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A model of the pseudo-Nambu–Goldstone (pNG) dark matter (DM) is proposed. We as-
sume that there is an SU(2)g global symmetry and a U(1)X gauge symmetry in the dark
sector, and they are spontaneously broken into a U(1)D global symmetry after a scalar field
develops a vacuum expectation value. We add a soft symmetry-breaking term that breaks
the SU(2)g global symmetry into the U(1)g global symmetry explicitly. Our model predicts
a stable complex pNG particle under the U(1)D global symmetry. One of the virtues of
the pNG DM models is that the models can explain the current null results of the direct
detection experiments. The small momentum transfer suppresses the scattering amplitudes
thanks to the low-energy behavior of the Nambu–Goldstone boson. In our model, the soft
symmetry-breaking term is uniquely determined. This is the advantage of our model com-
pared to some earlier works in which some soft symmetry-breaking terms cannot be forbid-
den but are simply assumed to be absent to avoid the constraints from the direct detection
experiments. We calculate the thermal relic abundance of the pNG DM and find that the
model can explain the measured value of the DM energy density under some constraints
from perturbative unitarity.
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1. Introduction
A popular scenario about dark matter (DM) production is that DM particles interact with
standard model (SM) particles and were in the thermal bath made by the SM particles in the
early universe. The interaction rate is reduced as the universe expands, and the interactions
between the DM and SM particles are eventually decoupled. After the decoupling, the DM
number density per comoving volume is fixed. In this scenario, the DM in the current universe
is the thermal relic, and the measured value of the DM energy density [1] requires some small
but non-zero DM annihilation cross section into the SM particles. The canonical value is 〈σv〉 �
10−26 cm3 s−1. The crossing symmetry of the Feynman diagrams implies that DM–SM elastic
scatterings can also happen. The DM direct detection experiments have been trying to detect
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such scattering processes over the decades. However, there are no clear signals of the DM–SM
scatterings, and the experiments give stringent upper bounds on the DM–nucleon scattering
cross section [2–4]. It is necessary to suppress the DM–SM scattering process while keeping the
DM annihilation cross section if the DM particles are the thermal relic.

Pseudo-Nambu–Goldstone (pNG) DM models can explain the null results of the direct de-
tection experiments while keeping the canonical value of the DM annihilation cross section into
the SM particles [5]. In the pNG DM models, the DM–SM scattering amplitude is proportional
to t, where t is the Mandelstam variable and is the momentum transfer squared at low energy.
Since the momentum transfer in the direct detection experiments is typically small, the scatter-
ing amplitude is highly suppressed.1 As a result, the models can explain the null results of the
direct detection experiments.

In the model proposed in Ref. [5], a Nambu–Goldstone (NG) boson is accompanied by spon-
taneous symmetry breaking of a U(1) global symmetry after a complex scalar field S devel-
ops a vacuum expectation value (VEV). The global symmetry is also broken explicitly by the
soft symmetry-breaking term S2 + S∗2, and thus the NG boson becomes massive. Other soft
symmetry-breaking terms are also possible but are assumed to be absent because they give un-
suppressed contributions to the scattering amplitudes. This assumption is reasonable to explain
the experimental results, but it is more satisfactory if we can forbid those terms by some sym-
metries. Moreover, the soft symmetry-breaking term explicitly breaks the global U(1) symmetry
into a global Z2 symmetry, and this Z2 symmetry is spontaneously broken. Hence the model [5]
suffers from the domain-wall problem [7].

A possible mechanism to have (almost) only the quadratic term and to avoid the domain-
wall problem has already been discussed in Ref. [5]. Models that explain why only the S2 + S∗2

term arises are proposed in Refs. [8–11]. Those models utilize the U(1)B − L gauge symmetry
to restrict the soft symmetry-breaking terms. The U(1)B − L gauge symmetry is spontaneously
broken at high energy, and the pNG model proposed in Ref. [5] arises as the low-energy effective
theory.2 The models predict that the DM is not absolutely stable and decays eventually. To
make the DM long-lived particle, the scale of the U(1)B − L breaking is assumed to be very
high around the GUT scale. In Ref. [15], the effect of the mass-dimension-one soft-breaking
term S + S∗ is discussed. In that case, the Z2 symmetry is also explicitly broken, and thus
the domain-wall problem is absent. However, the degeneracy in the mass spectra of the scalar
particles is necessary to suppress the DM–quark scattering amplitude. Analyses with other
explicit breaking terms are discussed in Refs. [16,17].

In this paper, we construct a model that allows only the mass-dimension-two soft symmetry-
breaking terms by a gauge symmetry. The gauge symmetry is broken around the electroweak
or TeV scale in contrast to the pNG models with the U(1)B − L gauge symmetry. In our model,
any discrete symmetry is not spontaneously broken and the domain-wall problem is absent.

1However, this is not the case if the mediator mass is not larger than the momentum transfer [6].
2Note that, in general, the domain-wall problem can be avoided if the soft-breaking term arises from a

VEV that spontaneously breaks a continuous (simple) symmetry G into the Z2 symmetry, in which it is
not necessary to gauge G. In fact, suppose that two scalar VEVs trigger a two-step symmetry breaking
G → Z2 → 1, in which the pNG model in Ref. [5] arises after the first symmetry breaking. Since π0(G) =
0 and π1(G/Z2) = Z2, cosmic strings with the topological charge Z2 appear at the first phase transition
and become connected by domain walls at the second one. Regardless of whether G is global or local,
the domain walls shrink well before they dominate the energy density of the universe; see Sect. 13.6 in
Ref. [12] and also Refs. [13,14].
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The rest of this paper is organized as follows. In Sect. 2, we introduce our model setup. In
Sect. 3, we show that the DM–SM elastic scattering amplitude is suppressed at the tree level.
Some constraints from the perturbative unitarity, Higgs invisible decay, and cosmic strings are
discussed in Sect. 4. We show that the model can explain the measured value of the DM energy
density in Sect. 5. In Sect. 6, we consider the direct detection of the pNG DM at the loop
level. In Sect. 7, we also consider a two-component DM scenario in our model. Section 8 is
devoted to the conclusion. We present cosmic string solutions in our model in Appendix A.
The calculated results of the scattering amplitudes in the direct detection at the loop level are
provided in Appendix B.

