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Abstract

Primordial evolution of cosmological perturbations:
Theory and computation

Fruzsina Julia Agocs

This thesis discusses results in theoretical cosmology related to the primordial evolution of
cosmological perturbations with the help of numerical analysis. Primordial fluctuations are
thought to be the seeds of large-scale structure, therefore modelling their initial conditions and
evolution is key to understanding how structure forms. Recent tensions in the inferred values of
cosmological parameters have raised interest in models that deviate from the currently accepted
standard model of cosmology, the Λ cold dark matter model, but these alternative models
can form the computational bottleneck of cosmological inference. I first present a numerical
method (and associated open-source software) for solving a class of highly oscillatory ordinary
differential equations efficiently, which speeds up the forward-modelling step of cosmological
inference significantly by enabling fast numerical evolution of primordial fluctuations. I discuss
other uses of the numerical routine in the physical sciences and report on its latest application
to more accurately constrain the universe’s spatial curvature.

The evolution of primordial perturbations cannot be fully determined without initial
conditions. I therefore inspect popular methods for setting initial conditions from the perspective
of their behaviour under canonical transformations, and find only one set of initial conditions
invariant under such transformations. I demonstrate the possible observational consequences
of canonical non-invariance of the initial conditions and argue that an invariant set should be
used in models that retain memory of the initial conditions. I discuss preliminary investigations
into generalising the canonically invariant initial conditions to universes with non-zero spatial
curvature before concluding with a summary of future research avenues I view as worthy of
exploration.

Chapters 3 and 6 of this thesis are based on the publications titled Efficient method for
solving highly oscillatory ordinary differential equations with applications to physical systems, in
Physical Review Research [1], and (py)oscode: fast solutions of oscillatory ODEs, published in
The Journal of Open Source Software [2]. Chapter 4 is based on work published as a pre-print
under the title Dense output for highly oscillatory numerical solutions on the arXiv [3]. Finally,
Chapter 7 is based on the manuscript Quantum initial conditions for inflation and canonical
invariance published in Physical Review D [4]. I am the sole or leading author and contributor
to all of the above publications.
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Notation & conventions

Notation
t (cosmic) time
η conformal time
ḟ df

dt , differentiation with respect to time
f ′ differentiation with respect to a function’s argument, but in a cosmological context it

may mean df
dη , differentiation with respect to conformal time

• Differential operators dx, dy, . . ., Euler’s constant e, and the imaginary unit i all appear
italicised.

• A variable printed in boldface, e.g. v, denotes a vector or a matrix, as specified in the
text. Vectors and tensors may, however, not always appear in bold.

Abbreviations
ΛCDM cold dark matter model with a cosmological constant

CMB cosmic microwave background
FLRW Friedmann–Lemaître-Robertson-Walker

KD kinetic dominance
HD Hamiltonian diagonalisation

ODE ordinary differential equation
PPS primordial power spectrum

SR slow-roll
RK Runge–Kutta

RST renormalised stress–energy tensor
WKB Wentzel–Kramers–Brillouin



xvi Table of contents

Mathematical and physical conventions

• Fourier transforms and synthesis are defined as

f(k) =
∫ ∞

−∞
d3xe−ik·xf(x), f(x) =

∫ ∞

−∞

d3k
(2π)3 e

ik·xf(k)

• Spacetime indices are denoted with Greek letters µ, ν, σ, . . .. The index 0 is reserved
for the temporal component, and spatial components are denoted with Latin indices
i, j, k, . . ..

• In a cosmological context, an upper index denotes components of of a contravariant vector
(a vector), and a lower index denotes those of a covariant vector (a covector). Under a
change of basis, they transform accordingly.

• This thesis makes use of the Einstein summation convention: if an index is repeated and
appears once in the upper and once in the lower position, it is summed over.

• Throughout this thesis, the metric has a positive signature (+,−,−,−).

• For simplicity, formulae are written in natural units,

c = ℏ = G = kB = 1,

and unless stated otherwise, the Planck mass is retained,

mP = 1√
8πG

= 1√
8π
.
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Chapter 1

Outline

1.1 Motivation and aims

At the time of writing this thesis, particle accelerators are able to reach collision energies of
14 TeV, which match the characteristic energy scale of the universe at 10−10 seconds after the
Big Bang. Therefore from this point onwards, the conditions in the Universe can be reproduced
in a laboratory setting and the fundamental laws on high-energy physics can be experimentally
tested. While 10−10 seconds is impressively close to the moment of the Big Bang, in order
to understand the origins of cosmic structure we must “go back” even further in time – to
10−34 seconds, when quantum-scale fluctuations were first thought to be generated. In lieu of
experiments and direct observation, physicists must rely on numerical simulations to probe the
early Universe indirectly via inference. A numerical simulation will typically start from some
carefully chosen initial conditions set at early times and run until the output of the simulation
can be compared with observations. Since our position as observers is fixed in time (at least
relative to cosmic timescales) to now, ≈ 13.7 billion years after the Big Bang, the numerical
simulations have to follow the evolution of the observables for an extremely long time. While
for the majority of this time the observables may barely change (due to the growing distances
between astrophysical objects brought on by the expansion of the Universe), the simulation
must still account for a wide range of physical processes over its runtime.

It is immediately obvious that in order to infer the state of the universe at early times
correctly, the models encoded in the numerical simulation have to be chosen carefully: the
right set of physical interactions have to be selected which dominate over all others. It is less
apparent – and perhaps a little overlooked – that choosing the appropriate numerical methods
to evaluate models is equally important. In inference, the same numerical simulation often has
to be run millions of times with a slightly different set of model parameters to paint a detailed
enough picture of their likelihood. Even for the simplest models, the breadth of cosmological
simulations forces this task to be performed on high-performance computing clusters, where it
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may take a few days1 to complete. At this level of computational complexity, using efficient
numerical methods clearly matters, since not only will we see the results sooner, the carbon
footprint of our research is reduced due to the smaller electricity consumption of the cluster.
Importantly, more efficient numerical methods also allow for a wider variety of models to
be tested, through extending the limit on (computational) complexity and allowing for some
simplifying assumptions to be relaxed.

The current standard model of cosmology, ΛCDM (where Λ denotes a cosmological constant
and the rest of the letters stand for cold dark matter) predicts the large-scale statistics of the
Universe with spectacular accuracy and with only a few free parameters. Recent tensions in
the inferred values of these cosmological parameters have, however, raised interest in models
that deviate from this standard model [5–8], which has been largely unchanged for the last
two decades. These alternative models are often more computationally demanding to evaluate,
and unlike ΛCDM, may necessitate the numerical evolution of primordial perturbations. One
example is models involving non-zero spatial curvature, which may be favoured by data from
the Planck satellite [9–11]. The primordial evolution of cosmological perturbations is described
by an ordinary differential equation whose solution is highly oscillatory for the majority of
the interval of interest, but changes slowly in some regions. There are currently no numerical
routines available from mainstream, open-source numerical libraries that are equipped to solve
this type of equation efficiently. While there exist some specialised solvers for special cases
of highly oscillatory differential equations, they tend not to be general enough to tolerate the
frequency of oscillations varying over time, are only valid in the highly oscillatory regime, or
(if they can do both) have not been implemented for public use. These factors motivated
the development of oscode [1–3], an open-source numerical routine for solving a class of
highly oscillatory ordinary differential equations (including that which describes the primordial
evolution of cosmological perturbations), which I present in this thesis, alongside examples of
its successful and potential applications in physics.

The predictions of cosmological models are only as robust as the assumptions underlying
them. An example is the set of quantum initial conditions set for the perturbations at primordial
times, which influence the predictions of models with reduced amounts of inflation such as
the closed universe models from the paragraph above. These initial conditions are set using
principles from quantum field theory on a static spacetime, but these do not translate well to
the inflating early universe. I discuss a key weakness in the traditional methods for setting
initial conditions which arises from their behaviour under canonical transformations, a set
of transformations used in classical mechanics to find a better parametrisation of a system
without changing its physics. I found [4] that while most standard methods produce initial
conditions which change under canonical transformations, one method [12] produces invariant

1or up to a couple of months for more intricate models
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initial conditions and therefore unambiguous large-scale statistics predictions. I argue for using
this set of initial conditions above others.

In summary, this thesis discusses the theoretical framework and computational tools I
developed for more robust and efficient evaluation of cosmological models, and details examples
of their applications in research.

1.2 How this thesis is structured

Logic dictates that a description of the (numerical) methodology precedes its applications. I
therefore choose to start with Chapter 2 introducing concepts in numerical analysis before a
discussion of oscode’s algorithm in Chapter 3. Some of oscode’s applications can be understood
without familiarity with the physics of primordial perturbations; these are also detailed in
Chapter 3. Given that one of the main uses of oscode in cosmology is closely tied to the
primordial evolution of perturbations, I opted to delay outlining oscode’s applications in
cosmology until Chapter 6, after an introduction of the relevant physics in Chapter 5. Chapter 7
then reports my findings in connection with the quantum initial conditions for perturbations
for spatially flat universes. I draw conclusions and discuss future research ideas in Chapter 8.





Chapter 2

Integration of Ordinary Differential
Equations

A matematikában az ember nem megérti
a dolgokat, hanem megszokja.

In mathematics, one does not come to
understand things, but gets used to them.

Neumann János

In this chapter, I introduce key definitions and concepts from numerical analysis. To put the
numerical work in Chapters 3 and 4 into context, I also review past and ongoing efforts to
construct numerical solvers for oscillatory ordinary differential equations and identify some
criteria a practically useful numerical method should fulfil.

2.1 Ordinary Differential Equations

2.1.1 Definitions

We first review some definitions and theorems that will be relevant to our discussion of ordinary
differential equations.

Let X be an N -dimensional (real) vector space, and I an interval of R. Given a function
f : I ×X 7→ X, a first-order ordinary differential equation (ODE) system is defined as

y′(x) = f(x,y(x)), (2.1)

where prime refers to differentiation with respect to x. The solution of Eq. (2.1) is a function
y ∈ C1(I,X), the set of continuously differentiable X-valued functions defined on I, such
that Eq. (2.1) is satisfied for ∀x ∈ I and any subsidiary conditions are satisfied. A possible
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generalisation of Eq. (2.1) is an nth-order ODE, defined as

y(n)(x) = f(x,y(x),y′(x), . . . ,y(n−1)(x)), (2.2)

where f : I ×Xn 7→ X is given and the solution is y ∈ Cn(I,X).
Subsidiary conditions are specified because the solution to Eq. (2.1) is, in general, not

unique. We distinguish between initial value problems and boundary value problems based on
whether the subsidiary condition is the value of y and all its derivatives given at the same
point (at the start of the interval), or at the integration boundaries. In general, the subsidiary
conditions can be nonlinear algebraic constraints on the values of y and its derivatives.

If f is of the form
f(x,y) = A(x)y + b(x), (2.3)

with A(x) being a matrix-valued function and b a vector-valued function, the differential
equation is linear. If b(x) is the zero function, the ODE is also homogeneous. Finally, a system
for which f does not depend on the independent variable x explicitly, is autonomous. In the
following chapters we will restrict our attention to linear equations, since the equations of
interest for this thesis arise from cosmological perturbation theory and are thus linearised.
When discussing Runge–Kutta methods, we will often only consider first-order autonomous
systems. This comes without a loss of generality, because the general nth order system Eq. (2.2)
can always be converted to a first-order, autonomous one:

u′ = g(u), (2.4)



x

y
y′

. . .

y(n−1)




′

=




1
y′

y′′

. . .

f(x,y,y′, . . . ,y(n−1))



. (2.5)

2.1.2 Oscillatory ODEs

Of particular interest to physics is the numerical solution of oscillatory ODEs, but neither the
general form of an oscillatory ODE nor what constitutes an adequate solution can be defined
precisely, as both depend on the field of application. In general, the solution of an oscillatory
system is characterised by (at least one) fast component of the solution varying periodically
about a slow component. This behaviour can arise in a range of differently structured equation
systems: they may be first- or second-order ODEs, differential algebraic systems (DAEs) that
include constraints, linear or nonlinear, homogeneous or inhomogeneous, or partial differential
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equations (PDEs). For instance, the system

y′′ + sin(y) = cos(ωx), x ≥ 0, y(0) = y0, y′(0) = y′
0 (2.6)

has a solution comprising of a slow overall oscillation (the solution to the homogeneous part
of the problem, y′′ + sin(y) = 0), and forcing oscillations of frequency ω winding around
it. The amplitude of the secondary oscillations decreases with ω. The time-independent,
one-dimensional Schrödinger equation is of the form

y′′ + g(x)y = 0, (2.7)

where g(x) is large and usually slowly varying. The solution oscillates with a large, slowly
modulated amplitude. Finally, the system




x

y

u

v




′

=




0 0 1 0
0 0 0 1

−λ 0 0 0
0 −λ+ 1/y 0 0







x

y

u

v



, ε2λ =

√
x2 + y2 − 1√
x2 + y2

(2.8)

describes a stiff pendulum with unit mass, length, and gravity, a (large) spring constant 1/ε2,
coordinates (x, y) and corresponding velocity components (u, v). The solution is superficially
similar to that of Eq. (2.6) (low-amplitude oscillations superimposed on a slow solution),
but while the forced pendulum is described by an inhomogeneous, second-order ODE, the
stiff pendulum’s equation of motion is a DAE system with four first-order, linear differential
equations and an algebraic constraint.

What constitutes an adequate numerical solution may also be situation-dependent. In
some cases, it is sufficient to find the slowly-varying solution, or the envelope of high-frequency
oscillations. Other times, the phase of oscillations may also carry important information and
has to be reconstructable from the numerical solution. In molecular or orbital dynamics, the
emphasis is often on conserving a quantity (such as energy or angular momentum).

In the following chapters, we will focus on a particular type of oscillatory ODE of the form

y′′ + 2γ(x)y′ + ω2(x)y = 0, (2.9)

which may be recast as a system of first-order, autonomous differential equations. The numerical
methods introduced will be able to recover the full solution (not just the amplitude). They will
prioritise efficiency by using stepsizes which are large compared to the timescales of the fast
solution, and do this by exploiting the global properties of the problem.
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2.2 Numerical methods for the solution of ODEs

2.2.1 Euler’s method and its error properties

Let us approximate the solution of an initial value problem of the form1

y′ = f(y), y(x0) = y0 ∈ X (2.10)

(which includes non-autonomous, higher-order ODE systems) by making a sequence of values
of the independent variable starting from x0, (x0, x1, x2, . . .), which we will call steps. The
associated stepsizes, x1 − x0, x2 − x1, . . . are denoted h1, h2, . . .. The approximate numerical
solution takes the values y0, y1, y2, . . . at these points (with y0 known exactly). Euler’s method
[13] is summarised as

yn = yn−1 + hnf(yn−1), n = 1, 2, . . . , (2.11)

meaning that the method approximates the solution at the end of a timestep as if yn−1 were the
exact solution at xn−1, and y′ were constant on [xn−1, xn]. One-step methods such as Euler’s
possess the general form

yn = Φh(xn−1, yn−1, yn), (2.12)

where the name comes from Φh only being a function of the numerical result at the previous
step, yn−1. If Φh is further independent of yn, then the method is explicit, since the solution at
each step of the method can be computed in an iterative manner, as opposed to by solving a
system of algebraic equations (in implicit methods). A more general formulation of the explicit
Euler’s method gives a continuous approximation for the solution on [xn−1, xn] as

Y (x) = yn−1 + (x− xn−1)f(yn−1). (2.13)

Given f is well-behaved, we can expect the approximation in Eq. (2.11) to get better with
smaller h. How quickly we gain accuracy by reducing the stepsize, and how quickly error
accumulates over several steps can be quantified via the local and global error properties of the
method. We define these key quantities below.

Definition 2.2.1 (Global truncation error). The global error of a method is defined by

en ≡ yn − y(xn), (2.14)

or, if it is defined to be continuous, as

e(x) ≡ Y (x) − y(x). (2.15)
1from here onwards, the vector notation will be dropped from y and f for simplicity, but it is to be understood

that the formulae generalise to systems of ODEs where y and f are vector-valued.
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Definition 2.2.2 (Local truncation error). The local error of a numerical method is

ln ≡ Φh(xn−1, y(xn−1), y(xn)) − y(xn). (2.16)

Eq. (2.16) shows how the approximate solution Y diverges from the actual solution y within
a single step, and is reset at every step by virtue of evaluating Φh at y(xn−1), y(xn) rather than
yn−1, yn. The continuous generalisation of the local truncation error for Euler’s method is

l(x) = y(x) − y(xn−1) − (x− xn−1)y′(xn−1), (2.17)

where f(xn−1) has been replaced by y′(xn−1). If f is continuously differentiable, we can place
a bound on the local error by considering Taylor’s theorem with its remainder written in
Lagrangian form,

y(b) − y(a) − (b− a)y′(a) = 1
2(b− a)2y′′(ξ), ξ ∈ (a, b), (2.18)

and then choosing a = xn−1, b = x such that

||l(x)|| ≤ 1
2(x− xn−1)2 max

ξ∈[xn−1,x]
||y′′(ξ)||, (2.19)

where || · || refers to the Euclidean norm. In simpler terms, the local error is asymptotically
O(h2). A related definition is that of the consistency order.

Definition 2.2.3 (Consistency order). If the local truncation error of a numerical method
takes the form

||ln|| = φnh
p+1 + O(hp+2), (2.20)

then the method is said to be of consistency order p.

When a numerical method is referred to as having order p, this is understood to be referring
to their consistency order. Constructing a bound on the global error is more difficult in general,
and at first glance, the two errors defined above seem to have little in common. They may,
however, connected via Lemma 2.2.1, for which the following definition is necessary.

Definition 2.2.4 (Upper logarithmic norm). The upper logarithmic norm of a function f of a
single variable is defined as

M [f ] = sup
u̸=v

⟨u− v, f(u) − f(v)⟩
⟨u− v, u− v⟩

, (2.21)

where the angled brackets refer to the inner product.

The following lemma can then be shown [14].
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Lemma 2.2.1 (Upper bound on the global error).

||en|| ⪅ max
m≤n

||lm||
h

eM [f ]xn − 1
M [f ] . (2.22)

The lemma proves an important point in numerical analysis: the global error can be kept
below a given tolerance by controlling l(x)/h, the local error per unit stepsize. If the latter
is kept near some tolerance limit, the global error will be proportional to that limit with a
constant of proportionality only dependent on the right-hand-side of the ODE and the choice
of steps xn. Applying Eq. (2.22) to Euler’s method yields

||en|| ≤ C(xn)h, (2.23)

i.e. the global error is asymptotically O(h). Since limh→0 en = 0, Euler’s method is thus shown
to be convergent. Its rate of convergence is summarised by its convergence order.

Definition 2.2.5 (Convergence order). If the function f , the right-hand-side of an ODE, is
sufficiently smooth, and that the global error of a numerical method solving the ODE behaves as

lim
h→0

||en|| = O(hp), (2.24)

the numerical method is said to be of convergence order p.

2.2.2 Generalisations of Euler’s method

The explicit Euler’s method introduced in the previous section is the simplest example in
a large family of numerical methods built on the same principles. Its steps are quick and
computationally cheap to evaluate, and it has been shown to be convergent, but due to its low
rate of convergence (p = 1), a significant reduction in stepsize needs to be made in order to
gain accuracy. A common motivation behind developing novel numerical methods has been
to achieve asymptotic errors that behave like some high power of h (high-order methods), in
order to gain accuracy faster. One might also wish to improve the numerical method’s stability,
which is discussed further in Section 2.3.1. The accuracy gain and better stability properties
have to be balanced against a potential increase in computational cost.

There are three mainstream independent avenues through which the order or stability of
a method can be increased. These are described below and their relationships are plotted in
Fig. 2.1.

More evaluations per step: Referring to further evaluations of f (with different arguments)
in a single step, it is possible to increase the consistency order of a method, for example



2.2 Numerical methods for the solution of ODEs 11

More evaluations
per step

More use of
past values

More use of f, y
derivatives

Euler

General linear

Runge–Kutta

Taylor
series

Obreshkov

Rosenbrock

Fig. 2.1 Generalisations of Euler’s method. The order of Euler’s method can be improved in
three independent ways: by using more evaluations of the right-hand-side, f , to approximate
the solution at the end of the timestep; by making use of the values of the approximate solution
y at previous timesteps; and by using higher derivatives such as f ′. This figure is based on Fig.
224(i) of [15].

the method described by the formula

yn = yn−1 + h

2
[
f(yn−1) + f(yn−1 + hf(yn−1))

]
(2.25)

has an O(h3) local error. The above is an example of an explicit Runge–Kutta method,
which will be further discussed in Section 2.2.3.

Dependence on additional previous values: Higher-order errors may also be achieved by
including the values yn−i, f(yn−i) with i = 2, . . . , k, giving these method the name k-step
or multistep. A simple example is the explicit method (with uniform stepsize h)

yn = yn−1 + h

2
[
3f(yn−1) − f(yn−2)

]
, (2.26)
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whose local error is O(h3). If the dependence on past values is linear, the method in
question is a linear multistep method. The first (explicit) methods of this type were
proposed by Adams and Bashforth [16], while their implicit counterparts were refined by
Moulton [17]. Implicit linear multistep methods are often evaluated iteratively by taking
a sequence of predictor and corrector steps, the development of which is associated with
Milne [18–20]. Backwards differentiation formulae (BDF) are a type of implicit linear
multistep methods especially designed for the solution of stiff sets of differential equations.
Adams and BDF methods are commonly found in modern numerical libraries [21, 22].

Usage of higher derivatives: A natural improvement on the local error of Euler’s method,
based on Eq. (2.17), could come from including more terms in the Taylor expansion it
uses2, e.g.

yn = yn−1 + hf(yn−1) + h2

2 f
′(yn−1)f(yn−1), (2.27)

where f ′ is the Jacobian. Methods of this kind are named after Rosenbrock [23], who
proposed f ′ to be used directly in the design of implicit Taylor-series-based methods to
cut down computational costs.

2.2.3 Runge–Kutta methods

The idea to allow multiple function evaluations within a step as a generalisation of Euler’s
method was first proposed by Runge in 1895 [24], and further developed by Heun [25], Kutta
[26], and others. Until the 1950s [27, 28], only methods of order 5 and lower were considered,
and efforts were initially focused on explicit methods, whose implicit counterparts are now
deemed to be a good option for solving stiff sets of equations. A systematic approach for the
analysis of Runge–Kutta methods was developed by Butcher [29] and is now ubiquitous in the
field.

Explicit Runge–Kutta methods for the non-autonomous system Eq. (2.1) follow the algorithm
below when evaluating the solution. First, approximations of the dependent variable are
evaluated at s intermediate points between xn−1 and xn according to

Yi = yn−1 + h
i−1∑
j=1

aijFj , i = 1, 2, . . . , s, (2.28)

where
Fi = f(xn−1 + cih, Yi), (2.29)

2Runge–Kutta methods make use of the same idea, but without using the Jacobian.
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0
c2 a21
c3 a31 a32
...

...
... . . .

cs as1 as2 · · · as,s−1
b1 b2 · · · bs−1 bs

Table 2.1 Butcher tableau for an explicit Runge–Kutta method.

are approximations of y′ at the same intermediate points. Then the Fi are linearly combined to
form a higher-order approximate solution:

yn = yn−1 + h
s∑

i=1
biFi. (2.30)

The methods is said to have s stages, since f is evaluated s times during a step. The constants
aij , ci, and bi characterise the method fully and are often summarised in a Butcher tableau,
shown in Table 2.1 Implicit Runge–Kutta methods would have non-zero aij values for j ≥ i,
and for autonomous systems, the ci can be disregarded. By considering an autonomous system
in which x is a component of y (such as Eqs. (2.4) and (2.5)), one can derive the consistency
condition,

s∑
j=1

bj = 1, (2.31)

which has to hold true in order for the xn as forecast by the method and the actual xn = xn−1+h
to be equal. By the same reasoning, for the intermediate points at which the Yi are evaluated
in Eq. (2.28) to match those at which the Fi are evaluated in Eq. (2.29) we need

ci =
i−1∑
j=1

aij (2.32)

to hold for each i = 1, 2, . . . , s. In this section, we will focus on explicit Runge–Kutta methods,
and refer the reader interested in implicit methods to [30].

It is clear that the coefficients aij and bi will determine the local error of a given Runge–
Kutta method. In order for the numerical solution Eq. (2.30) to match the Taylor expansion
of y(xn−1 + h) up to a given power of h, the Butcher coefficients need to satisfy a number
of necessary and sufficient constraints called order conditions. The order conditions can be
derived algebraically by Taylor expanding each Yi and Fi in Eq. (2.30) around xn−1 and yn−1,
and matching the coefficients of powers of h up to a given order. Keeping track of terms (and
all the contributions to the coefficient of a given power of h) quickly becomes difficult and
error-prone as s is increased. Butcher offers a more elegant and compact derivation with the
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p # order conditions smin smin(smin + 1)/2
1 1 1 1
2 2 2 3
3 4 3 6
4 8 4 10
5 17 6 21
6 37 7 28
7 85 9 45
8 200 11 66

Table 2.2 The table shows the minimum number of stages required (smin) for an explicit Runge–
Kutta method to achieve order p, the number of order conditions needed to be satisfied at that
order, and the number of free parameters the method has when operating at the minimum
number of stages (equal to smin(smin + 1)/2).

help of graph theory, in which rooted trees3 are associated with polynomials in the bi and aij ,
with each tree resulting in a condition. All conditions associated with trees with no more than
p vertices have to be satisfied for the method to achieve order p. A complete description of the
approach can be found in [31].

An s-stage explicit Runge–Kutta method has s(s+1)/2 free parameters, whereas the number
of order conditions it has to satisfy equals the number of rooted trees with no more than p

vertices, which scales as shown in Table 2.2. The table also shows the minimum number of
stages required to achieve a given order, and the number of degrees of freedom the method
has at the minimum number of stages. The first few rows might lead one to conjecture that
the Runge–Kutta method has to have at least as many degrees of freedom as there are order
conditions, but this is proven false at higher orders, where it is sufficient to have fewer free
parameters than the number of order conditions would imply (if they were independent).

In practice, Runge–Kutta methods of order 4 or 5 are the default setting in numerical initial
value problem solver routines [21, 22], but often formulae up to 8th order are available. Butcher
tableaux such as Table 2.1, with only one row of bi coefficients are rare however, instead they
frequently appear as embedded pairs, with at least one additional row of coefficients to compute
a lower (or higher) order solution with. This is due to the need for estimating the dominant
term in the local truncation error of the method used to propagate the solution, i.e. φnh

p+1 in
Eq. (2.20), which is most commonly performed one of the following ways.

Richardson extrapolation: A method devised by Richardson [32] is based on repeating the
numerical step from xn−1 to xn with two steps of size h/2, and using the difference
between the one full-step and the two half-step estimates (ỹn) to deduce the error. Taking

3a non-rooted tree is a connected graph with no circuits. A rooted tree is a tree in which a particular vertex
is distinguished as the root, the purpose of which is to reduce the number of isomorphic rooted trees to those
that map the root of one to the root of the other.
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two half-steps is equivalent to carrying out a Runge–Kutta step of order p in 2s stages
whose local errors sum to

2−pφ(xn)hp+1 + O(hp+2), (2.33)

(as opposed to φ(xn)hp+1 + O(hp+2)), therefore

(1 − 2−p)(yn − ỹn) (2.34)

is an asymptotically correct estimate of the local error. One might criticise this approach
for obtaining the error estimate at three times the computational effort, but one might
argue that the excess work is only (3s− 1)/2s-fold, due to evaluations common to both
steps and in comparison to propagating the solution with the 2s-stage method (i.e.
replacing yn with ỹn).

Embedded pairs: A more popular choice is to devise methods with two sets of bi coefficients,
of which the set bi gives an order p, and b∗

i yields an order p̃ solution. With the coefficients
chosen appropriately, the difference between the two is then used as an estimate of the
local error, and one of the two methods propagates the solution. Embedded methods have
fewer free parameters to satisfy the order conditions, therefore they often use additional
stages, e.g. it is not possible to find a set of coefficients that yields a 4th order method
and an error estimator in 5 stages. The extra stages don’t always come at increased
computational cost, because the additional stage is often chosen to be an evaluation at
cs = 1, i.e. at the end of a step. This evaluation would be necessary anyway for the next
step, provided the current step is accepted, and is called the first same as last (FSAL)
approach. The earliest embedded pairs were proposed by Merson [33], and improved
upon by Fehlberg [34–37]. These were both of the type p(p̃) with p < p̃, meaning that
the lower order method is used to propagate the solution. Fehlberg’s popular 4(5) pair in
particular has been optimised such that the error coefficients of the lower order result
are minimal, which means that the error estimate sometimes underestimates the error
of the higher order mode, which therefore should not be used as the solution. Modern
codes almost exclusively use local extrapolation, i.e. they have been designed to use the
higher order mode for the solution. The most ubiquitous Runge–Kutta pairs are those
proposed by Dormand and Prince [38], which make heavy use of the FSAL approach.
Some Dormand–Prince pairs have been compared with those of Fehlberg by Shampine
[39], among others.

Reusing past solution values: It would be ideal if computing an error estimate didn’t
come at any additional f -evaluations. Stoller and Morrison [40] proposed the idea
that if successive steps yn−3, yn−2, yn−1, yn can be forced to have a given stepsize-ratio
which would place them at the nodes of a quadrature method, e.g. to be at xn−1,
xn−1 + (6 −

√
6)h/10, xn−1 + (6 +

√
6)h/10, xn−1 + h, then, if the Runge–Kutta method
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gives fourth order estimates of y and fifth order estimates of y′ at these points, they may
be linearly combined using Radau quadrature with 3 nodes [41] to give an estimate of
y(xn + h) − y(xn), and in turn the local error on yn,

h

36
î
4f(yn−3) + (16 +

√
6)f(yn−2) + (16 −

√
6)f(yn−1)

ó
+ yn−3 − yn. (2.35)

Ceschino and Kuntzmann [42] later extended the method not to require uneven spacing
between steps, and to handle methods of order up to five.

2.2.4 Specialised methods for oscillatory ODEs

We have seen in Section 2.1.2 that oscillatory solutions in ODEs can arise in many ways and
different applications prioritise different properties of a numerical solver. As a result, methods
for solving oscillatory ODEs are highly specific to the application. Due to the size of the
literature, we focus our review of past efforts to solve oscillatory ODEs that are capable of
solving equations of the form Eq. (2.9) efficiently, without dampening or averaging over the
oscillations, and which can resolve the oscillations. Often when oscillatory behaviour arises in a
system, there are signals or data varying at highly different scales (“slow” and “fast” solutions),
with the slow signal usually carrying important information and the fast, oscillatory “noise”
being superimposed onto it. Another large class of problems is characterised by a set of coupled
ODEs whose solution has highly oscillatory and slow components. In the examples of oscillatory
problems in cosmology we pursue here the separation of scales is more subtle than in the
multiscale problems described above: it is the slowly changing amplitude of the fast oscillations
that carries useful information. The extensively researched field of multiscale methods provides
numerical solvers appropriate for multiscale problems, but these solvers are not suitable for the
single linear oscillator with high, time-varying frequency Eq. (2.9). We recommend [43–45] (and
references therein) for reviews of a wide range of oscillatory (including multiscale) problems
not discussed here and their associated numerical methods.

As a remark on the efficiency of numerical methods for oscillatory problems, Linda Petzold
notes [44] that “...in general, one should not expect to be able to numerically solve nonlinear
highly oscillatory problems using stepsizes which are large relative to the timescale of the fast
solution” and notes that a major difference between standard and oscillatory numerical methods
is that while the former make use of local information about the problem only, the latter must
use implicit or explicit assumptions about the global behaviour or mathematical structure of the
problem to achieve large stepsizes. This opinion is echoed by Iserles [46], who points out that
standard numerical methods rely on a polynomial approximation of the solution, most often via
Taylor’s theorem, (e.g. in Runge–Kutta and many linear multistep methods), and while this
approximation holds up in sufficiently small neighbourhoods around xn, it is inadequate for
distances beyond ∼ 1 wavelength for an oscillatory solution. This forces the stepsizes of Taylor’s
theorem-based methods to be small relative to the timescales of the problem, rendering them
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inefficient by construction. So far, no approximation as versatile and widely applicable as the
Taylor expansion has been found for highly oscillatory problems, and the field is characterised
by many distinct approaches being trialled in parallel. We provide details of these research
avenues below.

Asymptotic methods

Iserles [45, 46] advocates for numerical methods that exploit asymptotic expansions. An
asymptotic relation between two functions in some limit, denoted

f(x) ∼ g(x), x → x0, (2.36)

means that the relative error between them goes to 0 in the appropriate limit, or, equivalently,
that their ratio tends to unity:

f(x) − g(x) ≪ g(x), x → x0 or lim
x→x0

f(x)/g(x) = 1. (2.37)

Asymptotic methods seek to construct the successive terms of a formal power series expansion
to approximate the behaviour of the solution in a given limit, often with the substitution

y(x) = eS(x). (2.38)

Using the method of dominant balance, terms in the differential equation for S(x) can be
identified as negligible in the asymptotic limit, and dropped, turning the equation into an
asymptotic relation. The asymptotic relation is then replaced by an equality sign, and the
resulting approximate equation is solved. The solution will be asymptotically correct (although
not unique), and is then checked against the assumptions that allowed terms in the original
first-order ODE for S(x) arising from Eq. (2.38) to be neglected. The power of the substitution
in Eq. (2.38) cannot be overestimated: it reduces an nth order linear differential equation for
y(x) to an approximate first-order one for S(x) valid in the asymptotic limit (e.g. around an
irregular singular point). For example, to derive an approximate solution for the equation

y′′ + p(x)y′ + q(x)y = 0, (2.39)

around an irregular singular point x = x0, using the substitution in Eq. (2.38), we get

S′′ + (S′)2 + p(x)S′ + q(x) = 0. (2.40)
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Around an irregular singular point, the S′′ term can be dropped since S′′ ≪ (S′)2 usually holds
true. Thus Eq. (2.40) reduces to

(S′)2 ∼ −p(x)S′ − q(x), x → x0, (2.41)

which, once the asymptotic relation is turned into an equality sign, is much easier to solve.
Asymptotic relations can be derived for oscillatory functions, a well-known example in

quantum mechanics is the Wentzel–Kramers–Brillouin (WKB) approximation which is of the
form

y(x) ∼ exp

Ñ
1
ε

N∑
i=0

εiSi(x)

é
, (2.42)

where ε is a small parameter the above power series is expanded in terms of, and the Si, which
depend on ω(x) and γ(x), can be found recursively. The WKB approximation is introduced in
more detail in Chapter 3 and used heavily in the numerical methods described in this thesis.

