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Abstract: In this paper, we establish an aggregate class distribution neural network (AGGNN)

structure to determine whether an arbitrary two-qubit quantum state is steerable. Compared to

the classification results obtained using a support vector machine (SVM) and a backpropagation

neural network (BPNN), we obtain higher-accuracy quantum-steering classification models via the

AGGNN, as well as steerability bounds of generalized Werner states, which are more similar to

the theoretical bounds. In particular, when we only know partial information about the quantum

states, higher-performance quantum-steering classifiers are obtained compared to those via SVM

and BPNN.

Keywords: quantum steering; aggregate class distribution neural network; generalized Werner states;

steerability bounds

1. Introduction

Schrödinger presented the concept of quantum steering [1] based on the well-known
EPR paradox [2] in 1935. Although the EPR argument led to long-lasting discussions,
there was not much interest in quantum steering. It was not until 2007 when Wiseman,
Jones, and Dougherty presented a precise definition and systematic criteria [3] that people
began to attach importance to steering. Steering is a quantum correlation between entan-
glement [4,5] and non-locality [6], wherein one party can steer the state of another distant
party by choosing appropriate local measurements. Currently, steering plays an essential
role in diverse quantum information-processing tasks [3,7,8] such as one-sided device-
independent quantum key distribution [9–14], channel discrimination [15,16], randomness
certification [17–19], and tele-amplification [20].

Given the importance of steering in quantum information-processing tasks, it is neces-
sary to detect the steerability of a given bipartite quantum state [3,7,8,15,21–34]. Although
various criteria and inequalities for steering have been presented [21–29,32], it is sometimes
difficult to determine whether an arbitrary unknown quantum state is steerable, even in the
most simple case of a two-qubit state. Theoretically, these criteria can be estimated through
semidefinite programming (SDP) [35], but it is very time-consuming and accompanied by
misjudgment because of having to consider a wide range of measurement directions in the
real computing process [36].

Machine learning can effectively enhance the accuracy and speed of prediction by
learning from known data and experience, which has already been adopted for quantum
information-processing tasks such as entanglement classification [37], non-locality discrim-
ination [38,39], phase-transition identification [40,41], quantum state tomography [42], and
Markovianity [43]. In addition, several machine learning methods, such as the artificial neu-
ral network, support vector machine (SVM), decision tree, and semi-supervised machine
learning, have been used to detect and quantify the steerability of a given state [44–48].
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Among these methods, the SVM [45] and backpropagation neural network (BPNN) [48]
are both supervised machine learning methods used to detect steerability. Compared to
the SVM [45], BPNN [48] has better learning ability, simpler parameter tuning, and better
performance in processing large amounts of data and continuous data features. Therefore,
Zhang, He, et al. used this method to construct several models to obtain high-performance
quantum-steering classifiers. Nevertheless, the BPNN still has the problem of overfitting
inaccurate data.

The AggMatch algorithm improves the performance of semi-supervised learning by
integrating the prediction results of similar samples [49]. Inspired by this method, we
present a new aggregate class distribution neural network (AGGNN) structure to overcome
the problem of overfitting inaccurate quantum states. The AGGNN creates samples of
similar features that have a similar prediction distribution based on the similarity measure
in order to improve the generalization ability of networks. Thus, for both the whole
information and partial information of a quantum state, AGGNN can construct higher-
performance quantum-steering classification models compared to the BPNN and SVM
models. In addition, we use the AGGNN classification models to predict the steerability
bounds of the generalized Werner states. The steerability bounds of the generalized Werner
states predicted by the AGGNN are more similar to the theoretical bounds compared to the
SVM [45] and BPNN [48] models.

This paper is organized as follows. In Section 2, we introduce the quantum-steering
problem and the AGGNN classification model. In Section 3, we illustrate the data genera-
tion of different features, demonstrate the parameters and training details of the AGGNN
classification model on different features, and compare the steerability classification accu-
racy and bounds predicted by the AGGNN classification models with those predicted by
the SVM and BPNN models. Finally, we summarize our results in Section 4.