2. Model
We introduce a complex scalar field φ that transforms under an SU(2)g global symmetry and a
U(1)X gauge symmetry as3

φ → eiT aθa
g ei 1

2 θX (x)φ, (1)

where Ta is the SU(2)g generator. Under the symmetry of the SM sector, φ is a singlet. All the
SM particles are singlets under the SU(2)g × U(1)X symmetry. We assume that φ develops a
VEV,

〈φ〉 =
(

0
vs√

2

)
, (2)

and breaks the symmetry spontaneously as SU(2)g × U(1)X → U(1)D, where U(1)D is a global
symmetry and is expressed as

φ → eiT 3θDei 1
2 θDφ =

(
eiθD 0
0 1

)
φ. (3)

This spontaneous symmetry breaking generates three NG bosons. One is the would-be NG
boson that is eaten by the U(1)X gauge boson. The other two are massless NG bosons.

To make the two NG bosons massive, we introduce an explicit symmetry-breaking term that
softly breaks SU(2)g into U(1)g,

φ†T 3φ. (4)

This soft-breaking term4 changes the symmetry-breaking pattern. After φ develops the VEV,
U(1)g × U(1)X is spontaneously broken into U(1)D, and we obtain a would-be NG boson and
two pNG bosons. The U(1)D global symmetry makes the pNG bosons stable, and thus these
two pNG bosons are DM candidates. Thanks to the U(1)X gauge symmetry, we cannot write
down other soft symmetry-breaking terms that explicitly break the global SU(2)g symmetry.
Therefore, we can explain why the soft symmetry-breaking term is the mass-dimension-two in
our setup.

We also impose that the new sector is symmetric under the charge conjugation,

φ → φ∗, (5)

3A model utilizing an SU(2) global symmetry without any gauge symmetries is discussed in Ref. [18].
4We can consider

∑
acaφ†Taφ, which looks like more general soft-breaking terms. However, after the

field redefinition, φ → eiT aθa
φ, these terms transform as

∑
acaφ†Taφ →∑

a, bObacaφ†Tbφ, where Oba =(
e−iX cθ c)

ba, and (Xc)ab = −iεcab. Since O is a three-by-three orthogonal matrix, the norms of �c and O�c
are the same. Thus we can make O�c = (0, 0,

∣∣�c∣∣) by choosing �θ appropriately. Therefore, we can take ca

= cδa3 without loss of generality and obtain Eq. (4).
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Vμ → −Vμ, (6)

where Vμ is the U(1)X gauge boson. All the SM particles are singlets under this charge conju-
gation. This symmetry is Z2 but not broken by the VEV of φ. This symmetry also forbids the
gauge kinetic mixing between the U(1)X and U(1)Y gauge fields.5

Now we have two DM candidates. One is the pNG DM that is stabilized by the U(1)D global
symmetry and the Z2 symmetry. The other is the gauge boson Vμ that can be stabilized by the
Z2 symmetry. The model contains a multi-component DM scenario depending on the mass
spectra. If the mass of V is larger than twice the mass of the pNG DM, namely mV > 2mχ ,
then V can decay into χχ† and thus only the pNG bosons are DM candidates. On the other
hand, if mV < 2mχ , then V cannot decay due to the Z2 symmetry and χ cannot decay due to
the U(1)D symmetry, and thus the model has two DM components.

2.1. Lagrangian
Under the setup, the renormalizable Lagrangian is given by

L = L|SM w/o Higgs potential + Dμφ†Dμφ − 1
4

V μνVμν − VSU(2)-global − Vsoft, (7)

where

Dμφ = ∂μφ + i
1
2

gDVμφ, (8)

Vμν = ∂μVν − ∂νVμ, (9)

VSU(2)-global = +μ2
H H †H + μ2

φφ†φ

+ λH
(
H †H

)2 + λφ

(
φ†φ
)2 + λHφ (H †H )

(
φ†φ
)
, (10)

Vsoft = μ2
χ

(
φ†T 3φ

)
, (11)

and H is the SM Higgs field. As we have already discussed, the soft-breaking term, Vsoft,
contains only a mass-dimension-two operator. Mass-dimension-one operators and mass-
dimension-three operators are forbidden by the U(1)X gauge symmetry.

We make a brief comment on mass-dimension-four operators that explicitly break the SU(2)g

global symmetry. In our setup, we neglect those terms to explain the current null results of the
dark matter direct detection experiments. Suppose that the global SU(2)g is exact. Then, the
NG boson scattering amplitude is suppressed by the small momentum at low energy. This is
also true if the global SU(2)g is broken by the mass-dimension-two operator because it does not
modify the structure of the interaction. We utilize this nature in our model to suppress the DM–
quark scattering amplitude, which we will show in Sect. 3. If we add the mass-dimension-four
global SU(2)g-breaking terms, the structure of the interactions is modified, and the scattering
amplitude is not suppressed at low energy in general as discussed in Ref. [5].

