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Abstract The hybrid metric-Palatini gravity with Lagrangian
density L = R + f (R,RμνRμν) is considered, where R is
the metric Ricci scalar and Rμν is the Palatini Ricci ten-
sor. Contrary to the standard hybrid metric-Palatini theory,
because of the term RμνRμν in the action, the model can not
be analytically transformed to a scalar-tensor theory. How-
ever, on top of a maximally symmetric space-times like the
FRW universe, there is a way to solve for a metric compatible
connection which we will follow in this paper. The cosmo-
logical implications of the resulting model will then be fully
considered. The best fit values of the model and cosmolog-
ical parameters will be obtained by confronting the model
with the recent observational data on the Hubble parameter.
We will see that the observational data can be explained very
good in this model, but, significant deviations from the stan-
dard �CDM model could be seen in derivatives of the Hubble
parameter q, j and s. We will perform a statefinder analysis
for the model and show that its behavior differs from that of
the �CDM model. Also, we will consider the recently pro-
posed Om diagnostics to categorize the dark energy type of
the model and obtain the ω-varying alternative of the model
that mimics the Hubble flow.

1 Introduction

Late-time observations of the type Ia supernovae [1,2] sug-
gests that the universe is experiencing an accelerated expand-
ing phase at present times. This conclusion is also approved
by the observations of the baryon acoustic oscillations [3].
As a first attempt to explain the accelerated expansion of the
universe, one can restore the cosmological constant proposed
originally by Einstein [4]. This, together with the addition of
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cold dark matter to the energy budget of the universe, will
form the standard �CDM model on which all observations
are based [5].

Despite that the �CDM model is theoretically simple,
minimal and beautiful, it suffers from both observational
and theoretical issues like the cosmological constant problem
[6,7], baryon-dark matter interaction [8,9], the coincidence
problem [10,11] and the H0 and σ8 tensions [8,12]. These
issues together with our theoretical curiosities, encourages us
to explore for more advanced alternatives to Einstein general
relativity which are collectively known as the generalized
theories of gravity.

The generalized theories of gravity can be achieved in
several ways. The first possibility includes theories with
modified gravity/geometry, like the f (R) gravities [13–15],
higher dimensional models [16–18], massive gravity theories
[19–25], Weyl geometric models [26–29], Finsler geometries
[30–32], etc. Beside observational constraints, the main con-
cern in modified gravity theories is the presence of ghost
instabilities, which restricts the form of the final action [33–
35].

The second possibility includes addition of more matter
fields to the Einstein’s theory which is known as modified
matter gravities. This can be done by adding other fields like
the scalar/vector theories [36–42], generalizing the matter
Lagrangian itself to include non-standard functions of the
matter Lagrangian, the trace of the energy momentum tensor,
etc. [43–45] or adding derivatives of the matter Lagrangian
[46–48]. The main problem in this category is to correctly
define the energy momentum tensor [49].

Another possibility to generalize the Einstein general
relativity which makes more attention recently, includes
coupling between matter and geometry sectors, gener-
ally called the matter-geometry coupling theories. More
famous Lagrangians include f (R, T ) [50], f (R, Lm) [51],
f (R, T, RμνTμν) [52] and f (R, T, Lm) [53] models. There
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is however a debate that these types of theories can not be
considered independent. They are either unstable or lie in
the generalized matter category [54]. The debate is replied in
[55] where the authors explain what is special in these type
of theories and why they are stable and independent.

One of the first generalizations of the Einstein’s general
relativity, that lies in the first category, is to consider an
independent affine connection instead of the metric-driven
Christoffel connection. The resulting theory, known as the
Palatini model, is proved to be equivalent to the Einstein’
theory if one considers the Einstein–Hilbert action as a start-
ing point [56,57]. However, one obtains a different theory
for more general action [58]. The Palatini approach can then
be though as an alternative viewpoint to all generalized theo-
ries of gravity [59,60]. Recently, another idea was developed
that the action contains both viewpoints together [61]. In this
hybrid metric-Palatini model, one write the action as

S =
∫

d4x
√−g

[
κ2(R + R) + Lm

]
,

where the first Ricci scalar is constructed from the metric
tensor and the connection is the Christoffel symbol, and the
second Ricci scalar is constructed from the metric tensor and
an independent affine connection. This can also be gener-
alized to R + f (R), where f is an arbitrary function [61],
or further to f (R,R) [62,63]. Extensive studies have been
done in the literature exploring cosmological [64–68], balck
holes [69–76] and theoretical [77–80] aspects of the theory.
In summary, these types of theories can be seen as a multi
scalar-tensor generalization of the Einstein general relativity
[61].

In this paper, we will generalize the hybrid metric-Palatini
idea to contain extra higher order terms in the Palatini sec-
tor. As a result we will consider a Lagrangian of the form
R+ f (R,RμνRμν), where the Palatini Ricci tensor is explic-
itly included in the theory. The main difference between this
model and the original hybrid metric-Palatini model is that
here, there is no scalar-tensor alternative. In fact, because of
the existence of Rμν in the action, the secondary metric is
not conformally related to the original metric, make it impos-
sible to find a scalar-tensor alternative for the model. In this
sense, the present model has a reacher structure compared
to the original hybrid metric-Palatini model. We will see the
result of this extension in the cosmological predictions of the
universe. The present model can explain the recent observa-
tional data very good; at the lower orders it is very similar
to the �CDM model. However, in order to explore more the
differences between this model and the �CDM model, we
will perform higher order analysis, including the statefinder
and the Om diagnostics. As a result the model is different
from �CDM model but can explain the observations as well.

