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1 Introduction

Since the introduction of supersymmetric quantum field theories (SQFTs), numerous ad-
vancements have been made. From a classification perspective, five-dimensional supersym-
metric field theories are classified by examining the consistency of physics on the Coulomb
branch of moduli space [1–4], utilizing geometric descriptions [3, 5–10], and analyzing the
RG-flows of 6d superconformal field theories (SCFTs) on a circle [11–17]. Six-dimensional
supersymmetric field theories are classified based on the types of non-compact bases and
the methods of gluing them together in F-theory compactified on non-compact elliptically
fibered Calabi-Yau threefolds [18–21]. The classification of 6d little string theories (LSTs)
is also discussed in [21, 22] which will be explained right after.
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There have been significant quantitative studies conducted on higher dimensional
SQFTs. For instance, it is possible to calculate the supersymmetric partition functions
of these theories on Ω-deformed R4 using various methods. This partition function is
a type of Witten index that counts BPS states on the Coulomb branch. For theories
with classical gauge groups, it can be computed using supersymmetric localization based
on ADHM constructions of the instanton moduli space [23, 24] or using the topological
vertex formalism introduced in [25–27]. We can also calculate the partition function in
the presence of the codimension two or four defects in these theories [28–44]. While the
SUSY localization and topological vertex formalism are effective methods for qualitatively
studying higher dimensional SQFTs, one disadvantage of these methods is that we need
to know ADHM constructions for instanton moduli space of gauge theories or brane web
descriptions of these SQFTs in Type IIB string theory.

An alternative approach to calculating the instanton partition functions is by utilizing
the blowup equation, which was initially developed for the study of Donaldson invariants
in mathematics. In [45], a systematic method for formulating and solving the blowup equa-
tions to obtain Nekrasov’s instanton partition functions of 4d N = 2 SU(N) gauge theories
was proposed, and this method was subsequently generalized to 5d N = 1 SU(N) gauge the-
ories in [46, 47]. More recently, several extensions have been made to compute various ob-
servables in higher dimensional field theories: the instanton partition functions of 5d SUSY
gauge theories with generic gauge groups and matter representations were computed in [48–
50], the blowup equations for refined topological strings on certain local Calabi-Yau 3-folds
were formulated in [50, 51], and the elliptic genera of self-dual strings in 6d SCFTs on ten-
sor branch were calculated using elliptic blowup equations in [50, 52–54]. Also, as another
extension, the blowup equations for 5d and 6d supersymmetric field theories with codimen-
sion four defects were proposed in [55]. One of the key benefits of the blowup approach is its
capability to systematically calculate the partition functions, including non-perturbative
contributions, through the use of the effective prepotential and consistent magnetic fluxes
on the blowup background which can be systematically obtained for any 5d or 6d supersym-
metric field theory [50, 51]. While we now have a large amount of examples for the blowup
formalism, it remains to be verified whether it can be applied to little string theories.

Little string theories were originally introduced as worldvolume theories of NS5-branes
in the gravity decoupling limit [56–60]. Depending on the space in which the NS5-branes
reside, there are N = (2, 0), (1, 1), and (1, 0) LSTs in 6 dimensions. The decoupling limit
is achieved by taking the string coupling constant to zero while maintaining an intrinsic
string scaling finite. The resulting theory becomes a non-local theory without gravity
and it has some stringy properties such as T-duality. In this sense, this theory is an
intermediate theory between local quantum field theories and the usual string theories, so a
deep understanding of the LSTs may help us understand both subjects. Additionally, since
NS5-branes are known to be one of the most challenging and interesting non-perturbative
objects to study, a better understanding of these objects is desired. Beside this, there are
also various motivations for studying LSTs, including the investigation of discrete light-cone
quantization and holography in a linear dilation background, etc. For a brief overview of
LSTs in these contexts, we recommend readers to see [61, 62].
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A systematic construction of the LSTs is proposed based on the geometric phases
of F-theory in [22]. This construction allows us to classify LSTs according to the types
of base curves and the manner in which they are connected, generalizing the geometric
classification of 6d SCFTs. In quantitative studies, the partition functions of A-type LSTs
engineered by NS5-branes on A-type singularities have been obtained using the localization
method applied to the worldvolume theories of 2d instantonic strings [63]. Similarly, the
elliptic genera of LSTs on some of D-type singularities have been computed based on the lo-
calization method [64]. Also, in [65], the elliptic genera of some LSTs were calculated using
T-dualities and the modular ansatz, which is based on the modular properties of the ellip-
tic genera. However, these computations have only been carried out in a few simple cases,
as the localization method requires ADHM-like constructions of little string worldvolume
theories that are currently unavailable in most cases. The modular ansatz method also has
some limitations, including a rapid increase in the number of unknown coefficients as the
string number increases and the need for precise knowledge of T-duality for LSTs. As such,
it is important to find alternative methods for calculating the partition functions of LSTs.

In this paper, we propose a systematic method for constructing blowup equations for
LSTs and provide examples of its application in the explicit calculation of partition func-
tions. The blowup equations can be formulated by using two key ingredients: the effective
prepotential evaluated on the Ω-background, which can be obtained from the effective cu-
bic and mixed Chern-Simons terms on the tensor branch, and a set of magnetic fluxes on
the blown-up P1. We will explain how to obtain these ingredients for arbitrary LSTs.

It turns out that the blowup equations for LSTs are rather different from those for
5d/6d SQFTs. Interestingly, the blowup equations for LSTs involve summation over mag-
netic fluxes for an auxiliary gauge field as well as those for the dynamical gauge fields.
This auxiliary gauge field is a non-dynamical 2-form field used to cancel mixed anoma-
lies of gauge symmetries. We will explain the precise role of this auxiliary gauge field in
the next section. However, we note that the summation over auxiliary magnetic fluxes
is not convergent in terms of Kähler parameters. This is essentially due to the absence
of a quadratic kinetic term for the auxiliary gauge field. Despite this, we show that the
partition functions of the LSTs calculated from other methods satisfy the blowup equations
that we have proposed when certain upper and lower bounds are placed on the power of
Kähler parameters coupled to the auxiliary magnetic fluxes. Furthermore, we will show
that elliptic genera of the LSTs can be calculated by solving the blowup equations when
combined with the modular ansatz. We illustrate our approach using Â1 type IIA and IIB
LSTs, E8 × E8 and SO(32) Heterotic LSTs as rank-1 LSTs, and the SU(3) gauge theory
with a symmetric and an antisymmetric hypermultiplets as a rank-2 LST.1

The rest of this paper is organized as follows. In section 2, we provide a review of
the blowup equations and modular bootstrap approach for 6d SCFTs, and present the
proposed blowup equations for LSTs. In section 3, we demonstrate how our proposal
works with several examples. In section 4, we summarize our results and discuss some
future directions. In appendix A, we collect some facts about the elliptic functions used

1Here we use a word “rank” as a number of dynamical parameters which is different from [22].
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in the main context. In appendix B, we present the computations of the elliptic genera of
some LSTs using ADHM constructions of instantonic strings.

2 Blowup equations and modular bootstrap

In this section, we propose the blowup equations for the partition functions of 6d little
string theories on T 2×R4. We begin by reviewing the formulation of blowup equations for
6d SCFTs and then extend this approach to construct the blowup equations for 6d LSTs.
We also describe how to calculate the elliptic genera of strings in LSTs using their modular
properties and by solving the blowup equations.

The elliptic genera of strings in 6d LSTs on a torus T 2 times Ω-deformed R4, which is
a Witten index, is defined as

Zk(τ, φ,m; ε1,2) = TrRR
[
(−1)F e2πi(τHL−τ̄HR)e2πiε1(J1+JR)e2πiε2(J2+JR)e2πiφ·Πe2πim·F

]
,

(2.1)
where τ is the complex structure of the torus, HL and HR are left-moving and right-
moving Hamiltonians in the 2d worldsheet, J1 and J2 are Cartan generators of the SO(4)
Lorentz rotation on R4, JR is the Cartan for SU(2)R R-symmetry, ε1 and ε2 are the Ω-
deformation parameters, Π and F are gauge and flavor charges, and φ and m collectively
denote chemical potentials for gauge and flavor symmetries, repectively. The supercharge Q
and its conjugate Q† commute with J1 +JR and J2 +JR, and the right-moving Hamiltonian
is given by 2HR = {Q,Q†}. This elliptic genus counts BPS spectrum in the Ramond sector
annihilated by Q and Q†, so it is independent of τ̄ , in the 2d worldsheet SCFT living on
strings with tensor charge denoted by k.

2.1 Blowup equations for 6d SCFTs

Let us review the blowup equations for the 6d SCFT which are functional equations for
the full partition function defined by

Z(τ, ϕ, φ,m; ε1,2) = e−2πiEZpert ×
∑
k

e−kϕZk , (2.2)

with Zk=0 = 1 where Zpert is the perturbative contribution of the partition function on
T 2 × R4, E is called the effective prepotential and ϕ here denotes the tension of the self-
dual strings with charge k parameterized by the scalar vacuum expectation values in the
tensor multiplets. We note that the partition function (2.2) can be written as a factorized
expression of

Z = e−2πiEZGV = e−2πiE PE

 ∑
jl,jr,d

(−1)2(jl+jr)Nd
jl,jr

√
p1p2χjl(ε−)χjr(ε+)
(1− p1)(1− p2) e2πid·m

, (2.3)

where ZGV is the refined Gopakumar-Vafa (GV) invariants [66, 67] counting the BPS de-
generacies Nd

jl,jr
on Ω-background. Here, PE[f(µ)] = exp

[∑∞
n=1

1
nf(µn)

]
is the Plethystic

exponential, m collectively denotes chemical potentials (ϕ, φ,m) for tensor, gauge and
flavor symmetries, d is the electric charge of the BPS state with Lorentz spin (jl, jr) =
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(J1−J2
2 , J1+J2

2 ), χj is the SU(2) character of spin j representation, ε± = ε1±ε2
2 and p1,2 =

e2πiε1,2 .
The effective prepotential E in the prefactor arises from the classical action and the

regularization factors in the path integral. We can compute it by evaluating the low energy
effective action on the Ω-background in the presence of non-trivial background gauge fields.
The low energy effective action of 6d SCFTs on a circle which was computed in [14, 50, 68–
70] consists of the classical (or tree-level) and the 1-loop contributions. The tree-level
action for a 6d SCFT is given by

Stree =
∫ (
−1

2ΩαβGα ∧ ∗Gβ − ΩαβBα ∧X4β + · · ·
)

(2.4)

where · · · stands for the SUSY completions, Ωαβ = Σα · Σβ is the intersection form of the
tensor multiplets corresponding to the intersection pairing of compact cycles Σα in the base
surface of the associated elliptic Calabi-Yau threefold, and Gα is the 3-form field strength
for a self-dual 2-form tensor field Bα. The second term is the Green-Schwarz term which is
required to cancel the 1-loop gauge anomalies via Green-Schwarz-Sagnotti mechanism [71].
The Green-Schwarz term contributes to the 6d anomaly 8-form as

IGS = −1
2ΩαβX4αX4β , (2.5)

where the 4-form X4α, which appears in the Bianchi identity dGα = X4α, is given by

X4α = −1
4aαp1(T6) + 1

4
∑
a

ba,α TrF 2
a + cαc2(R) . (2.6)

Here, p1(T6) and c2(R) are the first Pontryagin class of the 6d spacetime tangent bundle
and the second Chern class of SU(2)R R-symmetry bundle, respectively, and Fa is the
field strength of the a-th symmetry group including all gauge and flavor symmetries. The
coefficients aα, ba,α and cα are determined from anomaly cancellation conditions.

The classical action provides non-trivial contributions to the effective prepotential. The
characteristic classes in the Green-Schwarz terms can be replaced by the Ω-deformation
parameters as

p1(T6) 7→ −(ε21 + ε22) , c2(R) 7→ ε2+ , (2.7)

with ε± = ε1±ε2
2 . Using this, the tree-level effective prepotential on the Ω-deformed back-

ground is evaluated as

Etree = 1
ε1ε2

[
−τ2Ωαβφα,0φβ,0 − Ωαβφα,0

(
aβ
4 (ε21 + ε22) + ba,β

2 Ka,ijφa,iφa,j + cβε
2
+

)]
, (2.8)

where φα,0 = iϕα/2π denotes the scalar VEV in the tensor multiplet, Ka,ij is the Killing
form of the a-th symmetry group, and φa,i are the holonomies for gauge and flavor sym-
metries.

There are also 1-loop contributions to the effective prepotential E which can be calcu-
lated as follows. The 6d SCFT compactified on a circle leads to a 5d Kaluza-Klein (KK)
theory. The low energy theory of this 5d KK theory on a Coulomb branch is characterized
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by topological Chern-Simons couplings which involve contributions from the Kaluza-Klein
momentum states along the circle as well as zero momentum states. The 1-loop Chern-
Simons terms at low energy can be written as

S1−loop =
∫ (

Cijk
24π2Ai ∧ Fj ∧ Fk −

1
48C

G
i Ai ∧ p1(T6) + 1

2C
R
i Ai ∧ c2(R)

)
, (2.9)

where the first term is the cubic Chern-Simons term for the gauge and the flavor sym-
metries, the second and third terms are the mixed gauge-gravity and gauge-SU(2)R R-
symmetry Chern-Simons terms, respectively.

The cubic Chern-Simons terms are determined by the cubic prepotential given by [3,
68–70]

F1−loop = 1
12
∑
n∈Z

∑
e∈R
|nτ + e · φ|3 −

∑
f

∑
w∈wf

|nτ + w · φ+mf |3
, (2.10)

where R is the set of root vectors of the 6d gauge group, wf and mf are a set of weights
and mass parameters, respectively, of the f -th charged hypermultiplet. The summation
over all integer KK charges n can be performed by using the zeta function regularization.2
The mixed Chern-Simons coefficients CGi and CRi can be computed in a similar manner.
At this time, the contributions of the positive KK charge states and negative KK charge
states cancel each other, and so we find

CGi = −∂i

∑
e∈R
|e · φ| −

∑
f

∑
w∈wf

|w · φ+mf |

 , CRi = 1
2∂i

∑
e∈R
|e · φ| . (2.11)

The 1-loop contribution to the effective prepotential is comprised of the collection of the
Chern-Simons contributions.

E1−loop = 1
ε1ε2

(
F1−loop + ε21 + ε22

48 CGi φi + ε2+
2 CRi φi

)
. (2.12)

The full effective prepotential of a 6d SCFT on a torus times Ω-deformed R4 is then
given by the sum of the classical and the 1-loop contributions:

E = Etree + E1−loop . (2.13)

This explains how to compute the effective prepotentials E for arbitrary 6d SCFTs. We
remark that when the 6d SCFT is compactified on a circle with automorphism twists, the
intersection form Ωαβ , the Killing form Ka,ij , and the gauge and flavor algebra appearing
in the effective prepotential should be replaced by those of the twisted theory. See [50] for
explicit calculations of E for many interesting 6d SCFTs on T 2 × R4 with/without twists.

Let us now explain how to formulate the blowup equations for 6d SCFTs. Consider a
6d SCFT on a blowup geometry Ĉ2 obtained by replacing the origin of the C2 by a 2-sphere
P1. The partition function on this Ĉ2 background, which we will call Ẑ, is factorized under

2For a 6d SCFT with twist, we can have fractional KK-momentum states. See [50].
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the supersymmetric localization as a product of two contributions coming from the north
and south pole of the P1 at the origin [45, 46]. It turns out that the partition function is
independent of the volume of the P1, and thus blowing down the P1 results in a smooth
transition from Ẑ to the ordinary partition function Z on C2 without the P1 at the origin.
More precisely, as indicated in [50], the partition function Ẑ defined on Ĉ2 is related after
the blowdown transition to the ordinary partition function Z on C2 by replacing (−1)F
in (2.1) and (2.2) by (−1)2JR . This replacement of the fermion number operator can be
implemented by shifting the Ω-deformation parameter ε1 for the angular momentum to
ε1 + 1. Thus one finds

Ẑ(φ,m, ε1, ε2) = e−2πiE(φ,m,ε1,ε2)ẐGV(φ,m, ε1, ε2) ,
ẐGV(φ,m, ε1, ε2) = ZGV(φ,m, ε1 + 1, ε2) .

(2.14)

Note that ε1 in the prefactor E remains the same because shifting ε1 in the GV-invariant
does not affect the regularization factor.

Now, by identifying the blowup partition function Ẑ on Ĉ2, which takes a factorized
expression under localization, with the partition function Z on the ordinary C2 back-
ground, we can find a functional equation so-called a blowup equation as follows [45–47]
(See also [49–55, 72, 73] for various generalizations):

Λ(m, ε1, ε2)Ẑ(φ,m, ε1, ε2) =
∑
~n

(−1)|~n|Ẑ(N)(~n, ~B)Ẑ(S)(~n, ~B) , (2.15)

where |~n| = ∑
i ni denotes the sum of magnetic fluxes ni for the dynamical tensors and

gauge symmetry groups on P1, ~B denotes the background magnetic fluxes for the global
symmetries, and Λ is a constant prefactor independent of the dynamical Kähler parameters
φ. Here, Ẑ(N) and Ẑ(S) are localized partition functions near the north and south poles of
the P1. They can be obtained, since the local geometries can be approximated as C2, from
the ordinary partition function Z by shifting the chemical potentials as

Ẑ(N)(~n, ~B) = Ẑ(φi + ε1ni,mj + ε1Bj , ε1, ε2 − ε1) ,
Ẑ(S)(~n, ~B) = Ẑ(φi + ε2ni,mj + ε2Bj , ε1 − ε2, ε2) .

(2.16)

Here φi collectively denotes the scalar VEVs in the tensor and gauge multiplets.
The prefactor Λ can be zero. In this case, the blowup equation is called vanishing

blowup equation. For example, when the 6d SCFT contains a half hypermultiplet that
does not form a full hypermultiplet, the theory admits only vanishing blowup equations.
We will not discuss vanishing blowup equations in this paper.

We cannot turn on arbitrary magenetic fluxes (~n, ~B) on the P1, but they must be
correctly quantized. The proper quantization conditions for the maginetic fluxes are [51]

(~n, ~B) · e is integral/half-integral ⇔ 2(jl + jr) is odd/even, (2.17)

for all BPS particles of the gauge and flavor charge e and spin (jl, jr). Among (~n, ~B)
satisfying the quantization conditions, a set of special magnetic fluxes called consistent
magnetic fluxes can give a blowup equation (2.15) which the partition function Z obeys.

– 7 –
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We refer the reader to [50] for a detailed discussion on the process of identifying the
consistent magnetic fluxes and solving the blowup equations to calculate the BPS spectra
of 5d and 6d SQFTs.

It is more convenient to express the blowup equation (2.15) in terms of the GV-invariant
as follows:

Λ(m, ε1, ε2)ẐGV(φ,m, ε1, ε2) =
∑
~n

(−1)|~n|e−2πiV Ẑ
(N)
GV (~n, ~B)Ẑ(S)

GV(~n, ~B), (2.18)

where
V = E(φi,mj , ε1, ε2)− E(φi + ε1ni,mj + ε1Bj , ε1, ε2 − ε1)

− E(φi + ε2ni,mj + ε2Bj , ε1 − ε2, ε2) .
(2.19)

For a 6d SCFT, we can split the GV-invariant part as

ZGV = Zpert × Zstr = Zpert ×
∑
~k

e−2πiΩαβkαφβ,0Z~k . (2.20)

Here, Zpert is the 1-loop perturbative contributions from the tensor, vector and hyper-
multiplets. Zstr is the self-dual string contributions which are given by a summation over
the elliptic genera Z~k of the worldsheet SCFTs on self-dual strings with tensor charge
~k ≡ (k1, k2, · · · , kN ) where kα ∈ Z≥0 for all α. The explicit form of the 1-loop contribu-
tions is given by

Zpert = PE [Itensor + Ivector + Ihyper] , (2.21)

where the single-letter contributions Itensor, Ivector, Ihyper of tensor, vector and hypermul-
tiplet are

Itensor = − p1 + p2
(1− p1)(1− p2)

1
1− q , (2.22)

Ivector = − 1 + p1p2
(1− p1)(1− p2)

1
2
∑
n∈Z

∑
ρ∈R

e2πi|nτ+ρ·φ| , (2.23)

Ihyper =
√
p1p2

(1− p1)(1− p2)
∑
n∈Z

∑
f

∑
w∈wf

e2πi|nτ+w·φ+mf | , (2.24)

where q = e2πiτ .
For a given 6d SCFT, we can systematically compute the effective prepotential E and

find the consistent magnetic fluxes (~n, ~B), and thus formulate the blowup equations as
in (2.18). We then expand the blowup equations in terms of the Kähler parameters e2πid·m

and solve them iteratively to calculate the BPS degeneracies of Nd
jl,jr

of the 6d theory.

2.2 Blowup equations for LSTs

We will now extend the blowup formalism for 6d SCFTs to 6d LSTs. Little string theories
are characterized by a collection of 2-form tensor fields whose intersection pairing, repre-
sented by Ωαβ , is negative semi-definite and has a single null direction. This means that
there exists a unit vector `α in the string charge lattice such that Ωαβ`β = 0. As a result,

– 8 –



J
H
E
P
0
5
(
2
0
2
3
)
0
2
9

the tensor field corresponding to the null direction `α in the string charge lattice is non-
dynamical. We will call the strings with tensor charges propotional to `α as the full winding
strings. The tension of these full winding strings, represented by T ∼ M2

string, is always
finite, and it defines the intrinsic scale of the LST. The full winding strings in LSTs are
therefore distinguised from the self-dual strings in 6d SCFTs which have tensionless limit.

We are interested in the elliptic genera of 2d worldsheet SCFTs of LSTs on tensor
branch. We can write the contributions from the dynamical strings to the partition function
as a collection of the elliptic genera of the strings as follows:

Zstr =
∑
~k

vk1
1 · · · v

kN
N Z~k , (2.25)

where
vα ≡ e−2πiΩαβφβ,0 , vN ≡ e2πi(w−ΩNβφβ,0) , (2.26)

with α = 1, · · · , N − 1 and β = 1, · · · , N . Here, the scalar VEVs of the N − 1 tensor
multiplets φβ,0 and the little string tension w ∼ T play the role of chemical potentials for
the string charges. The full winding string states are represented by the fugacity e2πiw,
but are independent of other tensor scalar VEVs φβ,0.

There is a natural limit w → i∞ while keeping φα,0 finite. In this limit the full winding
string states are truncated and the LST is reduced to a 6d SCFT with N − 1 tensor
multiplets. From this point of view, the LST can be considered as an affine extension
of the 6d SCFT by attaching an affine tensor node to the tensor quiver diagram. This
leads to the intersection form Ωαβ with N tensor nodes of the LST [22]. The partition
function (2.25) under this 6d SCFT limit becomes that of the self-dual strings in the 6d
SCFT and it satisfies the blowup equation discussed in the previous subsection.

