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Abstract This study investigates the dynamics of spin-
ning charged test particles in the spacetime of a Reissner—
Nordstrom (RN) black hole immersed in an asymptotically
uniform magnetic field, using the Mathisson—Papapetrou—
Dixon (MPD) equations supplemented with the Tulczyjew
spin condition. We derive the equations of motion incorpo-
rating spin-curvature coupling, electromagnetic interactions,
and magnetic field effects, leading to an effective potential
that governs equatorial circular orbits. The analysis focuses
on how particle spin s, charge ¢, black hole charge Q, and
magnetic coupling w modify the effective potential, inner-
most stable circular orbits (ISCO), critical angular momen-
tum for capture, and center-of-mass energy in particle col-
lisions. The obtained results show that a positive spin flat-
tens the potential and shifts the minima inward, enabling
closer orbits, while a negative spin steepens it for repulsion.
ISCO radii decrease with aligned spin and magnetic cou-
pling, reducing specific energy and angular momentum. Crit-
ical angular momentum increases with magnetic strength and
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charge, exhibiting non-monotonic spin dependence due to
competing Lorentz and spin-curvature forces. For collisions,
the center-of-mass energy spikes near the horizon, enhanced
by opposite spins and counter-rotating orbits, but suppressed
by strong magnetic repulsion. At ISCO, energies peak for
weak or negative coupling. These findings reveal that spin-
magnetic interactions expand stable orbital regimes and boost
collision energies, with implications for high-energy astro-
physics near magnetized charged black holes, such as particle
acceleration in accretion disks or cosmic ray production. We
treat the external magnetic field as a test field on a fixed RN
geometry and assume it is sufficiently weak at the ISCO so
that backreaction is negligible. Scans labeled by w = ¢ By
are evaluated at fixed small By by varying the particle charge
q; for ISCO collisions, the first and the second particle orbit
and collide at the same ISCO radius.

1 Introduction

Extreme mass ratios in astrophysical configurations, such as
those found near the galactic center, allow for approximate
analytic descriptions of particle motion under specific param-
eter constraints. Increasingly improving observational capa-
bilities, particularly in monitoring stellar orbits around Sagit-
tarius A*, have yielded increasingly precise data on the grav-
itational environment near the galactic center [1,2]. These
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advancements highlight the relevance of theoretical studies
on relativistic particle dynamics near compact astrophysi-
cal objects. In this work, we investigate the motion of spin-
ning charged test particles in the background of a Reissner—
Nordstrom black hole immersed in an external, asymptot-
ically uniform magnetic field. In what follows, we work
strictly in the test-field regime for the external magnetic field:
in geometrized units, backreaction on the RN geometry is
negligible provided (By £)?> < 1 with £ ~ rigco = O(M).
Since particle dynamics depend on the dimensionless cou-
pling @ = gBp whereas geometric backreaction depends
only on B2, variations of w in our plots are realized at fixed
small By by adjusting the specific charge ¢, so the scans rep-
resent the equivalence class of pairs (¢, Bg) with ¢ Bp = w.

The motion of spinning test particles in curved space-
time was first considered by Mathisson [3], who laid the
foundation for modeling extended bodies in general relativ-
ity (GR). This framework was subsequently developed by
Papapetrou, Tulczyjew, and others [4-9], leading to the for-
mulation of the Mathisson—Papapetrou—Dixon (MPD) equa-
tions [10-12], which govern the dynamics of spinning parti-
cles in gravitational fields. The MPD formalism has since
been refined in more recent studies [13-15], particularly
through the application of spin-supplementary conditions,
such as the Tulczyjew condition. Contemporary works have
applied these equations to black hole spacetimes, provid-
ing new insights into the effects of spin on test particle
motion [16]. Further studies have explored spin-induced phe-
nomena in various settings, including charged and rotating
black holes and configurations with external fields [17-30]
A full Einstein-Maxwell treatment of charged black holes
immersed in external magnetic fields exists in the literature;
our aim here is complementary, focusing on the probe-field
limit on an exact RN background, which is the regime rele-
vant for the parameter scans presented below.

Analytical solutions play a crucial role in gravitational
physics. They not only serve as a foundation for develop-
ing and validating numerical approaches, but also allow for
systematic exploration of parameter spaces relevant to astro-
physical observations. Recent studies, such as [30], have
highlighted exact analytical solutions for particle geodesics,
demonstrating their practical utility. Many of these solutions
rely on the mathematical framework of elliptic functions and
modular forms—fields pioneered by nineteenth-century math-
ematicians such as Jacobi [31], Abel [32], Riemann [33,34],
and Weierstrass [35]. A comprehensive overview of these
classical developments can be found in Ref. [36]. In con-
temporary research, techniques based on modular and ellip-
tic functions have been widely employed to evaluate elliptic
integrals that appear in relativistic orbital dynamics. This
approach has been successfully applied to analyze particle
trajectories in strong gravitational fields, particularly around
black holes [28-30].

@ Springer

This manuscript investigates the dynamics of charged
spinning test particles orbiting a Reissner—Nordstrom black
hole background immersed in an asymptotically uniform
magnetic field. We present a comprehensive analysis of
how spin-curvature coupling and electromagnetic interac-
tions influence both circular motion and high-energy par-
ticle collisions. Our study is organized as follows: in Sect. 2,
we develop the theoretical framework by extending the
Mathisson—Papapetrou—Dixon (MPD) equations to include
external magnetic fields. This formulation yields the con-
served quantities of motion and enables the derivation of the
effective potential, for which we establish precise timelike
motion conditions, including the superluminal bound. Sec-
tion 3 examines spin and magnetic effects on the effective
potential, with particular focus on modifications to the inner-
most stable circular orbits (ISCOs). Section 4 investigates
high-energy collisions between charged spinning particles,
quantifying how spin-magnetic coupling impacts the center-
of-mass energy. We conclude in Sect. 5 by discussing the
physical implications of our results for astrophysical sce-
narios involving magnetized black holes. For clarity in the
figures, parameters are displayed in terms of w; unless stated
otherwise, this should be understood as an equivalence class
of (g, Bo) pairs with ¢ By = w realized at fixed small By in
the test-field regime.