The paper is organized as follows: in the nest section we
will present the model and try to simplify it on top of a max-
imally symmetric space-times. In Sect. 3 we will obtain the
cosmological equations and perform the likelihood analysis
to obtain the cosmological and model parameters in con-
frontation with the observational data on the Hubble param-
eter from the cosmic chronometers and Pantheon+ datasets.
We will then explore the cosmological implications of the
model in details and perform the higher derivative diagnos-
tics to compare the model with �CDM model. In the last
section, we will conclude the paper.

2 The model

Let us consider a Lagrangian density of the form

S =
∫

d4x
√−g

[
κ2(R + f (R,RμνRμν)

) + Lm

]
, (1)

where Lm is the matter Lagrangian. The first term is the met-
ric Ricci scalar and the function f is an arbitrary function
of the Palatini Ricci scalar R and Ricci tensor Rμν . In this
sense, the first Ricci scalar in (1), is constructed only by the
metric field gμν ; the connections being the Christoffel sym-
bol. However, the arguments in the function f are constructed
by the metric field gμν and an independent affine connection
�̂

μ
να .
By variation of the action (1) with respect to the metric

field gμν and denoting Q = RμνRμν , one could obtain the
metric field equation as

Gμν − 1

2
gμν f + fRRμν + 2 fQRμαRα

ν = 1

2κ2 Tμν, (2)

where Tμν is the energy–momentum tensor defined as

Tμν = − 2√−g

δ(
√−gLm)

δgμν
. (3)

Also the variation of the action (1) with respect to the affine
connection �̂

μ
να gives the connection field equation

∇̂β

[√−g( fRgμν + 2 fQRμν)
]

= 0. (4)

where fi denotes derivation of the function f with respect
to the quantity i . It should be noted that ∇̂β is the covariant
derivative with respect to the independent connection �̂

μ
να .

In the hybrid metric-Palatini gravity, we have two differ-
ent covariant derivatives; one is constructed from the Levi-
Civita connection with the property ∇αgμν = 0, and the
other is constructed from the affine connection �̂

μ
να which

is generally metric incompatible, e.g. ∇̂αgμν �= 0.
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In Palatini-based models, it is customary to define a new
metric hμν using the connection equation, with the property
∇̂αhμν = 0 through which we can obtain the Palatini cur-
vature tensors Rμν and R straightforwardly. One can define
such a metric tensor hμν using the structure of the connection
equation (4) as

√−hhμν = √−g( fRgμν + 2 fQRμν)

= √−g�̂μν, (5)

with the property ∇̂β(
√−hhμν) = 0. In the above expres-

sion, we have defined a dimensionless tensor field �̂
μ
ν as

�̂μ
ν = 2 fQRμ

ν + fRδμ
ν . (6)

As one can see from Eq. (5), the metric hμν proportional to
the Ricci tensor Rμν . This implies that the present model
takes into account all the components of the Palatini Ricci
tensor, in contrary to other hybrid metric-Palatini models,
such as f (R,R), where the metric hμν is proportional to
gμν and reflects only the properties of the Ricci scalar R.

Noting that the covariant derivative ∇̂β is hμν-metric com-
patible, one can obtain the connection coefficients �̂α

βγ as

�̂α
βγ = 1

2
hαδ

(
∂βhδγ + ∂γ hβδ − ∂δhβγ

)
. (7)

Generally, by solving Eq. (5) and obtaining the explicit rela-
tion for the metric hμν in terms of gμν , one could obtain
the connection coefficients in terms of the metric tensor gμν

which enables us to express the Palatini Ricci tensor Rμν

and Ricci scalar R in term of the metric gμν . In this sense,
equation (2) governs only the metric field gμν .

In the case of f = f (R), we have fQ = 0 and the model
can be rewritten in the form of a scalar-tensor theory [61]. For
a general case with fQ �= 0, Eq. (5) can not be solved ana-
lytically for hμν . However, for maximally symmetric space-
times such as the FRW universe, this could be done as we
will address in the following.

Let us first assume that the matter content of the universe
can be described by a perfect fluid with Lagrangian density
Lm = −ρ and energy–momentum tensor

Tμν = (p + ρ)uμuν + pgμν, (8)

where ρ and p are energy-density and thermodynamics pres-
sure respectively. Now, define a tensor τμν as

τμν ≡ Tμν − 2κ2Gμν. (9)

For maximally symmetric space-times, the tensor τμν has a
structure similar to (8) as

τμν = (ρτ + pτ )uμuν + pτ gμν, (10)

where ρτ and pτ are the extended energy density and pressure
which depend on the matter content and also on the metric
tensor gμν .

