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Abstract: In a previous work, we introduced, in the context of gravitational wave science, an initial
study on an automated domain-decomposition approach for a reduced basis through hp-greedy
refinement. The approach constructs local reduced bases of lower dimensionality than global ones,
with the same or higher accuracy. These “light” local bases should imply both faster evaluations
when predicting new waveforms and faster data analysis, particularly faster statistical inference
(the forward and inverse problems, respectively). In this approach, however, we have previously
found important dependence on several hyperparameters, which do not appear in a global reduced
basis. This naturally leads to the problem of hyperparameter optimization (HPO), which is the
subject of this paper. Here, we compare the efficiency of the Bayesian approach against grid and
random searches, which are two order of magnitude slower. Then, we tackle the problem of HPO
through Bayesian optimization.We find that, for the cases studied here of gravitational waves from
the collision of two spinning but non-precessing black holes, for the same accuracy, local hp-greedy
reduced bases with HPO have a lower dimensionality of up to 4×, depending on the desired accuracy.
This factor should directly translate into a parameter estimation speedup in the context of reduced
order quadratures, for instance. Such acceleration might help in the near real-time requirements for
electromagnetic counterparts of gravitational waves from compact binary coalescences. The code
developed for this project is available open source from public repositories. This paper is an invited
contribution to the Special Issue “Recent Advances in Gravity: A Themed Issue in Honor of Prof.
Jorge Pullin on his 60th Anniversary”.

Keywords: gravitational wave surrogates; reduced basis; machine learning

1. Introduction

For several problems, particularly data-driven ones, as is the case of this paper, sur-
rogate models have proved useful in making both predictions and analyses of new data
computationally faster. These models are constructed by learning from a limited dataset,
obtained, for example, from high-fidelity simulations or experiments. This paper uses the
reduced basis approach to construct surrogates. For a review, see Ref. [1].

The parameter estimation (PE) of the source of gravitational waves is a key aspect of
gravitational wave (GW) science [2–9]; its goal is to infer the properties of, for example,
the black holes or neutron stars involved in a binary collision [10–17]. Along this line,
speeding up PE can enable the possibility of measuring electromagnetic counterparts of
gravitational waves in the presence of a neutron star [18,19]. This counterpart refers to
the electromagnetic signal(s) received after a gravitational wave. Bayesian inference is a
standard approach in PE [20–26] and several software tools have been developed in GW
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science, such as LALInference [27], PyCBC [28], Bilby [29,30], Parallel Bilby [31], RIFT [4,32],
and DINGO [33].

The main factors contributing to the PE computational costs are waveform evaluations
and likelihood computations. One way to overcome the first one is through surrogate
models. Analogously, likelihood evaluations can be sped up through the use of reduced
order quadratures (ROQ) [34–36], which are based on reduced order models and the
Empirical Interpolation method [37]. Several efficiency improvements for PE have also
been reported using standard Machine learning (ML) techniques [33,38–43]. Even though
the acceleration of likelihood evaluations –and PE thereof– using ROQ is significant, it is
not yet enough to allow for the follow-up of electromagnetic counterparts. One further
acceleration being proposed is the use of focused reduced order quadratures (FROQ) [44],
which are built from a reduced basis in a neighborhood of the parameter region found by
the trigger (detection) pipeline, as opposed to a global basis covering the whole parameter
domain of physical possibilities. Since the parameter region is smaller, the basis has a
lower dimensionality; crucially, the cost of evaluating ROQs is linear with respect to the
dimensionality of the basis.

In a recent paper [45], we proposed a divide-and-conquer approach to build accurate
local reduced bases of low dimensionality in an automated way, which can be seen as
complementary to FROQ. More precisely, we use a data-driven version of an hp-greedy
reduced basis [46] 1, a methodology that adaptively partitions the parameter space and
builds local reduced bases. In that reference, we emphasized that the hp-greedy approach
has significant online speed improvements, given that it obtains a set of reduced bases with
lower dimensionality and equal or higher accuracy than a global basis. At the same time,
the hp-greedy approach is more complex than the standard reduced basis one. In particular,
in [45] we also found that there are hyperparameters to which the resulting models are
very sensitive and which do not appear (or are irrelevant) in the standard reduced basis
framework. We have identified the two most relevant ones to optimize:

1. The seed Λ̂0 to initialize the greedy-reduced basis construction. This was largely
unexpected, since it has been consistently reported in the literature in the past that it
has no relevance in global reduced basis 2 (see, for example, Figure 1 and its associated
discussion in Ref. [47]).