2. Preliminaries

2.1. Quantum Steering

In the modern view of quantum steering, it is a concept that is incompatible with the
local-hidden-state (LHS) model [36]. For an unknown quantum state ρ shared by Alice
and Bob, assume that Alice performs the quantum measurements {MA

x = {MA
a|x}} on

her subsystems, and the corresponding measurement outcomes are denoted by a. Based
on the quantum theory, after choosing the quantum measurement MA

a|x and obtaining the

measurement outcome a, the non-normalized quantum-state assemblage of the subsystem
ρB is {p(a|x), ρa|x}, where

ρa|x = trA[(MA
a|x ⊗ IB)ρ], (1)

and the probability distribution

p(a|x) = tr[(MA
a|x ⊗ IB)ρ]. (2)

Quantum steering describes a scenario: Bob can fully control their measurements and
access the condition state ρa|x without characterization of Alice’s measurements. Namely,
Bob performs tomography to reconstruct the set of conditional assemblages {ρa|x} and the
results are not dependent on any particular information about how Alice’s measurements
work. In other words, Alice can steer Bob’s local state by performing local measurements
and classical communication on the particle she owns. Utilizing the LHS model, quantum
steering can be defined as the impossibility of remotely generating ensembles produced
by an LHS model. That is, suppose that a source sends a classical message λ to Alice and
a corresponding state σλ to Bob. If the measurement applied by Alice is x, the classical
variable λ determines the probability of her obtaining the measurement outcome a, which
is represented by p(a|x, λ). Although the probability distribution of the classical message λ
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is p(λ), since Bob cannot access the classical variable λ, the finial corresponding assemblage
that Bob observes is composed of the elements

ρa|x =
∫

dλp(λ)p(a|x, λ)σλ. (3)

We say that Alice cannot steer Bob’s state if the LHS model can generate a conditional
assemblage ρa|x that corresponds to the state ρ. Otherwise, we say that Alice can steer
Bob’s state. However, efficiently identifying the steerability of a quantum state is usually
very difficult.

Vandenberghe and Boyd gave the numerical calculation for the quantum-steering
criterion in terms of SDP [35]. Now let us introduce this computing process. For an
arbitrary bipartite state ρ, if Alice performs m measurements x = {0, . . . , m− 1} with k

outcomes a = {0, . . . , k− 1} each, and λ
′

is a map from the measurement set {0, . . . , m− 1}
to the outcome set {0, . . . , k− 1}, the deterministic probability distribution is defined as

D(a|x, λ
′
) = δ

a,λ
′ (x). Then, Equation (3) can be rewritten as

ρa|x =
d

∑
λ
′=1

D(a|x, λ
′
)ρ

λ
′ , (4)

where p(a|x, λ) = ∑
d
λ
′=1

p(λ
′ |λ)D(a|x, λ

′
), and ρ

λ
′ ≡

∫

dλp(λ)p(λ
′ |λ)σλ.

We write the SDP that can identify the steerability of a state [35] as follows

given{ρa|x}, {D(a|x, λ
′
)}

λ
′

min{Fa|x} tr ∑ax Fa|xρa|x
s.t. ∑ax Fa|xD(a|x, λ

′
) > 0 ∀λ

′

tr ∑axλ
′ Fa|xD(a|x, λ

′
) = 1,

(5)

where {Fa|x} are Hermitian matrices. If the objective function value in SDP (5) is negative for
some measurements x, then the quantum state ρ is steerable from Alice to Bob. Otherwise,
ρ is unsteerable.

The generalized Werner state is identified as a simple family of one-way steerable
two-qubit states [50]. It can be given by

ρ(β, θ) = β|ψθ〉〈ψθ |+ (1− β)ρA ⊗ IB

2
, (6)

where |ψθ〉 = cos θ|00〉+ sin θ|11〉, ρA = trB(|ψθ〉〈ψθ |), 0 6 β 6 1, 0 < θ 6 π
4 . It has been

proved that ρ(β, θ) is unsteerable from Alice to Bob when

cos2 2θ >
2β− 1

(2− β)β3
. (7)

2.2. AGGNN Model

AGGNN aggregates the class distribution of samples by similarity measure during the
network training process to enlarge the difference between different class sample features
extracted by the model to improve the model’s robustness and prediction ability. The
network model is divided into three parts: feature extraction layer, classification layer, and
aggregate class distribution layer. As shown in Figure 1.