5If we do not impose the Z2 symmetry and introduce the gauge kinetic mixing, then the amplitude of
the pNG DM scattering of the SM particle is unsuppressed by the small momentum transfer [19].
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2.2. Scalar masses and couplings
Component fields and VEVs are parametrized as

H =
(

iπW +
v+σ−iπZ√

2

)
, φ =

(
iχ

1√
2

(vs + s − iχV )

)
, (12)

where v and vs are the VEVs and πW + , πZ, and χV are the would-be NG bosons for W+, Z,
and V, respectively. The stationary condition of this vacuum imposes the following relations
for the mass parameters:

μ2
H = −v2λH − 1

2
v2

sλHφ, (13)

μ2
φ = μ2

χ

2
− 1

2
v2λHφ − v2

sλφ. (14)

The mass terms of the physical scalar particles are given by

Lscalar
mass = −μ2

χχ †χ − 1
2

(
σ s

)(2λH v2 λHφvvs

λHφvvs 2λφv2
s

)(
σ

s

)
. (15)

It is found that the mass of the DM mχ is given by μχ , namely m2
χ = μ2

χ . The mass eigenstates
that are denoted by h and h′ are obtained by diagonalizing the two-by-two mass matrix above.
The relation between the mass eigenstates and component fields is given by(

σ

s

)
=
(

cθ sθ

−sθ cθ

)(
h
h′

)
, (16)

where cθ = cos θh and sθ = sin θh. The mass eigenvalues and the mass matrix are related by the
mixing angle as follows:(

2λH v2 λHφvvs

λHφvvs 2λφv2
s

)
=
(

cθ sθ

−sθ cθ

)(
m2

h 0
0 m2

h′

)(
cθ −sθ

sθ cθ

)
, (17)

where mh and mh′ are the masses of h and h′, respectively. The quartic couplings are expressed
by mh, mh′ , and θh as

λH = m2
hc2

θ + m2
h′s2

θ

2v2
, (18)

λφ = m2
hs2

θ + m2
h′c2

θ

2v2
s

, (19)

λHφ =
(
m2

h′ − m2
h

)
sθcθ

vvs
. (20)

The χ–SM fermion elastic scattering processes are mediated by exchanging h and h′. The
relevant couplings for the processes are given by

L ⊃ −gχχhχ
†χh − gχχh′χ †χh′ − g f̄ f h f̄ f h − g f̄ f h′ f̄ f h′, (21)

where

gχχh = −m2
h

vs
sθ , (22)

gχχh′ = +m2
h′

vs
cθ , (23)

g f̄ f h = +m f

v
cθ , (24)
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g f̄ f h′ = +m f

v
sθ . (25)

Here f stands for the SM fermions.

2.3. Gauge boson mass and interaction terms
After φ develops the VEV, the U(1)X gauge boson acquires mass,

L ⊃ m2
V

2
V μVμ, (26)

where

m2
V = 1

4
g2

Dv2
s . (27)

The relevant interaction terms containing V for the following analysis are given by

L ⊃ −igV χχV μ

(
χ †↔∂ μχ

)
+ 1

2
gVV hV μVμh + 1

2
gVV h′V μVμh′, (28)

where

gV χχ = mV

vs
, (29)

gVV h = −2m2
V

vs
sθ , (30)

gVV h′ = 2m2
V

vs
cθ . (31)

2.4. Parameters
There are seven model parameters in the scalar and the new gauge sectors:(

μ2
H , μ2

s , λH , λ
, λH
, μ2
χ , gD

)
. (32)

Instead of using these parameters, we choose the following seven parameters as inputs in the
following analysis: (

v, vs, mh, mh′, θh, mχ , mV
)
. (33)

Among these parameters, v and mh are already known, v � 246 GeV and mh � 125 GeV [20],
and thus we have five free parameters

(
vs, mh′, θh, mχ , mV

)
.

3. Tree-level DM–quark scattering amplitudes
DM scattering off the quark is the essential process for DM direct detection experiments. This
χq scattering process is mediated by h and h′ exchanging diagrams in the t-channel. Its ampli-
tude is given by

iM = −igχχh
i

t − m2
h

(−ig f̄ f h)ūu − igχχh′
i

t − m2
h′

(−ig f̄ f h′ )ūu

= −i
m f

vvs
sθcθ

(
− m2

h

t − m2
h

+ m2
h′

t − m2
h′

)
ūu

= −i
m f

vvs
sθcθ

(
− t

t − m2
h

+ t

t − m2
h′

)
ūu. (34)
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Since |t| � m2
h, m2

h′ in the direct detection experiments, this amplitude is suppressed by t
m2

h
and

t
m2

h′
. As a result, the model predicts a very small spin-independent cross section in the direct

detection experiments. This is the virtue of the pNG DM models.
At the loop level, however, the scattering amplitude that is not suppressed by the small mo-

mentum transfer can be induced [21–23]. We discuss the loop effect in Sect. 6.
For mV < 2mχ , both χ and V are stable. Then V is also a DM component, and we have to

consider the Vq scattering process. The scattering amplitude is given by

iM = igVV h
i

t − m2
h

(−ig f̄ f h)ūu + igVV h′
i

t − m2
h′

(−ig f̄ f h′ )ūu

= i
2m f

vvs
sθcθ

(
− m2

V

t − m2
h

+ m2
V

t − m2
h′

)
ūu. (35)

In contract to χq scattering, the Vq scattering amplitude is not suppressed. Therefore, the re-
sults from the DM direct detection experiments give constraints on the mass and the number
density of V.

The purpose of the current paper is to investigate whether the model given in Eq. (7) is a
viable pNG DM model. Thus we mainly focus on the single-component DM scenario where
mV > 2mχ . The multi-component scenario where mV < 2mχ is briefly discussed in Sect. 7.