2. The maximum depth lmax of the resulting tree (briefly described in the next section),
which limits the number of recursive partitions. As with any tree in ML, deeper trees
lead to higher accuracies when training but, at the same time, they risk overfitting.

The previous discussion motivates the subject of this paper: our approach of an hp-
greedy reduced basis requires an efficient search for an optimal choice of the hp-greedy
hyperparameters. This is referred to as hyperparameter optimization (HPO) in the ML
field. Here, we follow a Bayesian approach; more precisely, we adopt Sequential Model-
Based Optimization (SMBO) through a Tree-Structured Parzen Estimator (TPE) [48], as
implemented in the OPTUNA open source package [49].

The rest of the paper is organized as follows. In Section 2, we briefly review the
hp-greedy reduced basis approach. In Section 3, we state the hyperparameter optimization
problem and very briefly summarize some key elements of how we approach it using
Bayesian optimization, SMBO, and TPE. We also include a benchmark comparison of BO
and grid search for the Himmelblau function, which is commonly used in optimization tests.
In Section 4, we present our results for the collision of two non-precessing aligned-spin
black holes, the same physical setup that we used in our previous work [45]. We close in
Section 5, presenting the conclusions of this work and potential future paths.

2. hp-Greedy Reduced Basis

The reduced basis-greedy approach finds a quasi-optimal —in a rigorous mathematical
sense—low-dimensional approximation of a dataset with respect to the Kolmogorov n-
width [50,51]. When applied to gravitational waves, the dataset consists of parameterized
waveforms, for example, by the mass and spin of each object in the case of a compact
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binary coalescence. To further accelerate online evaluations and data analysis, a divide-
and-conquer strategy can be pursued, which recursively partitions the parameter space
and builds local reduced bases of lower dimensionality. We therefore proposed, in Ref. [45],
a data-driven version of the hp-greedy approach [46] as a way of improving the construction
of reduced bases within gravitational wave science.

As a summary, the hp-greedy approach generalizes the standard reduced-basis frame-
work, allowing for the partitioning of the parameter space by combining reduced basis
functions (p-refinement) with an adaptive grid (h-refinement). Each subspace can be as-
signed to a node in a binary tree structure. If a subspace is partitioned, it is associated with
a node of the tree and, after partitioning it, each of the obtained subspaces is associated
with a children node. In this way, the root of the tree represents the full parameter space.
For more details, see Ref. [45].

The process builds a set of local reduced bases with several stopping criteria for
partitioning the parameter domain: a maximum dimension nmax for each local basis, a
maximum depth lmax of the tree, and an accuracy threshold ϵtol as defined later on by
Equation (5) (it is the usual definition in the reduced basis context). Until any of these
stopping criteria are met, the domain gets partitioned, and reduced bases for the resulting
subdomains are built. Figure 1 shows an example of a partition structure for a domain with
lmax = 2.

Figure 1. Schematic domain decomposition and its associated tree representation.

The hp-greedy approach is driven by the idea that, if the greedy error decreases slowly,
leading to a large number of iterations, domain partitioning can help improve accuracy,
which is similar in spirit to spectral elements in numerical solutions of partial differential
equations [52]. The choice of partitioning is influenced by the rate of error reduction,
which varies depending on the problem. Numerical experiments in our previous paper
have demonstrated the effectiveness of the hp-greedy approach for gravitational waves,
reducing basis dimensionality while maintaining accuracy (cf. Figure 12 of Ref. [45]).