Feature extraction layer. During the training process, we randomly select a batch

of examples as B =
{

(xi, yi) : xi ∈ R
1×d, yi ∈ Y, i ∈ (1, . . . , n)

}

, where xi is a sample, yi

is a label of Y = {0, 1}, d is the data dimension of the sample, and n is an even num-
ber representing the batchsize. Half of the batches contains unsteerable samples where
yi∈{1,...,n/2} = 1, while the other half contains steerable samples where yi∈{(n/2)+1,...,n} = 0.
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We obtain the features for every sample in each batch of training data through the feature
extraction layer, and this process can be expressed as follows

V = FEMLP(X), (8)

where X = [x1, x2, . . . , xn]
T ∈ R

n×d is the matrix composed of a batch of samples (the
superscript T denotes transpose of matrices), FEMLP is a multilayer perceptron for feature
extraction [51], and V ∈ R

n×dv is the feature matrix of the samples (dv is the dimension of
the feature vector of a sample).

Figure 1. The structure diagram of the AGGNN model’s training process. aij is the element of the ith

row and jth column of the similarity matrix A, and bij is the element of the ith row and jth column

of the positive and negative correlation similarity matrix B. Firstly, we obtain feature V and class

distribution P of the quantum states through the feature extraction layer and classification layer,

respectively. Then we input the feature and class distribution into aggregate the class distribution

layer to obtain the aggregate class distribution P̄ and cosine similarity between the prototypes. Finally,

we calculate the loss for weighted combinations of class distribution, aggregate class distribution and

cosine similarity between the prototypes. By reducing the loss of the aggregate class distribution of

samples, the model can enlarge the difference between different class sample features extracted by

the model to improve the model’s robustness and prediction ability.

Classification layer. After obtaining the features of the samples, we make the features
pass through the classification layer to obtain the predicted class distribution, and this
process can be written as

P = CMLP(V), (9)
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where P ∈ R
n×2 is the predicted class distribution of the samples, and CMLP is a multilayer

perceptron for classification [51].
Aggregate distribution layer. In order to accurately calculate the similarity of the

samples feature V, we first normalize V. The normalization process is as follows.

µ =
1

n× dv

n

∑
i=1

dv

∑
j=1

vij,

σ =

√

√

√

√

1

n× dv

n

∑
i=1

dv

∑
j=1

(

vij − µ
)2

,

v′ ij =
vij − µ√

σ2 + ε
∗ g + k,

(10)

where µ is the mean value of V, σ is the variance of V, ε is a very small decimal number,
preventing division by 0, g and k are trainable parameters to ensure that the normalization
operation will not destroy the previous information, vij is the element of the ith row and
jth column of the feature matrix V, and v′ ij is the element of the ith row and jth column of
the normalized feature matrix V′.

After normalizing the features extracted from the feature extraction layer, we calculate
the similarity measure function of the features of the same batch of data to obtain a similarity
matrix. Then we normalize the similarity matrix by the Softmax function. The calculation
process is as follows

A = Softmax
(

V′V′T/
√

dv

)

, (11)

where A ∈ R
n×n is the feature similarity matrix of the samples, and the superscript T

denotes transpose of matrices.
A class distribution independently predicted from an individual sample often contains

ambiguous values and often generates erroneous labels. To remedy this, the AggMatch
algorithm [49] uses the aggregate class distribution of a sample to refine the ambiguous or
noisy class distributions utilizing the relationship between other confidence-aware samples.
Specifically, a class distribution pb for vb is aggregated by pl of other samples vl from the
set of B, by considering the similarity between them as

p̄b = ∑
l







exp(S(v′b, v′ l)/τsim )

∑
j

exp
(

S
(

v′b, v′ j
)

/τsim

)






pl , (12)

where l and j are indexes for all samples in the set of B, and τsim is a temperature. In
particular, the similarity function S measures the similarity weights between the samples.

The performance of the aggregate class distribution of the samples is highly dependent
on the class distribution of the batch data; therefore, we set the class distribution of our
batch data as a uniform distribution. This raises another problem, for the aggregate class
distribution of a sample, the similarity weights of samples of different classes from the
sample in a batch is close to zero, which is not significant in calculating the gradient in the
training process.