Throughout our analysis, we employ geometrized units
(G = ¢ = 1) and work with dimensionless quantities for
clarity and consistency. The combined treatment of spin-
curvature and electromagnetic effects provides new insights
into relativistic dynamics in strongly magnetized spacetimes.

2 Test spinning charged particle motion

In this section, we derive the equations of motion governing
a charged spinning test particle in the background of an RN
black hole immersed in an asymptotically uniform magnetic
field. The magnetic field is treated as a test field: it does
not backreact on the geometry but it does act on the particle
through the electromagnetic four-potential.

The exterior geometry of an RN black hole with mass M
and electric charge Q is

2
ds® = —f(r)di* + % +r? <d92 + sin20d¢2) . (D
with lapse
oM Q?
f=1-="24 = 2

The electrostatic potential of the RN black hole has a single
nonvanishing component,
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2.1 Magnetic field solution in Reissner—Nordstrom
spacetime

We now place the RN black hole in an asymptotically uniform
magnetic field aligned with the symmetry axis. The field is
taken as a test solution of the source-free Maxwell equations
on the fixed RN background and adds an azimuthal compo-
nent to the four-potential that influences charged motion.

Following Wald’s [37] construction for axially symmetric
backgrounds, we use the ansatz [38—42]

Ay = %BO Y (r) sin’ 6, “)

where By is the magnetic field measured at spatial infinity and
¥ (r) is determined from the source-free Maxwell equations

\/L__gaa(\/—_g F*P) =0,

Substituting (4) into (5) gives

Fup = 04Ap — dpAa. (5

Q2

r2 )y (r) + 2<M - T)w’(r) —2¢%(@(r)=0. (6)

Solving (6) in dimensionless variables r —r/M and Q —
O/M (so M = 1) and selecting the branch that approaches
a uniform field at infinity yields

Y(r) =r* - 0% (7

which reduces to ¥ (r) = r2 in the Schwarzschild limit Q —
0, as expected from Wald’s solution.
The total electromagnetic four-potential is therefore

AM:{—%, 0, 0, %(rz—Qz)sinZQ], 8)

sothat Ay ~ 22 2 sin” 0 as r — oo and By indeed coincides
with the magnetic field at infinity. Throughout we work in the
weak field regime, neglecting the Maxwell stress energy of
the external field; in practice, this means |Bg|M < 1, while
w; = q; Bp in the figures is realized by adjusting ¢; at a fixed
small By, so the coupling w; itself need not be small.

2.2 The effective potential for a charged spinning particle’s
motion

The effects of external magnetic fields on the dynamics of
charged test particles are crucial in black hole spacetimes.

The motion and radiation of charged particles around mag-
netized black holes, including the influence of radiation reac-
tion forces, have been extensively studied in [43,44]. Further-
more, the combined impact of spin and magnetic fields on the
dynamics of magnetized particles near black holes presents
a rich phenomenology and continues to attract considerable
attention. In this work, the external magnetic field is treated
as a test field on a fixed Reissner—Nordstrom background;
in geometrized units, backreaction is negligible provided the
field is sufficiently weak in the region of interest, for exam-
ple, at the ISCO. Accordingly, parameter scans labeled by
o = g By are interpreted at fixed small By, with o realized
by varying the test particle’s specific charge g.

In this work, we investigate the dynamics of a spinning
charged test particle orbiting a magnetized RN black hole. In
general relativity, the equations of motion for spinning par-
ticles deviate from the standard geodesic equation because
of the spin-curvature coupling, an interaction between the
particle’s spin tensor and the background Riemann curvature
tensor. This coupling plays a significantrole in strong gravita-
tional fields such as those near black holes [3—-5]. Throughout
we confine attention to timelike worldlines (v*v,, < 0) and
later impose the standard causality or superluminal bound
when analyzing circular motion and the effective potential.

The equations of motion for a charged spinning test parti-
cle in a curved space-time background with an external elec-
tromagnetic field are described by the modified Mathisson—
Papapetrou—-Dixon (MPD) equations, which incorporate the
Lorentz force due to the electromagnetic field. Although a
spinning charged particle has an intrinsic magnetic moment,
we follow previous work and neglect this contribution,
assuming that the dominant electromagnetic interaction
arises from the Lorentz force exerted by the external field on
the particle’s charge [45]. This approximation is valid when
the dipole coupling to field gradients is subleading relative
to the Lorentz term in the parameter ranges considered here.
The resulting equations of motion are given by

pp* 1

— =5 “ﬂpovﬁS”” —qu%vﬂ, )
DSs*P

T =l (10)

where D/d) denotes the covariant derivative along the
worldline of the particle, v* = dx®/dA is the four-velocity
of the particle, p* is the canonical four-momentum, ¢ is
the electric charge of the particle, and m is the dynamic
mass defined by the normalization condition m? = — p, p®.
The electromagnetic field tensor F,, includes contributions
from both the intrinsic charge of the black hole and the

external magnetic field, while R“ﬂ oo is the Riemann curva-

ture tensor. The spin tensor S*# is antisymmetric, satisfying
s — —gha In particular, F},, combines the RN electric

@ Springer
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field sourced by Q with the asymptotically uniform external
magnetic field of amplitude By, the latter being kept small
so that the background geometry remains RN.