The algorithm involves performing a binary domain-decomposition, and for traversing
the resulting tree one can take advantage of its structure; we discuss this in Section 5. The
hp-greedy approach is particularly useful for problems with physical discontinuities in the
parameter space (cf. Section III of reference [45]).

An interesting finding of our experiments with hp-greedy is that the initial seed of
the algorithm does affect the partitioning and subsequent reduced bases, and significantly
impacts their accuracy. This differs from the standard global reduced basis approach, in
which the seed choice is irrelevant (see, for example, Figure 1 of [47] and its corresponding
discussion). Hence, the optimization of hyperparameters such as lmax and the seed Λ̂0 turns
out to be crucial in the hp-greedy approach. This observation is the key motivation for this
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paper. The optimization task can be carried out through hyperparameter optimization in
the ML sense.

3. Hyperparameter Optimization

An HPO problem can be stated as follows: given a cost function f : X → R which
returns the maximum validation error of a model trained with a combination of hyperpa-
rameters x ∈ X, the goal is to find x∗, such that

x∗ = arg min
x∈X

f (x) .

In our context, we are interested in the optimal combination of hyperparameters from a
domain X that gets the minimum representation error for a validation set. For a discussion
of our results on test sets, see Section 4.3.

In the hp-greedy approach, each value of the tuple x represents a configuration of the
two relevant hyperparameters for our scenario:

x = (lmax, Λ̂0) ,

for fixed values of nmax. We decided to keep the latter fixed since the evaluation cost of
both a surrogate based on reduced bases, and the computation of likelihoods using ROQ,
is linear with the dimensionality of the basis, so we place it in a different hierarchy.

In practice, the cost function (which we have not defined yet) does not have a closed
form expression, but is instead the result of training a model and evaluating the repre-
sentation error of a validation set. This aspect usually makes the optimization problem
computationally expensive.

Several HPO approaches have been and are being developed, with one of the driving
motivations nowadays being deep neural networks. Two well-known HPO techniques
are grid and random searches, although they are often inefficient in computational terms
since the whole space is blindly explored. A more promising technique in this regard is
Bayesian optimization [53,54], which was chosen for our problem. It attempts to minimize
the number of evaluations of f to find x∗ and falls within the category of Sequential Model-
Based Optimization (SMBO) [48,55]. In this work, we rely on the Tree-Structured Parzen
Estimator (TPE) [48] algorithm for Bayesian optimization. Besides being one of the simplest
algorithms, it works well with discrete search spaces, scales linearly with the number of
dimensions, and is optimized, as opposed to other methods such as Gaussian Processes
(see [48] for more details). For the SMBO implementation, we used the Python package
OPTUNA [49].

In Section 3.4, we present some results using Bayesian optimization alongside those
from grid and random searches to quantify the advantages and computational savings of
the former.

3.1. Bayesian Optimization

In essence, Bayesian optimization is an adaptive method that uses the information
from previous evaluations of the cost function f to decide which value of x should be
used next, with the goal of reducing the number of necessary evaluations of f to find a
(in general, local) minimum (see Figure 2). To give a very brief list of some key elements
behind this method, we begin with a description of SMBO.
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Figure 2. Three iterations of a Bayesian optimization for a cost function with one parameter. The
dashed line shows the actual cost function, and the solid one the mean value of a statistical model
(in this case using Gaussian processes). The blue area shows the uncertainty of the model, which
approaches zero at the points where the observations are made. Underneath, in orange, is the
acquisition function, which shows the next point to evaluate. Figure taken from [56].

3.2. Sequential Model-Based Optimization (SMBO)

The general idea is to approximate the cost function f with a substitute model M. We
start with a set of observations

D = {(x(1), y(1)), · · · , (x(k), y(k))} , (1)

with y(j) = f (x(j)). Departing from this set, the substitute model M is adjusted. Next,
using the predictions of the model, an acquisition function S is maximized. This function
chooses the next set of hyperparameters xi ∈ X to evaluate f , and the pair (xi, f (xi)) is
added to the observation set D. After that, M is adjusted again, and the process is repeated
for a fixed number of iterations. This procedure is captured by the pseudocode given in
Algoritm 1.
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Algorithm 1 SMBO

input: f , X, S,M

f : Objective function,
X : Search space,
M : Model,
S : Acquisition function.