Weight adjustment. In order to solve the above problems, we adjusted the similarity
weights to better adapt to the training process. We subtract I/n (the average weight of the
same batch of data) from the similarity matrix so that the similarity weights of the features
similar to the samples in the same batch are positively correlated, and the similarity weights
of the features dissimilar to the samples are negatively correlated. As shown in Figure 2,
by adjusting the similarity weights, training the aggregate class distribution of a sample
can strengthen both the features of samples similar to the sample and those dissimilar
to the sample simultaneously and enlarge the difference between different class sample
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features extracted by the model to improve the model’s robustness and prediction ability.
The calculation process can be written as

B = A− I/n, (13)

where B ∈ R
n×n is a positive and negative correlation similarity matrix, and I ∈ R

n×n is
the identity matrix.

Figure 2. Illustration of weight adjustment. aij is the element of the ith row and jth column of

the similarity matrix A, and bij is the element of the ith row and jth column of the positive and

negative correlation similarity matrix B. By adjusting the similarity weights, the aggregate class

distribution of samples can sufficiently combine the class distribution of samples with similar and

dissimilar features.

Then we obtain the aggregation distribution by multiplying the similarity matrix and
the predicted class distribution,

P̄ = B · P, (14)

where P̄ ∈ R
n×2 is the aggregate class distribution.

In order to further improve the performance of the aggregate class distribution, we
calculate the dv-dimensional representation psteerable ∈ R

dv , punsteerable ∈ R
dv , or prototype,

of each class and cosine similarity between the prototypes. We then add the coefficient
of similarity between prototypes into the loss function to increase the feature difference
between different classes. The calculation process can be written as

punsteerable =
1

n/2 ∑
i∈{1,...,n/2}

v′ i,

psteerable =
1

n/2 ∑
i∈{(n/2)+1,...,n}

v′ i,

ps = (psteerable · punsteerable)
/

‖psteerable‖‖punsteerable‖,

(15)

where ps is the cosine similarity between the prototypes.
Loss function. The loss function consists of three parts: the first part is the cross-

entropy loss of the aggregate class distribution P̄, and the second part is the cross-entropy
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loss of P obtained by the classification layer, and the third part is the cosine similarity
between the prototypes ps.

Loss = λ · 1

n

n

∑
i=1

D(yi, p̄i) + µ · 1

n

n

∑
i=1

D(yi, pi) + γ · ps, (16)

where p̄i and pi are the aggregate and predicted class distribution of the ith sample, respec-
tively, λ, µ and γ both are weight parameters, and D is the cross-entropy loss function.

Training and validation. In the training process, the data pass through the feature
extraction layer, classification layer and aggregate class distribution layer to obtain the
loss. In the verification process, the data pass through the feature extraction layer and
classification layer to obtain the final prediction result.

Workflow of the AGGNN algorithm. In summary, we show the workflow of the
AGGNN algorithm in Algorithm 1. For each batch of training examples, the AGGNN
algorithm performs the following operations. First of all, the algorithm obtains the features
and the class distribution of the batch examples. Then the network computes the feature
similarity matrix and transforms the weights into a positive and negative correlation
similarity matrix, obtaining the aggregation distribution for each sample. Finally, the model
parameters are optimized by reducing the loss of the model.

Algorithm 1 The AGGNN algorithm.

Require: batch B = {(xi, yi)}n
i=1

Require: yi∈{1,...,n/2} = 1, yi∈{(n/2)+1,...,n} = 0

for t in [1, num_epochs] do
for each minibatch B do

X← [x1, x2, . . . , xn]
T

V, P← p mod el(X; θ)

µ← 1
n×dv

n

∑
i=1

dv

∑
j=1

vij

σ←
√

1
n×dv

n

∑
i=1

dv

∑
j=1

(

vij − µ
)2

v′ ij ←
vij−µ√

σ2+ε
∗ g + k

A← Softmax
(

VVT
/√

dv

)

B← A− I/n
P̄← B · P
punsteerable ← 1

n/2 ∑
i∈{1,...,n/2}

v′ i

psteerable ← 1
n/2 ∑

i∈{(n/2)+1,...,n}
v′ i

ps← (psteerable · punsteerable)/‖psteerable‖ ‖punsteerable‖
Loss← λ · 1

n

n

∑
i=1

D(yi, p̄i) + µ · 1
n

n

∑
i=1

D(yi, pi) + γ · ps

Update θ with Adam to minimize Loss
end for

end for
Return: θ

3. Detecting the Steerability by AGGNN

The BPNN machine learning model has been explored to detect the steerability of
a quantum state [48]. Due to the inevitability of errors in the training data evaluated
by the SDP, the BPNN still has the problem of overfitting. The AGGNN makes samples
with similar features have a similar class prediction distribution according to the distance
measure of sample features, thus reducing the network prediction error and making it
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easier to find a model with good performance in the training process. According to the
superiority of the AGGNN, we use it to detect the quantum steerability.