We now proceed to construct the blowup equations for the partition function of the
LSTs and use them to compute their elliptic genera. One of the distinguished features
of the LSTs from 6d SCFTs is that the mixed gauge-global anomalies in LSTs are not
completely canceled by the standard Green-Schwarz mechanism. The anomaly 8-form for
the mixed anomalies should take a factorized form as

Imixed
8 = Y4 ∧X4,0 , (2.27)

where the first factor Y4 is a 4-form given in terms of the second Chern classes for the
dynamical gauge fields

Y4 = 1
4

N∑
α=1

`αTrF 2
Gα , (2.28)

and the second factor X4,0 is a 4-form independent of the dynamical gauge field which can
be written as

X4,0 = −1
4a0p1(T6) + 1

4
∑
a

ba,0 TrF 2
a + c0c2(R) . (2.29)

Here, FGα and Fa are the field strength for the gauge group Gα and that for the a-th
flavor group respectively. We normalize the instanton number as kα = 1

4TrF 2
Gα
∈ Z when

integrated over a 4-manifold and it parametrizes the α-th direction in the string charge
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lattice. The coefficents a0, ba,0, and c0 are fixed by the 1-loop and the Green-Schwarz
anomaly calculations. When the theory has a F-theory construction on an elliptic Calabi-
Yau threefold, we can identify them as

a0 = K · ΣLST , ba,0 = ΣFa · ΣLST , c0 = `αh
∨
α , (2.30)

where K is the canonical class of the base B in the CY 3-fold, ΣLST is the curve class
associated to the little string scale satisfying Ω ·ΣLST = 0, ΣFa is the curve class supporting
the 7-brane with a-th flavor symmetry, h∨α is the dual Coxeter number of the group Gα,
and the dot · between two curve classes stands for the intersection number of the curves.

The non-vanishing mixed anomalies are inconsistent with the dynamical gauge symme-
tries in the presence of background gauge fields for the global symmetries. Therefore, there
must be a regularization scheme that cancels these mixed gauge anomalies while preserving
the dynamical gauge symmetries, even in the presence of non-trivial background fields for
the global symmetries.

There are some choices of regularization scheme. For instance, in [74], the mixed gauge
anomalies were canceled by adding Green-Schwarz counterterms involving a 2-form back-
ground gauge field coupled to the 2-form instanton currents J ∼ ?TrFG ∧ FG. Here, the
2-form background gauge field transforms under the background global symmetry trans-
formation and also under the local Lorentz transformation. This results in a continuous
2-group global symmetry.

In this paper we will introduce another counterterm which leads to the consistent
blowup equations for LSTs as we will explain below. We shall introduce the counterterm
defined as

∆S = −
∫
B0 ∧X4,0 , (2.31)

with a 2-form gauge field B0 which transforms under the dynamical gauge transformation
parametrized by ΛG as

B0 → B0 + 1
4`α TrΛGαFGα . (2.32)

This modifies the Bianchi identity for the 3-form field strength H0 = dB0 as

dH0 = Y4 . (2.33)

Then the gauge variation of the counterterm cancels the gauge anomalies arising from Imixed
8

in the presence of the background fields for the global symmetries. Let us emphasize that
the 2-form field B0 here is not a fixed background field since it transforms non-trivially
under the dynamical gauge transformation. We need to integrate this field in the path
integral although it has no kinetic term in the action. This 2-form field can be considered
as a kind of Lagrange multiplier introduced to cancel the mixed gauge-global anomalies.

We are now ready to formulate the blowup equations for the LSTs. We first need to
prepare the effective prepotential on the Ω-background. The tree-level action for a LST is
almost the same as that of 6d SCFTs, but now there are additional contributions from the
gauge kinetic terms coupled to the little string tension w and the counterterm (2.31). We
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propose that the tree-level effective prepotential for a LST is

ELST
tree = ESCFT

tree + E(0)
tree , (2.34)

E(0)
tree = 1

ε1ε2

[
w

2 `αKα,ijφα,iφα,j − φ0,0

(
a0
4 (ε21 + ε22) + ba,0

2 Ka,ijma,ima,j + c0ε
2
+

)]
.

Here, we introduced an auxiliary scalar VEV φ0,0 to take into account the magnetic flux
of the 2-form B0 in (2.31) on the blowup background, which will be explained in more
detail below. The first term with w in E(0)

tree is the gauge kinetic terms evaluated on the Ω-
background and the second term with φ0,0 is the contribution from the counterterm (2.31).
The 1-loop contributions to the effective prepotential E1−loop and to the GV-invariant Zpert
can be calculated in the same way as those for 6d SCFTs presented in (2.12) and in (2.21)
respectively in the preivous subsection.

Now we claim that the partition function Z = e−2πiE × ZGV of a little string theory
satisfies the blowup equation

Λ(m; ε1, ε2)Ẑ(φ,m; ε1, ε2) =
∑
~n

(−1)|~n|Ẑ(N)(~n, ~B)Ẑ(S)(~n, ~B)

⇔ Λ(m, ε1, ε2)ẐGV(φ,m, ε1, ε2) =
∑
~n

(−1)|~n|e−2πiV Ẑ
(N)
GV (~n, ~B)Ẑ(S)

GV(~n, ~B) ,
(2.35)

with a set of consistent magnetic fluxes ~n, ~B satisfying the quantization in (2.17). Ẑ is
again the partition function with the ε1 shift given in (2.14), and Ẑ(N) and Ẑ(S) are the
local partition functions near the north pole and south pole of the P1 defined by (2.16).

There are a few remarks for the blowup equations for LSTs. Firstly, the magnetic fluxes
~n on the blownup P1 in the blowup equation involve not only the magnetic fluxes for the
dynamical tensor and gauge symmetry groups, but also the magnetic flux for the 2-form
gauge field B0 that is added to cancel the mixed gauge-global anomalies. As explained
above, the 2-form field B0 behaves like a Lagrange multiplier and we should sum over its
magnetic fluxes on the blowup background. Otherwise, it will not be possible to activate
background fields for the symmetries that have mixed anomalies with gauge symmetries.
In the blowup equation, turning on a flux n0,0 for B0 is implemented by a shift of the
auxiliary scalar field in the form φ0,0 → φ0,0 + n0,0ε1,2 with n0,0 ∈ Z. The summation
of these auxiliary magnetic fluxes is crucial to construct a consistent blowup equation for
LSTs that have mixed gauge anomalies. We note that the auxiliary field φ0,0 only serves the
purpose of activating the fluxes n0,0ε1,2 and ultimately disappears in the blowup equation
through the use of the combination V = E(N) + E(S) − E .

Secondly, the sum over the auxiliary magnetic flux n0,0 on P1 in the blowup equation
is not convergent. It turns out that the n0,0 dependent terms appear only in the exponent
V in the blowup equation and they are all linear in n0,0. Namely, the right side of the
blowup equation contains a sum over n0,0 of the form∑

n0,0∈Z
e−n0,0f(m;ε1,2)+··· × · · · , (2.36)

with a function f(m; ε1,2) independent of the dynamical Kähler parameters φ. This sum is
obviously divergent, so it seems that the blowup equation is not well-defined.
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Nevertheless, we assert that the blowup equation of a LST is still valid in the following
sense. As we will demonstrate explicitly with examples in the next section, the LST
partition functions satisfy the blowup equations if we first expand them in terms of Kähler
parameters and then sum over the auxiliary magnetic fluxes n0,0. Surprisingly, if one sums
up the fluxes |n0,0| ≤ nmax, one finds that every order in the Kähler parameter expansion is
exactly canceled, leaving a few terms coming from the maximum flux |n0,0| = nmax. These
remaining terms are also canceled iteratively by new terms appearing when the maximum
flux is increased such as nmax → nmax + 1 → nmax + 2 → nmax + 3, and so on. Hence, if
sufficiently large enough fluxes are summed up, all terms arising from smaller n0,0 fluxes
are canceled out. This is how the blowup equation works for LSTs and is rather different
from the structure of the typical blowup equations for 4d/5d/6d SCFTs.

In particular, without the sum over the auxiliary flux n0,0, the above blowup equation
does not hold at all. This is related to the fact that the LSTs possess mixed gauge anomalies
in the presence of background fields such as ~B and ε1,2 for the global and Lorentz symmetries
which we need to activate to formulate a consistent blowup equation and that we need to
introduce the 2-form B0 and the counterterm (2.31) associated to the auxiliary flux to
cancel such mixed gauge anomalies. We have checked this for a number of examples that
we will discuss in detail in the next section. Therefore, we propose that the auxiliary
magnetic flux n0,0 must be taken into account in the construction of the blowup equations
for LSTs. The counterterm (2.31) with the auxiliary 2-form field B0 is required in this sense.

Importantly, we can use the blowup equations, combining them with the modular
ansatz, to determine the elliptic genera of 2d worldsheet SCFTs on strings in LSTs. To
show this, let us now illustrate how to bootstrap the BPS spectra of LSTs using the blowup
equations and the modular properties of the elliptic genera.

2.3 Bootstrapping LSTs

We first review how to formulate a general ansatz for the elliptic genus of BPS strings in
6d theories by exploiting its properties under the modular transformation. The modular
property of the elliptic genus defined in (2.1) is governed by the ’t Hooft anomalies of the
worldsheet SCFT. Under the modular transformation, the elliptic genus transforms as [75],

Z~k

(
aτ + b

cτ + d
,

z

cτ + d

)
= ε(a, b, c, d)cR−cL exp

( 2πic
cτ + d

f(z)
)
Z~k(τ, z) , (2.37)

where
(
a b
c d

)
∈ SL(2,Z), ε(a, b, c, d) is a phase factor, cL,R are chiral central charges of

the worldsheet SCFT, and z collectively denotes chemical potentials for the symmetries.
The modular anomaly f(z) is closely related with the anomaly polynomial I4 of the 2d
SCFT [76, 77]. In fact, it agrees with the supersymmetric Casimir energy of the 2d SCFT
defined in [78] which is given by an equivariant integral of the anomaly polynomial I4,

f(z) =
∫

eq
I4 . (2.38)

The equivariant integration here can be implemented by the replacement rules for the
characteristic classes as

p1(T2) 7→ 0 , c2(l) 7→ ε2− , c2(r), c2(R) 7→ ε2+ ,
1
2 TrF 2

a 7→ Ka,ijφa,iφa,j . (2.39)
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Knowing the anomaly polynomial of the worldsheet SCFT and the modular transformation
in (2.37), we can formulate an ansatz for the elliptic genus in terms of elliptic functions.

The anomaly polynomial of the 2d SCFTs living on self-dual strings in 6d SCFTs has
been calculated in [79, 80] by using anomaly inflow mechanism. For a 6d SCFT with an
intersection form Ωαβ

cft , the anomaly polynomial of the worldsheet CFT on a self-dual string
with charge ~k = {kα} is

I4 = Ωαβ
cftkα

(
X4β + 1

2kβχ4(T4)
)
, (2.40)

where X4β is a 4-form defined in (2.6), χ4(T4) is the Euler class of the transverse SO(4) =
SU(2)l×SU(2)r Lorentz rotation which can be written as χ4(T4) = c2(l)−c2(r) in terms of
the second Chern classes for the SU(2)l×SU(2)r bundle. The first Pontryagin class p1(T6)
of the 6d tangent bundle in X4α is decomposed as p1(T6) = p1(T2)− 2c2(l)− 2c2(r).

Similarly, the anomaly polynomials of 2d SCFTs on BPS strings in a number of LSTs
were calculated in [65]. We will generalize this computation and provide a universal ex-
pression for the anomaly polynomials of the 2d SCFTs on strings in LSTs.

The ’t Hooft anomalies on the 2d worldsheet of the self-dual strings in the 6d SCFTs
embedded in a LST should be the same as (2.40). However, there is another contribution
to the ’t Hooft anomalies coming from the full winding strings in the LST. This extra
contribution can be captured by integrating the mixed gauge anomaly 8-form Imixed

8 on
the full winding string background [74]. Let us define the number of full winding strings
κ ∈ Z as a maximal integer satisfying kα−κ`α ≥ 0 for all α. We propose that the anomaly
polynomial of the 2d SCFT on strings in a little string theory is

I4 = Ωαβkα

(
X4β + 1

2kβχ4(T4)
)

+ κX4,0 . (2.41)

Here, Ωαβ is the Dirac pairing of the N -dimensional string charge lattice and X4,0 is
defined in (2.29). We can use this anomaly polynomial to compute the modular anomaly
f(z) in (2.37) for the worldsheet SCFTs for strings with a charge ~k.

A function which transforms as (2.37) under the modular transformation is known as
Jacobi form.3 In the language of Jacobi forms, (2.37) implies that elliptic genus has weight
0 and its indices are fixed by ’t Hooft anomaly coefficients of the global symmetries on the
worldsheet theory. To write down an ansatz for the elliptic genus of ~k strings using the
Jacobi forms, we need to use the modular property in (2.37) and the pole structure of Z~k.

We propose a modular ansatz for the elliptic genus for the strings in LSTs, which will
be of the form

Z~k = 1
η(τ)2|cL−cR|

Φ~k(τ, ε±, φ,m)∏
αDcm

α (τ, ε±)Dgα
α (τ, ε±, φ)

( 1
Dbulk
κ (τ, ε±,m0)

)
, (2.42)

where φ and m collectively denote chemical potentials for gauge and flavor symmetries,
respectively. This is an extension of the ansatzes introduced in [81–83], which were subse-
quently extended in [65, 76, 77]. Here the denominator factors in the ansatz will be fixed
by pole structure expected for the moduli space of strings, which we will explain now.

3We summarize the definition, terminologies, and properties of Jacobi forms in appendix A.
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Firstly, the factor η(τ)2|cL−cR|, where η(τ) is the Dedekind eta function defined in (A.5),
fixes the leading behavior of the elliptic genus in q-expansion which is determined by the
vacuum Casimir energy of the 2d SCFT.

The second factor of the form

Dcm
α (τ, ε±) =

kα∏
s=1

ϕ−1,1/2(τ, sε1)ϕ−1,1/2(τ, sε2) , (2.43)

is the contribution coming from the transverse motions of the strings [84, 85], where ϕ−1,1/2
is the weight −1 and index 1/2 Jacobi form

ϕ−1,1/2(τ, z) = i
θ1(τ, z)
η(τ)3 , (2.44)

with the Jacobi theta function θ1(τ, z) given in (A.11). Notice that the leading order of
ϕ−1,1/2(τ, z) in q-expansion is O(1), so that this does not change the leading behavior of
the elliptic genus in q-expansion.

The third factor, Dgα
α , arises from the bosonic zero modes of instantons for the 6d

gauge algebra gα. For instance, when the gauge algebra is gα = su(2), we have

DA1
α =

kα∏
s=1

s−1∏
l=0

ϕ−1,1/2((s+ 1)ε+ + (s− 1− 2l)ε− ± e · φ) , (2.45)

where e is the positive root of su(2) and ϕ(x ± y) ≡ ϕ(τ, x + y)ϕ(τ, x − y). For a general
gauge algebra gα, we use an embedding su(2) ⊂ gα which maps three SU(2) generators to
generators T a=1,2,3

e associated with a positive root e of gα [86, 87]. This embedding gives
the denominator factor Dgα

α as [65]

Dgα
α =

∏
e∈R+

gα

DA1
bkα/ξec,e , (2.46)

where R+
gα is the set of positive roots of gα, DA1

k,e is (2.45) by replacing an su(2) positive
root with a given root of gα, b·c is the floor function and

tr
(
T ae T

b
e

)
= ξeδ

ab , ξe =


1 if e is a long root or g = An, Dn, En

2 if e is a short root and g = Bn, Cn, F4

3 if e is a short root and g = G2

. (2.47)

Lastly, some LSTs have a denominator factor Dbulk
κ , which depends on the winding

number κ, as mentioned in [65]. This factor is associated to certain full winding string
states that are decoupled from the 6d LST, which means that these states do not possess
dynamical gauge charges, and presumably escape to the bulk spacetime in which the LST
is embedded. In the examples we present in section 3.2, for example, the LSTs can be
embedded in 10d heterotic string theories and the modular ansatz for strings in these
theories includes a denominator factor of the form

Dbulk
κ =

κ∏
s=1

ϕ−1,1/2(±sλ(m0 − ε+)) , (2.48)
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where m0 is the chemical potential for the SU(2)m ⊂ SU(2)R × SU(2)m rotational sym-
metry transverse to the 6d spacetime of the LSTs. These are chosen to match the ADHM
constructions for the strings. Specifically, the value of λ is set to 1 for SO(32) heterotic
LST in section 3.2.2 and to 2 for E8×E8 heterotic LST in section 3.2.1. However, we find
that it is possible to select alternative denominator factors that do not alter the dynamical
string spectrum, while leading to different full winding string states that decouple from
the LST. For example, as we will show in section 3.2.1, the same string spectrum for the
E8×E8 heterotic LST can be obtained by using a different denominator factor with λ = 1.
We postulate that, for a generic LST, it is always possible to choose the factor Dbulk

κ to
be either trivial or in the form specified in (2.48) with a certain λ ∈ Z, provided that a
modular ansatz of the form (2.42) can be established. This modular ansatz will be consis-
tent with the dynamical string spectrum of the LST, though the decoupled states that are
independent of dynamical gauge symmetries may vary.

After factoring out the denominator factors, the numerator Φ~k in the modular
ansatz (2.42) starts at q0 order in q-expansion and becomes a Weyl-invariant Jacobi form
whose weight and indices are fixed by the ’t Hooft anomalies of a given theory and the
structure of the denominator in the modular ansatz. For every simple Lie algebra, the
Weyl-invariant Jacobi forms with given weight and index can be written as a linear com-
bination of finite generators [88, 89]. Thus, the numerator is given by the finite linear
combination of the generators ϕkjl,mjl(zl) of the Weyl invariant Jacobi forms with weight
kjl and index mjl for l’th symmetry algebra gl:

Φ~k =
∑
i

CiE
a

(i)
4

4 E
a

(i)
6

6
∏
j,l

ϕkjlmjl(zl)
b

(i)
jl , (2.49)

where zl denotes a chemical potential for l-th symmetry, Ci ∈ C, and E4 and E6 denote the
Eisenstein series of weight 4 and 6, respectively. The exponents a(i)

4,6 and b(i)jl are constrained
by the condition requiring that the elliptic genus Z~k be transformed as (2.37) under the
modular transformation. They are thus non-negative integers satisfying two conditions:

4a(i)
4 + 6a(i)

6 +
∑
j,l

kjlb
(i)
jl − |cL − cR|+

∑
α

2kα +
∑
α

∑
e∈R+

gα

bkα/ξec∑
s=1

2s− (weight(Dbulk
κ )) = 0 ,

(2.50)
and

f(z) =
∑
j,l

mjlb
(i)
jl 〈zl, zl〉gl −

1
2
∑
α

kα∑
s=1

s2(ε21 + ε22) (2.51)

− 1
2
∑
α

∑
e∈R+

gα

bkα/ξec∑
s=1

((s+ 1)ε+ + (s− 1− 2l)ε− ± e · φ)2 − (index(Dbulk
κ ))

for each i, where 〈·, ·〉gl is a symmetric bilinear form for gl defined by its Killing form.
The index l runs for all symmetries of the 2d worldsheet SCFT, while gα denotes gauge
symmetry for α-th node. Hence the modularity fixes the elliptic genus up to finitely many
constants Ci in (2.49).
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The unknown constants Ci’s can be fixed by imposing the GV-invariant ansatz (2.3) of
the elliptic genus and by solving the blowup equation. Note that the modular ansatz (2.42)
for ∑α kα > 1 can have higher order poles at ε1 = 0 and ε2 = 0 arising from the center of
mass contribution (2.43) for generic Ci’s. However, the single letter index in the Plethystic
exponential of the GV-invariant ansatz can have only simple poles at ε1 = 0 and ε2 = 0.
This imposes strong constraints on Ci’s.

Furthermore, we demand that the partition function satisfies the blowup equation.
In contrast to the 5d/6d SCFT cases, the blowup equations for LSTs involve a divergent
summation over an auxiliary magnetic flux n0,0, as explained in the previous subsection.
Due to this structure, it seems that the partition function of an LST cannot be deter-
mined solely by solving the blowup equations and the GV-invariant ansatz (2.3). However,
the modular ansatz in (2.42) places further constraints on the partition function and, by
combining it with the blowup equations, it should be feasible to completely determine the
partition functions of LSTs in Kähler parameter expansion. We will demonstrate this with
several interesting examples in the next section.

3 Examples

In this section, the partition functions of several low rank LSTs are calculated. We first
compute elliptic genera of strings using the ADHM constructions. We then construct the
blowup equations for the partition functions of the LSTs and verify that the results from
the ADHM constructions satisfy the blowup equations. Lastly, we formulate the modular
ansatz for the elliptic genera of strings in the LSTs and fix the unknown coefficients in the
ansatz by solving the blowup equations. We show that the partition functions obtained
through this method are consistent with the results obtained using ADHM constructions.

3.1 Â1 LSTs

Our first example is the little string theories on N parallel NS5-branes in type II string
theories in gravity decoupling limit introduced in [56, 57]. In the IIA theory, the little string
theory is the N = (2, 0) LST with N tensor multiplets. This LST is realized in F-theory by
an elliptically fibered Calabi-Yau threefold whose base surface contains a loop of N rational
curves of self-intersection number −2 [22]. The intersection matrix Ωαβ of the −2 curves is
given by the minus of the Cartan matrix of the affine Lie algebra ÂN−1 = A

(1)
N−1. On the

other hand, the LST in the IIB theory is the N = (1, 1) Yang-Mills theory with U(N) gauge
group which is realized in F-theory by an elliptic CY 3-fold with a base containing a genus
one curve of self-intersection number 0. These two LSTs in IIA and in IIB, which we call
ÂN−1 LSTs, are related via T-duality under a circle compactification. In this subsection,
we consider the partition functions and the blowup equations of these LSTs for N = 2.

3.1.1 IIA picture

Let us first consider the N = (2, 0) Â1 little string theory for 2 NS5-branes in type IIA
string theory. This theory has two tensor multiplets (for one dynamical tensor field and
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one free tensor field) with the intersection form

Ωαβ =

−2 2
2 −2

 . (3.1)

The index part of the partition function is factorized as

ZIIA
GV = ZIIA

pert · ZIIA
str , (3.2)

where the perturbative partition function is given by the contributions coming from two
N = (2, 0) tensor multiplets

ZIIA
pert = PE

[( √
p1p2

(1− p1)(1− p2)
(
M +M−1

)
− p1 + p2

(1− p1)(1− p2)

) 2q
1− q

]
. (3.3)

Here M = e2πim is the fugacity for the SU(2)m ⊂ SU(2)R × SU(2)m rotational symmetry
of the R4 plane transverse to the NS5-branes.

The partition function ZIIA
str is from the strings carrying tensor charges defined as

ZIIA
str =

∑
k1,k2≥0

Qk1

(
e2πiw

Q

)k2

ZIIA
(k1,k2), (3.4)

where Q ≡ e2πi(2φ1,0−2φ2,0) is the fugacity for the dynamical tensor charge and w is the
chemical potential for the winding number. We will now study two distinct methods for
calculating the elliptic genus ZIIA

(k1,k2): the ADHM construction based on 2d gauged linear
sigma model (GLSM) on the strings, and the blowup approach with the modular ansatz.

GLSM. We start with the brane construction studied in [63]. The brane construction
for the Â1 LST is depicted in figure 1(a) and (b). Here, we compactify the 9-th direction
on a circle, and put two NS5-branes extended along 012345 directions at x9 = φ1,0 and
x9 = φ2,0, respectively. The strings in the LST arise from the k1 D2-branes and k2 D2-
branes stretched between two NS5-branes. We also put a single D6-brane, which becomes
trivial in the M-theory uplift, to explicitly provide U(1)m symmetry in the 2d GLSM.
See [63] for a detailed study of this brane configuration.