1: D = InitialSample( f , X)

2: for i = 1, 2, . . . do
3: M = AdjustModel(D)
4: xi = arg maxx∈X S(x,M) .
5: yi = f (xi)
6: D = D ∪ {(xi, yi)}
7: end for

Using Bayes’ theorem, if P(y|x) is the posterior probability, P(y) the prior, and P(x|y)
the likelihood, then

P(y|x) =
P(x|y) P(y)

P(x)
.

In a Bayesian approach to SMBO, P(y|x) is the prediction of the model, with y being an
evaluation of f (x).

We mentioned that, for selecting the points to evaluate, an acquisition function S is
maximized. Several proposals exist for choosing the acquisition function. In this work,
we use the Expected Improvement (EI) [57] criterion: if y∗ is a reference value, then EI with
respect to y∗ is defined as

EIy∗(x) :=
∫

∞

−∞

max(y∗ − y, 0)P(y|x) dy . (2)

3.3. Tree-Structured Parzen Estimator

The Tree-Structured Parzen Estimator (TPE) [48] is a strategy to model P(xi|y) for each
xi ∈ Xi (that is, each xi represents a different hyperparameter) from two distributions built
using the observations D (1):

P(xi|y) =

{

ℓ(xi) if y < y∗

g(xi) if y ≥ y∗ .
(3)

Here, the densities {ℓ(xi), g(xi)} are built from two sets {Dℓ, Dg} ⊂ D, such that Dℓ has all
the observations with y < y∗, Dg the remaining ones, and D = Dℓ ∪ Dg.

The reference value y∗ is a quantile γ ∈ (0, 1) of the observed values, so that the prior
is

P(y < y∗) = γ .

This means that y∗ is a certain value between the best y and worst y found at some iteration
(e.g., if γ is equal to 0.5, then y∗ is equal to the median of the observed values of y).

Building ℓ(xi) and g(xi) implies adjusting the model (line 3 in Algorithm 1), and
then using (3) in the definition of the expected improvement (2). In order to maximize
the expected improvement (step 4 in Algorithm 1), one has to choose a value of xi that
maximizes the ratio ℓ(xi)/g(xi) (see [48] for more details):

x∗i = arg max
xi

(ℓ(xi)/g(xi)) . (4)

In summary, the TPE algorithm constructs two probability density functions:

1. ℓ(xi) using “good” observations (y < y∗); and
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2. g(xi) using “bad” observations (y ≥ y∗).

These functions are updated every time the objective function is evaluated (at every
iteration of the algorithm), and the new xi is chosen by maximizing ℓ(xi)/g(xi), implying
that the new xi is much more likely to represent a good observation rather than a bad one.

All density functions are constructed using Parzen estimators [58]. For each point
xi, a truncated normal distribution centered at that point is added. A way to think of a
Parzen window is to visualize it as a smoothed histogram. The choice of truncated normal
distributions for the kernel function is presented in the original TPE paper [48]. For more
details about the implementation of the Parzen estimator in OPTUNA, see Ref. [59].

3.4. A Comparison between HPO, Grid, and Random Searches

We compare grid and random searches against Bayesian optimization. To this end, we
consider the Himmelblau function, which is a widely used benchmark in optimization and
ML, as the objective function to be minimized. This function is shown in Figure 3 and is
defined as follows:

f (x, y) = (x2 + y − 11)2 + (x + y2 − 7)2.

Figure 3. Plot of the Himmelblau function. It has 4 global minima at (−3.78,−3.28), (−2.81, 3.13),
(3.58,−1.85), and (3, 2), with the same value: f (x, y) = 0.

Here, we simplistically assume that the Himmelblau function represents the accuracy
of an ML model, where each input of the function represents a set of hyperparameters of
the algorithm and the outcome is the resulting accuracy. The objective is to obtain a set
of values that minimizes the function. We show results for these three methods: grid and
random searches, and Bayesian optimization. For each case, 100 different evaluations were
used. Then, we assess which one performed better.