3.1. Datasets

In order to train the quantum steering classification models, we need to collect the
data for quantum states and select the features for the data. Inspired by [45], we generate
two random 4× 4 complex matrices, A and B. Then we use the two matrices to generate
a Hermitian matrix C ≡ (A + iB)(A + iB)†, where † means conjugate transpose. Finally,
we obtain a density matrix ρ ≡ C/tr(C). Thus, we can determine the steerability of
each sample quantum state by utilizing SDP. We label the steerable state by “1” and the
unsteerable state by “0”. In this paper, we use the datasets in [45], collected by the following
four kinds of feature vectors.

F1: Every feature vector in F1 is a 15-dimensional vector, and the component is one of
the set {ρii, the real and imaginary part of ρij, i > j}, i, j ∈ {1, 2, 3}.

F2: Every feature vector in F2 is a 9-dimensional vector, and the component is one of
the set {tr[(σk ⊗ σl)ρ]}, k, l ∈ {1, 2, 3}.

The Bloch representation of an arbitrary two-qubit density operator ρ is as follows

ρ =
1

4

(

I +
3

∑
i=1

xiσi ⊗ IB +
3

∑
j=1

yj I
A ⊗ σj +

3

∑
k,l=1

tklσk ⊗ σl

)

, (17)

where tkl = tr[(σk ⊗ σl)ρ] is a component of the correlation matrix. We extract the partial
information by computing {tkl} as features, since the correlation matrix can demonstrate a
certain quantum correlation. We aim to obtain a high-performance machine learning model
with partial information for only three fixed measurement directions x, y, z.

F3: Every feature vector in F3 is a 9-dimensional vector, and the component is one of
the set {tr[(σk ⊗ σl)ρ

′]}, k, l ∈ {1, 2, 3}, where ρ→ ρ′ ≡ (IA ⊗
√

ρB)ρ(IA ⊗
√

ρB).
To further explore a high-performance machine learning model with partial infor-

mation, we convert state ρ into the canonical form ρ′ by local unitaries, preserving the
steerability of ρ. As proven in [50], the map is given by

ρ→ ρ′ ≡ (IA ⊗
√

ρB)ρ(IA ⊗
√

ρB), (18)

where ρB = trAρ.
Similarly, we extract the coefficients of the correlation terms of ρ′ and t′kl to combine

the feature vector. Similar to the F2 case, we only need to measure an arbitrary two-qubit
state in three fixed directions x, y, z to predict the steerability of it.

F4: Every feature vector is composed of six features in F4, that is, F3 except for the
terms of {σ2 ⊗ σ1, σ3 ⊗ σ1, σ3 ⊗ σ2}.

To explore a high-performance machine learning model of steering with less infor-
mation, according to the symmetry, we drop the coefficients of the correlation terms,
{σ2 ⊗ σ1, σ3 ⊗ σ1, σ3 ⊗ σ2}.

According to the number of measurements m = 2, 3, . . . , 8, we can divide the whole
dataset into 28 datasets after selecting the feature vectors. For each m, we have at least
5000 examples labelled “1” and 5000 examples with labelled “0” in the corresponding
dataset. We then randomly select 1000 positive examples and 1000 negative examples as
the test set, and the rest as the training set. We employ the AGGNN to train a model for
every dataset.

3.2. Training and Testing

In the AGGNN model, the structure parameters of the network are shown in the
Table 1. Features of the batch samples are normalized by layer normalization of dimension
[n, dv]. We set the weight parameters of the loss function λ equal to 0.5, µ equal to 0.5 and
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γ between 0.01 and 0.001. The optimization algorithm of the network is the Adam gradient
descent algorithm. We set the batchsize to 200 and the learning rate to 0.001.

Table 1. The structural parameters of AGGNN.