Using the decomposition (10), one can rewrite the metric
equation (2) as

(
2 fQR̂ + fR

2
I

)2

= α1 I + α2U, (11)

where R̂ is the matrix form of the Palatini Ricci tensor Rμ
ν ,

I is the unit 4 × 4 matrix and we have defined the 4 × 4
matrix U as Uμ

ν = uμuν . The coefficients α1 and α2 can be
obtained as

α1 = fQ
(
f + pτ

2κ2

)
+ 1

4
f 2
R,

α2 = 1

2κ2 fQ
(
ρτ + pτ

)
. (12)

The quantities α1 and α2 are both dimensionless.
As observed thus far, all second-rank tensors in the model

are expressed in terms of I and U . Consequently, we assume
that the square root of the left-hand side of Eq. (11) can also
be expanded as

2 fQR̂ + fR
2

I = ᾱ1 I + β2U. (13)

By squaring Eq. (13) and comparing it with (11), one obtains

α1 = ᾱ2
1, β2 = √

α1 − √
α1 − α2. (14)

As a result, the Palatini Ricci tensor can be written as

Rμ
ν = 1

2 fQ

(
β1δ

μ
ν + β2u

μuν

)
, (15)

where we have defined

β1 = √
α1 − fR

2
. (16)

The above expression imposes that

α1 > 0, α1 > α2, (17)

which can be expanded as

f 2
R > max

{ − 4 fQ(2κ2 f − ρτ ),−4 fQ(2κ2 f + pτ )
}
.

(18)
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Using Eq. (15), one can obtain the matrix �̂ as

�̂ = β3 I + β2U, (19)

where we have defined

β3 = β1 + fR = √
α1 + fR

2
. (20)

All βi ’s are dimensionless quantities. The inverse of the
matrix �̂ and its determinant can be obtained from (19) as

�̂−1 = 1

β3
I + β2

β3(β2 − β3)
U, (21)

and

det �̂ = β3
3 (β3 − β2), (22)

Now, here is the right place to obtain the form of the metric
hμν . Notice that Eq. (5) can be rewritten in a matrix form as

ĥ−1 =
√−g√−h

�̂ ĝ−1. (23)

Taking the determinant of the above relation gives

det�̂ = deth

detg
, (24)

Substituting back to (23) gives the matrix form of the metric
hμν as

ĥ =
√
det�̂ ĝ �̂−1. (25)

Combining the above relations, one can obtain the metric hμν

as

hμν = ε
√

β3(β3 − β2)gμν − β2|β3|√
β3(β3 − β2)

uμuν, (26)

where ε = sign(β3) is the sign of β3 and we have a constraint

β3(β3 − β2) > 0. (27)

It should be noted that in the expression (26) for the met-
ric hμν , the 4-velocity of the matter field appears. This arises
from our specific decomposition of tensors in a form of a per-
fect fluid. Since we use the metric field equation (2) to relate
the Palatini metric hμν to gμν , all dynamical fields depend on
both the matter sector and the geometry. We emphasize again
that the current procedure is valid only in the FRW universe,
where all tensors can be expressed in the form of a perfect
fluid.

Since the signature of metric hμν should be the same as
gμν we demand ε = 1 which implies that

β3 > 0, β3 > β2. (28)

From the second constraint, one obtains

fR > 0. (29)

As a result, the metric hμν reduces to

hμν = γ2gμν − γ1uμuν . (30)

where we have defined

γ1 = β2

√
β3

β3 − β2
, γ2 = √

β3(β3 − β2). (31)

The above metric can then be used to compute the connection
coefficients from (7), and the Palatini Ricci tensor Rμν and
Ricci scalar R. These tensors will then be used in Eq. (2) to
obtain gravitational field equations. In the next section, we
will perform the above procedure for an FRW universe filled
with dust.

3 Cosmology

Let us apply the aforementioned procedure to an isotropic and
homogeneous universe described by the FRW line element
of the form

ds2 = −dt2 + a2d �x2, (32)

where a = a(t) is the scalar factor. The velocity 4-vector of
the matter fluid can be written in FRW space-times as

uμ = (1, 0, 0, 0) . (33)

In the case of FRW universe, the Einstein tensor can be
decomposed in a perfect fluid form as

Gμ
ν = −

(
3H2 + 2Ḣ

)
δμ
ν − 2Ḣuμuν . (34)

Using the above expression, one can write the tensor τ
μ
ν as

τμ
ν = (ρτ + pτ ) u

μuν + pτ δ
μ
ν , (35)

where

ρτ = ρ − 6κ2H2, (36)

pτ = p + 4κ2 Ḣ + 6κ2H2. (37)
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The line element of the h-metric can be written in the FRW
space-time as

ds2
h = −(γ1 + γ2)dt

2 + γ2a
2d �x2. (38)

One can see that the metric hμν has also an FRW form

ds2
h = −N 2dt2 + ã2d �x2, (39)

with

N = √
γ1 + γ2, ã = √

γ2a. (40)

It should be noted that from the constraint equations (28) the
above functions are well defined.