Figure 4 shows the search patterns resulting from each approach. After 100 trials,
Bayesian optimization found the lowest value among the three methods (recall that the
four local minima are at f = 0), with f = 0.09, while random search found f = 1.71 and
grid search found f = 3.68. As can be seen from Figure 4, Bayesian optimization has the
advantage of exploring the search space adaptively, leading to faster convergence when
compared to grid or random searches. This is so because neither grid nor random search
keeps evidence from older trials, which makes them less effective than a Bayesian approach.

This example showcases the key features of Bayesian optimization, which are its
efficiency (i.e., number of trials to reach a minimum), adaptive search, and relatively low
computational effort.
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Figure 4. Optimizations with grid search (left), random search (center), and Bayesian optimization
(right). Contours represent level curves of the Himmelblau function, the blue dots the position of
the different evaluations, and the red crosses the best trial of each case. As can be seen, Bayesian
optimization tends to create trials.

4. Hyper-Optimized hp-Greedy Reduced Bases for Gravitational Waves

In this section, we apply the hp-greedy approach to build accurate and low-dimensional
representations of gravitational waves, optimizing the choice of hyperparameters with a
Bayesian approach, as described in the previous section.

In our numerical experiments, we found that the cost function to optimize is consid-
erably more complex than the Himmelblau function of the previous section, with lots of
structure and many sharp local minima.

4.1. Physical Setup

The waveforms used to train hp-greedy and perform HPO were obtained from NRHyb-
Sur3dq8 [60]. This is a surrogate model for hybridized non-precessing numerical relativity
and post-Newtonian waveforms within the parameter range of mass ratios 1 ≤ q ≤ 8, and
dimensionless spins −0.8 ≤ χ1z, χ2z ≤ 0.8. In this work, we focus on the dominant angular
mode l = m = 2 of the waveforms, which we sampled in the late inspiral and merger
phases, with t ∈ [−2750, 100]M, and a time step of ∆t = 0.1M. Additionally, we normalized
the waveforms with respect to the ℓ2 norm to emphasize structural characteristics rather
than size or amplitude.

In this paper, we focus on two distinct cases:

1. 1D Case: This scenario involves no spin, where the sole free parameter is the mass
ratio, q := m1/m2.

2. 2D Case: Two spins aligned in the same direction and with equal magnitudes,
χ1z = χ2z, are added to the 1D scenario.

In both cases, we generated multiple training sets of different sizes, as shown in
Subsection 4.3. As an error metric for the reduced basis representation h̃λ(t) of a waveform
hλ(t) labeled by the parameter λ, we use the usual one in a greedy context, namely the
maximum in the parameter space of the ℓ2 norm,

ϵ := max
λ

∥hλ(·)− h̃λ(·)∥
2 , (5)

where h̃λ(t) := Phλ(t) is the orthogonal projection of hλ(t) onto the span of the (re-
duced) basis. For the quadratures involved in the computation of the 2-norm, we used
Riemann’s rule.
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4.2. Optimization Methods Compared

In Section 3.4, we compared the TPE algorithm with random and grid searches. Here,
we benchmark these methods in the context of gravitational waves using a small dataset in
the 1D case. We used 400 waveforms for training and 800 for validation, all equally spaced
in the 1D parameter domain (1 < q < 8) .

The hyperparameters being optimized were lmax, with

0 ≤ lmax ≤ 7 ,

and the seed Λ̂0, with 400 different values. Along with 8 possible lmax values, this leads to
a search space of 3200 different configurations.

The value of lmax is manually chosen, here and in the other experiments of this paper,
so that the (a posteriori found) optimized values turn out to be below such a maximum.

Since we have a discrete search space, we can go through all the different configura-
tions with one grid search. We divide the comparison into two parts:

1. On the convergence speed of TPE compared to random search, and how consistent it
is through multiple runs.

2. On the time difference between grid search and one run of TPE.

In Figure 5, we show the results of running 150 optimizations for TPE and random
search; each point is the median of the best validation error found for the 150 optimizations
at a given time, and the area of color represents the Q1 and Q3 quartiles (0.25 and 0.75,
respectively).