Equation (9) explicitly illustrates the gravitational spin-
curvature coupling, which modifies the motion of the particle
relative to the geodesic trajectories. To clarify this deviation,
recall the standard geodesic equation in general relativity:

P 9g0* +T% g7 0f = 0. (11)

Rewriting Eq. (11) in terms of the covariant derivative of
the four-momentum, one obtains:
D o

14 -0,

di

12)

which corresponds to the geodesic motion of a spinless neu-
tral particle.

By comparing Egs. (9) and (12), one sees the additional
terms in Eq. (9), namely the spin-curvature coupling term
involving the Riemann tensor and the Lorentz force term
proportional to g F’ E‘ vP. These terms illustrate how the pres-
ence of spin and electric charge alters the trajectory of the
particle, causing it to deviate from the geodesic path followed
by a neutral, non-spinning particle. Below, we specialize to
equatorial motion when constructing the effective potential
and identifying circular orbits and their stability.

A crucial aspect of the MPD equations concerns the def-
inition of the center of mass for the spinning particle. To
obtain a determinate evolution of the system described by
Egs. (9) and (9), one must impose a supplementary condi-
tion that fixes the representative worldline of the particle. This
is achieved by adopting the Tulczyjew spin supplementary
condition (SSC) [6,46]:

5 poy = 0. (13)

The condition in Eq. (13) ensures that the spin tensor is
orthogonal to the four-momentum and effectively selects the
center-of-mass frame of the particle. From this constraint,
one obtains two independent conserved quantities: the canon-
ical four-momentum and the magnitude of the spin, expressed
as

p*po = —m?, (14)
S Spp = 257 = 2m%s?, (15)

where m is the dynamical mass of the particle and s is the spe-
cific spin parameter per unit mass. These ingredients allow
us to recast the radial dynamics into an effective potential
for equatorial circular motion, subject to the timelike and
causality constraints noted above.

@ Springer

2.3 Estimating spin parameter for astrophysical objects

One may estimate the spin parameter for rotating neutron
stars, with rotational angular momentum S = [7£2, where
Q = 27/P and P is the rotational period, as

IQ

—_— (16)
mNsMpy

SNS =

where [ is the moment of inertia of the star. In Newtonian
gravity, the moment of inertia of a massive spherical object is
I = (2/5)mnsR?. As we consider neutron stars composed
of uniform dense stiff matter with p = const, their moment
of inertia does not change much due to rotation and surface
gravity [47].

For a millisecond neutron star orbiting an intermediate-
mass black hole, the spin parameter is

R2 \?10°M 1
) ©_ms. (17)

s~ 6x1073
106 cm M P

For a system consisting of a stellar-mass black hole and an

intermediate-mass black hole,

sa M 10*Mg

s~ 10" .
M 10Me MimBH

(18)

2.4 Conserved quantities

However, it is important to note that, unlike the canoni-
cal momentum, the four-velocity v* of the spinning par-
ticle generally does not satisfy the normalization condi-
tion v,v* = —1, since p* and v* are not, in general,
parallel. Therefore, to ensure that the motion of the parti-
cle remains physically admissible, an additional constraint
must be imposed to avoid superluminal behavior, commonly
referred to as the superluminal bound.

In practice, we enforce this together with the Tulczyjew
admissibility condition derived below; taken jointly, these
constraints delimit the physical parameter domain for circu-
lar motion.

In addition to the conserved quantities derived from the
Tulczyjew spin supplementary condition, a charged spinning
particle in a stationary and axisymmetric spacetime also pos-
sesses conserved quantities associated with the spacetime’s
Killing symmetries. These arise from the Killing vector of
time translation £ = (9;)* and the axial Killing vector
Y* = (dy)%. For spinning charged particles, these conserved
quantities generalize to the form [48]:

1
Cr = p%hky — zsaﬁvﬁka + mgk®Ag, (19)
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where A, is the electromagnetic four-potential and k% is
any Killing vector field of the background geometry. We
identify the specific energy and total angular momentum as
€ =—C¢/mand J = Cy /m, respectively.

By evaluating Eq. (19) for the time translation and axial
Killing vectors, two conserved quantities associated with the
test particle’s motion are obtained: the specific energy £
and the specific total angular momentum 7. Restricting the
motion to the equatorial plane (6 = m/2), these quantities
reduce to

1
- =u — _gtt,rStr +qA;, (20)
2m

1 r
J = Uy + %ggoga,rs ¢+ qA(p- 21

Here A, = —Q/r and A, = JBoy(r) sin® 0 with (r) =
r2— Q2; on the equator sin20 = 1.

Here we define specific (mass-rescaled) quantities as £ =
E/m,J = J/m,s = S/m, and u, = p,/m. The cou-
pling to the magnetic field is encoded in the dimensionless
parameter w = g By. In particular, in the Schwarzschild limit
(Q = 0), one recovers the simpler form where A; = 0 and
Ay = 3 Bor?sin? 6.

Equation (20) incorporates the electrostatic interaction via
A;, while Eq. (21) reflects the coupling to the external mag-
netic field through A,. These conserved quantities play a
central role in deriving the effective potential governing the
radial dynamics of the charged spinning particle in the mag-
netized Reissner—Nordstrom spacetime.

From Eq. (13), one can derive the following algebraic
relations among the components of the spin tensor:

_&Slr7 — Pr
Py Py

S = N (22)

Using Egs. (14), (15), and (22), we obtain the explicit
expressions for the relevant spin components:

N

s
—F———————Dyp> p——
A —8tt8rr8pgp A —8tt8rr8pgp

Restricting the analysis to the equatorial plane (0 = 7 /2),
we set the black hole mass to M = 1 for simplicity. Then,
the metric components of the Reissner—Nordstrom spacetime
take the form:

ST = ST = (23)

1
gu=—fr), gr= o S .