The 2d GLSM on D2-branes has U(k1) × U(k2) gauge symmetry, SU(2)l × SU(2)r
symmetry which rotates 2345 directions, SO(3) symmetry for 678 directions, and U(1)m
symmetry. At low energy, we expect the SO(3) and U(1)m symmetries to be enhanced
to SU(2)R × SU(2)m. There are an N = (0, 4) vector multiplet (A(i)

µ , λα̇A+(i)) and adjoint
hypermultiplets (a(i)

αβ̇
, λαA−(i)) for each gauge node, bifundamental twisted hypermultiplets

(ϕ(i)
A , χ

α̇
−(i)) and Fermi multiplets (χα+(i)) from D2-D2 string modes, and hypermultiplets

(q(i)
α̇ , ψ

A(i)
− ) and Fermi multiplets (Ψ(i)

+ ), (Ψ̃(i)
+ ) from the D2-D6 string modes. Here, i =

1, 2 denotes each gauge node, ± represent 2d chirality of fermions, {α, β, · · · }, {α̇, β̇, · · · }
and {A,B, · · · } are doublet indices for the SU(2)l, SU(2)r, and SU(2)R, respectively. We
summarize the matter content of the 2d GLSM in figure 1(c).
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0 1 2 3 4 5 6 7 8 9(S1)
NS5 • • • • • •
D2 • • •
D6 • • • • • • •

(a)

NS5 NS5

k1 D2’s

k2 D2’s

x9

‖ ‖

(b)

Field Type U(k1)×U(k2) U(1)m
(A(i)

µ , λα̇A+(i)) vector (adj,1), (1,adj)
(a(i)
αβ̇
, λαA−(i)) hyper (adj,1), (1,adj)

(ϕ(i)
A , χ

α̇
−(i)) twisted hyper (k1,k2), (k1,k2) +1

(χα+(i)) Fermi (k1,k2), (k1,k2) +1
(q(i)
α̇ , ψ

A(i)
− ) hyper (k1,1), (1,k2)

(Ψ(i)
+ ) Fermi (k1,1), (1,k2) +1

(Ψ̃(i)
+ ) Fermi (k1,1), (1,k2) −1

(c)

Figure 1. (a) and (b) are brane configurations for Â1 LST in the type IIA string theory where
the x9-direction is compactified on a circle. (c) is the N = (0, 4) matter contents in the 2d GLSM
on the worldsheet of strings.

The gauge theory description for the 2d worldsheet theory allows us to express the
elliptic genus by a contour integral of 1-loop determinants from the supermultiplets, and
the contour integral can be evaluated by using the JK-residue prescription as discussed
in [75, 90]. The result is [63]

ZIIA
(k1,k2) =

∑
{Y1,Y2},|Yi|=ki

2∏
i=1

∏
(a,b)∈Yi

θ1(τ, E(a,b)
i,i+1 −m+ ε−)θ1(τ, E(a,b)

i,i−1 +m+ ε−)
θ1(τ, E(a,b)

i,i + ε1)θ1(τ, E(a,b)
i,i − ε2)

, (3.5)

with

E
(a,b)
i,j = (Yi,a − b)ε1 − (Y T

j,b − a)ε2 , (3.6)

where Y1 and Y2 are Young diagrams, and Yi,a and Y T
i,b are the length of a-th row and b-th

column of Yi, respectively.

Modularity. The modular properties of the elliptic genus can be obtained from the
anomalies of the 2d worldsheet CFT. The chiral fermions in the GLSM contribute to the
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anomaly polynomial as

λα̇A+(i) + λαA−(i) →
2∑
i=1

2k2
i

(
c2(r) + c2(R)

2 − c2(l) + c2(R)
2

)
, (3.7)

χα̇−(i) + χα+(i) → 4k1k2
c2(l)− c2(r)

2 , (3.8)

ψ
A(i)
− + Ψ(i)

+ + Ψ̃(i)
+ → (k1 + k2)

(
c2(R) + 1

4 TrF 2
m

)
, (3.9)

where Fm is the field strength for U(1)m symmetry. The same anomaly polynomial can
also be obtained from the anomaly inflow given in (2.41):

I4 = −(k1 − k2)2(c2(l)− c2(r)) + (k1 + k2)
(
−c2(R) + 1

4 TrF 2
m

)
. (3.10)

Hence, the modular anomaly of the (k1, k2) elliptic genus is∫
eq
I4 = (k1 − k2)2(−ε2− + ε2+) + (k1 + k2)(−ε2+ +m2) , (3.11)

where we use the replacement rule in (2.39).
We can then establish a modular ansatz for (k1, k2)-string elliptic genus as

ZIIA
(k1,k2) =

Φ(k1,k2)(τ, ε±,m)∏k1
s1=1 ϕ−1,1/2(s1ε1,2) ·∏k2

s2=1 ϕ−1,1/2(s2ε1,2)
. (3.12)

The numerator Φ(k1,k2) can be written in terms of the Eisenstein series E4, E6 and the
SU(2) Weyl invariant Jacobi forms ϕ−2,1, ϕ0,1 for ε± and m as we explained in (2.49):

Φ(k1,k2) =
∑
i

C
(k1,k2)
i E

a
(i)
4

4 E
a

(i)
6

6 ϕ−2,1(ε+)b
(i)
1 ϕ0,1(ε+)b

(i)
2 ϕ−2,1(ε−)b

(i)
3

· ϕ0,1(ε−)b
(i)
4 ϕ−2,1(m)b

(i)
5 ϕ0,1(m)b

(i)
6 .

(3.13)

We need to determine the unknown coefficients in the modular ansatz for the numerator
Φ(k1,k2). For this, we first impose the consistency conditions (2.50) and (2.51) and then
use the GV-invariant ansatz (2.3). For instance, let us consider (k1, k2) = (1, 0) case. By
using (2.50) and (2.51), the numerator has weight −2 and the modular anomaly f(z) =
ε2+ +m2. Then the ansatz reduces to

Φ(1,0) = C
(1,0)
1 ϕ0,1(ε+)ϕ−2,1(m) + C

(1,0)
2 ϕ−2,1(ε+)ϕ0,1(m) , (3.14)

where C(1,0)
1 and C

(1,0)
2 are unknown constants. Now by expanding Z(1,0) in terms of

q = e2πiτ up to q1 order and comparing it with the GV-invariant form (2.3), one can
find that BPS state degeneracies Nd

jl,jr
appearing in the (1, 0)-string elliptic genus can be

non-negative integers only if

C
(1,0)
1 = −C(1,0)

2 ∈ Z/12 , C
(1,0)
1 ≥ 0 . (3.15)
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Similarly, Φ(1,1) has weight −4 and the modular anomaly f(z) = 2ε2− + 2m2, and thus it
can be written with 4 unknown constants as

Φ(1,1) = C
(1,1)
1 ϕ0,1(ε−)2ϕ−2,1(m)2 + C

(1,1)
2 ϕ−2,1(ε−)ϕ0,1(ε−)ϕ−2,1(m)ϕ0,1(m)

+ C
(1,1)
3 ϕ−2,1(ε−)2ϕ0,1(m) + C

(1,1)
4 E4ϕ−2,1(ε−)2ϕ−2,1(m)2 .

(3.16)

In order to have only simple poles at ε1 = 0 and ε2 = 0 in (1, 1)-order after taking Plethystic
logarithm as (2.3), the coefficient C(1,1)

i ’s should satisfy

C
(1,1)
1 =

(
C

(1,0)
1

)2
, C

(1,1)
2 = 2C(1,0)

1 C
(1,0)
2 , C

(1,1)
3 =

(
C

(1,0)
2

)2
, C

(1,1)
4 = 0 . (3.17)

Therefore, all the coefficients are fixed by one coefficient C(1,0)
1 .

We can perform a similar computation for (k0, k2) = (2, 0), which has 44 unknown
constants in the modular ansatz. Requiring the partition function has correct GV-invariant
form (2.3) at this order, we can express all C(2,0)

i in terms of C(1,0)
1 . Moreover, we find

only two solutions at this order: one is C(1,0)
1 = 0 which leads to the trivial solution

ZIIA
(1,0) = ZIIA

(1,1) = ZIIA
(2,0) = 0, and another one is C(1,0)

1 = 1/12. The latter non-trivial solution
reproduces the result (3.5) from the ADHM computation at (k1, k2) = (1, 0), (1, 1), (2, 0).

Furthermore, we also check that 110 unknown constants in the (k1, k2) = (2, 1) modular
ansatz can be completely fixed by requiring the GV-invariant ansatz (2.3). We report the
results in table 1. In the table, we write an ordered list of C(k1,k2)

i , where C(k1,k2)
i appears

earlier than C(k1,k2)
j in the list if (a(i)

4 , a
(i)
6 , b

(i)
1 , · · · , b(i)6 ) in the ansatz (3.13) appears before

(a(j)
4 , a

(j)
6 , b

(j)
1 , · · · , b(j)6 ) in an ascending order.4 For instance, in the case of Φ(1,1), we have

(a(i)
4 , a

(i)
6 , b

(i)
1 , · · · , b(i)6 ) =



(0, 0, 0, 0, 0, 2, 2, 0) (i = 1)
(0, 0, 0, 0, 1, 1, 1, 1) (i = 2)
(0, 0, 0, 0, 2, 0, 0, 1) (i = 3)
(1, 0, 0, 0, 2, 0, 2, 0) (i = 4)

(3.18)

When we look at a(i)
4 , a(4)

4 is the biggest value, so C(1,1)
4 is the last element. Similarly, we

find b
(i)
3 , b(1)

3 < b
(2)
3 < b

(3)
3 = b

(4)
3 , so C(1,1)

1 is the first element, and C
(1,1)
2 is the second

element. Therefore, the ascending order of {Ci} in this case is

{C(1,1)
1 , C

(1,1)
2 , C

(1,1)
3 , C

(1,1)
4 }. (3.19)

4We define the ascending order as follows. Suppose the modular ansatz is given as (2.49), where we label
weights and indices of the Jacobi forms as j1 < j2 if kj1l < kj2,l or kj1l = kj2l, mj1l < mj2l. We also define
a set of the exponents in the ansatz as

L(i) :=
{

a
(i)
1 , a

(i)
2 , b

(i)
j1,l1

, · · · , b
(i)
jN1 ,l1

, · · · , b
(i)
j1,ln

, · · · , b
(i)
jNn ,ln

}
.

Then, if we have (L(i))1 = (L(j))1, . . . , (L(i))s−1 = (L(j))s−1, and (L(i))s < (L(j))s, we order L(i) and L(j)

as {L(i), L(j)}. In this way, we fix the ordering of L(i), and we define their set {L(1), . . . , L(N)} that we call
ascending order. The ordering of Ci follows the ordering of L(i).
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(k1, k2)
{
C

(k1,k2)
i

}
(1, 0) 1

22·3{1,−1}

(1, 1) 1
24·32 {1,−2, 1, 0}

(2, 0)
1

215·38 {1,−1,−1, 1, 0, 0, 40,−40,−40, 40, 0, 0,−32, 32, 32,−32, 0,−15, 15, 15,−15, 0, 0, 24,
−24,−24, 24, 0, 0, 0,−45, 45, 45,−45, 0, 0, 0, 0, 0, 27,−27,−27, 27, 0}

(2, 1)

1
217·39 {1,−5, 4, 0, 2, 2,−4,−3, 3, 0,−16, 8, 8, 0,−32, 40,−8, 48,−48, 48,−48, 8,−40, 32, 0,
−8,−8, 16, 0, 96,−96,−128, 64, 64, 0, 128,−160, 32, 0, 6, 6,−12, 0,−12, 24,−24, 12,−9, 9,
−18, 18, 6, 6,−12, 3,−3, 0,−24, 24, 0, 0, 0, 48,−48, 24,−24, 0,−48, 48, 0, 0, 0, 0, 9,−9, 36,
−18,−18,−54, 54,−27, 27,−36, 72,−72, 36, 0, 36,−18,−18, 0, 0, 0, 0, 0, 0, 0,−81, 81, 108,
−54,−54, 0,−108, 135,−27, 0, 0, 0, 0}

Table 1. Coefficients C(k1,k2)
i in the modular ansatz of N = (2, 0) Â1 LST.

Blowup equation. Finally, we consider the blowup equation for the (2,0) Â1 LST. As
explained in the section 2.2, the tree level contribution to the effective prepotential consists
of two parts. The first one is from the Green-Schwarz term for the dynamical tensor
multiplet and the second one is the contribution from the auxiliary 2-form field B0 to
cancel the mixed gauge-global anomalies. We can write the effective prepotential as

E = 1
ε1ε2

(
τ(φ1,0 − φ2,0)2 + (φ1,0 − φ2,0)(−m2 + ε2+)

)
+ E(0)

tree , (3.20)

where φ1,0 − φ2,0 is the scalar vacuum expectation value (VEV) of the dynamical tensor
multiplet. The second contribution E(0)

tree from the auxiliary 2-form field B0 is given by

E(0)
tree = 1

ε1ε2

(
−2m2 + 2ε2+

)
φ0,0 , (3.21)

where φ0,0 is the auxiliary scalar associated with the B0 field.
To formulate the blowup equation, we have to sum over magnetic fluxes for both the

dynamical tensor field and the auxiliary 2-form field which can be realized by shifting the
parameters as

φ1,0 − φ2,0 → φ1,0 − φ2,0 + n1,0ε1,2 , φ0,0 → φ0,0 + n0,0ε1,2 , n1,0, n0,0 ∈ Z . (3.22)

We do not turn on the background magnetic fluxes for τ and w: Bτ = Bw = 0. We propose
the blowup equation for this LST as

ΛẐIIA
str =

∑
n1,n2∈Z

(−1)n1+n2q(n1−n2)2(M√p1p2)n1+n2Ẑ
IIA(N)
str Ẑ

IIA(S)
str , (3.23)

where n1 ≡ n0,0 + n1,0 and n2 ≡ n0,0. We absorbed the perturbative part of the partition
function into Λ as it is independent of the parameters φ0,0, φ1,0 − φ2,0.

To begin with, we will demonstrate how the known elliptic genera, as given in (3.5),
can be a solution to the blowup equation, although this equation becomes singular along
the summation direction n1 = n2, as mentioned in section 2.2. At (k1, k2) = (1, 0) order,

– 21 –



J
H
E
P
0
5
(
2
0
2
3
)
0
2
9

the blowup equation (3.23) is given by∑
n1,n2∈Z

F (n1, n2) :=
∑

n1,n2∈Z
(−1)n1+n2q(n1−n2)2(M√p1p2)n1+n2 (3.24)

·
(
p

2(n1−n2)
1 Ẑ

IIA(N)
(1,0) + p

2(n1−n2)
2 Ẑ

IIA(S)
(1,0) − ẐIIA

(1,0)

)
= 0 ,

where we choose Λ = ∑
k Λke2πikw with

Λ0 =
∑

n1,n2∈Z
(−1)n1+n2q(n1−n2)2(M√p1p2)n1+n2 . (3.25)

Suppose we consider only magnetic fluxes (n1, n2) = (0, 0). Then (3.24) becomes∑
(n1,n2)=(0,0)

F (n1, n2) =
( 1
M2 + (1 + p1)(1 + p2)

M
√
p1p2

+
(
2 + p1 + p−1

1 + p2 + p−1
2

)

+ M(1 + p1)(1 + p2)
√
p1p2

+M2
)
q +O(q2), (3.26)

in the double expansion of q and M . Now we add the contributions coming from the
magnetic fluxes |n1,2| ≤ 1. We then find that M0 and M±1 terms at q1 order are all
canceled and the remaining terms are∑
|n1,2|≤1

F (n1, n2) =
( 1
M4p1p2

+ (1 + p1)(1 + p2)
M3(p1p2)3/2 + 1 + p1 + p2

M2p1p2
+M2(p1 + p2 + p1p2)

+M3(1 + p1)(1 + p2)√p1p2 +M4p1p2

)
q +O(q2) . (3.27)

Again, if we consider the summation of the magnetic fluxes up to |n1|, |n2| ≤ 2, M±2 and
M±3 terms are canceled and only higher order terms with M±4,±5,±6 remain at q1 order.
In this way, if we sum over sufficiently large magnetic fluxes, every order of the Kähler
parameter expansion is satisfied. Using the elliptic genera (3.5) and

Λ = eπiw/12

η(w) Λ0 , (3.28)

we checked that such cancellation occurs up to k1, k2 ≤ 2 string numbers and q3 order.
Now, we will solve the blowup equation and determine the unknown coefficients in the

modular ansatz. For Z(k,0) and Z(0,k), we can use the elliptic genera for k M-strings in [91]
and they satisfy the blowup equations for the M-string theory as discussed in [50, 53]. The
(k1, k2) = (1, 1) order in the blowup equation is independent of dynamical Kähler parameter
and thus we cannot fix four unknown coefficients in the modular ansatz at this order. What
we can determine is Λ at this order expressed as τ ,m, ε1,2, and the unknown constants in the
ansatz. Next, we solve the (k1, k2) = (2, 1) order in the blowup equation which now contains
dynamical Kähler parameter φ1,0 − φ2,0. We need to fix 4 + 110 undetermined coefficients
arising from (k1, k2) = (1, 1), (2, 1) elliptic genera. For this we substitute the modular
ansatz and Λ1 into the blowup equation at (k1, k2) = (2, 1) order, and solve it order by
order in the q andM double expansion as previously described. This allows us to determine
all 4 + 110 unknown coefficients as well as the Λ1 factor. The result is in perfect agreement
with table 1. We expect that higher order elliptic genera can be similarly calculated.
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3.1.2 IIB picture

The LST theory on two NS5-branes in type IIB string theory is the N = (1, 1) U(2)
Yang-Mills theory. The partition function of this LST is factorized as

ZIIB
GV = ZIIB

pert · ZIIB
str , (3.29)

where the perturbative contribution coming from the U(2) vector multiplet and an adjoint
hypermultiplet is given by

ZIIB
pert = PE

[
− 1 + p1p2

(1− p1)(1− p2)
(
Q2 + 2q + qQ−2

) 1
1− q

]
· PE

[ √
p1p2

(1− p1)(1− p2)
(
Q2 + 2q + qQ−2

)(
M +M−1

) 1
1− q

]
,

(3.30)

where Q = e2πiφ1 is the SU(2) gauge fugacity andM = e2πim is the fugacity for the SU(2)m
symmetry of the adjoint hypermultiplet. The partition function of the instanton strings is
given by

ZIIB
str =

∞∑
k=0

e2πikwZIIB
k , (3.31)

where the little string tension w is identified with the square of the inverse gauge coupling
1/g2

YM in the low energy Yang-Mills theory.

GLSM. Upon applying S-duality, the system of NS5-branes and F1-strings in the type
IIB string theory is transformed into a system of the D1- and D5-branes. For k-instanton
strings, we consider a configuration where k D1-branes are bound to 2 D5-branes as illus-
trated in figure 2(a). The 2d theory on the D1-branes is described by a N = (4, 4) U(k)
gauge theory with U(2) flavor symmetry. The theory also has an SO(4) = SU(2)l×SU(2)r
symmetry which rotates the 2345 directions, and an SO(4) = SU(2)R × SU(2)m which
rotates the 6789 directions. This brane configuration is studied in [63, 92], and we sum-
marize the 2d gauge theory description and its matter content in N = (0, 4) language in
figure 2(b) and (c). In figure 2(c), we denote by {a, b · · · } doublet indices for SU(2)m, and
other indices have been already introduced in section 3.1.1.

Based on the 2d gauge theory description, the elliptic genus of the LST can be com-
puted by evaluating the JK-residue of the contour integral of the 1-loop determinants from
all the supermultiplets. The result for k-strings is [63]

ZIIB
k =

∑
|Y1|+|Y2|=k

2∏
i,j=1

∏
s∈Yi

θ1(τ, Eij(s) +m− ε−)θ1(τ, Eij(s)−m− ε−)
θ1(τ, Eij(s)− ε1)θ1(τ, Eij(s) + ε2) , (3.32)

where Y1 and Y2 are Young diagrams, s is a box in the Young diagram, and

Eij(s) = ai − aj − ε1hi(s) + ε2vj(s), (3.33)

with a1 = −a2 = φ1. Here, hi(s) and vj(s) are the arm length and leg length of a box s in
Yi and Yj , respectively.
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0 1 2 3 4 5 6 7 8 9
2 D5 • • • • • •
k D1 • •

(a)

U(k)

adj
adj

adj

U(2)

(b)

Field Type U(k) U(2)
(Aµ, λα̇A+ ) vector adj
(aαβ̇ , λαA− ) hyper adj
(ϕAa, λα̇a− ) twisted hyper adj

(λαa+ ) Fermi adj
(qα̇, ψA−) hyper k 2

(Ψa
−) Fermi k 2

(c)

Figure 2. (a) A brane configuration of the Â1 LST in the type IIB string theory which consists of
2 D5-branes and k D1-branes. (b) The 2d N = (0, 4) gauge theory description for the k D1-branes,
where a circle represents gauge symmetry, a square means flavor symmetry, and solid, dashed and
zigzag lines denote hypermultiplets, Fermi multiplets and twisted hypermultiplets, repectively. (c)
The N = (0, 4) matter content of the 2d gauge theory.

Since the IIA LST and the IIB LST are related by the T-duality, they should have the
same BPS spectra when placed on a spatial circle. This means that the partition function
ZIIA

GV of the type IIA LST is same as ZIIB
GV for the type IIB LST under the exchange τ and

w up to extra factors which are independent of the dynamical parameter. More precisely,
the following relation has been checked explicitly by expanding both sides in terms of w,
q, Q and M in [63]:

ZIIA
GV

∣∣∣ τ↔w
φ1,0−φ2,0→φ1

= ZIIB
GV ·

q1/24

η(τ) . (3.34)

Modularity. The modular properties of the elliptic genus can be read off from the anoma-
lies of the 2d chiral matters given in figure 2(c). The chiral fermions contribute to the 2d
anomaly polynomial as

λα̇A+ + λαA− → 2k2
(
c2(r) + c2(R)

2 − c2(l) + c2(R)
2

)
, (3.35)

λαa+ + λα̇a− → 2k2
(
c2(l) + c2(m)

2 − c2(r) + c2(m)
2

)
, (3.36)

Ψa
+ + ψA− → 2k(c2(m)− c2(R)) , (3.37)

where c2(m) is the second Chern class of the SU(2)m symmetry. Summing up these con-
tributions gives the anomaly polynomial of the 2d gauge theory

I4 = 2k
(
−c2(R) + 1

4 TrF 2
m

)
. (3.38)
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k
{
C

(k)
i

}
1

1
29·35 {1,−1,−1, 1, 3, 0,−3, 0, 0, 12, 0,−12, 8, 4,−8,−4, 0,−3, 0, 3,−9,−3, 9,
3,−3, 0, 3, 0, 0,−9, 0, 9}

2 (ε+ =
0)

1
216·39 {−2, 4,−2,−1, 8,−10, 7, 6,−6,−4,−5,−9, 5, 10, 4,−5, 0, 8, 4,−4, 14,
−24,−14, 16, 16,−28, 20,−24,−12, 28,−10, 0,−8, 20, 8,−10, 16, 80,−80, 0,
−64, 16, 0, 0,−16, 48, 0, 0,−3,−9, 0,−6, 24,−6,−39, 63,−30, 0, 30,−24, 15,
18,−6,−30,−12, 15, 0,−24,−108, 84,−48, 108, 48, 0, 24, 36,−108, 0, 24,−36,
0, 0, 0, 0,−9, 36, 18, 9, 0,−72,−9, 18,−72, 63, 18,−36, 36, 0,−9, 9, 0,−18,
−36, 72, 0, 36,−54, 27, 27,−81, 27,−54, 54, 0,−27, 27, 0, 0, 0, 0, 0}

Table 2. Coefficients C(k)
i in the modular ansatz of N = (1, 1) Â1 LST.