Arnold et al. [47] devised an efficient numerical method (named the WKB-marching method)
for the time-independent, one-dimensional Schrödinger equation,

ε2φ′′(x) + a(x)φ(x) = 0, (2.43)

where 0 < ε ≪ 1 is very small, and a(x) ≥ a0 > 0 is a smooth function, therefore φ(x) is highly
oscillatory. They propose a method that functions on a coarse spatial grid with stepsizes larger
than the associated wavelength, h > λ = (2πε)/

√
a(x). The method starts with a preprocessing

step, the transformation of Eq. (2.43) into a smoother problem via a series of substitutions.
The resulting ODE system is

dZ

dx
= εNεZ, (2.44)

where Nε is a 2×2 matrix that depends on x (its exact form is unimportant for the present
discussion), and Z = (z1, z2)T is a 2-component vector. The transformation to take one back
to φ(x) from Z, in the asymptotic limit ε → 0, reduces to

φ(x) = 1
√

2(a(x)) 1
4

(
−ie

i
ε

ϕε(x)z1 + ie− i
ε

ϕε(x)z2

)
, (2.45)

where
ϕε(x) =

∫ x

0
dτ
(»

a(τ) − ε2β(τ)
)
. (2.46)

Eq. (2.45) is a linear combination of two Wentzel–Kramers–Brillouin solutions truncated
after the second term (i.e. N = 2 in the sum of Eq. (2.42)). The purpose of the chain of
transformations is to arrive at Eq. (2.44), whose solution still oscillates, but now with a small,
O(ε2) amplitude around a smoothly varying function. Solving Eq. (2.44) on a coarse grid
(h ≫ ε) therefore incurs at most O(ε2) error. The numerical solution of Eq. (2.44) involves the
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numerical calculation of oscillatory integrals of the form
∫ x+h

x
β(y) exp

Å2i
ε
ϕ(y)
ã
dy, (2.47)

where ϕ and β are slowly-varying functions of x. The literature (e.g. [48]) offers several
asymptotic methods to carry out the integrals, but these often focus on achieving high ε-order
(rather than h-order) in their error estimates. The authors therefore derive their own asymptotic
method inspired by those described in [48, 49]. Their novel quadrature method has O(h2),
which they argue is better for the solution of an ODE than O(h), as one gains more accuracy
by reducing the stepsize. In a later work by Körner et al. [50], the WKB marching method is
complemented with a Runge–Kutta–Fehlberg routine to switch to when the solution approaches
a turning point, where it changes between oscillatory and evanescent. It also gains an adaptive
stepsize algorithm (to be discussed in Section 2.3.2) in the oscillatory regime, which is based on
comparing the output of the WKB marching method when using an O(h2) and O(h) quadrature
formula for the required integrals. The resulting numerical algorithm is, however, limited to
the γ(x)-free form of Eq. (2.9).

Envelope-following methods

In the field of circuit simulation, problems typically have a highly oscillatory solution with
a single, high frequency, and information about the system is carried in the variation of the
amplitude of oscillations. Methods that exploit this property are built to reconstruct the
quasi-envelope of the solution, defined to be a continuous function connecting an initial value
on the solution to values of the solution at a sequence of points separated by the period T . In
between the samples, the quasi-envelope is interpolated. It is different from the conventional
definition of an envelope in that the quasi-envelope depends on what x0 the initial value
was sampled at, and is therefore not unique. These types of methods aim to take stepsizes
that are larger than the wavelength of oscillations by using the fact that the quasi-envelope
is slowly-varying, and are called envelope-following methods. The earliest examples include
multirevolution methods used in astronomy to calculate the orbits of artificial satellites [51–53],
often requiring a physical reference point (e.g. an apogee or perigee). Since the quasi-envelope
coincides with the solution of the ODE at multiples of the period T , the idea is that the solution
can be recovered by integrating the ODE from a point on the quasi-envelope for at most a
cycle. The method assumes that the period T is known a priori, but it need not be constant
(in which case, it assumes knowledge of the initial period). Petzold [54] proposed a method
which, given an initial estimate, will compute T , and re-compute it periodically if necessary.
They pose the problem as a system of first-order ODEs,

y′(x) = f(y, x), y(0) = y0, 0 ≤ x ≤ L, (2.48)
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where y(x) may be a vector whose components all oscillate with period T , or vary slowly (but
at least one component should be oscillatory). Eq. (2.9) may be rewritten in this form. They
then define the quasi-envelope z(x) as

z(x+ T ) = z(x) + Tg(z(x), x), 0 ≤ t ≤ L− T, (2.49)

with
g(z, x) = 1

T

[
ỹ(x+ T, x) − ỹ(x, x)

]
(2.50)

and
d

ds
ỹ(x+ s, x) = f

(
ỹ(x+ s, x), x+ s

)
, ỹ(x, x) = z. (2.51)

This way, if z(0) = y(0), then z(nT ) = y(nT ), i.e. z coincides with y at multiples of the period.
If y is close to being periodic, then z will vary slowly. The aim is then to solve the difference
equation Eq. (2.49) approximately, as this will be equivalent to solving Eq. (2.48) (since g is
obtained by integrating Eq. (2.48) over one period). For solving Eq. (2.49), several methods
have been derived: with stepsizes H ≫ T , Petzold [54] proposed a generalised Adams-Moulton
method [55], but other standard explicit or implicit ODE methods can be used as well. The
case when T is not constant is dealt with by transforming the independent variable such that
it becomes constant. Re-computing a slowly-changing period, however, involves solving the
original problem for a cycle, which incurs computational cost.

The phase function method

Recent work by Bremer, Heitman, and others [56–58] offers a numerical method to solve

y′′(x) + λ2q(x)y(x) = 0, (2.52)

where q is positive and λ is real and large, therefore y(x) is highly oscillatory. Although this
form is less general than Eq. (2.9), with a transformation of the independent or dependent
variable, any equation of the form Eq. (2.9) can be simplified to Eq. (2.52) (although the new
independent-dependent variable pair may not be computationally advantageous). They propose
an algorithm whose running time is independent of the parameter λ. They do so by finding the
non-oscillatory phase function α(x) such that

u(x) = cos(αx)√
|α′|

, v(x) = sin(αx)√
|α′|

(2.53)

form a basis in the space of solutions of Eq. (2.52). α is a phase function if and only if it
satisfies Kummer’s equation (in its logarithm form),

r′′ − 1
4(r′)2 + 4λ2(er − q) = 0, (2.54)
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with
α = λ

∫ x

a
e

r(u)
2 du. (2.55)

Kummer’s equation Eq. (2.54) may not possess a non-oscillatory solution α(x), but if q(x) is
non-oscillatory, there exists a non-oscillatory function α(x) such that the basis functions u(x),
v(x) from Eq. (2.53) approximate the exact solutions of Eq. (2.52) with O((µλ)−1 exp(−µλ)),
where the constant µ depends on q, but is independent of λ. The resulting functions r and α are
non-oscillatory in that they can be represented accurately via series expansions (e.g. the authors’
open-source code employs Chebyshev polynomials for this) with O(1) terms. This should be
compared to the super- and hyperasymptotic expansions in [59, 60] which have O(exp(−ρλ))
accuracy and require O(λ) terms. The authors propose a method for constructing a solution
for Eq. (2.54), which differs from the non-oscillatory approximate solution described above
by O(exp(−1

3µλ), which yields an error in the solution of Eq. (2.52) comparable to machine
precision in the high-frequency regime. This process includes solving stiff ODEs, for which
they use a specialised, highly stable (spectral deferred correction) method from [61]. In the
extremely high frequency limit, computing u and v involves the evaluation of trigonometric
functions with very large arguments, which limits the accuracy (when using finite precision
arithmetic). Another serious limitation of the method is that it is only applicable in the large-λ
limit, it therefore needs to be paired with an appropriate alternative in regions where Eq. (2.52)
becomes non-oscillatory.

oscode in the oscillatory solver landscape

oscode was born out of the need for a fast and efficient solver for oscillatory ODEs of the
form Eq. (2.9), more specifically those relevant to primordial cosmology, in order to speed up
the forward modelling stage of e.g. a Monte–Carlo exploration of a parameter space. This
area of application requires the solver to be able to deal with a general, second-order, linear
ODE, i.e. Eq. (2.9) with a non-zero γ term. In principle, any ODE of the form Eq. (2.9) can
be transformed to one with the γ term absent by a rescaling of x or y, but in practice, this
may introduce numerical instabilities and there may be a preferred choice for the independent-
dependent variable pair. An important example comes from primordial cosmology, where
the well-known friction-free form of the oscillatory Mukhanov–Sasaki equation, introduced in
Eq. (5.60), is numerically unstable: the dependent variable decreases exponentially for some
of the solution range, and the independent variable “saturates” in the same region (during
inflation). The former is problematic because a numerical method will pick up the exponentially
increasing solution in the exponential decay phase (although this could potentially be remedied
by running the solver backwards in time), and in the latter case time-steps of the solver become
infinitesimally small. There exists a numerically stable form of the Mukhanov–Sasaki equation,
Eq. (5.61), but it contains a first-derivative term.
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It was therefore imperative that oscode be able to accept a non-zero γ term, and out of the
methods reviewed above, Petzold’s envelope-following method [54] is the only other one to do so.
Unfortunately, there is no open-source code available that implements this method. Bremer’s
phase function approach [58] is the only other method with an open-source implementation
available, with oscode being unique as a peer-reviewed software package for oscillatory ODEs.

An important feature oscode possesses is the ability to switch to a different, more suitable
solver for non-oscillatory regions of the ODE. The only other method capable of doing this is
[50], which for the relevant section cites the work presented here [1] as its inspiration.

The lack of open-source implementations of oscillatory ODE solvers makes benchmarking
oscode difficult. The only comparison we could draw would be with the phase function method,
but such a comparison would not be fair as the two methods operate within significantly
different tolerance regimes. The phase function method – by design – operates at machine
precision4, while oscode was designed with a relative tolerance range of 10−4 − 10−6 in mind.
This is because the measurement of physical quantities relevant to primordial cosmology would
likely not warrant the numerical ODE solver to be more accurate than about 1 in 106, and
unnecessary computation time is best avoided in a parameter search setting.

2.3 Requirements of a practical numerical routine

2.3.1 Stability

Stability generally means robustness against small disturbances. In the context of numerical
methods, it more specifically refers to a numerical method tracing the correct solution within
the tolerance requirements when integrating over a large interval. An example for instability
is shown in Fig. 2.2, where the numerical solver has been applied to a stiff system of ODEs
[63]: one which has multiple, very different scales on which the solution is changing. Explicit
methods typically have to reduce their stepsizes when solving such equations to below what
would be reasonable at the given tolerance level, in order to avoid picking up any (transient)
solutions not being sought.

By convention, the stability properties of a numerical method are determined by applying
it to one or more test equations. The simplest of them is the Dahlquist test equation,

y′(x) = λy(x), (2.56)

where λ ∈ C is a constant, and y(x) is a scalar-valued function. The analytic solution is of
course Aeλx. Defining z = hλ, the analytic solution is bounded for {z ∈ C : ℜ(z) ≤ 0}, i.e. on
the non-positive half-plane. The stability of a numerical method is defined via the region of the
complex plane within which its solution estimate for the Dahlquist equation stays bounded.

4Or the highest possible precision allowed by the conditioning of the problem at hand.



2.3 Requirements of a practical numerical routine 23

y

x

Fig. 2.2 Visualising instability in the numerical solution of a stiff ODE. The ODE has two
solutions varying on different timescales: a transient (dashed), and an equilibrium (solid line)
solution. Even though the transient solution decays away quickly, and the initial conditions
would give the equilibrium solution, care needs to be taken for the numerical method not to pick
up any of the other solution, and produce the behaviour pictured. To avoid this phenomenon,
explicit solvers are forced to keep their stepsizes much shorter than the accuracy requirements
would allow. Figure reproduced from [62].

Even though this does not determine the precise quantitative behaviour of the numerical
method, it does qualitatively describe how well the method is able to trace the closed-form
solution.

Definition 2.3.1 (Stability function). Consider the numerical solution of the Dahlquist equation
with parameter λ ∈ C, and suppose the numerical method took a step of size h from xn−1 to xn.
If the numerical solution is of the form

yn = R(λh)yn−1, (2.57)

then the function R is the method’s stability function.

Definition 2.3.2 (Stability region). A Runge–Kutta method with stability function R is stable
in the region

S = {z ∈ C : |R(z)| ≤ 1}. (2.58)
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The stability function of a Runge–Kutta method is clearly a polynomial in z, which leads
to its stability region being bounded. For example, Euler’s method has

yn = (1 + λh)yn−1, (2.59)

and therefore its stability function is R(z) = 1 + z. The region for which |1 + z| ≤ 1 on the
complex plane is a disc of unit radius centred on z = −1. The stability region of a more complex
method, e.g. a higher-order Runge–Kutta, consists of lobes which may stretch farther into the
negative real axis, making the method less prone to blowing up when encountering a quickly
decaying solution.

While explicit methods are not to be used in practice on problems known to be stiff, stability
may be important in cases as simple as y ∼ e−λx. It is therefore worth investigating the stability
properties of any novel numerical method.

2.3.2 Adaptive stepsize control

An essential feature of any good numerical method is having control over its estimated error by
adapting its stepsize, i.e. keeping said error below a user-specified absolute or relative tolerance.
While this may add a little computational overhead (e.g. from rejecting and repeating a step
because the estimated error was too large), it is well worth the effort, as the algorithm will be
able to take larger steps in ‘uneventful’ regions of integration. Adaptive stepsize algorithms
rely on having access to past stepsizes, past local truncation errors, and tolerance settings. The
novel numerical method to be introduced in Chapter 3 has the ability to trace the solution of
an ODE in both its oscillatory and slowly-varying phases. It is efficient thanks to its ability to
take large steps covering many periods in the oscillatory region, but it also has to be able to
reduce the stepsize quickly upon exiting an oscillatory regime. This means that choosing its
stepsize-update algorithm appropriately will be essential.

Classical adaptive stepsize

Textbooks [55, 62] often start the discussion of adaptive stepsize by introducing the following,
classical approach. Consider a method of order p, whose local error l we wish to keep below a
tolerance limit tol. To account for ODE systems where l is a vector quantity, we can take its
(Euclidean) norm or select the largest component. Proceeding with the former approach, we
write

∥l∥ = Chp+1 + O(hp+2) ≤ tol. (2.60)

In practice, we may wish to allow the user to control both the relative (rtol) and absolute (atol)
tolerance5 and define tol as

tol = atol +∥y∥ · rtol. (2.61)
5It is also possible to set atol and rtol separately for each component of the solution.
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If we assume that h stays small relative to the limit set by the problem and method being used,
then the last term in Eq. (2.60) can safely be neglected. Setting sufficiently low values for the
tolerances we can always ensure that this approximation stays valid, which forms the basis
of the so-called asymptotic error model. Among the stepsizes that would keep the local error
within tolerance, we choose the largest for the sake of efficiency. Therefore we wish to set hn

such that
tol ≈ Chp+1

n . (2.62)

Using our asymptotic error model, ∥ln∥ ≈ Chp+1
n−1, we then obtain

ρn−1 = hn

hn−1
=
Ç

tol
∥ln∥

å 1
p+1

, hn = ρn−1hn−1. (2.63)

Eq. (2.63) defines how much the current stepsize can safely be increased for the next step,
should the current one be accepted. The current step should only be accepted if the anticipated
error is below tolerance, i.e. if ρn−1 > 1. Otherwise, the current step has to be re-attempted
with a smaller stepsize as suggested by Eq. (2.63).

A weakness of the above algorithm is Eq. (2.60) being an approximation only, since it only
takes into account the leading order term in the error. When used in practice, therefore, a
number of additional precautions need to be taken:

• A safety factor 0.8 ≤ S ≤ 0.9 is included to slightly overestimate the local error:
hn = Sρn−1hn−1.

• A minimum and maximum factor by which the stepsize can decrease and increase is
added (or a hard minimum and maximum value for h is implemented).

• When decreasing the stepsize after a failed step, one may wish to replace the exponent
1/(p+1) with 1/p in Eq. (2.63) in order to ensure that the local error of the new attempted
step is within tolerance.

Another, significant weakness of the classical approach is the behaviour of successive stepsizes
when the stepsize is being limited by the numerical method’s stability. The stepsizes are
gradually increased until the edge of the stability region is reached, at which point the current
step is rejected and the stepsize is decreased drastically (due to the sudden, large increase in
local error). Since the stepsize was decreased beyond what would be reasonable, it is then
increased rapidly again, taking the method out of the stability region, at which point the cycle
repeats, resulting in oscillations in h and many rejected steps. This behaviour can be mitigated
against using methods from control theory. We summarise basic concepts in control theory
below, and refer to [64–66] for further details.
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Control theory for asymptotic error models

The basic idea underlying control theory is interpreting the interaction of the numerical method,
the local error, and the sequence of stepsizes as a signal feedback loop, and constructing a
controller to filter out certain components of the signal to optimise the behaviour of the system.
The numerical method is a process, which takes a trial stepsize h as the input signal and
generates the local error estimate as the output signal. The stepsize update algorithm is the
controller. Much like in digital signal processing, the controller aims to determine the frequency
response of the system, which we investigate with the z-transform (also known as the discrete
Laplace transform), a generalisation of the Fourier transform for the complex plane:

Definition 2.3.3 (z-transform). Let x ∈ CN be a sequence. The z-transform of x, denoted x̂
is then

x̂ = x̂(z) =
∞∑

k=0
xkz

−k. (2.64)

Since z can be written as Reiϕ, Eq. (2.64) can be thought of as a generalised version of a
discrete Fourier transform which is not restricted to the complex unit circle (R = 1), and the
xk can be thought of as frequency components of the signal x. It is then not unsurprising that
acting on a sequence x with the forward shift operator

T : CN 7→ CN ; {xn}∞
n=0 7→ {xn+1}∞

n=0 (2.65)

amounts to a multiplication in frequency space,”Tx(z) =
∞∑

k=0
xk+1z

−k = z
∞∑

k=0
xk+1z

−(k+1) + const. = zx̂(z) + const. (2.66)

With the help of the z-transform, we can analyse the classical adaptive stepsize algorithm and
improve upon it. Our process can be written

ln = φnh
p
n,

ln ln = p ln hn + lnφn, (2.67)

and the controller is expressed as

hn+1 =
Åtol
ln

ã 1
p

hn,

ln hn+1 = ln hn + 1
p

(ln tol − ln ln). (2.68)
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Controller

C(z)

Process

G(z)

ln ϕ̂

ln ĥ ln l̂ln tol− ln l̂ln tol

Fig. 2.3 Adaptive stepsize control interpreted as a feedback system. The process is the numerical
method solving an ODE iteratively, taking as input a stepsize ln ĥ and producing a local
error estimate ln l̂. The ODE determines the error coefficient ln φ̂, which is present as an
external disturbance. The system subtracts the error from the desired tolerance and attempts
to minimise the result, the control error signal. The controller adapts the stepsize for the
process based on the control error. The process and controller are represented by transfer
functions and together form the closed loop transfer function, which must be stable, i.e. it
must not let fluctuations in the external disturbance ln φ̂ increase the control error ln tol − ln l̂.
Figure reproduced from [64].

We then apply the z-transform to Eqs. (2.67) and (2.68), denoting the z-transform of a series
{ln xn}∞

n=0 as ln x̂, and get

ln l̂ = p ln ĥ+ ln φ̂ = G(z) ln ĥ+ ln φ̂, (2.69)

ln ĥ = 1
p

1
z − 1(ln tol − ln l̂) = C(z)(ln tol − ln l̂), (2.70)

where G(z) and C(z) are called the process and control transfer functions, respectively.
Eqs. (2.69) and (2.70) can be further simplified by noting that setting tol = 1 does not
reduce generality, since it only causes the rescaling of stepsizes. We can then write

ln ĥ = − C(z)
1 + C(z)G(z) ln φ̂ = Hφ(z) ln φ̂, (2.71)

ln l̂ = 1
1 + C(z)G(z) ln φ̂ = Lφ(z) ln φ̂. (2.72)

This pair of equations is referred to as closed loop dynamics, since the system they describe
can be expressed in a circuit-like fashion as illustrated in Fig. 2.3. The quantities Hφ(z)6 and
Lφ(z) are called the stepsize transfer map and error transfer map, respectively. The former is
determined by the adaptive stepsize algorithm we choose, and the latter by the error model
(which we view as fixed, for now). In this model lnφn plays the role of an external signal
coming from the numerical solution of the ODE. Hφ and Lφ can then be thought of as digital

6It is customary to work with the scaled stepsize transfer map, pHφ(z) instead, since this makes pHφ(1) = 1,
regardless of the method’s order.
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filters that determine how the system (the stepsizes and the local error estimates) responds
to the numerical error arising during the solution of the ODE (i.e. the external disturbance
ln φ̂). The transfer maps are rational functions (of z) whose poles determine the stability7 of
the system. More specifically, the system is stable if all poles of Hφ are located strictly inside
the (complex) unit circle. Assuming a signal of a single frequency, lnφn = eiωn, the response of
the stepsizes is

ln hn = Hφ(eiω)eiωn. (2.73)

Since the mapping from ln φ̂ to ln ĥ is linear, the filter Hφ cannot change the frequency (or
spectral content) of the input signal, only its amplitude and phase. The frequency response of
the system is then the mapping ω 7→ A(ω), where the attenuation A(ω) is

A(ω) = |Hφ(eiω)|. (2.74)

Substituting in the C(z) appropriate for the classical adaptive stepsize algorithm, we get ω 7→ 1
for the frequency response of pHφ, i.e. this controller does not attenuate the amplitude of any
input signal, including that of high-frequency noise. This can definitely be improved. Let us
reconsider the adaptive stepsize algorithm and write it in the more general multiplicative form

hn+1 = ρnhn, (2.75)

which encodes the importance of the previous step. Taking logarithms and applying the
z-transform yields

ln ĥ = 1
z − 1 ln ρ̂ = −C(z) ln l̂ = − 1

z − 1F (z) ln l̂, (2.76)

where F (z) = P (z)/Q(z) is a digital filter represented by a rational function. Writing the
polynomials as

P (z) =
M∑

j=0
βM−jz

j , and Q(z) =
M∑

j=0
αM−jz

j (2.77)

and applying the inverse z-transform, we get a formula for the most general adaptive stepsize
algorithm:

hn+1

M∏
j=1

Ç
hn−j+1
hn−j

åαj

= hn

M∏
j=0

Ç
tol
ln−j

åβj
p

. (2.78)

By choosing P (z) and Q(z) carefully, better stability properties can be achieved (by virtue of
filtering out high-frequency noise, for example). We list a couple of special cases of Eq. (2.78)
below.

7In this context, the system is stable if it produces a finite output signal from a finite input.
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Integrating (I) controller: this class of controllers have β0 ̸= 0, with all other parameters
zero. This results in a slight modification of the classical adaptive stepsize algorithm:

hn+1 =
Åtol
ln

ãβ0
p

hn. (2.79)

The word “integrating” comes from taking logarithms and writing

ln hn+1 = ln h0 +
∑
j=0

n
β0
p

(ln tol − ln lj), (2.80)

and recognising that the last term is a discrete integral (of the control error signal).

Proportional integrating (PI) controller: A more stable controller is achieved by taking
into account the error of the previous step by adding a term proportional to it (giving its
name),

hn+1 =
Åtol
ln

ãβ0
p

Ç
tol
ln−1

åβ1
p

hn. (2.81)

A particularly effective PI controller for embedded Runge–Kutta methods is the PI3333,
which has β0 = 2/3 and β1 = −1/3. The different signs effectively filter out high-frequency
oscillations in the stepsizes by not letting the stepsize react too drastically to an increase
in the local error.

An appropriately chosen PI controller can drastically improve the efficiency of explicit Runge–
Kutta methods on stiff sets of equations, and is therefore well worth considering as a “less bad”
alternative to implicit methods. To demonstrate this, take the Van der Pol problem,

y′
1 = y2,

y′
2 = µ(1 − y2

1)y2 − y1, (2.82)
y1(x = 0) = 1.5, y2(x = 0) = 3.0,

with µ = 3000, on the interval [0, 0.5]. We solve this with a (4, 5)th order “custom” Runge–Kutta
pair embedded in oscode and to be introduced in Chapter 3, and set a relative tolerance of
10−6. We compare the stepsize-progression of the solver while using the classical stepsize-update
algorithm and a PI3333 controller in Fig. 2.4. The PI3333 controller can be seen to filter out
high-frequency oscillations in the stepsize-progression, which otherwise result in a large number
of rejected steps in the classical algorithm. This also ensures better control of the global error
in problems where the scale of the stepsize needs to vary over the course of the solution, e.g.
problems with regions of stiffness or oscillations. Fig. 2.4 depicts preliminary results: while the
current implementation of oscode uses the classical stepsize-update formula, in the future its
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Fig. 2.4 Stepsize progression during the numerical solution of the Van der Pol problem. In
the upper panel, the classical stepsize-update algorithm was used, and in the lower panel, a
PI3333 controller. The underlying numerical method in both cases was a pair of (4, 5)th order
Runge–Kutta formulae used in oscode and introduced in Chapter 3. By virtue of filtering
out high-frequency oscillations in the signal (the stepsize-progression), the PI3333 controller
achieves better a better acceptance ratio and stability.

Runge–Kutta method is planned to be updated with a set of stepsize controllers the user can
choose from.

2.3.3 Dense output

The feature of producing dense output (also referred to as the continuous extension of a
numerical method) is the ability of the numerical method to output solution values at user-
specified values of the independent variable. Due to using adaptive stepsize control, a numerical
method would evaluate the solution at the end of the integration range, and at intermediate
points it determines based on its local error. The user may wish to enquire about the solution
at different, and perhaps a large number of points, e.g. to get a better idea of its behaviour, for
plotting purposes, to look for specific events, or to treat discontinuities. An option is to force
stepsizes to be of certain lengths in order to naturally involve these points in the integration
process, but this would increase the computational overhead significantly if the number of
desired outputs is large. This problem is even more apparent if the user-specified tolerance is
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large, the numerical method is high-order or particularly efficient, if the solution is smooth, all
resulting in naturally large stepsizes. One therefore relies on interpolation methods to generate
an approximate solution mid-step. This ideally should not involve more than a couple (or any!)
extra evaluations of the right-hand-side of the ODE, to minimise additional computational
effort, but should be of similar order of accuracy as the results obtained at the ends of steps.
For linear multistep methods, piecewise polynomials are most commonly used, an example for
which we review in detail in Chapter 4. Methods that specialise in the efficient solution of
highly oscillatory ODEs do not have a well-established set of tools to perform interpolation, and
polynomials are unsuitable for this task if the method achieves stepsizes much larger than the
wavelength of an oscillation (for the same reason Taylor-series based methods cannot increase
their stepsizes beyond approximately one wavelength when solving the same ODE). Identifying
the slowly-varying parts of the highly oscillatory solution as computed by a WKB-expansion
based numerical method (the Si(x) terms in Eq. (2.42)) and performing interpolation on these,
we introduce an efficient continuous extension for a class of asymptotic solvers in Chapter 4.





Chapter 3

An efficient method for solving
highly oscillatory ODEs

Floyd could imagine a dozen things that
could go wrong; it was little consolation
that it was always the thirteenth that
actually happened.

Arthur C. Clarke, 2010: Odyssey Two

This chapter discusses a novel numerical routine and open-source software (oscode) for the
efficient solution of one-dimensional, second-order, ordinary differential equations with rapidly
oscillating solutions. The method is based on a Runge–Kutta-like stepping procedure that makes
use of the Wentzel–Kramers–Brillouin (WKB) approximation to skip regions of integration
where the characteristic frequency varies slowly. In regions where this is not the case, the
method is able to switch to a made-to-measure Runge–Kutta integrator that minimises the total
number of function evaluations. Three applications of the method are discussed in detail: the
Airy equation and an equation exhibiting a burst of oscillations illustrate the error properties
of the method, and the Schrödinger equation provides a physical example where the eigenvalues
of a non-analytic quantum system are found via a shooting method.

The development of this method was inspired by the need to solve the Mukhanov–Sasaki
equation in cosmology, which describes the evolution of cosmological perturbations, and has
to be solved in order to compute the primordial power spectrum of the perturbations in some
cosmological models of interest. This application will be discussed in Chapter 6, after an
introduction of the relevant background material in Chapter 5.
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3.1 Introduction

Runge–Kutta (RK) methods are powerful tools for numerically solving systems of first-order
ordinary differential equations, and as such are often the default option in numerical routines for
this task. There are cases however when more efficient methods are needed than Runge–Kutta,
such as where the solution exhibits rapid oscillations. Problems classified as oscillatory are
common in physics, yet the set of tools available to solve oscillatory systems efficiently is small,
and problems are often treated on a case-by-case basis, using analytic approximations such as
the Wentzel–Kramers–Brillouin (WKB) method [67].

There has been a proposal for an algorithm in pre-print [68] that generalises the Runge–
Kutta stepping procedure, but uses the WKB approximation to forecast the solution instead of
a Taylor expansion when the solution is highly oscillatory. The proposed algorithm was named
RKWKB, and while it served as the theoretical foundation of the numerical method presented
here, there are a number of key differences. Most importantly, I extended the algorithm so that
it can be applied to damped oscillators, and to equations without closed-form frequency and
first-derivative terms. I also made significant adjustments to the adaptive stepsize algorithm
and the method to evaluate whether the WKB approximation is applicable at the current
timestep. These modifications and other details of implementation are outlined in Section 3.3.

The method was developed to deal with differential equations of the form

ẍ(t) + 2γ(t)ẋ(t) + ω2(t)x(t) = 0, (3.1)

where γ and ω may or may not be expressed as a closed-form function of time. If they cannot
be, but depend on time though a set of ‘background’ variables that can be obtained numerically,
they may be supplied to the solver as array-like data structures sampled over time, as detailed
in Section 3.3.3. Since the efficiency of the solver relies on the WKB approximation being valid
for a portion of the integration range, the solver is intended for problems where the frequency
is slowly varying (relative to the timescales of the problem) for a part of the integration range.
The numerical solver, oscode, is available on GitHub1 and PyPI2, and can be accessed through
a C++ or Python interface.

This chapter is structured as follows. Section 3.2 is a high-level overview of the algorithm,
the implementation details of which are discussed in Section 3.3. This is followed by example
applications of the method in Section 3.4. Section 3.5 discusses factors the user needs to be
aware of that might limit the performance of the solver, and Section 3.6 concludes the chapter
with a short summary.

1https://github.com/fruzsinaagocs/oscode
2https://pypi.org/project/pyoscode/

https://github.com/fruzsinaagocs/oscode
https://pypi.org/project/pyoscode/
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3.2 Computational strategy

The basis for this solver is the generalised stepping approach detailed in [68], which is summarised
below. Having a numerical estimate for the solution x and its derivative ẋ at time t, the solution
at a later time t + h is obtained. Then, using an error estimate on the proposed step, the
stepsize h is updated such that the error estimate stays within a local tolerance limit. Such
adaptive control of the stepsize is a requirement for robust numerical solvers. Starting from
two functions f±(t) that form an appropriate basis set for the true solution of the second-order
differential equation, and are linearly independent at all t, the solver matches the correct
solution and its derivative by linearly combining f± and their derivatives:

x(t+ h) = A+f+(t+ h) +A−f−(t+ h), (3.2)

and
ẋ(t+ h) = B+ḟ+(t+ h) +B−ḟ−(t+ h), (3.3)

where
A± = ẋ(t)f∓(t) − x(t)ḟ∓(t)

ḟ±(t)f∓(t) − ḟ∓(t)f±(t)
, (3.4)

and
B± = ẍ(t)ḟ∓(t) − ẋ(t)f̈∓(t)

f̈±(t)ḟ∓(t) − f̈∓(t)ḟ±(t)
. (3.5)

In the above, ẍ(t) may be obtained from the differential equation itself, using x(t) and ẋ(t). It
it shown in [68] that the above procedure reduces to Euler’s method in the limit of vanishing
stepsize h and with the appropriate choice of f±. The above approach therefore allows one to pick
trial solutions f± that approximate the true solution well over a larger range than an nth order
polynomial, which would be the choice for f± in the case of an nth order Runge–Kutta method.

As [68] suggests, the WKB method can be used to derive an analytic approximation to
the true solution of a single oscillator on timescales much shorter than ω

ω̇ , the timescale on
which the frequency changes. The WKB solutions, detailed in the following subsection, are
ideal candidates for f± over such timescales.

In general however, the frequency cannot be expected to vary slowly over the entire range
of integration, and the WKB solutions might not always be a good choice for f±. To counter
this, a dynamic switching mechanism is included in the solver, which consists of attempting
two steps of size h simultaneously. First, a Runge–Kutta step of order 5 is calculated (a ‘RK
step’ hereafter), then a step using Eqs. (3.2) to (3.5), with f± set to the WKB solutions (a
‘WKB step’). Based on the error estimates on each of these, the next stepsize, h∗, is computed.
The step with the larger next predicted stepsize is chosen. This is to minimise the number of
steps the solver needs to take to achieve a given local accuracy, and hence minimise runtime.
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The step with the chosen method may be accepted or rejected, and the stepsize h increased or
decreased.

The two methods are described in greater detail in the subsections that follow, with their
error estimates discussed in Section 3.3.4.

3.2.1 The Wentzel–Kramers–Brillouin approximation

Starting from the equation

ẍ(t) + 2γ(t)ẋ(t) + ω2(t)x(t) = 0, (3.6)

we wish to derive asymptotic expansions of the two independent solutions, in the limit that ω
is slowly varying relative to x, but γ need not be so. In the absence of a first-derivative term
the derivation starts by introducing a power-counting parameter T , with T ≫ 1:

ẍ+ T 2ω2x = 0. (3.7)

If we now insert γ and allow it to vary on shorter timescales than ω, the equivalent equation to
consider is

ẍ+ 2γẋ+ T 2ω2x = 0. (3.8)

Following [67], one can then seek asymptotic approximations in the form of an exponential
power series3

x(t) ∼ exp
(
T

∞∑
n=0

Sn(t)T−n

)
. (3.9)

Substituting Eq. (3.9) into Eq. (3.8), setting coefficients of powers of T to zero, one arrives at
the recursion

Ṡ0(t) = ±iω,

Ṡi(t) = − 1
2Ṡ0

Ñ
S̈i−1 + 2γṠi−1 +

i−1∑
j=1

ṠjṠi−j

é
.

(3.10)

3Note that the following expression appears erroneously in [68], in that T should be replaced with T −1.
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The first four terms in the asymptotic series in the presence of a first-derivative term are

S0 = ±i
∫
ωdt,

S1 = −1
2 lnω −

∫
γdt,

S2 = ±i
∫

−1
2
γ2

ω
− 1

2
γ̇

ω
+ 3

8
ω̇2

ω3 − 1
4
ω̈

ω2dt,

S3 = 1
4
γ2

ω2 + 1
4
γ̇

ω2 − 3
16
ω̇2

ω4 + 1
8
ω̈

ω3 .

(3.11)

As [67] states, the WKB series is a singular perturbative expansion. The sum in Eq. (3.9) is
usually divergent (unless it truncates) and needs to be truncated at some term in order to be
a good approximation of x(t). To use Eq. (3.9) as an approximate solution to Eq. (3.6), one
needs to set T = 1. This is allowed despite having assumed T ≫ 1 (see, e.g. [67]) as long as the
asymptotic inequalities

TS0(t) ≫ S1(t) ≫ . . . ≫ T 1−nSn(t) (3.12)

hold uniformly within the interval [t, t+ h]. If the asymptotic inequalities are satisfied and the
first term not included in the asymptotic WKB series is small,

T−nSn+1(t) ≪ 1, (3.13)

x(t) ∼ exp
Ä
T

∑n
i=0 T

iSi(t)
ä

is a good approximation.
To utilise the WKB solutions, we set f±(t) to x(t) according to Eq. (3.9) with T = 1.