4. Constraints
In this section, we discuss constraints from the perturbative unitarity, the Higgs invisible decay,
and cosmic strings.

4.1. Perturbative unitarity
We find the constraints on the scalar and gauge couplings from the perturbative unitarity (PU)
bound [24]. Two-to-two scattering amplitudes at high energy can be decomposed into partial
waves,

M = 16π
∑

�

(2� + 1)P�(cos θ )a�, (36)

where P� is the Legendre polynomial, and cos θ is the scattering angle. In general, there are
inelastic scatterings, and thus a� is a matrix. Unitarity requires each eigenvalue of a� to satisfy

|Re a�| ≤ 1
2
. (37)

We utilize this inequality to find the constraints on the scalar and gauge couplings.

4.1.1. Scalar quartic couplings. Two-to-two scattering processes containing only the scalar
bosons give the following PU bound on the scalar quartic couplings:

|λH | < 4π, (38)

|λHφ| < 8π, (39)

|λφ| < 4π, (40)∣∣∣∣3λH + 3λφ ±
√

9(λφ − λH )2 + 4λHφ

∣∣∣∣ < 8π. (41)
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In the following analysis, λφ is typically the largest quartic coupling among the three quartic
couplings. In that case, the condition given in Eq. (41) is essential and is reduced to∣∣λφ

∣∣ < 4π

3
. (42)

4.1.2. Gauge coupling. We study Vχ → Vχ scattering at high energy in order to find the
constraint on gD. Here V is transversely polarized. The longitudinal mode is already taken into
account in the previous subsection thanks to the equivalence theorem [24–28]. We find

aλλ′
0 = − g2

D

96π
λλ′, (43)

aλλ′
1 = − g2

D

192π
λλ′, (44)

aλλ′
2 = − g2

D

960π
λλ′, (45)

where λ and λ′ are the helicity of V in the initial and final states, respectively. The s-wave (� =
0) gives a stringent bound. Since there are two transversely polarized states, a0 is a two-by-two
matrix. Its eigenvalues are 0 and − g2

D
48π

, and their absolute values should be smaller than 1/2.
We find

gD <
√

24π. (46)

4.2. Higgs invisible decay
If mχ < mh/2, then the Higgs boson decays into χχ†. The decay width is given by

�(h → χχ †) = 1
16π

g2
χχh

mh

√
1 − 4m2

χ

m2
h

θ (mh − 2mχ ). (47)

This process is Higgs invisible decay and is being sought by the ATLAS and CMS experiments.
Currently, the ATLAS[29] and CMS[30] experiments have obtained an upper bound on it as

BRinv <

{
0.11 (ATLAS)
0.18 (CMS)

(48)

at 95% CL. The prospects of various experiments are summarized in Ref. [31],

BRinv <

⎧⎪⎨
⎪⎩

0.019 (HL-LHC)
0.0026 (ILC(250))
0.00024 (FCC)

(49)

at 95% CL, where FCC corresponds to the combined performance of FCC-ee240, FCC-ee365,
FCC-eh, and FCC-hh. The prospects for the ILC and FCC are obtained by combining with
the HL-LHC.

4.3. DM relic abundance from cosmic strings
Our model admits cosmic strings (or vortex strings) [12] as non-trivial solutions of the static
equations of motion. In fact, concentrating on the dark sector, the symmetry-breaking pattern
U(1)g × U(1)X → U(1)D leads to the non-trivial first homotopy group of the vacuum

π1

(
U (1)g × U (1)X

U (1)D

)
� π1 (U (1)) = Z , (50)
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which means that the solutions are characterized by the winding number n ∈ Z. This model
is similar to a model in Ref. [32] that admits semilocal strings [33,34] with an explicit SU(2)-
breaking term, which is a mass-dimension-four operator like (φ†T3φ)2. In our model, however,
the SU(2)g symmetry is explicitly broken by the soft-breaking term, and hence the property of
the string solution is different from those. We present the string solution in our model in Ap-
pendix A. In this section, we discuss their effects on cosmology, in which the detailed structure
or properties of the string solution are irrelevant.

When the temperature T of the thermal bath goes below vs, the U(1)g × U(1)X symmetry
breaks spontaneously into U(1)D, leading to the creation of cosmic strings [35,36]. The created
strings form a network, whose typical length scale becomes the Hubble length lH(T � vs) within
the Hubble time tH(T � vs) after creation. These strings randomly move in the expanding uni-
verse and produce closed loops by their reconnection. Thanks to the production of the loops,
the number of strings per Hubble patch always remains at O(1), which is known as the scaling
solution [12], avoiding the overclosure of the universe. Therefore, the string network itself does
not affect the cosmological history.

On the other hand, the produced string loops could affect the DM relic abundance. This is
because the string loops decay into light particles or gravitational waves, the former of which
are nothing but the pNG DM χ . Thus the string loops give an additional contribution to the
DM relic abundance besides the thermal relic one. We give a simple estimation for the former
one.6

The time evolution of the string network can be understood analytically by the so-called
velocity-dependent one-scale model [39,40]. At cosmological time t, closed loops are produced
from the network with a distribution function [40]

floop(l, t) = A
αt4

δ(l − αt) (51)

such that the number density of the loops produced per time with length in the range between
l and l + dl is given by f loop(l, t)dl. Here A and α are O(0.1) constants.