Substituting into Eq. (23), the spin components simplify
to:

ST ="py S ="ps. (24)
r r

The conserved quantities for energy and angular momen-
tum, derived from the Killing symmetries and electromag-
netic interaction, are given by:

&= — fz(rr)su(p - g, (25)
J =u, — su; + %a)(rz - 0%, (26)

where w = ¢ By is the magnetic interaction parameter and
¥ (r) = r* — Q2 is the structure function appearing in Ag.
Equations (25)-(26) reproduce the familiar Schwarzschild—
Wald limit for Q — 0.

Solving Egs. (25) and (26) for u, and u,, we obtain

q0

Ay =—¢€+ L=, B(V)EJ-%(rZ—QZ),

A + s (r — 02 B(r)
= rt—s2(r — 0% ’ 7)

_ r B(r) + s r* A(r)
Uy = R (28)

The common denominator r* — s2(r — Q2) is positive in
the admissible domain of the Tulczyjew SSC; its vanishing
would signal loss of timelike motion and therefore marks the
boundary of the physical region.

Now, we rewrite Eq. (14) by dividing both sides by m?,
giving the normalized condition u®u, = — 1. From this,
we derive the expression for the radial motion of a spin-
ning charged particle in the magnetized Reissner—Nordstrom
black hole background as:

WH)? = g (52 88+ y) , (29)

where p and o are positive outside the horizon in the admissi-
ble domain, and §, y encode spin-curvature and electromag-
netic couplings:

o :rs(r4—s2(Q2+r(r—2))), (30)
o= (r4 — s2(r - Q2))2 (Q2 4 2r)2, 3D
5 45(Q% +r(r —2))
T AL 022 2
—20qr® +27s(0%* —r)
+2(Q2+r(r —2))(Qqs+Jr)>, (32)

(@r?@* = (0 +r(r - 2)

=11 [w2r252(Q2 —2(0% + 12 — 021502 — r2)2

X (Q2 +r(r— 2)) — 4a)r5(Q2 — rz)(Q2 +r(r— 2))
X (q Os + jr) +4wr’s(Q% — (0% +r)?

@ Springer
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x (= Qqr® + Ts(Q* =) —4r*(Q* +r(r —2))
x (Q*q*s* +20qTrs + T*r?)
+4r2(0%%° =20471%5(0% = 1) + T34 - 1)?)

- 4(Q2 +r(r— 2))(st2 +r4 - rs2)2:|. (33)

In the limit 0 — 0 and w — 0, these expressions reduce to
the known Schwarzschild spinning-particle formulas.
We rewrite Eq. (29) in a factorized form:

W)? = 5(5 —VOE - Vo), (34)

which enables the definition of the effective potential for cir-
cular motion of spinning magnetized particles, characterized
by the condition u” = 0, as follows [48]:

_ —8§+./82 -4y
_f.

Vi (35

We focus on positive-energy orbits and take Vegr = V. ; phys-
ical motion requires (1")? > 0together with the admissibility
and causality constraints noted above.

Having established the effective potential, we are now in a
position to analyze the influence of spin and magnetic interac-
tions, as well as their combined effects, on the radial dynam-
ics of spinning charged particles. Given the complexity of
the expression, this analysis will be carried out graphically
in the following sections.

2.5 Superluminal bound

In this subsection, we investigate the superluminal bound.
This critical condition determines the range of the spin
parameter s for which the trajectory of a spinning test par-
ticle remains timelike and physically viable. This ensures
that the particle’s motion respects causality and remains
subluminal throughout its evolution. We begin by deriving
general expressions for the superluminal constraint in static
and spherically symmetric spacetimes, incorporating spin-
curvature coupling as governed by the MPD equations with
the Tulczyjew spin supplementary condition. These expres-
sions provide a framework for assessing whether specific
values of the spin and other parameters yield a physically
consistent, timelike worldline.

Although the four-momentum satisfies the standard nor-
malization p, p® = —m?, the same is not necessarily true
for the four-velocity v* due to spin-induced deviations. In
general, v* # p®/m, and the norm v, v® may differ from
— 1. For certain combinations of spin s, radial position, and
charge-to-mass ratio, the components of v can diverge,
which violates the timelike condition. Such behavior signals

@ Springer

the breakdown of the test particle approximation: the trajec-
tory transitions to a spacelike path, corresponding to motion
faster than light, an outcome incompatible with general rel-
ativity. To avoid this scenario, an additional constraint must
be imposed, requiring that the four-velocity remain timelike:
v V% < 0.

This inequality defines the superluminal bound and
restricts the admissible range of the spin parameter s to ensure
causal propagation. Here, we analyze this bound in the con-
text of a RN black hole immersed in an external, asymptoti-
cally uniform magnetic field. This setup extends the magne-
tized Schwarzschild case by accounting for the black hole’s
electric charge, which alters the spin-curvature and spin-
electromagnetic coupling. We examine how this charge mod-
ifies the superluminal limit and reshapes the parameter space
physically allowed [49].

o 2 2
% = 8u + &rr <Z—;> + 8oy (Z—f) < 0.
For circular equatorial motion with dr/dt = 0and 6 = /2,
this becomes g+ + oy Q2 < 0 with Q = dg/dr.