This indeed agrees with the anomaly inflow result in (2.41), which takes into account the
contribution from the counterterm in (2.31). This serves as indirect evidence to support
the use of the counterterm in (2.31) for cancelling the mixed gauge-global anomaly of the
6d LST.

From the modular anomaly f(z) =
∫
I4 = 2k(m2 − ε2+), we can set a modular ansatz

for the k instanton string as

ZIIB
k = Φk(τ, ε±, 2φ1,m)∏k

s=1 ϕ−1,1/2(sε1,2)∏s−1
l=0 ϕ−1,1/2((s+ 1)ε+ + (s− 1− 2l)ε− ± 2φ1)

. (3.39)

The numerator Φk can be written in terms of the Eisenstein series E4(τ), E6(τ) and the
SU(2) Weyl invariant Jacobi forms for ε±, 2φ1 and m. One can explicitly check that the
elliptic genus (3.32) has the same denominator structure as that in (3.39). We summa-
rize the coefficients in the modular ansatz in table 2 obtained by comparing two expres-
sions (3.32) and (3.39). The ordering of the coefficients is ascending order with respect
to {ε+, ε−, 2φ1,m} for k = 1 as defined in footnote 4. Here, for k = 2, we set ε+ = 0
for simplicity and the order of coefficients in the modular ansatz is ascending order with
respect to {ε−, 2φ1,m}.

Blowup equation. We can fix the unknown constants in the modular ansatz using the
blowup equation. To begin with, let us evaluate the effective prepotential. The 1-loop
prepotential from the SU(2) vector multiplet, an adjoint hypermultiplet, and their KK
towers is given by

ε1ε2E1−loop = 1
12
∑
n∈Z

(
|nτ ± 2φ1|3 − |nτ ± 2φ1 +m|3

)
+ ε2+φ1 = (−m2 + ε2+)φ1 . (3.40)

Here, we use the zeta function regularization for the infinite sum. Then the effective
prepotential is given by

E = 1
ε1ε2

(−m2 + ε2+)φ1 + E(0)
tree , E(0)

tree = 1
ε1ε2

(
wφ2

1 + (−2m2 + 2ε2+)φ0,0
)
, (3.41)

where the first term in E(0)
tree is from the SU(2) gauge kinetic term and φ0,0 is an auxiliary

scalar for the non-dynamical 2-form field. One notices that under the reparametrization
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w → τ , φ1 → φ1,0−φ2,0, the effective prepotential is the same as the type IIA prepotential
in (3.20).

To formulate the blowup equation, we choose magnetic fluxes for φ1, φ0,0,m, τ and w as

n1 ∈ Z , n0,0 ∈ Z , Bm = 1/2 , Bτ = Bw = 0 . (3.42)

Since the effective prepotential in (3.41) and the elliptic genus in (3.32) are the same as
those for the type IIA picture up to reparametrization and overall factor, the same blowup
equation should hold for the partition function in the type IIB picture:

ΛẐIIB
str =

∑
n0,0,n1∈Z

(−1)n1e−2πiV Ẑ
IIB(N)
pert Ẑ

IIB(S)
pert

ẐIIB
pert

Ẑ
IIB(N)
str Ẑ

IIB(S)
str . (3.43)

We checked that this blowup equation holds for up to 2-strings and the third order in
q-expansion. We also checked that inserting the 1-string modular ansatz (3.39) into the
blowup equation and solving it allows us to determine all 32 unknown constants given in
table 2 within the ansatz.

3.2 Heterotic LSTs

The second example is the N = (1, 0) LSTs on N parallel NS5-branes in the E8 × E8 and
SO(32) heterotic string theories which we call rank N heterotic LSTs [56, 57]. Again, these
two LSTs are T-dual to each other under a circle compactification. In this subsection, we
study the elliptic genera and the blowup equations of the rank 1 heterotic LSTs.

3.2.1 E8 × E8 picture

The E8×E8 heterotic LST is the worldvolume theory on a single M5-brane placed between
two M9-branes at each end of the interval S1/Z2. Under the circle reduction, the M5-brane
and the M9-branes reduce to an NS5-brane and two sets of O8− + 8D8-branes located at
two ends of the interval as illustrated in figure 3 [93]. This theory can also be realized
in F-theory by two −1 curves Σ1 and Σ2 in the base surface of an elliptic CY3 with the
intersection matrix given by [22]

Ωαβ =

−1 1
1 −1

 . (3.44)

The partition function of this LST can be factorized into the perturbative part ZHE
pert

for a single tensor multiplet and the contribution from strings ZHE
str as

ZHE
GV = ZHE

pert · ZHE
str = ZHE

pert ·
∑

k1,k2≥0
Qk1

(
e2πiw

Q

)k2

ZHE
(k1,k2) , (3.45)

where Q ≡ e2πi(φ1,0−φ2,0) and φ1,0 − φ2,0 is the scalar VEV for the dynamical tensor multi-
plet.
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0 1 2 3 4 5 6 7 8 9 10
M9 • • • • • • • • • •
M5 • • • • • •
M2 • • •

(a)

O8− + 8D8 O8− + 8D8

NS5

k1 D2’s k2 D2’s

(b)

Figure 3. (a) Branes for the E8 × E8 LST in the M-theory setup. (b) The E8 × E8 LST realized
in type IIA string theory.

GLSM. The E8 ×E8 LST contains non-perturbative strings arising from the D2-branes
stretched between the D8-branes, the O8−-plane and the NS5-brane in figure 3(b). The
worldvolume theory on the D2-branes at low energy can be described by a 2d N = (0, 4)
gauge theory. For (k1, k2)-strings, the gauge group is O(k1) × O(k2). There are an N =
(0, 4) vector multiplet and a symmetric hypermultiplet coming from the D2-D2 string
modes for each gauge node, the Fermi multiplets in the bifundamental representations
of O(k1) × SO(16) and O(k2) × SO(16) coming from the D2-D8 string modes, and the
O(k1)×O(k2) bifundamental Fermi multiplets and twisted hypermultiplets from the strings
between two adjacent D2-branes. These multiplets form representations of the SU(2)l ×
SU(2)r global symmetry which rotates 2345 directions, and those of the SO(3) ∼ SU(2)R
rotational symmetry for 678 directions. In the strong coupling limit, the 678 directions
and the M-theory circle become an R4, so we expect the SO(3) symmetry enhances to
SO(4) = SU(2)R×SU(2)m0 . We summarize the matter content of the 2d theory in figure 4.
When k1 = 0 or k2 = 0, this 2d gauge theory reduces to that for self-dual strings in the 6d
E-string theory studied in [93, 94].

We can compute Z(k1,k2) of the 2d gauge theory using the localization method [75, 90].
Here, we give explicit expressions of the elliptic genera up to (k1, k2) = (k2, k1) = (2, 1) or-
der. The contour integral expressions for the elliptic genera and the detailed computations
are presented in appendix B.1. When k2 = 0, the elliptic genera reduce to those for the
E-strings obtained in [94]:

ZHE
(1,0) = −1

2

4∑
I=1

∏8
l=1 θI(ml)

η6θ1(ε1)θ1(ε2) , (3.46)

ZHE
(2,0) = 1

4η12θ1(ε1)θ1(ε2)

4∑
I=1

( ∏8
l=1 θI(ml ± ε1

2 )
θ1(2ε1)θ1(ε2 − ε1) +

∏8
l=1 θI(ml ± ε2

2 )
θ1(2ε2)θ1(ε1 − ε2)

)

+
4∑
I=1

4∑
J=I+1

θσ(I,J)(0)θσ(I,J)(2ε+)∏8
l=1 θI(ml)θJ(ml)

4η12θ1(ε1,2)2θσ(I,J)(ε1)θσ(I,J)(ε2) , (3.47)

where θI are the Jacobi theta functions defined in (A.11), m1,··· ,8 are chemical potentials
for the SO(16) global symmetry, and σ(I, J) is defined as

σ(I, J) = σ(J, I) , σ(I, I) = 0 , σ(1, I) = I ,

σ(2, 3) = 4 , σ(2, 4) = 3 , σ(3, 4) = 2 .
(3.48)
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O(k1)SO(16) O(k2) SO(16)

sym sym

(a)

Field Type O(k1)×O(k2) SO(16)× SO(16)
(A(i)

µ , λα̇A+(i)) vector (adj,1), (1,adj)
(a(i)
αβ̇
, λαA−(i)) hyper (sym,1), (1, sym)

(ϕA, χα̇−) twisted hyper (k1,k2)
(χα+) Fermi (k1,k2)
(Ψ(i)

l ) Fermi (k1,1), (1,k2) (16,1), (1,16)

(b)

Figure 4. Quiver diagram (a) and matter content (b) of 2d N = (0, 4) gauge theory for E8 × E8
LST. Here, solid, dashed and zigzag lines denote hypermultiplets, Fermi multiplets and twisted
hypermultiplets, repectively and i = 1, 2 labels each gauge node.

Here we use a shorthand notation θI(x± y) = θI(x+ y)θI(x− y). For (k1, k2) = (1, 1),

ZHE
(1,1) = 1

4

4∑
I,J=1

∏8
l=1 θI(ml) ·

∏16
l=9 θJ(ml)

η12θ1(ε1)2θ1(ε2)2
θσ(I,J)(±m0 + ε−)
θσ(I,J)(±m0 − ε+) , (3.49)

where ml=9,··· ,16 are chemical potentials for the other SO(16) symmetry and m0 is a chem-
ical potential for SU(2)m0 . The (k1, k2) = (2, 1)-string elliptic genus is

ZHE
(2,1) = 1

4Z
(0)
(2,1) + 1

8

4∑
K=1

4∑
I<J

Z
(I,J,K)
(2,1) , (3.50)

where

Z
(0)
(2,1) =

4∑
I,J=1

−
∏8
l=1 θI(ml ± ε1

2 ) ·∏16
l=9 θJ(ml)

2η18θ1(ε1,2)2θ1(2ε1)θ1(ε2 − ε1)
θσ(I,J)(±m0 + ε1 − ε2

2 )
θσ(I,J)(±m0 − ε1 − ε2

2 ) + (ε1 ↔ ε2) (3.51)

+
4∑
I=1

−
∏8
l=1 θI(ml ± (m0 + ε+)) ·∏16

l=9 θI(ml)
η18θ1(ε1,2)θ1(2m0)θ1(2m0 + 2ε+)θ1(2m0 + 2ε+ + ε1,2) + (m0 → −m0),

and

Z
(I,J,K)
(2,1) = −

θσ(I,J)(0)θσ(I,J)(2ε+)
η18θ1(ε1,2)3θσ(I,J)(ε1,2)

θσ(I,K)(±m0 + ε−)θσ(J,K)(±m0 + ε−)
θσ(I,K)(±m0 − ε+)θσ(J,K)(±m0 − ε+)

·
8∏
l=1

θI(ml)θJ(ml) ·
16∏
l=9

θK(ml) . (3.52)
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A few remarks are in order. First, we expect that two SO(16) flavor symmetries which
we can see in figure 4 and also from the matter content to be enhanced to the E8×E8 sym-
metry at low energy. One can check this enhancement from the elliptic genera by expanding
them in terms of q. Second, although the worldsheet theory seems to have SU(2)m0 flavor
symmetry, the bulk 6d LST does not have any matter fields charged under this symmetry.
In fact, this symmetry only acts on the string modes stretched between two O8-planes
which correspond to 10d bulk modes moving along the direction parallel to the orientifold
planes in figure 3(b). These modes are decoupled from the 6D LST. Therefore the BPS
spectrum of strings in the LST should not depends on m0. Let us check these expectations.

First, the (1, 0)-string and (2, 0)-string elliptic genera (3.46) and (3.47) do not contain
m0. Second, (1, 1)-string elliptic genus (3.49) has m0 dependence. However (1, 1)-string
order is independent of the dynamical parameter Q, and we can therefore consider it as a
contribution from the bulk modes not involved in the LST spectrum. Lastly, (2, 1)-string
elliptic genus (3.50) does contain m0 which seems to be a problem. Quite surprisingly,
however if we express the partition function in the GV-invariant form given in (2.3) and
extract the BPS spectrum, m0 dependence in (2, 1)-string order disappears completely. We
find that the single letter index at (2, 1)-string order is

f(2,1) = q1/2[χ1,1(ε±) + χ1/2,1/2(ε±)(χ(1)
248 + 1) + (χ(1)

3875 + χ
(1)
248 + 2)

]
(3.53)

+ q3/2[χ2,2(ε±) + χ3/2,3/2(ε±)(χ(1)
248 + 3) + 2χ3/2,1/2(ε±)

+ χ1,1(ε±)(χ(1)
3875 + 4χ(1)

248 + χ
(2)
248 + 5) + χ1,0(ε±)(2χ(1)

248 + 3) + 2χ1/2,3/2(ε±)

+ χ1/2,1/2(ε±)(χ(1)
30380 + χ

(1)
248χ

(2)
248 + χ

(2)
248 + 4χ(1)

3875 + 7χ(1)
248 + 10)

+ χ0,1(ε±)(2χ(1)
248 + 3) + (χ(1)

147250 + 2χ(1)
30380 + χ

(1)
3875χ

(2)
248 + χ

(1)
248χ

(2)
248

+ 4χ(1)
3875 + 8χ(1)

248 + 2χ(2)
248 + 7)

]
+ · · · ,

where f(k1,k2) is defined via ZHE
str = PE[

√
p1p2

(1−p1)(1−p2)
∑
Qk1(w/Q)k2f(k1,k2)], χjl,jr(ε±) =

χjl(ε−)χjr(ε+) represents spin (jl, jr) state, and χ(i)
R is the character of representation R

in the i-th E8 symmetry algebra. This is indeed independent of m0 showing that the
dynamical BPS states in the spectrum of the LST are independent of U(1)m0 symmetry.
We expect this to hold for higher order computations.

Modularity. The chiral fermions in the 2d N = (0, 4) gauge theory given in figure 4(b)
contribute to the 2d anomaly polynomial I4 as

λα̇A+(1) + λα̇A+(2) →
2∑
i=1

ki(ki − 1)
(
c2(r) + c2(R)

2 + p1(T2)
24

)
,

λαA−(1) + λαA−(2) → −
2∑
i=1

ki(ki + 1)
(
c2(l) + c2(R)

2 + p1(T2)
24

)
,

χα̇− + χα+ → 2k1k2

(
c2(l)− c2(r)

2

)
,

Ψ(1)
l + Ψ(2)

l →
(
k1
4 TrF 2

1 + k2
4 TrF 2

2 + (k1 + k2)p1(T2)
3

)
,

(3.54)
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where F1 and F2 are the 2-form field strengths for two SO(16) global symmetries. This
agrees with the anomaly polynomial computed from the anomaly inflow using (2.41):

I4 = −(k1 − k2)2

2 (c2(l)− c2(r))− k1 + k2
2

(
c2(l) + c2(r) + 2c2(R)− 1

2p1(T2)
)

+ k1
4 TrF 2

1 + k2
4 TrF 2

2 . (3.55)

We notice that the elliptic genera above for k1, k2 ≥ 1 have additional poles at m0 = ε+
beside the center of mass contributions. These poles come from the bulk modes decoupled
from the 6d LST. Based this observation, we write the modular ansatz as

ZHE
(k1,k2) = 1

η12(k1+k2)
Φ(k1,k2)(τ, φ,m0,ml=1,··· ,16)

Dcm
(k1,k2) ·

∏κ
s=1 ϕ−1,1/2(±sλ(m0 − ε+)) , (3.56)

with κ = min(k1, k2). The (1, 1)-string elliptic genus (3.49) from ADHM computation and
the identity ∏4

I=1 θI(±m0 − ε+) = η6θ1(±2m0 − 2ε+) suggest λ = 2 here.
Let us first consider the case where the flavor chemical potentials are switched off

ml=1,··· ,16 = 0. In this case the numerator Φ(k1,k2) can be written in terms of the Eisenstein
series and the SU(2) Jacobi forms for ε± and m0, and we find that this ansatz is compatible
with the elliptic genera from the ADHM construction. We explicitly check this up to (2, 1)-
string order.

However, the cases with generic flavor chemical potentials turn out to be rather subtle.
It has been shown that the ZHE

(k1,0) for the E-strings can be expressed in terms of E8 Weyl
invariant Jacobi forms [76, 94], which demonstrates the enhancement of symmetry from
SO(16) to E8 at low energy. Similarly, we expect the symmetry enhancement SO(16) ×
SO(16) → E8 × E8 in the 2d CFTs for the strings in the LST. This can be verified by
checking if the spectrum of the BPS strings forms E8 × E8 representations. Indeed, we
explicitly checked in (3.53) that the single letter index at (k1, k2) = (2, 1) can be written
in terms of E8 × E8 characters. So it seems that one can formulate a consistent ansatz of
the form (3.56) with generic flavor chemical poentials.

However, our analysis revealed that this is not the case due to the presence of additional
bulk states that do not carry dynamical tensor charge. As these states are decoupled from
the LST, we cannot expect them to form representations of the E8 × E8 symmetry. For
instance, the single letter index at (k1, k2) = (1, 1), which we compute from the (1, 1)-
string elliptic genus in (3.49), cannot be written in terms of the E8 × E8 characters, as
demonstrated below:

f(1,1) = e4πim0

1− e4πi(m0±ε+)

[
χ0,1/2(ε+)

q
+
(
2χ1/2,1(ε±)− χ1/2,0(ε±)(χ1(m0)− 1) (3.57)

+ χ0,1/2(ε±)(χ1(m0) + χ
(1)
120 + χ

(2)
120 + 1) + χ1/2(m0)χ(1)

16χ
(2)
16

)
+O(q)

]
,

where the notations are same as those in (3.53), except that χ(i)
R is now the i-th SO(16)

character. We believe that this is due to the presence of additional bulk states in the
spectrum at this order. For this reason, the ADHM computations above when k1, k2 ≥ 1
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(k1, k2)
{
C

(k1,k2)
i

}
(1, 0) {1}

(2, 0)
1

213·36 {4,−3, 5, 3, 10, 32,−15, 96, 32, 36,−24, 40,−12,−40,−128, 0,−5,−4, 5,−32,−24,
−9, 0, 15, 9,−10, 64,−5, 32, 0, 3, 6,−15,−9, 0,−72, 15,−96,−12,−3, 3, 0,−27, 18,−45, 9,
45, 108, 0}

(1, 1) 1
22·3{−1, 1}

(2, 1)

1
215·37 {0,−4, 8,−4, 3, 0,−15, 0, 16, 16,−3,−3, 10, 15,−48, 112, 3, 5,−10,−112, 48,−5,
−16,−16,−12,−24, 12,−40, 36, 24, 40, 40,−128, 0,−36, 0,−40, 256,−128, 0, 0, 0, 5, 0, 0,
−24, 0,−5,−5, 40,−48, 5, 20, 8, 4, 9, 0,−5, 0,−9,−10, 5, 32,−9, 0, 15, 10,−32, 64, 0, 9, 0,
−15,−96, 32, 0, 0, 0, 0,−9, 0, 15, 0,−12, 6, 9, 0,−15,−24,−60, 3,−6,−15, 0, 144,−120,−3,
0, 15, 72, 0, 3,−3,−3, 0, 0, 3, 0, 0, 0, 9, 18,−9, 45,−27,−18,−45,−45, 108, 0, 27, 0, 45,−216,
108, 0, 0, 0, 0, 0}

Table 3. Coefficients C(k1,k2)
i in the modular ansatz of rank 1 E8 × E8 heterotic LST, written in

terms of E8 Jacobi forms and λ = 1.

do not give elliptic genera that exhibit the symmetry enhancement to E8×E8. Therefore we
are unable to write ansatzes that reproduce the ADHM results in terms of E8 Jacobi forms.

Even though the elliptic genera obtained from the ADHM computation do not exhibit
manifest E8×E8 symmetry, we can still attempt to construct a modular ansatz in terms of
E8 Weyl invariant Jacobi forms that accurately reproduces the BPS spectrum of the LST up
to extra decoupled string states. There are nine fundamental E8 Jacobi forms A1,2,3,4,5 and
B2,3,4,6 given in (A.27), where An and Bn have index n and weight 4 and 6, repectively. We
first write an ansatz for Φ(k1,k2) in (3.56) using the E8 Jacobi forms for m1,··· ,8 and m9,··· ,16,
together with the Eisenstein series and SU(2) Jacobi forms for ε± and m0. We then fix the
unknown coefficients in the ansatz by using the dynamical BPS spectrum from the ADHM
computation. To our surprise, we find that there are two values of λ, namely 1 and 2, that
are consistent with both the E8 × E8 symmetry and the spectrum of the LST obtained
through ADHM computation. We check this up to (2, 1)-string order and q5 order in q-
expansion, and report the results from these two choices in table 3 and 4, respectively, where
the coefficients are listed in ascending order with respect to {ε+, ε−,m0,m1,··· ,8,m9,··· ,16}.

At (k1, k2) = (1, 0) and (2, 0), there are 1 and 49 constants, repectively, and they can be
fixed by comparing the ansatz with the E-string elliptic genera as done in [76]. At (k1, k2) =
(1, 1), the comparison does not yield any constraints due to the presence of decoupled states
in the elliptic genus that are not part of the LST. However, the requirement from the GV-
invariant form given in (2.3) still impose additional constraints. This allows us to fix all
coefficients for λ = 1 and 23 coefficients among 37 for λ = 2. At (k1, k2) = (2, 1), there
are 130 coefficients for λ = 1 and 831 coefficients for λ = 2, and all of these coefficients are
determined by comparison with the LST spectrum computed from the ADHM computation.

