN-AdS BH has a topo-
logical charge + 1 as described in Ref. [43,47]. These topo-
logical charges represent basic models in BH thermodynam-
ics, offering a basis to compare with generalized solutions
such as those found in EGBG using Sharma–Mittal entropy.
Thereby, winding numbers provide a coordinate-independent
approach for distinguishing between stable and unstable con-
figurations, even in cases when analytic expressions are very
intricate and complex due to curvature corrections or modi-
fied entropy models.

For higher-dimensional BHs or GBG, topological factors
play a key role in determining thermodynamic stability and
behavior across phase transitions [42]. To analyze the topo-
logical charges and classifications of BHs, we can apply
both temperature and free energy methods as described in
[9,10,42,43,46,47,81]. We now outline a generalized frame-
work for discussing thermodynamic topology by introducing
a general thermodynamic potential ϕ, which we replaced by
inserting temperature and generalized on-shell GFE. Thus,
we define the vector field for the generalized vector field
potential ϕ, which is written as

ϕ = (
ϕr+ , ϕθ

) =
(

∂ϕ

∂r+
,− cot θ csc θ

)
. (5.1)

Here, ϕθ approaches infinity, directed away from the origin
at both θ = 0 and θ = π . The variable r+ is defined over the
interval [0,∞], and θ lies within the range [0, π ]. According
to Duan’s φe-mapping theory, one can define a topological
current

jν = 1

2π
ενμρεab∂μn

a∂ρn
b, (5.2)

where ν, ρ, μ = 0, 1, 2, and normalized vector fields are
represented as na. Moreover, this normalized vector field is

equal to
(
n1 = ϕr+

|ϕ| , n2 = ϕθ

|ϕ|
)

. Moreover, the current con-

servation is given by [42]

jν;ν = 0. (5.3)

By utilizing Eq. (5.3), one can determine the following form
of jν is given as

jν = δ2(ϕ)J ν

(
ϕ

y

)
. (5.4)

Here, the Jacobi tensor is defined in the following manner

εab J ν

(
ϕ

y

)
= ενμρ∂μϕa∂ρϕb. (5.5)

If we take ν = 0, the calculation of j0
(

ϕ
y

)
becomes sim-

plies to the form ∂(ϕ1,ϕ2)

∂(y1,y2)
. Hence, the topological charge W

is determined as follows

W =
∫

�

j0d2y =
n∑

i=1

βiηi =
n∑

i=1

ωi . (5.6)

The term βi here denotes the positive Hopf index, and ηi
is defined by the requirement that sign( j0(ϕ/y)zi ) be equal
to + 1, − 1. The sign of the winding number is essential
for evaluating BH stability: a positive sign reflects a stable
condition, while a negative sign reveals an unstable one.

The winding number represents a mathematical tool in
topology to measure how a vector field or curve rotates
around a certain point or any specific area. The winding num-
ber is utilized to analyze the phase transitions and BH stability
by examining how a vector field behaves within a particular
thermodynamic plane, as observed in the r+ − θ plane. A
nonzero winding number identifies a phase in which a BH
maintains stability and does not undergo a transition shift
to another phase due to slight perturbations in pressure and
temperature. Modifications in the winding number indicate
the presence of phase transitions, highlighting shifts during
which BHs undergo a transition between stable configura-
tions. In the context of an extended phase space, this frame-
work is especially useful in analyzing the critical thermody-
namic behavior of BHs. Now, we employed this framework
to this BH solution in terms of the Sharma–Mittal entropy by
using the temperature given in Eq. (3.1) and On-shell GFE
given in Eq. (3.13).

For a thermodynamic system, we can evaluate its topo-
logical charge by designating

∑
as the full thermodynamic

phase space. Different thermodynamic systems can be clas-
sified into distinct categories. This facilitates the analysis of
topological transitions among various thermodynamic sys-
tems. Recent studies [26] have established that every critical
point associated with a topological charge can be separated
into two main categories: conventional (with ωi = − 1) and
novel (with ωi = + 1). Qt can be negative or positive at
critical points when the winding number can be − 1 or + 1.