Computing a WKB step from t to t+ h thus involves

Si(t+ h) − Si(t) =
∫ t+h

t
Ṡi(t′)dt′. (3.14)

If the solver enters an integration region suitable for being approximated by WKB solutions,
the stepsize h is expected to increase, and the error on the integrals Eq. (3.14) is expected to
dominate the error on x and ẋ in WKB steps. Although in these regions ω changes slowly, care
needs to be taken to evaluate the integrals accurately. As ω(t) and γ(t) may not be available in
closed form, the integrals are computed numerically.

3.3 Implementation

3.3.1 Numerical integration and differentiation

I chose to calculate the integrals Eq. (3.14) using a method from the Gaussian quadrature
family [69], Gauss–Lobatto integration [70]. Gaussian quadrature formulae work by modelling
the integrand as a linear combination of appropriately chosen mutually orthogonal polynomials.
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As a side effect, a certain class of integrands make the integral exact (in the Gauss–Lobatto
case, polynomials of degree 2n−3, where n is the number of abscissas). Typically the remainder
in such methods is proportional to a higher order (2n− 2 for Gauss–Lobatto) derivative of the
integrand, which one can expect to be small in integration regions of interest, where WKB is
a good approximation and several oscillations can be stepped over, such that h ≫ 2π

ω . This
property makes Gaussian quadrature superior to integrating the Ṡi with a Runge–Kutta step,
as the latter would approximate the integral from t to t+ h with a Taylor expansion around t,
with an error as some power of h. Gaussian quadrature methods are also desirable because they
converge exponentially fast with n, due to the order of the method increasing with n as well as
the density of points of evaluation [62]. This makes them a better choice than Newton–Cotes
methods with equally spaced abscissas, such as the trapezoidal rule or Simpson’s method.

Gauss–Lobatto integration with n = 6 was chosen in particular because the abscissas it uses
include the beginning and endpoints of integration, t and t+ h. This makes it a FSAL (first
same as last) method, and one could design a 5th order, 6-stage Runge–Kutta formula based
on the same abscissas, minimising the number of evaluations of ω(t) and γ(t) during a single
step of the algorithm (WKB and RK). The remainder on a Gauss–Lobatto integral is given
analytically, but since it involves the (2n− 2)th derivative of the integrand, it is more common
to be estimated as the difference between the results with n and n− 1 abscissas.

The integrands in Eq. (3.11) contain derivatives of ω and γ, which may not be available in
closed form, and hence will also be calculated numerically. Since ω and γ are already to be
evaluated at 9 distinct points (the Gauss–Lobatto abscissas) per step for the integrals in S0

and S1, it is worth re-using these values and derive finite difference formulae using them as
stencil points [71], by solving




w1
...
wn


 = 1

hD




s0
1 . . . s0

n
... . . . ...

sn−1
1 . . . sn−1

n




−1




0
...
D!
...
0




, (3.15)

where the si define the stencil such that the points of evaluation are ti = t+ sih, D is the order
of derivative desired, and the D! is the (D + 1)th entry in the vector on the right-hand-side.
The wi are the resulting weights of the function evaluations:

dDf

dtD

∣∣∣∣∣
t

=
n∑

i=1
wif(ti). (3.16)

The finite difference formulae above work by cancelling the first D terms in the Taylor expansion
of f around t and setting the coefficient of the (D+1)th term to 1. These give D+1 constraints,
but since we are free to choose the weights of ns evaluations of f (where ns is the number of
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stencil points), we can cancel a further ns −D−1 terms in the Taylor series and thus get a result
that is accurate to O(hns−D). While h is expected to be large in a region of integration where
WKB is a good approximation, the coefficient multiplying hns−D is expected to be small (since
the derivatives of ω are expected to be small), and therefore we argue that finite differences is
an acceptable method for estimating the derivatives of ω and γ.

3.3.2 Explicit Runge–Kutta formulae based on Gauss–Lobatto stencil points

For the present problem, the system to be solved can be rewritten as

ẏ = f(y, t), (3.17)

with

y = (x, ẋ) = (y1, y2), (3.18)
f = (y2,−ω2(t)y1 − 2γ(t)y2), (3.19)

which is suitable for solution via a Runge–Kutta method. We aim to construct a pair of explicit
Runge–Kutta formulae for advancing the solution of Eq. (3.18) and estimating its error, since
explicit methods can be evaluated iteratively.

For most combinations of the number of stages s of a Runge–Kutta method and its desired
order of accuracy N , the order constraints do not pin down all entries in the Butcher tableau, and
the leftover degrees of freedom are often fixed by minimising the coefficient of the leading-order
term in the local error. An efficient embedded (4,5) pair developed by [72] demonstrates this,
and is used in rksuite [73] (used by the NAG Library [21]) as one of the possible Runge–Kutta
formulations. For the present problem, we are interested in solving the order constraints of a
6-stage, 5th order method4, with the ci set to the Gauss–Lobatto abscissas for n = 6, and a
4-stage, 4th order method with its ci equal to the Gauss–Lobatto abscissas for n = 5 with the
exception of the midpoint. This way we can recycle the evaluations of ω and γ at the abscissas
to calculate the integrals in Eq. (3.14), estimate their errors, take a Runge–Kutta step in x, ẋ

4The highest order a 6-stage method can achieve is 5, as proven in [31].
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Table 3.1 Butcher tableau for the 4-stage, 4th order Runge–Kutta method used in the solver,
based on 4 out of 5 stencil points of a Gauss–Lobatto quadrature with n = 5 stencil points.
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0.112755 0 0.506557 0.048300 0.378474 −0.046089

Table 3.2 Butcher tableau for the 6-stage, 5th order Runge–Kutta method used by the solver.
The timepoints of evaluation are the 6 stencil points used for Gauss–Lobatto quadrature
with n = 6.

and get their error estimates all at the same time. The order constraints for this system can be
solved symbolically with no leftover degrees of freedom, demonstrated in [74]. The resulting
coefficients are summarised in the form of Butcher tableaux: Table 3.2 contains the coefficients
of the 4-stage, 4th order method, and Table 3.2 contains those of the 6-stage, 5th method.

3.3.3 Defining ω(t) and γ(t)

In many problems of interest, the frequency and the friction term will not be explicit functions
of time, but functions of variables that depend on time through a set of differential equations
that may only be solved numerically. The algorithm requires the values of ω(t) and γ(t) to be
known at 9 distinct points in each step along the solution, but is otherwise blind to how the
functions are defined. In order for the solver (and in particular Gauss–Lobatto integration) to
work reliably, the frequency and friction terms need to be known at any timepoint within the
integration range to high (at least 1 in 109) accuracy. High accuracy is required here as during
a WKB step (where h, ω ≫ 1), any interpolation error in ω(t), γ(t) is amplified by roughly a
factor of the stepsize:

x(t) ∼ ei
∫ t+h

t
ω(t)dt ≈ eihω, (3.20)

∣∣∣∣
∆x
x

∣∣∣∣ ≈
∣∣∣∣∣
ih∆ωeihω

eihω

∣∣∣∣∣ = h∆ω. (3.21)

For convenience the solver has been set up such that the user can provide values of the
functions (or their natural logarithms) as vectors evaluated on an evenly spaced, monotonically
increasing grid over time. It will then carry out linear interpolation whenever a function
evaluation is required. The even spacing in the independent variable is a requirement for the
sake of speed, as it simplifies the search for the nearest gridpoints ahead of the interpolation.
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If evaluation on an evenly spaced grid is not possible or the grid cannot be made fine
enough for linear interpolation to be sufficiently accurate, the user may define ω(t) and γ(t) as
interpolated functions using a suitable interpolation method.

3.3.4 Estimating the error in RK and WKB steps

The RK and WKB steps each give x and ẋ (referred to by their subscripts), and the difference
between the 4th and 5th order RK steps gives an error on them. Estimating the error on a WKB
step is less straightforward, and the next paragraph explains how two distinct error estimates
can arise which dominate in different regions of the solution. The present method calculates
these both and uses whichever value is larger.

The obvious equivalent error estimate on WKB steps, ∆xWKB and ∆ẋWKB, is the difference
between an N th and (N − 1)th order estimate, where N refers to the highest-order S-term in
Eq. (3.11) included in the WKB expansion. This estimate is a good proxy for the validity of
the WKB approximation because it can signal the breakdown of the relations Eq. (3.12), but in
a region where they hold, it is expected that the numerical error in the Si(t) will dominate ∆x
and ∆ẋ. We can therefore estimate the error on the WKB step arising from the imperfect
numerical integration of Ṡi(t) as

∆xWKB = A+∆f+ +A−∆f−, (3.22)

∆f± = f±

n∑
i=0

∆[Si]t+h
t , (3.23)

and

∆ẋWKB = B+∆ḟ+ +B−∆ḟ−, (3.24)

∆ḟ± = ∆f±
ḟ±
f±
. (3.25)

Note that in the above, f and its derivatives are evaluated at t + h according to Eqs. (3.4)
and (3.5), and that it is assumed that the numerical integration of Ṡi are the only sources of
error, i.e. the Ṡi can be acquired perfectly.

3.3.5 Stepping procedure

Let us summarise the different error estimates:

• ∆xRK, ∆ẋRK: error on RK step,

• ∆xWKB, ∆ẋWKB: error on WKB step from computing [Si]t+h
t numerically,

• ∆xt
WKB, ∆ẋt

WKB: error on WKB step from truncation of WKB series.
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In order for the solver to switch successfully to the most suitable method dynamically, and
adapt the stepsize to stay within the error bound required, it has to determine two things:

1. Which step (RK or WKB) to choose that yields the largest possible next stepsize within
acceptable tolerance?

2. What should the size of the next step be?

The answer to 1. requires forecasting the error progression of both methods with the stepsize, i.e.
requires knowledge of ∆x(h) and ∆ẋ(h). For the RK step this behaviour is known to be a power-
law, and for WKB steps we shall assume two separate power-laws with different exponents nWKB

and nt
WKB, for when the dominant error on WKB steps arises from the numerical integrals and

the truncation of the asymptotic series, respectively. First, the dominant error on each type of
step is determined,

∆RK = max(ϵ,∆xRK,∆ẋRK), (3.26)
∆WKB = max(ϵ,∆xWKB,∆ẋWKB,

∆xt
WKB,∆ẋt

WKB), (3.27)

where ϵ is a small number close to machine precision, for safety. The type of dominant error on
the WKB step, ‘truncation’, or ‘integral’ is recorded. Starting from a current stepsize h, the
largest possible steps within the error bound tol are then

hRK = h×
Å tol

∆RK

ã1/nRK

,

hWKB = h





Ä
tol

∆WKB

ä1/nt
WKB , if ‘truncation’ ,Ä

tol
∆WKB

ä1/nWKB otherwise.

(3.28)

The step with the larger stepsize will then be chosen as a trial step, but is not yet accepted.
The next stepsize is then predicted. If the chosen method is RK, this next stepsize is simply

hnext = hRK. (3.29)

If the chosen method is WKB however (i.e. the truncated WKB series was deemed sufficient to
approximate the solution), the error arising from truncation of the WKB series will be ignored:

redefine ∆WKB as
∆WKB = max(ϵ,∆xWKB,∆ẋWKB), (3.30)

then hnext = h

Å tol
∆WKB

ã1/nWKB

. (3.31)



3.3 Implementation 43

ln ∆x

lnh

rtol

∆xWKB

∆xRK

current h hRK hWKB

A

B

A′ B′

∆xt
WKB

C

C ′

ht
WKB

Fig. 3.1 Schematic plot of the assumed error progression in RK and WKB steps with increasing
stepsize h. After the steps have been calculated from t to t+ hcurrent, the errors of each method
are shown by points A, B and C, the latter two arising from the truncation of the WKB
asymptotic series and the numerical integrals present in the series, respectively. The dominant
type of error on the WKB step in this case is the ‘truncation’. Assuming power-law behaviour
in the errors for both steps with different exponents for each type of error, the next largest
stepsize within the required tolerance ‘tol’ would be hRK and hWKB, marked by points A′

and B′. Since hWKB > hRK, the algorithm in this case chooses the WKB step. The size of the
next step is therefore determined solely on the basis of the ‘integral’ error, marked by C, and is
going to be the projection of C ′. Since this next stepsize is larger than the previous, the step is
accepted.

This process is illustrated in Fig. 3.1. Finally, if hnext > h, the current error did not exceed
the tolerance limit and the step is accepted. Otherwise the step is rejected and one must
ensure that the step is re-attempted with sufficiently small h. The new stepsize in both cases is
calculated via

hnext = h×





Ä
tol

∆RK

ä1/(nRK−1)
,Ä

tol
∆WKB

ä1/(nWKB−1)
if ‘integral’,Ä

tol
∆WKB

ä1/(nt
WKB−1)

if ‘truncation’.

(3.32)

This ensures h is decreased after rejected steps and increased following accepted ones.
The slopes of the errors as functions of h in Fig. 3.1 were not chosen at random. The error

in a 6-stage, 5th-order RK method goes as h5 for h < 1 and h6 for h > 1. The error arising
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from truncation of the WKB series, upon entering a region well-approximated by the WKB
expansion, is expected to be proportional to h. This can be understood starting from the
relative error on x based on [67],

∆x
x

∼ SN+1, (3.33)

for an N th order WKB estimate. For N ≥ 1, SN+1 is a numerical integral of a small and
nearly constant quantity, and is therefore ∝ ṠN+1h. The error on WKB steps arising from the
integrals [Si]t+h

t are on the other hand expected to go roughly as the errors on the integrals
themselves (see Eq. (3.22)). Although more difficult to predict, this is expected to be dominated
by the imperfect evaluations of the integrands, which contain numerical derivatives. The largest
of these are the first derivatives, which will have an error ∝ hns−1. Since the algorithm uses
the n = 6 Gauss–Lobatto evaluations to calculate all derivatives, we set ns = 6.

By the above reasoning, the algorithm by default has

nRK = 5, nWKB = 5, nt
WKB = 2, (3.34)

but the user can set these parameters to better fit the problem in question. For example,
for optimal step acceptance/rejection ratio, for all burst examples in Section 3.4.2 nWKB = 8,
nt

WKB = 1 was used.

3.3.6 Algorithm summary

In summary, the algorithm goes through the following steps:

1. Stepping from t to t+ h, evaluate ω and γ at the Gauss–Lobatto stencil points for n = 6
and n = 5, a total of 9 different points.

2. Use the Butcher tableaux Table 3.1 to construct a RK step in x and ẋ, and use the
difference as the error ∆xRK.

3. Use finite difference methods to evaluate all necessary derivatives of ω and γ needed for
the derivatives of terms (Ṡi) in the WKB series Eq. (3.11).

4. Use Gauss–Lobatto quadrature with n = 6 and n = 5 to evaluate the terms in the WKB
series and their errors, taken as the difference.

5. Construct an N th and (N − 1)th order WKB step in x and ẋ.

6. Compute the ‘truncation’ error on WKB steps as the difference between the N th and (N−
1)th order estimates, and the ‘integral’ from Eq. (3.24).

7. Find the dominant error and its type based on Eq. (3.28).

8. Predict the next stepsize, hnext, based on Eq. (3.31).
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9. If hnext > h, accept the step, and update x, ẋ, and t.

10. Otherwise, reject the step and calculate hnext according to Eq. (3.32).

11. Update h to hnext.

12. Repeat steps 1–11.

3.4 Example applications

3.4.1 Airy equation

One of the simplest non-trivial equations the method’s efficiency can be tested on is the Airy
equation,

ẍ+ tx = 0, (3.35)

which has the solutions Ai(−t) and Bi(−t). We set initial conditions such that the solution
becomes Ai(−t) + iBi(−t). All derivatives of ω decrease with time, hence the algorithm is
expected initially to perform RK steps and at a later time switch to WKB, making the Airy
equation an ideal example to test both the accuracy of the WKB steps and the stepsize-update
procedure. This behaviour is illustrated qualitatively in Fig. 3.2. The second panel in Fig. 3.2
then details the error properties of the RK and WKB phases, and shows that whilst the global
relative error grows in RK steps, it levels off once the WKB phase is entered. In contrast, for
a pure RK method, the stepsize decreases whilst the relative error continues growing. The
RKWKB-based solver (oscode) has no difficulty stepping through the Airy solution until times
as late as 108, at which point the stepsize becomes too large to store [Si]t+h

t with the required
precision. This limitation is discussed in Section 3.5.

3.4.2 Burst equation

The numerical solution of the following equation illustrates the switching mechanism between
RK/WKB steps especially well. Consider

ẍ+ n2 − 1
(1 + t2)2x = 0, (3.36)

which satisfied by

x(t) =
√

1 + t2

n
(cos (n arctan t) + i sin (n arctan t)), (3.37)

a solution characterised by a burst of approximately n/2 oscillations in the region |t| < n. The
exact solution and numerical estimates of the solution at the steps taken by oscode are shown
in Fig. 3.3.
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Fig. 3.2 Numerical solution of the Airy equation obtained with the solver (dots and triangles),
overlaid on the true solution as computed by the boost maths library. The algorithm exhibits
a clear switch from taking RK steps to WKB steps at around t ≈ 4, as expected. Despite
the t-axis being logarithmic, the stepsize-increase is clearly visible as time increases, and the
rate of change of ω decreases. Also shown is the accumulation of relative error during the
numerical solution of the Airy equation until late times, showing the difference between a
purely RK-based approach and RKWKB (oscode). The relative tolerance was set to be 10−4,
which the RKWKB solution does not exceed, but navigates such that the largest possible steps
are taken whilst staying within this limit. In contrast, a solver taking only RK steps quickly
decreases its steps whilst accumulating error.

Fig. 3.3 also shows the error accumulated in the numerical solution of this example. This
clearly shows that once the burst of oscillations is encountered, taking WKB steps becomes more
efficient, and the solver allows the stepsize to grow until the local error reaches its tolerance
limit. It then keeps the local error at this limit whilst traversing as many oscillations as possible.
The global error is also seen to level off, at a slightly higher value than the local tolerance. To
demonstrate that as many oscillations are stepped over as possible, Fig. 3.4 shows the number
of oscillations traversed during a single step of the solver as a function of time having a sharp
peak near t = 0, where it is able to leap through 104 oscillations.

The robustness of the algorithm was tested by monitoring the numerical error as a function
of time for relative tolerances ranging from 10−6 to 10−4, shown in Fig. 3.5. The global error in
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Fig. 3.3 Numerical solution of the burst equation with n = 40. A relative tolerance of 10−3

was set, and the equation was solved from t = −2n to t = 2n. For the sake of resolving the
oscillations around t = 0 on the top panel, a zoomed-in view of the solution is shown.
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Fig. 3.4 Number of oscillations stepped over in a single step, while solving the burst equation
with n = 105, and a relative tolerance of 10−4.
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Fig. 3.5 Progression of the relative error in the burst equation with n = 105, with different
settings of the local relative tolerance ‘rtol’.
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Fig. 3.6 Relative runtime of solving the burst equation from t = −2n to t = 2n, with n
varying from 101 to 1010, and the relative tolerance, ‘rtol’ from 10−4 to 10−6. The runtimes
are referenced to the median of the n-range and relative tolerance of 10−4, as indicated by the
dotted lines.

all of the above examples reaches a constant value of ∼ 10 × rtol by the end of the oscillatory
phase.

Finally, Figs. 3.6 and 3.7 show that the algorithm is efficient over a range of values of n
(which determine the total number of oscillations) and tolerances. The algorithm shows a
slow, 4-fold runtime increase over 9 orders of magnitude change in the number of oscillations,
which is due to the increase in WKB steps needed to traverse the oscillatory region, shown
in Fig. 3.8. Fig. 3.7 also reveals that the algorithm is most efficient in the relative tolerance
range of 10−6 − 10−4. For tolerances lower than this, a 4-5th order RK pair is not generally
recommended.
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Fig. 3.7 Relative runtime of solving the burst equation, as a function of the relative tolerance
set (with the absolute tolerance set to 0). The different curves show different values of n,
proportional to the total number of oscillations traversed.
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Fig. 3.8 Step breakdown in solving the burst equation from t = −2n to t = 2n, with n varying
from 101 to 1010, and the relative tolerance, ‘rtol’ set to 10−4.

3.4.3 Schrödinger equation

The one-dimensional time-independent Schrödinger equation for a potential V (x) takes the
form

Ψ′′(x) + 2m(E − V (x))Ψ(x) = 0, (3.38)

where ℏ has been set to 1. The WKB method’s original use was to compute approximate
solutions of Eq. (3.38), which suggests that oscode can be used as an alternative to traditional
methods (such as the Numerov method [75]) to calculate fast numerical solutions. Starting with
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an analytic example, Fig. 3.9 shows the numerical evaluation of the energy eigenfunction Ψn

for the nth energy level in a harmonic potential well V (x) = x2, for a range of n-s including
high-energy excited states. Fig. 3.9 clearly shows that oscode only needs to take a few steps once
inside the potential well, suggesting that computation time is greatly reduced relative to purely
Runge–Kutta based approaches. In this example the analytic solution for the eigenfunctions
were available and were used to set the values of Ψ and Ψ′ at the integration boundaries.

In a general potential well, analytic solutions are not accessible and the energy eigenvalues
are unknowns to be computed. Shooting methods [76] are frequently used to estimate the
eigenvalues in such cases. We shall use one such method to find the energies of the quantum
harmonic oscillator with quartic anharmonicity, which has the potential

V (x) = x2 + λx4. (3.39)

An initial guess for the eigenvalue, E, is made. We start integration from points ±x0 outside
the potential on either side of x = 0, where E ≪ V (x), using the initial conditions Ψ(±x0) = 0
and Ψ′(±x0) = 1. We integrate towards the inside of the potential well in order to avoid
contamination of the exponentially decaying solution by the growing mode when one integrates
away from the well. The first initial condition is a good approximation far outside the potential
well, and Ψ′ can be chosen arbitrarily as it accounts to a choice of normalisation. The two
numerical solutions, ΨL and ΨR meet at an intermediate point x1. At x1, both Ψ and Ψ′ must
be continuous if E is an eigenvalue. Therefore the normalisation-independent quantity

∣∣∣∣∣
Ψ′

L

ΨL
− Ψ′

R

ΨR

∣∣∣∣∣ (3.40)

is minimised as a function of E. A few examples of the eigenvalues thus computed are presented
in Table 3.3, alongside their matching values from [77]. Note that in order to get equivalent
eigenvalues, we need to set m = 0.5. The eigenvalues are in good agreement up to highly
excited states.

3.5 Limitations

When applying oscode to a problem, it is worth considering whether the solver’s performance
would be limited by strict accuracy requirements or by a non-ideal choice of independent or
dependent variable.

As shown in Fig. 3.7, the algorithm’s runtime scales up gently in the relative tolerance
range [10−4, 10−6]. The user is therefore advised to use the solver if such accuracies are
acceptable for the problem in question. If the problem requires rtol < 10−6, one would need a
higher-order Runge–Kutta pair as an alternative solver to WKB, such as a (7,8) pair used by
the NAG Library.
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Fig. 3.9 Energy eigenfunctions in a harmonic potential well. In units of m = ℏ = 1 and
with a potential V (x) = x2, the nth level has energy

√
2(n− 1/2). The wavefunctions in this

potential are given analytically in terms of the Hermite polynomials, and are plotted in black.
Numerical integration was started from both sides of x = 0, from well outside the potential
(where E ≪ V (x)), until x = 0.5. The initial conditions were set using the analytic solution
for Ψ and Ψ′. The relative tolerance was set to be 10−3.
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n En E∗
n

0 1.392353 1.392352
1 4.648815 4.648813
2 8.6550501 8.6550500
3 13.156806 13.156804
4 18.0577 18.0576
15 88.6104 88.6103
16 96.1291 96.1296
17 103.793 103.795
18 111.6025 111.6020
19 119.5440 119.5442
50 417.05620 417.05626
100 1035.5440 1035.5442
1000 21932.7848 21932.7840
10000 471103.81 471103.80

Table 3.3 Energy eigenvalues of the quantum harmonic oscillator with quartic anharmonicity.
The left-hand column En shows the eigenvalues found by the shooting method based on oscode,
to be compared with the right-hand column E∗

n, which lists the (rounded) results of [77].

As mentioned in Section 3.4.1, the solver will not be able to fulfil the accuracy requirements
if at any time the integral(s) [Si]t+h

t exceed ∼ 1012. Care needs to be taken especially with the
first term in the WKB series, ±i

∫ t+h
t ωdt, as this is expected to be the largest in a region where

the WKB approximation is appropriate. The reason underlying this limit is that the solver
needs to compute the exponential of this large imaginary term, which requires large accuracy
modulo 2π. Storing such large numbers accurately is limited by machine (double) precision,
and the solver might start accumulating error. In Section 3.4.1 the stepsize and frequency
become so large at t > 108 that this limit is reached.

Finally, the solver is only efficient if in some region the frequency is slowly varying, therefore
care needs to be taken to choose an appropriate independent-dependent variable pair if the
problem so allows.

3.6 Conclusions

This chapter introduced a novel numerical solver for second-order, ordinary differential equations
that can be written in the form of a one-dimensional oscillator, with a time-varying frequency
and friction term that do not necessarily have a closed form. It was illustrated qualitatively
through several examples that the solver is extremely efficient at traversing oscillatory regions of
the solution if the frequency of oscillations varies slowly, by exploiting the WKB approximation
in these regions. Through Fig. 3.8 we explored this feature quantitatively: we varied the
characteristic frequency of oscillations in the burst equation Eq. (3.36), and measured the
number of steps the solver took, broken down into RK/WKB steps. One can read off that the
number of steps, proportional to the solver’s runtime, scales with n, the approximate frequency
of oscillations, roughly as O(n1/15). In theory the solver could achieve O(1) runtime (a runtime
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independent of frequency of oscillations) since the accuracy of the WKB approximation is
independent of the magnitude of the frequency, but in practice this is not achieved due to
finite precision representation, which e.g. limits the maximum length of a step, the accuracy of
numerical derivatives and integrals, etc. For comparison, the scaling of any linear multistep
method is O(n), since they all rely on a polynomial representation of the oscillatory solution.
Bremer’s phase function method from [58] has a theoretical O(1) runtime as well, but is only
usable in the highly oscillatory regime of the ODE. In contrast, the solver presented here can
also detect regions where the WKB approximation is not valid, and can dynamically switch to
a Runge–Kutta integrator.

Due to the order of the RK method used and the number of terms retained in the WKB
expansion, the method proved to be most efficient in the relative tolerance range 10−6 ⪅ rtol ⪅
10−4. Within this range, for reasons listed above, oscode outperforms conventional (linear
multistep) methods in highly oscillatory problems roughly by a factor of the frequency of
oscillations.





Chapter 4

Dense output

This chapter presents a method for constructing a continuous extension (otherwise known
as dense output) of a numerical routine in the special case of the numerical solution being
a scalar-valued function exhibiting rapid oscillations. Such cases call for numerical routines
that make use of the known global behaviour of the solution to forecast the solution at each
step of the independent variable. An example is oscode, a numerical routine introduced
in Chapter 3 which uses the WKB approximation when the solution oscillates rapidly and
otherwise behaves as a RK solver. Polynomial interpolation is not suitable for producing
the solution at an arbitrary point mid-step, since efficient numerical methods based on the
WKB approximation will step through multiple oscillations at once. The method proposed
here is based on identifying the slowly-varying aspect of the highly oscillatory solution, and
interpolating that instead. For a method based on the WKB approximation, the slowly-varying
functions from which the full solution can be reconstructed are the amplitude and phase, i.e.
the real and imaginary terms in the WKB expansion. These terms contain integrals that need
to be evaluated numerically in each step, and are typically computed via Gaussian quadrature.
This chapter takes Gauss–Lobatto quadrature as an example to show how Gaussian quadrature
formulae may be used for interpolation, and estimates the error on this interpolation method.
Finally, it draws attention to previous work on the continuous extension of Runge–Kutta
formulae, and formulates the continuous extension of a RK method based on Gauss–Lobatto
quadrature nodes, thus describing how to generate dense output from each of the methods
underlying oscode.

While the examples presented in this chapter are specific to oscode, its underlying principles
can be used to generate dense output from a more general class of methods that rely on
asymptotic expansions.



56 Dense output

4.1 Introduction

During the numerical solution of an ODE for an initial value problem, algorithms attempt
to control the global error by adapting their stepsize - the spacing between values of the
independent variable xi at which they naturally choose to evaluate the solution yi [62]. The user
might, however, wish to specify the points at which the output is evaluated, for e.g. plotting the
solution, event location, or treating discontinuities. The natural steps the numerical algorithm
takes may be too large for such purposes. Artificially decreasing the steps (e.g. by integrating
from one output point to the next) would be inefficient and increase computation time for a large
number of outputs. One therefore relies on interpolation methods to generate an approximate
solution mid-step. Dense output should be produced with minimal computational overhead, i.e.
with as few additional evaluations of the ODE as possible, and at a similar level of accuracy as
that achieved at the natural steps.

Interpolation of slowly changing functions in the context of dense output is well established
[62, 69, 70], and often uses (piecewise) polynomials. There are instances, however, when
polynomials are not applicable, one example being when the function to be interpolated
undergoes several oscillations between two points of evaluation. There are several methods
available to solve ODEs with highly oscillatory solutions efficiently (see, e.g. [54, 58, 78, 79]),
which have in common that the global behaviour of the solution informs computation: they all
exploit the prior knowledge that the solution is oscillatory. As a result, these algorithms may
only ‘naturally’ evaluate the solution every couple of oscillations, greatly reducing the number
of steps taken, and requiring a different approach to computing dense output.

The present approach is based on identifying the slowly varying terms in the ODE from
which the oscillatory solution can be constructed, and performing interpolation (based on
polynomials) on these terms. More specifically, this chapter discusses the generation of dense
output for oscode [1], a numerical method based on the WKB approximation [67], but the
methodology shown is applicable to any solver using asymptotic expansions with non-oscillatory
terms. Since oscode uses the WKB expansion to trace the solution in its oscillatory regimes
but relies on a RK method otherwise, results from the continuous extension of RK methods
are also reviewed and an existing method due to Shampine [39] is adapted to compute dense
output in the non-oscillatory regimes.

Section 4.2 discusses dense output from steps when oscode uses the WKB expansion to
forecast the solution, based on the continuous extension of Gaussian quadrature. Section 4.3
contains a derivation of a continuous extension of oscode’s custom RK method. Examples of
dense output from both the WKB and RK regimes are shown in Section 4.4, followed by a brief
summary in Section 4.5.

Throughout this chapter the word integration is used to describe the process of solving an
ODE, whereas the numerical evaluation of integrals will be referred to as quadrature.
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4.2 Dense output from the WKB expansion

To construct the solution at an arbitrary point along the length of a step at the cost of just
arithmetic operations (and no extra evaluations of terms in the ODE), I first review which
numerical methods are used to construct the solution at the very end of the step, and which
evaluations are available upon the completion of successful steps as a result.

oscode uses a WKB approximation expanded up to and including the S3 term. If a WKB
step runs from x to x + h, the integrals in Eq. (3.11) will have those limits. For reasons
stated in Section 3.3.1, the integrals are computed using a form of Gaussian quadrature called
Gauss–Lobatto rules. The quadrature method operates with n evaluations of the integrand,
two of which are always at the start and end of the step. To obtain an error estimate on the
integrals, for each Gauss–Lobatto quadrature carried out with n nodes there is one computed
with n− 1 nodes, the difference between the two giving the error estimate. As will be discussed
in Section 4.2.1, Gaussian quadrature fits an interpolant to the integrand based on evaluations
of the integrand at the n nodes, hence it is possible to (1) evaluate this approximate integrand
at any point, and (2) evaluate the integral itself at any point mid-step. This gives dense output
on the S0, S2 terms, their derivatives, and the second term in S1 together with its derivative.
Dense output from the derivatives of the Si are required for constructing y′ at any point.

With the strategy for obtaining dense output from the numerical integrals discussed, the
next elements to consider are the various derivatives of ω and γ appearing in the WKB
expansion. Since these are not available through the ODE directly, oscode uses the same
trick RK methods are based upon: it combines evaluations of terms in the ODE (ω, γ) at
various values of x < xi < x+ h such that when Taylor expanded, all terms lower than, and
a maximal number of terms higher than the required derivative order vanish [1, 71]. This
amounts to finding the coefficients for a finite difference equation which has fixed stencil points.
As discussed, computation of the Gauss–Lobatto integrals

∫
ωdx and

∫
γdx requires 2n − 3

intermediate evaluations of ω and γ per step, with oscode using n = 6. These 9 evaluations
in total can be used to obtain numerical derivatives sufficiently accurately at the nodes of
Gauss–Lobatto integration, which can then be fit with the Gauss–Lobatto interpolant, and
evaluated at arbitrary points.

4.2.1 Gaussian quadrature

The strategy behind Gaussian quadrature is to mimic the integrand f(x) with a linear combi-
nation of orthogonal polynomials which have known integrals. The polynomials are chosen to
best represent the integrand, different choices defining different quadrature rules. The linear
combination F (x) is fit to the integrand using a number of evaluations of the latter, such that
they match at the abscissas x = xi:

lim
x→xi

F (x) = f(xi). (4.1)
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The integral then takes the form

Ĩ(f) =
∫ b

a
F (s)ds = b− a

2

∫ 1

−1
F (s(x))dx

= b− a

2

n∑
i=1

wif(xi)
(4.2)

for a Gaussian method of n nodes, with wi being the weights of the method. Note that
the integration limits have been shrunk down to (−1, 1) by a linear transformation of the
independent variable,

s = b− a

2 x+ b+ a

2 . (4.3)

The abscissas and weights can be chosen such that the order of the method, which in
the context of quadrature means the degree for which all polynomials are integrated exactly
by Eq. (4.2), is much larger than n, e.g. 2n − 1 for Gauss–Legendre rules, and 2n − 3 for
Gauss–Lobatto. Consequently, the remainder or error on the integral goes as a higher-order
derivative of the integrand,

R(f) ∝ f (m)(ξ), −1 < ξ < 1, (4.4)

with m = 2n and m = 2n − 2 for Gauss–Legendre and Gauss–Lobatto rules, respectively.
This makes Gaussian quadrature an especially attractive choice for performing the various
numerical integrals appearing in the WKB approximation: if the WKB approximation is valid,
the derivatives of the integrands involved will generally be small, therefore the applicability of
the WKB approximation and Gaussian quadrature align well.