It is worth noting that the spectra of the decoupled states, which do not carry dynam-
ical tensor charge, differ between the ADHM result and the results from the two values of
λ. We also note that 14 coefficients at (1, 1)-string order for λ = 2 are not fixed and they
appear in the coefficients in (2, 1)-string ansatz, as shown in table 4. However, these coeffi-
cients do not affect the BPS spectrum for states carrying non-zero dynamical tensor charge.
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(k1, k2)
{
C

(k1,k2)
i

}
(1, 1)

1
212·37 {−1, 8957952c2, 1− 8957952c2,−2, 8957952c5,−16− 8957952c5, 8957952c7,−8957952c7,
8957952c9, 16− 8957952c9, 2, 8957952c12, 32− 8957952c12,−32, 3, 8957952c16, 6− 8957952c16,
8957952c18,−6− 8957952c18, 8957952c20,−3− 8957952c20, 8957952c22,−12− 8957952c22,
8957952c24,−8957952c24, 12, 8957952c27, 9− 8957952c27, 8957952c29, 18− 8957952c29, 8957952c31,
−18− 8957952c31,−9, 0, 8957952c35,−27− 8957952c35, 27}

(2, 1)

1
225·313 {0,−4, 71663616c2, 4− 71663616c2, 0, 0,−8, 3, 0, 71663616c5, 0,−15, 0, 0, 16, 143327232c2,−3, 0,−64− 71663616c5,−3, 10, 71663616c7, 15,−48,−16 + 1146617856c2, 3, 5,
−71663616c7,−10,−112 + 71663616c9, 48,−5, 48− 71663616c9, 128− 1146617856c2, 8− 143327232c2, 6, 0,−30, 0, 0, 32,−12, 0, 143327232c5,−6, 48, 20, 0,−240,−96,−24, 0,
256 + 1146617856c5, 12,−40, 143327232c7,−48, 10, 0, 160,−224 + 71663616c12, 36, 0,−768, 24, 40, 1146617856c7, 40,−128 + 143327232c9, 0, 80, 96− 71663616c12,−48, 0,
−2048− 1146617856c5,−36, 240, 0,−40, 1146617856c9, 160− 2293235712c2, 48, 0,−128− 143327232c5,−6,−160,−1146617856c7, 30, 768,−32 + 2293235712c2, 6,−80,
−143327232c7,−20, 1792− 1146617856c9, 96,−10, 256− 143327232c9,−32,−24,−48,−192,−80, 72,−384, 80, 0,−640,−256 + 143327232c12,−96, 576, 480, 0, 640,
1146617856c12, 192, 0,−2560− 2293235712c5, 96, 96,−320, 0,−480, 1536, 384, 0, 512 + 2293235712c5, 24, 640,−2293235712c7,−96,−160, 0, 320, 3584− 1146617856c12,−576, 0,
−1536, 48,−640, 2293235712c7, 80, 2048− 2293235712c9, 0, 160, 512− 143327232c12, 0, 0, 512,−72, 0, 0,−80,−4096 + 2293235712c9,−256, 384, 768,−384, 1280,−1152,−768,
−1280, 0,−1280, 4096− 2293235712c12, 0, 1152, 0, 0, 1280,−8192 + 2293235712c12, 0, 0, 4096, 0, 0, 0, 12, 0, 5, 71663616c16, 0, 0,−214990848c2, 0,−5, 24− 71663616c16,−5,
40 + 71663616c18,−429981696c2, 5,−4− 71663616c18,−40 + 429981696c2 + 71663616c20,−32 + 214990848c2 − 71663616c20, 0,−9, 10, 0, 45, 0, 9, 0,−48− 214990848c5, 0,−5,
143327232c16, 9,−10,−18, 50, 80 + 71663616c22, 0, 90, 144− 429981696c5,−9,−10,−96− 214990848c7 + 1146617856c16, 5, 32 + 143327232c18, 18,−95,−8− 71663616c22, 9,
−60, 976 + 429981696c5 + 71663616c24, 0,−75, 288− 429981696c7, 10, 64− 214990848c9 + 1146617856c18,−32 + 859963392c2 + 143327232c20,−18,−30,
368 + 214990848c5 − 71663616c24, 18,−20, 768 + 429981696c7 − 1146617856c16,−60,−384− 429981696c9, 32 + 1146617856c20,−9, 110, 48 + 214990848c7 − 143327232c16, 20,
−1312 + 429981696c9 − 1146617856c18,−144− 859963392c2, 25,−416 + 214990848c9 − 143327232c18,−320− 1146617856c20,−40− 143327232c20, 18, 36,−10, 0, 216,−20, 72,
40, 64 + 143327232c22, 18,−108,−150, 144,−280, 128− 214990848c12 + 1146617856c22,−72, 240, 896 + 859963392c5 + 143327232c24,−36,−144,−40,−216, 240,
−768− 429981696c12,−288,−240,−512 + 1146617856c24,−36,−160, 960 + 859963392c7 − 2293235712c16, 0, 220,−36, 160,−2624 + 429981696c12 − 1146617856c22, 216, 180,
−859963392c5,−90, 400,−192 + 2293235712c16,−110,−1280 + 859963392c9 − 2293235712c18, 36,−160,−832 + 214990848c12 − 143327232c22, 144,−120,
−256− 1146617856c24, 108,−240, 576− 859963392c7, 140, 2048 + 2293235712c18,−256− 2293235712c20, 0,−60,−128− 143327232c24, 18, 0,−192,−30, 1536− 859963392c9,

832 + 2293235712c20,−144,−576, 0,−320, 432, 288, 800, 144,−160,−2560 + 859963392c12 − 2293235712c22, 288, 0,−480, 288,−320, 4096 + 2293235712c22, 0, 480,
−2048− 2293235712c24, 0,−288, 0,−432, 480, 3072− 859963392c12, 0,−480,−1024 + 2293235712c24, 0, 0,−1536, 0, 0, 0, 0, 0, 0, 0,−15, 71663616c27,−9, 0, 0, 0, 15,
−214990848c16, 0,−12, 0, 15, 36− 71663616c27, 6,−30,−120 + 71663616c29, 9, 0,−429981696c16,−15,−24− 214990848c18, 12− 644972544c2, 3, 30, 12− 71663616c29,−6, 15,
−240 + 429981696c16 + 71663616c31, 0, 144− 429981696c18, 24− 1289945088c2 − 214990848c20,−3,−30,−192 + 214990848c16 − 71663616c31, 30, 240 + 429981696c18,

−144 + 1289945088c2 − 429981696c20,−15, 156 + 214990848c18, 48 + 644972544c2 + 429981696c20, 60 + 214990848c20,−18,−27, 30, 0, 15,−24 + 143327232c27,−15,−144, 135,
−54, 270,−192− 214990848c22 + 1146617856c27, 3, 30,−288− 644972544c5 + 143327232c29, 33, 69,−60, 0, 225, 720− 429981696c22, 51, 60,
−576− 1289945088c5 − 214990848c24 + 1146617856c29,−3,−30,−192− 644972544c7 + 859963392c16 + 143327232c31, 102,−105, 108,−420,
1632 + 429981696c22 − 1146617856c27, 144,−360, 3456 + 1289945088c5 − 429981696c24, 30,−300, 192− 1289945088c7 + 1146617856c31,−15,
240− 644972544c9 + 859963392c18,−54,−90, 384 + 214990848c22 − 143327232c27,−123, 120, 3168 + 644972544c5 + 429981696c24 − 1146617856c29, 18,−45,
−864 + 1289945088c7 − 859963392c16,−60,−816− 1289945088c9,−24 + 859963392c20,−75, 150, 288 + 214990848c24 − 143327232c29,−39, 330,
−1920 + 644972544c7 − 1146617856c31, 45,−3312 + 1289945088c9 − 859963392c18,−336,−6, 45,−240− 143327232c31, 30,−1008 + 644972544c9,−288− 859963392c20, 114,
318, 264, 300,−36, 384,−960,−216, 720, 1920− 644972544c12 + 859963392c22 − 2293235712c27,−300,−936, 180,−540,−240,−1920− 1289945088c12 + 2293235712c27,−156,
−660, 4224 + 859963392c24 − 2293235712c29,−96, 192, 480, 648, 0,−5760 + 1289945088c12 − 859963392c22,−168, 840,−768 + 2293235712c29,−6,−360,
−1536− 2293235712c31, 96, 0, 108,−480,−2304 + 644972544c12, 324,−180,−859963392c24, 6, 360, 4992 + 2293235712c31, 0, 1152,−96, 96, 96, 0, 0,−96, 0, 0, 0, 0, 0, 27, 0, 0,−45,
−214990848c27, 9, 0, 36, 0,−18,−45, 54, 0,−429981696c27, 18,−90, 72− 214990848c29,−9, 45, 72− 644972544c16,−9, 45,−36,−45,−360 + 429981696c27 + 71663616c35,−81, 0,
−432− 429981696c29,−18, 45, 144− 1289945088c16 − 214990848c31,−45, 36− 644972544c18,−18, 90,−288 + 214990848c27 − 71663616c35, 36, 180,−720 + 429981696c29, 0, 0,
−864 + 1289945088c16 − 429981696c31, 90,−144− 1289945088c18,−144 + 1934917632c2 − 644972544c20, 18,−90,−468 + 214990848c29, 18,−45,
288 + 644972544c16 + 429981696c31, 0, 1296 + 1289945088c18, 144− 1934917632c2 − 1289945088c20, 9,−45, 360 + 214990848c31,−45, 360 + 644972544c18, 432 + 1289945088c20,

0,−36, 216 + 644972544c20, 18,−45, 135, 135,−162, 135, 180,−18, 810,−216− 644972544c22 + 859963392c27 + 143327232c35, 234,−432,−540, 180,−540,
−1289945088c22 + 1146617856c35,−126,−90, 1584 + 1934917632c5 − 644972544c24 + 859963392c29,−45, 81, 90, 108, 135, 1296 + 1289945088c22 − 859963392c27,−225,−360,
144− 1934917632c5 − 1289945088c24,−9,−765,−144 + 1934917632c7 + 859963392c31, 81, 135,−234,−270,−2160 + 644972544c22 − 1146617856c35, 432, 270,
3024 + 1289945088c24 − 859963392c29,−45, 630,−2016− 1934917632c7,−90,−2304 + 1934917632c9,−36,−135,−432− 143327232c35,−81, 180,−432 + 644972544c24, 54, 135,
−1728− 859963392c31, 90, 3168− 1934917632c9, 216,−576,−1260, 612,−2520, 1836, 1224, 2520,−36, 2520,−6912 + 1934917632c12 − 2293235712c35, 0,−1836, 0, 36,−2520,
13824− 1934917632c12 + 2293235712c35, 0, 0,−6912, 0, 0,−27, 0, 81,−54,−135,−54,−135, 108− 644972544c27,−54, 243, 0,−108,−135, 216− 1289945088c27 − 214990848c35,

54,−270,−108− 644972544c29,−27,−108, 270, 0, 0,−1296 + 1289945088c27 − 429981696c35, 108, 540, 432− 1289945088c29, 27, 270,−864 + 1934917632c16 − 644972544c31,

−54,−135, 108, 135, 432 + 644972544c27 + 429981696c35,−243, 0,−3888 + 1289945088c29, 54,−135, 864− 1934917632c16 − 1289945088c31, 135, 1188 + 1934917632c18, 54, 135,
540 + 214990848c35, 54,−270,−1080 + 644972544c29,−81, 0, 2592 + 1289945088c31,−135,−216− 1934917632c18, 324 + 1934917632c20, 27, 0, 108, 0,−135,
1296 + 644972544c31, 0, 0,−648− 1934917632c20, 81, 486,−54, 405,−324,−189,−810,−54, 135, 2160 + 1934917632c22 + 859963392c35,−243, 0, 405,−270, 270,
−3456− 1934917632c22, 27,−540, 1728 + 1934917632c24, 0, 243, 0, 324,−405,−2592− 859963392c35,−27, 540, 864− 1934917632c24, 0, 0, 1296, 0, 0, 0, 0,−81,−162,−162,−405,
0,−324, 810, 162,−810,−1296 + 1934917632c27 − 644972544c35, 162, 729, 0, 324, 405, 1296− 1934917632c27 − 1289945088c35, 81, 810,−3564 + 1934917632c29, 81,−162,−405,
−486, 0, 3888 + 1289945088c35, 162,−810, 648− 1934917632c29, 0, 405, 1944 + 1934917632c31,−81, 0, 0, 405, 1944 + 644972544c35,−243, 0, 0, 0,−405,−3888− 1934917632c31, 0,
−972, 81,−81,−81, 0, 0, 81, 0, 0, 0, 0, 243, 486,−243, 1215,−729,−486,−1215, 0,−1215, 2916 + 1934917632c35, 0, 729, 0, 0, 1215,−5832− 1934917632c35, 0, 0, 2916, 0, 0, 0, 0, 0}

Table 4. Coefficients C(k1,k2)
i in the modular ansatz of rank 1 E8 × E8 heterotic LST, written in

terms of E8 Jacobi forms and λ = 2. There are 14 undetermined conatants ci ≡ C(1,1)
i but they do

not related with the LST spectrum. (k1, k2) = (1, 0) and (2, 0) cases are same with table 3.

Blowup equation. The tree-level and one-loop contributions to the effective prepotential
of the E8 ×E8 LST are identical to those for the E-string theory, but there are additional
contributions from the auxiliary 2-form field. Collecting these contributions yields the full
effective prepotential which is given by

E = 1
ε1ε2

(
τ

2 (φ1,0 − φ2,0)2 +
(
ε21 + ε22

4 − 1
2

8∑
i=1

m2
i + ε2+

)
(φ1,0 − φ2,0)

)
+ E(0)

tree ,

E(0)
tree = 1

ε1ε2

(
ε21 + ε22

2 − 1
2

16∑
i=1

m2
i + 2ε2+

)
φ0,0 , (3.58)

with an auxiliary scalar VEV φ0,0.
For a blowup equation, we consider a set of consistent magnetic fluxes for the dynamical

tensor and the auxiliary 2-form field such that

φ1,0 − φ2,0 → φ1,0 − φ2,0 + n1,0ε1,2 , φ0,0 → φ0,0 + n0,0ε1,2 , (3.59)
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where the fluxes are quantized as

n1 ≡ n1,0 + n0,0 ∈ Z + 1/2 , n2 ≡ n0,0 ∈ Z . (3.60)

We also choose background magnetic flxlues for the masses, winding number and KK
momentum as

Bmi =

 1/2 (0 ≤ i ≤ 8)
−1/2 (9 ≤ i ≤ 16)

, Bτ = Bw = 0 . (3.61)

We propose that the partition function of the E8 × E8 LST satisfies the blowup equation
given by

ΛẐHE
str =

∑
n1,n2

(−1)n1+n2q
1
2 (n1−n2)2

e2πi(−n1
2
∑8

i=1 mi+
n2
2
∑16

i=9 mi−2(n1+n2)ε+)Ẑ
HE(N)
str Ẑ

HE(S)
str ,

(3.62)
where Λ = Λ(w, τ,mi). We checked the elliptic genera computed from the 2d gauge
theory description for the strings satisfy this blowup equation, with m1 = · · · = m8 and
m9 = · · · = m16, up to (k1, k2) = (2, 1) order and to second order in the q-expansion.

The elliptic genera can also be computed by solving the blowup equation with a mod-
ular ansatz written in terms of E8 Jacobi forms in the following way. The (1, 0)- and
(2, 0)-string elliptic genera have already been calculated in this way for the 6d E-strings
in previous work [50, 53]. At the (1, 1)- and (2, 1)-string order, the modular ansatzes are
constrained by the requirement of the GV-invariant expression in (2.3), which we use to
fix several coefficients in the ansatzes. Finally, we solve the blowup equation, which com-
pletely fixes all the coefficients in (2, 1)-string modular ansatz for both λ = 1 and 2. These
results are in agreement with those presented in table 3 and 4. We expect that the elliptic
genera at higher orders can be calculated using the blowup equation in a similar manner.

3.2.2 SO(32) picture

The SO(32) heterotic LST is the worldvolume theory on N NS5-branes in the SO(32)
heterotic string theory. At low energies, it is described by an Sp(N) gauge theory with 16
fundamental hypermultiplets. In the F-theory construction [22], this theory is engineered
by a rational curve Σ in the base surface with Σ2 = 0. It is also T-dual to the E8 × E8
heterotic LST upon compactification on a circle.

The partition function when N = 1 can be written as

ZHO
GV = ZHO

pert · ZHO
str = ZHO

pert ·
∞∑
k=0

e2πikwZHO
k , (3.63)

where w ∼ 1/g2
YM is intrepreted as the inverse gauge coupling and k is the little string

number. The 1-loop contributions coming from the Sp(1) vector and the fundamental
hypermultiplets are

ZHO
pert = PE

[
− 1 + p1p2

(1− p1)(1− p2)
(
Q2 + qQ−2

) 1
1− q

+
√
p1p2

(1− p1)(1− p2)
(
Q+ qQ−1

) 16∑
l=1

(
e2πiml + e−2πiml

) 1
1− q

]
,

(3.64)
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0 1 2 3 4 5 6 7 8 9
D5 • • • • • •
k D1 • •

(a)

O(k)SO(32)

Sp(1)

sym
sym anti

(b)

Field Type O(k) Sp(1) SO(32)
(Aµ, λα̇A+ ) vector adj
(aαβ̇ , λαA− ) hyper sym
(ϕAa, λα̇a− ) twisted hyper sym

(λαa+ ) Fermi anti
(qα̇, ψA−) hyper k 2

(ψa+) Fermi k 2
(Ψl) Fermi k 32

(c)

Figure 5. (a) Brane configuration, (b) quiver description, and (c) matter content for the rank 1
SO(32) heterotic LST.

where ml are the chemical potentials for the SO(32) flavor symmetry and Q = e2πiφ1 is the
Sp(1) fugacity.

GLSM. Under S-duality, the SO(32) LST can be mapped into a system of a D5-brane
in type I string theory. In this system, the little strings are k D1-branes bound to the
D5-brane, as shown in figure 5(a) [65, 95]. The partition function for the little strings
can be computed using the 2d gauge theory description for the worldvolume theory on the
D1-branes.

The 2d gauge theory is an N = (0, 4) O(k) gauge theory with a symmetric hyper-
multiplet, twisted hypermultiplet, and an antisymmetric Fermi multiplet describing the
motion of the D1-branes on O9-plane. In addition, there are O(k) × Sp(1) bifundamen-
tal matters coming from the D1-D5 strings, and the D1-D9 string modes give rise to
Fermi multiplets in bifundamental representation of O(k) × SO(32). This theory has an
SO(4) = SU(2)l × SU(2)r global symmetry which rotates 2345 directions and another
SO(4) = SU(2)R×SU(2)m0 rotation symmetry corresponds to 6789 directions. Essentially,
the 2d gauge theory agrees with the ADHM data for k-instantons in the Sp(1) gauge the-
ory with 16 fundamentals. The 2d gauge theory description and its matter content are
summarized in figure 5(b) and (c).

The elliptic genera of the 2d gauge theory for k little strings can be calculated using
localization. The computational details will be explained in appendix B.2. The 1-string
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elliptic genus is given by

ZHO
1 = −

4∑
I=1

∏16
l=1 θI(ml)

2η12θ1(ε1)θ1(ε2)θ1(±m0 − ε+)
θI(m0 ± φ1)
θI(ε+ ± φ1) , (3.65)

where m0 is the chemical potential for SU(2)m0 . Also, the explicit expression of the 2-
string elliptic genus is presented in (B.27). We note that although the elliptic genera
seem to depend on the mass parameter m0, which plays no role in the 6d worldvolume
theory, the BPS states carrying Sp(1) gauge charge are all independent of m0. One can
see this by checking that all BPS states captured by the elliptic genera depending on φ1
are independent of m0, which we checked up to 2-string and q2 order in the q-expansion.

The E8 × E8 and SO(32) heterotic LSTs are related via the T-duality [96–100]. This
implies that the partition functions of these two theories are related each other up to
appropriate reparametrizations of fugacities. To compare two elliptic genera, we first turn
on Wilson lines for the flavor symmetries along the T-dual circle such that they break
E8×E8 and SO(32) symmetries to their common subgroup SO(16)×SO(16). In the E8×E8
picture, the Wilson lines shift some of the chemical potentials for E8 × E8 symmetry as

m̃HE
8 = mHE

8 + τHE , m̃HE
16 = mHE

16 + τHE , m̃HE
l = mHE

l (l 6= 8, 16) , (3.66)

and we also redefine

φHE
1,0 − φHE

2,0 → φHE
1,0 − φHE

2,0 + m̃HE
8 − τHE

2 ,

wHE → wHE + m̃HE
8 + m̃HE

16 − τHE .

(3.67)

To distinguish chemical potentials in two LSTs, we add a superscript ‘HE’ for the chemical
potentials in E8×E8 LST. We list some leading BPS states in table 5, where we only show
the states carrying nonzero charge for φ1,0 − φ2,0.

In the SO(32) picture, the Wilson lines shift

m̃HO
l = mHO

l (1 ≤ l ≤ 8) , m̃HO
l = mHO

l + τHO

2 (9 ≤ l ≤ 16) , (3.68)

and we redefine

wHO → wHO + 1
2

16∑
l=9

m̃HO
l − τHO , (3.69)

where we put a superscript ‘HO’ to denote the SO(32) chemical potentials. The perturba-
tive partition function in (3.64) now becomes

ZHO
pert = PE

[
− 1+p1p2

(1−p1)(1−p2)
(
e4πiφHO

1 +e2πi(τHO−2πiφHO
1 )
) 1

1−e2πiτHO (3.70)

+
√
p1p2

(1−p1)(1−p2)
(
e2πiφHO

1 +e2πi(τHO−φHO
1 )
) 16∑
l=1

(
e2πim̃l +e−2πim̃l

) e2πirlτHO

1−e2πiτHO

]
,

where rl = 0 for 1 ≤ l ≤ 8 and rl = 1/2 for 9 ≤ l ≤ 16. The first few BPS states of the
SO(32) LST from the elliptic genera are listed in table 6. Again, we show only the BPS
states carrying nonzero charge for φHO

1 .
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d ⊕Nd
jl,jr

(jl, jr) d ⊕Nd
jl,jr

(jl, jr)

(1, 0, 0) 161(0, 0) (1, 0, 1
2) 1281(0, 0)

(1, 0, 1) [5601 + 161](0, 0)⊕
161(1

2 ,
1
2) (2, 0, 0) (0, 1

2)

(2, 0, 1
2) 1281(0, 1

2) (2, 0, 1)
[18201 + 1201 + 2](0, 1

2)⊕
(1

2 , 0)⊕ [1201 + 1](1
2 , 1)⊕

(1, 3
2)

(2, 1, 0) 162(0, 0) (2, 1, 1
2) [1281 · 162 + 1282](0, 0)

(2, 1, 1) [1281 · 1282 + (18201 + 2 · 1201 + 4)162 + 5602](0, 0)
⊕ [(1201 + 3) · 162](1

2 ,
1
2) + 162(1, 1)

Table 5. BPS spectrum of the rank 1 E8 × E8 heterotic LST after introducing the Wilson lines,
up to d1 ≤ 2, d2 ≤ 1 and d3 ≤ 1. Here, d = (d1, d2, d3) labels the BPS states with charge
d1(φHE

1,0 − φHE
2,0 ) + d2(wHE − φHE

1,0 + φHE
2,0 ) + d3τ

HE after the redefinition as in (3.67). R1,2 labels
representation of SO(16)1,2 whose chemical potentials are {m̃HE

1 , · · · , m̃HE
8 }, and {m̃HE

9 , · · · , m̃HE
16 }

given in (3.66). The states related by the symmetry d1 ↔ d2 and SO(16)1 ↔ SO(16)2 are omitted
in the table. We only show the LST BPS states which have nonzero charge for φ1,0 − φ2,0.

d ⊕Nd
jl,jr

(jl, jr) d ⊕Nd
jl,jr

(jl, jr)

(1, 0, 1) 1281(0, 0) (1, 0, 2) 1281(0, 1
2)

(1, 1
2 ,−1) 1282(0, 0) (1, 1

2 , 1) [1281 · 162 + 1282](0, 0)

(1, 1,−2) 1282(0, 1
2) (1, 1,−1) [161 · 1282 + 1281](0, 0)

(2, 0, 1) [5601 + 161](0, 0)⊕
161(1

2 ,
1
2) (2, 0, 2)

[18201 + 1201 + 2](0, 1
2)⊕

(1
2 , 0)⊕ [1201 + 1](1

2 , 1)⊕
(1, 3

2)

(2, 1
2 ,−1) [5602 + 162](0, 0)⊕

162(1
2 ,

1
2) (2, 1

2 , 1)

[1281 · 1282 + (18201 + 2 ·
1201 +4) ·162 +5602](0, 0)

⊕ [(1201 + 3) ·
162](1

2 ,
1
2)⊕ 162(1, 1)

(2, 1,−2)
[18202 + 1202 + 2](0, 1

2)⊕
(1

2 , 0)⊕ [1202 + 1](1
2 , 1)⊕

(1, 3
2)

(2, 1,−1)

[1281 · 1282 + 161 ·
(18202 + 2 · 1202 + 4) +

5601](0, 0)⊕ [161 · (1202 +
3)](1

2 ,
1
2)⊕ 161(1, 1)

Table 6. BPS spectrum of rank 1 SO(32) heterotic LST with the Wilson lines for 1 ≤ d1 ≤
2, d2 ≤ 1 and first two orders of d3. Here, d = (d1, d2, d3) labels the BPS states with charge
d1w

HO + d2τ
HO + d3φ

HO
1 after redefining (3.69), and R1,2 labels the representation of SO(16)1,2

whose corresponding chemical potentials are {m̃HO
1 , · · · , m̃HO

8 } and {m̃HO
9 , · · · , m̃HO

16 } in (3.68).
Note that d1 = 0 sector is given in (3.70).
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Now one can verify that the BPS spectra of two LSTs are the same under the exchange
of winding number and KK-momentum as wHE ↔ τHO/2 and τHE/2 ↔ wHO, as well as
the exchange of φHE

1,0 − φHE
2,0 ↔ φHO

1 and m̃HE
l ↔ m̃HO

l . However, due to the presence of
extra decoupled states at k1 = k2 sectors in the E8 × E8 heterotic LST mentioned above,
the spectra at k1 = k2 do not match each other.