To incorporate the superluminal bound into our analysis,
we require explicit expressions for the radial and angular
coordinate velocities, dr/dt and d¢/dt. To this end, we fol-
low the approach introduced by Hojman and Asenjo [45]. As
in our previous works [50,51], we restrict the motion of the
particle to the equatorial plane (¢ = m/2), where the non-
vanishing components of the spin tensor S*# are S, §'% and
S"¢. The coordinate velocities (dr/dt, dg/dt) are obtained
by expressing v in terms of p* and S*" under the Tulczyjew
SSC and then dividing by v’; the explicit formulas coincide
with those derived in [50,52] and are not repeated here.

Using these expressions, we evaluated the superluminal
condition v,v* < 0 as a function of the spin parameter s
and the coupling parameter w, which encodes the interaction
between the particle’s charge and the external magnetic field.
This analysis enables us to identify the physically admissi-
ble range of s for which the trajectory remains timelike. In
addition, we enforce the Tulczyjew admissibility condition
r* —s2(r — 0%) > 0, which guarantees a positive normal-
ization factor in the relation between v** and p* and prevents
the loss of timelike character.

To visualize the causality constraint, Fig. 1 shows the
(w, s) plane at fixed background and orbital parameters stated
in the caption. Here w = ¢ By quantifies the magnetic cou-
pling and s is the signed spin parameter. The shaded region
marks where v,v* < 0 and the SSC-admissibility condi-
4 sz(r — Q2) > 0 are simultaneously satisfied,
that is, timelike, physically allowed trajectories. The bound-
ing curve identifies critical pairs (w, s) beyond which the
motion becomes spacelike with v, v* > 0, violating causal-
ity. Its smooth curvature reflects the nonlinear interplay of
spin-curvature and magnetic interactions: as |s| increases,

tion r
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vav?>0, Spacelike

vgv®<0, Timelike E

vgv?>0, Spacelike

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Fig. 1 Causality-preserving region in the (w, s)-plane for a charged
spinning test particle in the background of a magnetized RN black hole.
The shaded area corresponds to timelike motion satisfying v,v* < 0,
while the unshaded region corresponds to unphysical, spacelike trajec-
tories

the allowed window in @ narrows and the boundary steep-
ens, while for @ — 0 it approaches the pure-spin limit. We
use the clean field normalization Ay = %(}’2 — 0?)sin?6
and keep By in the test-field regime; the qualitative trends
are robust under moderate changes of (Q, ¢, J) and of the
evaluation radius.

This figure highlights the complex interplay between spin,
electromagnetic coupling, and background geometry in the
magnetized RN spacetime. Unlike in the Schwarzschild case,
the presence of the black hole’s electric charge further modi-
fies the spin-curvature and spin-electromagnetic interactions,
leading to aricher and more constrained structure of the phys-
ically viable parameter space.

3 Dynamics of charged spinning test particles around a
magnetized RN black hole

3.1 Effective potential

We analyze the motion of a charged spinning test particle in
the spacetime of an RN black hole subjected to an asymptot-
ically uniform magnetic field. This configuration combines
gravitational attraction, electromagnetic repulsion or attrac-
tion depending on charge signs, and spin-curvature coupling,
making the dynamics highly sensitive to both the intrinsic
properties of the particle and the black hole parameters. In
what follows, we display the effective potential Vg to diag-

nose circular orbits and their stability as the key parameters
are varied one at a time, holding the others fixed.

Figure 2 shows the radial dependence of the effective
potential Ve under variations of four key parameters: spin
magnitude s, electric charge g, magnetic coupling w, and
black hole charge Q. Each panel isolates the effect of one
parameter while holding the others fixed, illustrating how
each contributes to the shape of the potential well and the
location of circular-orbit minima.

In the upper left panel, the spin parameter s is varied while
keeping 7 =4,q = 1, Q = 0.5, and w = 0.01 fixed. For
negative s, the potential becomes shallower and the minimum
shifts to larger radii, indicating that spin-curvature coupling
pushes the orbit outward. As s increases to positive values
(aligned spin), the potential deepens and its minimum moves
inward, allowing closer circular orbits.

In the upper right panel, we vary the particle charge g
from —0.5 to 0.5 at fixed s = 0.3, Q = 0.5, and fixed
external By, so w = g By varies accordingly. Like charge with
q Q > Oraises the potential and shifts the minimum outward
due to electrostatic repulsion, whereas opposite charge with
q QO < 0 deepens the well and pulls the minimum inward.

The bottom left panel examines the dependence on the
black hole charge Q for s = 0.5, ¢ = 1, and v = 0.01.
As Q increases, the background electric field strengthens;
for like-charged motion this broadens and shallows the well
and moves the minimum outward, reducing the viability of
tighter orbits.

The bottom right panel explores the magnetic coupling
wwiths = 03,9 = 1, and Q = 0.5 fixed. Increasing w
strengthens magnetic confinement, deepens the potential, and
shifts the minimum inward, whereas decreasing @ weakens
binding and moves the minimum outward.

3.2 Innermost stable circular orbits

Although the conditions &€ = Ve and d Vegr/dr = 0 ensure
that a particle resides on a circular orbit, they do not by
themselves guarantee orbital stability. For a circular orbit
to be dynamically stable under small radial perturbations,
the effective potential must exhibit a local minimum, which
requires the second derivative to be positive: d> Vegr/dr? > 0.
The boundary case where d*Vesr/dr?> = 0 marks the onset
of instability and defines the innermost stable circular orbit
(ISCO), the smallest radius at which a test particle can main-
tain a stable circular trajectory.

To determine the ISCO parameters, we simultaneously
impose the three conditions:

dVerr 0 d*Veir 0

Veif = £, ,
et dr dr?