5.1 Temperature method

Duan’s Potential acts as a fundamental model applied to
explore topological properties within various physical sys-
tems. Duan’s potential is recognized as a topological invari-
ant originating from field configurations, enabling the cate-
gorization of topological charges based on winding numbers
or other relevant invariants. In the context of BH theory, this
framework has been applied to analyze the topological char-
acteristics of spacetime, providing a deeper understanding
of the global structure of BH solutions. The Duan poten-
tial establishes a comprehensive framework that associates
topological effects with physical observables, which is espe-
cially valuable in the context of higher-dimensional or altered
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gravity theories. In the investigation of BH phase transitions
in GBG, Duan’s topological current theory has been used
to describe transitions as interchanges of winding number
defects, providing a topological approach to the thermody-
namics of BHs [82]. By the definition of Duan’s potential

ϕ = 1

Sinθ
T

(
r+, zi

)
. (5.7)

This expression defines the thermodynamic potential cal-
culated on the basis of BH temperature. In this context, r+
corresponds to the radius of the horizon and zi indicates
other parameters such as pressure and charge. The pres-
ence of 1

sinθ
promotes the investigation in the thermodynamic

system, especially in topological investigations. In order to
discuss the thermodynamic topology using the temperature
given in Eq. (3.9), we eliminate the thermodynamic pressure
as described in Ref. [81]. Equation (5.8) gives a representa-
tion of the pressure in terms of the thermodynamic param-
eters and the BH’s horizon radius. Applying this condition(

∂T
∂r+

)
P,φ

= 0 , we get

P = −

(
2r2+ − 4kα + 12k2π2r+α2

(
R − 2δ

) + π2r5+
(
3R − 2δ

) + 4kπ2r3+α
(
3R − 2δ

))(
3k − 4φ2

)

8πr2+
( − 2r2+ − 12kα + 12k2π2r+α2

(
R − 4δ

) + π2r5+
(
3R − 4δ

) + 12kπ2r3+α(R − 2δ)
) . (5.8)

By employing Eqs. (3.1) and (5.8), one can define the
thermodynamic potential for the temperature method, which
plays a crucial role in how the phase structure of BHs
changes, as it defines the circumstances for phase transitions
and stability.

ϕ = 2−1+ R
δ r+

(
2 + π2r+

(
r2+ + 6kα

)
δ
)2− R

δ
(
3k − 4φ2

)
csc θ

3π
(
2r2+ + 12kα − 12k2π2r+α2

(
R − 4δ

) − 12kπ2r3+α
(
R − 2δ

) + π2r5+
( − 3R + 4δ

)) . (5.9)

Now vector field ϕ = (
ϕr+ , ϕθ

)
are formulated vector

components as follows

ϕr+ =
(

∂ϕ

∂r+

)
φ,θ

= csc θ

((
24kα + r2+

( − 4 + 72k3π4α3

×(R − 4δ)(R − 2δ)
) + 2π2r5+

(
9R − 11δ

) − 72k2π2

×r+α2(
R − 3δ

) + 36k2π4r4+α2(
3R − 4δ

)(
R − 2δ

)
+π4r8+

(
3R − 4δ

)(
3R − 2δ

) + 6kπ4r6α
(
3R − 4δ

)

×(3R − 2δ)
)(

1 + 1

2
π2r+

(
r2+ + 6kα

)
δ
)1− R

δ (3k − 4φ2)

)

×
(

3π
( − 2r2+ − 12kα + 12k2π2r+α2(

R − 4δ
)

× + π2r5+
(
3R − 4δ

) + 12kπ2r3+α
(
R − 2δ

))2
)−1

,

(5.10)

ϕθ =
(

∂ϕ

∂θ

)
φ,r+

= − 2−1+ R
δ r+

(
2 + π2r+

(
r2+ + 6kα

)
δ
)2− R

δ
(
3k − 4φ2

)
cot θ csc θ

3π
(
2r2+ + 12kα − 12k2π2r+α2

(
R − 4δ

) − 12kπ2r3+α
(
R − 2δ

) + π2r5+
( − 3R + 4δ

)) . (5.11)

In order to obtain the topological charge, we utilize Eq. 5.6
as well as the normalized vector components n1 and n2 can
be obtained through Eqs. (5.10) and (5.11). The normalized

vector n =
(

ϕr+
||ϕ+|| ,

ϕθ

||ϕθ ||

)
is shown in Figs. 6a and 7. We

know that if a critical point is enclosed by a closed contour,
it will give us a topological charge of nonzero; otherwise,
the topological charge is zero. For the purpose of evaluating
the topological charge. In the following, we will define two
contours, C1 and C2. They are described with parametrized
by ϑ(v) ∈ (0, 2π) {r = r0 + x cos v, θ = π

2 + y sin v. We
use this formula to find the winding number or topological
charge d� = εabnadnb = n1dn2 − n2dn1 which are given

in [83,84]. Hence, the topological charge can be expressed
as Q = ±��

2π
. In Fig. 6a, we have fixed α = 0.05, φ = 0.5,

and k = − 1, 0, 1, respectively. The blue arrows represent the
vector field in the r+−θ plane. The black contoursC1 andC2

in Fig. 6a, b are closed loops that include zero points that are

conventional critical points. For the contour C1, we clearly
see that there is a phase transition of first order. In Fig. 6a,
we have a critical point CP1 which is enclosed by C1 and
the winding number corresponds to CP1 is − 1. Moreover,
in Fig. 6b their exits only one single critical point CP2. We
encircle the critical point CP2 by C2 and the corresponding
winding number or topological charge is − 1.
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Fig. 6 Normalized vector field is plotted in r+ − θ plane with α = 0.05 and φ = 0.5. The zero points are marked with red dot CP1, CP2, CP3,
and CP4 and located at (r+, θ) = (1.794, π