Feature
The Number of Hidden Layers

The Number of Neurons in Each Layer dv
Feature Extraction Layer Classification Layer

F1 2 1 1000 1000

F2 2 1 500 500

F3 2 1 500 500

F4 2 1 200 200

To verify that our model has a better generalization ability and robustness to inaccurate
data in quantum-steering detection problems, we trained the models on the F1–F4 feature
datasets, comparing their classification accuracy in the cross validation test set, random
test set and Werner state validation set, Figure 3a–d. Furthermore, we compared the
training difficulty of the AGGNN and BPNN models, as in Figure 4. The classification
accuracy of a model in a dataset is the percentage of correctly predicted number of samples
corresponding to the size of the dataset.
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Figure 3. (a–d) Classification accuracy of the classification models with F1–F4 features. The first

(diagonal-filled blue), second (diagonal-filled green) and third (diagonal-filled red) columns illustrate

the accuracy of the cross validation of the classification models trained by the SVM, BPNN and

AGGNN, respectively. The forth (grid-filled blue), fifth (grid-filled green) and sixth (grid-filled red)

columns illustrate the classification accuracy on random states of the classification models trained by

the SVM, BPNN and AGGNN, respectively. The seventh (solid blue), eighth (solid green) and ninth

(solid red) columns illustrate the classification accuracy on the Werner state of the classification models

trained by the SVM, BPNN and AGGNN, respectively. The label m is the number of measurements.
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Figure 4. The number of well-trained models by the BPNN, AGGNN on F1 features. The first

(diagonal-filled green) and second (diagonal-filled blue) columns depict the number of well-trained

models by the BPNN and AGGNN, respectively. The label m is the number of measurements.

In order to make our model have better stability and generalization, inspired by [45],
we used four-fold cross validation to train the model. In this method, the data set is divided
into four mutually exclusive subsets of similar size, and the data distribution consistency of
each subset is maintained as much as possible. Then, each time, the union of three subsets
is used as the training set, and the remaining subset is used as the test set. In this way, we
can obtain four training test sets to conduct four training and testing experiments to return
the mean of the four test results.

First, to verify the model’s generalization ability to the training data, we obtained the
test accuracy rate of four-fold cross validation. In Figure 3a–d, the four-fold cross-validation
accuracies of the classification models trained by the SVM [45], BPNN [48] and AGGNN
are depicted by the first (diagonal-filled blue), second (diagonal-filled green) and third
(diagonal-filled red) columns, respectively.

Second, in order to verify the learning ability of the model to the dataset, we randomly
took 2000 samples from the dataset as a random test set. In Figure 3a–d, the random test set
accuracies of the classification models trained by the SVM [45], BPNN [48] and AGGNN
are depicted by the fourth (grid-filled blue), fifth (grid-filled green) and sixth (grid-filled
red) columns, respectively.

Third, because the data generated by the SDP is inaccurate, the high accuracy of the
model on cross-validation test sets and random test sets may lead to overfitting problems.
This problem can be avoided by verifying the classification accuracy of the model on the
Werner state validation sets. These states have correct labels. Compared to cross-validation
test sets and random test sets, having high accuracy on the Werner state validation sets is
more likely to be a good model. In Figure 3a–d, the Werner state (θ = π

4 ) validation set’s
accuracies of the classification models trained by the SVM [45], BPNN [48] and AGGNN
are depicted as solid blue, solid green and solid red columns, respectively. The generalized
Werner state is unsteerable from Alice to Bob if θ and β satisfy the following inequality,
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cos2 2θ >
2β− 1

(2− β)β3
. (19)

We can clearly see that the theoretical bound value that Alice can steer Bob’s state is
determined by Equation (19). In this experiment we generate four Werner state test sets with
θ = {π

4 , π
6 , π

8 , π
12}, respectively. For each Werner state test set, we generated 5000 steerable

states and 5000 unsteerable states based on the uniform distribution of β, utilizing them
to construct a dataset for every feature (F1–F4), where each instance contains a feature Fi
(i = 1,2,3,4), and a label (“0” for steerable and “1” for unsteerable).