4.2.2 Dense output from Gauss–Lobatto integration

If the form of the interpolating polynomial F (x) used by a quadrature rule is known, the
numerical integral can be carried out until an arbitrary point within the integration limits,
a < c < b, straightforwardly. Abscissas for Gauss–Lobatto integration are chosen to be the
integration limits themselves (x = ±1), and the roots of the polynomials

P ′
n−1(x), (4.5)

where Pn(x) is the nth Legendre polynomial. The orthogonal polynomials associated with this
quadrature rule then have to be

(1 − x2)P ′
n−1(x), (4.6)
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From this, the interpolation polynomial can be uniquely constructed as

F (x) = (1 − x2)P ′
n−1(x)

2P ′
n−1(−1)(1 + x)f(−1)

+ (1 − x2)P ′
n−1(x)

2P ′
n−1(1)(1 − x)f(1) (4.7)

+
n−2∑
i=2

(1 − x2)P ′
n−1(x)

P ′′
n−1(xi)(1 − x2

i )(x− xi)
f(xi)

(4.8)

Using l’Hôpital’s rule one can verify that this indeed reduces to f(xi) in the limit x → xi.
In the continuous extension of this method, the weights wi become position-dependent. If

one were to evaluate the solution at x = c, with a < c < b, Eq. (4.7) has to be integrated up
until that point,

Ĩ(f, c) =
∫ c

a
F (s)ds = b− a

2

∫ c̃

−1
F (s(x))dx

= b− a

2

n∑
i=1

wi(c̃)f(xi),
(4.9)

where the weights are given by

w1(c̃) = 1
2P ′

n−1(−1)

∫ c̃

−1
(1 − x)P ′

n−1(x)dx, (4.10)

wi(c̃) = 1
2P ′′

n−1(xi)(1 − x2
i )

∫ c̃

−1

(1 − x2)P ′
n−1(x)

x− xi
dx, (4.11)

wn(c̃) = 1
2P ′

n−1(1)

∫ c̃

−1
(1 + x)P ′

n−1(x), dx (4.12)

with 2 ≤ i ≤ n− 1.

4.2.3 Error bound on dense output from Gauss–Lobatto integration

Section 4.2.1 claimed that the remainder of Gauss–Lobatto quadrature is proportional to
f (2n−2), where f(x) is the integrand and n nodes are used to fit the interpolant to f . This is
based on Peano’s error representation [80]:

Theorem 4.2.1 (Peano’s error bound). Suppose R(P ) = 0 holds for all polynomials P ∈ Πn,
i.e. every polynomial of degree less than or equal to n is integrated exactly by the quadrature
rules. Then for all functions f ∈ Cn+1[a, b],

R(f) =
∫ b

a
f (n+1)(t)K(t)dt, (4.13)
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where

K(t) = 1
n!Rx[(x− t)n

+], (x− t)n
+ =





(x− t)n if x ≥ t,

0 if x < t,
(4.14)

and
Rx[(x− t)n

+] (4.15)

is the remainder from the quadrature on (x− t)n
+ when the latter is considered as a function of

x.

K(t) is termed the Peano kernel of the remainder operator R. If the Peano kernel has
constant sign on [a, b] (which is the case for Gauss–Lobatto rules), it follows from the mean-value
theorem of integral calculus that

R(f) = f (n+1)(ξ)
∫ b

a
K(t)dt for some ξ ∈ (a, b). (4.16)

The kernel K(t) is the same for all integrands f as long as the same quadrature rules are used.
Therefore the integral

∫ b
a K(t)dt can be evaluated for any f , the simplest choice being the

polynomial f(x) = xn+1. Substituting this into Eq. (4.16) and eliminating the kernel integral,
one obtains

R(f) = R(xn+1)
(n+ 1)! f

(n+1)(ξ) for some ξ ∈ (a, b). (4.17)

The elements of the above derivation do not depend on the integration limits a, b, and so the
expression Eq. (4.17) for the remainder holds when applied to dense output, with one notable
difference. Gauss–Lobatto quadrature, when performed ‘in full’ on the interval [a, b], integrates
polynomials P ∈ Π2n−3 exactly (the proof of which can also be found in [80]), for which it is
sometimes called a 2n− 3 order method. However, the same is not true if the upper integral
limit is changed to c < b, while the nodes stay the same, as done in our computation of dense
output. The proof of Gauss–Lobatto rules being of order 2n− 3 hinges on its basis polynomials
being orthogonal on the interval [a, b], which does not generally hold true on [a, c]. All one can
say about the order of Gauss–Lobatto integration on the interval [a, c] is that it is uniformly
n− 1, since the interpolant Eq. (4.7) is a polynomial of degree n− 1. Using Eq. (4.17), one can
numerically (or otherwise) compute the Peano bound for the dense output from Gauss–Lobatto
integration, which is seen in Figs. 4.1 and 4.2.

4.3 Dense output from a Runge-Kutta method based on Gauss–
Lobatto nodes

If it is suspected that the WKB approximation will not apply well in some regions of the
integration range of an ODE, an alternative method is needed to efficiently traverse those
regions. Runge–Kutta formulae are versatile and perform well in regions in which the solution
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Fig. 4.1 Base-10 logarithm of the residuals from the partial Gauss–Lobatto integration of
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Fig. 4.2 Actual residuals from the partial Gauss–Lobatto integration of ω =
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t against the

expected Peano error bound, shown with a linear y-axis..
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is not oscillatory. For the sake of solving the ODE at hand with a Runge–Kutta method, it is
rewritten as

y′ = G(x, y). (4.18)

In this work, a 6-stage, 5th order explicit method is considered which uses the nodes of
the 6th order Gauss–Lobatto quadrature rules as its stages, i.e. the ci shall coincide with the
xi. This is so that when one computes a WKB approximation of the solution from x = xn

to x = xn + h, a Runge–Kutta step of the same size can be computed at the cost of a few
arithmetic operations. The method however holds for any Runge–Kutta formula of the same s
and n, and can be generalised to others.

An approach to extend a Runge–Kutta formula developed by Horn [81] is to take a
hypothetical step from xn to xn + σh:

k0 = G(xn, yn),

k∗
i = G

Ñ
xn + c∗

iσh, yn + σh
i−1∑
j=1

a∗
ijk

∗
j

é
, i = 1..s∗, (4.19)

y∗
n+1 = yn + σh

s∑
i=1

b∗
i k

∗
i .

The positions of G-evaluations can be made identical to those in the original Runge–Kutta
formula if

c∗
i = 1

σ
ci,

a∗
ij = 1

σ
aij .

(4.20)

Depending on the required order n∗ of the new solution y∗
n+1, it may be necessary to extend

the Butcher tableau and add more stages to the formula, s∗ > s. One can then derive a set of
coefficients b∗

i (σ) for each σ that give the required order, and thus have a continuous extension.
This approach, however, yields an answer such that

lim
σ→1

y∗
n+1(σ) ̸= yn+1, (4.21)

that is, the dense output would be discontinuous across steps. This is an undesirable property
as ideally the dense output should be C1 (continuously differentiable).

An alternative was proposed by Shampine in [39] which uses Horn’s interpolant to obtain a
solution at one σ at a similar order as that at achieved at the end of the step, then performs local
polynomial interpolation based on this intermediate solution y∗

n+1, and information available at
both ends of a step after a successful step. Horn has shown that for the Runge–Kutta–Fehlberg
4(5) formula, an intermediate solution at order 4 is available at σ = 0.6 with s∗ = s, i.e. for free.
She did so by deriving the necessary order constraints for b∗

i (σ) in a concise manner, which for
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1
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−0.606430 1 0.249046

1
2

Å
1 +
»

1
3 + 2

√
7

21

ã
2.899356 −4.368525 2.133806 0.217890

1 18.679963 −28.850577 10.720534 1.414741 −0.964661
0.112755 0 0.506557 0.048300 0.378474 −0.046089

Table 4.1 Butcher tableau for the 6-stage, 5th order Runge–Kutta method used by oscode in
[1]. The points of function evaluations coincide with the abscissas of Gauss–Lobatto quadrature
with n = 6.

b∗
1 0.2089555395

b∗
2 0

b∗
3 0.7699501023

b∗
4 0.009438629906

b∗
5 −0.003746982422

b∗
6 0.01540271068

Table 4.2 Modified Butcher tableau entries for obtaining a 4th order estimate at x = xn + σh,
with σ = 0.58665886817. The rest of the Butcher tableau entries match those in Table 4.1.

n∗ = 4, s∗ = s = 6 are
6∑

i=1
b∗

i c
j
i = σj

j + 1 for j = 0, 1, 2, 3,

6∑
i=3

b∗
i ai2 = 0.

(4.22)

Following Horn’s procedure with the Butcher tableau entries derived in [1] and summarised in
Table 4.1, one finds that for this custom Runge–Kutta formula there is a free 4th order solution
available at

σ = 0.58665886817 (4.23)

with the associated b∗
i coefficients summarised in Table 4.2. With this intermediate point,

the following information is available: yn, y′
n through k0, yn+1 and y′

n+1 through k7, and
y∗

n+1. With these five constraints it is possible to carry out local quartic interpolation, meaning
interpolation would be carried out for each successful step separately. This procedure, by
relying on the solution and its derivative at both ends of a step, is ensured to provide a
piecewise polynomial interpolant that is globally C1. This then ensures that the entire solution
is C1 continuous, since the interpolant is clearly C1 in WKB steps, and stays true across
step boundaries by virtue of the stepping scheme matching initial conditions (the value of the
solution y(x) and its derivative y′(x)) at step boundaries, as explained in Section 3.2.
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In practice, local interpolation can be performed efficiently as follows. Let the interpolating
polynomial take the form

yn+1 = yn + a1σ + a2σ
2 + a3σ

3 + a4σ
4 (4.24)

The constraints at the ends of a step and at the intermediate point xn + σh can be written
purely in terms of the ki, the Butcher tableau coefficients, and the a1–a4:

k0 = a1
7∑

i=1
biki =

4∑
i=1

ai,

k7 =
4∑

i=1
iai,

σ
7∑

i=1
b∗

i ki =
4∑

i=1
σiai.

(4.25)

From this one can extract the matrices M and S such that

MQT = SK,

Q =
î
a1 a2 a3 a4

ó
,

KT =
î
k1 k2 k3 k4 k5 k6 k7

ó
.

(4.26)

Note that if Eq. (4.18) is a vector equation, the ai and ki are promoted to column vectors
and Q and K become matrices, but the notation used here still holds. We can then extract a
constant matrix P from Q via

Q = KTP, (4.27)

which lets us compute the dense output at the cost of the arithmetic operations underlying

y = hQZ, (4.28)

with

Z =




σ1, σ2, . . . , σN

σ2
1, σ

2
2, . . . σ

2
N

σ3
1, σ

3
2, . . . σ

3
N

σ4
1, σ

4
2, . . . σ

4
N



, (4.29)

N being the number of points we require output at. P can be pre-computed for each Runge–
Kutta formula, and in our case is given in Table 4.3. This procedure is used in open-source
scientific computing libraries such as scipy [82].
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1 −2.48711376 2.42525041 −0.82538093
0 0 0 0
0 3.78546138 −5.54469086 2.26578746
0 −0.27734213 0.74788587 −0.42224334
0 −2.94848704 7.41087391 −4.08391191
0 0.50817346 −1.20070313 0.64644062
0 1.4193081 −3.8386162 2.4193081

Table 4.3 Pre-computed P -matrix for a 5th order, 6-stage Runge–Kutta formula based on 6
Gauss–Lobatto nodes, as defined in Eq. (4.27).

4.4 Examples

A few examples of dense output from the RK and WKB methods used in oscode are shown
below.

The Airy equation,
y′′ + xy = 0, (4.30)

describes an oscillator with a frequency ω(x) =
√
x that rises with increasing x, but at a

decreasing rate. As x increases, therefore, it becomes more favourable for oscode to use the
WKB approximation to forecast the solution, and it switches over to do so from using a RK
method at around x ∼ 5, as shown in Fig. 4.3. The figure shows dense output from both the
initial RK and the late WKB phase on top of the analytic solution. The error on the dense
output from the numerical solution of the Airy equation (for a longer integration range) is
shown in Fig. 4.4, exhibiting a pattern similar to that seen in Fig. 4.1. The similarity is due
to the leading term in the numerical error coming from the S0 =

∫
ω(x)dx term of the WKB

expansion. At large values of x the WKB approximation is valid, and so successive terms
decrease rapidly in the expansion.

Fig. 4.5 shows dense output from the numerical solution of the equation

y′′ + n2 − 1
(1 + x2)2 y = 0 (4.31)

with n = 40. The parameter n governs the number of oscillations the solution exhibits around
x = 0. When oscode solves equation, it uses the WKB approximation around x = 0 and uses
RK otherwise, switching in a symmetrical manner. The error properties and performance of
oscode are explored in [1] using the example of Eq. (4.31), but note that due to no extra
evaluations of the terms in this ODE being made during the computation of dense output, the
latter does not increase the overall computing time significantly.
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Fig. 4.3 Dense output from oscode solving the Airy equation. As the frequency becomes
larger but more slowly-changing, the method switches from using the RK method to the WKB
approximation and the distance between natural steps (orange dots) of the algorithm increases.
The first segment of solid, orange line on top of the analytic solution (black line) denotes dense
output from the RK method used by oscode, with the second orange segment showing dense
output throughout a WKB step.
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Fig. 4.4 Absolute (top) and relative (bottom) residuals from dense output of the Airy equation,
relative to the analytic solution. Note that the error at the ends of natural steps (orange dots)
are much smaller than throughout the steps, due to Gauss–Lobatto integration being much
higher (2n− 3) order at the end of a step than mid-way (n− 1).
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Fig. 4.5 Dense output from oscode solving Eq. (4.31), an equation exhibiting a burst of
oscillations.

4.5 Conclusions

Dense output (evaluation of the numerical solution of an ODE at user-specified points) cannot
always be constructed by polynomial interpolation between the natural steps of a numerical
algorithm. One example is the efficient solution of ODEs with highly oscillatory solutions, for
in this case the algorithm may traverse many oscillations in a single step. Such equations are
extremely common in physics, and often form computational bottlenecks in e.g. the forward-
modelling phase of Bayesian inference, when tackled with conventional (Runge–Kutta-like)
methods.

Out of the methods available to efficiently solve highly oscillatory ODEs, oscode uses the
WKB approximation to forecast the solution many wavelengths ahead if the characteristic
frequency of oscillations changes on a much longer timescale than the solution itself, and
otherwise behaves as a RK solver. This chapter introduced procedures to generate dense output
from each of the methods underlying oscode.

In a region where the one-dimensional solution of an ODE oscillates and the WKB ap-
proximation is valid, interpolation is performed with known methods on the slowly-changing
frequency (ω) and damping (γ) terms in the ODE, and construct the solution using the WKB
approximation. The numerical integrals of ω and γ appearing in the WKB expansion can
be computed efficiently and to high accuracy with Gaussian quadrature methods. As an
example, dense output from one method of the Gaussian family (Gauss–Lobatto quadrature)
was summarised, and an error bound for the output was derived.



68 Dense output

In regions where the RK method is more appropriate, I reviewed existing techniques to
obtain a continuous extension of RK methods, and demonstrated them on the example of a RK
method based on nodes of 6-point Gauss–Lobatto quadrature.



Chapter 5

Cosmology of primordial
perturbations

This chapter serves as a brief introduction to topics in primordial
cosmology that appear throughout this thesis, providing theoret-
ical background and establishing notation. For reference, it relies
heavily on the excellent books [83–88] and reviews [5, 89–91].

Randall Munroe, xkcd

5.1 The universe at zeroth order

On the largest lengthscales, the simplest assumption one could make about the distribution
of structure in the universe is that it is uniform at all points in space and in all directions,
i.e. it is homogeneous and isotropic. This is equivalent to assuming that no points in the
universe are special, a philosophy known as the cosmological principle. Observations confirm
that this assumption is remarkably good1, to the extent that the universe at large redshift –
while perturbations are small – can be modelled exceptionally well with perturbation theory.
The perturbative treatment first requires identifying a dominant, exactly solvable problem (the

1Although clearly not perfect, otherwise we would not exist.

https://xkcd.com/2501
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isotropic, homogeneous, expanding universe), and then developing expressions for the perturbed
system in terms of power series in some small parameter(s). This chapter follows the same
procedure, and discusses the dynamics of a smooth universe before considering perturbations.

5.1.1 Gravity

The dominant interaction that dictates how structure in the universe forms and how spacetime
itself evolves is gravity, described exceptionally well by the theory of general relativity2. It is
fundamentally distinct from the other forces (electromagnetic, strong, and weak) in that one
can select a frame of reference, a freely falling frame (which does not rotate and occupies a
small region of spacetime), in which it ‘disappears’. In this frame, an object under the influence
of gravity moves in a straight line with a constant velocity, and obeys the laws of special
relativity. This thought experiment considered by Albert Einstein led him to the proposal of the
equivalence principle and general relativity. In a nutshell, matter induces spacetime curvature,
and objects follow extremal paths, geodesics, on this curved spacetime. This deviation from
the straight path between two points in vacuum (Minkowski spacetime) is what we perceive as
gravity.

The joint time-evolution of matter and spacetime geometry is found by extremising the
action

S =
∫
d4x

√
gL, (5.1)

where g = | det gµν |, d4x
√
g is the relativistic (Lorentz-invariant) volume element, and L the

relevant Lagrangian density. The Lagrangian density is usually split into a gravitational and a
matter part,

L = LG + LM, (5.2)

where LG = 1
2m

2
PR, and R is the Ricci scalar, a function of the metric tensor and its derivatives.

Without matter, the action SEH =
∫
d4x

√
gLG would be called the Einstein–Hilbert action,

which is the simplest3 valid action one could write down with the right mathematical properties.
This splitting implicitly assumes minimal coupling: no direct coupling between fields representing
the matter content of the universe and the metric. One could introduce coupling with terms
such as ξϕ2

MR with ξ a constant, but many such non-minimally coupled theories can be brought
to the minimally coupled form by redefining the matter field(s) ϕM. Extremising the action via
the Euler–Lagrange equations yields Einstein’s field equations:

Gµν ≡ Rµν − 1
2gµνR = 1

m2
P
Tµν , (5.3)

2Although modifications of the original theory which cannot be ruled out experimentally do exist.
3There is actually a simpler term one could add to the action, which is just the Lorentz-invariant volume

element multiplied by a constant, S =
∫

d4x
√

g(R − 2Λ). The Λ is known as the cosmological constant, and it
can be absorbed into a cosmological fluid with an effective energy density (or stress–energy tensor).
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where Gµν is the Einstein tensor, Rµν the Ricci tensor, and Tµν the stress–energy (also referred
to as energy–momentum) tensor. The Einstein equations capture the effect the presence of
matter has on spacetime curvature: the left-hand-side (LHS) of Eq. (5.3) contains quantities
related to spacetime curvature, and the stress–energy tensor is determined by the matter content
via

Tµν = − 2
√
g

δ

δgµν

(√
gLM

)
. (5.4)

In 4 dimensions and with gµν being symmetric, the Einstein equations appear to give 10 distinct
equations. These are not independent however, as symmetries known as the Bianchi constraints
only leave 6 degrees of freedom. Moreover, the Bianchi identity leads to the conservation of
energy–momentum:

∇µG
µν = 0 =⇒ ∇µT

µ
ν = 0. (5.5)

For any given matter configuration, the Einstein equations give us the metric, which in turn tells
us about particle trajectories. The Einstein equations, however, can only be solved exactly in a
select few cases. Fortunately, a homogeneous, isotropic universe – in line with the cosmological
principle – is among them.

5.1.2 Dynamics of a homogeneous, isotropic, expanding universe

The metric tensor

The most general metric allowed by the symmetries of a homogeneous, isotropic, time-dependent
universe is the Friedmann–Lemaître–Robertson–Walker metric, which has the form [92–96]

ds2 = dt2 − a(t)2
î
dχ2 + S(χ)2(dθ2 + sin2(θ)dϕ2)

ó
, (5.6)

where S(χ) is determined by the spatial curvature parameter K ∈ {0,±1},

S(χ) =





sin(χ) closed, K = 1,

χ flat, K = 0,

sinh(χ) open, K = −1.

(5.7)

The quantities appearing in this metric are defined in Table 5.1. The scale factor a(t) multiplying
the spatial part of the metric encodes expansion: any two objects that are at rest (have constant
χ, θ, and ϕ coordinates) have a physical distance, as opposed to coordinate distance, that grows
in proportion to a(t). The rate of expansion is expressed via the Hubble function4, defined as

H ≡ ȧ

a
, (5.8)

4We choose to call H(t) the Hubble function rather than Hubble parameter to emphasise its time-dependence.
Parameters are normally thought of as being constant, which could lead to confusion. H0, the Hubble function’s
value today, may be referred to as a parameter.



72 Cosmology of primordial perturbations

symbol meaning

t cosmic time

a(t) scale factor

χ comoving radial coordinate

θ polar angle

ϕ azimuthal angle

K spatial curvature parameter

Table 5.1 Quantities appearing in the FLRW metric.

where the overdot denotes differentiation with respect to cosmic time t.

Conformal time and horizons

A further useful quantity to introduce is conformal time η:

η ≡
∫ t dσ

a(σ) , (5.9)

with which the metric becomes

ds2 = a(η)2
î
dη2 − dX2

ó
, (5.10)

where the comoving spatial part of the metric has been absorbed into dX2. Note that a
conformal transformation5 can bring us back to the Minkowski metric, the two are therefore
conformally equivalent. In conformal time, null geodesics (including the worldlines of photons,
or lightcones) become straight lines, which makes conformal time an ideal coordinate for plotting
spacetime diagrams in terms of.

In an FRLW universe that starts from a singularity, there is a maximum comoving radial
distance particles could have travelled at any given time, given by the particle horizon:

χp =
∫ t0

ti

dσ

a(σ) , (5.11)

It is useful to relate this quantity to the comoving Hubble radius χH :

χp =
∫ ln a0

ln ai

(aH)−1d ln a =
∫ ln a0

ln ai

χHd ln a. (5.12)

5A shrinking or stretching of the manifold via a transformation of the form gµν(x) → ḡµν(x) = Ω2(x)gµν(x),
not to be confused with a coordinate transformation xµ → x′µ.



5.1 The universe at zeroth order 73

A more intuitive explanation of the two horizons is that if two events are separated by a
comoving distance greater than χH , they are not causally connected at that time, whereas if
the distance is greater than χp, they could have never been causally connected. The comoving
Hubble horizon (or radius) becomes a quantity of great importance when discussing cosmic
inflation, because not only does it signal the start/end of inflation,

ä > 0 ⇐⇒ χ̇H < 0 ⇐⇒ inflating, (5.13)

it also determines the behaviour of comoving curvature perturbations.

Dynamics: Friedmann equations

To solve for the overall evolution of the smooth universe, one needs to solve the Einstein
equations from Eq. (5.3) with the relevant metric being the FLRW, Eq. (5.6). One further
needs to model the matter content of the universe and find Tµν from the point of view of some
observer.

Let the observer have a worldline tangential to the timelike 4-velocity

uµ = dxµ

dτ
, (5.14)

with τ being the proper time of the observers, such that uµu
µ = gµνu

µuν = 1. For the sake
of simplicity and in accordance with the cosmological principle, we can then assume that the
universe is filled with a single perfect fluid that only interacts gravitationally6 and thus has the
stress–energy tensor

Tµ
ν = (p+ ρ)uµuν − pδµ

ν , (5.15)

which in a frame comoving with the fluid (i.e. one with uµ = (1, 0, 0, 0)) becomes

Tµ
ν =

à
ρ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p

í
. (5.16)

When substituted into the Einstein equations Eq. (5.3) this then yields the Friedmann equations,

ä

a
= Ḣ +H2 = − 1

6m2
P

(ρ+ 3p), (5.17)Å
ȧ

a

ã2
= H2 = 1

3m2
P
ρ− K

a2 . (5.18)

6A generalisation would be to assume a mixture of multiple fluids.
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fluid name w a(t) ρ(a) (aH)−1

matter 0 t2/3 a−3 t1/3

radiation 1
3 t1/2 a−4 t1/2

dark energy −1 eH0t const. e−H0t

curvature −1
3 t a−2 const.

Table 5.2 Dynamics of the FLRW universe dominated by the energy density of a given fluid
with equation of state parameter w. We express the overall dynamics via the scale factor as a
function of cosmic time, a(t), the energy density of the fluid as a function of the scale factor,
ρ(a), and the comoving Hubble radius as a function of cosmic time, (aH)−1.

From the these an additional equation can be derived,

ρ̇ = −3(ρ+ p) ȧ
a
, (5.19)

called the continuity equation. One last piece of information we need is a link between the
pressure p of the fluid and its energy density ρ. This is given by the fluid’s equation of state,

p = wρ, (5.20)

with a constant equation of state parameter w. With this, Eqs. (5.18) and (5.19) can be solved
to give

ρ ∝ a−3(1+w), (5.21)

a(t) ∝





t
2

3(1+w) w ̸= −1,

eHt w = −1.
(5.22)

Table 5.2 contains the equation of state parameter of the most commonly assumed types of
fluids (matter, radiation, curvature and dark energy) alongside the evolution of the scale factor
a(t) and energy density ρ(a) in a universe dominated by that kind of fluid. Curvature and
dark energy can be regarded as cosmological fluids in this context: the effect of the curvature
term (− K

a2 in Eq. (5.18)) and a cosmological constant on the Friedmann equations Eqs. (5.17)
and (5.18) can be treated as if there were a fluid present with an effective energy density,
pressure, and equation of state parameter. Note that according to Eq. (5.21), the energy density
of pressureless matter decays as a−3, consistent with the conservation of the number of particles,
but that of radiation decays more quickly, as a−4. One can derive that the wavelength of a
photon gets stretched ∝ a(t) with the expansion, therefore it loses energy as a−1. Comparing
the rate of decay of energy densities from Table 5.2, it is clear that over time, the energy density
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and hence dynamics of the universe was dominated by radiation-matter-(curvature)-dark energy,
resulting in a variation of the rate of expansion. To treat the presence of more than one fluid
species more rigorously, we just need to write the total energy density and pressure as the sum
of specific energy densities and pressures of each (non-interacting) fluid component,

ρ =
∑

i

ρi, p =
∑

i

pi =
∑

i

wiρi. (5.23)

Upon substituting this into Eq. (5.17), dividing through by H2
0 (where the 0 subscript refers to

taking the present-day value of the relevant quantity), and defining the dimensionless energy
densities as

Ωi ≡ ρi

3m2
PH

2
0

= ρi

ρcrit
, ΩK = − K

(aH)2 , (5.24)

we get Å
H

H0

ã2
=

∑
i

Ωi,0

Å
a

a0

ã−3(wi+1)
, (5.25)

which can be further simplified by taking the present-day scale factor to be a0 = a(t0) = 1.
Evaluating Eq. (5.25) at t = t0, we find that the dimensionless energy densities are related by

1 =
∑

i

Ωi,0. (5.26)

5.2 Observations

5.2.1 The Cosmic Microwave Background

One of the most powerful probes of the early universe is the Cosmic Microwave Background
(CMB) radiation. This radiation is made of photons free-streaming through space that is now
nearly transparent to them, coming from all directions. These photons are relics of an early,
hot, and dense universe, from a time when the characteristic energy scale was high enough to
keep electrons and protons from forming neutral hydrogen, thus existing as primordial plasma.
Photons were constantly scattering off of electrically charged particles, making their mean free
path short and the primordial universe opaque to radiation. The constant interaction ensured
that thermal equilibrium was maintained between matter and radiation. The stretching of
spacetime, as we have seen, also ‘stretches’ the wavelength of photons, they therefore lose
energy and the universe cools over time. After about 380, 000 years, the universe has reached
sufficiently low energy scales to allow for protons and electrons to form neutral hydrogen. In this
era of recombination7, photons were finally able to free-stream and from this point on interacted
with matter only via gravity. We see this radiation today as the CMB, observable only in the
microwave regime of the electromagnetic spectrum thanks to the continued stretching of the

7which should really be called combination, since it is the first time neutral hydrogen was formed.
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photons’ wavelength with the expansion. The CMB thus offers us a view of the universe far
earlier than the light from the first stars.

The two most important observations one can immediately8 make of the CMB are that

1. It has a nearly perfect blackbody spectrum associated with the temperature TCMB =
2.72548 ± 0.00057 K,

2. It is very close to being isotropic; however fluctuations in its temperature of the magnitude
1 in 105 exist.

While these observations about the CMB ‘as a whole’ are already enough to challenge the
standard Big Bang model (as will be discussed in Section 5.2.3), to compare competing models
and models with observations, information at all scales in the CMB needs to be exploited.

Measuring CMB anisotropies: the Cℓ’s

While no theory will predict a concrete pattern of anisotropies in the CMB, they can predict
their summary statistics. Out of the many possible statistics, most commonly used are two-point
functions, or power spectra in Fourier space. Since we observe the CMB over the surface of a
sphere (the sky), angular spectra are used. Suppose that the temperature of the universe is
described by the field

T (x, n̂, η) = T (η)
[
1 + Θ(x, n̂, η)

]
, (5.27)

where x denotes position (of the observer), n̂ is the unit direction of the incoming photon, and
η is conformal time. Since we can only observe here (on Earth) and now9, the direction of
incoming CMB photons completely characterises their position in spacetime. On the surface
of a sphere, the spherical harmonic functions, Yℓm(n̂), form a complete basis set, therefore we
decompose the anisotropies in terms of the Yℓm(n̂):

Θ(x, n̂, η) =
∞∑

ℓ=1

ℓ∑
m=−ℓ

aℓm(x, η)Yℓm(n̂). (5.28)

The ℓ,m are integers (ℓ often being called the multipole) and are conjugates to n̂ the same
way the wavevector k is conjugate to x in the Fourier transform. The aℓm completely specify
the CMB, therefore no theory can predict them exactly. They can, however, estimate the
underlying statistical distribution from which the aℓm are drawn. They will have a vanishing

8At the first detection of the CMB by Penzias and Wilson in 1965 [97, 98], the intensity of the radiation
was only measured at a single wavelength, the blackbody spectrum was only confirmed later. Likewise, the
anisotropies were not found for another 25 years after first detection of the CMB [99].

9today, or in the last couple of decades – this variation in time is small in comparison to the time over which
the CMB varies, although with sufficient sensitivity, the real-time cooling of the CMB could be tracked and used
to compute the local expansion rate [100].
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mean but a non-zero variance:

⟨aℓm⟩ = 0, ⟨aℓma
∗
ℓ′m′⟩ = δℓℓ′δmm′Cℓ, (5.29)

where the angled brackets denote an average over the sky10. When mapping the CMB, all
2ℓ+ 1 aℓm’s are measured for any given ℓ. They are samples drawn from the same underlying
distribution for a given ℓ, which has zero mean and a spread of

√
Cℓ, as expressed by Eq. (5.29).

The larger the number of samples, 2ℓ+ 1, the better an idea the aℓm’s give about the spread of
the distribution. There is therefore an inherent uncertainty associated with the Cℓ’s, termed
cosmic variance, stemming from the limited number of samples we have access to to estimate
the spread. The uncertainty scales as the inverse squareroot of the number of samples11,

∆Cℓ

Cℓ
=
…

2
2ℓ+ 1 . (5.30)

Cosmic variance naturally limits the accuracy with which the Cℓ’s at low multipoles can be
determined.

Photons have two measurable properties: energy and polarisation. The polarisation is
decomposed into E- and B-modes, named after their resemblance to electric and magnetic
fields. E-modes have (−1)ℓ parity on the sphere, while B-modes have (−1)ℓ+1, meaning under
n̂ → −n̂, E-modes change sign for odd ℓ, and B-modes for even ℓ. In plots of the CMB angular
spectra, the y-axis is typically labelled

DXX
ℓ = 1

2πℓ(ℓ+ 1)CXX
ℓ , (5.31)

where X ∈ {T,E,B}, standing for temperature and E- or B-mode polarisation. Out of all
possible CMB anisotropy power spectra, most of the information comes from the TT spectrum,
followed by TE, EE, and finally BB, with the ordering being determined by the signal-to-noise
(S/N) ratio of the corresponding measurements. Adding the polarisation data, however, can
help break parameter degeneracies, and even provide new information12. While cosmological
information can be gathered from many other sources (see Section 5.2.2), at the present day,
the CMB represents the source with the largest statistical power. Since the anisotropies are
assumed to be Gaussian, the total constraining power in the CMB is decided by how many
ℓ-modes one can measure. The latest space-based instrument, the Planck satellite, can measure
anisotropies up to ℓ ∼ 1500, which equates to ∼ 900σ of detection on its own. Adding the

10Technically, angled brackets denote an ensemble average, i.e. an average over the different realisations of
the same random process. Since we only have one Universe, the ensemble average is replaced by averaging over
widely separated parts of the CMB that are causally disconnected, arguing that the two are equivalent. This
equivalence is a result of the ergodicity of the relevant fields which can be proven formally in some cases [101],
but is understood as an axiom in cosmology.

11assuming the anisotropies are Gaussian.
12E.g. large-angle BB measurements can help compute the tensor-to-scalar ratio parameter, r, which is

otherwise hard to constrain.
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power of other experiments that measure polarisation (e.g. ACTPol [102], SPTpol [103]), the
CMB has thus far provided enough S/N worth > 1000σ of detection. Future experiments may
be able to measure up to ℓ ∼ 3000 (and not much beyond due to damping and foregrounds),
which is cause for optimism, but the information remaining in the CMB is finite.

5.2.2 Other observational probes

Needless to say, the CMB is not the only observable one can use to constrain cosmological
models. Some alternatives are described below.

Large-scale structure (LSS). Structure on the largest scales can be probed with galaxy
surveys like the Two Degree Field Galaxy Redshift Survey (2dF, [104]), or the Sloan
Digital Sky Survey (SDSS, [105]). Matter perturbations on such large scales have grown
linearly, unlike perturbations on small scales (e.g. the Earth), the evolution of which was
not driven by cosmology.

Gravitational lensing. Although CMB photons have largely been free-streaming to reach us
today since recombination, their trajectories have been geodesics in a spacetime curved by
matter in and near the line-of-sight. Weak gravitational lensing thus shifts and distorts
the CMB, and can change the polarisation pattern by converting E-modes to B-modes.
The distortions can however be mapped and the lensing potential reconstructed, which
again is telling of the formation of large-scale structure in the universe.

Baryon Acoustic Oscillations (BAO). Before recombination, baryonic matter, radiation,
and dark matter were in thermal equilibrium in a primordial plasma. Overdensities in
this plasma would try to collapse under gravity, countered by radiation pressure. This
would cause spherical acoustic waves to propagate outwards from each overdensity. Since
dark matter only interacts gravitationally, it stays in the centre while shells of overdense
regions of baryons and radiation expand around them. The maximum radius to which the
shell can grow before recombination is determined by the sound speed in the medium and
is called the sound horizon. This configuration of overdensities is observable in the CMB
power spectrum as excess power (an acoustic peak) at the wavelength corresponding to
the sound horizon. Later, it causes more galaxies to form at separations equal to the
sound horizon, which can be detected in galaxy clustering surveys. BAO can thus be
used as a standard ruler to determine the expansion rate of the universe, independent of
supernova measurements.

Supernovae. Type Ia supernovae occur when a white dwarf accretes enough of its binary
companion’s material to reach a critical mass, the Chandrasekhar mass limit. Since
type Ia supernova explosions happen at approximately the same mass, the resulting
supernovae’s maximum absolute luminosities will be roughly equal and deducible from the
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shape of their lightcurve, making the objects good standard candles. Since their intrinsic
luminosity is well constrained, their measured flux can be used to infer their distance,
once the latter is calibrated using distances to local objects, e.g. Cepheid variable stars.
This way, a cosmic (distance) ladder can be built and the Hubble parameter can be
inferred from Hubble’s law. [8, 106–108].

5.2.3 Happy accidents

The CMB tells us about the state of the universe at the time of last scattering. The picture
it paints is, however, highly improbable within the framework of the conventional Big Bang
theory presented in Section 5.1.2. An additional component, inflation, is necessary for the CMB
we observe not to be the result of extremely fine-tuned initial conditions. Inflation explains the
lack of curvature observed (the flatness problem), and the smoothness of the CMB (the horizon
problem).