Modularity. Each chiral fermion in figure 5(c) contributes to the 2d anomaly polynomial
as

λα̇A+ + λαa+ → k(k − 1)
(
c2(r) + c2(R)

2 + c2(l) + c2(m0)
2 + p1(T2)

12

)
,

λαA− + λα̇a− → −k(k + 1)
(
c2(l) + c2(R)

2 + c2(r) + c2(m0)
2 + p1(T2)

12

)
,

ψA− + ψa+ + Ψl → 2k
(−c2(R) + c2(m0)

2

)
+ k

(1
4 TrF 2

m + 2
3p1(T2)

)
,

(3.71)

where Fm is the 2-form field strength for the SO(32) global symmetry. The anomaly
polynomial is the sum of these contributions. This can also be derived from the anomaly
inflow presented in (2.41) as

I4 = kX4,0 = k

(
−c2(l)− c2(r)− 2c2(R) + 1

2p1(T2) + 1
4 TrF 2

m

)
. (3.72)

Here, X4,0 is the 4-form appearing in the mixed gauge anomalies in the 6d Sp(1) gauge
theory

Imixed
8 = Y4 ∧X4,0 = 1

4 TrF 2
Sp(1) ∧

(1
2p1(T6)− 2c2(R) + 1

4 TrF 2
m

)
. (3.73)

Then, the modular ansatz for the k-string elliptic genus can be taken as

Zk = 1
η24k

Φk(τ, ε±, φ1,m0,ml)
Dcm
k · D

A1
k ·

∏k
s=1 ϕ−1,1/2(±sm0 − sε+)

, (3.74)

where Φk is written in terms of the SU(2) Weyl invariant Jacobi forms for ε±, φ1,m0 and
the SO(32) Weyl invariant Jacobi forms for ml=1,··· ,16 given in appendix A.2. We have
found that the 1-string elliptic genus (3.65) can be reproduced by the modular ansatz with
coefficients given in table 7. The coefficients in this ansatz are listed in ascending order
with respect to {ε+, ε−, φ1,m0,ml=1,··· ,16} that we defined in the footnote 4. We expect
that this ansatz is consistent with the elliptic genera from the ADHM computation for any
value of k, since the 2D quiver theory possesses the SO(32) flavor symmetry explicitly.

Blowup equation. Since the partition functions of the E8 × E8 LST and the SO(32)
LST are the same, the partition function of the SO(32) LST should satisfy the same blowup
equation for the E8 × E8 LST in (3.62). More precisely, two partition functions are the
same, after the identification of fugacities of two theories, up to decoupled states which
are independent of the dynamical Kähler parameter φHE

1,0 − φHE
2,0 or φHO

1 . In the blowup
equation, all the difference from the decoupled states can be absorbed by the prefactor Λ.
Therefore, the partition function of the SO(32) LST satisfies the blowup equation in (3.62)
with a different prefactor Λ for this theory.
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k
{
C

(k)
i

}

1

1
215·313 {0, 0,−27648, 13824, 0,−248832, 0, 27648,−13824,−13824, 165888, 248832, 13824,
82944,−165888,−82944,−165888,−55296,−55296,−165888,−276480,−110592, 55296,
−663552, 276480, 165888, 165888, 110592, 663552, 663552, 55296, 165888, 0,−165888, 0,
−663552,−1, 1, 0, 884736,−884736, 0, 0,−2, 2,−18, 18,−18, 18,−2, 2, 0, 32,−32, 0, 0,
−20736,−124416, 0, 20736, 124416, 124416,−124416, 0, 82944,−82944,−41472, 746496,
27648, 165888,−124416,−248832, 1492992,−746496,−27648,−193536, 165888, 124416,
−2239488,−1492992,−55296, 41472, 165888, 0, 2239488, 0,−442368, 110592, 110592,
663552, 331776,−110592,−663552, 0, 0, 3,−3, 9,−9, 3,−3, 0, 0,−12, 12,−12, 12, 0, 0,
124416,−124416, 82944, 0, 0, 62208, 373248, 248832,−82944,−82944, 20736, 124416,
746496, 1617408, 82944,−20736,−145152,−870912,−746496,−41472,−248832,
−1119744,−165888,−82944, 414720,−207360, 497664, 580608,−41472,−41472,
−3981312,−248832,−995328, 248832, 41472, 3981312, 0, 0, 0, 0, 0, 0, 0, 0, 9,−9, 27,−27, 9,
−9, 0, 0,−55296, 6912, 0, 248832,−373248, 55296,−6912,−6912,−290304,−995328, 6912,
41472, 1036800, 331776,−82944,−110592, 96768,−331776,−801792, 380160, 89856,
1534464, 304128, 331776,−290304,−6912,−41472,−41472, 110592, 580608,−186624,
−82944,−1492992, 41472, 2,−2, 0, 1022976,−1022976, 0, 0, 4,−4, 36,−36, 36,−36, 4,−4,
0,−91, 91, 0, 165888, 20736, 0,−995328, 55296, 331776, 0,−20736,−3110400,−124416,
−55296,−387072,−20736, 0, 2985984, 870912,−110592, 0, 20736, 1119744,−746496, 0,
−138240,−525312,−525312,−559872, 663552, 525312, 559872, 0, 0,−6, 6,−18, 18,−6, 6,
0, 0, 24,−24, 24,−24, 331776, 1161216, 165888, 62208,−995328,−165888,−62208,−62208,
3359232,−497664, 0, 0, 62208,−3359232, 0, 0, 0, 0, 0, 0, 0, 0,−18, 18,−54, 54,−18, 18, 0,−1,
1, 0,−1492992, 1492992, 0, 0,−2, 2,−18, 18,−18, 18,−2, 2, 0, 86,−86, 3,−3, 9,−9, 3,−3, 0,
0,−12, 12,−12, 12, 0, 9,−9, 27,−27, 9,−9, 0, 0,−27, 27}

Table 7. Coefficients in the modular ansatz for the rank 1 SO(32) heterotic LST.

As usual, the blowup equation can be solved iteratively starting from the effective
prepotential and the perturbative partition function in (3.70) with a choice of magnetic
fluxes on P1. The effective prepotential of the SO(32) LST receives tree level contributions
from the gauge kinetic term and the counterterm with an auxiliary 2-form field, and 1-
loop contributions from the Sp(1) vector multiplet and the 16 fundamental hypermultiplets.
With the parametrization given in (3.68) and (3.69), we compute the 1-loop prepotential as

F = 1
12
∑
n∈Z

(
|nτ ± 2φ1|3 −

16∑
i=1
|(n+ ri)τ ± φ1 +mi|3

)
= −1

2

8∑
i=1

m2
iφ1 , (3.75)

where ri = 0 for 1 ≤ i ≤ 8, ri = 1/2 for 9 ≤ i ≤ 16, and we used the zeta function reg-
ularization to compute the infinite KK momenta summations. The mixed Chern-Simons
coefficients can be computed in the same manner. Collecting all the contributions yields
the effective prepotential

E = 1
ε1ε2

(
−1

2

8∑
i=1

m2
iφ1 + ε21 + ε22

4 φ1 + ε2+φ1

)
+ E(0)

tree , (3.76)

where

E(0)
tree = 1

ε1ε2

[
wφ2

1 +
(
ε21 + ε22

2 − 1
2

16∑
i=1

m2
i + 2ε2+

)
φ0

]
, (3.77)

with the auxiliary scalar VEV φ0 ≡ φ0,0. Indeed this under the reparametrization w → τ/2
and φ1 → φ1,0−φ2,0 coincides with the effective prepotential of the E8×E8 LST in (3.58),
as expected from the T-duality.
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Then we turn on the magnetic fluxes on the blowup background such as

n1 = n′1 + n′0 ∈ Z , n2 = n′0 ∈ Z , Bmi =

 1/2 (0 ≤ i ≤ 8)
−1/2 (9 ≤ i ≤ 16)

, Bτ = Bw = 0 , (3.78)

where n′0, n′1 denote the fluxes for φ0 and those for φ1 respectively.
Using these ingredients, it is now possible to construct the blowup equation for the

SO(32) LST. To compute the elliptic genera for the little strings, we first expand the blowup
equation in terms of the Kähler parameter e2πiw for the string number and substitute the
modular ansatz into the k-string elliptic genera that appear at each order in the expansion.
The coefficients in the modular ansatz are then determined by solving the blowup equation.
We have carried out this calculation for k = 1 and reproduced the result in table 7. We
expect that the higher order elliptic genera can also be computed in this manner.

3.3 SU(3) + 1sym + 1Λ2

As a last example, we consider the N = (1, 0) LST whose low energy theory is given by an
SU(N) gauge theory with a symmetric hypermultiplet and an antisymmetric hypermulti-
plet, as introduced in [22]. This theory can be realized by N D6-branes stretched between
two half NS5-branes in the type IIA string theory on an interval S1/Z2 with an O8−- and
an O8+-plane at each end, which is called the O8± background [101, 102], as depicted in
figure 6(b). Here, the half NS5-branes are located at each orientifold plane.

The index part of partition function is factorized as

ZGV = Zpert · Zstr = Zpert ·
∞∑
k=0

e2πikwZk , (3.79)

where w = 1/g2
YM, and Zk is the elliptic genus of k-strings. The 1-loop contribution Zpert

from the SU(N) vector multiplet and the hypermultiplets is given by

Zpert = PE
[
− 1 + p1p2

(1− p1)(1− p2)(1− q)
∑
ρ∈R+

(
e2πiρ·φ + qe−2πiρ·φ

)
(3.80)

+
√
p1p2

(1− p1)(1− p2)
∑
n∈Z

( ∑
w∈sym

e2πi|nτ+w·φ+m1| +
∑
w∈Λ2

e2πi|nτ+w·φ+m2|
)]

from (2.23) and (2.24), where R+ is the set of positive roots of SU(N), sym and Λ2 are
weight vectors of symmetric and antisymmetric representations, repectively.

GLSM. In this theory, the little strings are SU(N) instanton strings realized by k D2-
branes on top of the D6-branes. By examining the brane configuration, it is possible to
deduce the 2d N = (0, 4) gauge theory description, which has a U(k) gauge symmetry and
matter content as summarized in figure 6(c). The vector multiplet, adjoint hypermultiplet,
and hypermultiplets in the bifundamental representation of U(k) × U(N) agree with the
ADHM data for the SU(N) instanton moduli space, while the remaining fields charged
under U(1)S and U(1)A arise from zero modes of the 6d symmetric and antisymmetric
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0 1 2 3 4 5 6 7 8 9
O8± • • • • • • • • •
NS5 • • • • • •
D6 • • • • • • •
D2 • • •

(a)

O8+ O8−

NS5 NS5
N D6’s

k D2’s

(b)

Field Type U(k) U(N) U(1)S U(1)A
(Aµ, λα̇A+ ) vec adj
(aαβ̇ , λαA− ) hyp adj
(qα̇, ψA−) hyp k N
(ϕA,Φα̇

−) twisted hyp anti 1
(Ψα

+) Fermi sym 1
(ψ+) Fermi k N 1

(ϕ̃A, Φ̃α̇
−) twisted hyp sym 1

(Ψ̃α
+) Fermi anti 1

(ψ̃+) Fermi k N 1

(c)

Figure 6. Brane configuration (a), (b) and the matter content for the k-strings in the SU(N) +
1sym + 1Λ2 LST.

hypermultiplets, respectively, at k-instantons [103]. Note that the gauge anomaly of the
2d theory is cancelled as

−4× k + 4× k + 2N × 1
2 + 2× k − 2

2 − 2× k + 2
2 −N × 1

2
+2× k + 2

2 − 2× k − 2
2 −N × 1

2 = 0 ,
(3.81)

where each term comes from the charged chiral fermions given in figure 6(c).
There are mixed anomalies between the gauge and global U(1) symmetries. Let TU(1),

S, A, G be generators of U(1) ⊂ U(k), U(1)S , U(1)A and U(1)G ⊂ U(N), respectively.
Then mixed anomalies are

Tr γ3TU(1)S = −4−N , Tr γ3TU(1)A = 4−N , Tr γ3TU(1)G = −4N . (3.82)

Thus, the anomaly free U(1) global symmetry in the 2d gauge theory is the subgroup of
U(1)S × U(1)A × U(1)G generated by 2S + 2A−G. There is a decoupled U(1) symmetry
generated by TU(1) − 2S − 2A+G which acts trivially on the 2d fields.
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We compute the elliptic genera of the little strings using the 2d gauge theory description
and the localization technique. The 1-string elliptic genus when N = 3 is

Z1 = −
3∑
j=1

θ1(2aj +m1 − ε+)θ1(2aj +m1 − ε+ − ε1,2)
θ1(ε1,2)θ1(2aj +m2 − 3ε+)

3∏
k 6=j

θ1(ajk +m1,2 − ε+)
θ1(ajk)θ1(2ε+ − ajk)

+
4∑
I=1

θ1(m1 −m2 + ε1,2)
θ1(ε1,2)

3∏
j=1

θI(aj +m1 − m2
2 + ε+

2 )
θI(aj − 3ε+−m2

2 )
, (3.83)

where a1, a2, a3 are the chemical potentials for U(3), and m1 and m2 are the U(1)S and
U(1)A chemical potentials, respectively. Here we use a shorthand notation, ajk = aj − ak.
We present the computational details and the 2-string elliptic genus in appendix B.3.

We have checked as expected that the leading order of the elliptic genera in q-expansion
correctly reproduces the BPS spectrum of the 5d SU(3) + 1sym + 1Λ2 theory [50], where
m1 and m2 are identified as the mass parameters of the symmetric and antisymmetric
hypermultiplets in the 5d SCFT. However, when considering the BPS states in the 6d
LST, the chemical potentials appearing in the elliptic genera are further constrained by
the mixed anomalies given in (3.82), and for N = 3, the chemical potential for the anomaly-
free U(1) is determined by the condition

− 7m1 +m2 − 4
3∑
i=1

ai = 0 . (3.84)

We can also set ∑i ai = 0 using the fact that the U(1) symmetry generated by TU(1) −
2S − 2A + G decouples from the 2d CFT. By imposing these conditions, we can rewrite
the elliptic genera such that they only depend on a chemical potential m1 −m2 as well as
SU(3) chemical potentials ai with

∑
i ai = 0. This is consistent with the fact that the 6d

LST has only one anomaly-free U(1) symmetry, as we will show below.

Modularity. The modular property of the elliptic genus can be read from the anomaly
polynomial of the 2d theory. Each chiral fermion in figure 6(c) contributes to the 2d
anomaly polynomial as

λα̇A+ + λαA− → 2k2
(
c2(r) + c2(R)

2 − c2(l) + c2(R)
2

)
,

Ψα
+ + Φ̃α̇

− → k(k + 1)
(
c2(l)− c2(r)

2 + 1
2F

2
1 −

1
2F

2
2

)
,

Φα̇
− + Ψ̃α

+ → k(k − 1)
(
c2(l)− c2(r)

2 − 1
2F

2
1 + 1

2F
2
2

)
,

ψA− + ψ+ + ψ̃+ → Nk

(
−c2(R) + 1

2F
2
1 + 1

2F
2
2

)
,

(3.85)

where F1 and F2 are the field strengths for U(1)S and U(1)A, respectively. Thus the full
anomaly polynomial of the 2d theory for k-strings is given by

I4 = k

(
−Nc2(R) + N + 2

2 F 2
1 + N − 2

2 F 2
2

)
. (3.86)
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The same result can be decuced using the anomaly inflow from the 6d LST in the
presence of k-strings. The 1-loop anomalies from the chiral fields in the 6d SU(N) gauge
theory contain the mixed gauge anomalies

I8 ⊃
1
4 TrF 2

SU(N) ∧
(
−Nc2(R) + N + 2

2 F 2
1 + N − 2

2 F 2
2

)
+ 1

6 trF 3
SU(N) ∧ ((N + 4)F1 + (N − 4)F2) ,

(3.87)

where ‘tr’ is the trace in fundamental representation. To obtain this, we used following
relations,

trsym F 3 = (N + 4) trF 3 , trΛ2 F 3 = (N − 4) trF 3, (3.88)

for the SU(N) representations. The gauge anomaly in the first line is cancelled by adding
the counterterm as (2.31). The second line is the ABJ anomaly and it imposes a constraint
on the flavor symmetries as

F2 = −N + 4
N − 4F1 . (3.89)

Thus, there is only one anomaly-free global symmetry, given by U(1) ⊂ U(1)S × U(1)A.
Then, the anomaly inflow from the 6d LST on the k-string background leads to the same
anomaly polynomial in (3.86) for the worldsheet CFT.

Now we make a modular ansatz for the elliptic genus of k-strings in the SU(3) LST
based on the anomaly polynomial. The elliptic genus Zk has a modular anomaly

∫
I4 =

−3kε2+. Thus the modular ansatz we propose is

Zk = Φk(τ, ε±, φ1, φ2)
Dcm
k · D

A2
k

. (3.90)

The SU(3) chemical potentials φ1,2 are related to a1,2,3 in the elliptic genus given in (3.83) by

a1 = φ1 , a2 = −φ1 + φ2 , a3 = −φ2 . (3.91)

We turn off the U(1) flavor chemical potential because U(1) has trivial Weyl group and
does not fit into the standard theory of Weyl invariant Jacobi forms.

At 1-string order, the ansatz has 514 unknown coefficients C(k)
i , and we check that this

ansatz with the coefficients in table 8, which are listed in ascending order with respect to
{ε+, ε−, φ1,2}, reproduces the 1-string elliptic genus obtained from the ADHM construction
in (3.83).

Blowup equation. Lastly, let us consider the blowup equation for the SU(3) + 1sym +
1Λ2 LST. We first compute the effective prepotential. The 1-loop prepotential from the
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k C
(k)
i

1

1
230·313 {0,−256,−512,−960,−1024,−512,−10752,−12288,−64512,−36864,−90112,−32768, 64, 32, 128, 192,
16, 256,−1024,−224, 1536,−3840,−1536,−1152,−13824, 5376,−36864,−12288,−163840, 1536,−32768,
−29184,−98304, 208896, 368640, 221184, 81920,−131072, 1,−4, 8, 240,−2496, 912, 768,−1728,−4096, 12288,
−2304,−8192,−30720,−384,−12288,−18432, 12288,−101376, 368640,−43008,−73728, 18432, 32768,
−104448,−524288, 184320,−1572864,−196608, 0, 589824, 524288,−131072, 24,−168, 3840, 960,−21504,
−4992,−27648,−7296, 32768, 86016, 13056, 65536,−73728,−9216,−196608,−221184, 196608,−73728, 294912,
−688128, 0,−81920, 1048576,−98304,−262144,−16384,−1179648,−672,−192, 9216, 6144,−12288, 12288,
−16384, 13312, 0, 0,−16384, 0,−32768, 2048, 0, 98304, 512, 256,−2048, 0, 192, 32, 384, 672, 768,−768, 6912,
−6144, 4608, 1536, 12288, 4032,−30720, 7680,−190464,−104448,−221184, 36864, 319488, 196608, 0, 4,−56, 576,
−256,−672, 576, 1536,−13824, 1584, 3072, 19968,−384,−12288, 43776,−24576, 20736,−239616, 9216, 92160,
−122880, 921600, 69120, 405504,−158208, 1892352,−417792,−1916928,−1032192,−688128, 393216,−9, 72,
−1920,−1920, 13824, 7680, 26112, 8640,−24576,−142848,−13824,−49152, 38400, 2688, 319488, 460800,
−24576, 36864,−1032192, 700416, 442368, 135168,−1081344,−258048, 491520, 12288, 4325376,−196608,
−1179648, 504, 504,−11904,−11904, 18432,−5376, 30720,−16128, 0,−36864, 23040, 0, 12288, 7168, 0,−98304,
0,−98304, 0, 98304,−576,−576, 2048,−1024, 0,−2048, 8,−12, 16,−288,−224,−288, 768,−256,−1152,−2304,
576,−2880,−11808,−2304, 6912,−23040, 24576, 9216, 59904,−267264,−14208, 110592, 78336, 414720, 276480,
1566720, 36864,−368640,−294912, 0, 0, 396,−96, 5088,−5376,−15264,−1344, 16128, 53376, 11424, 29952,
23040, 4032,−4608,−347904,−105984, 165888, 442368,−109056,−442368, 36864,−1548288, 496128, 368640,
−161280,−3096576, 995328, 3907584,−368640,−442368,−126, 0,−2736, 6432, 53760, 10272, 0, 9408,−110592,
−113664,−23808,−36864, 82944,−1152, 258048,−202752,−147456, 138240, 368640, 374784,−147456,−55296,
−1179648, 67584, 1224, 648,−9216, 1216, 15360,−18304, 0,−5248, 0, 49152, 4864,−288,−1, 4,−72,−96,−1044,
672, 5472, 1344,−3456, 13824,−3072,−3456,−8064,−960,−6912, 85824, 89856,−6912, 165888,−55296,
165888, 73728, 663552,−162432,−387072, 23040,−608256,−387072,−2211840, 552960, 663552, 0,−24, 168,
−984, 48,−27936,−11136, 16416, 1920, 69120, 228096, 2400,−41472, 41472, 13440,−525312, 260352,−138240,
89856,−110592,−27648,−55296, 147456, 2101248, 317952, 110592, 4608,−663552, 294,−456,−1344,−7296,
−11520,−4224, 16128,−10176, 0,−13824, 15360, 0, 32256,−7296, 0,−92160,−728,−472, 4992, 9,−72, 576,
1584,−1944, 3744,−7776,−4608,−15552,−96768,−2304, 10368,−20736,−8064, 72576,−95040, 20736,
−145152,−290304,−110592,−82944,−241920,−539136,−209088,−248832, 55296, 787968,−165888,−248832,
−504,−504, 15768, 12960,−63072,−4608,−30240, 14112, 93312, 15552,−18864, 0,−13824,−6624, 0, 317952, 0,
93312,−373248,−172800, 333, 900,−4248, 1008, 1728, 9936, 126, 0,−1296,−7776, 14904, 5184, 2592,−5184,
−31104,−41472, 13824, 31104,−67392,−864, 155520,−121824, 124416,−124416, 435456, 0, 124416, 41472, 0,
−108864,−1224,−648, 10260,−1080,−12960, 17280, 0, 5184, 0,−62208,−4752, 531, 378, 648,−10368, 648,
34020,−3888, 0,−2592,−23328, 62208, 0, 0, 0, 5184,−46656,−54432, 216, 216,−2916, 243,−324, 1944, 0,−2916,
−7776,−243}

Table 8. Coefficients in the modular ansatz for the 1-string elliptic genus of the SU(3)+1sym+1Λ2

LST.