Finally, to explored whether our model could achieve better robustness to inaccurate
quantum states and a better learning ability. For F1 features we believe the model can be
well trained if it reaches more than 99% accuracies on the four validation sets generated by
the Werner state (θ = {π

4 , π
6 , π

8 , π
12}). We conducted five training sets, obtained 20 models,

and then counted the model’s accuracy on the four validation sets to obtain the number of
well-trained models. In Figure 4, the number of well-trained models by the BPNN are depicted
by the first (solid-filled green) column, while those trained by the AGGNN are depicted by
the second (solid-filled blue) column. The experiments show that the AGGNN model can be
easily trained to produce a good model. Because the data generated by the SDP has errors
and an uneven data distribution, there is no well-trained model when m = 6. The AGGNN
will train better models if the datasets are regenerated or the amount of data increases.

Interestingly, for the F1 feature with whole information of a quantum state, the clas-
sification accuracy of the AGGNN models on the Werner state validation sets is higher
than the SVM and BPNN models. The classification accuracy of the AGGNN for most
cross-validation and random test sets is higher than the BPNN, and the AGGNN is more
accessible to train than the BPNN. However, the classification accuracy of the AGGNN for
cross-validation test sets is lower than the SVM, but not by much. This indicates that the
AGGNN has good generalization abilities and can effectively prevent overfitting. For F2–F4
features with partial information, the classification accuracy of the AGGNN in Werner state
validation sets is higher than the SVM and BPNN. However, the classification accuracy
of the AGGNN for the cross-validation and random test sets decreases because there are
many misjudgments and inaccurate quantum states in the training data. The AGGNN can
reduce the learning ability of error data and enlarge the difference between different class
sample features extracted by the model to improve the model’s robustness and prediction
ability, so the classification accuracy of Werner state validation sets can further increase. In
contrast, the classification accuracy of cross-validation and random test sets decreases.

3.3. Predicting the Steerability Bounds

In this part, the steerability bounds of the generalized Werner state are predicted by
the quantum steering classification models trained by AGGNN and compared with the
bounds computed by SDP [35], trained by SVM [45], and trained by BPNN [48].

Figure 5a–d depict the classification models trained with the F1–F4 features, respec-
tively. Figure 5a shows the four subgraphs with θ = {π

4 , π
6 , π

8 , π
12}, respectively, as illus-

trated above each chart. In all charts, the cyan-square lines depict the bounds predicted by
the classification models trained by the SVM for m = 2, . . . , 8. The blue-star lines depict
the bounds predicted by the classification models trained by the BPNN for m = 2, . . . , 8.
The black-plus lines depict the bounds predicted by the classification models trained by the
AGGNN for m = 2, . . . , 8. The yellow-circle lines depict the bounds computed by SDP with
m = 2, . . . , 8. The red-cross lines depict the steerability bounds from Alice to Bob which
are determined by Equation (19). We can clearly see that the predicted steerability bounds
by the SVM [45], BPNN [48] and AGGNN are more similar to the theoretical bounds than
those calculated by SDP [35], especially concerning the F1 feature. The steerability bounds
predicted by the AGGNN are more similar to the theoretical bounds than those predicted
by the SVM and BPNN.
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Figure 5. (a–d) The predictions of the steerability bounds for the generalized Werner states by the

trained classification models and SDP with the features F1–F4, respectively. The cyan-square lines

depict the bounds predicted by the SVM-trained classification model, the blue-star lines depict the

bounds predicted by the BPNN-trained classification model, the black-plus lines are the bounds

predicted by the AGGNN-trained classification model, the yellow-circle lines depict the bounds

computed by SDP, and the red-cross lines depict the steerability bound from Alice to Bob.

Figure 5a–d illustrate that the steerability bounds predicted by the AGGNN are more
similar to the theoretical bounds than those predicted by the SVM [45] and BPNN [48].
This is because the AGGNN makes samples with similar features have a similar class
prediction distribution according to the distance measure of the sample features; therefore,
the model can reduce the learning of mislabelled or inaccurate quantum states, making it
easier for the model to converge to solutions similar to the theoretical boundaries in the
training process. Furthermore, when the similarity between the predicted steerability and
theoretical bounds increases, the AGGNN will improve the classification accuracy of the
Werner state validation sets. For features F2–F4 with partial information of a quantum
state, in some cases, the boundary predicted by the SDP is more similar to the theoretical
boundaries than the machine learning method, possibly due to data distribution problems
caused by inaccurate data.