The flatness problem

Measurements show that the present-day curvature density parameter, ΩK,0 = − K
(a0H0)2 , is

very close to zero. Considering the curvature density as a function of time, it is proportional to
the square of the Hubble radius, ΩK ∝ (aH)−2, which, in the standard Big Bang theory, grows
with time (see the last column of Table 5.2). In order to get as small a present-day value as we
observe (≲ O(1))), the curvature density at would have therefore needed to be O(10−16) at
Big Bang Nucleosynthesis, and O(10−61) when the scale factor was comparable to the Planck
scale. In other words, Ω = ∑

i ̸=K Ωi = 1 is an unstable fixed point, and the standard Big Bang
universe is naturally driven away from flatness. While an extremely small initial ΩK is not
impossible, the level of fine-tuning it requires makes our present universe look like a happy
accident.

The horizon problem

The degree of smoothness in the CMB turns out to be highly unusual if we consider the size of
causally connected patches at the time of its emission (at last scattering) as seen today. The
maximum distance between two points that could have been causally connected in the past is
given by the particle horizon τ , which in the conventional Big Bang expansion varies as

τ =
∫ t dσ

a(σ) =
∫ t

0
σ

− 2
3(1+w)dσ ∝ a

1+3w
2 . (5.32)

In radiation- or matter-dominated eras (i.e. in the earliest times of the standard Big Bang
evolution), the particle horizon therefore grew with time. It can further be shown that in the
standard picture the particle horizon is proportional to the Hubble horizon, (aH)−1. This
means that CMB fluctuations of a given (constant) lengthscale entering the horizon today were
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far outside the horizon at recombination (and therefore causally independent)13. To get the
homogeneity we observe in the CMB on scales spanning many lengthscales is therefore only
possible by chance in the standard Big Bang model.

5.3 Cosmic inflation

Introducing an early phase of accelerated expansion of the universe can resolve both the flatness
and horizon problem [109–112]. Inflation is defined as accelerated growth, or equivalently, a
shrinking Hubble horizon,

ä > 0 ⇐⇒ (aH)−1 decreases. (5.33)

This process is thought to have taken place at around 10−34s after the Big Bang, when the
Universe was too hot for ordinary matter to have formed, and when the scale factor itself was
quantum-scale. The most suitable phenomenology to use is therefore quantum field theory14.
Below we introduce some key concepts from inflationary cosmology using the simplest family of
inflationary models involving a single scalar field.

5.3.1 Single-field inflation

The simplest inflationary models involve a single, time-dependent scalar field ϕ ≡ ϕ(t) and
associated particle, the inflaton. This field is minimally (ξ = 0) coupled to gravity and has
some self-interaction described by the inflationary potential V (ϕ). The field is then associated
with the Lagrangian density

Lϕ = 1
2∇µϕ∇µϕ− V (ϕ). (5.34)

The Lagrangian density can be substituted into Eq. (5.4) to obtain the fluid’s stress–energy
tensor. The energy density ρ and pressure p can then be found by inspection of the 00 and ij

component, respectively, giving

ρϕ = 1
2 ϕ̇

2 + V (ϕ), pϕ = 1
2 ϕ̇

2 − V (ϕ). (5.35)

13It can be estimated that if the universe was filled with radiation prior to recombination, the size of causally
connected patches in the CMB today would be ∼1°, roughly twice the size of the full moon. The CMB, however,
appears homogeneous on much larger scales than that.

14Although models with sufficiently long periods of inflation run into the problem of crossing over to trans-
planckian scales, where quantum field theoretical principles are probably not applicable [113, 114].
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Substituting Eq. (5.35) into Eqs. (5.17) to (5.19) yields the background dynamics of a universe
with the inflaton as the sole source of energy density:

ä

a
= Ḣ +H2 = − 1

3m2
p

(ϕ̇2 − V (ϕ)), (5.36)

H2 = 1
3m2

p

Å1
2 ϕ̇

2 + V (ϕ)
ã

− K

a2 , (5.37)

0 = ϕ̈+ 3Hϕ̇+ dV (ϕ)
dϕ

. (5.38)

The equations above possess two rescaling symmetries. They are invariant under the rescaling
of the scale factor,

a → αa, (5.39)

and also a simultaneous rescaling of time, the Hubble function, and the potential:

t → σ−1t,

H → σH,

V (ϕ) → σ2V (ϕ).

(5.40)

These symmetries reduce the degrees of freedom in the general solution and initial conditions
of the Friedmann equations.

From Eq. (5.36) it is clear that the condition for inflation to occur is15

V (ϕ) > ϕ̇2. (5.41)

At one extreme, if the potential of the inflaton dominates (V (ϕ) ≫ ϕ̇2), the field equations can
be solved exactly and the Universe undergoes slow-roll inflation. The other extreme, ϕ̇2 ≫ V (ϕ),
is also solvable analytically, and is called kinetic dominance.

Slow-roll and kinetic dominance

Eq. (5.38) can be understood intuitively as the equation of motion of a block with position ϕ(t)
sliding down a potential well V (ϕ), and being slowed by a friction term ∝ H. From Eq. (5.36)
it is clear that for large values of V (ϕ), this friction term will be large. Once the inflaton has
slowed down enough,

ϕ̇2 ≪ V (ϕ) (5.42)

becomes a good approximation. Consequently,

H(t) ∼ constant ≡ H0 =⇒ a(t) ∼ eH0t, (5.43)
15More generally, by inspection of Eq. (5.17), the condition for inflation is ρ + 3p < 0.
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the scale factor grows exponentially and the Universe inflates. One can express how much
inflation took place via the total number of e-folds,

N = ln a. (5.44)

Due to the presence of the friction term 3Hϕ̇, the inflaton in most cases will eventually lose
enough energy to enter a slowly rolling phase: slow-roll inflation is an attractor solution for
most inflationary potentials.

The slow-roll approximation Eq. (5.42) can be used to set initial conditions to Eqs. (5.36)
to (5.38). However, this would imply that the universe had started from an (eternally) inflating
phase, rather than a singularity. An alternative is offered by [115], which proves on theoretical
grounds that in most single-field inflation models and under minimal assumptions, an attractor
solution called kinetic dominance, in which the kinetic energy of the inflaton dominates, will be
reached backwards in time.

Kinetic dominance is defined as ϕ̇2 ≫ V . In this limit, the field equations admit closed-form
solutions with only one free parameter ϕP (one can set aP = 1, but it will be retained here),

a = aP t
1
3 ,

ϕ = ϕP −
…

2
3mP ln t,

ϕ̇ = −
…

2
3mPt

−1,

H = 1
3t ,

(5.45)

The results of [115] show that the above can be used to set initial conditions for the Friedmann
equations. Fig. 5.1 plots their numerical solutions, clearly showing that slow-roll inflation begins
after the initial kinetically dominated phase.

Models starting from kinetic dominance followed by a brief period of inflation require their
primordial power spectra to be evaluated numerically which can get computationally expensive.
These models can produce a suppression of power at low angular scales in CMB spectra [116],
and may thus produce better fits than the ΛCDM model. Kinetic dominance has also been
shown on statistical [117, 118] grounds to be a likely initial phase the Universe undergoes before
the onset of inflation. As will be shown in Section 5.4.3, the numerical calculations required are
ideal for oscode. Due to these factors, models involving kinetic dominance and ‘just enough
inflation’ are used frequently in the cosmological examples presented in this thesis.

The flatness and horizon problems revisited

Inflation offers a resolution to both problems discussed in Section 5.2.3. Since the comoving
Hubble horizon shrinks during inflation and ΩK ∝ (aH)−2, the Universe is naturally driven
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Fig. 5.1 Evolution of the ‘background’ FLRW Universe (inflaton field on top left, scale factor
on top right, Hubble parameter on middle left), the comoving Hubble horizon (middle right),
conformal time (bottom left), and a typical gauge-invariant curvature perturbation (bottom
right, introduced in Section 5.4). Plotted in grey are the kinetically dominated limits of the first
three quantities, which they emerge from, before entering inflation. The start of inflation can
be seen by the decrease in the comoving Hubble radius. Well into inflation, when the example
perturbation’s comoving lengthscale exits the Hubble horizon, its amplitude freezes.
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towards flatness. It also follows that comoving lengthscales entering our horizon today will
have had the chance to be inside the Hubble horizon during inflation, allowing them to come to
thermal equilibrium and explaining the smoothness of the CMB.

As well as explaining the smoothness of the CMB, inflation also suggests a mechanism for
quantum fluctuations to grow into the anisotropies we see in the CMB.

5.4 Perturbations

Consider that due to quantum fluctuations, patches develop in the field ϕ that differ in value
slightly from the homogeneous average. Since ϕP directly determines the amount of expansion
the universe undergoes whilst inflating, these patches will undergo slightly different amounts
of inflation and will finish inflating at slightly different times, as illustrated in Fig. 5.2. This
results in differences in matter density across the patches, and is how inflation can help amplify
fluctuations and is thus a predictive theory. This section summarises the mathematics of getting
CMB anisotropies from quantum fluctuations at primordial times.

Symmetries of the FLRW spacetime simplify the mathematics of perturbations considerably.
Due to the (spatial) translation invariance of the linear equations of motion of the perturbations,
we can treat their Fourier modes independently. We will further decompose the perturbations
into scalar, vector, and tensor parts via a procedure called the SVT decomposition. Rotational
invariance of the FLRW background ensures that these components also evolve independently.

5.4.1 Gauge choice

The large degree of isotropy observed in the CMB means a perturbative analysis of the quantities
of interest is sufficiently accurate, and we can neglect any term higher than linear order in the
perturbations. We split both the metric and the matter fields into a homogeneous background
and a spatially dependent perturbation part:

X(t,x) = X̄(t) + δX(t,x), (5.46)

where δX is small. Perturbing the spacetime metric (or gravitational field potential) brings
with it a fundamental difficulty. General relativity is a covariant theory: it involves manifolds
with no preferred coordinate systems. If we were to perturb a velocity field, δvµ = v′µ − vµ,
the two fields on the right-hand-side would be defined on different manifolds M ′ and M , but
subtraction of vectors on different manifolds cannot be covariantly defined. Embedding M

and M ′ in a higher-dimensional manifold N doesn’t help: the two vector fields would still be
defined at different points. We therefore require an identification map to decide which points
on M and M ′ are equivalent, a gauge choice. If part of this mapping is left arbitrary, we
are left with a remaining gauge freedom, which results in fictitious gauge modes among the
perturbations. A gauge choice can be understood in geometrical terms [91], and is illustrated
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Fig. 5.2 Patches of the Universe will start from different initial field values (ϕP ), and hence will
undergo different amounts (e-folds) of inflation.

in Fig. 5.3. Consider a one-parameter family of 4-manifolds Mε embedded in a 5-manifold N .
Out of these, M0 represents the unperturbed, background spacetime, and each of the Mε is a
perturbed spacetime. The correspondence between points on the Mε is specified via a vector
field X on N , which is everywhere transverse to the Mε. The points which lie on the same
integral curve γ are taken to be equivalent. A choice of a particular X is a gauge choice.

5.4.2 Perturbed matter and metric

The most general form a perturbed FRLW metric can take is [90, 91]

ds2 = −(1 + 2Φ)dt2 + 2aBidx
idt+ a2 [(1 − 2Ψ)cij + Eij

]
dxidxj , (5.47)

where cij denotes the spatial part of the unperturbed FLRW metric. The perturbations Bi and
Eij can be further decomposed into scalar, vector, and tensor components [119] via the SVT
decomposition as

Bi = ∂iB − Si, with ∂iSi = 0, (5.48)

and
Eij = 2∂ijE + 2∂(iFj) + hij , with ∂iFi = 0, hi

i = ∂ihij = 0. (5.49)
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Fig. 5.3 The choice of gauge can be interpreted geometrically. The figure shows a family of
manifolds Mε representing spacetimes, parametrised by a single parameter ε. Out of these, M0
is the unperturbed FLRW spacetime, and each subsequent M has been perturbed. To identify
equivalent points across the perturbed manifolds, a vector field X is defined which is transverse
to the manifolds at those points. Equivalent points lie on the same integral curves γi(ε) of
X, which are the solutions of dγi(ε)/dε = X. The choice of X is therefore a choice of gauge;
a different vector field Y would select different points to be equivalent across the perturbed
manifolds.

The parameters leave a total of 10 degrees of freedom, enough to construct any (symmetric)
metric. The matter field (in a single-field model) is perturbed as

ϕ(t,x) = ϕ(t) + δϕ(t,x). (5.50)

Out of the perturbations introduced above, vectors decay with the expansion of the universe,
and are not relevant to inflationary models. The tensor perturbations are already gauge-
invariant, and the scalars can be combined to form a set of gauge-invariant variables, found by
Bardeen [120]. Of particular interest is the comoving curvature perturbation R, which during
inflation takes the form

R = Ψ + H

ϕ̇
δϕ. (5.51)
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R gets its name from measuring the spatial curvature of constant-ϕ hypersurfaces. The
linearised, perturbed Einstein equations can then be used to show that R is constant on
superhorizon scales for adiabatic perturbations,

Ṙ = − H

ρ+ p
δpen + k2

(aH)2 (. . .) =⇒ Ṙ ≈ 0 if δpen = 0 and k < aH. (5.52)

where δpen = δp − ṗ
ρ̇
δρ is related to the entropy (also called isocurvature) perturbation and

expresses perturbations in the relative number densities of the different particle types present.
Perturbations of a system can either be adiabatic, for which δρen = 0, or entropic. In
Eq. (5.52), k denotes the Fourier wavenumber of the perturbation mode, and we say the mode
is superhorizon when its lengthscale, 1/k, is much larger than the comoving Hubble horizon,
k < aH.

The naturally gauge-invariant tensor perturbations hij are often decomposed into eigenmodes
of the spatial Laplacian,

∇2eij = −k2e
(+,×)
ij , (5.53)

with (comoving) wavevector k, amplitude h(t), and the two possible polarisation states denoted
(+,×).

The subhorizon evolution of the scalar and tensor perturbations is given by a wave equation.
In the scalar case it is called the Mukhanov–Sasaki equation, and it will be revisited frequently
in this thesis when discussing oscode’s applications in cosmology.

5.4.3 Subhorizon evolution: the Mukhanov–Sasaki equation

To derive the subhorizon equation of motion for the scalar curvature perturbations (originally
performed by [121–125], reviewed in [90]), we start from the action describing the single-field,
slow-roll inflation model from Section 5.3.1:

S = 1
2

∫
d4x
»

|g|
[
R− ∇µϕ∇µϕ− 2V (ϕ)

]
, (5.54)

where R is the Ricci scalar, and we set the Planck mass to unity, mp = (8πG)−1/2 = 1. We
choose to work in the comoving gauge, defined by

δϕ = 0, gij = a2 [(1 − 2R)δij + hij

]
, ∂ihij = hi

i = 0, (5.55)

where we implicitly restricted ourselves to a spatially flat Universe by replacing cij from
Eq. (5.47) with δij . This action is then expanded to second order in R in a lengthy derivation.
The first order action vanishes by design. We get

S(2) = 1
2

∫
d4xa3 ϕ̇

2

H2

î
Ṙ2 − a−2(∂iR)2

ó
, (5.56)
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which we now need to transform into canonical form with a ‘bare’ kinetic term. This is achieved
by switching to conformal time and introducing the Mukhanov variable v,

z = aϕ̇

H
, v ≡ zR, (5.57)

followed by integration by parts to get rid of the term ∝ v′v, where prime denotes differentiation
with respect to conformal time, and discarding the boundary term. This results in the action
describing a canonically normalised scalar:

S(2) = 1
2

∫
dτd3x

ñ
(v′)2 + z′′

z
v2 − (∂iv)2

ô
(5.58)

Writing the perturbation in terms of its Fourier modes

v(τ,x) =
∫

d3k

(2π)3 vk(τ)eik·x, (5.59)

and extremising the action yields the equation of motion

v′′
k +
Ç
k2 − z′′

z

å
vk = 0. (5.60)

Note that the vector notation has been dropped from the wavevector k as the the resulting
equation only depends on its magnitude. Computationally it is often more convenient to write
the Mukhanov–Sasaki equation in terms of Rk, since this has a constant magnitude after
horizon crossing, and cosmic time,

R̈k + 2
Å
H

2 + ż

z

ã
Ṙk + k2

a2 Rk = 0, (5.61)

or with the number of e-folds N as the independent variable and the overdot denoting differen-
tiation with respect to N ,

R̈k + 2
Ç
ϕ̈

ϕ̇
− 1

2 ϕ̇
2 + 3

2

å
Ṙk +

Å
k

aH

ã2
Rk = 0. (5.62)

In either case, the resulting equation of motion, by design, is one describing a harmonic oscillator
with a time-dependent frequency and a potential damping term.

Deriving the equivalent of the Mukhanov–Sasaki equation for tensor perturbations proceeds
in a similar way, but is relatively simple in comparison. Expanding the Einstein–Hilbert action
to second order in the tensor perturbation yields an action for a massless scalar field on a
FLRW background:

S(2) ∝ 1
2

∫
dτdx3a2

î
(h′

ij)2 − (∂lhij)2
ó
, (5.63)
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which after Fourier expansion and the substitution v
(+,×)
k = ah

(+,×)
k becomes

S(2) = 1
2

∫
dτd3k

[
(v′(+,×)

k )2 −
Ç
k2 − a′′

a

å
(v(+,×)

k )2

]
, (5.64)

and leads to the equation of motion

v
′′(+,×)
k +

Ç
k2 − a′′

a

å
v

(+,×)
k = 0. (5.65)

5.4.4 Quantisation and initial conditions

The perturbations represented by the field R(t,x) are quantum-scale. In order to study them,
we therefore need to perform (canonical) quantisation: promote the relevant fields to operators,
impose canonical commutation relations, and define a vacuum state to fix the mode functions
completely. Quantisation is done by analogy with the quantum harmonic oscillator, with a
key difference being the time-dependence of the frequency in the curvature perturbations’ case.
This causes the energy eigenstates (and indeed the vacuum state) to change with time, but
we can set the mode functions to be in a given state at one given (initial) time regardless,
which can serve as initial conditions of the Mukhanov–Sasaki equation. The change of variables
and integration by parts between Eqs. (5.56) and (5.58) was necessary to bring the action
to canonically normalised form and draw an analogy with the quantum harmonic oscillator,
although this can be achieved with different independent-dependent variable pairs. Chapter 7
discusses in detail the conventional way of quantising the Mukhanov action and choosing
the vacuum state, the potential pitfalls and limits of the conventional approach, as well as
alternative methods for setting initial conditions.

5.4.5 Connection to CMB anisotropies

Once the Hubble horizon has shrunk enough during inflation below the lengthscales of all
perturbation modes of interest, none of them evolve any further. The distribution of power in
perturbations over different scales can then be summarised by the primordial power spectrum
(PPS)16,

⟨RkRk′⟩ = (2π)3δ(k + k′)PR(k), PR(k) = k3

2π2PR(k), (5.66)

where the angled brackets denote taking an ensemble average over the perturbations, and
the Rk are read off after horizon exit. The perturbations, however, will later (after inflation
and reheating) re-enter the horizon and evolve again, under the influence of well-understood
and tested laws of physics. The changes to the superhorizon Rk between an initial time τ∗

16We give the expression for the PPS of scalar curvature perturbations here, but an equivalent expression
exists for the tensor modes, summed over the two polarisations
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and a later time τ , and the connection between Rk and the quantity Q being measured are
encompassed in the transfer functions TQ:

Qk(τ) = TQ(k, τ, τ∗)Rk(τ∗). (5.67)

The derivation of the TQ(k, τ, τ∗) in different cosmological scenarios is beyond the scope of this
thesis and we refer the interested reader to Dodelson’s Modern Cosmology [84]. We quote the
important result linking the CMB anisotropies to the PPS:

CXY
ℓ = 2

π

∫
dkk2P (k)∆Xℓ(k)∆Y ℓ(k), (5.68)

∆Xℓ(k) =
∫ τ0

0
dτSX(k, τ)PX,ℓ(k[τ0 − τ ]), (5.69)

where the P (k) refer to the PPS (of scalar and tensor perturbations), X and Y are placeholders
for the indices T,E,B for the temperature and polarisation spectra, and the ∆X,Y ℓ are the
transfer functions written as line-of-sight integrals factorised into (physical) source terms
SX,Y (k, τ) and geometric projection factors PX,Y ℓ(k[τ0 − τ ]). In practice, the Cℓ’s are computed
numerically for the given cosmological model by one of the several Boltzmann codes available,
e.g. CLASS [126–129] or CAMB [130].

Fig. 5.4 summarises the evolution of primordial perturbations from the setting of their
initial conditions to them being linked to CMB anisotropies. Our computational strategy for
computing CMB power spectra will in general consist of

1. Setting initial conditions to the background cosmology at some initial time ti,

2. Solving the Friedmann equations (numerically) from ti through inflation until all pertur-
bations of interest have exited the comoving Hubble horizon,

3. Setting initial conditions for the perturbations Rk (or the tensor modes) at a time tstart,
which may be later than ti, and (numerically) solving the Mukhanov–Sasaki equation to
evolve them until all modes have exited the comoving Hubble horizon,

4. Well after horizon exit, reading off the now constant perturbation amplitudes and com-
puting the primordial power spectrum PR(k),

5. Plugging the primordial power spectra into a Boltzmann solver to compute CMB observ-
ables, such as CT T

ℓ ,

6. Comparing the CT T
ℓ predicted by the model at hand with observations to infer the values

of model parameters or compare competing models.

The details of the last step are discussed in the following section.
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Fig. 5.4 Computational strategy for constructing the CMB temperature spectrum. We start by
setting initial conditions to the background FLRW universe at ti, then set separate conditions
for the curvature perturbations Rk at a later time, tstart. From there until each perturbation is
well outside of the Hubble horizon, we solve the Mukhanov–Sasaki equation with the RKWKB
method (oscode) from Chapter 3. Then the primordial power spectrum PR is constructed,
which is unchanged until the modes re-enter. To get from the primordial spectrum to the Cℓ-s
of the CMB, Boltzmann codes can be used.

5.5 Inference in cosmology

The ΛCDM (short for dark energy (Λ) + cold dark matter) model is the current best fit model
of the cosmos on large scales. The goodness of fit of this model can be compared to another’s
via Bayesian model comparison and the values of the underlying cosmological parameters (with
their uncertainties) can be quantified through inference. In the Bayesian context, the probability
of an event refers to our degree of belief in its incidence, rather than the limiting relative
frequency of it. Conditional probability, denoted P (A|B) is then the probability that event A
happens given B occurred, defined as

P (A|B) = P (A ∩B)
P (B) . (5.70)
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Both inference and model comparison rely on Bayes’ theorem linking a conditional probability
to its reverse:

P (A|B) = P (B|A)P (A)
P (B) . (5.71)

In cosmological modelling, we typically construct models M after observing some data D.
The model is characterised by a set of parameters ΘM. When making inference based on some
observations, knowledge of the experimental setup and errors associated with the measurement
tells us the probability of obtaining the dataset we observed given the model and its parameters,

L ≡ P (D|ΘM,M), (5.72)

which is termed the likelihood. However, we are interested in the reverse of this, the probability
distribution of possible parameter values of a given model in light of the observations,

P (ΘM|D,M), (5.73)

the posterior. The two can be related via Bayes’ theorem,

P ≡ P (ΘM|D,M) = P (D|ΘM,M)P (ΘM|M)
P (D|M) ≡ Lπ

Z
(5.74)

where π denotes the prior, our pre-experiment knowledge of the distribution of model parameters,
and Z is the evidence or marginal likelihood. With the help of the law of total probability, the
evidence can be expressed as

Z = P (D|M) =
∫
P (D|ΘM,M)P (ΘM|M)dΘM. (5.75)

Z is therefore the likelihood marginalised over the model parameters, and is independent of the
parameters themselves.

If we wanted to enquire about the parameters of a given model in light of some observations,
we need to calculate the posterior probability distribution P (ΘM|D,M), which will be a
function of all parameters of interest. It will have the same number of dimensions as the
number of parameters, and is therefore often plotted using corner plots, or with all but one
parameters marginalised out. For the purposes of parameter inference, i.e. comparing the
relative probability of each ΘM, the evidence can be regarded as a normalisation constant, and
be neglected. We therefore only need Lπ for each parameter, which reflects our prior knowledge
π being updated with the likelihood of the observed data L.

When there are several models {Mi} to describe the data and the task is their comparison,
Z becomes the key quantity. The reverse of this expresses the probability of a model given the
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data. Using Bayes’ theorem, this posterior of each model can be broken down to

P (Mi|D) = P (D|Mi)P (Mi)
P (D) , (5.76)

with our prior belief in each model, P (Mi), and the evidence appearing on the right-hand-side.
A good, non-informative choice is the uniform prior which weighs each model equally. This
however means that the relative probability of models is the ratio of their evidences:

P (Mi|D)
P (Mj |D) = Zi

Zj
. (5.77)

At the heart of Bayesian model comparison is the Occam’s razor mentality: the simplest
model which describes the data wins. The evidence, Z, encodes both the goodness of fit and a
penalty for overfitting, i.e. using too many parameters. This can be seen from the following
deconstruction of the log-evidence [131]:

ln
ï∫

Lπdθ
ò

=
∫

P ln L dθ −
∫

P ln P
π
dθ, (5.78)

log-evidence = parameter fit − Occam penalty,
ln Z = ⟨ln L⟩P − DKL, (5.79)

where we shortened θM to θ, and defined the Kullback–Leibler divergence, DKL, which effectively
estimates the Occam penalty.

The Bayesian model dimensionality [132], d, measures the effective number of constrained
parameters (i.e. those the data provide information on), and is defined as the posterior variance
of the log-likelihood,

d

2 =
∫

P
Å

ln P
π

− DKL

ã2
dθ =

¨
(ln L)2

∂
P

− ⟨ln L⟩2
P . (5.80)

The ensemble comprised of the (log-)evidence, the posterior average of the log-likelihood (the
first term on the right-hand-side of Eq. (5.78)), the Kullback–Leibler divergence, and the
Bayesian model dimensionality provides a detailed description of the performance of a given
model.

In practice, the posterior will most likely not be one of the very few distributions computer
software can sample in closed form, and the evidence will be difficult to evaluate numerically.
Instead, the posterior is typically crawled by a Markov Chain Monte Carlo (MCMC) sampler
which produces samples of the parameter vector ΘM in proportion to their posterior probability.
There are several software packages available for performing MCMC (e.g. emcee [133], CosmoMC
[134]), and for the more direct nested sampling (e.g. MultiNest [135], PolyChord [136, 137])
which also provides evidences.
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5.5.1 ΛCDM

The current standard model of cosmology (SMC) earned its status by fitting data with high
signal-to-noise ratio (and the CMB power spectra in particular) extremely well. This model has
been around, and barely changed, since at least 1990 [138], but became particularly difficult to
ignore in 1998, with the discovery of cosmic acceleration [139]. The model gets its name from
suggesting that most of the matter content in the universe is cold and dark (CDM), meaning it
is collisionless and does not interact electromagnetically, and that the dominant energy density
in the universe is from a cosmological constant (also known as dark energy or vacuum energy),
Λ. ΛCDM achieves its close fit to data with only 6 (or 7) free parameters. In addition to the
6, there are a number of assumptions underlying it, which are sometimes phrased as fixed
parameters. Let us examine the free parameters and assumptions in turn.

Free parameters

Physical baryon density, Ωbh2. Baryonic17 matter density, scaled by the dimensionless
Hubble parameter, h ≡ H0/100 km s−1 Mpc−1.

Physical dark matter density, Ωch2. The remaining cold dark matter density in the uni-
verse.

Angular sound horizon, θ∗. The angular size of the sound horizon calculated as r∗/d, where
r∗ is the sound horizon, the maximum distance sound waves could have travelled until
recombination, and d is the angular diameter distance to the surface of last scattering.

Reionisation optical depth, τ . Following recombination, neutral matter collapsed into grav-
itational potential wells, and began forming increasingly complex structures. When the
first stars were formed, their radiation partly re-ionised the neutral matter surrounding
them, during the epoch of cosmic dawn or reionisation. As electrically charged matter
interacts electromagnetically, τ characterises how transparent the universe was to CMB
photons at this time.

Scalar primordial power spectrum amplitude, ln 1010As, and tilt, ns The primordial
power spectrum of scalar curvature perturbations, PR(k), shows the amplitude squared
of each Fourier mode of the gauge-invariant curvature perturbation, Rk, after they exit
the comoving Hubble horizon. This spectrum is assumed to have the form PR(k) =
As(k/k∗)(ns−1), with two parameters describing it. The amplitude As is usually defined
at the pivot scale k∗ = 0.05 Mpc−1. The predecessor of ΛCDM, sCDM (for ‘standard’
CDM), involved no cosmological constant and assumed a scale-invariant or Harrison-
Zeldovich-Peebles primordial power spectrum, with ns = 1. Observations of galaxy

17Astronomers are known for their liberal definitions when it comes to matter, e.g. elements in the periodic
table after hydrogen are routinely called metals, and in the context of cosmology, everything ordinary and
non-relativistic is considered baryonic (including electrons).
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clustering, however, demanded more power at large angular scales. Many models of
inflation naturally predict ns ≲ 1, ensuring a better fit to data.

Temperature of the CMB today, T0. This seventh ‘free’ parameter is often ignored and
taken as fixed due to its value being determined to extremely high precision [5].

Assumptions and fixed parameters

Below are some of the assumptions the SMC builds on. They have been tested through
constraining the relevant parameters in extensions of the standard model, often using a
combination of data, e.g. constraints from particle physics experiments, CMB lensing, and
BAO.

Spatial flatness on large scales: ΛCDM assumes that the geometry of the universe on the
largest scales is flat, ΩK,0 = 0. An extension of the ΛCDM model involving a primordial
(ΩK,i) and a present-day curvature parameter (ΩK,0) will be of particular interest to this
thesis, as non-zero primordial spatial curvature ensures a ‘shorter’ period of inflation
where the initial conditions of perturbations become important and their evolution needs
to be computed numerically. CMB data on their own shows a slight preference for a
closed universe, and combining different datasets (e.g. CMB + BAO) becomes highly
non-trivial due to potential tensions [9, 10, 140].

Dark energy equation of state parameter: It is assumed that dark energy has w = −1,
consistent with being vacuum energy or a cosmological constant. Extensions of ΛCDM
would allow w to be different than −1 or vary with time, e.g. quintessence models (see
e.g. [141] and references therein).

Number of relativistic species: The effective number of relativistic species is assumed to
be slightly larger than 3, the number of neutrinos in the Standard Model of particle
physics. The effective number of species is defined via their effective number of degrees
of freedom associated with number density, g∗n(T ), which is a temperature-dependent
function. Due to the neutrinos being heated while decoupling from the primordial plasma
– which happened much earlier than the decoupling of photons, about 1 s after the Big
Bang, due to neutrinos only being weakly interacting –, the effective number of relativistic
species is slightly larger than three, number of standard model neutrinos [142]. Since
the individual masses and the mass hierarchy of neutrinos are not known, ΛCDM uses
the simplifying assumption of one massive and two massless neutrinos, the massive one
having the minimum total mass, ∑

mν = 0.06 eV.

Running of the scalar primordial power spectrum: In base ΛCDM, the spectral index
is assumed to be near-constant, and its so-called running, nrun = dns/d ln k vanishingly
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small. Inflationary models involving a single scalar field usually predict a small negative
number for nrun.

Density perturbations are adiabatic: Perturbations in a system of multiple fluid compo-
nents can be entropy/isocurvature or adiabatic in nature, as mentioned in Section 5.4.2.
These form a kind of ‘basis’, in that and all perturbations can be decomposed into
isocurvature and adiabatic parts. They represent distinct models of structure formation:
adiabatic fluctuations begin with already established perturbations in matter density in
the very early universe and are generated by inflation, while isocurvature modes may
start from cosmological defects [143]. The models lead to acoustic oscillations in the
photon-baryon fluid that are π/2 out of phase relative to each other, and thus predict
the first (acoustic) peak in the CMB TT spectrum to be at a different ℓ [144]. Although
there exist mechanisms which can wash out the acoustic signatures of both models, the
observation of a clear acoustic peak at a location consistent with adiabatic perturbations
and CMB polarisation data have ruled out a dominant isocurvature contribution, a
subdominant one is still possible and predicted by e.g. multi-field inflation models [145].

Initial conditions were Gaussian: The field which sourced the primordial perturbations is
assumed to have a Gaussian distribution initially. If this were the case, all information
about the field (and the anisotropies) would be contained in the two-point correlation
function or its Fourier-space equivalent, the power spectrum18. Most inflationary models,
including the simplest single-field models do, however, predict some degree of non-
Gaussianity which can thus be used to distinguish between them. Models that deviate
from slow-roll inflation and predict primordial power spectra with features (i.e. not
scale-invariant power spectra) generate large but not unreasonable non-Gaussianities.
Since these models are also typically the ones which have to be evaluated numerically
and may provide a better fit to data than ΛCDM’s scale-invariant spectrum, they are of
significant interest of this thesis, and so is any deviation from the assumption of Gaussian
initial conditions. The Planck and WMAP missions mapping the CMB provide upper
limits on non-Gaussianities, but the sensitivity of current measurements is insufficient
to determine which inflationary mechanism is preferred by data. Non-Gaussianities are
quantified via the three-point correlation function of perturbations or its Fourier transform,
the bispectrum. The latter depends on the length of three momenta, k1, k2, k3, which
form triangles. The overall extent of non-Gaussianities is described by the dimensionless
amplitude of the bispectrum, fNL. The value of fNL for equilateral configurations of
the three moments can be linked to an energy scale which determines the strength of
interactions of the inflaton (and any additional fields), therefore measuring its magnitude
would be decisive in ruling out large classes of inflation models.

18In a linear, Gaussian theory of primordial perturbations which start out from a vacuum state, the N -point
correlation functions are identically zero for N > 2.
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Gravitational waves: The contribution from gravitational waves is assumed to be negligible.
Since primordial tensor modes manifest as gravitational waves in the late universe, the
relevant parameter here is r, the tensor-to-scalar ratio, taken at some pivot scale, e.g.
k∗ =0.002 Mpc−1. For each scalar field model of inflation one can compute the level
of gravitational waves predicted, which range from large values already ruled out to
small ones which are not yet detectable. Since gravitational waves can source B-mode
polarisation in the CMB, the level of which may therefore provide new information on
inflation.

5.5.2 Tensions

A tension is a small divergence of a model from observations not significant enough to be called
a discrepancy. The tensions we mention here are at the ∼3σ level, which should be compared
to the ∼1000σ’s worth of information in CMB data. There are a lot of potential tensions at the
3σ level one could select from this amount of data, but the hope is to select those that have the
potential to grow into significant disparities.