The related Palatini quantities can be computed from the
metric (38) as

Rμ
ν =

(
3K 2 + K̇

N

)
δμ
ν − 2K̇

N
uμuν,

R = 6

(
2K 2 + K̇

N

)
, (41)

and

Q ≡ RμνRμν = 12

(
3K 4 + 3K 2

N
K̇ + K̇ 2

N 2

)
, (42)

where we have defined the h-Hubble parameter K as

K =
˙̃a

ãN
. (43)

In terms of the Hubble parameter, we have

K = 1

N

(
H + γ̇2

2γ2

)
. (44)

As a result, from the metric equation (2), one can obtain the
Friedmann and Raychaudhuri equations as

3H2 + 1

2
f − 3K 2( fR + 6 fQK

2)

− 3K̇

N 2

[
( fR + 12 fQK

2)N + 6 fQ K̇
]

= 1

2κ2 ρ, (45)

and

2Ḣ + 2K̇

N 2

[
( fR + 12 fQK

2)N + 8 fQ K̇
]

= 1

2κ2 (ρ + p).

(46)

The hybrid metric-Palatini model in this paper is meant to
be be an alternative to dark energy. As a result, let us con-
sider more on the behavior of the dark fluid described by

the hybrid metric-Palatini model. Let us define the effective
energy-density and pressure by rewriting the Friedmann and
Raychaudhuri equations as

3H2 = 1

2κ2 (ρ + ρe f f ), (47)

and

2Ḣ + 3H2 = − 1

2κ2 (p + pef f ), (48)

For the hybric metric-Palatini model, one can obtain

1

κ2 ρe f f = − f + 6K 2( fR + 6 fQK
2)

+ 6K̇

N 2

[
( fR + 12 fQK

2)N + 6 fQ K̇
]
, (49)

and

1

κ2 pef f = f − 6K 2( fR + 6 fQK
2)

− 2K̇

N 2

[
( fR + 12 fQK

2)N + 2 fQ K̇
]
. (50)

Let us now discuss the conservation of the energy–momentum
tensor. In practice, matter conservation can be derived via
Noether’s theorem from the diffeomorphism invariance of
the action [81]; see [82–84] for such an application in theories
involving the Palatini variation. In our case, considering the
action (1), one can see that there are three diffeomorphism-
invariant terms, each of which should be independently
invariant under a diffeomorphism transformation of the form:

xμ → x ′μ = xμ + ξμ(x). (51)

Let us focus on the last term in (1). The variation of this term
could be obtained as

δξ S =
∫

dx
(

δ(
√−gLm)

δgμν
δgμν + δ(

√−gLm)

δ�a
δ�a

)
,

(52)

where we have assumed that the matter Lagrangian Lm

depends on the metric tensor and some matter fields denoted
by �a . Since matter Lagrangian Lm only appears in this term,
one can deduce that the quantity

δ(
√−gLm)

δ�a
,

represents the equation of motion for the matter sector and
thus vanishes when the matter field equations are satisfied.
This is a crucial observation because, in theories with non-
minimal matter-geometry couplings, Lm appears in other
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terms of the action, and the above expression does not gen-
erally vanish. Noting that the variation of the metric tensor
under diffeomorphism (51) is given by

δgμν ≡ Lξ gμν = 2∇(μξν), (53)

one can write the variation (52) as

δξ S = −2
∫

dx∇μ

(
δ(

√−gLm)

δgμν

)
ξν. (54)

Now, using the definition of the energy–momentum tensor
(3) and requiring that the variation vanishes due to diffeo-
morphism invariance, one obtains

∇μT
μν = 0.

On top of FRW universe, the energy–momentum conserva-
tion equation reduces to

ρ̇ + 3H(ρ + p) = 0. (55)

In the above equations, independent variables are the scale
factor a and the energy density ρ.

From the conservation equation (55), the behavior of the
energy density ρ is related to the scale factor a as

ρ = ρ0

a3(1+ω)
, (56)

where ω = p/ρ is the equation of state parameter and ρ0 is
the energy density at present time.

The R and Q scalars which appears in the Friedmann and
Raychaudhuri equations should be obtained as a function of
a and ρ from the following set of equations

R = 1

2 fQ
(3A + B − 2 fR) ,

Q = 1

4 f 2
Q

(
3A2 + B2 − (3A + B) fR + f 2

R
)

, (57)

which are obtained from equation (15). Here, we have
denoted

A ≡ √
α1, B ≡ √

α1 − α2. (58)

Let us now assume that the function f has a linear structure
on its arguments as

f (R,RμνRμν) = ξR + σRμνRμν, (59)

where ξ and σ are some arbitrary constants. In this case, one
can obtain

α1 = σ

(
3H2 + 2Ḣ + 1

2κ2 p

)
+ σ(ξR + σQ) + 1

4
ξ2,

(60)

and

α1 − α2 = σ

(
3H2 − 1

2κ2 ρ

)
+ σ(ξR + σQ) + 1

4
ξ2.

(61)

Now, assuming that the universe is filled with dust with equa-
tion of state p = 0 and using the expressions (57) and (58),
one can obtain A, B, R and Q as functions of H and ρ

A = 1

16κ2ξ

[
3σρ + 12κ2(ξ2 − 6σ 2H2 − 3σ Ḣ) − C

]
,

(62)

B = − 1

16κ2ξ

[
σρ + 4κ2(ξ2 − 6σ 2H2 − 3σ Ḣ) − C

]
,

(63)

R = −1

ξ

(
6H2 + 3Ḣ − 1

4κ2 ρ

)
, (64)

and

Q = 1

8σ 2

(
12σH2 − 3

4κ2ξ
C(ξ + σR) − 2σ

κ2 ρ

+ (ξ + σR)(3ξ + 5σR)

)
, (65)

where we have defined

C =
(

16κ4(ξ2 − 6σH2)2 − 8κ2σρ(ξ2 + 6σH2)

+ 8κ4σ Ḣ(72σH2 − 20ξ2) + 24κ2σ 2 Ḣ(6κ2 Ḣ − ρ)
) 1

2
.