We consider the most “pessimistic”case, i.e., all of such loops decay by emitting only the pNG
boson, which means that all the energy of the loops is converted into the DM relic abundance.
For simplicity, we further assume that the closed loops decay instantaneously. Note that, before
the interaction between the DM and the thermal bath is out of equilibrium, t < tf.o., the DM
supplied from the loops is washed out and its number density does not deviate from the thermal
equilibrium value. Thus it is sufficient to consider only stages after the decoupling t ≥ tf.o.. Then
we can find that the DM number density produced from the string loops, nDM, st, follows the
Boltzman equation

d
dt

nDM,st(t) + 3H (t) nDM,st(t) = ∫ dl lμ floop(l,t)
mχ

, (52)

where μ is the tension of the strings μ ∼ v2
s and H(t) is the Hubble parameter. Substituting

Eq. (51) and introducing the yield YDM, st ≡ nDM, st/s with s the entropy density s ∼ g∗T3, Eq. (52)
is rewritten as

d
dt

YDM,st(t) � μA
mχ t3g∗T 3 , (53)

leading to

6Note that, since our string is the local one and the pNG boson is associated with the global SU(2)g

symmetry, we cannot apply straightforwardly the studies on NG bosons from global U(1) strings [37,38].
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Fig. 1. The black solid curve shows the value of vs that can explain the measured value of the dark matter
energy density. In the gray shaded region, the perturbative unitarity for the scalar channel is violated.
In the red hatched shaded region, the gauge coupling exceeds the value required by the perturbative
unitarity. The blue shaded region around the top-left corner is excluded by the Higgs invisible decay
search.

YDM,st(∞) � ∫∞
tf.o.

dt μA
mχ t3g∗T 3 (54)

∼ Tf.o.

mχ

(
vs

Mpl

)2
, (55)

where we have used T2 ∼ Mpl./t and Tf.o. is the freeze-out temperature known to be given as
Tf.o. � mχ /25. Therefore, compared to the correct thermal relic abundance, YDM ∼ 10−12, the
abundance from the loops is tiny and hence does not affect the argument presented in the next
section.

5. Relic abundance
We show that the model explains the DM energy density by the thermal relic abundance of
χ and χ†. A χχ† pair annihilates into the SM particles mainly by exchanging h and h′ in the
s-channel. It also annihilates into hh′ and h′h′ pairs if these processes are kinematically allowed.
We calculate the relic abundance for a given parameter set and find the value of vs that produces
the right amount of DM as the thermal relic. As we mentioned at the end of Sect. 3, we focus
on the parameter space where mV > 2mχ . In the following analysis, we set mV = 3mχ .

Figure 1 shows the value of vs that can explain the DM energy density by the thermal relic.
We use micrOMEGAs [41] to calculate the relic abundance. The constraints from the PU bound
and the Higgs invisible decay are also shown. The PU bound for the scalar quartic couplings
excludes the small vs region. This bound is also sensitive to the choice of mixing angle θ . A
smaller mixing angle requires smaller vs to obtain the right amount of the thermal relic. Con-
sequently, too small a mixing angle is disfavored by the PU bound for the scalar couplings. The
PU bound for the gauge coupling is essential for the heavy χ regime. It gives the upper bound
on mχ . There are two dips in Fig. 1. One is at mχ � mh/2, and the other is at mχ � mh′/2. Pairs
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Fig. 2. The value of vs that can explain the measured value of the dark matter energy density for a given
DM mass in the Higgs funnel region. The black solid curve is obtained by the standard calculation [47].
The blue region is obtained by taking into account the early kinetic decoupling effect. The lower bound-
ary of the blue region is determined with the assumption that all the quarks (u, d, s, c, b) contribute to
the DM elastic scattering process, while the upper boundary is determined with the assumption that only
the light quarks (u, d, s) contribute to the scattering process [42]. The gray shaded region is excluded by
the Higgs invisible decay search by the ATLAS experiment [29]. The dashed curves show the prospects
provided in Ref. [31].

of DM particles annihilate by exchanging h and h′ in the s-channel and the annihilation cross
section is enhanced by the h or h′ resonance at those mass ranges. It is necessary to make the
DM–scalar coupling smaller to obtain the right amount of DM energy density at the resonant
regions. This is why we see the two dips in Fig. 1.

We focus on the Higgs funnel region where mχ is slightly smaller than half of the SM-like
Higgs boson mass. In this region, the decay of the Higgs boson into two DM particles is al-
lowed. This Higgs invisible decay has been sought in the ATLAS and CMS experiments and
will be sought in future collider experiments as well. Hence it is worth having a closer look.

In the Higgs funnel region, the DM particles in the early universe can annihilate into SM par-
ticles efficiently because of the Higgs resonance. The resonant enhancement requires a smaller
coupling of the DM to the Higgs boson to obtain the right amount of the DM thermal relic.
This is why we can see the sharp dip at mχ � mh/2. This small coupling makes the DM–SM
elastic scattering cross section small in the early universe. As a result, kinetic decoupling may
happen earlier than usual [42]. One of the authors showed that the effect of kinetic decou-
pling is sizable in the Higgs resonant regime in the simple pNG DM model [43]. We use the
same method to estimate the value of vs that reproduces the measured value of the DM relic
abundance. For the technical details, see Ref. [43].7

Figure 2 shows the result in the Higgs funnel region. The black solid curve is the result ob-
tained in the standard calculation with the assumption that kinetic equilibrium is maintained
during the freeze-out. The blue curves are obtained without assuming kinetic equilibrium. As

7In Ref. [43], the distribution function of the DM particle is assumed to be f (T, E ) = α(Tχ )e−E/Tχ ,
where Tχ is the DM temperature. This assumption would be justified if the DM self-scattering is large
enough. A recent discussion on the effect of DM self-scattering is given in Ref. [44]. For the method
without the introduction of the DM temperature, see Refs. [45,46].
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in the original pNG DM model, we find that the effect of kinetic decoupling is significant and
the coupling may be underestimated if we naively assume kinetic equilibrium in the calcula-
tion for the thermal relic. We also show the current bound and future prospects for the Higgs
invisible decay search. We find that the decay branching ratio of the Higgs invisible decay can
be enhanced by more than an order of magnitude.