2 ), (1.794, π
2 ), (0.5463, π

2 ), and (1.704, π
2 ) respectively. a k = − 1, b k = 0, and c k = 1

In Fig. 6c, we found two critical pointsCP3 (conventional)
andCP4 (novel) which are enclosed byC3 andC4 for the case
of k = 1. They yield distinct topological charges; ωCP3 =
− 1 and ωCP4 = + 1. Due to their distinct values, these two
critical points are assigned separate topological classes. In
this scenario, the total topological charge (TTC) is zero. To
summarize the results, we give details in Table 1.

5.2 Generalized free energy method

GFE is an essential thermodynamic factor that establishes the
phase behavior and stability of BHs. The behavior of GFE
offers valuable information about phase transitions, where a
change in its value highlights a shift between the BH behavior
of stable and unstable phases. A vector field ϕ is defined from
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Fig. 7 Normalized vector field is plotted in r+ − θ plane with α = 0.05, φ = 0.5, and k = − 1, 0, 1. The zero points are marked with red dot
CP5, CP6, and CP7 and located at (r+, θ) = (0.0455, π

2 ), (2.878, π
2 ), and (0.0509, π

2 )

G given in Eq. (3.13), which takes the following shape

ϕ =
(

∂G

∂r+
,− cot θ csc θ

)
, (5.12)

And, we compute the vector components, which yield

ϕr+ = ∂G

∂r+
, ϕθ = − cot θ csc θ, (5.13)
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Table 1 Summary of topological charges obtained in T-method using
the Sharma–Mittal entropy for the BHs solution in EGBG and its com-
parison with different values of k. Here, we present critical points, wind-
ing number topological charge, and total topological charge byCPs, ω,
and TTC, respectively

Case CPs ω TTC

k = − 1 1 CP1 = − 1 − 1

k = 0 1 CP2 = − 1 − 1

k = 1 2 CP3 = − 1, CP4 = + 1 0

ϕr+ =
π

(
− 3 × 22− R

δ π
(
r2+ + 2kα

)(
2 + π2r+

(
r2+ + 6kα

)
δ
)−1+ R

δ + r+τ
(
3k + 8Pπr2+ − 4φ2

))

4τ
, (5.14)

The corresponding unit vectors (n1, n2) are obtained as

n1 = ϕr+√(
ϕθ

)2 + (
ϕr+

)2
, n2 = ϕθ√(

ϕθ
)2 + (

ϕr+
)2

(5.15)

n1 =
π

(
− 3 × 22− R

δ π
(
r2+ + 2kα

)(
2 + π2r+

(
r2+ + 6kα

)
δ
)−1+ R

δ + r+τ
(
3k + 8Pπr2+ − 4φ2

))

4τ

√√√√
cot2 θ csc2 θ +

π2

(
−3×22− R

δ π
(
r2++2kα

)(
2+π2r+

(
r2++6kα

)
δ
)−1+ R

δ +r+τ
(

3k+8Pπr2+−4φ2
))2

16τ 2

, (5.16)

n2 = − cot θ csc θ√√√√
cot2 θ csc2 θ +

π2

(
−3×22− R

δ π
(
r2++2kα

)(
2+π2r+

(
r2++6kα

)
δ
)−1+ R

δ +r+τ
(

3k+8Pπr2+−4φ2
))2

16τ 2

. (5.17)

At the zero point ϕr+ = 0, θ = π
2 , the relation for τ which

is inverse of BH temperature (τ = 1
T ) is expressed as

τ = 3π
(
r2+ + 2kα

)

2−2+ R
δ r+

(
2 + π2r+

(
r2+ + 6kα

)
δ

)1− R
δ

(
3k + 8Pπr2+ − 4φ2

) .

(5.18)

In Fig. 7, we have a critical point CP5, CP6, and CP7

which are enclosed by contours C5,C6, and C7. The winding
numbers − 1,+ 1 and + 1 are observed, respectively. Figure 7
shows the adjusted vector field plane na = (n1, n2) in r+
versus θ . In Fig. 7a CP5, represented by the red dot, is a
critical point for stability changes and phase transition. It
is located at (r+, θ) = (0.0455, π

2 ). The vector illustrates
the flow of thermodynamics, where CP5 shows stability or
instability through convergence or divergence. In Fig. 7a, we
have a critical point and a topological charge TTC= ωCP5 =
− 1. In Fig. 7b CP6, represented by the red dot, is a critical
point for stability changes and phase transition. It is located at
(r+, θ) = (2.878, π