(66)

We are now ready to solve the cosmological field equations
(45) and (46) together with the conservation equation (55).
Let us define the following set of dimensionless quantities

τ = H0t, H = H0h, ρ̃ = 1

6κ2H2
0

ρ, σ̃ = σH−2
0 .

(67)

and transform to the redshift coordinates defined as

1

a
= 1 + z, (68)
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Fig. 1 The corner plot for the values of the parameters H0,H ′
0, h′′

0, �m0, ξ and σ̃ with their 1σ and 2σ confidence levels for the hybrid metric-Palatini
σR + ξRμνRμν gravity model

which implies

d

dτ
= d

dz

dz

dτ
= −(1 + z)h(z)

d

dz
. (69)

We should note that the model has only one independent
equation which governs the behavior of the Hubble parame-
ter. We will not write the detailed equation here for brevity.
But for small values of the parameter σ̃ , the evolution equa-

tion of the Hubble parameter can be expanded as

(2hh′ + 3�m0(1 + z)2)ξ2

+ 2(1 + z)2σ̃h2(9�m0 − 4h′h′′)
− 2(1 + z)σ̃h3(4h′′ + (1 + z)h′′′)
+ 4σ̃hh′(11(1 + z)hh′ − 43h2)

+ 2(1 + z)2σ̃hh′(6�m0(1 + z) − h′2) = 0. (70)

123
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Fig. 2 The behavior of the rescaled Hubble parameter H/(1 + z) (left
panel) and of the deceleration parameter q (right panel) as a function
of the redshift for the metric-Palatini σR + ξRμνRμν gravity model

for the best fit values of the parameters as given by Table 1. The shaded
area denotes the 1σ error. Dashed lines represent �CDM model

Fig. 3 The behavior of the jerk j (left panel) and of the snap parameter s (right panel) as a function of the redshift for the metric-Palatini
σR + ξRμνRμν gravity model for the best fit values of the parameters as given by Table 1. The shaded area denotes the 1σ error. Dashed lines
represent �CDM model

The deceleration parameter for the cosmic expansion of
the FLRW metric gives

q = −1 + (1 + z)
h′

h
. (71)

3.1 Statistical analysis

In order to obtain the evolution of the Hubble parameter,
the field equation must be integrated with initial conditions
h(0) = 1, h′(0) = h′

0 = H ′
0 and h′′(0) = h′′

0. We will obtain
the best fit values of the parameters H0, H ′

0, H ′′
0 , �m0, ξ

and σ̃ , by performing the Likelihood analysis using 31 data
points related to the cosmic chronometers (CC) [85] together
with the Pantheon+ measurements with SH0ES calibration
[86]. We will assume that the CC data are independent but
the Pantheon+SH0ES data are correlated [86].

The likelihood function can then be defined as

L = L0e
−χ2/2, (72)

where L0 is the normalization constant. The loss functions
χ2 for the cosmic chronometer and Pantheon+ data points
are defined as

χ2
CC =

∑
i

(
Hobs,i − Hth,i

σi

)2

, (73)

and

χ2
Pantheon+SH0ES = [ �μobs − �μth

]T
C−1 [ �μobs − �μth

]
(74)

Here i counts data points, “obs′′ are the observational val-
ues of the Hubble parameter, “th′′ are the theoretical values
obtained from the model, and σi are the errors associated with
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Fig. 4 The variation of the jerk parameter j as a function of the decel-
eration parameter q, j = j (q) (left panel), and of the snap parameter as
a function of the jerk parameter, s = s( j) (right panel) for the metric-

Palatini σR + ξRμνRμν gravity model for the best fit values of the
parameters as given by Table 1. Dashed lines represent �CDM model

Fig. 5 The difference between the metric-Palatini σR + ξRμνRμν

gravity model and its �CDM counterpart for the best fit values of the
parameters as given by Table 1. The shaded area represents the 1σ

confidence level

the i th data obtained from observations. Also,C is the covari-
ance matrix associated with Pantheon+ datapoints [86].

By maximizing the likelihood function, the best fit values
of the parameters H0,H ′

0, �m0, ξ and σ̃ at 1σ confidence
level, can be obtained as

The corner plot for the values of the parameters H0,H ′
0,

h′′
0, �m0, ξ and σ̃ with their 1σ and 2σ confidence levels is

shown in Fig. 1.