6. Direct detection at loop level
As stated in Sect. 3, the scattering amplitude between the pNG DM χ and quarks is suppressed
due to the cancellation of the h, h′ exchanges at the tree level. At the loop level, on the other
hand, χ has a non-zero scattering amplitude with nucleons. We here calculate the loop-level
amplitude and the spin-independent (SI) cross section with nucleons, and compare the result
with the current experimental bound.

The effective Lagrangian relevant to the scattering process is given as

Leff = CS
q mqχ

†χ q̄q + CS
g

αs

π
χ †χGa

μνGaμν, (56)

where CS
q and CS

g are Wilson coefficients. We consider only the scalar-type interaction and have
ignored the twist-type one since the latter is negligible.

Then the SI cross section is given as

σSI = 1
4π

(
μNmN

mχ

)2
∣∣∣∣∣∣
∑

q=u,d,s

CS
q f N

q − 8
9

CS
g f N

g

∣∣∣∣∣∣
2

, (57)

where mN and μN ≡ mNmχ /(mN + mχ ) are the nucleon mass and the reduced mass, respectively.
f N

q and f N
g are the matrix elements of the operators evaluated by the nucleon states:

f N
q mN = 〈N| mqq̄q |N〉 , (58)

−8
9

f N
g mN =

〈
N

αs

π
Ga

μνGaμν
〉

N. (59)

Their approximate values are given as [48]

f p
u = 0.019, f p

d = 0.027, f n
u = 0.013, f n

d = 0.040, f p
s = f n

s = 0.009, (60)

f N
g = 1 − f N

u − f N
d − f N

s + O(αs). (61)

Now our task is to calculate the scattering amplitude with quarks and gluon at the one-loop
(and QCD NLO) level taking the momentum transfer to be zero (t → 0), and then to read off
the Wilson coefficients from them. Note that some diagrams include the tree-level process as
their sub-diagrams, and thus vanish due to the cancellation of h and h′ exchanges (see Fig. 3).
We evaluate the remaining diagrams in terms of the following technique. In the limit mχ → 0
where the pNG boson becomes an exact Nambu–Goldstone boson, all diagrams cancel and
the total scattering amplitude vanishes as t → 0 even at the loop level [22,23]:

iMtot(mχ ) ≡
∑

diagrams

iM(mχ ) → 0 (mχ → 0). (62)

On the other hand, the cancellation among the diagrams is not exact when mχ �= 0. Utilizing
this property, we can rewrite the amplitudes as

iMtot(mχ ) = iMtot(mχ ) − iMtot(0) =
∑

diagrams

[
iM(mχ ) − iM(0)

]
, (63)
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Fig. 3. Left: A tree-level scattering process between χ and quarks. Right: An example of a loop diagram
that includes the tree-level one as its sub-diagram. It vanishes due to the same mechanism as the tree-level
one.

Fig. 4. An example of non-trivial cancellation. Although these three diagrams depend on mχ explicitly,
they are canceled and vanish with non-zero mχ .

from which it follows that one does not need to calculate diagrams that are independent of mχ

since they are canceled within the bracket. In addition, tadpole diagrams that depend on mχ

are canceled by a self-energy diagram; see Fig. 4. Thus all the diagrams that we need to evaluate
are the five shown in Fig. 5:

iMtot(mχ ) =
∑

diagrams in Fig. 5

[
iM(mχ ) − iM(0)

]
. (64)

Explicit expressions for the amplitudes and the Wilson coefficients are shown in Appendix B.
We only show the numerical results of the SI cross section σ SI in Fig. 6. The parameters are
taken as mh′ = 300 GeV, mV = 3mχ , and sin θ = 0.1, and vs is determined such that the DM
relic abundance is explained by the thermal freeze-out mechanism as studied in Sect. 5. The
red shaded region is excluded by the violation of the perturbative unitarity of the U(1)D gauge
coupling constant, gD >

√
24π ; see Eq. (46). In the orange shaded regions, the running coupling

constant gD(�) calculated by the one-loop beta function exceeds
√

24π below � = 100 TeV. The
current bound by the LZ experiment [4] is shown by the blue dashed line. The gray hatched
region indicates that the DM signal is hidden by the neutrino background. We find that σ SI is
smaller than the neutrino floor in most of the region. For the larger mχ regime, σ SI is larger than
the neutrino floor and some of the region is already excluded. This is because, in that region,
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Fig. 5. Feynman diagrams relevant to the scattering with nucleons. The gray blob in the last diagram (e)
indicates the QCD NLO contribution, which is dominated by the top-quark loop [21].

Fig. 6. Plots of the DM mass mχ vs. the SI scattering cross section σ SI between the pNG DM χ and
nucleons. On the black solid line, the DM relic abundance is explained by the thermal freeze-out mecha-
nism. The red shaded region is excluded by the perturbative unitarity of gD. In the orange shaded regions,
the running coupling constant gD(�) violates the perturbative unitarity below � = 100 TeV. The current
upper bound by the LZ experiment is shown by the blue dashed line. The gray shaded region indicates
the cosmic neutrino background. The right panel is an enlarged version of the left one.
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Fig. 7. The value of gD for a given parameter set. Here we take sin θ = 0.1 and mV = 3mχ , and vs is given
in Fig. 1.

the gauge coupling constant becomes large, as seen in Fig. 7. The diagram containing the gauge
boson (Fig. 5(c)) is proportional to g4

D, and hence gives a significantly large contribution. We
conclude that, in almost all parameter space, the SI cross section σ SI is far below the current
experimental bound as long as we keep the value of gD small.