Currently, one of the most researched tensions is one concerning the present value of the
Hubble parameter H0: distance ladder measurements from type IA supernovae, calibrated
by nearby Cepheids or tip of the red giant branch (TRGB) stars prefer a larger value than
that obtained from the CMB. Another example is the tension in the matter power spectrum
normalisation σ8, which can be probed by galaxy cluster counts. CMB measurements on their
own have shown a small, but persistent preference for closed universes, which is in disagreement
with the flatness assumption of ΛCDM. Besides the tensions, one can identify anomalies (low-
significance features) in CMB temperature data that seem to be in disagreement with ΛCDM,
such as a lack of power at low multipoles, even-odd multipole asymmetry, the CMB Cold Spot,
etc. While one should be sceptical of claims that argue strongly for beyond-ΛCDM physics
based on low-level anomalies or tensions, our theoretical and numerical toolset must be ready
should the need to expand beyond the standard model arise [5, 8, 146–148]. More specifically,
our numerical methods should be able to handle models which require analytic assumptions
to be replaced with approximate numerical calculations efficiently, e.g. for the computation of
the PPS of scalar and tensor perturbations, for computing their bispectrum, or the transfer
functions. Numerical PPS are a necessity in models that not only wish to extend ΛCDM with
a present-day curvature parameter but want to study the implications of primordial curvature;
efficient bispectra would enable the wider exploration of primordial non-Gaussianities; and faster
computation of the transfer functions would streamline the inference process overall (this being
the current computational bottleneck). This need for fast numerical solvers motivates the work
presented in the previous Chapters 3 and 4. The numerical tools introduced therein are put
to the test on computationally challenging, but promising alternative models in Chapter 6. A
large class of models which promise a better fit to CMB data (e.g. just enough inflation models)
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retain memory of the initial conditions set to the primordial curvature perturbations. The
method by which these conditions are set therefore gains importance, and must be theoretically
robust. Chapter 7 highlights this point and weighs sets of initial conditions against each other.



Chapter 6

Oscode in cosmology

This chapter explores the problem that motivated the development of oscode: solving the
Mukhanov–Sasaki equation [90], the equation of motion of primordial curvature perturbations,
within computationally challenging inflationary models. The Mukhanov–Sasaki equation has
the form of a generalised oscillator with a time-dependent frequency and a first-order derivative
term present, the frequency depending on the characteristic wavenumber of the perturbation.
For inference in cosmology from the CMB, it is necessary either to assume an approximate form
for the primordial power spectrum of curvature perturbations, or to solve the Mukhanov–Sasaki
equation for a range of characteristic wavenumbers to compute a spectrum (see, e.g. [89]
for a thorough review). In the case of single-field slow-roll inflation, most models lead to a
scale-invariant primordial power spectrum [84] which can be obtained analytically [149], but
models that introduce features in the primordial power spectrum can improve the fit to CMB
observations [150]. In such cases when one relies on a numerical solution of the Mukhanov–
Sasaki equation, the numerical method used often has to track the highly oscillatory solution
over many wavelengths. Runge–Kutta-based methods are therefore generally impractical for
this task. Some Runge–Kutta solvers such as BINGO [151] can, however, prove efficient for
some single-field inflation models by taking a shortcut and not integrating the perturbation
throughout its oscillatory phase [152]1.

Section 6.1 briefly recaps the equations describing the evolution of primordial perturbations,
and introduces existing tools for solving them. The focus will be on BINGO (BI-spectra and
Non-Gaussianity Operator), a highly optimised code oscode will be compared to in Section 6.2.
Sections 6.3 and 6.4 showcase the power of oscode when it comes to computationally intensive
and unexplored models: a universe starting from kinetic dominance, and a models with non-zero
primordial spatial curvature.

1though not all models admit such shortcuts.



100 Oscode in cosmology

6.1 The Mukhanov–Sasaki equation

In the toy examples discussed in Chapter 3, there was only a frequency, ω-term present in the
differential equation to be solved, and it was available to arbitrary precision. This may not
always be the case, as (1) one may want to switch to a more physically meaningful independent-
dependent variable pair, which can introduce a friction term γ, and (2) the frequency and
friction terms might themselves be available only through numerically solving a set of differential
equations. The Mukhanov–Sasaki equation illustrates both of these cases.

The Mukhanov–Sasaki equation describes the time-evolution of perturbations in a back-
ground universe with an FLRW metric. This background, in the simplest models, assumes the
presence of a single time-dependent scalar field ϕ(t). The field has self-interactions described
by the potential V (ϕ), and its dynamics are defined by the equations

H2 + K

a2 = 1
3

(1
2 ϕ̇

2 + V (ϕ)
)
, (6.1)

Ḣ +H2 = −1
3

(
ϕ̇2 − V (ϕ)

)
, (6.2)

0 = ϕ̈+ 3Hϕ̇+ V,ϕ, (6.3)

out of which only two are independent. The quantities involved were defined in Section 5.3.1.
In this section, flat and closed universe models will be considered, starting with the flat case,
therefore K = 0 until stated otherwise. Perturbing the field and the metric, and introducing
the gauge-invariant scalar R (the comoving curvature perturbation) one can then arrive at the
Mukhanov–Sasaki equation (as outlined in Section 5.4.3), which we write as

R̈k + 2
Ç
ϕ̈

ϕ̇
− 1

2 ϕ̇
2 + 3

2

å
Ṙk +

Å
k

aH

ã2
Rk = 0. (6.4)

In the above equation, the overdot denotes differentiation with respect to N = ln a, and Rk is
the mode with wavenumber k in the Fourier decomposition of R. During inflation, a(t) ∼ eHt

and H is approximately constant, hence N is a natural independent variable candidate.
In the limit of slow-roll inflation, 1

2 ϕ̇
2 ≪ V (ϕ), the background Eq. (6.3) admit analytic

solutions. They also do in kinetic dominance [116], the opposite limit 1
2 ϕ̇

2 ≫ V (ϕ). Kinetic
dominance has been shown to be a likely phase the Universe went through before inflation in
most single-field models [115, 117, 118]. Both limits can thus be used to set initial conditions
to Eq. (6.3), which can then be integrated numerically.

The Mukhanov–Sasaki equation in the flat case can also be solved analytically if for all k-
modes of interest, k ≫ aH. Since k−1 is the characteristic lengthscale of a perturbation mode,
this means that all modes of interest are assumed to be well inside the Hubble horizon. Letting
the Mukhanov–Sasaki equation emerge from this limit is equivalent to choosing a vacuum
state (see [86]) which, together with a normalisation condition, are enough to provide initial
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conditions for the mode functions Rk. This choice of vacuum and the initial conditions are
referred to as Bunch–Davies. With a different choice of vacuum, it is possible to set initial
conditions on the Rk in kinetic dominance, when modes are not necessarily inside the Hubble
horizon. The form of Rk in the kinetically dominated limit are derived in [12]. In the models
to be investigated here, both slow-roll and kinetically dominated initial conditions (for the
cosmological background variables and the perturbations alike) shall be considered.

The Mukhanov–Sasaki Eq. (6.4) is of the form of a generalised oscillator with a first-
derivative γ term present, with both γ and the frequency ω being (in general non-analytic)
functions of time as they depend on the cosmological background. It follows that when a k-mode
is inside the Hubble horizon, k > aH, it oscillates with some varying amplitude and frequency
usually proportional to k, and one can show that the mode ‘freezes out’ once outside the Hubble
horizon, meaning Rk ∼ const. The wavenumber-dependence of the frequency term makes this
equation challenging to solve for large values of k without resorting to approximations.

The goal is to solve the Mukhanov–Sasaki for a range of k-modes (including large values of
k) until after horizon exit when each mode has a constant amplitude, in order to obtain the
primordial power spectrum

P2
R(k) = k3

2π2 |Rk|2 . (6.5)

6.2 Comparison with BINGO

We shall first adopt the computational strategy employed by many solvers designed to compute
primordial power spectra, for example BINGO [151], and ModeCode [153], oscode’s performance
with the former. BINGO is a Fortran-based code for efficient evaluation of the scalar bispectrum
which necessarily calculates the PPS of scalar perturbations on the way. In the comparison,
BINGO’s input parameters are modified to only carry out the PPS calculation.

BINGO gets around the computational challenges posed by high-frequency oscillation by
using a trick: it has been shown that in the case of a single-field inflationary model and
assuming the universe emerges from slow-roll inflation, it is sufficient to evolve each curvature
perturbation from a time they are well inside the Hubble horizon (from, say, k/aH = 100,
see [152]), until the perturbation freezes out outside of the Hubble horizon (k/aH = 10−2).
This avoids integrating the solution through the majority of its oscillatory phase. For the
comparison to be fair, oscode’s calculations are set up to do the same. First, the cosmological
background (ϕ(N), ϕ̇(N), . . .) is integrated numerically, starting from slow-roll conditions, set
such that the total number of e-folds of inflation, Ntot ∼ 60. The inflationary model used in
this example involves a quadratic potential,

V (ϕ) = 1
2m

2ϕ2, (6.6)
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Fig. 6.1 Primordial power spectra of the gauge-invariant scalar curvature perturbations, gener-
ated by BINGO and the oscode-based solver with identical parameters. The spectra have been
computed up to extremely large values of k for the sake of comparing the runtimes of the two
codes.

where the inflaton mass is set to one, m = 1. The initial scale factor is set such that a pivot
mode, corresponding to k = 0.05 Mpc−1 leaves the Hubble horizon when there are 50 e-folds of
inflation left. For each mode, the N values corresponding to the start and end of integration are
found, then oscode is given ω(N) and γ(N) as one-dimensional arrays. The code performs linear
interpolation on these arrays (for which the sampling of the arrays needs to be sufficiently fine -
for the present example 5 × 105 equally spaced points were used between N = 0 and N = 75).
Oscode then proceeds to solve the mode evolution for each k starting from Bunch–Davies initial
conditions. Identical parameters are given to BINGO and the oscode-based solver, including
a relative tolerance of 10−4 and an absolute tolerance of 0. The computed power spectra are
identical, as shown in Fig. 6.1.

The computation time for the solvers to obtain Rk is measured and plotted as a function
of k in Figs. 6.2 and 6.3. The former shows the ratio of BINGO and oscode’s runtimes as a
function of k, and the latter just that of oscode, relative to the median k. Together they show
that BINGO’s runtime is logarithmic in k, while oscode’s is constant. They also show that
oscode performs better than BINGO by at least a factor of two, and at most a factor of 4 in
the k-range of interest.

This can be explained by looking at Eq. (6.4). The frequency term is the relative size of
the perturbation with respect to the Hubble horizon, which is a fixed number at the start
and end of integration of each k-mode, so it will no longer scale with k. The friction term is
approximately constant during inflation. The integration range, ∆N , is determined by the
points where k/aH = c0 (a constant), which is also roughly constant during inflation. Therefore
the number of oscillations the perturbations undergo over the range of wavenumbers in the PPS
barely changes, so one can expect a WKB-based method to traverse the oscillations in constant
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Fig. 6.2 Ratio of the runtime of BINGO and our solver during the evaluation of a scalar primordial
power spectrum, as a function of wavevector.
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Fig. 6.3 Progression of our solver’s relative runtime with increasing wavenumber, whilst calcu-
lating a scalar primordial power spectrum. The times are referenced to the computation time
corresponding to the median k-value, indicated by the dotted lines.

time. In reality, the integration range increases slowly with N , and small variations in the
friction term cause the oscillations to change in shape, hence the slow increase in the runtime of
BINGO. The two-fold runtime-difference present even at the smallest values of k can be explained
by the difference in the number of steps taken. Fig. 6.4 shows the intermediate steps taken
by RKSUITE, a numerical routine implementing efficient Runge–Kutta methods and used by
BINGO, and the intermediate steps taken by oscode, whilst computing the time-evolution of
a single k-mode. oscode is able to traverse the oscillatory region of the mode’s evolution in
significantly fewer steps than the Runge–Kutta method, giving a reduction in computing time.

In models where one has to start integrating the mode equation from deeper within the
horizon, the starting frequency during the evolution of modes is larger, and the performance
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Fig. 6.4 Comparison of BINGO and our solver in the evolution of a single perturbation with
wavevector k = 10−5 Mpc−1. The black reference line is a dense solution generated with a
Runge–Kutta (7,8)th order pair. On top of it the top panel shows the steps that RKSUITE’s
(4,5)th order Runge–Kutta solver takes (a total of ∼ 150), the bottom panel the steps that our
solver takes (a total of ∼ 60). The relative tolerance was set to 10−4 for both methods.

difference between an RKWKB-based approach and a Runge–Kutta integrator is even more
pronounced. Examples include universes emerging from kinetic dominance, axion monodromy
models [154] or models with alpha vacua initial conditions [155].

6.3 A model using kinetic dominance

Inflationary models involving kinetic dominance have already been investigated [117, 118],
but previous articles assumed the Bunch–Davies vacuum as the initial state of perturbations
such that the perturbations start their evolution from a universe that just began inflating (i.e.
the perturbations never evolve on a kinetically dominated background). In these works, the
cosmological background in terms of N is integrated from the initial state

ϕ = ϕP −
√

6 lnN, (6.7)

ϕ̇ = −
…

6 − 2V
H2 , (6.8)

H = 1
3e

−3N , (6.9)

where ϕ̇ contains a contribution from the potential in order to make the system numerically
stable. In kinetic dominance, [12] obtains an analytic solution for the perturbation modes,
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Fig. 6.5 Scalar primordial power spectrum of perturbations emerging from kinetic dominance.
The mode equation was solved from a fixed, early time (well inside kinetic dominance) until
long after horizon crossing, which is only feasible if the solver used is capable of traversing
many oscillations at once. The relative tolerance was set to be 10−4.

which in terms of N takes the form

Rk =
…

3π
8

1
z
eN
[
AkH

(1)
0

Å3
2ke

2N

ã
+BkH

(2)
0

Å3
2ke

2N

ã ]
, (6.10)

Ṙk =
…

27π
8
k

z
e3N

[
AkH

(1)
0

′
Å3

2ke
2N

ã
+BkH

(2)
0

′
Å3

2ke
2N

ã ]
+
Å

1 − ż

z

ã
Rk, (6.11)

where H(1) and H(2) are Hankel functions of the first and second kind, and Ak, Bk are constants.
We set Ak = 0 and Bk = 1, and chose parameters such that the total number of e-folds during
inflation, Ntot ≈ 60, and the pivot scale corresponding to k = 0.05 Mpc−1 today leaves the
horizon when there are N∗ ≈ 54 e-folds of inflation left. We set the initial conditions for the
background at N = 0, and for the modes at a constant N = 1.1, and integrate until far after
horizon exit, as in Section 6.2.

The resulting primordial power spectrum is shown in Fig. 6.5. Such computations are only
possible if the solver used can trace oscillations in the solution extremely efficiently, and indeed
we found that calculating a spectrum starting from kinetic dominance and from a fixed fraction
of the horizon in slow-roll can be carried out on similar timescales using oscode. It is worth
noting that a fast solver has been developed specifically for the Mukhanov–Sasaki equation [78]
that works on the basis of using analytic approximations of the solution when the frequency is
well approximated by an exponential or a linear polynomial. This gives a significant speed-up
over Runge–Kutta methods, but relies on the Mukhanov–Sasaki equation to be transformable to
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a form without a first-order derivative term. Closed universe models do not have this property,
but can still be investigated with oscode.

6.4 A closed universe model

In this example we consider closed universe models (K = 1) with primordial curvature. The
cosmological background evolution Eqs. (6.1) to (6.3) can be cast into a system of linear ODEs
in terms of a new dependent variable Ωk,

d ln |Ωk|
dN

= 4 + |Ωk|
Ä
4K − 2a2V (ϕ)

ä
, (6.12)

( dϕ
dN

)2
= 6 + |Ωk|

Ä
6K − 2a2V (ϕ)

ä
, (6.13)

where Ωk = K
(aH)2 . We shall consider a cosmological background emerging from kinetic domi-

nance, such that the Hubble horizon, (aH)−1 =
√

Ωk, grows until it reaches a maximum
»

Ωi
k at

e-folds Ni. From this point the horizon shrinks, and inflation starts. The parameters (Ωi
k, Ni),

together with the requirement Ω̇k(Ni) = 0 fully fix the background evolution, and hence
determine the amount of inflation, Ntot. Brent’s method of root finding [156] was used to search
for the Ni for a given Ωi

k that yields Ntot = 60. Hence the primordial power spectra have all
other parameters fixed, with only Ωi

k, the initial curvature at the start of inflation, changing.
Integration of the background is started from Ni and is performed forwards until the end of
inflation (and backwards, if necessary) to cover the integration range of the perturbation modes.

The mode functions obey the generalised Mukhanov–Sasaki equation in the presence of
non-zero spatial curvature, K ̸= 0, with frequency and first-derivative terms given by [157]

ω2 = Ωk

(
(k2 −K) − 2Kk2

EK + k2

Ė

E

)
, (6.14)

2γ = KΩk + 3 − E + k2
EK + k2

Ė

E
, (6.15)

where E = 1
2 ϕ̇

2 and

k2 =




k(k + 2) − 3K, if K > 0,

k2 − 3K, otherwise.
(6.16)

The modes are started from N = Ni using the Bunch–Davies conditions introduced in Section 6.1.
Although the Bunch–Davies solution has been derived from the Mukhanov–Sasaki equation in
a flat universe, its closed universe equivalent is not yet known. An important feature of closed
universe primordial power spectra is that the values of the comoving wavenumber k, appearing
in the above equations, are quantised to only take integer values, with the lowest possible value
of k = 3 [158]. The comoving wavenumber, measured in Planck units, is related to the physical
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scale of the perturbation today via
ktoday = k

a0
, (6.17)

where a0 is the present day scale factor, given in terms of the present day reduced Hubble
parameter, h ≡ H0/

Ä
100km s−1Mpc−1

ä
, and the present day curvature density, Ωk,0, by

a0 ≈ 4.3 × 104
( h

0.7

)−1
∣∣∣∣
Ωk,0
0.01

∣∣∣∣
− 1

2
Mpc. (6.18)

Fig. 6.6 shows the resulting (quantised) primordial power spectra for various values of initial
curvature Ωi

k, each with an associated spectrum treating comoving k as a continuous variable
plotted underneath. Calculating the spectra with oscode provided roughly three orders of
magnitude reduction in computing time compared to Runge–Kutta-like methods.

A systematic analysis of universes with non-zero primordial and present day curvature has
been carried out by [159, 160], which relies on oscode to compute primordial power spectra
numerically. This work was motivated by the recurring preference for closed universes in
CMB temperature and polarisation data [150, 161–166]. The possibility of non-zero present
day curvature would significantly limit the number of e-folds of inflation, thus increasing the
likelihood of just enough inflation models with a kinetically dominated phase preceding slow-roll
inflation. Inference in this work is based on CMB data from the Planck 2018 legacy release
[167] (temperature and E-mode polarisation) and from the 2018 data release2 of BICEP2 and
the Keck Array [168] (B-mode polarisation), but does not make use of CMB lensing data or
BAOs due these being in tension for closed universes [9–11]. The analysis expands on previous
studies by going beyond simply extending ΛCDM with a present-day curvature parameter
ΩK,0. It also considers inflationary models with additional parameters describing the primordial
evolution of perturbations, and uses fully numerically integrated primordial power spectra.
The new parameters are ϕi and fi ≡ ΩK,i/ΩK,0, the value of the inflaton field at the start of
inflation and the fraction of primordial to present day curvature density, respectively. The
analysis considers inflaton potentials typically used in this type of comparisons the Planck
inflation papers [169]: quadratic, double-well (quartic), Starobinsky, and natural [170]. The
fully numerically computed primordial power spectra contain important details (oscillatory
features at low-k) which are lost if they are to be approximated analytically, as demonstrated by
Fig. 6.7. The study computed Bayesian posteriors and evidences for the four inflaton potentials
and found an improved fit to CMB data due to a suppression of power and smoothing of peaks
on large scales (low-ℓ) in closed universes. The TT , TE, EE and low-E data did not show
particular preference for any of the four potentials, but with B-mode polarisation data included,
the Starobinsky potential outperformed others significantly. These results are illustrated in
Fig. 6.8. Overall, the paper confirmed that Planck 2018 data prefer a slightly closed universe,

2which corresponds to the 2015 observing season
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Fig. 6.6 Scalar primordial power spectra in universes with varying initial curvature. The start
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the total e-folds of inflation, Ntot = 60 is constant. In curved universes, only integer values of
comoving k are allowed, with k ≥ 3 (continuous line with k ≤ 50 highlighted), but for clarity we
include the continuous spectrum (dashed line). The modes are started from the Bunch–Davies
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Fig. 6.7 The figure shows numerical (left) and approximate (right) primordial power spectra
of closed universes with varying primordial-present day curvature ratio fi ≡ ΩK,i/ΩK,0. The
present day curvature density, is fixed to ΩK,0 = −0.01, as are other parameters. The PPS of
scalar perturbations are plotted with heavier lines and have a higher amplitude than those
of the tensor perturbations, plotted with thin lines. The shaded area represents the range of
observable perturbation wavenumbers, and the dotted, horizontal line signals the pivot scale
k∗ = 0.05 Mpc−1. To generate this figure, a background cosmology starting from kinetically
dominated initial conditions was used, and the perturbations are initialised at the start of
inflation from an initial state that minimises the 00-component of the renormalised stress–energy
tensor (which will be discussed in Section 7.4.1). A Starobinsky inflationary potential was used.
Figure adapted from [159, 160].

modelled either as an extension of ΛCDM with a present-day curvature parameter, or as a
universe emerging from kinetic dominance with non-zero primordial curvature.

6.5 Conclusions

This chapter showed how oscode can be applied to solve Mukhanov–Sasaki equation, an
equation of a generalised oscillator in which both the time-dependent frequency and friction
term need to be computed numerically in advance. Oscode’s performance was compared
to that of BINGO, a highly efficient Fortran code that computes the scalar bispectrum by
first computing a primordial power spectrum of scalar curvature perturbations using a fast
Runge–Kutta solver available from RKSUITE. We measured for each wavenumber k how long
each code takes to compute a solution to the Mukhanov–Sasaki equation from sub-horizon
(k/aH = 100) to super-horizon (k/aH = 0.01) times with all parameters identical, and found
that oscode takes constant time in k, being approximately twice as fast as BINGO in the
observational range. Following from the theoretical considerations in Section 3.6, since BINGO
uses a Runge–Kutta method whose runtime scales with the frequency or number of oscillations
linearly, the performance gap between BINGO and oscode would be increased further (roughly
linearly with the frequency or number of oscillations) if oscillations have to be tracked for a
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Fig. 6.8 Bayesian model comparison of inflation models within curved universes with finite
inflation. The left side (in light hue) shows results using Planck 2018 TT, TE,EE + lowE data
only, while on the right side (in darker hue), data from the BICEP and Keck Array have also
been included. The statistical quantities plotted are the log-evidence ln Z, the Kullback-Leibler
divergence DKL (in nats), the Bayesian model dimensionality d, and the posterior average of
the log-likelihood ⟨ln L⟩P = ln Z + DKL. The ∆ signals that quantities have been normalised
with respect to the base ΛCDM model without extensions (with r = 0 and ΩK,0 = 0), marked
by vertical and horizontal grey lines. As an additional reference, results for an extension of
ΛCDM with tensor modes and curvature have also been included, in grey. The probability
distributions represent uncertainty arising from the nested sampling process. Figure taken from
[159, 160].

longer period, e.g. when the perturbation modes are initialised further inside the Hubble horizon.
To show that oscode is agnostic to the frequency of oscillations, it was used to integrate each
perturbation mode from a single fixed time through horizon entry and exit (rather than from
a time each perturbation scale is a given fraction of the horizon), starting from kinetically
dominated initial conditions for both the background variables and the perturbations. The
last cosmological usecase of oscode presented here was provided by models with non-zero
primordial and present-day spatial curvature. In this regime, the Mukhanov–Sasaki equation
cannot be transformed into a first-derivative-free form (i.e. one with γ = 0), which excludes
other efficient numerical methods for oscillatory ODEs such as [78] and those introduced in
Section 2.2.4. Results from [159, 160], a systematic study of curved universe models with finite
inflation that uses oscode to generate numerically computed primordial power spectra, were
summarised.



Chapter 7

Quantum initial conditions for
primordial perturbations

Never trust an experimental result until
it has been confirmed by theory.

Sir Arthur Eddington

We take a closer look at setting vacuum initial conditions for the perturbations appearing in
the Mukhanov–Sasaki equation. The initial conditions will be investigated from the point of
view of certain transformations of the associated action describing the perturbations. The
transformations considered are classified as canonical transformations, which leave the equation
of motion of the perturbations and the commutator structure intact. They have also been
shown to preserve the time-evolution of expectation values of quantum operators, unless the
vacuum state associated with the perturbations also changes under the transformation. These
properties suggest that it would be of interest to find vacuum prescriptions (and therefore initial
conditions) that also remain unchanged under canonical transformations. The chapter shows
that initial conditions derived via minimising the vacuum expectation value of the Hamiltonian
and those obtained using the Danielsson vacuum prescription are not invariant under these
transformations, whereas those obtained by minimising the local energy density are invariant.
The range of physically distinct initial conditions obtainable by Hamiltonian diagonalisation
is derived, and the effect of choosing non-invariant initial conditions on the scalar primordial
power spectrum and CMB observations is illustrated. I argue that the invariance of the vacuum
prescription obtained by minimising the renormalised stress–energy tensor should make it
the preferred procedure for setting initial conditions for primordial perturbations. All other
procedures reviewed in this work yield ambiguous initial conditions, which is problematic both
in theory and in practice.
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7.1 Introduction

In Chapter 6, the analysis of the inflationary models involving kinetic dominance and non-zero
spatial curvature relied on the numerical solution of the Mukhanov–Sasaki equation of curvature
perturbations. A particular solution to the Mukhanov–Sasaki requires two initial conditions
for the Fourier modes of perturbations, which are usually motivated by quantum mechanical
vacuum considerations. Often the initial quantum state for the primordial perturbations is
chosen so as to minimise the Hamiltonian density. In an expanding spacetime, however, the
Hamiltonian becomes time-dependent, leading to the ground state at a given time no longer
being the ground state at a later time. The divergent Hamiltonian then yields infinite particle
density at times other than the instant the initial state is set [12, 171]. Handley et al. [12] thus
suggest minimisation of a quantity describing the local energy density instead, and derive a
different set of vacuum conditions. The above both define the initial state as some minimal
energy density state, but there are many others that instead define it as the state annihilated
by annihilation operators, such as one proposed in [172, 173], the α-vacua [155, 174–177], and
others.

In this chapter, the aforementioned procedures for setting initial conditions are reviewed
from the perspective of invariance under a set of transformations that are canonical. Canonical
transformations leave the classical evolution and the commutator structure of the system
invariant by construction. The behaviour of expectation values of quantum operators under
canonical transformations is not as obvious: [178, 179] both argued that since the wavefunction
only changes by a field-dependent phase, the expectation values must be invariant, but while
[178] concludes that vacua arising from different choices of canonical variables are equivalent,
[179] observes that the vacuum (the state that minimises the vacuum expectation value of
the Hamiltonian) does in fact change. In [180], the authors then proved formally that if
the two sets of canonical variables select out different vacuum states (as is the case with
Hamiltonian diagonalisation), then there will be differences in expectation values and the
observable differences depend only on the canonical transformation at the time when the initial
state (e.g. the vacuum) is set. If canonical variables yield the same initial (vacuum) state,
then the expectation values of operators will also match. This suggests that it is of interest to
investigate vacuum prescriptions that also remain unchanged under canonical transformations.
Such a prescription would unambiguously define initial conditions for the perturbation mode
functions, and thus would be the preferred choice for setting the vacuum. This is because any
ambiguity arising from other choices in the initial conditions, which do not share this invariance,
would lead to uncertainty in the frozen-out amplitude of the mode functions, the primordial
power spectrum, and ultimately in the power spectrum of CMB anisotropies.

As first observed by Fulling in 1979 [171], the initial conditions resulting from the popular
Hamiltonian diagonalisation method (minimising the Hamiltonian density) do in fact change
under canonical transformations, a fact that he used to argue against the Hamiltonian diagonal-
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isation procedure. His observations will be used again here to suggest instead the minimisation
of the local energy density via the renormalised stress–energy tensor for setting initial conditions.
Weiss [181] then added field redefinitions to the group of canonical transformations considered
by Fulling, but instead came to the conclusion that a preferred Hamiltonian can be picked out
for its desirable mathematical properties. This preferred Hamiltonian is the one written in
terms of conformal time η and the Mukhanov variable v. The preferred Hamiltonian coincides
with the one considered conventionally, for its action describes a canonically normalised scalar
field. A recent study [180] provides a thorough review of canonical transformations and their
effect on scalar field fluctuations during inflation, observing that the transformations can be
used to select out different vacuum states.

In addition to reinforcing Fulling’s findings that the Hamiltonian diagonalisation vacuum
is a canonically non-invariant procedure and demonstrating how this property may affect
observations, this chapter shows that the Danielsson vacuum suffers the same pathology,
whereas minimising the local energy density through the renormalised stress–energy tensor does
not. The latter two procedures were not available to Fulling at the time. Despite the potential
theoretical shortcomings of some vacua, the choice of method for setting the vacuum state may
not influence any observable quantities (such as CMB temperature and polarisation spectra) if
the initial conditions are set when the perturbation modes of interest lie well within the Hubble
horizon. Nonetheless, observable differences do occur in particular for ‘just enough inflation’
models. Such models may be particularly relevant for closed cosmologies [158, 162, 182–184],
but the analysis of initial conditions in the presence of spatial curvature will be explored in a
future study.

Section 7.2 of this chapter covers the relevant mathematical and physical background, with
Section 7.2.2 summarising the classical theory of inflationary perturbations and Section 7.2.3
reviewing how the vacuum choices considered arise. Section 7.3 then explains what transfor-
mations of the vacuum-setting procedures are carried out in this work. Results are presented
in Section 7.4, broken into subsections to show the effect of the canonical transformations
considered, under each vacuum prescription, on the initial conditions, the primordial power
spectrum of scalar curvature perturbations, and the temperature-temperature power spectrum

symbol meaning
t cosmic time
η conformal time
τ an arbitrary timelike independent variable
ḟ ∂f

∂t

f ′ ∂f
∂η

∂τf
∂f
∂τ

Table 7.1 Notation used in this chapter.
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of fluctuations in the CMB, respectively, under the ‘just enough inflation’ model. Section 7.5
summarises the findings of this chapter.

The notation used throughout this chapter is summarised in Table 7.1. Note that besides
using natural units as explained in Notation & conventions, we set 8πG = 1.

7.2 Background

7.2.1 Canonical transformations

To motivate the choice of transformations considered in this work, we briefly review ‘classical’
canonical transformations and a broader class of canonical transformations performed on an
extended phase space. For a thorough review of canonical transformations in cosmology, see
[180].

In the Lagrangian formulation of classical mechanics, all information about the dynamics of
the system is carried by the Lagrangian L(q, q̇, t), a function of the n generalised coordinates qi

and their derivatives. The Euler–Lagrange equations yield the equations of motion even if one
performs a reversible change of coordinates (or point transformation)

qi → Qi(q, t). (7.1)

The Hamiltonian formulation of mechanics puts the generalised coordinates qi and their
derivatives q̇i on an equal footing by considering generalised momenta

pi = ∂L

∂q̇i
(7.2)

and working in the 2n-dimensional phase space (qi,pi) instead of configuration space (qi, q̇i).
In the Hamiltonian formalism there exists a broader range of transformations than Eq. (7.1)
that leave the Hamiltonian equations of motion invariant, called canonical transformations.
Canonical transformations allow one to mix the generalised coordinates and momenta and to
do so in a time-dependent manner

qi → Qi(qi, pi, t), pi → Pi(qi, pi, t), (7.3)

whilst preserving the form of Hamilton’s equations of motion,

ṗi = −∂H

∂qi
, q̇i = ∂H

∂pi
,

Ṗi = − ∂K

∂Qi
, Q̇i = ∂K

∂Pi
,

(7.4)
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where K is the new Hamiltonian. For the equations of motion to be conserved, the principle of
extremal action has to be satisfied in both the initial and transformed system:

δ

∫ t2

t1
(piq̇i −H(q, p, t))dt = 0, (7.5)

δ

∫ t2

t1
(PiQ̇i −K(Q,P, t))dt = 0. (7.6)

For Eq. (7.5) to imply Eq. (7.6), we require

λ(piq̇i −H) = PiQ̇i −K + Ḟ , (7.7)

with λ = 11. The Lagrangian of the system can at most change by a total derivative dF , with
F being called the generating function of the transformation. All canonical transformations
possess a generating function [185, 186]. The Hamiltonian then transforms as

K = H + ∂F

∂t
. (7.8)

It can be shown that the Poisson bracket,

{f, g} =
N∑

i=1

∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi
, (7.9)

is invariant under canonical transformations, and that the converse is true: if the Poisson
bracket structure is conserved such that

{Qi, Qj} = {Pi, Pj} = 0, {Qi, Pj} = δij , (7.10)

then the transformation is canonical.
The (quantum) field theoretical equivalent of Eq. (7.7), adding a total differential to the

Lagrangian, is the freedom to add a 4-divergence to the Lagrangian density,

L′ = L(t, ϕ, ∂µϕ) + ∇µJ
µ(ϕ, ∂µϕ), (7.11)

which, if the independent variable stays the same throughout, is equivalent to integrating
the associated action by parts and discarding the surface term. One of the transformations
considered in this work is the addition of such vanishing surface terms, which thus covers all
canonical transformations. Commutators are the quantum counterparts of Poisson brackets,
and are thus preserved under canonical transformations. In all transformations described in

1Transformations with λ ̸= 1 are called extended canonical transformations, and will not be considered in
this work.
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this work, it is ensured that the commutator structure of the destination system matches that
of the original.

In the conventional formulation of the principle of least action, t is the Newtonian absolute
time, and has a distinguished role. This is not always desirable and for relativistic considerations,
one may wish to treat the generalised coordinates qi and t on an equal footing. This can be
achieved by extending the phase space considered with time t and its conjugate momentum, the
negative Hamiltonian: (qi, pi, t,−H) [187–189]. In this extended space it is possible to define
an extended set of Hamilton’s equations, and define canonical transformations that involve a
redefinition of time,

(t, qi, pi,−H) → (T,Qi, Pi,−K). (7.12)

The other type of transformations this work considers, simultaneous time and field redefinitions,
are canonical transformations on the extended phase space. While in itself it does not include
all canonical transformations on the extended space, it is motivated by practical considerations:
one may wish to derive initial conditions ‘from first principles’ for a different field, related to
the original one by a time-dependent rescaling, for its better stability properties in numerical
simulations.