3.2 The cosmological results

The redshift evolution of the Hubble function and of the
deceleration parameter q are represented, for this model, in

Fig. 2. One can see from the figures that the behavior of the
hybrid metric-Palatini model is very similar to the �CDM
model. However, there are significant differences between
the two models. As one can see from the figure, the Hubble
parameter at present day is the same as its �CDM counter-
part. The value of the Hubble parameter will become smaller
than the �CDM value at redshifts z ≈ 0.2 and at earlier
times the Hybrid metric-Palatini Hubble parameter is less
than the �CDM value. This behavior can also be seen more
quantitatively in diagrams for higher order derivatives of the
Hubble parameter. The Taylor series expansion of the scale
factor can be generally represented as [87]

a(t) = a0

[
1 + H0 (t − t0) − 1

2!q0H
2
0 (t − t0)

2

+ 1

3! j0H
3
0 (t − t0)

3 + 1

4! s0H
4
0 (t − t0)

4 + O(5)
]
.

(75)

Based on this expansion one can introduce the jerk and snap
parameters, defined as

j = 1

H3

1

a

d3a

dt3 , s = 1

H4

1

a

d4a

dt4 . (76)

In terms of the deceleration parameter j and s can be obtained
as

j = q + 2q2 + (1 + z)
dq

dz
, (77)

s = −(1 + z)
d j

dz
− 2 j − 3 jq. (78)
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Fig. 6 The behavior of the total energy density abundance �tot (left
panel) and the total pressure abundance �tot (right panel) as a function
of the redshift for the metric-Palatini σR + ξRμνRμν gravity model

for the best fit values of the parameters as given by Table 1. Dashed
lines represent matter behaviors in �CDM model

In Fig. 3 we have plotted the evolution of the jerk and
snap parameters as a function of redshift. One can see from
these figures that the behavior of the scale factor at higher
derivatives is very different from the �CDM model. The
jerk parameter, as a convexity of the Hubble parameter, is
constant in the �CDM model. However we can see that its
value varies in hybrid metric-Palatini model. In fact there is
a range z ∈ (0.5, 2) where the jerk parameter is higher that
its �CDM counterpart. This is the region where the value
change in Hubble parameter occurs. Also the snap parame-
ter in �CDM is a monotonically decreasing function of the
redshift but its value in hybrid metric-Palatini model changes
the slope at redshifts z ≈ 1.5. Since the snap parameter can
be seen as a concavity of the deceleration parameter, one
can see that the deceleration parameter becomes more con-
cave at redshifts z � 1.5, making q to becomes smaller that
the �CDM value at earlier times. This can be seen from
Fig. 2. We see that the value of the deceleration parameter is
greater than its �CDM counterpart at present time, meaning
that the hybrid metric-Palatini model predicts more acceler-
ation for the present universe. However, as we have pointed
out, because of the snap behavior, the deceleration parame-
ter becomes less than �CDM value at earlier times signaling
less deceleration rate for early universe. In Fig. 4 we have
also plotted the behavior of the jerk as a function of deceler-
ation parameter and the snap as a function of jerk parameter.
Although both of these plots are constants in �CDM model,
the hybrid metric-Palatini model predicts different behavior
for them, verifying the above arguments.

The differences between the hybrid metric-Palatini model
and the standard �CDM model can also be seen through the
values of the reduced chi-squared function for the Hubble
function, which are shown in Table 2. Also, in Fig. 5 we

Table 1 The best fit values together with their 1σ errors for the hybrid
metric-Palatini gravity

Parameter Best fit value with 1σ error

H0 73.538+0.1418
−0.1417

H ′
0 0.499+0.0102

−0.0095

h′′
0 0.102+0.0098

−0.0089

�m0 0.324+0.0446
−0.0413

ξ − 0.802+0.0098
−0.0098

σ̃ 0.009+0.0009
−0.0008

have plotted this difference as a function of redshift. The
shaded area represents 1σ error. One can see from this figure
that the hybrid metric-Palatini model predicts lower values
of the Hubble parameter almost at all redshifts.

In Fig. 6 we have plotted the total energy density and total
pressure abundances

�tot ≡ �m + �e f f , �tot ≡ �e f f , (79)

with

�e f f = ρe f f

6κ2H(t)2 , �e f f = pef f
6κ2H(t)2 , (80)

as a function of redshift, where we have used (49) and (50).
On can see from the figure that the total energy density
behaves the same as the standard perfect fluid matter in the
range z ∈ (0, 0.7) implying that the effective energy density
does not role in the present time. However, at earlier times, the
total energy density becomes smaller than that of dust, sig-
naling that the value of the effective energy density becomes
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Fig. 7 The evolution of the effective equation of state parameter ωe f f
as a function of redshift for the metric-Palatini σR+ξRμνRμν gravity
model for the best fit values of the parameters as given by Table 1. The
shaded area denotes the 1σ error. Dashed lines represent �CDM model

larger and negative. On the other hand, the total pressure con-
tributes to the evolution of the universe at all times and it is
monotonically increasing. Notice that the pressure of dust is
zero and as a result the effective and total pressures are equal.
The fluid nature of the effective part of the theory can also
be investigated by considering the effective equation of state
parameter defined as

ωe f f = pef f
ρe f f

. (81)

In Fig. 7 we have plotted the behavior the effective equa-
tion of state parameter as a function of redshift. One can see
from the figure that the equation of state parameter is approx-
imately constant and equal to the value of �CDM model.
More precisely, in hybrid metric-Palatini model, ωe f f is a
decreasing function of redshift. The value of the equation of
state parameter is a little larger than that of the �CDM value
signaling a slightly weaker acceleration. However, the value
will become closer to the �CDM value for earlier times.