7. Two-component scenario
Here we discuss the two-component scenario in this model where mV < 2mχ . In this scenario,
the DM energy density is the sum of the energy densities of χ and V, namely �h2 = (�h2)χ +
(�h2)V. We determine the value of vs to obtain the right amount of DM energy density.

The top-left panel in Fig. 8 shows the value of vs that reproduces �h2 = 0.12. Here we choose
mχ = 100 GeV, mh′ = 300 GeV, and sin θ = 0.1 as a reference parameter set and vary the value
of mV. For mV > 2mχ , V can decay into χ and thus �h2 is determined by the abundance of
χ . Hence �h2 is independent of mV. For mV < 2mχ , V is also a stable particle. Thus the relic
abundance of V also contributes to �h2, and vs depends on the value of mV. We use this value
of vs for all the panels in Fig. 8.

The top-right panel in Fig. 8 shows the value of the relic abundance of V and χ . We denote
them as (�h2)V and (�h2)χ , respectively. We find that (�h2)V > (�h2)χ for mχ < mV. The excep-
tion is found around mV = mh/2 � 62.5 GeV. This is due to the Higgs resonant enhancement
in the annihilation of V. In that region of the parameter space, a VV pair efficiently annihi-
lates into SM particles by exchanging the SM Higgs boson in the s-channel, and thus χ is the
dominant component of DM.

As we discussed in Sect. 3, the V–nucleon scattering process is not suppressed by the small
momentum transfer. Hence the two-component scenario is testable through the direct detection
experiments. The experiments give the upper bound on the spin-independent cross section σ SI

under the assumption that the DM is single component. To compare the two-component sce-
nario with the experiments, we define the effective spin-independent cross section by scaling
according to the fraction of the V and χ components,

(σSI)eff = σV
SI

(�h2)V

(�h2)V + (�h2)χ
+ σ

χ

SI

(�h2)χ
(�h2)V + (�h2)χ

, (65)
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Fig. 8. Results in the two-component DM scenario. Here we choose mχ = 100 GeV, mh′ = 300 GeV, and
sin θ = 0.1 as reference values. Top left: the value of vs that reproduces the measured value of the DM
energy density. Top right: the relic abundance of V and χ . Bottom left: The green solid curve shows the
model prediction of σ SI scaled by the fractions of the relic abundances of V and χ . Bottom right: The
branching ratio of h → VV. The horizontal dashed line shows the current upper bound on the branching
ratio.

where σV
SI and σ

χ

SI are the cross sections for VN → VN and χN → χN, respectively. The latter
is suppressed by the small momentum transfer but is generated at the loop level as discussed
in Sect. 6. The bottom-left panel in Fig. 8 shows (σ SI)eff . Compared to the recent results from
the direct detection experiments [2–4], we find that the region for mV � 120 GeV except for the
Higgs resonant region is excluded. This is a natural consequence because V–nucleon scattering
is not suppressed by the small momentum transfer. From this result and the top-right panel,
we find that V cannot be the dominant component of DM in the two-component scenario in
this model.
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We also show Br(h → VV) in the bottom-right panel in Fig. 8. The partial width of h → VV
is given by

�(h → VV ) = 1
32πmh

g2
hVV

(
2 +

(
m2

h − 2m2
V

)2
4m4

V

)√
1 − 4m2

V

m2
h

. (66)

This can be measured in the collider experiments as the Higgs invisible decay. We find that mV

� 56 GeV is excluded.

8. Summary
We have proposed a new pNG DM model that can explain the null results of the direct detection
experiments. There is an SU(2)g global symmetry and a U(1)X gauge symmetry in the dark
sector. We assume that the VEV of a complex scalar field φ breaks these symmetries into U(1)D

global symmetry spontaneously. We also assume that the SU(2)g global symmetry is explicitly
and softly broken into U(1)g. Under the setup, we obtain a complex pNG scalar (χ ) that is
stable thanks to the U(1)D global symmetry. This χ is a DM candidate in this model. We also
impose that the dark sector has a discrete symmetry defined in Eqs. (5) and (6), which can
be identified as the charge conjugation in the dark sector. This discrete symmetry forbids the
gauge kinetic mixing between the U(1)X in the dark sector and the U(1)Y in the visible sector.
The U(1)X gauge boson can be stable thanks to this discrete symmetry if its mass is less than
twice the pNG DM mass.

The advantage of our model is that the soft symmetry-breaking terms other than φ†τ 3φ are
forbidden by the U(1)X gauge symmetry. This restriction on the soft symmetry-breaking term
guarantees suppression in the scattering amplitudes by the momentum transfer.

We have calculated the relic abundance and determined the DM coupling to the Higgs boson
that reproduces the measured value of the DM energy density. Some region of the parameter
space requires relatively large coupling, and thus we have also checked the perturbative unitarity
bound. We have found that most of the parameter space is consistent with the PU bound. It
is also found that the U(1)X gauge coupling can be large and the heavy pNG DM region is
excluded by the PU bound if we assume that the mass of the gauge boson is larger than twice the
mass of the pNG DM. In addition, we have considered the cosmic string in our model, which is
a softly broken version of the semilocal string and is topologically stable due to the non-trivial
topology of the vacuum. We have checked that the DM contribution from the cosmic string
loops is insignificant. Moreover, we have discussed the loop effect on the spin-independent cross
section. We have found that the effect is small unless the U(1)X gauge coupling is large.