7.2.2 Dynamics of primordial perturbations

The perturbed classical action

The dynamics of primordial curvature perturbations arise from perturbing the metric and
matter fields around a homogeneous, isotropic, expanding background (for a thorough review,
see e.g. [89, 90, 190]). In an inflationary model with a single scalar field ϕ(t) and potential
V (ϕ) on a Friedmann–Robertson–Walker (FRW) spacetime, the system can be described via
the action

S = 1
2

∫
d4x

√
−g
[
R− (∂µϕ)(∂µϕ) − 2V (ϕ)

]
, (7.13)

where the metric gµν is the spatially flat FRW metric. Perturbing this action in the comoving
gauge

δϕ = 0, gij = a2[(1 − 2R)δij + hij ], ∂ihij = hi
i = 0, (7.14)

yields, to second order in the gauge-invariant curvature perturbation R,

S2 = 1
2

∫
d4x az2

î
Ṙ2 − a−2(∂iR)2

ó
. (7.15)

Traditionally this is then written in terms of the Mukhanov variable v = zR = aϕ̇
H R and

conformal time η and integrated by parts to give

S2 = 1
2

∫
dη d3x

[
(v′)2 − (∂iv)2 + z′′

z
v2
]
. (7.16)
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The reason behind the variable choice and integration by parts is that in the resulting action v
is canonically normalised, i.e. it has a kinetic term of the form 1

2∂µv∂
µv, and thus yields an

equation of motion of a particular form. Writing v as a Fourier decomposition,

v(η, x) =
∫

d3k

(2π)3 vk(η)eik·x, (7.17)

the action in Eq. (7.16) gives the equation of motion of an oscillator:

v′′
k +
Ç
k2 − z′′

z

å
vk = 0, (7.18)

where the vector notation on the wavevector k has been removed due to the isotropy of the
field v. The variables (η, v) were thus chosen because they yield an oscillator’s equation of
motion (without a ‘first-derivative term’ proportional to v′), allowing the classical field v to be
quantised by analogy with a time-dependent quantum harmonic oscillator.

Scalar fields in curved spacetime

In order to obtain the action in Eq. (7.15) describing the dynamics of the gauge-invariant
curvature perturbation, action Eq. (7.13) was perturbed in both the metric and the inflaton
field, but a gauge was then chosen to keep only the metric perturbations and leave the inflaton
unperturbed. One can arrive at analogous dynamics (a similar equation of motion to Eq. (7.18))
by instead modelling the field perturbations as a new massless scalar field φ on a spacetime
with an unperturbed metric. Starting from the action describing the dynamics of the field
perturbations φ,

S = 1
2

∫
d4x

√
−g
Ä
gµν∂µφ∂νφ−m2φ2

ä
, (7.19)

which one traditionally considers in terms of the auxiliary field y = aφ and conformal time
(for similar reasons as v was considered in the previous section), one derives the Fourier space
equation of motion

y′′
k +
Ç
k2 − a′′

a
+ a2m2

å
yk = 0. (7.20)

The similarity between Eq. (7.18)) and (Eq. (7.20) means that one can identically map the
modes yk derived from a massless scalar field φ onto the perturbation modes vk, provided one
ensures that the two associated background spacetimes satisfy

a′′

a
= z′′

z
. (7.21)

One particular solution of Eq. (7.21) is the case z ∝ a, which holds true or becomes a good
approximation in a number of cases. It is true exactly in power-law inflation models [191], and
becomes a good approximation in slow-roll inflation [192], which is power-law inflation to first
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order and is admitted by many models. The proportionality is also a good approximation in
kinetic dominance [115], described in more detail in Section 7.4.2. Therefore, in these cases, one
may treat the Mukhanov variable in an inflating universe as if it were a scalar field φ(η, x)/a(η)
on the same background, obeying the action Eq. (7.19). It should be emphasised that one
may always map the results for the test scalar field onto the primordial perturbations, but
in general the mapping will not be the identity and so the equations of motion will not be
form-identical. The advantage of working with action Eq. (7.19)) over (Eq. (7.16) is that the
former is in covariant form (once each ∂µ has been replaced by ∇µ), and hence can be used to
derive further covariant quantities such as the stress–energy tensor, the minimisation of which
provides a definition of the ground state (see Section 7.2.3).

7.2.3 Vacuum choices

In the above models of primordial perturbations there are multiple ways to define a vacuum or
ground state. These result in expressions for the Fourier modes of the perturbations considered
(vk or yk), which can then be used as initial conditions for the perturbation modes, and affect
the form of the primordial power spectrum the modes admit. This section introduces three
different definitions of the vacuum state: Hamiltonian diagonalisation, the Danielsson vacuum,
and minimising the renormalised stress–energy tensor. We derive the initial conditions each
vacuum definition gives for the mode functions if applied in the conventional way. We then
examine how the initial conditions change under a field redefinition in the associated action
and the addition of surface terms in Section 7.4.1.

Acknowledging that the literature on inflationary initial conditions is vast, Section 7.4.1
further considers the Bunch-Davies vacuum, the adiabatic vacuum and α-vacua. The behaviour
of some of these vacua under canonical transformations has been investigated in the past, but
for others this is either impossible (due to them relying on a special choice of canonical variable
pair) or remains to be carried out.

Hamiltonian diagonalisation

To obtain a quantum theory from the semiclassical action Eq. (7.16), the field v is promoted to
an operator:

v̂(η, x) =
∫

d3k

(2π)3

[
âkvk(η)eik·x + â†

kv
∗
k(η)e−ik·x

]
, (7.22)

where â†
k and âk are the creation and annihilation operators, respectively. The momentum

conjugate to v is
π = ∂L

∂v′ = v′, (7.23)
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(with L being the Lagrangian density associated with the action) and is quantised accordingly.
To impose canonical commutation relationsî

âk, â
†
k′

ó
= (2π)3δ(k − k′), (7.24)

and to obey quantum dynamics, the time-dependent part of the mode functions in Eq. (7.22)
must satisfy the equation of motion and a normalisation constraint:

v′′
k +
Ç
k2 − z′′

z

å
vk = 0, (7.25)

v′
kv

∗
k − v∗

k
′vk = −i. (7.26)

Eqs. (7.25) and (7.26) do not fully determine the mode functions vk(η). To fix the leftover degree
of freedom, one needs to specify a vacuum, which obeys âk |0⟩ = 0. One popular definition of
the ground state is that which minimises the vacuum expectation value of the Hamiltonian of
the system. The choice of variables (η, v) results in the expression

⟨0|H |0⟩ ∝
∫

d3k

(2π)3

[
|v′

k|2 +
Ç
k2 − z′′

z

å2

|vk|2
]
. (7.27)

We must then minimise the contribution to the Hamiltonian separately for each k-mode, with
respect to the mode functions belonging to that mode, subject to the constraint Eq. (7.26).
This leads to the solutions

|vk|2 = 1
2
»
k2 − z′′

z

,

v′
k = −i

…
k2 − z′′

z
vk,

(7.28)

which can be used to set initial conditions on the mode functions vk.

Danielsson vacuum

Danielsson [173] proposed that the vacuum should instead be chosen such that

|vk|2 = (2k)−1,

v′
k =
Ç

−ik + a′

a

å
vk.

(7.29)

This result is derived from ‘first principles’, working in the Heisenberg picture. For detailed
reviews of the following, see [193–195].



120 Quantum initial conditions for primordial perturbations

In the Heisenberg picture, the operators carry time-dependence. When quantising the
massless field y appearing in the action Eq. (7.19) with m = 0, we may write in Fourier space

ŷk(η) = 1√
2k

î
âk(η) + â†

−k(η)
ó
, (7.30)

and for its conjugate momentum πk = y′
k − a′

a yk,

π̂k(η) = −i
…
k

2
î
âk(η) − â†

−k(η)
ó
. (7.31)

The creation and annihilation operators mix over time via a Boguliubov transformation

âk(η) = αk(η)âk(η0) + βk(η)â†
−k(η0),

â†
−k(η) = β∗

k(η)âk(η0) + α∗
k(η)â†

−k(η0),
(7.32)

where αk(η) and βk(η) are time-dependent mixing coefficients. One can therefore isolate the
time-dependent parts of the fields,

ŷk(η) = fk(η)âk(η0) + f∗
k (η)â†

−k(η0),
iπ̂k(η) = gk(η)âk(η0) − g∗

k(η)â†
−k(η0),

(7.33)

with

fk(η) = 1√
2k

(αk(η) + β∗
k(η)),

gk(η) =
…
k

2 (αk(η) − β∗
k(η)),

(7.34)

where the fk now take the role of the mode functions yk in the Schrödinger picture, because
they carry all time dependence of the field operator. At η = η0, the creation and annihilation
operators are by definition unmixed, therefore

βk(η0) = 0 =
…
k

2f
∗
k (η0) − 1√

2k
g∗

k(η0). (7.35)

Identifying the mode function yk with fk and the conjugate momentum πk with −igk, we obtain
the Danielsson vacuum Eq. (7.29).

Immediately it is clear that since the Danielsson vacuum relates a field and its conjugate
momentum, the initial conditions derived from it will generally change under transformations
that change that relationship, e.g. the addition of a surface term to the action, described in
Section 7.3.2.
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Minimising the renormalised stress–energy tensor

[12] have proposed to determine the ground state by minimising the vacuum expectation
value of the local energy density to avoid the excessive particle production of the Hamiltonian
diagonalisation approach. The local energy density is computed as the 00 component of the
stress–energy tensor of the system Eq. (7.19). General relativity requires a symmetric stress–
energy tensor, as it appears on the right-hand side of the Einstein equations. It is defined as
[86]

Tµν = − 2√
−g

δSm
δgµν

, (7.36)

with the subscript m signalling the matter part of the action. Just like the expectation value of
the Hamiltonian, the stress–energy tensor is divergent, and has to be renormalised to yield finite
quantities. There exist several procedures of renormalisation of the stress–energy tensor, and in
[12] the Hadamard point-splitting method is used (thoroughly described in [86]). In summary,
this consists of first quantising the field y from Section 7.2.2, writing down an expression for
the Hadamard Green function,

G(1)(x, x′) = 1
2 ⟨0| {φ(x), φ(x′)} |0⟩ (7.37)

then applying the bi-scalar derivative Dµν to

G(1)(x, x′) −G
(1)
DS(x, x′), (7.38)

where the second term denotes the de-Witt Schwinger geometrical terms. The geometrical terms
do not depend on the variables with respect to which one minimises the stress–energy tensor,
and are therefore summarised as T̃ and ignored in the minimisation process. The coincidence
limit x → x′ is then taken to yield ⟨0|Tµν |0⟩ren. Altogether,

⟨0|Tµν |0⟩ren = lim
x→x′

1
2

[Ä
∇µ∇ν′ + ∇µ′∇ν

ä
− gµν∇α∇α′ + gµνm

2
]
G(1)(x, x′) + T̃ , (7.39)

which is a functional to be minimised with respect to the mode functions {yk, y
∗
k, y

′
k, y

∗
k

′}
treated as independent variables, subject to the normalisation constraint on yk arising from the
canonical commutation relations. The minimisation process yields the solutions

|yk|2 = 1
2
»(

k2 +m2a2
) ,

y′
k =
Ç

−i
√
k2 +m2a2 + a′

a

å
yk,

(7.40)
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which, under the circumstances described in Section 7.2.2, can be used to set

|vk|2 = (2k)−1,

v′
k =
Ç

−ik + z′

z

å
vk

(7.41)

for the Mukhanov variable.

7.3 Methods

In the theories of primordial perturbations reviewed in the previous section, the standard
choices of variables was explained by the simple form of equation of motion they admitted, more
specifically that the modes involved behaved like harmonic oscillators, so their quantisation
was known.

However, as will be shown, one can always make a canonical transformation of the action
of the system in the extended phase space by redefining the independent and dependent
variables simultaneously such that the resulting equation of motion is first-derivative-free and
appropriate commutation relations are satisfied. The new, redefined field will then still be
quantisable by analogy with the harmonic oscillator. Apart from the conveniently ‘bare’ k2

term in the associated equation of motion (originating from the canonically normalised scalar
field in the action), there is nothing that makes the standard choice of variables (η, v) special.
In fact there is no choice of variables for which the action is canonically normalised in the
case of a non-flat universe [157]. In addition to field redefinitions, one could always add a
surface term to the Lagrangian, equivalent to performing an integration by parts, and obtain a
dynamically equivalent system (so long as the boundary terms vanish). This section summarises
the procedures described above by which the vacuum prescriptions will be transformed.

7.3.1 Field redefinition

For all vacuum-setting methods involving the quantisation of a field, we consider quantising
an alternative field related to the conventional choice by a time-dependent, scalar-valued,
homogeneous function h, and the redefinition of time to a new independent variable τ , whilst
keeping in mind how the form of the metric changes. We then derive the vacuum conditions in
analogy with the conventional procedures. For Hamiltonian diagonalisation this redefinition
will thus be

t → τ(t), R → χ(x, τ) ≡ R
h(τ) , (7.42)

and for minimising the renormalised stress–energy tensor, we shall consider instead

t → τ(t), φ → χ(x, τ) ≡ φ

h
= y

ah
, (7.43)
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as the field being quantised is φ.
We shall derive a constraint linking τ and h for each action considered to ensure it yields the

equation of motion of an oscillator, as this is not guaranteed by the transformation Eq. (7.42).
This generally leaves an unconstrained integration constant C0. The field redefinition also does
not necessarily conserve the commutator structure. For all transformations considered, this will
be ensured via an additional constraint that needs to be satisfied during the minimisation of the
vacuum expectation value of the Hamiltonian density or the 00-component of the renormalised
stress–energy tensor.

7.3.2 Surface terms

In the conventional Hamiltonian diagonalisation approach, one performs an integration by parts
to obtain the action Eq. (7.16). This is equivalent to adding the total derivativeÇ

z′

z
v2
å′

(7.44)

to the associated Lagrangian density, or a vanishing surface or boundary term to the action.
Under the field redefinition of the previous section, the action changes such that the appropriate
boundary term to add will be

− ∂τ

Å
χ2∂τh

h

ã
. (7.45)

It is clear that (i) there are infinitely many choices of vanishing boundary terms one could add;
and that (ii) the boundary terms modify the form of the action and in turn the field-conjugate
momentum relationship. For Hamiltonian diagonalisation and the Danielsson vacuum we shall
investigate how the addition of the boundary term Eq. (7.45) alters the initial conditions, and
show that minimising the renormalised stress–energy tensor is invariant under the addition of
boundary terms by construction.

Detailed calculations of initial conditions arising from systems subject to field redefinitions
and addition of surface terms can be found in Sections 7.A and 7.B.

7.4 Results

7.4.1 Initial conditions

Hamiltonian diagonalisation

Under the field redefinition Eq. (7.42), minimising the vacuum expectation value of the
Hamiltonian Eq. (7.27) gives the generalised initial conditions

|χk|2 = (2C0ωk)−1 ,

∂τχk = −iωkχk,
(7.46)
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where ωk is the time-dependent frequency of the equation of motion in terms of (τ, χk), and C0

is a constant.
As a sanity check, substituting h = z−1 and C0 = 1, corresponding to quantising the

Mukhanov variable in terms of conformal time, we recover the conventional initial conditions
Eq. (7.28). However, changing variables to (η, v) in the generalised initial conditions Eq. (7.46)
yields

|vk|2 = 1

2
√
k2 + h′′

h + 2
Ä

h′z′

hz

ä ,
v′

k =
(

− i

…
k2 + h′′

h
+ 2h

′z′

hz
+ h′

h
+ z′

z

)
vk,

(7.47)

which carry the arbitrary function h. This means that one can derive a family of initial
conditions for vk(η) depending on the field in terms of which the action was written.

Moreover, under addition of the boundary term defined in Section 7.3.2 and the field
re-definition that led to Eq. (7.47), one can derive another set of conditions:

|vk|2 = 1

2
√
k2 −

Ä
h′

h

ä2 ,

v′
k =

(
− i

 
k2 −

Å
h′

h

ã2
+ h′

h
+ z′

z

)
vk.

(7.48)

Not only is this another family of solutions depending on the function h, it is a different set to
Eq. (7.47)! This can be seen by noting that for all values of h′/h in Eq. (7.48) there will be a
lower limit for k below which the expression under the square root becomes negative, which is
not allowed (for the squared magnitude of the perturbation has to be real). This ‘forbidden
region’ is different for Eq. (7.47). Since we could have chosen any action connected to Eq. (7.16)
via a canonical transformation, we could have arrived at a range of different Hamiltonians
yielding different quantum initial conditions for the perturbations. Hamiltonian diagonalisation
thus gives ambiguous initial conditions depending on the choice of canonical variables.

The two example solution families obtained via Hamiltonian diagonalisation are parametrised
by a time-dependent function h. If we choose to use the solutions as initial conditions, and the
spacetime slice we set them on is chosen such that all modes (i.e. all k) are set simultaneously
at a conformal time η0, the shape of the function h(η) only matters in the vicinity of η0. We
can determine how much freedom this gives by Taylor-expanding h near η0,

h(η) =
∞∑

n=0

1
n!hn(η − η0)n, (7.49)
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substituting into Eq. (7.47), then finally evaluating at η = η0. This gives

|vk|2 = 1

2
√
k2 + h2

h0
+ 2
Ä

h1z′

h0z

ä ,
v′

k =
(

− i

 
k2 + h2

h0
+ 2h1z′

h0z
+ h1
h0

+ z′

z

)
vk,

(7.50)

showing that there are two real degrees of freedom in this set of initial conditions (h2/h0 and
h1/h0), whereas Eq. (7.48) only depends on h1/h0:

|vk|2 = 1

2
√
k2 − 2

Ä
h1
h0

ä2 ,

v′
k =

(
− i

 
k2 − 2

Å
h1
h0

ã2
+ h1
h0

+ z′

z

)
vk.

(7.51)

It is worth noting that there exist prescriptions that do not set initial conditions for all
perturbations simultaneously: [173] for example chooses a finite η0(k) for each k such that the
physical momentum corresponding to the mode is given by some fixed scale, and it is common
to initialise the perturbations when their lengthscales are a fixed fraction of the Hubble horizon.
These prescriptions may lead to more degrees of freedom in the initial conditions, but such
considerations are deferred to future work.

In [196], the authors do not attempt to find the preferred choice of vacuum (if that exists),
rather they parametrise a general choice of initial conditions by two complex scalars, X and Y
(Y being purely imaginary), that characterise the choice of vacuum:

vk(η0) = eiϕ1
√
k

ï
1 + X + Y

2 θ0 + O(θ2
0)
ò
, (7.52)

v′
k(η0) = −i

√
keiϕ2

ï
1 + Y −X

2 θ0 + O(θ2
0)
ò
. (7.53)

Their initial conditions are the solutions of the mode equation Eq. (7.18) in the limit where the
metric is Minkowski, with added corrections due to expansion as a power series in the small,
dimensionless parameter θ0:

θ0 = aH

k

∣∣∣∣
η=η0

. (7.54)

In terms of this parametrisation, the solutions Eq. (7.50) represent a subset with

X = −Y, Y arbitrary, (7.55)

which can be seen by factoring out 1/
√
k from the expression for vk, expanding the rest in

powers of 1/k, and observing that there is no term linear in 1/k.
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Danielsson vacuum

It is easily seen that Danielsson’s result, for a different choice of field Eq. (7.43), generalises as

πχ(τ) = −ikχ(τ), (7.56)

where πχ is the momentum conjugate to χ. Using the action Eq. (7.19)) under the field
redefinition (Eq. (7.43) to compute the conjugate momentum, this gives for yk:

|yk|2 = (ah)2

2k ,

y′
k =
Ç

− ik

(ah)2 + a′

a

å
yk.

(7.57)

Under the addition of the surface term Eq. (7.45) to the action (which has the effect of
eliminating the ∂τχ term), the momentum conjugate to the field χ changes, and the initial
conditions become

|yk|2 = (ah)2

2k ,

y′
k =
Ç

− ik

(ah)2 + a′

a
+ h′

h

å
yk.

(7.58)

Since canonical transformations by addition of surface terms only change the relationship
between the field and its conjugate momentum, infinitely many solution families like Eq. (7.57))
and (Eq. (7.58) exist that differ in y′

k(yk). There is no theoretical guidance as to which action
one should consider, and hence which set of initial conditions is the correct one in the Danielsson
prescription.

Minimising the renormalised stress–energy tensor

Working from the action Eq. (7.19) under a canonical field redefinition, and minimising the
expression Eq. (7.39) fixes the mode functions χk fully as

|χk|2 = 1
2
»
h4a4

(
k2 +m2a2

) ,

∂τχk =
(

− i

C0

»
h4a4

(
k2 +m2a2

)
− ∂τh

h

)
χk.

(7.59)

Converting back to conformal time and y gives the solutions

|yk|2 = 1
2
»(

k2 +m2a2
) ,

y′
k =
Ç

−i
√
k2 +m2a2 + a′

a

å
yk,

(7.60)
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independently of the choice of h(τ) and τ , and in agreement with solutions Eq. (7.40) derived
using the conventional treatment.

From the definition Eq. (7.36), it can be shown that an added 4-divergence (involving the
field and the metric) to the Lagrangian does not change the form of the stress–energy tensor as
long as the added surface term does not break covariance of the existing Lagrangian. Not only
has the stress–energy tensor been constructed in a covariant way, [197] have recently shown that
one can define a ground state family, with respect to which its expectation value is covariantly
conserved. This possibility was also pointed out in [171]. All that matters in the minimisation
process is the form of the field-dependent part of Tµν (the geometrical terms do not come
into play as they do not depend on the field), and therefore the initial conditions derived
via minimisation of the renormalised stress–energy tensor are invariant under the addition of
surface terms.

Minimising the 00-component of the renormalised stress–energy tensor is therefore invariant
under canonical field redefinitions and addition of surface terms. The stress–energy tensor was
defined to be covariant, therefore its invariance under the addition of surface terms comes as
no surprise, but it has not been constructed to be invariant under field redefinitions. In taking
the 00-component, however, covariance has been broken, and one must ensure that the same
results hold when a coordinate-independent quantity is minimised.

To make sure this is the case, one should consider the eigenvalue belonging to a timelike
eigenvector of the tensor. Let us therefore generate the off-diagonal components of ⟨0|Tµν |0⟩,
ignoring those arising from the geometrical terms:

⟨0|Ti0 |0⟩ren = 1
2

∫
d3k

(2π)3
ki

τ̇ az2 , (7.61)

⟨0|Tij |0⟩ren = 1
2

∫
d3k

(2π)3 2h2χkχ
∗
kkikj , (7.62)

with i ̸= j. All the above components include integrals with integrands odd in ki, and so
they vanish. The de Witt–Schwinger terms in the off-diagonal elements can also be shown
to vanish due to the metric gµν being diagonal 2. Consequently the expectation value of the
renormalised stress–energy tensor is diagonal, and its eigenvalues are just the diagonal entries.
The eigenvalue corresponding to the timelike eigenvector is the 00 element, confirming the
results of this section.

Generalised analogy between a scalar field on a curved spacetime and the curvature
perturbation

In Section 7.2.3, initial conditions were derived for the Mukhanov variable in an inflating
background from the solutions for yk in Eq. (7.40) by drawing an analogy between their

2For an explicit expression for ⟨0| Tµν |0⟩ren that confirms this, see [86].



128 Quantum initial conditions for primordial perturbations

equations of motion, Eq. (7.18)) and (Eq. (7.20). For the two equations to be the same,
a′′/a = z′′/z was required. We now derive similar requirements for the two equations of motion
to have the same form, after having performed the field redefinitions

R → χ1 = R
h1

(7.63)

and
φ → χ2 = φ

h2
= y

ah2
, (7.64)

respectively. The first, obvious requirement is that the redefined field in Eq. (7.20) has to be
massless, m = 0. For the classical perturbed action we then have the equation of motion

0 = ∂τ1τ1χ1 +
[Ç

kh2
1z

2

C2
1

å2

+ ∂τ1τ1h1
h1

− 2
Ç
∂τ1h1
h1

å2]
χ1, (7.65)

whereas from the massless scalar field we get

0 = ∂τ2τ2χ2 +
[Ç

kh2
2a

2

C2
2

å2

+ ∂τ2τ2h2
h2

− 2
Ç
∂τ2h2
h2

å2]
χ2. (7.66)

We are free to choose h1, h2, and the constants C1 and C2. We first have to set

h1z

C1
= h2a

C2
(7.67)

for the first term in the frequency to be the same, then we need to satisfy

h′′
1
h1

− 2
Ç
h′

1
h1

å2

= h′′
2
h2

− 2
Ç
h′

2
h2

å2

, (7.68)

where prime denotes differentiation with respect to the function’s argument. This differential
equation admits the solution

h1
h2

= A exp
Ç∫

dt
h2

2
B −

∫
dt h2

2

å
. (7.69)

One can always choose h1/h2 such that Eq. (7.67) holds. One can then calculate h2 by inverting
Eq. (7.69). This means that if h1, h2 are chosen appropriately, one can always map the solution
of the scalar-field action onto the cosmological perturbations.

For an arbitrary choice of h1 and h2, if z ∝ a, the equations of motion are guaranteed to
take the same form in general, therefore the mapping from the test scalar field to the primordial
perturbations becomes the identity. (Note that for a specific choice of h1 and h2, e.g. h1 = 1/z,
h2 = 1, the requirement for form-similarity may be less restrictive.)
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Overall, the conclusion that one may use the solutions Eq. (7.59) as initial conditions for
the associated perturbation mode in inflation is still valid for a different choice of (extended)
canonical variables.

Other vacuum choices

Bunch–Davies vacuum: A well-known vacuum prescription left out of our analysis is
the Bunch–Davies vacuum [172], which is set by requiring that the positive-frequency mode
function matches the Minkowski solution in the limit of all mode lengthscales being subhorizon
(k/(aH) → ∞), in the infinite conformal past. The prescription only specifies the vacuum
uniquely if inflation did not have a start, and otherwise results in ambiguities associated with
the artificially imposed k → ∞ limit [198]. This issue aside, the Bunch–Davies prescription
relies on the choice of canonical variables being (η, vk), because it yields an oscillator equation of
motion with a ‘bare’ k2 term in the squared frequency, thus the frequency can be adiabatically
constant. This is no longer the case when the equation of motion is rewritten in terms of a
different time and field, i.e. under field redefinitions. This preference for variable choice is the
reason why the Bunch–Davies vacuum was not considered.

Adiabatic vacuum: The adiabatic vacuum formalism [86, 198] is similar to the Bunch–
Davies one in that it states that sometimes a unique vacuum can be defined when the frequency
of the perturbation modes is adiabatically constant, and given by an nth order Wentzel–Kramers–
Brillouin (WKB) approximation. Since canonical transformations leave the equation of motion
invariant, they will not affect the adiabatic vacuum if the expansion is carried out to arbitrarily
high order, but otherwise the (truncated) WKB solution of an equation of motion rewritten
in terms of different independent/dependent variables will generally differ. This is easily
seen by observing that the lowest order adiabatic initial conditions match those obtained via
Hamiltonian diagonalisation Eq. (7.85).

α-vacua: The behaviour of α-vacua [177] under canonical transformations has been reviewed
in [180]. These vacua were found not to be canonically invariant.

7.4.2 Primordial power spectra

Primordial power spectra show the power in the Fourier modes of gauge-invariant curvature
perturbations (Rk) after horizon exit – when their characteristic lengthscale k−1 first exceeds
the size of the comoving Hubble horizon (aH)−1 during inflation. When this happens, the
amplitude of fluctuations becomes constant, as shown in Fig. 7.1 alongside definitions of
quantities used in this section. Primordial power spectra are not directly observable3, but are
the first physical quantities one can derive from the perturbations, and hence the first physical

3They are, however, reconstructable [169, 199, 200].
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Fig. 7.1 Schematic evolution of the comoving Hubble horizon (black) and a ‘pivot’ perturbation
Rk∗ (red), whose characteristic lengthscale is 0.05 Mpc−1. Inflation starts as the comoving
horizon begins to shrink, and continues until it reaches its minimum. The total number of
e-folds by which the universe has grown during inflation is Ntot = N∗ + N†, with N∗ e-folds
passing between the pivot perturbation exiting the horizon and the end of inflation.

objects affected by the existence of a range of quantum initial conditions. To compute them,
first the ‘cosmological background’ quantities such as the scale factor and Hubble horizon are
computed by solving the cosmological field equations [201], which are derived from the action
Eq. (7.13) using Einstein’s field equations.

In this work, it is assumed that slow-roll inflation had a start and was preceded by a
non-inflationary phase. An eternal inflation scenario would allow one to initialise all primordial
perturbation modes deep inside the Hubble horizon, which would result in a power-law primordial
power spectrum that is independent of the choice of primordial initial conditions and the choice of
vacuum. Our result concerning the (non-)invariance of vacuum choices under field redefinitions
and addition of surface terms would be theoretically important nonetheless, but the aim of
this and the following sections is to demonstrate the observational impact of the choice of
canonical variables, and therefore a physically well-motivated setup is chosen in which the
choice of vacuum affects the primordial power spectrum. Generally it may also be attractive
to choose a model without too long an inflationary phase in order to avoid having to account
for trans-Planckian physics when initialising the primordial perturbations (see [173, 192, 196,
202] and references therein), due to lengthscales observed today having been smaller than the
Planck length at some earlier epoch.
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The numerical solution is initiated at the start of inflation, which is assumed to be preceded
by a kinetically dominated [115, 117, 118] phase. In kinetic dominance the inflaton particle’s
kinetic energy dominates over its potential energy, causing the comoving Hubble horizon to
grow and reach a maximum as the universe enters slow-roll inflation.

For simplicity, a single-field inflationary model will be considered with a potential that is
quadratic in the field,

V (ϕ) = 1
2µ

2ϕ2. (7.70)

For convenience, the number of e-foldings N ≡ ln a is chosen to be the independent variable
in the field equations. With this choice, they become

d lnD
dN

= 4 +D
Ä
4K − 2e2NV (ϕ)

ä
, (7.71)Å

dϕ

dN

ã2
= 6 +D

Ä
6K − 2e2NV (ϕ)

ä
, (7.72)

where D = (aH)−2 and K is the spatial curvature that can take values 0, ±1 for flat, closed,
and open universes, respectively. We set K = 0 when calculating the primordial power spectra
and all subsequent computations. At the start of inflation, the field equations give

D = Di = 2e−2Ni

V (ϕi)
, (7.73)

leaving Ni and ϕi as adjustable parameters. In a flat universe one can set Ni = 0 without
loss of generality, so the only free parameter left in the background initial conditions is the
initial field strength, ϕi. This determines Ntot, the total number of e-folds during inflation, and
N†, the number of e-folds between the start of inflation and a ‘pivot’ perturbation mode with
lengthscale k∗ = 0.05 Mpc−1 exiting the Hubble horizon. Observations constrain the value of
N∗, the number of e-folds between the pivot scale exiting the Hubble horizon and the end of
inflation, to be between 50 and 60 [203–205]. A value for ϕi consistent with the ‘just enough
inflation’ scenario [206, 207], where N∗ ∼ Ntot, is chosen. In the inflationary potential, µ
denotes the inflaton mass, which determines the overall ‘normalisation’ of the primordial power
spectrum and can be calculated using the slow-roll approximation from N∗ and As to yield the
observed normalisation. The primordial parameters and the cosmological parameters used in
the following sections are summarised in Table 7.2.

Once the cosmological field equations have been solved, the perturbations Rk are initialised
simultaneously (independently of k) at the start of inflation with two arbitrary sets of initial
conditions (e.g. {Rk = 1, dRk/dN = 0}, {Rk = 0, dRk/dN = 1}) and for each k-mode the
Mukhanov–Sasaki equation is solved to obtain their evolution in N . We use the numerical
solver oscode [1] to carry out this computation efficiently. The amplitude of each perturbation
is read off when they are well outside the Hubble horizon, k < 10−2aH. The two solutions for
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Fig. 7.2 Primordial power spectrum (top panel) and angular CMB power spectrum of tem-
perature anisotropies (bottom panel) for the standard Hamiltonian Diagonalisation (HD) and
Renormalised Stress-Energy-Tensor (RST) vacuum conditions.

Rk can then be linearly combined to satisfy any initial condition at the start of inflation from
the sets derived, without having to re-compute the evolution of perturbations. Finally, the
primordial power spectrum is constructed according to

PR(k) = k3

2π2 |Rk|2. (7.74)

Fig. 7.2 shows example primordial power spectra generated using conventional Hamiltonian
diagonalisation Eq. (7.28) and renormalised stress–energy tensor Eq. (7.41) initial conditions,
and the corresponding CMB angular TT spectra. The details of how the latter kind of
spectra are computed can be found in Section 7.4.3. Note the dual x-axis shows both the
wavenumber k and the multipole ℓ. The conversion between the two is performed using the
Limber approximation,

ℓ ≈ kDrec = k
rs

θs
, (7.75)

where Drec is the distance to the last scattering surface at recombination, rs is the sound
horizon at recombination, and θs is the angular parameter. The latter two can be derived from
the Planck baseline CMB parameters listed in Table 7.2.

To show the full range of primordial power spectra achievable using Hamiltonian diagonali-
sation initial conditions Eq. (7.50), one needs to consider the two-dimensional space spanned by
the two initial condition parameters, h2/h0 and h1/h0. Since it is difficult to visualise individual
spectra in this two-dimensional space, contour plots of different features in the power spectra
are shown instead. The features considered are listed below.
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(c) Average amplitude of first 10 oscillations.
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Fig. 7.3 Dependence of features of the primordial power spectrum derived from Hamiltonian
Diagonalisation initial conditions Eq. (7.50) on the parameters h1/h0 and h2/h0. The cutoff
position is measured as the wavenumber kc where the power spectrum drops below a value
of 10−10 towards large scales. The oscillation amplitude is measured as the log-difference
between a peak and the following trough. The three coloured points correspond to parameter
pairs considered in Section 7.4.3, their individual primordial power spectra are shown in Fig. 7.5.



134 Quantum initial conditions for primordial perturbations

Table 7.2 The fiducial values used for the cosmological parameters come from
Planck 2018 TT,TE,EE+lowE [165].

parameter fiducial value parameter fiducial value

Ωbh
2 0.02236 As 2.101 × 10−9

Ωch
2 0.1202 ns 0.9649

h 0.6727 ϕi 16 mp

τreio 0.0544 N∗ 55

1. Cutoff position: position of the low-k cutoff present in all primordial power spectra
considered. The cutoff is a result of considering kinetic dominance instead of eternal
inflation, and is caused by perturbation modes that do not enter the Hubble horizon. The
cutoff as the position where the amplitude of the power spectrum drops below 10−10.

2. Amplitude of first oscillation: calculated as the logarithmic difference between the
first peak and the following trough.

3. Average amplitude of the first 10 oscillations.

4. Ratio of the first to second peak: defined as (A1 −A2)/((A1 +A2), where A1,2 are
the amplitudes of the first and second peaks, respectively.

5. Frequency of oscillations: the leading frequency in the Fourier transform of PR(k)
was also considered as a feature initially. However, the frequency was not expected to
change with (h1/h0, h2/h0), which was indeed what has been found, and therefore the
resulting contour plot is not shown.

Figs. 7.3a to 7.3d show contour plots of the features 1–4 in primordial power spectra in
(h1, h2)-space, with the three coloured points corresponding to parameter pairs considered in
Section 7.4.3. The empty ‘forbidden’ region in all plots is a result of h2/h0 and h1/h0 appearing
under a square root in Eq. (7.50), causing there to be a lower limit to possible k values if

h2
h0

+ 2h1z
′

h0z
< 0. (7.76)

Figs. 7.3b and 7.3d exhibit an interesting feature around h1/h0 = 1.5, h2/h0 = 3.5: the
emergence of a new peak from the low-k region of the primordial power spectrum. The
phenomenon is shown in Figs. 7.4a to 7.4d: Fig. 7.4a and Fig. 7.4b mark the region of interest in
parameter space and the extent of inversion, while Fig. 7.4c and Fig. 7.4d show the emergence
of the new peak along orthogonal directions in parameter space.
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(a) Amplitude of first oscillation. (zoomed in
from Fig. 7.3b)
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Fig. 7.4 Zoom-in of the centre region of the contour plots in Figs. 7.3b and 7.3d. The dotted
horizontal and vertical lines correspond to the line collections of primordial power spectra in
the lower panels. The sharp lines in the contour plot correspond to the (dis-)appearance of the
first peak.