3.3 The statefinder diagnostic

A very similar analysis could be done in the context of
statefinder diagnosis, introduced in [88]. In this analysis we
will use a pair { j, s̄} where j is the jerk parameter defined in
(76) and s̄ is a combination of the deceleration parameter q
as j defined as

s̄ = j − 1

3(q − 1
2 )

. (82)

For �CDM model, the statefinder pair denotes a point (1, 0)

in ( j, s̄) plane.

Fig. 8 The variation of the statefinder variable s̄ as a function of the
jerk parameter j for the metric-Palatini σR+ ξRμνRμν gravity model
for the best fit values of the parameters as given by Table 1. Red dot
represents �CDM model

Table 2 The reduced χ2 for the Hubble function for the hybrid metric-
Palatini gravity and the �CDM model

Model χ2
red

�CDM 1.051

Hybrid metric-Palatini 1.056

In Fig. 8 we have depicted the variation of s̄ as a function
of j in the metric-Palatini σR + ξRμνRμν model.

One can see from the figure that in the hybrid metric-
Palatini model the state of the universe is not a point in the
( j, s̄)-plane. Actually, this is a general result of a modified
gravity theory since the jerk parameters vary with redshift and
differs from + 1 as in �CDM model. However, the �CDM
point seems to be an important point also in hybrid metric-
Palatini model which is worth further study. For this paper,
we just pointed out that generally the values j < 1 and s̄ > 0
indicates quintessence-like behavior for the dark energy sec-
tor but j > 1 and s̄ < 0 indicate phantom-like behavior. For
the hybrid metric-Palatini model one can see that both cases
happens and we have a quintessence and also phantom like
behaviors in the evolution history of the universe. It should
be noted that at present time the quintessence-like behavior
is dominant . This can also be seen from the evolution of
jerk parameter in Fig. 3 where the jerk parameter exceeds
unity for a redshift range z ∈ (0.7, 1.9). A final note worth
pointing out in this section. As we have seen in before the
equation of state parameter has a property ωe f f > −1 which
is the standard behavior of quintessence. However, we have
seen that the phantom-like behavior can also be achieved in
this model. This occurs normally in modified gravity theo-
ries, like k-essence models [89] allowing to have a phantom
behavior even with ωe f f > −1 [90]. In our case, this can

123



  721 Page 12 of 15 Eur. Phys. J. C           (2025) 85:721 

Fig. 9 The redshift variation of the Om(z) diagnostic function for the
Weyl-Boundary geometric gravity model for the best fit values of the
parameters as given by Table 1. The dashed line represents the �CDM
model

be related to the addition of the Palatini Ricci tensor in the
h-metric tensor (5).

3.4 The Om(z) diagnostic

The Om(z) diagnostic tool is an important theoretical
method that allows to distinguish alternative cosmologi-
cal models from the standard �CDM model. The Om(z)
diagnostic can be used to determine the nature of the dark
energy fluid, and one could infer if the cosmological fluid
is a phantom-like fluid, a quintessence-like one, or it can be
described by a simple cosmological constant.

The Om(z) function is defined as [91]

Om(z) = (H(z)/H0)
2 − 1

(1 + z)3 − 1
. (83)

For the standard �CDM model, the function Om(z) is equal
to the present day matter density parameter �m0. In the case
of cosmological models with a constant parameter of the
equation of state of dark energy, w = const., a positive
slope of Om(z) indicates a phantom behavior, while a nega-
tive slope points towards a quintessence-like evolution. The
evolution of the Om(z) function as a function of redshift is
plotted in Fig. 9. One can see from the figure that the hybrid
metric-Palatini effective fluid behaves as a quintessence at
present times and also for earlier times z > 2. However, for
the redshift range z ∈ (0.7, 1.9) the slope of the diagram
becomes positive and the effective fluid has a phantom-like
behavior. This is in agreement with our previous discussions
for the statefinder diagnostics. Also, one should note that the
Om values are almost always lower than the present day mat-
ter density abundance. This means that the effective energy
density has a negative contribution to the energy budget of
the universe which makes the total matter abundance smaller

Table 3 The fitted values of the variable-ω model parameters con-
fronting to the hybrid metric-Palatini prediction

Parameter Fitted value

�m0 0.293

w0 − 0.926

wa − 0.797

than its �CDM counterpart. This is in agreement with the
total energy abundance diagram (6).

3.5 Variable equation of state alternative

In this subsection we will obtain a suitable equation of state
parameter of dark energy by fitting the resulting Hubble dia-
gram with the predictions of hybrid metric-Palatini presented
in Fig. 2.

For this, let us assume that the accelerated expansion of
the universe can be described by a exotic fluid with variable
equation of state parameter of the form p = ω(z)ρ. In this
case The Hubble parameter takes the form

h2 = �m0(1 + z)3 + (1 − �m0)e
3

∫ z
0

1+ω(z′)
1+z′ dz′

. (84)

Phenomenologically, the dynamical dark energy could be
well explained with CPL equation of state of the form [92,93]

ω(z) = w0 + wa
z

1 + z
, (85)

where w0 and wa are arbitrary constants. In this case one
obtains

h2 = �m0(1 + z)3

+ (1 − �m0)e
− 3wa z

z+1 (z + 1)3(w0+wa+1). (86)

Now, we will obtain the constants w0, wa and �m0 by fit-
ting the model (86) with the prediction of the hybrid metric-
Palatini model depicted in Fig. 2. The result is summarized
in Table 3.