SU(3) vector and hypermultiplets is

6F = 1
2
∑
n∈Z

∑
e∈R
|nτ + e · φ|3 −

∑
w∈sym

|nτ + w · φ+m1|3 −
∑
w∈Λ2

|nτ + w · φ+m2|3


=
(
8φ3

1 − 3φ2
1φ2 − 3φ1φ

2
2 + 8φ3

2

)
− 1

2
(
(φ2 +m2)3+(φ2 − φ1 −m2)3+(φ1 −m2)3

)
− 1

2
(
(2φ1 +m1)3 + (φ2 +m1)3 + (−2φ1 + 2φ2 +m1)3 + (−φ1 + φ2 −m1)3

+ (φ1 −m1)3 + (2φ2 −m1)3
)
, (3.92)

in the chamber φ2 ≥ φ1 > 0. In the last expression, we keep only the terms dependent
on the dynamical Kähler parameter φi’s. We also evaluate the perturbative partition
function (3.80) in this chamber. With the tree level contributions and the contributions
from the mixed Chern-Simons terms, the full effective prepotential is given by

E = 1
ε1ε2

(
F − ε21 + ε22

48 (4φ1 − 4φ2) + ε2+(φ1 + φ2)
)

+ E(0)
tree , (3.93)

where
E(0)

tree = 1
ε1ε2

[
w(φ2

1 − φ1φ2 + φ2
2) + φ0

(
3ε2+ −

5
2m

2
1 −

1
2m

2
2

)]
, (3.94)
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with w ∼ 1/g2
YM and an auxiliary scalar VEV φ0 ≡ φ0,0. Also, because of the 6d mixed

anomaly free condition given in (3.89), we impose the condition

m2 = 7m1 (3.95)

in the effective prepotential (3.93). This is compatible with the 2d mixed anomaly free
condition (3.84).

The blowup equation can be constructed with a set of magnetic fluxes

n0 ∈ Z , n1 ∈ Z + 2/3 , n2 ∈ Z + 1/3 , Bm1 = 1/6 , Bτ = Bw = 0 . (3.96)

We propose that the blowup equation of the form given in (2.18) with these inputs is
satisfied for the partition function of the SU(3) LST. We have checked that the elliptic
genera computed using the 2d gauge theory satisfy this blowup equation order by order
in the expansion with respect to the fugacities e2πiw, q = e2πiτ , t = e2πi(2φ1−φ2), and
u = e2πi(−φ1+2φ2), up to 2-strings, q1, t1 and u1 orders.

We also attempted to solve the blowup equation with the help of the modular ansatz
in (3.90). By utilizing the blowup equation and modular ansatz, we were able to find a BPS
spectrum up to q1, t−1 and u1 order which mathches with the ADHM computation given
in (3.83). This fixes 419 unknown coefficients in the modular ansatz, which are compatible
with those listed in table 8. We expect that higher order computations of blowup equation
will fix the remaining unknowns in the modular ansatz.

4 Conclusion

In this paper, we have proposed the blowup equations for six-dimensional little string theo-
ries (LSTs), and demonstrated how our proposal works in some cases. In order to formulate
the blowup equations, we have found that we need to introduce an auxiliary 2-form field to
cancel the mixed gauge-global anomalies and also take into account the summation over its
magnetic fluxes on the blown-up P1 as well as the fluxes for the dynamical tensor and gauge
symmetries. Although the flux sum for the auxiliary 2-form field in the blowup equation is
divergent, which is essentially because the auxiliary 2-form field has no quadratic kinetic
term and it is thus non-dynamical, we have found that the blowup equation still makes
sense as a Laurant series expansion in terms of Kähler parameters, and we can even use
it to determine the BPS spectra of strings in the LSTs with the help of modular ansatz.
As concrete examples, we have computed the elliptic genera of strings in Â1 type LSTs in
IIA/IIB string theories, LSTs in E8×E8 and SO(32) heterotic string theories, and an rank-
2 LST with SU(3) guage symmetry and 1sym + 1Λ2 hypermultiplets. We then checked
that these elliptic genera satisfy the blowup equations, and conversely, that the unknown
coefficients of their modular ansatz can be fixed by solving the blowup equations.

There are some interesting extensions of the results in this paper. First, it would
be quite interesting to generalize the blowup formalism into supergravity theories. The
blowup equations for little string theories may suggest the possibility of this generalization
because elliptic genera of the string worldsheet theories in some supergravity theories such
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as 9d/10d heterotic string theories are related with the elliptic genera of LSTs through
RG-flows by higgsings. A key difference between supergravity theories and LSTs or SCFTs
is that all symmetries in supergravity theories are gauged. As a result, we need to turn
on dynamical magnetic fluxes for all the symmetries in the theory, and the Λ factor in
the blowup equation can only depend on the Ω-deformation parameters. We leave this
generalization as a future work.

Another extension of the current work is the consideration of twisted compactifications
of little string theories. The blowup formalism for 5d Kaluza-Klein theories resulting from
6d SCFTs compactified on a circle with automorphism twists has been previously explored
in [50]. It is straightforward to extend this approach to derive the blowup equations for
twisted compactifications of LSTs by simply replacing the intersection form Ωαβ of the
tensor nodes and the Killing forms Kij for the gauge algebras in the blowup equation for
untwisted LSTs with their twisted counterparts. One potential use of this formulation is
to confirm T-dualities between LSTs including twists along the T-dual circle. For example,
the SU(3) gauge theory with 1sym + 1Λ2 we discussed in section 3.3 is expected to be
T-dual to another little string theory with a twist [104], which is due to the presence of the
symmetric hypermultiplet. The blowup equations for twisted LSTs may provide a more
rigorous method for identifying and verifying such dualities.

As another generalization, one can also study little string theories with supersym-
metric defects. Various BPS defects in superconformal field theories have been widely
studied. For instance, the partition functions of 5d/6d field theories in the presence of the
codimension 4 defects were investigated in [55] in the context of the blowup formalism.
It should be straightforward to extend this approach to the study of LSTs coupled to
codimension 4 defects, offering a concrete method for analyzing the dynamics of these
defects within the LSTs.

Recently, a systematic method for calculating the partition functions of LSTs engi-
neered by NS5-branes on D- and E-type singularities using the topological vertex formalism
was proposed in [105]. The resulting partition functions for D-type LSTs were found to
be consistent with those obtained using the elliptic genus computation in [64], while the
partition functions for E-type LSTs represent new results. It would be valuable to verify
these proposed partition functions using the blowup equations.
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A Elliptic functions

In this appendix, we summarize definintions and properties of the modular forms and
Jacobi forms used in this paper.

A.1 Modular forms

Let H = {z ∈ C | =z > 0} be the upper half plane of the complex plane, τ ∈ H be the
complex structure of the torus and q = e2πiτ . A modular form of weight k is a function
f : H → C satisfying

f

(
aτ + b

cτ + d

)
= (cτ + d)kf(τ) ,

a b
c d

 ∈ SL(2,Z) . (A.1)

An example of the modular form is the Eisenstein series defined by

E2k(τ) = 1
2ζ(2k)

∑
(m,n) 6=(0,0)

1
(m+ nτ)2k = 1 + (2πi)2k

ζ(2k)(2k − 1)!

∞∑
n=1

σ2k−1(n)qn , (A.2)

where ζ(s) is the Riemann zeta function and σk(n) = ∑
d|n d

k is the divisor function.
E2k(τ) with k > 1 are the holomorphic modular forms of weight 2k, while E2(τ) is only
quasi-modular:

E2

(
aτ + b

cτ + d

)
= (cτ + d)2E2(τ)− 6i

π
c(cτ + d) . (A.3)

Two Eisenstein series E4(τ) and E6(τ) generate the ring of holomorphic modular forms
M∗(SL(2,Z)) = ⊕

k≥0M2k(SL(2,Z)), where M2k(SL(2,Z)) is the space of weight 2k
modular forms. In other words,M2k(SL(2,Z)) can be written as

M2k(SL(2,Z)) =
⊕

4a+6b=2k
CE4(τ)aE6(τ)b . (A.4)

As a related function with the Eisenstein series, we define the Dedekind eta function as

η(τ) = q1/24
∞∏
n=1

(1− qn) . (A.5)

Its 24th power ∆(τ) = η(τ)24 = (E4(τ)3−E6(τ)2)/1728 is a weight 12 modular form called
modular discriminant and η(τ) itself has following modular transformation properties:

η(τ + 1) = eπi/12η(τ) , η(−1/τ) =
√
−iτη(τ) . (A.6)
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A.2 Jacobi forms

There is a generalization of the modular forms including additional fugacities. A function
ϕk,m : H× C→ C is called a Jacobi form [106] if it has two transformation properties

ϕk,m

(
aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)ke

2πimcz2
cτ+d ϕk,m(τ, z) for

a b
c d

 ∈ SL(2,Z) , (A.7)

ϕk,m(τ, z + λτ + µ) = e−2πim(λ2τ+2λz)ϕk,m(τ, z) for λ, µ ∈ Z , (A.8)

and a Fourier expansion of the form

ϕk,m(τ, z) =
∑
n,r

c(n, r)qne2πirz , (A.9)

where k ∈ Z is called the weight and m ∈ Z≥0 is called the index or level of the Jacobi
form. When m = 0, ϕk,m is independent of z and reduces to a modular form of weight
k. ϕk,m is called a holomorphic Jacobi form if c(n, r) = 0 unless 4mn ≥ r2, a cusp Jacobi
form if c(n, r) = 0 unless 4mn > r2, and a weak Jacobi form if c(n, r) = 0 unless n ≥ 0.

Let Jk,m be a space of weak Jacobi forms of weight k and level m. The ring of
weak Jacobi form J∗,∗ = ⊕

k,m Jk,m is freely generated over the ring of modular forms
M∗(SL(2,Z)), whose generators are

ϕ−2,1(τ, z) = −θ1(τ, z)2

η(τ)6 , ϕ0,1(τ, z) = 4
4∑
i=2

θi(τ, z)2

θi(τ, 0)2 , (A.10)

where θi(τ, x) are Jacobi theta functions defined by

θ1(τ, x) = −i
∑
n∈Z

(−1)nq
1
2 (n+1/2)2

yn+1/2 , θ2(τ, x) =
∑
n∈Z

q
1
2 (n+1/2)2

yn+1/2 ,

θ3(τ, x) =
∑
n∈Z

q
n2
2 yn , θ4(τ, x) =

∑
n∈Z

(−1)nq
n2
2 yn ,

(A.11)

for y = e2πix. In other words, any weak Jacobi form ϕk,m can be written as

Jk,m 3 ϕk,m(τ, z) =
∑

4a1+6a2−2a3=k
a3+a4=m,ai∈Z≥0

CaiE4(τ)a1E6(τ)a2ϕ−2,1(τ, z)a3ϕ0,1(τ, z)a4 (A.12)

for some Cai ∈ C. We also frequently use

ϕ−1,1/2(τ, z) = i
θ1(τ, z)
η(τ)3 , (A.13)

which satisfies ϕ−1,1/2(τ, z)2 = ϕ−2,1(τ, z).
The notion of weak Jacobi forms is further generalized to Weyl invariant Jacobi

forms [88]. Let g be a Lie algebra of rank l, hC ∼= Cl be the complexification of the
Cartan subalgebra, W be its Weyl group, Q∨ be the coroot lattice, and P be its weight
lattice. Denote 〈·, ·〉 a Killing form on hC normalized to 2 for the shortest coroot. A Weyl
invariant Jacobi form of weight k and index m is a function ϕk,m : H× hC → C satisfying
following conditions.
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g (−k,m)

Al (0, 1), (j, 1) for 2 ≤ j ≤ l + 1

Bl (2j, 1) for 0 ≤ j ≤ l

Cl (0, 1), (2, 1), (4, 1), (2j, 2) for 3 ≤ j ≤ l

Dl (0, 1), (2, 1), (4, 1), (l, 1), (2j, 2) for 3 ≤ j ≤ l − 1

E6 (0, 1), (2, 1), (5, 1), (6, 2), (8, 2), (9, 2), (12, 3)

E7 (0, 1), (2, 1), (6, 2), (8, 2), (10, 2), (12, 3), (14, 3), (18, 4)

F4 (0, 1), (2, 1), (6, 2), (8, 2), (12, 3)

G2 (0, 1), (2, 1), (6, 2)

Table 9. Weights and indices for the fundamental Weyl invariant Jacobi forms.

(i) Weyl-invariance: for w ∈W ,

ϕk,m(τ, wz) = ϕk,m(τ, z) . (A.14)

(ii) Modularity: for
(
a b
c d

)
∈ SL(2,Z),

ϕk,m

(
aτ + b

cτ + d
,

z

cτ + d

)
= (cτ + d)k exp

(
πimc

cτ + d
〈z, z〉

)
ϕk,m(τ, z) . (A.15)

(iii) Quasi-periodicity: for λ, µ ∈ Q∨,

ϕk,m(τ, z + λτ + µ) = exp(−πim[〈λ, λ〉τ + 2〈λ, z〉])ϕk,m(τ, z) . (A.16)

(iv) Fourier expansion:

ϕk,m(τ, z) =
∞∑
n=0

∑
`∈P

c(n, `)qne2πi〈`,z〉 . (A.17)

The weak Jacobi forms defined above are g = A1 case.
Let Jk,m(g) be the space of the g Weyl invariant Jacobi forms with weight k and index

m. Then, for a simple Lie algebra except for E8, the bigraded ring,

J∗,∗(g) =
⊕
k,m∈Z

Jk,m(g) (A.18)

is freely generated by l + 1 fundamental Weyl invariant Jacobi forms over the ring of
modular formsM∗(SL(2,Z)). The Wirthmüller’s theorem [88] provides weights and indices
for fundamental Weyl invariant Jacobi forms of simple Lie algebras except for E8 as we
list in table 9. Although the theorem does not give explicit form of the Jacobi forms,
generators of Weyl invariant Jacobi forms for each Lie algebra have been studied in many
literatures [107–112]. The E8 is exceptional case for Wirthmüller’s theorem, but its Weyl
invariant Jacobi forms are also studied recently [89, 113–115]. See also [65, 116] for a review
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in physics liturature. Here, we give a construction of Weyl invariant Jacobi forms used in
this paper.

Let us consider g = Al. The weight −k Jacobi form ϕAlk ∈ J−k,1(Al) is given by

ϕAlk = Z l+1−k
l+1∏
j=1

iθ1(xj)
η3

∣∣∣∣∣∣∑
xj=0

, (k = 0, 2, 3, · · · , l + 1) (A.19)

where

Z = 1
2πi

l+1∑
j=1

∂

∂xj
+ π2

3 E2(τ)
l+1∑
j=1

xj

 . (A.20)

The orthogonal basis xj ’s are related with the Dynkin basis φi’s by x1 = φ1, xj = −φj−1+φj
for 2 ≤ j ≤ l and xl+1 = −φl. In particular, we use

ϕA2
3 =

(
χ3 − χ3

)
+
(
χ6 − χ6 + 7χ3 − 7χ3

)
q +O(q2), (A.21)

ϕA2
2 = 1

2
[(

6− χ3 − χ3
)

+
(
42 + 6χ8 − χ6 − χ6 − 13χ3 − 13χ3

)
q +O(q2)

]
,

ϕA2
0 = 1

4
[(

18 + χ3 + χ3
)

+
(
342 + 18χ8 + χ6 + χ6 − 83χ3 − 83χ3

)
q +O(q2)

]
,

for g = A2 in section 3.3 to write the modular ansatz for the SU(3) + 1sym + 1Λ2 LST,
where χR denotes character of SU(3) for representation R.5

Next, to study the Dl Jacobi forms, we first consider the Bl Jacobi forms. The gener-
ators of Bl Jacobi forms ϕBl2j ∈ J−2j,1 can be computed from the generating function

l∏
j=1

iθ1(v − xi)
η3

iθ1(v + xi)
η3 =

(
i
θ1(v)
η3

)2l l∑
j=0

℘(2j−2)(v)
(2j − 1)! ϕ

Bl
2j (x1, · · · , xl) , (A.22)

where j = 0 term in the summation is understood as ϕBl0 (x1, · · · , xl), and ℘ is the Weier-
straß ℘ function defined as

℘(z) = θ3(0)2θ2(0)2

4
θ4(z)2

θ1(z)2 −
1
12
(
θ3(0)4 + θ2(0)4

)
. (A.23)

Then the l − 3 generators of Dl Jacobi forms with index 2 is identified with Bl Jacobi
forms:

ϕDl−k,2 = ϕBlk (k = 6, 8, · · · , 2l − 2) , (A.24)

5Note that ϕA2
0 in our paper is −6ϕ0 defined in appendix B of [77].
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where ϕDl−k,2 ∈ J−k,2(Dl) and ϕBlk ∈ J−k,1(Bl). The index 1 generators are

ϕDl−n,1 =
l∏

j=1

θ1(xj)
η3 , ϕDl−4,1 = 1

η12

(∏l
j=1 θ3(xj)
θ3(0)l−4 −

∏l
j=1 θ4(xj)
θ4(0)l−4 −

∏l
j=1 θ2(xj)
θ2(0)l−4

)
,

ϕDl−2,1 = θ3(0)4 + θ4(0)4

η12

(∏l
j=1 θ3(xj)
θ3(0)l−4 −

∏l
j=1 θ4(xj)
θ4(0)l−4 +

2∏l
j=1 θ2(xj)
θ2(0)l−4

)

− 3θ2(0)4

η12

(∏l
j=1 θ3(xj)
θ3(0)l−4 +

∏l
j=1 θ4(xj)
θ4(0)l−4

)
,

ϕDl0,1 = 1
η12

(∏l
j=1 θ3(xj)
θ3(0)l−12 −

∏l
j=1 θ4(xj)
θ4(0)l−12 −

∏l
j=1 θ2(xj)
θ2(0)l−12

)
, (A.25)

where ϕDl−k,1 ∈ J−k,1(Dl). These level 1 Jacobi forms are used to construct the 1-string
elliptic genus of the SO(32) heterotic LST in subsection 3.2.2.

Lastly, we review the E8 Jacobi forms. The bigraded ring J∗,∗(E8) for the E8 Weyl
invariant Jacobi forms are contained in a polynomial algebra overM∗(SL(2,Z)) generated
by nine functions [89]:

J∗,∗(E8) (M∗(SL(2,Z))[A1, A2, A3, A4, A5, B2, B3, B4, B6] , (A.26)

where [113]

A1 = ΘE8(τ,x) = 1
2

4∑
k=1

8∏
j=1

θk(τ,xj) , A4 = ΘE8(τ,2x) , (A.27)

An = n3

n3 +1

(
ΘE8(nτ,nx)+ 1

n4

n−1∑
k=0

ΘE8

(
τ+k

n
,x

))
(n= 2,3,5) ,

B2 = 32
5

(
e1(τ)ΘE8(2τ,2x)+ 1

24 e3(τ)ΘE8

(
τ

2 ,x
)

+ 1
24 ΘE8

(
τ+1

2 ,x

))
,

B3 = 81
80

(
h(τ)2ΘE8(3τ,3x)− 1

35

2∑
k=0

h

(
τ+k

3

)2
ΘE8

(
τ+k

3 ,x

))
,

B4 = 16
15

(
θ4(2τ,0)4ΘE8(4τ,4x)− 1

24 θ4(2τ,0)4ΘE8

(
τ+ 1

2 ,2x
)

− 1
210

3∑
k=0

θ2

(
τ+k

2 ,0
)4

ΘE8

(
τ+k

4 ,x

))
,

B6 = 9
10

(
h(τ)2ΘE8(6τ,6x)+ 1

24

1∑
k=0

h(τ+k)2ΘE8

(3τ+3k
2 ,3x

)

− 1
35

2∑
k=0

h

(
τ+k

3

)2
ΘE8

(2τ+2k
3 ,2x

)
− 1

24 ·35

5∑
k=0

h

(
τ+k

3

)2
ΘE8

(
τ+k

6 ,x

))
.

Here,

e1(τ) = 1
12
(
θ3(τ, 0)4 + θ4(τ, 0)4

)
, e2(τ) = 1

12
(
θ2(τ, 0)4 − θ4(τ, 0)4

)
, (A.28)

e2(τ) = 1
12
(
−θ2(τ, 0)4 − θ3(τ, 0)4

)
, h(τ) = θ3(2τ, 0)θ3(6τ, 0) + θ2(2τ, 0)θ2(6τ, 0) ,
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An and Bn have index n and weight 4 and 6, repectively, and normalized such that
An(τ, 0) = E4(τ) and Bn(τ, 0) = E6(τ). They are used to construct modular ansatz of
E8 × E8 LST in subsection 3.2.1.

B Derivation of elliptic genera

In this appendix, we present the details for elliptic genus computations of E8×E8 heterotic
LST, SO(32) heterotic LST and SU(3)+1sym+1Λ2 LST using the 2d ADHM constructions
for the moduli spaces of (instanton) strings.

B.1 Elliptic genus of E8 × E8 heterotic LST

We can evaluate the elliptic genera of the rank 1 E8 × E8 heterotic LST from the 2d
N = (0, 4) gauge theory description given in figure 4. The elliptic genus is given by the in-
tegration of 1-loop determinants of supermultiplets in 2d gauge theory over flat connections
of the O(k1)×O(k2) gauge group. Note that we also have to sum over disconnected sectors
of the flat connections corresponding to the disconnected components of the orthogonal
gauge group. For a O(k) group with k ≥ 3, there are at most bk/2c complex moduli uI
and in total eight disconnected sectors for flat connections, while O(2) has seven sectors
consist of one continuous complex modulus and six discrete holonomies, and O(1) has four
discrete sectors [94]. In total, (k1, k2)-string elliptic genus is given by

Z(k1,k2) =
∑
I1,I2

1
|W (I1)| · |W (I2)|

1
(2πi)r1+r2

∮
Z1−loop , (B.1)

where I1 and I2 represents disconnected sectors of O(k1) and O(k2) flat conections, W (I1,2)

are corresponding Weyl group factors and r1,2 are number of continuous complex mod-
uli. The integration contour is chosen by Jeffery-Kirwan residue (JK-residue for short)
prescription as discussed in [75, 90]. The 1-loop determinant Z1−loop is the collection of
following 1-loop determinants

Z(j)
vec =

( rj∏
I=1

2πη2duI
i

iθ1(2ε+)
η

) ∏
e∈Rj

iθ1(e · u)
η

iθ1(2ε+ + e · u)
η

 ,
Z

(j)
sym,hyp =

∏
w∈symj

(iη)2

θ1(ε1,2 + w · u) , Z
(j)
fund,Fermi =

∏
w∈fundj

lj+7∏
l=lj

iθ1(ml + w · u)
η

,

Zbifund =
∏

w∈bifund

θ1(±m0 + ε− + w · u)
θ1(±m0 − ε+ + w · u) ,

(B.2)

for j = 1, 2, where Rj , symj and fundj denotes root system, symmetric and fundamen-
tal representation of SO(kj), repectively, bifund is the bifundamental representation of
SO(k1) × SO(k2) and (l1, l2) = (1, 9). The details of the contour integral for O(k) gauge
group are explained in [94], and we will use some of their results.
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(1,0)-string. The O(1) gauge group consists of four discrete flat connections labelled by
uI = 0, 1

2 ,
τ+1

2 , τ2 . For each sector, the 1-loop determinant is

ZI(1,0) = (iη)2

θ1(ε1 + 2u)θ1(ε2 + 2uI)

8∏
l=1

iθ1(ml + uI)
η

. (B.3)

Thus, the (1, 0)-string elliptic genus is

Z(1,0) = −1
2

4∑
I=1

∏8
l=1 θI(ml)

η6θ1(ε1)θ1(ε2) , (B.4)

where 1/2 is the Weyl group factor.