2 ). We have a topological charge TTC=

Table 2 Summary of topological charges obtained in the free energy
method using the Sharma–Mittal entropy for the BH solution in EGBG
and its comparison with different values of k. Here, we present critical
points, winding number topological charge, and total topological charge
by CPs, ω, and TTC, respectively

Case CPs ω TTC

k = − 1 1 CP5 = − 1 − 1

k = 0 1 CP6 = +1 1

k = 1 1 CP7 = +1 1

ωCP6 = 1. For CP7 enclosed by C7 in Fig. 7c. CP7 is a
critical point located at (r+, θ) = (0.0509, π

2 ). Hence, the
topological charge TTC is determined to be TTC= ωCP7 = 1
2.

6 Concluding remarks

In this work, we have explored the effects of the GB-
corrected Sharma–Mittal entropy on the thermodynamics of
five-dimensional BHs. In particular, we have investigated
how BHs can undergo phase transitions, analogous to those
in conventional thermodynamic systems, by examining their
stability, entropy, and temperature profiles. These changes
are governed by variables such as pressure, temperature,
and other features that enhance our understanding of BH
behavior in an advanced theoretical framework. This study
provides a comprehensive evaluation of both the thermo-
dynamics and topological characteristics of BHs. The intri-
cate relationship between electric charge, mass, pressure, and
entropy is extended by the first law of BH thermodynamics. In
addition, the topological classification–obtained by Duan’s
potential theory and the GFE–reveals critical phase structures
and elucidates the modifying characteristics of these BHs. In
our analysis, we observed that the thermodynamic equilib-
rium conditions differentiate stable and unstable regimes and
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impact phase transition behavior. Specifically, heat capac-
ity Cφ played a crucial role in indicating the possible phase
transition in these BHs. We observed that BHs exhibit from
small to large phase transitions: for small horizon radii, the
system is unstable, whereas stability emerges beyond a cer-
tain threshold. However, the GFE analysis generally indi-
cates an overall unstable configuration. We determined the
heat capacity and the GFE behavior for the cases of hyper-
bolic (k = − 1), planar (k = 0), and spherical (k = 1),
respectively.

Furthermore, Sharma–Mittal entropy generalizes the non-
extensive thermodynamic phenomena more effectively than
the traditional entropy models such as Bekenstein–Hawking,
Tsallis and Rènyi entropies. As a result, the system shows
more intricate behavior in terms of phase transition, stability,
and topological charges. For example, in the case of Rènyi
and exponential entropy obtained only limited topological
charge as discussed in Refs. [62,67] but our analysis reveals
both novel and conventional points depending on the horizon
topology, Gauss–Bonnet coupling α, curvature parameter k
and entropy parameters (R, δ). These distinctions reveal the
unique and physically significant contribution of the Sharma–
Mittal framework in capturing richer thermodynamics behav-
ior of the higher-dimensional BHs in Gauss–Bonnet grav-
ity. We have also determined the sparsity of Hawking radi-
ation via the Sharma–Mittal entropy. As we mentioned in
the earlier discussion of the behavior in Fig. 4, we exam-
ined the sparsity of Hawking radiation by using the conju-
gate temperature associated with the Sharma–Mittal entropy.
We observed that initially, the sparsity parameter increases
sharply for the small horizon radius, but as the horizon radius
increases, the behavior of sparsity decreases, which finally
converges to zero.

Furthermore, we have explored the thermodynamic topol-
ogy for BHs with hyperbolic (k = − 1), planar (k = 0),
and spherical (k = 1) horizon geometries. We determined
the normalized components and unit vectors of tempera-
ture and GFE and identified zero points in the relevant
vector field plots presented in Figs. 6a and 7. These zero
points reveal both conventional and novel critical points–
conventional ones are typically linked with first-order tran-
sitions, which play a critical role in BH stability. In our
study, we identified critical points characterized by wind-
ing numbers: + 1 for stable cases and − 1 for unstable ones.
We further determined the topological charges for each hori-
zon geometry (k = − 1, 0, 1) and observed that the topo-
logical approach consistently distinguishes between stable
(+ 1) and unstable (− 1) phases. A negative total topolog-
ical charge (Q = − 1) corresponds to instability, while a
positive charge (Q = + 1) indicates stability. This analysis
could be advanced in future work by examining how rotating
or dynamical BHs in EGBG, framed within Sharma–Mit-
tal entropy, impact thermodynamic stability and topological

characteristics. The inclusion of quantum-level corrections
may influence our understanding of microscopic thermody-
namics, especially in the vicinity of critical points. In the
future, we will extend this work and try to link these find-
ings with observational features like BH shadows or gravita-
tional wave echoes to investigate whether phase transitions
or entropy corrections can be physically observed.
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