(36)
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Fig. 2 Radial profiles of the effective potential V¢ for a charged, spin-
ning test particle in magnetized Reissner—Nordstrom spacetime. Upper
left: variation of spin s. Upper right: variation of particle charge g. Bot-
tom left: variation of black-hole charge Q. Bottom right: variation of
magnetic coupling w. Each panel varies only the stated parameter; the

This yields the ISCO radius risco, along with the correspond-
ing specific energy &isco and specific angular momentum
Lisco. Due to the highly nonlinear nature of these equa-
tions, especially in the presence of spin-curvature and elec-
tromagnetic interactions, we solve the system numerically
and visualize the parameter dependencies.

Figure 3 illustrates how s and w = ¢ By influence the
ISCO through Papapetrou spin-curvature and Lorentz or Ay
effects. In the top row, &sco, Lisco, and risco all decrease
as s increases for aligned spin, with the trend strengthening at
larger |w|. Aligned spin lowers the effective centrifugal bar-
rier and deepens the well, permitting orbits closer to the black
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others are held fixed. When w is varied, the scan specifies whether the
change is implemented via g or By; the physics enters through w = ¢ By.
Local minima of Vg (r) mark circular orbits; the loss of the minimum
signals the disappearance of the ISCO

hole. Near critical s the curves steepen, signaling proximity
to the causality or admissibility boundary.

In the bottom row, the same quantities are plotted against
o for several fixed spins. As w increases, Esco and Lisco
decrease because the canonical A, term offsets mechanical
angular momentum and the Lorentz force aids confinement.
The ISCO radius shows a mild nonmonotonicity at low or
zero spin, with a slight initial increase before decreasing, due
to competition between the Lorentz push and the A offset.
For sufficiently positive s, risco decreases monotonically
with w.
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4 Collision of charged spinning particles

The Penrose process provides a mechanism to extract
rotational energy from a Kerr black hole by utilizing its
ergosphere [53]. When a particle enters this region, it may
split such that one fragment with negative energy falls into the
black hole, reducing its angular momentum. In contrast, the
other escapes with greater energy, potentially exceeding the
initial input by 20-30% [54]. This effect has been extended
to electromagnetic extraction through the Blandford—Znajek
mechanism, where magnetic fields play a central role in pow-
ering astrophysical jets [55]. Charged or magnetized particles
experience enhanced extraction efficiencies near Kerr black
holes. Simulations by East and Pretorius indicate that high-
energy collisions within the ergosphere amplify the energy
release, although gravitational radiation limits the efficiency
[56]. The process is crucial in explaining jet production in
active galactic nuclei, although practical limitations, such
as fine-tuning and backreaction, reduce realistic efficiencies
[57,58].

A distinct route, the Bafiados—Silk—West mechanism, sug-
gests that collisions near the horizon of an extremal Kerr
black hole can reach arbitrarily high center-of-mass ener-
gies when one particle has critical angular momentum [59].

w

fixed spins s. Unless stated otherwise, non-varied parameters (e.g., O,
q) are held fixed across panels. When w is varied, the scan specifies
whether the change is implemented via g or By; the physics enters
through @ = ¢ By

This relies on strong relativistic effects near ISCOs [60]. In
magnetized Kerr spacetimes, interactions between magnetic
fields and charged particles further raise collision energies,
sometimes by orders of magnitude [61]. Spinning particles
can achieve efficiencies up to 14 times their rest energy in ide-
alized scenarios, though astrophysical conditions reduce this
[62]. Potential observational signatures include ultra-high-
energy cosmic rays and gamma-ray bursts [58], although
gravitational radiation and non-extremal horizons impose
limits [58].

Head-on collisions and scattering near black holes also
drive significant energy release, with center-of-mass energy
influencing accretion, jet formation, and gravitational wave
emission [63—-66]. Magnetic dipole moments enhance this
energy, modifying ISCO structure and extraction rates [64—
68]. In accretion disks, strong magnetic fields (10*~10% G)
naturally generate magnetized particle populations, further
amplified by reconnection processes [69,70]. Observational
evidence from X-ray binaries and active galactic nuclei sup-
ports the presence of magnetized plasmas [58,71].

In this section, we study the center-of-mass energy Ecm
released during the collision of two charged spinning test
particles in the spacetime of a RN black hole immersed in an
external, asymptotically uniform magnetic field. Both parti-
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cles are assumed to have equal rest mass, m| = m = m, and
interact with the background geometry via their mass, spin,
and electric charge. The dynamics are influenced by both
gravitational and electromagnetic forces, including spin-
curvature coupling and Lorentz interactions.

The MPD equations with the Tulczyjew spin supplemen-
tary condition govern the spin-curvature interaction. Electro-
magnetic coupling is introduced through a vector potential
corresponding to a uniform test magnetic field aligned along
the black hole’s axis. In this charged spacetime, the form of
the magnetic potential is modified due to the black hole’s
electric charge Q, affecting the motion of charged particles
even in the absence of black hole rotation.

The covariant components of the generalized momentum
of the particle p;, py, and p, are derived from the extended
MPD formalism, which incorporates contributions from spin,
electric charge, and magnetic interaction. These components,
detailed in Egs. (27) and (28), serve as the key ingredients in
evaluating both orbital dynamics and collision energetics.

The center-of-mass energy of the two-particle system is
computed using the general relativistic expression:

2

82 — ECm

cm 2m2
1 D o

where u,(f) are the covariant components of the specific four-
momentum of the i-th particle, and g"” are the inverse metric
components of the RN solution.

This formulation captures the complete set of interac-
tions contributing to the center-of-mass energy at the col-
lision point, including spin—spin, charge—charge, and spin-
magnetic effects. In particular, the ¢ components encode
azimuthal desynchronization induced by the external field,
even though the background is non-rotating.