In Fig. 10 we have plotted the hybrid metric-Palatini pre-
diction (solid line), the equivalent variable-ω model (dotted
line) and also the standard �CDM prediction (dashed line).
One can see that the fitted parameter is in a very good agree-
ment with the hybrid metric-Palatini model. As a result, one
can see that at least with respect to the Hubble parameter,
the hybrid metric-Palatini model can be described by CPL
equation of state parameter.
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Fig. 10 The redshift variation of the Hubble parameter for the hybrid
metric-Palatini model (solid line) and the ω-variable fitted model (dotted
line) with the fitted values of the parameters as given by Table 3. The
dashed line represents the �CDM model

4 Conclusions and final remarks

In this paper, we will consider the cosmological implications
of a generalized hybrid metric-Palatini gravity. The hybrid
metric-Palatini models are constructed in such a way that
two different structures coupled in a gravitational action of
the theory, one is constructed solely by the metric tensor; the
connection being the Christoffel symbol, and the other is con-
structed by a metric and an independent affine connection.
In this paper, we have considered the coupling of the form
f (R,RμνRμν) in which the Palatini Ricci tensor appears
explicitly in the action. Normally, in hybrid metric-Palatini
models, the theory can be written by some field redefinitions,
as a scalar-tensor theory of gravity; the affine connection
can be obtained from a new metric tensor which is com-
patible with the independent connection. This is similar to
the procedure one has taken in Palatini approach. However,
in our case, due to the term RμνRμν , one can not repeat the
aforementioned procedure analytically. Fortunately, for max-
imally symmetric space-times one can use another method
to obtain the new metric as a function of the components of
the original metric tensor gμν . In this paper, we have consid-
ered this method for the case of an FRW universe filled with
standard perfect fluid matter field.

For the resulting cosmological model, we have considered
the background implications by confronting the model with
the observational data on the Hubble parameter. We have used
the MCMC method for the fitting, with Gaussian prior for the
cosmological parameters and flat prior for the model parame-
ters. We have seen that the fitted hybrid metric-Palatini model
is in a very good agreement with the �CDM predictions. The
Hubble parameter is almost the same as its �CDM counter-
part. However, slight deviations can be observed for small
redshifts, where the hybrid metric-Palatini model predicts
larger values, implying that the hybrid metric-Palatini model
is younger than �CDM model. From the deceleration param-

eter, one can see that we have a smaller acceleration rate
of the hybrid metric-Palatini model than �CDM model in
the present time and also smaller deceleration rate at ear-
lier times. More details can be found from the model by
considering higher derivatives of the Hubble parameter. We
have plotted the evolution of jerk and snap parameters as a
function of redshift, which indicates significant deviations
from the �CDM model. Although the jerk parameter is con-
stant in the �CDM model, we have seen that it varies for the
hybrid metric-Palatini model. Observing that the jerk param-
eter can indicate the convexity of the Hubble diagram, one
can infer that the convexity of the hybrid metric-Palatini Hub-
ble parameter is the same as �CDM model, but the intensity
varies in time. The snap parameter in the �CDM model is a
decreasing function of the redshift, but the slope changes for
the hybrid metric-Palatini model at redshifts about z ≈ 1.5.
This could explain the change in the convexity of the decel-
eration parameter as was shown in Fig. 2.

Considering the effects of the hybrid metric-Palatini as an
effective dark energy component, we have plotted the evo-
lution of the total energy density and pressure as a function
of redshift. Although the energy density behaves the same
as the baryonic matter energy density, it decreases as we
go back in time. This means that the effective energy den-
sity is non-zero and negative in the earlier times but tends
to zero as we reach the present time. The effective pressure
however is non-zero and positive at earlier times, tending
to zero at the preset time. This can also be seen from the
equation of state parameter of the effective fluid, indicat-
ing that it is very close to the cosmological constant value.
However, its value deviates more from −1 at present times,
helping the model to explain the observational data. The
higher derivative diagnostics can also be done through the
statefinder method where the evolution of the jerk parame-
ter is obtained as a function of new snap parameter which is
a combination of the deceleration and jerk parameters. The
diagram can distinguish between quintessence and phantom
behavior of the effective dark energy fluid. We have seen that
the hybrid metric-Palatini model can possess both natures in
the evolution history of the universe, being quintessence-like
in the present time. The fluid behavior can also be obtained
from the recently developed Om diagnostics. We have seen
that the Om function for the hybrid metric-Palatini model,
in agreement with the statefinder analysis, suggests that the
effective dark energy fluid in the model has a quintessence-
like behavior at present time. At the end of the cosmological
considerations, we have find the alternative ω-varying model
that fits the behavior of the hybrid metric-Palatini model at
the background level. This alternative model will deviate
the hybrid metric-Palatini predictions both in perturbative
and also higher order corrections of the Hubble parameter
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both can be used as a good fluid-based alternative for the
geometric-based hybrid metric-Palatini model.
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