Figure 5. Evolution of the best validation error found for TPE and random search with 400 waveforms
for training and 800 for validation. The dashed lines represent the median of the best error found for
150 optimizations at a given time, while the shaded area indicates the interquartile range, from Q1 to
Q3 (0.25 and 0.75). The black line depicts the optimum error found in the grid search.

The black dashed lines show the best error found with grid search. We can see that the
TPE curve is always below the random one, and that the colored area reduces drastically at
around 70 s of optimization for TPE, which consistently finds good results after this point.

The optimum value found by grid search was a validation error of 1.23 × 10−7. This
value was found on 19% of the TPE runs, while the other 81% found the second best
value: 1.59 × 10−7. On the other hand, none of the random search runs were able to find
the optimum value, and only 10% found the second best value of 1.59 × 10−7. These
results show that TPE can find better results than random searches, in less time, and more
consistently.
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Grid search took 9.8 hours to complete for the 3200 configurations of this experiment;
meanwhile, the 50 iterations needed by TPE took about 5 min. This is a difference of two
orders of magnitude, a factor of 117× times in speedup. In a more realistic optimization task, for
example, using 5000 waveforms for training and 10, 000 for validation and a total of 50, 000
hyperparameter configurations, 100 iterations of TPE would take around 16 h. Using these
values, we can estimate that a grid search would take, in contrast, around 8000 hours,
or 11 months to complete. Thus, grid search is not a viable method for finding an optimal
configuration in any realistic scenario.

All of these runs were performed in the Serafín cluster from CCAD-UNC 3, where
each node consists of 2 AMD EPYC 7532 of 200W with 32 cores of Zen2 microarchitecture,
with 128 GiB of RAM DDR4-3200.

4.3. Optimized hp-Greedy Reduced Bases versus Global Ones

Now, we present our results for Bayesian HPO and the hp-greedy approach for the
gravitational waveforms setup described in Section 4.1 for the hyperparameters

{Λ̂0 , lmax},

with fixed maximum dimensionalities nmax of each reduced basis and lmax = 10 and 20
for the 1D and 2D cases, respectively. The accuracy threshold in all cases is chosen to be
ϵ = 10−7, which is the systematic error of the underlying model, NRHybSur3dq8 [60].

The learning curves of Figure 6 show the validation error achieved for each optimized
hp-greedy reduced basis; the intent of these plots is to determine when a training set is
dense enough. For example, in the 1D case, around 2000 training samples are enough,
while, in the 2D case, this number grows to ∼15,000, which is smaller than 2000 × 2000 and
shows that there is increased redundancy in the waveforms as the dimensionality grows.

Figure 6. (Left) and (right) panels: 1D and 2D learning curves for gravitational waves. Each curve
represents the validation error of hyperparameter-optimized hp-greedy reduced bases for fixed nmax

and varying training samples size. Each dot represents an optimized hp-greedy basis with respect to
lmax and Λ̂0. The dashed horizontal black line represents the value of ϵtol = 10−7.

We are interested in the smallest nmax for each case, since this implies the fastest online
waveform evaluation and data analysis in general; these are nmax = 3 and 10 for the 1D and
2D cases, respectively. When compared to global bases, the hyperparameter-optimized hp-
greedy bases are 4–5 times smaller, which should translate into a factor of (4–5)× speedup
both in waveform evaluation but, most importantly, in parameter estimation. The benefit
of using a reduced hp-greedy basis instead of a global one can be seen in Figure 7.
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Figure 7. Test errors comparing global reduced basis with local, hp-greedy ones.

5. Discussion

In this paper, we continued our work on local, unstructured reduced bases for gravi-
tational waves using hp-greedy refinement, with the aim of accelerating both waveform
predictions and inference (especially parameter estimation). In reference [45], we found
that there are new hyperparameters to be optimized, which do not appear in global re-
duced bases. As usual in the ML context, parameters are learned from training, while
hyperparameters remain fixed during each training stage.