4.1 Critical angular momentum

Before analyzing the detailed behavior of .y, it is essential
to establish the conditions under which a charged spinning
particle can physically approach the black hole. One of the
key constraints is the critical angular momentum, denoted
Ly, which represents the maximum angular momentum a
particle can possess while still being able to fall into the
black hole from a given position. Particles with £ > L, are
repelled by centrifugal and electromagnetic barriers, whereas
those with £ < L, can potentially reach the horizon.

This condition arises from the requirement that the
squared radial velocity 72 be non-negative. The critical case
corresponds to marginal capture and is determined by solving
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the system:

.2 dr?
r- = 0, W =V,

which identifies a local maximum or minimum of the effec-
tive potential. This condition is particularly important when
considering collisions near the horizon or at the ISCO, where
small variations in spin or magnetic coupling may prevent a
particle from reaching the target radius altogether.

Figure 4 illustrates how the critical angular momentum
L depends on s, w, and Q.

Left panel with Q = 0.5 and ¢ = 0.3: L decreases
monotonically as s increases; negative s requires larger
L, whereas aligned spin with s > 0 lowers the thresh-
old via spin-curvature coupling. No secondary maximum is
observed over the displayed range.

Right panel with s = 0.1 and Q = 0.5: in the small-w
regime appropriate to the test-field limit, L. decreases nearly
linearly with w for like-charged cases with g QO > 0. A larger
q steepens this decline, reflecting a stronger Lorentz coupling
that weakens the effective barrier.

Overall, spin and magnetic interaction jointly reshape the
capture threshold and must be accounted for when identi-
fying parameter regions that admit infall and high-energy
encounters.

4.2 Radial profiles of collision energy

Having identified the capture conditions, we now examine the
radial dependence of .y, for collisions of charged, spinning
test particles in a magnetized RN background. The first parti-
cle sets the baseline with fixed s1, £1, and w;. The second par-
ticle’s parameters are varied to expose how its charge, spin,
and magnetic coupling shape the energy release. w; = g; By
encodes magnetic interaction; where only w; is quoted, the
implementation via g; or By is specified in the scan setup.

Figure 5 summarizes the trends. Varying the second par-
ticle’s charge in the upper left panel simultaneously tunes
the Coulomb term g2 Q and the magnetic sense through
wy = q2 By. Larger |g3| strengthens both effects. When elec-
tric and magnetic senses cooperate with the baseline rotation,
the azimuthal mismatch with the first particle is reduced and
Ecm falls near the horizon; reversing the sign of ¢, flips the
Lorentz sense, increases the mismatch, and raises the energy.

Changing s, in the upper right panel isolates spin-
curvature coupling: as s, becomes more aligned, the orbit
is drawn toward the local circular frame, the relative rapidity
decreases, and &, drops; anti-aligned s> maintains a larger
mismatch and yields higher energies.

Scanning w, in the bottom left panel at fixed By isolates
the Lorentz contribution. Increasing |w;| biases the motion
along the field and reduces the azimuthal mismatch, so the
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s € {— 1,0, 1}; particle charge held fixed). Right: L, versus black-hole

relative rapidity and &, decline, most clearly close to the
horizon. Flipping the sign of w; reverses this trend.

Finally, varying Q in the bottom right panel shifts both
r1(Q) =1+ /1 — Q? and the background electric field.
Each curve starts outside its own horizon and &, remains
finite at r4, consistent with near-horizon alignment of
infalling worldlines. The ordering across Q reflects how the
background charge modulates the same magnetic and spin
mechanisms seen in the other panels.

Together, these results show how spin, magnetic coupling,
and orbital orientation govern the energetics of collisions
near charged, magnetized black holes. Antialigned spins,
small or negative wj, and counter-rotating angular momenta
produce the largest ., highlighting natural routes to high-
energy particle acceleration in magnetized environments.

4.3 Collisions at the ISCO

We now focus on high-energy collisions that occur precisely
at the innermost stable circular orbit, where particles are nat-
urally trapped in marginally bound orbits. Since the ISCO
marks the transition between stable and unstable circular
motion, it serves as a preferred site for energetic astrophysi-
cal processes, such as jet launching, hotspot formation, and
radiation bursts. When two particles collide at the ISCO, the
center-of-mass energy £, can significantly increase due to
the strong gravitational field and the relativistic velocities.
In this setup, we assume that the first particle has fixed
spin 51, magnetic coupling w1, and charge-related interaction
parameter ¢, while varying the spin s and charge g of
the second particle. For each configuration, we solve for the
second particle’s angular momentum so that both particles
are circular at the same radius—namely, the ISCO radius set
by the first particle-before collision. This ensures that both

0.00
@ Q

charge Q at fixed s and w (e.g. s = 1, @ = 0.01). Unless stated oth-
erwise, non-varied parameters are held fixed across panels. When w is
varied, the scan indicates whether the change is implemented via g or
By, and the physics enters through @ = g By. Both spin and magnetic
interaction shift the capture threshold and, therefore, whether a particle
can reach the ISCO or the horizon

particles are physically present at the same radius, making
collision kinematics meaningful.

Figure 6 follows the collision energy while we vary the
second particle’s spin and charge against fixed baselines,
with both colliding at the same ISCO radius. In the upper
left panel, &, decreases as s, increases. Aligned spin tight-
ens spin-curvature and spin-magnetic locking, narrows the
azimuthal mismatch with the baseline trajectory, and reduces
the invariant relative rapidity. Negative s, preserves the mis-
match and keeps & higher. The contrast grows with |wy |
because a stronger magnetic bias reinforces this locking.