(2,0)-string. The O(2) gauge group has one continuous flat connection and six discrete
flat connections. The contribution from the continuous sector is

Z
(0)
(2,0) = 1

2πi

∮ 2πη2du

i

iθ1(2ε+)
η

(iη)6

θ1(ε1,2)θ1(ε1,2 ± 2u)

8∏
l=1

iθ1(ml ± u)
η

. (B.5)

The JK-residue comes from u = − ε1,2
2 + uI , where uI = 0, 1

2 ,
τ+1

2 , τ2 . In total, we compute6

Z
(0)
(2,0) = 1

2η12θ1(ε1)θ1(ε2)

4∑
I=1

( ∏8
l=1 θI(ml ± ε1

2 )
θ1(2ε1)θ1(ε2 − ε1) +

∏8
l=1 θI(ml ± ε2

2 )
θ1(2ε2)θ1(ε1 − ε2)

)
. (B.6)

The six discrete sectors are

Z
(I,J)
(2,0) = iθ1(uI + uJ)

η

iθ1(2ε+ + uI + uJ)
η

· (iη)6

θ1(ε1,2 + 2uI)θ1(ε1,2 + 2uJ)θ1(ε1,2 + uI + uJ)

8∏
l=1

iθ1(ml + uI,J)
η

, (B.7)

where (I, J) = (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4) labels the six sectors of flat connections
for (u1, u2, u3, u4) = (0, 1

2 ,
τ+1

2 , τ2 ). These sectors can be rewritten as

Z
(I,J)
(2,0) =

θσ(I,J)(0)θσ(I,J)(2ε+)∏8
l=1 θI(ml)θJ(ml)

η12θ1(ε1,2)2θσ(I,J)(ε1)θσ(I,J)(ε2) , (B.8)

where
σ(I, J) = σ(J, I) , σ(I, I) = 0 , σ(1, I) = I ,

σ(2, 3) = 4 , σ(2, 4) = 3 , σ(3, 4) = 2 .
(B.9)

After dividing it by the Weyl group factor, the (2, 0)-string elliptic genus is given by

Z(2,0) = 1
2Z

(0)
(2,0) + 1

4

4∑
I=1

4∑
J=I+1

Z
(I,J)
(2,0) . (B.10)

6The overall sign is chosen by requiring the GV-invariant structure (2.3).
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(1,1)-string. Let u1 and u2 label the flat connections for two O(1) gauge groups. As we
explained in the (1,0)-string case above, there are four distinct flat connections labelled by
uI = 0, 1

2 ,
τ+1

2 , τ2 for each O(1) gauge group. The 1-loop determinant is

Z
(I,J)
(1,1) = (iη)4

θ1(ε1 + 2uI,J)θ1(ε2 + 2uI,J)
θ1(±m+ ε− + uI + uI)
θ1(±m− ε+ + uI + uJ)

·
( 8∏
l=1

iθ1(ml + uI)
η

)( 16∏
l=9

iθ1(ml + uJ)
η

)
,

(B.11)

where I, J = 1, 2, 3, 4 when uI,J = 0, 1
2 ,

τ+1
2 , τ2 , repectively. By dividing it by the Weyl

group factor, the (1, 1)-string elliptic genus is

Z(1,1) = 1
4

4∑
I,J=1

∏8
l=1 θI(ml) ·

∏16
l=9 θJ(ml)

η12θ1(ε1)2θ1(ε2)2
θσ(I,J)(±m0 + ε−)
θσ(I,J)(±m0 − ε+) . (B.12)

(2,1)-string. To compute the (2, 1)-string elliptic genus, we need to consider all combi-
nations of O(2) and O(1) flat connections. First, from the continuous sector of O(2) and
four discrete sectors of O(1), we have

Z
(0)
(2,1) = 1

2πi

∮ 2πη2du1
i

iθ1(2ε+)
η

(iη)6

θ1(ε1,2)θ1(ε1,2 ± 2u1)
(iη)2

θ1(ε1 + 2uJ)θ1(ε2 + 2uJ)

· θ1(±m+ ε− + u1 + uJ)θ1(±m+ ε− − u1 + uJ)
θ1(±m− ε+ + u1 + uJ)θ1(±m− ε+ − u1 + uJ) (B.13)

·
( 8∏
l=1

iθ1(ml ± u1)
η

)( 16∏
l=9

iθ1(ml + uJ)
η

)
,

where uJ = 0, 1
2 ,

τ+1
2 , τ2 labels O(1) flat connections. Then Z(0)

(2,1) is given by sum of following
two JK-residues:

• u1 = − ε1,2
2 + uI for uI = 0, 1

2 ,
τ+1

2 , τ2

4∑
I,J=1

−
∏8
l=1 θI(ml ± ε1

2 ) ·∏16
l=9 θJ(ml)

2η18θ1(ε1,2)2θ1(2ε1)θ1(ε2 − ε1)
θσ(I,J)(±m0 + ε1 − ε2

2 )
θσ(I,J)(±m0 − ε1 − ε2

2 ) + (ε1 ↔ ε2) (B.14)

• u1 = ±m+ ε+ − uJ

4∑
I=1

−
∏8
l=1 θI(ml ± (m0 + ε+)) ·∏16

l=9 θI(ml)
η18θ1(ε1,2)θ1(2m0)θ1(2m0 + 2ε+)θ1(2m0 + 2ε+ + ε1,2) + (m0 → −m0) (B.15)

Next, there are combinations of six discrete sectors for O(2) and four discrete sectors for
O(1). If we denote (uI , uJ) = (0, 1

2), (0, τ+1
2 ), (0, τ2 ), (1

2 ,
τ+1

2 ), (1
2 ,

τ
2 ), ( τ+1

2 , τ2 ) as the O(2)
discrete flat connections and uK = 0, 1

2 ,
τ+1

2 , τ2 as the O(1) flat connections, the 1-loop
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determinant is

Z
(I,J,K)
(2,1) = iθ1(uI + uJ)

η

iθ1(2ε+ + uI + uJ)
η

(iη)6

θ1(ε1,2 + 2uI,J)θ1(ε1,2 + uI + uJ)

· (iη)2

θ1(ε1,2 + 2uK)
θ1(±m+ ε− + uI + uK)θ1(±m+ ε− + uJ + uK)
θ1(±m− ε+ + uI + uK)θ1(±m− ε+ + uJ + uK)

·
( 8∏
l=1

iθ1(ml + uI,J)
η

)( 16∏
l=9

iθ1(ml + uK)
η

)
. (B.16)

Then we get

Z
(I,J,K)
(2,1) = −

θσ(I,J)(0)θσ(I,J)(2ε+)
η18θ1(ε1,2)3θσ(I,J)(ε1,2)

θσ(I,K)(±m0 + ε−)θσ(J,K)(±m0 + ε−)
θσ(I,K)(±m0 − ε+)θσ(J,K)(±m0 − ε+)

·
8∏
l=1

θI(ml)θJ(ml) ·
16∏
l=9

θK(ml) . (B.17)

By dividing it by the Weyl group factor, the (2, 1)-string elliptic genus can be written as

Z(2,1) = 1
4Z

(0)
(2,1) + 1

8

4∑
K=1

4∑
I<J

Z
(I,J,K)
(2,1) . (B.18)

B.2 Elliptic genus of SO(32) heterotic LST

In this appendix, we compute the elliptic genus of the rank 1 SO(32) heterotic LST based
on the 2d gauge theory description given in figure 5. The 2d theory has orthogonal gauge
group, so k-string elliptic genus can be written as

Zk =
∑
K

1
|W (K)|

1
(2πi)r

∮ ( r∏
I=1

2πη2duI
i

iθ1(2ε+)
η

)(∏
e∈R

iθ1(e · u)
η

iθ1(2ε+ + e · u)
η

)

×

 ∏
ρ∈sym

(iη)2

θ1(ε1,2 + ρ(u))
(iη)2

θ1(±m0 − ε+ + ρ(u))

 ∏
ρ∈anti

i2θ1(±m0 + ε− + ρ(u))
η2


×

 ∏
ρ∈bifund

θ1(m0 + ρ(a, u))
θ1(ε+ + ρ(a, u))

 ∏
ρ∈fund

16∏
l=1

iθ1(ml + ρ(u))
η

 , (B.19)

for a number r of continuous complex moduli uI as explained in [94] and briefly reviewed
in previous subsection. Here, K denotes the disconnected sectors of O(k) flat connec-
tions, W (K) is corresponding Weyl group, R, sym, anti and fund are SO(k) root system,
symmetric, antisymmetric (i.e., adjoint) and fundamental representations, repectively, and
bifund is the bifundamental representation in SO(k)× Sp(1).

1-string. There are 4 discrete flat connections in the O(1) gauge group, labelled by
uI = 0, 1

2 ,
τ+1

2 , τ2 . The 1-string elliptic genus by summing over the contributions for these
flat connections is

Z1 = −
4∑
I=1

θI(m0 ± a)∏16
l=1 θI(ml)

2η12θ1(ε1)θ1(ε2)θ1(±m0 − ε+)θI(ε+ ± a) , (B.20)

where 1/2 factor comes from the Weyl group.
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2-string. There are one continuous sector and 6 discrete sectors of the O(2) flat connec-
tions. The continuous sector contribution is

Z
(0)
2 =

∮ 2πη2du

i

iθ1(2ε+)
η

(iη)6

θ1(ε1,2)θ1(ε1,2 ± 2u)

· (iη)6

θ1(±m0 − ε+)θ1(±m0 − ε+ + 2u)θ1(±m0 − ε+ − 2u)
i2θ1(±m0 + ε−)

η2

· θ1(m0 ± a+ u)θ1(m0 ± a− u)
θ1(ε+ ± a+ u)θ1(ε+ ± a− u)

16∏
l=1

i2θ1(ml ± u)
η2 . (B.21)

The integral can be evaluated by summing over the following JK-residues:

• ε1,2 + 2u = 0, 1, τ, τ + 1

Z
(1)
2 =

4∑
J=1

∏16
l=1 θJ(ml ± ε1

2 )
2η24θ1(ε1,2)θ1(2ε1)θ1(ε2 − ε1)θ1(±m0 − ε+)θ1(±m0 − ε+ − ε1)

·
θJ(m0 + ε1

2 ± a)θJ(m0 − ε1
2 ± a)

θJ(ε+ + ε1
2 ± a)θJ(ε+ − ε1

2 ± a) + (ε1 ↔ ε2) (B.22)

• ±m0 − ε+ + 2u = 0, 1, τ, τ + 1

Z
(2)
2 = −

4∑
J=1

∏16
l=1 θJ(ml ± m0+ε+

2 )
2η24θ1(ε1,2)θ1(2m0)θ1(2m0 + 2ε+)θ1(ε+ ±m0)θ1(m0 + ε+ + ε1,2)

·
θJ(3m0

2 + ε+
2 ± a)

θJ(m0
2 + 3

2ε+ ± a)
+ (m0 → −m0) (B.23)

• ε+ ± a+ u = 0

Z
(3)
2 =

∏16
l=1 θ1(ml ± (ε+ + a))

η24θ1(ε1,2)θ1(2a)θ1(ε1,2 + 2a)θ1(2ε+ + 2a)θ1(2ε+ + ε1,2 + 2a)

· θ1(±m0 + ε−)
θ1(±m0 − 3ε+ − 2a) + (a→ −a) . (B.24)

The contributions coming from the discrete sectors are

Z
(I,J)
2 = iη(uI + uJ)

η

iθ1(2ε+ + uI + uJ)
η

(iη)6

θ1(ε1,2 + 2uI,J)θ1(ε1,2 + uI + uJ)

· (iη)6

θ1(±m0 − ε+ + 2uI,J)θ1(±m0 − ε+ + uI + uJ)
i2θ1(±m0 + ε− + uI + uJ)

η2

· θ1(m0 ± a+ uI,J)
θ1(ε+ ± a+ uI,J)

16∏
l=1

i2θ1(ml + uI,J)
η2 , (B.25)

where (I, J) = (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4) corresponds to six flat connections
(uI , uJ) = (0, 1

2), (0, τ+1
2 ), (0, τ2 ), (1

2 ,
τ+1

2 ), (1
2 ,

τ
2 ), ( τ+1

2 , τ2 ). This can be written as

Z
(I,J)
2 =

θσ(I,J)(0)θσ(I,J)(2ε+)θσ(I,J)(±m0 + ε−)θI(m0 ± a)θJ(m0 ± a)
η24θ1(ε1,2)2θσ(I,J)(ε1,2)θ1(±m0 − ε+)2θσ(I,J)(±m0 − ε+)

·
∏16
l=1 θI(ml)θJ(ml)

θI(ε+ ± a)θJ(ε+ ± a) ,
(B.26)
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where σ(I, J) is defined in (B.9). In total, the 2-string elliptic genus is

Z2 = 1
2

3∑
I=1

Z
(I)
2 + 1

4

4∑
I<J

Z
(I,J)
2 , (B.27)

where 1/2 and 1/4 are Weyl group factors.

B.3 Elliptic genus of SU(3) + 1sym + 1Λ2

From the 2d gauge theory description given in figure 6, the elliptic genus of k-string can
be written as

Zk = 1
k!

1
(2πi)k

∮ ( k∏
I=1

2πη2duI
i

iθ1(2ε+)
η

)∏
I 6=J

iθ1(uIJ)
η

iθ1(2ε+ + uIJ)
η


×

∏
I,J

(iη)2

θ1(ε1,2 + uIJ)

∏
I

N∏
j=1

(iη)2

θ1(ε+ ± (uI − aj))


×

∏
I≤J

(iη)2

θ1(−ε+ ± (uI + uJ +m2))

(∏
I<J

i2θ1(−ε− ± (uI + uJ +m2))
η2

)

×

∏
I

N∏
j=1

iθ1(uI + aj +m2)
η

(∏
I<J

(iη)2

θ1(−ε+ ± (uI + uJ +m1))

)

×

∏
I≤J

i2θ1(−ε− ± (uI + uJ +m1))
η2

∏
I

N∏
j=1

iθ1(uI + aj +m1)
η

 , (B.28)

where uIJ = uI − uJ , a1,2,3 are U(3) chemical potentials, m1 and m2 are U(1)S and U(1)A
chemical potentials. Here we focus on N = 3 case, which gives the elliptic genera of strings
in the SU(3) + 1sym + 1Λ2 LST.

1-string. The relevant poles are ε+ + u1 − aj = 0 and −ε+ + 2u1 + m2 = 0, and the
contributions from these poles are

• u1 = −ε+ + aj

−
3∑
j=1

θ1(2aj +m1 − ε+)θ1(2aj +m1 − ε+ − ε1,2)
θ1(ε1,2)θ1(2aj +m2 − 3ε+)

3∏
k 6=j

θ1(aj + ak +m1,2 − ε+)
θ1(ajk)θ1(2ε+ − ajk)

(B.29)

• u1 = ε+−m2
2 + x, where x = 0, 1

2 ,
τ+1

2 , τ2

4∑
I=1

θ1(m1 −m2 + ε1,2)
2θ1(ε1,2)

3∏
j=1

θI(aj +m1 − m2
2 + ε+

2 )
θI(aj − 3ε+−m2

2 )
(B.30)

The 1-string elliptic genus Z1 is given by the summation of these two contributions.
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2-string. Let x1, x2 be 0, 1
2 ,

τ
2 ,

τ+1
2 . The 2-string elliptic genus is given by summation of

the following contributions from the JK-residues:

• ε+ + u1 − aj = 0, −ε+ + u1 + u2 +m1 = 0

3∑
j=1

θ1(2ε+)θ1(m1 −m2 − ε1,2)θ1(2aj +m1 − ε+)
2θ1(ε1,2)θ1(m1 −m2)θ1(2aj +m2 − 3ε+)

· θ1(2aj +m1 − 3ε+)θ1(2aj +m1 − 5ε+)
θ1(2aj + 2m1 −m2 − 3ε+)θ1(2aj + 2m1 −m2 − 5ε+) (B.31)

·
3∏
k 6=j

θ1(ajk +m1 −m2 − 2ε+)θ1(aj + ak +m2 − ε+)
θ1(ajk)θ1(aj + ak +m1 − 3ε+)

• ε+ + u1 − aj = 0, −ε+ + u1 + u2 +m2 = 0

−
3∑
j=1

θ1(2ε+)θ1(m1 −m2 + ε1,2)θ1(2aj +m1 − ε+)
2θ1(ε1,2)θ1(m1 −m2)θ1(2aj +m2 − 3ε+)

· θ1(2aj +m1 − ε+ − ε1,2)θ1(2aj −m1 + 2m2 − 3ε+ − ε1,2)
θ1(2aj +m2 − ε+ − ε1,2)θ1(2aj +m2 − 3ε+ − ε1,2) (B.32)

·
3∏
k 6=j

θ1(ajk −m1 +m2 − 2ε+)θ1(aj + ak +m1 − ε+)
θ1(ajk)θ1(aj + ak +m2 − 3ε+)

• −ε+ + 2u1 +m2 = x1, −ε+ + u1 + u2 +m1 = 0

4∑
I=1

θ1(m1 −m2)θ1(m1 −m2 − ε1,2)θ1(m1 −m2 + 2ε+)
4θ1(ε1,2)θ1(2m1 − 2m2)θ1(2m1 − 2m2 − 2ε+)

·
3∏
j=1

θI(aj + m2
2 + ε+

2 )θI(aj −m1 + 3m2
2 + ε+

2 )
θI(aj + m2

2 −
3ε+

2 )θI(aj +m1 − m2
2 −

3ε+
2 )

(B.33)

• ε+ + u1 − aj = 0, ε+ + u2 − ak = 0 (j 6= k)

3∑
j 6=k

θ1(2aj,k +m1 − ε+)∏2
i=1 θ1(2aj,k +m1 − ε+ − εi)

2θ1(ε1,2)2θ1(ajk + ε1,2)θ1(ajk − ε1,2)θ1(2aj,k +m2 − 3ε+)

·
∏2
i=1 θ1(aj + ak +mi − ε+)θ1(aj + ak +mi − ε+ − ε1,2)

θ1(aj + ak +m1,2 − 3ε+)

·
3∏

l 6=j,k

θ1(aj + al +m1,2 − ε+)θ1(ak + al +m1,2 − ε+)
θ1(ajl)θ1(akl)θ1(ajl − 2ε+)θ1(akl − 2ε+)

(B.34)
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• ε+ + u1 − aj = 0, −ε+ + 2u2 +m2 = x2 and −ε+ + 2u1 +m2 = x1, ε+ + u2 − aj = 0

−2
4∑
I=1

3∑
j=1

θ1(m1 −m2 + ε1,2)θ1(2a1 +m1 − ε+)θ1(2aj +m1 − ε+ − ε1,2)
4θ1(ε1,2)2θ1(2aj +m2 − 3ε+)θI(aj +m1 − m2

2 −
3ε+

2 )

·
θI(aj +m1 − m2

2 + ε+
2 − ε1,2)θI(aj + m2

2 −
7ε+

2 )
θI(ai + m2

2 −
3ε+

2 − ε1,2)
(B.35)

·
3∏
k 6=j

θ1(aj + ak +m1,2 − ε+)θI(ak +m1 − m2
2 + ε+

2 )
θ1(ajk)θ1(ajk − 2ε+)θI(ak + m2

2 −
3ε+

2 )

• −ε+ + 2u1 +m2 = x1, −ε+ + 2u2 +m2 = x2

4∑
I,J=1

θσ(I,J)(0)θσ(I,J)(2ε+)θ1(m1 −m2 + ε1,2)2θσ(I,J)(m1 −m2 + ε1,2)
8θ1(ε1,2)2θσ(I,J)(ε1,2)θσ(I,J)(m1 −m2)θσ(I,J)(m1 −m2 + 2ε+)

·
3∏
j=1

θI(aj +m1 − m2
2 + ε+

2 )θJ(aj +m1 − m2
2 + ε+

2 )
θI(ak + m2

2 −
3ε+

2 )θJ(ak + m2
2 −

3ε+
2 )

(B.36)

• ε+ + u1 − aj = 0, ε1,2 − u1 + u2 = 0 and ε1,2 + u1 − u2 = 0, ε+ + u2 − aj = 0

2
3∑
j=1

θ1(2aj +m1 − ε+)θ1(2aj +m1 − 3ε+)θ1(2aj +m1 − 3ε+ + ε1,2)
2θ1(ε1,2)θ1(2ε1)θ1(ε2 − ε1)θ1(2aj +m2 − 3ε+ − ε1)

· θ1(2aj +m1 − ε+ − 2ε1)θ1(2aj +m1 − ε+ − 3ε1)
θ1(2aj +m2 − 3ε+ − 2ε1) (B.37)

·
3∏
k 6=j

θ1(aj + ak +m1,2 − ε+)θ1(aj + ak +m1,2 − ε+ − ε1)
θ1(ajk)θ1(ajk − ε1)θ1(ajk − 2ε+)θ1(ajk − 2ε+ − ε1) + (ε1 ↔ ε2)

• ε1,2 + u1 − u2 = x1, −ε+ + u1 + u2 +m2 = 0
4∑
I=1

θ1(m1 −m2 + ε1,2)θ1(m1 −m2 + 2ε1)θ1(m1 −m2 − ε1 + ε2)
4θ1(ε1,2)θ1(2ε1)θ1(ε2 − ε1)

·
3∏
j=1

θI(aj +m1 − m2
2 + ε+

2 ±
ε1
2 )

θI(aj + m2
2 −

3ε+
2 ±

ε1
2 )

+ (ε1 ↔ ε2)
(B.38)

• −ε+ − 2u2 −m2 = x1, −ε+ + u1 + u2 +m1 = 0
4∑
I=1

θ1(m1 −m2 − ε1,2)θ1(m1 −m2 − 2ε+)θ1(m1 −m2 − 4ε+)
4θ1(ε1,2)θ1(2m1 − 2m2 − 2ε+)θ1(2m1 − 2m2 − 4ε+)

·
3∏
j=1

θI(aj −m1 + 3m2
2 + 3ε+

2 )
θI(aj +m1 − m2

2 −
5ε+

2 )

(B.39)
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