The resulting structure of hp-greedy reduced bases is one of a binary tree. In our
simulations, though limited in size, we have empirically found that the trees of hp-greedy
refinement end up being nearly balanced. When a representation is needed for a given
parameter, the corresponding local basis can be searched for in the representation tree in
an efficient way, avoiding the computational cost of a direct/naive search. To do so, two
sequential steps are needed: (i) find the subspace containing the local reduced basis, and
(ii) use that basis for the representation. The search utilizes λ as input and the hp-greedy
tree structure to traverse the tree from the root to a leaf node, which contains the queried
value of λ in its subspace (see Equation (4.13) of [46] for more details). The advantage of
this approach is the low computational cost to find the required subspace; for example, if
there are n subspaces and the tree is balanced, the computational cost is of order O(log n).

There are several stopping criteria for subdividing the parameter domain and avoiding
overfitting. In this work, we have taken them to be nmax (maximum dimensionality of each
local reduced basis), lmax (maximum depth of the tree), and the error ϵtol ; in practice, the
latter should not be smaller than the underlying systematical error of the data.

Our results show that using a Bayesian approach is a promising path to HPO. Nonethe-
less, there are other alternatives, such as evolutionary programming or genetic algorithms,
which were left out of the scope of this paper and could be analyzed in future work if need
be. Another approach, suggested by an anonymous referee to whom we are extremely
grateful, would be to perform (potentially parallelized) grid searches on lmax (since it
takes discrete values) and a gradient descent with, for example, BFGS (a quasi-Newtonian
method). There are many options which can be studied within the context of the rich
structure of the cost function of the HPO problem of the hp-greedy approach; here, we
focused on one which worked well and efficiently for our purposes.

In conjunction with the computations outlined in the paper, we have made the cor-
responding codes available on GitHub. These repositories contain the codebase for the
Bayesian optimization [61] and hp-greedy models [62] used in this paper.

While preparing this manuscript, a different approach [63] to obtain multiple local
reduced bases of lower dimensionality, by manually partitioning the parameter domain
and multi-banding, appeared in the literature. Since the partitioning is manual, it seems
that there are no hyperparameters involved and, therefore, no HPO needed.



Universe 2024, 10, 6 12 of 14

Author Contributions: Conceptualization, F.C., J.A.D.-P., E.A.T., M.T. and A.V.; methodology, F.C.,
J.A.D.-P., E.A.T., M.T. and A.V.; validation, F.C., J.A.D.-P., E.A.T., M.T. and A.V.; formal analysis, F.C.,
J.A.D.-P., E.A.T., M.T. and A.V.; investigation, F.C., J.A.D.-P., E.A.T., M.T. and A.V.; writing—original
draft preparation, F.C., J.A.D.-P., E.A.T., M.T. and A.V.; writing—review and editing, F.C., J.A.D.-P.,
E.A.T., M.T. and A.V.; All authors have read and agreed to the published version of the manuscript.

Funding: This work was partially supported by CONICET and by project PICT-2021-00757, Argentina.

Data Availability Statement: Data are contained within the article.

Acknowledgments: This work used computational resources from CCAD—Universidad Na-
cional de Córdoba (https://ccad.unc.edu.ar/, accessed on 12 October 2023 ), which are part of
SNCAD—MinCyT, República Argentina. MT thanks the Horace Hearne Institute for Theoretical
Physics at LSU for their hospitality during the conference “Workshop on Gravity: classical, quantum,
theoretical and experimental” in March 2023, where part of this work was carried out. We thank the
anonymous referees for their helpful comments, suggestions, and feedback on previous versions of
the manuscript.

Conflicts of Interest: The authors declare no conflicts of interest.

Notes

1 The hp-greedy approach, as well as the reduced basis, were originally introduced in the context of parameterized partial
differential equations.

2 Which can be intuitively understood in that case being the greedy approach a global optimization algorithm.
3 Full details of the Serafín cluster at https://ccad.unc.edu.ar/equipamiento/cluster-serafin/, accessed on 12 October 2023.
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