It is to be noted that one can arrive at the renormalised stress–energy tensor initial conditions
Eq. (7.41) from Hamiltonian diagonalisation, by choosing the field to be quantised as R, i.e.
choosing h = 1. This choice translates to h1/h0 = 0, h2/h0 = 0 in Figs. 7.3, 7.4 and 7.8.
The ‘standard’ Danielsson prescription leads to the same initial conditions as minimising
the renormalised stress–energy tensor, and so also corresponds to h1/h0 = 0, h2/h0 = 0.
Conventional Hamiltonian diagonalisation is equivalent to choosing h = z−1, or h1/h0 ≈
0.82, h2/h0 ≈ 1.37 in Figs. 7.3, 7.4 and 7.8.
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Fig. 7.5 Primordial power spectrum (top panel) and angular CMB power spectrum of tempera-
ture anisotropies (bottom panel) for three different combinations of h1/h0 and h2/h0 as used
in Eq. (7.50).

7.4.3 Cosmic Microwave Background

The angular CMB TT , TE, and EE power spectra are generated from primordial power spectra
using the Boltzmann code CLASS [126–129], with Planck 2018 baseline [165] cosmological
parameters as presented in Table 7.2.

There are no obvious choices of physical features in the range of angular spectra observable
today that would allow their visualisation in contour plots, therefore without any claim to
completeness, primordial power spectra and the corresponding TT , TE and EE spectra are
shown of the three points in (h1/h0, h2/h0)-space which were marked in colour in Figs. 7.3a
to 7.3d and 7.4a to 7.4d. The primordial power spectra and the TT spectra are shown in
Fig. 7.5, while Fig. 7.6 shows the TE and EE spectra. The low-ℓ region of all these CMB
spectra are shown separately in Fig. 7.7.

Immediately it is clear that in the ‘just enough inflation’ case, the choice of the function
h (through the values h1/h0 and h2/h0) can influence the CMB observed today, despite h
stemming from the choice of canonical variables. Again it must be stressed that in the eternal
inflation case, the different initial conditions discussed would yield the same observable spectra.

The question of whether observations could theoretically rule out certain regions of the
(h1/h0, h2/h0) parameter space is worth investigating, even though the inflationary potential
used in this work, V (ϕ) ∝ ϕ2 has mostly been ruled out by the Planck 2015 results [200], and
is only used here for the sake of simplicity. The posterior probability of (h1/h0, h2/h0) given
the Planck 2018 low-ℓ (ℓ ≤ 30) temperature-only likelihood [167] is shown in Fig. 7.8, where a
uniform prior was used over the range −10 ≤ h1/h0 ≤ 10, −10 ≤ h2/h0 ≤ 30, excluding the
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Fig. 7.6 CMB angular power spectra of the TE cross-spectrum and the EE auto-spectrum for
three different combinations of h1/h0 and h2/h0 as in Fig. 7.5.

forbidden region. The posterior has been explored using the PolyChord sampler [136, 137]. The
lowT data was used because Figs. 7.5 and 7.6 suggest that it is the low-ℓ region the different
initial conditions have the most effect on.

It is clear that observational data can be used to select a preferred region of the initial
condition parameters, but the point this section aims to emphasise is the wide-range effects
that the choice of canonical variables can have on observations when using Hamiltonian
diagonalisation to define the vacuum.

7.5 Conclusions

In part, this chapter serves to highlight some points made by Fulling [171] regarding the lack of
robustness of Hamiltonian diagonalisation under canonical transformations, in that it confirmed
that this procedure yields physically distinct vacua, and different initial conditions for the scalar
curvature perturbations. All sets of initial conditions derived this way have been shown to take
the general form proposed by [196], and therefore could be argued to be physically sensible.
On the other hand, this chapter has illustrated the effect that the choice of initial conditions
has on the primordial power spectrum and the CMB angular power spectra under the ‘just
enough inflation’ assumption. It has been shown that in such inflation models, different choices
of canonical variables in a canonically non-invariant vacuum prescription such as Hamiltonian
diagonalisation would be distinguishable by observation, noting that in a model where all
perturbation modes spend a significant amount of time within the Hubble horizon, all initial
conditions considered would yield the same observable results. Two other choices of vacuum
have been subjected to the same transformations: one obtained by minimising the 00-component
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Fig. 7.7 Low-ℓ region of the CMB angular power spectra from Figs. 7.5 and 7.6.

of the renormalised stress–energy tensor [12], and the Danielsson vacuum [173]. In doing so, it
has been found that the Danielsson vacuum is inherently sensitive to canonical field redefinitions
and addition of surface terms, but the renormalised stress–energy tensor minimisation is not,
despite not having been constructed to be invariant in this manner.

Many pieces of work since [171] acknowledge the existence of Hamiltonians related via
canonical transformations, but suggest that there is a preferred Hamiltonian which leads to
the conventionally used initial conditions. It has been noted that the initial conditions derived
via the renormalised stress–energy tensor, which have thus been shown to be invariant under
canonical transformations, differ from the initial conditions associated with this preferred
Hamiltonian. Since the procedure of minimising the renormalised stress–energy tensor yields
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unambiguous initial conditions for the primordial perturbations and unambiguous quantum
mechanical observables (expectation values of operators) under transformations that leave
other physical traits (such as the equation of motion and commutator structure) invariant, it is
recommended as the preferred prescription for setting the vacuum.

Appendix 7.A Hamiltonian diagonalisation under field redefi-
nitions and addition of surface terms

This appendix presents the details of deriving initial conditions via Hamiltonian diagonalisation
for the variable pair (τ, χ), related to cosmic time and the gauge-invariant curvature perturbation
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R by Eq. (7.42). For the derivations to follow in general, our computational strategy can be
summarised as:

1. Write down the action.

2. Perform the transformation in question, expressing the action in terms of the field of
interest.

3. Find the equation of motion.

4. Find the condition for the equation of motion to be of an undamped harmonic oscillator
(for the purposes of quantising the field).

5. Find the momentum conjugate to the field; quantise both as quantum oscillators.

6. Write down the commutators of the system, and derive conditions for these to be canonical
(thus ensuring that the transformation itself is canonical).

7. Write down the definition of vacuum, i.e. the quantity to be minimised, and minimise it
with respect to the Fourier modes of the quantised field, subject to the conditions derived.

7.A.1 Field redefinition

Changing variables in the perturbed action Eq. (7.15) leads to

S =
∫
d3xdτ

C

2

[
(∂τχ)2 + 2χ(∂τχ)∂τh

h
+ χ2

Å
∂τh

h

ã2
− (∇χ)2

Ç
h2z2

C

å2 ]
, (7.77)

with C = h2τ̇ az2. This will in general yield the equation of motion of an oscillator with a
non-zero first-derivative term. If the field χ is to be quantised as an oscillator, the first-derivative
term needs to vanish, which holds if

C = C0 = const. (7.78)

Setting C to be constant, the equation of motion in terms of the Fourier modes of χ becomes

0 = ∂ττχk +
[Ç

kh2z2

C0

å2

+ ∂ττh

h
− 2
Å
∂τh

h

ã2
]
χk. (7.79)

To follow the conventional procedure, we integrate Eq. (7.77) by parts to eliminate the term
linear in ∂τχ to get

S =
∫
d3xdτ

C0
2

[
(∂τχ)2 + χ2

(
∂ττh

h
− 2
Å
∂τh

h

ã2
)

− (∇χ)2
Ç
h2z2

C0

å2 ]
. (7.80)



7.A Hamiltonian diagonalisation under field redefinitions and addition of surface terms 141

The momentum conjugate to χ is then

πχ = C0∂τχ. (7.81)

We now quantise χ in the same way as v in Eq. (7.22). Imposing canonical commutation
relations on the creation and annihilation operators results in the constraint

(∂τχk)χ∗
k − (∂τχ

∗
k)χk = − i

C0
, (7.82)

because the momentum conjugate to χ was scaled by C0. This is a necessary condition for the
field redefinition to be a canonical transformation. The normal-ordered Hamiltonian then takes
the general form

H = 1
2

∫
d3k

(2π)3

[
âkâ−kFk(τ) + â†

kâ
†
−kF

∗
k (τ) +

Ä
2â†

kâk + δ(3)(0)
ä
Ek(τ)

]
, (7.83)

with
Ek(τ) = |∂τχk|2 + ω2

k|χk|2,

Fk(τ) = (∂τχk)2 + ω2
kχ

2
k,

ω2
k =
Ç
kh2z2

C0

å2

+ ∂ττh

h
− 2
Å
∂τh

h

ã2
.

(7.84)

Minimising the vacuum expectation value of the Hamiltonian for each k-mode separately,
subject to the constraint Eq. (7.82) thus gives the generalised initial conditions

|χk|2 = (2C0ωk)−1 ,

∂τχk = −iωkχk.
(7.85)

7.A.2 Surface terms

In order to get to the form of the Hamiltonian Eq. (7.83), we integrated by parts once and
discarded a boundary term:

S ⊃
∫
d3x dτ

C0
2

[
2χ(∂τχ)∂τh

h
+ χ2

Å
∂τh

h

ã2
]

=
[
χ2∂τh

h

]
−

∫
d3x dτ

[
∂ττh

h
χ2 − 2

Å
∂τh

h

ã2
χ2

]
.

(7.86)

This is equivalent to adding the surface term

− ∂τ

Å
χ2∂τh

h

ã
. (7.87)
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If we instead kept the action in its original form, Eq. (7.77), the momentum conjugate to χ
would be

π = C0

Å
∂τχ+ ∂τh

h
χ

ã
, (7.88)

and the normal-ordered Hamiltonian would take the same form as Eq. (7.83), but now with

Ek(τ) = |∂τχk|2 + σ2
k|χk|2,

Fk(τ) = (∂τχk)2 + σ2
kχ

2
k,

σ2
k =
Ç
kh2z2

C0

å2

−
Å
∂τh

h

ã2
.

(7.89)

As seen by symmetry, this yields initial conditions for (τ, χ) of the same form as Eq. (7.47), but
with ωk replaced with σk. Switching back to (η, v), they are

|vk|2 = 1

2
√
k2 −

Ä
h′

h

ä2 ,

v′
k =

(
− i

 
k2 −

Å
h′

h

ã2
+ h′

h
+ z′

z

)
vk.

(7.90)

Appendix 7.B Minimising the renormalised stress–energy ten-
sor under field redefinitions

We generalise the results Eqs. (7.40) and (7.41) in analogy with Section 7.A.1. We rewrite the
action Eq. (7.19) in terms of the redefined time and field

t → τ, φ → χ(x, τ) ≡ φ

h
= y

ah
, (7.91)

keeping in mind that the metric then changes to gµν = diag(τ̇−2,−a2,−a2,−a2). This yields

S =
∫
d3x dτ

C

2

[
(∂τχ)2 + 2(∂τχ)χ∂τh

h
+ χ2

(∂τh

h

)2

−(∇χ)2
(h2a2

C0

)2
− χ2m2

(h2a3

C0

)2
]
,

(7.92)

with C = h2τ̇ a3. As before, the equation of motion resulting from the variation of this action
can be made first-derivative-free by setting

C = C0 = const, (7.93)
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in which case it becomes, in Fourier space,

∂ττχk +
[Ç

kh2a2

C0

å2

+ ∂ττh

h
− 2
Å
∂τh

h

ã2
+
Ç
mh2a3

C0

å2 ]
χk = 0. (7.94)

The field χ is then quantised, which makes φ take the form

φ(x) =
∫

d3k

(2π)3h(τ)
[
âkχk(τ)eik·x + â†

kχ
∗
k(τ)e−ik·x

]
. (7.95)

The Hadamard Green function can then be written

G(1)(x, x′) =
∫

d3k

(2π)3h(τ)h(τ ′)
[
χk(τ)χ∗

k(τ ′)eik·(x−x′) + χ∗
k(τ)χk(τ ′)e−ik·(x−x′)

]
. (7.96)

Acting on this with the bi-scalar derivative function and taking the 00 component thus gives

⟨0|T00 |0⟩ren = T̃ + 1
2
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]
.

(7.97)

The normalisation constraint on the mode functions χk takes the same form as for the generalised
perturbed classical action in Section 7.A.1, and is therefore given by Eq. (7.82). Minimising
the expression Eq. (7.97) subject to this constraint gives for the mode functions χk

|χk|2 = 1
2
»
h4a4

(
k2 +m2a2

) ,

∂τχk =
(

− i

C0

»
h4a4

(
k2 +m2a2

)
− ∂τh

h

)
χk.

(7.98)





Chapter 8

Conclusions and future outlook

8.1 Computational tools

Chapter 2 of this thesis discussed the contrast between the numerical analysis of non-oscillatory
and highly oscillatory ODEs. Methods for solving the former kind of ODEs customarily rely on
Taylor’s theorem or other polynomial expansions (in the stepsize h) for forecasting the numerical
solution at the end of each step. The reason conventional methods fail to integrate oscillatory
ODEs efficiently is that in the presence of oscillations, these polynomial approximations only
hold for h ⪅ λ, where λ is the approximate wavelength of oscillations. The number of steps
standard (e.g. linear multistep) methods have to take while traversing an oscillatory ODE
therefore scales with the frequency, which quickly raises the computational cost. Standard
methods struggle to solve even ẍ(t) +ω2x(t) = 0, the simplest analytic example of an oscillatory
ODE and oscillatory equivalent of the Dahlquist test equation. This hints at the possibility
of a solution using an approximately sinusoidal approximation instead of Taylor’s theorem to
forecast the solution. Oscillation can, however, take many forms and arise from many different
types of ODE systems, which makes it difficult to find a fit-for-all approximation for all kinds
of oscillatory ODEs. In Chapter 2 I chose to focus on the class of oscillatory ODEs which can
be written

ẍ(t) + 2γ(t)ẋ(t) + ω2(t)x(t) = 0, (8.1)

and reviewed efforts to construct efficient numerical methods to tackle them. The takeaway
from this introduction is that the realm of oscillatory ODEs is far less unified than that of
their non-oscillatory counterparts and is in need of more systematic review, and that the most
successful numerical methods for oscillatory equations exploit our prior knowledge about the
structure of the ODE system and the form of the solution.

Motivated by the abundance of oscillatory ODEs of the form Eq. (8.1) in physics and
cosmology, I developed an efficient numerical routine and associated open-source software,
oscode. Its core algorithm builds on the ideas of [68] and works as a generic stepper algorithm
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that switches between an oscillatory and a slowly varying approximation for forecasting the
solution at the end of a step of size h, depending on which kind gives the largest possible
step while keeping the local error estimate within a user-specified tolerance. The oscillatory
approximation is based on the Wentzel–Kramers–Brillouin expansion familiar from quantum
mechanics, but generalised to include a potential damping term 2γ(t)x(t) in Eq. (8.1). Due to
the WKB expansion being a good approximation over distances h ≫ λ, oscode is able to take
huge steps in the oscillatory regions of the solution (if the frequency of oscillations is slowly
changing) and is extremely efficient. In the slowly varying regions of the solution, oscode is
able to switch to a 5th order Runge–Kutta method whose abscissas have been chosen so as to
minimise the number of ω and γ evaluations necessary per step. All critical components of the
algorithm were discussed in Chapter 3, including local error estimates for the two kinds of steps,
the switching mechanism, and the adaptive stepsize algorithm. The chapter also discussed
some example applications of oscode through which its error properties and performance were
assessed.

Chapter 4 then presented the method by which oscode is able to compute dense output, i.e.
a continuous interpolation of the solution in the highly oscillatory (and non-oscillatory) regime.

After an introduction to the relevant cosmology in Chapter 5, Chapter 6 discussed oscode’s
use in cosmology to quickly evolve primordial perturbations and compute their power spectrum.
I showed results from [159], which builds heavily on oscode for quick forward modelling of
closed universe models of varying primordial spatial curvature.

8.1.1 Future work

Oscode, which embeds the asymptotic WKB expansion in an iterative solver and pairs it
with a Runge–Kutta method, proved to be extremely efficient at solving ODEs of the form
ẍ(t) + 2γ(t)ẋ(t) + ω2(t)x(t) = 0 in both the highly oscillatory and the slowly varying regimes.
Its implementation as a general numerical solver and high-quality peer-reviewed code make it
easily applicable beyond cosmology. These also provide a good basis to expand from, and there
are several possible extensions worthy of exploration.

Expanding to higher orders

The accuracy oscode can achieve is adequate for most applications in physics, where measure-
ment error provides a natural lower limit for the tolerance. This applicability could be extended
within and beyond the physical sciences by expanding the tolerance range within which oscode
can meaningfully operate. For relative tolerances below ∼ 10−6, the 5th order Runge–Kutta
method oscode uses is not recommended – in practice, a 7th-8th order pair is used in this
tolerance regime, e.g. those computed by Dormand and Prince [208]. The use of higher-order
solvers allows the stepsize to be reduced less for a larger gain in accuracy, and the decrease in
the number of steps the methods thus needs to take outweighs the increased computational cost
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per step. Gaining accuracy in the highly oscillatory regions is more challenging, as the main
appeal of the WKB expansion (with a fixed number of terms) is the gentle scaling of local error
with increasing stepsize – which also causes the stepsize to have to be reduced drastically for the
same accuracy gain. One way to resolve this could be to adapt the number of terms included
in the WKB series to the accuracy required. Since the WKB expansion is asymptotic, the last
terms would need to be monitored throughout the integration in order to avoid a potential
growth of terms, and the number of terms included would need to be updated dynamically.
Another potential solution would be to allow for the algorithm to switch to the phase function
method [56, 57] in regions of high oscillation. I have already started correspondence with James
Bremer and discussed this promising possibility.

Improved, dynamic error estimation

Oscode’s adaptive stepsize algorithm is based on an asymptotic error estimate. As discussed in
Section 2.3.2, the asymptotic error model is valid at small stepsizes, when the O(hp+2) term in
the local error estimate can safely be neglected, and this can always be achieved by restricting
the stepsizes. There are cases when we may wish not to do this, an immediate example being
when the tolerance requirements are not too strict and we can prioritise efficiency by taking large
steps, as would be the case in some cosmological applications of oscode. Another important
example is that of stiff equations being solved by explicit methods: the local error estimates of
these methods will typically be significant underestimates, which results in the computation
leaving its stability region (and to the unstable stepsize behaviour described in Section 2.3.1).
As discussed there, these symptoms can be treated by choosing a more appropriate controller,
but the root cause can and should also be eliminated by devising a better, dynamic error model.
Such models have been designed for Runge–Kutta methods and are described in [209]. No
dynamic error models have been created for iterative solvers based on the WKB approximation,
nor have their stability properties been explored. Although challenging, this would be a huge
step for the field. Adaptive stepsize algorithms based on control theory have been brought
to my attention by Imre Fekete and Gustaf Söderlind with whom I will explore this problem
further.

Miscellaneous optimisations

I identified additional places in oscode where efficiency gains can be made: in the RK-WKB
switching mechanism and in the choice of Runge–Kutta method used. At the moment, oscode
will always attempt both a WKB and RK step of the same stepsize at every iteration, regardless
of how oscillatory the solution is. This goes against the philosophy of exploiting information
about the solution and is inefficient. The effort of computing an entire RK or WKB step can
be saved by implementing a few preliminary checks at each step to check whether the solution
is oscillatory or slowly changing, and only attempting the relevant step. For example, the
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algorithm could compute the expected number of oscillations in the proposed step as ≈ ωh/(2π)
or ≈ hẋ/x, then only attempt a WKB step if this value is above a threshold (and only attempt
a RK step if it is below it). The Runge–Kutta solver oscode uses is built such that the two
steps together use minimal evaluations of the right-hand-side of the ODE, but as such it has
less-than-optimal stability properties and error coefficients. This is apparent from Fig. 6.4,
where BINGO’s built-in Runge–Kutta method – a highly optimised (4,5) pair – takes larger
strides in the slowly-varying region of the solution. oscode is still more efficient overall, but
with the above checks implemented it would be less important for the WKB and RK steps to
have as many function evaluations in common as possible as only one step would take place
most of the time. Thus the priority would shift towards using a more optimal Runge–Kutta
solver in regions of slow variation. Testing will be necessary to gauge how large a speedup can
be achieved with this change.

Generalising to coupled oscillators

Currently, a computationally limiting step in cosmological inference is the calculation of transfer
functions via the Einstein–Boltzmann equations. This involves solving a set of coupled linear
ODEs with time-dependent coefficients derived from the cosmological background. The coupled
set of equations describes the evolution of perturbations (in matter species and the metric),
and can be written as

ẋ(t) = A(t)x(t), (8.2)

where x ∈ C1(I,X) is a vector of dynamical variables in the N -dimensional vector space
X, and A : I × X 7→ X is an N by N matrix. The system presents a challenge to solve
numerically: physical processes on multiple timescales are at play which makes the system
stiff, with some components of x being highly oscillatory and some varying slowly. It would be
of great interest to generalise the RKWKB approach to deal with coupled oscillators of this
form, the Einstein–Boltzmann equations being just one example in physics where more efficient
solution of just one system of ODEs would lead to a dramatic reduction in computation time
for the entire simulation.

The formal solution of Eq. (8.2) is the Magnus expansion, which forms the basis of a
substantial portion of efforts to construct an efficient numerical solver for equations of this
type (see, e.g. [210] and references therein). Recently, [79] investigated the performance of a
new, Magnus expansion-based method (as a multi-oscillator generalisation of the RKWKB
method) on the Einstein–Boltzmann equations. The expansion employed by the proposed
Magnus–Jordan method does not reduce to the WKB in the case of a single oscillator, but has
similar performance in this limit. In higher-dimensional cases however, neither this nor the
other Magnus expansion-based methods yield considerable speedups.
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Despite the WKB expansion being inherently one-dimensional1, it may be possible to use
its underlying principles on a set of coupled oscillators if certain assumptions hold true. I
have been in communication with Nils Schöneberg to devise a specialised method to solve the
Einstein–Boltzmann equations. Under the assumption that all coupled components oscillate
with the same frequency but are modulated by different time-dependent amplitudes, we propose
the ansatz

x(t) = ℜ
{

x0(t)e
∫ t

0 a(t′)dt′
}
, (8.3)

and expand Eq. (8.2) in growing powers of the small oscillation period T . Denoting the term
a ∝ Tn as a(n), the proposed expansion is

A(t) = B(−1) + B(0)(t), (8.4)

x0(t) =
∞∑

n=0
x(n)(t)Tn, (8.5)

a(t) =
∞∑

n=−1
a(n)(t)Tn. (8.6)

Note that the problems of interest in cosmology have d
dtB

(−1)(t) = 0, i.e. the dominant, ∝ 1/T
part of A that drives the oscillation is constant (e.g. ∝ k, where k is a constant wavenumber).
Substituting the above into Eq. (8.2) and matching terms of equal T -order yields a recursion
relation whose initial value is the eigenvalue problem

a(−1)x(0) = B(−1)x(0). (8.7)

Let the eigenvalues of B(−1) be λi and the associated eigenvectors vi, with i = 0..N − 1, where
N is the number of coupled differential equations in Eq. (8.2). The x(n) can then be expanded
in the basis of eigenvectors. For n = 0, we have

x(0)(t) =
N−1∑
j=0

vjα
(0)
j (t). (8.8)

Each of the λi corresponds to a ‘fundamental’ frequency a(−1) = λi, and the solutions computed
for each λi are superimposed to form the general solution (due to the linearity of Eq. (8.2)).
Focusing on a single solution denoted by the subscript 0, we set

x(0) = v0α
(0)
0 , (8.9)

a(−1) = λ0. (8.10)
1In the sense that it applies to the equation of motion of a single oscillator.
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Substituting the higher order terms x(n) (expanded in the basis of the eigenvectors) back into
the recursion relation for n ≥ 0, at each order n we obtain N equations for N + 1 parameters.
The phase of the complex vector x(n) is, however, degenerate with a(n)(t) (which describes the
oscillation frequency and damping at different T -orders). We can break this degeneracy by e.g.
setting the first component of each x(n)(t) to one.2 The α(n)

j and a(n)(t) can then be found
recursively for higher orders. The resulting expansion reduces to the WKB approximation in
the limit of a single oscillator whose equation of motion is ẍ(t) + 2γ(t)ẋ(t) + ω2(t)x(t) = 0.

Though this approach is theoretically promising, the feasibility of its implementation for
large systems needs to be investigated. In particular, the analytic solution of the eigenvalue
problem Eq. (8.7) proves challenging for computer algebra software for large N . This somewhat
generalised WKB approximation will have to be implemented iteratively (i.e. re-initialised
every so often) to maintain sufficient accuracy, and paired with an error estimate and adaptive
stepsize control.

Fast evaluation of highly oscillatory integrals

Rapid oscillation is ubiquitous in physics and another common form it can take is that of highly
oscillatory integrals. It may be possible to use oscode to solve a highly oscillatory ODE and
use the piecewise-continuous solution it computes for calculating integrals involving the solution
of the ODE. When computing dense output, oscode essentially uses a piecewise polynomial to
represent the slowly changing terms in the WKB expansion, which then appear in the exponent.
If one were to integrate the result over a step from t to t+ h, it would take the form

I =
∫ t+h

t
f(t)eiϕ(t)dx, (8.11)

where f(x) and ϕ(x) are polynomials whose degree depends on the interpolation method used
to construct dense output, and is up to 7 in oscode’s case. If Eq. (8.11) could be computed
efficiently, the large stepsizes would ensure that the integral is carried out quickly over the
entire interval. In the past decade, significant progress has been made in the development of
efficient quadrature methods for integrals of the form

I[f ] =
∫ b

a
f(x)eiωg(x)dx, (8.12)

where f, g ∈ C∞ and ω ≫ 1. A review by Iserles et al. [48] summarises three new approaches
in oscillatory quadrature: asymptotic, Filon-, and Levin-type methods. These have in common
that their accuracy improves with increasing frequency ω. Asymptotic methods expand the
integral in growing inverse powers of ω, but are prone to a growth of terms as they do not
converge in the usual sense, and their accuracy is predetermined and difficult to tune. Filon

2We overparametrised the system by allowing a(t) to be expanded to higher orders.
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methods interpolate f(x) with a polynomial in order to break the integral down to a sum of
moments,

µj(x) =
∫
xjeiωg(x)dt, j ∈ Z+, (8.13)

which have to be computed exactly and tabulated beforehand. This is not necessarily possible
(and is not possible for the present problem) and traditional Filon-type methods are of little
use for the problem at hand. Olver [49] developed an advanced, moment-free Filon method
which, as the name suggests, does not rely on the moments in Eq. (8.13) being easy to compute,
and is a promising candidate for computing the integral in Eq. (8.11). An alternative might be
a Levin-type method, a type of quadrature based on the collocation of the entire integrand.
Collocation is a type of approximation that becomes exact at a number of pre-determined points
or nodes, and may refer to ODE solving or quadrature. In quadrature, the Gauss–Legendre,
Gauss–Lobatto, Chebyshev, etc. methods are all examples of collocation. Levin methods exploit
that I[f ] is known exactly for functions that satisfy

f(x) = F ′(x) + iωg′(x)F (x), (8.14)

since then ∫
f(x)eiωg(x)dx =

∫
d

dx

î
F (x)eiωg(x)

ó
dx = F (x)eiωg(x). (8.15)

Rewriting Eq. (8.14) as f = L[f ], Levin methods approximate F as a linear combination of v
basis functions ψ1, ψ2, . . . , ψv by collocation with the operator L. That is, they solve

L[v](ck) = f(ck), k = 1, 2, . . . , v, (8.16)

where the ck are appropriately chosen nodes with c1, cv being the endpoints of the integration
interval. With some further generalisation, it may become possible to evaluate integrals such as∫ ηe

ηi

dηa2(η)ϵ21(η)
Ä
f∗

k1(η)f∗
k2(η)f∗

k3(η) + two permutations
ä
, (8.17)

where the fki
are primordial perturbation modes obtained with oscode, and a(η) and ϵ1(η) are

slowly varying functions that describe the homogeneous cosmological background. Eq. (8.17)
describes one of the contributions to the bispectrum (Fourier transform of the three-point
function) of scalar primordial perturbations, and the ability to compute it swiftly would be of
great significance to cosmology, as discussed further in Section 8.2.

8.2 Theoretical results

In Chapter 7, the focus turned from oscode-driven numerical evolution of primordial pertur-
bations to their quantum initial conditions. Initial conditions have to satisfy the equation of
motion for the Fourier modes of the perturbations, but this in itself does not pin down the
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mode functions completely. A choice of vacuum needs to be made, and the perturbations are
assumed to start out from this vacuum state. I reviewed the conventional methods for defining
the vacuum, including minimising the Hamiltonian density (Hamiltonian diagonalisation), the
Danielsson vacuum, α-vacua, the Bunch–Davies vacuum, and minimising the 00-component
of the renormalised stress–energy tensor (RST). I investigated the behaviour of these vacuum
choices under canonical transformations of the associated action, arguing that the transforma-
tions, like gauge transformations, should not change any of the associated physics including the
vacuum state. I verified previous observations [171, 178–181] that Hamiltonian diagonalisation
yields a vacuum state which changes under canonical transformations, and observed the same
behaviour in all other vacuum choices except the one obtained via minimising the RST. I
demonstrated what choosing a canonically non-invariant set of initial conditions means for the
scalar primordial power spectrum and the CMB temperature and polarisation spectra in a toy
inflationary model with reduced number of e-folds of inflation. The model was chosen because
the initial conditions are washed out after a sufficiently long period of inflation and do not
impact observables. Although a toy model was used for this demonstration, interest in models
with fewer e-folds and featureful primordial power spectra has risen as these may give better
fits to CMB data, an important example being models with a spatially curved unperturbed
metric. The toy model has clearly shown that canonically non-invariant initial conditions result
in a wide range of predictions being attainable with a given model, just by picking a different
parametrisation of the associated action of primordial perturbations. I argued that quantum
initial conditions derived via the minimisation of the RST should therefore be used wherever
possible, especially in models which retain memory of the perturbations’ initial conditions.

8.2.1 Future work

Renormalised stress–energy tensor initial conditions in spatially curved universes

In Chapter 7’s analysis of quantum initial conditions for primordial perturbations, the set of
initial conditions derived via minimising the renormalised stress–energy tensor proved to be
unambiguous under canonical transformations, and their use was thus suggested in models with
limited inflation where the initial conditions lead to features in the primordial power spectrum.
The predictive power of these models is therefore tied to how certain we can be of the initial
conditions. An obvious example for such models would be closed universes, but the form of
the RST initial conditions was derived assuming spatial flatness (K = 0). It is therefore only
conjectured that the RST initial conditions will retain their canonical invariance on a spatially
curved background. Deriving the curved form of these initial conditions and verifying their
behaviour under canonical transformations would therefore be of great interest.

Once we can be more certain of initial conditions, the time when they are set, i.e. the
moment when the Universe existed in that state could be constrained by observation. At the
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very least, one could enquire how much current data can tell us about the time of setting initial
conditions, and use this to guide future surveys.

Reconstructing the initial conditions of primordial perturbations

With a highly efficient solver like oscode in hand, one could consider the more computationally
challenging task of reconstructing functions of interest, e.g. the quantum initial conditions for
primordial perturbations. If the Universe started from kinetic dominance, then [12] points out
that the equation of motion for perturbation modes has the closed-form general solution

vk = 1
2

√
πη
(
AkH

(1)
0 (kη) +BkH

(2)
0 (kη)

)
, |Bk|2 − |Ak|2 = 1, (8.18)

where the values of the constants Ak and Bk encode the choice of vacuum, and the H(1,2)
i are the

Hankel functions of the first and second kind, of order i. A node-based, free-form reconstruction
[199, 211] of the initial conditions would start from representing the functions Ak(kη0) and
Bk(kη0) (where the fixed parameter η0 represents the time of setting the initial conditions)
as a set of values at N nodes. These nodes and function values are treated as parameters
in a Bayesian inference loop, but will be marginalised over to obtain a model-independent
reconstruction. The priors from which the node locations and values are drawn can be taken
as independently uniform within what would give an observable range, e.g. the range of k
values are related to the multipoles ℓ, and the Ak and Bk determine the corresponding Cℓs,
if the reconstruction is based on CMB data. The evolution of the cosmological background
and primordial perturbations then needs to be simulated from the (extremely early) time η0

until horizon crossing and freeze-out, after which a Boltzmann solver calculates the relevant
observables via transfer functions from the primordial scalar and tensor curvature perturbations.
Besides CMB intensity and polarisation maps, large-scale structure data from galaxy surveys
and from the Lyman-α forest could also be added to further tighten the reconstruction.

Axion production via vacuum realignment

In particle physics, an axion is a type of light particle represented by a scalar field. While
this work exploits the fact that the gauge-invariant curvature perturbation R is constant on
super-horizon scales to avoid dealing with the unknown physics of reheating, in particle physics
this phase is very much of interest. It therefore becomes necessary to consider the acceleration
equation for the axion θ with decay constant fA,

θ̈ + 3Hθ̇ + V ′(θ)
f2

A

= 0, (8.19)

outside the slow-roll (θ̈ ≈ 0) limit. The region around an extremum of the potential V (θ) can
be always modelled as a parabola, and Eq. (8.19) becomes the equation of motion of a harmonic
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oscillator with some time-dependent frequency and damping. This mechanism is called vacuum
realignment and produces a population of cold axions, which may be candidates for dark
matter. As a member of the GAMBIT collaboration, I was made aware that there would be
interest in producing efficient reference code for the realignment calculation. The quantity of
interest would be the average energy density associated with the axion for which one might
also wish to average over initial conditions (for the field θ), therefore Eq. (8.19) will need to be
solved repeatedly. Due to the slow numerical solution of Eq. (8.19) with conventional methods,
analytic approximations are preferentially used, which only allow for specific potentials. With
oscode, it would be possible to speed up the realignment calculation in the oscillatory regimes
and thus allow the use of a much wider range of potentials, realistic axion mass models, and
uncertainties.

Investigating primordial non-Gaussianities

As introduced in Section 8.1.1, a fast solver for carrying out highly oscillatory integrals would
have significant impact in cosmology. An example I bring here is primordial non-Gaussianities.
The integral in Eq. (8.17) describes a contribution to the scalar primordial bispectrum, which is
predicted to be non-zero if the initial distribution of primordial perturbations is non-Gaussian.
As discussed in Section 5.5.1, most inflationary models predict some degree of non-Gaussianity,
with predictions of models with featureful primordial power spectra being the largest. The
observable, dimensionless parameter fNL describing the amplitude of the bispectrum and thus
the degree of non-Gaussianity is expected to be better constrained by future experiments
[212] and is extremely powerful in constraining mechanisms of inflation. The measurement
of non-Gaussianity is computationally and statistically complex, partly due to the need for
evaluating highly oscillatory integrals such as Section 8.1.1 for all the different contributions
[190, 213–216] to the scalar bispectrum. The development of an efficient quadrature routine
built on oscode (which could simultaneously compute the fki

(η) in Section 8.1.1) could be
followed by its integration into the processing pipelines of future experiments (such as the
Simons Observatory [217]) looking to better constrain fNL and inflationary models.
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