The above results indicate that the AGGNN is an efficient model for steerability
detection. For a quantum state with all information, our model performs better than the
BPNN and SVM. For partial information, the predicted steerability boundary of our model
is more similar to the theoretical boundary than the BPNN and SVM. Furthermore, the
AGGNN can predict the steerability bounds of other states’ ensembles, such as Tstate [52].
Moreover, our model has a roughly similar time consumption to the BPNN and SVM.
Taking m = 8 as an example, the classification model trained by these three machine
learning methods spends about 10−2 s predicting a quantum state, while the SDP [35]
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program spends about 102 s. This demonstrates the time superiority of the machine
learning methods.

3.4. Comparing the Classification Models Trained with Different Features

In Figure 3a–d, we show the classification models with the F1 feature with a quantum
state with whole information and classification models with features F2–F4 with partial
information. Naturally, whole information F1 is better than partial information F2–F4. In
partial information, F3 and F4 have a better performance than F2. In this part, we compared
the classification models trained with features Fi (i = 1,2,3,4) and different measurements m.

It is easy to speculate that the well-trained model will become more accurate and
better at learning steerable samples as m rises. To prove this prediction, we randomly
took 1000 steerable and 1000 unsteerable samples from the datasets for m = 8 to test
the classification models of different m. Figure 6 shows the classification accuracy for
1000 random steerable and 1000 random unsteerable samples from the datasets for m = 8
and the blue-plus line, orange-circle line, green-cross line, and red-star line depict features
F1–F4, respectively. Figure 7 shows the classification accuracy for 1000 random unsteerable
samples from the datasets for m = 8 and the blue-plus dashed line, orange-circle dashed
line, green-cross dashed line, and red-star dashed line depict features F1–F4, respectively.
Figure 8 shows the classification accuracy for 1000 random steerable samples from the
datasets for m = 8 and the blue-plus dotted line, orange-circle dotted line, green-cross
dotted line, and red-star dotted line depict features F1–F4, respectively.
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Figure 6. Classification accuracy of 1000 random steerable and 1000 random unsteerable samples for

m = 8 with different classification models.

Figure 7. Classification accuracy of 1000 random unsteerable samples for m = 8 with different

classification models.
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Figure 8. Classification accuracy of 1000 random steerable samples for m = 8 with different classifica-

tion models.

Figures 6–8 show that the classification accuracy of 1000 random steerable and
1000 random unsteerable samples increases as m rises. The classification accuracy of
1000 random unsteerable samples does not change much; the classification accuracy of
1000 random steerable samples is the main factor affecting the total classification accuracy.
Although some inflection points exist, this may be due to inaccurate data or an uneven
data distribution. Furthermore, F3 has the best performance.

Figure 9 illustrates the classification accuracy for the Werner state validation sets
θ = {π

4 , π
6 , π

8 , π
12} for each AGGNN classification models with the features F1–F4, respec-

tively. The first subgraph for F1 features shows that the classification accuracy for the
Werner state validation sets are all above 99% except for m = 6. The second subgraph
shows the steerability classification model of F2 features. The classification accuracy in-
creases as the parameter θ decreases and is over 76%. The third and fourth subgraphs show
the classification accuracy for the Werner state validation sets of features F3 and F4. F3 and
F4 have similar and correct trends; the accuracy increases with a increase in m, and the
accuracy decreases with a decrease in θ. Furthermore, the steerability classification models
of features F3 and F4 perform with a relatively higher classification accuracy on the Werner
state validation sets.

Figure 9. Classification accuracy for the Werner state validation sets for each AGGNN classification

model for the features F1–F4, respectively.
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4. Conclusions

In this paper, we presented a new neural network classification model, the AGGNN,
to detect the steerability of bipartite quantum states and predict the steerability bounds
of the generalized Werner states. This study has shown that the AGGNN can reduce
the overfitting of inaccurate quantum state and improve the generalization ability of the
model. On the one hand, for both whole information and partial information of a quantum
state, the AGGNN can construct high-performance quantum steering classification models
compared with the BPNN and SVM models. On the other hand, using the AGGNN
classification models to predict the steerability bounds of the generalized Werner states are
more similar to the theoretical bounds. In summary, the AGGNN can effectively detect
the steerability of a large number of arbitrary states in quantum information processing.
In the future, quantum-steering detection may be expanded to use deep semi-supervised
learning to leverage large amounts of unlabelled data to improve model generalization and
the AGGNN for the classification of multi-party quantum steering in large-scale systems.
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