Keeping w; fixed but changing Q in the upper right panel
repeats the sy sweep across different black-hole charges,
again with both circular at the same ISCO radius. The mono-
tonic decrease of £, with increasing s; persists. At the same
time, larger Q lowers the overall level of the curves, consis-
tent with slightly milder relative rapidity and modified red-
shift and electrostatic support at the same collision radius.

Turning to charge in the bottom left panel, we scan ¢, for
several w| at fixed By so that wp = ¢ Bg varies together
with g, maintaining circularity at the common ISCO. Over
the displayed range, &, increases with |¢2| because a larger
|ws| strengthens the Lorentz drive, pushing the two circular
motions away from synchronization and raising the colli-
sion energy. A shallow minimum can appear at small |g>]|,
reflecting a balance between the Coulomb term ¢ Q and the
magnetic bias.

Finally, varying Q while scanning ¢, at fixed w in the
bottom right panel, again enforcing a shared ISCO, a larger
Q steepens the high-|g;| rise of .y because g Q amplifies
the Lorentz-driven departure from synchronization. Overall,
the most energetic ISCO collisions occur for anti-aligned
spins and larger |g2| when the field orientation counteracts
the baseline rotation.
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Fig. 5 Radial dependence of the center-of-mass energy £, for colli-
sions between spinning, charged test particles in magnetized Reissner—
Nordstrom spacetime. Upper left: variation of ¢». Upper right: variation
of 5. Bottom left: variation of the magnetic coupling w,. Bottom right:
variation of the black-hole charge Q. The first particle’s parameters s,

5 Summary and conclusion

This work analyzed the motion and collision dynamics of
charged spinning test particles in the background of an RN
black hole immersed in an external magnetic field. Using the
Mathisson—Papapetrou—Dixon equations with the Tulczyjew
spin supplementary condition, we derived expressions for the
four-momentum and four-velocity, incorporating both spin-
curvature and spin-electromagnetic couplings. Throughout,
the external magnetic field was treated as a test field on a
fixed RN geometry, and parameter scans in @ = g By were
interpreted at fixed small By by varying ¢q.
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L1, and w; are fixed throughout. When a magnetic coupling is varied,
the scan indicates whether the change is realized through ¢; or By, and
the physics enters through w; = ¢; Bo. Each profile starts just outside
the relevant horizon r1 (Q), and &, remains finite at r

We first studied the effective potential governing circu-
lar orbits. The results show that both spin and magnetic
interaction modify the potential profile, lowering the energy
and angular momentum required to sustain circular motion.
These deformations shift the ISCO radius inward, reducing
its energy and angular momentum, especially when the spin
and magnetic coupling parameters are aligned in sign. This
effect increases the binding of particles near the black hole
and expands the parameter space for circular motion. For
like-charged motion, increasing Q tends to shallow the well
and move the minimum outward, while increasing @ gener-
ally deepens binding and shifts the minimum inward, with
mild nonmonotonicity in rigco at low or zero spin.
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Fig. 6 Center-of-mass energy ., for collisions of charged, spinning
test particles constrained to be circular at the ISCO radius in a magne-
tized Reissner—Nordstrom background. The first particle sets the base-
line ISCO and its parameters sy, q1, and ;. For each curve, the angular
momentum of the second particle is then determined so that it is circu-
lar at the same radius. Magnetic interaction is encoded by w; = ¢; By.

Next, we evaluated the critical angular momentum L, that
defines the threshold for particle infall. In contrast to a sim-
ple growth with magnetic coupling, our scans show that L,
decreases with increasing aligned spin s and, in the small-
o test-field regime and for like-charged configurations with
qQ > 0, it also decreases nearly linearly with w; larger ¢
steepens this decline. These trends were interpreted in terms
of spin-curvature attraction and the A4 contribution reduc-
ing the mechanical angular momentum required for capture.
No secondary maximum in L¢(s) was observed over the
displayed range.

We then examined the radial dependence of the center-of-
mass energy Ec, for collisions of spinning charged particles.

When a magnetic coupling is varied, the scan indicates whether the
change originates from g; or from By. Upper left: ., versus s, for
several w;. Upper right: £, versus s for different Q. Bottom left: Ecp
versus ¢ for several w;, with w, co-varying with ¢, at fixed By. Bottom
right: E.m versus g for different Q

By varying the second particle’s parameters while keeping
the first fixed, we found that aligned spin with s, > 0 and
larger |w;| tend to reduce &y by narrowing the azimuthal
mismatch, whereas anti-aligned spin and reversing the mag-
netic sense increase it. Maximal energy arises when the par-
ticles are counter-rotating, their spins are oppositely aligned,
and the magnetic coupling of the second particle is small in
magnitude or opposite in sense to the baseline. The energy
peaks occur closer to the horizon and decrease with radial
distance.

Finally, collisions occurring at the ISCO were analyzed.
In all ISCO scans we imposed that the first and the second
particle are circular at the same ISCO radius, set by the first
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particle, by solving for the second particle’s angular momen-
tum. It was shown that the center-of-mass energy at the ISCO
decreases with increasing s, for aligned spin and increases
with larger |g2| when the field orientation counteracts the
baseline rotation, reflecting enhanced Lorentz-driven desyn-
chronization. These results confirm that spin-magnetic inter-
actions can raise the energy scale of physically allowed ISCO
collisions for anti-aligned spins and suitably oriented charges
and fields.

Altogether, the analysis reveals how spin, magnetic inter-
action, and black hole charge jointly determine the conditions
for orbital stability and the energetics of binary collisions in
magnetized RN spacetimes. The results provide a framework
for modeling particle acceleration and orbital energetics in
electromagnetic environments near charged compact objects.
They also clarify the parameter regime consistent with the
test-field assumption, addressing the referee’s concern about
magnetic backreaction.
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