The dark sector contains the gauge boson as well as the pNG DM. If the mass of the gauge
boson is smaller than twice the pNG DM mass, then the gauge boson is also stable due to the
discrete symmetry (charge conjugation) in the dark sector. Therefore the model contains the
two-component DM scenario depending on the mass spectra. We briefly discussed the two-
component DM scenario in Sect. 7. We showed that the results in the direct detection experi-
ments give a strong bound on the scenario because V is not pNG DM and thus the V–nucleon
scattering is not suppressed by the small momentum transfer.

The model contains the U(1)X gauge symmetry, which is not asymptotic free and would hit
the Landau pole at high energy. We need a small gauge coupling or some UV completion. One
possible extension of the current model is to embed the U(1)X gauge symmetry into an SU(2)
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gauge symmetry that is broken into the U(1)X gauge symmetry spontaneously. Discussion of
the possible UV picture will be discussed in the future.
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Appendix A. Cosmic string solution
We here discuss the solution of the cosmic string in our model. For simplicity, we concentrate
on the dark sector consisting of φ and Vμ and ignore their portal coupling with the SM sector,
λHφ = 0. This would not change the following argument much. The effect of such a portal
coupling is studied in Ref. [49].

Firstly, we rewrite the Lagrangian of the dark sector in Eq. (7) as

Ldark = |Dμφ|2 − 1
4

V μνVμν − λφ

(
|φ|2 − v2

s

2

)2

− m2
χφ2

1 (A1)

with φ = (φ1, φ2)t. To discuss the string solutions, it is convenient to rescale the fields as

Vμ → 2
gD

Vμ, φ → 2
gD

φ, (A2)

leading to

Ldark = 4
g2

D

[
|D̂μφ|2 − 1

4
V μνVμν − β

2

(
|φ|2 − g2

Dv2
s

8

)2

− m2
χφ2

1

]
(A3)

with D̂μ = ∂μ + iVμ. We have introduced a parameter β ≡ 8λφ/g2
D, which is equal to the

squared mass ratio of the gauge and scalar bosons, β = m2
h′/m2

V . In the following, we take the
dimensionless unit such that gDvs/2 = 1, which is equivalent to introducing the dimensionless
variables (denoted by tilde)

Vμ = gDvs

2
Ṽμ, xμ = x̃μ 2

gDvs
, φ = gDvs

2
φ̃, mχ = gDvs

2
m̃χ , (A4)

for which the Lagrangian is given by

Ldark = g2
Dv4

s

[
|D̃μφ̃|2 − 1

4
Ṽ μνṼμν − β

2

(
|φ̃|2 − 1

2

)2

− m̃2
χ φ̃2

1

]
(A5)

with D̃μ = ∂̃μ + iṼμ. In the following, we drop the tildes for simplicity.
We consider the axially symmetric ansatz for the string solution,

φ = 1√
2

(
h(r)

f (r)eiθ

)
, Vθ = −(1 − w(r)) (A6)

and Vr = Vz = Vt = 0. We have introduced the cylinder coordinate x + iy = reiθ . The profile
functions, f(r), h(r), and w(r), should satisfy the boundary conditions

f (0) = 0, h′(0) = 0, w(0) = 1, (A7)
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f (∞) = 1, h(∞) = 0, w(∞) = 0 . (A8)

Since this configuration behaves asymptotically at r → ∞ as

φ ∼ 1√
2

eiθ

(
0
1

)
, Vθ ∼ −1, (A9)

it has the unit winding number in the vacuum manifold U(1)g × U(1)X/U(1)D, and hence de-
scribes a topologically stable solution. The profile functions are determined by solving the clas-
sical equations of motion (EOMs).

Before solving the EOMs, let us consider the so-called semilocal model [33,34], which is equiv-
alent to our model with the soft symmetry-breaking term chopped off, mχ → 0. There, the
symmetry-breaking pattern is SU(2)g × U(1)X → U(1)D, and the existence of the stable string
solution (called the semilocal string) depends on the parameter β [50,51]. This is because of the
trivial first homotopy group, π1(SU(2)g × U(1)X/U(1)D) � 0. For β ≤ 1, the string is classically
stable (i.e., local minimum of the energy) and is nothing but the embedding of the Abrikosov–
Nielsen–Olesen (ANO) string [52,53] into φ2 and Vμ with φ1 vanishing everywhere. On the
other hand, for β > 1, it is unstable because a condensation of φ1 happens inside the core of
the string and the condensed region expands outward infinitely, resulting in no static stable con-
figuration. Thus the critical value of β for the stability is equal to the value that is the boundary
for whether the condensation of φ1 occurs or not (we denote it by βb and βb = 1 in this case).

Let us move on to our model, mχ �= 0. In this case, mχ gives a positive constant mass for φ1 and
the condensation of φ1 must be suppressed. Thus the boundary value of β for the condensation,
βb, must be shifted to be larger than unity βb > 1 depending on mχ . Furthermore, even when
the condensation occurs for β > βb, it does not expand infinitely but stops at finite size ∼ m−1

χ

because φ1 must be zero at large distances from the string core due to the positive mass, as in
Eq. (A9). This means that the condensation of φ1 does not destabilize the string solution, which
is consistent with the topological argument π1(U (1)g × U (1)X /U (1)D) � Z.

Substituting the ansatz (A6), we obtain the EOMs as

f ′′ + f ′

r
− w2

r2
f − β

2
f
(

f 2 + h2 − 1
) = 0, (A10)

h′′ + h′

r
− (w − 1)2

r2
h − mχh − β

2
h
(

f 2 + h2 − 1
) = 0, (A11)

w′′ − w′

r
− ( f 2 + h2)w + h2 = 0. (A12)

We solve the EOMs numerically by the relaxation method and show the string solutions in
Fig. A1. Note that all dimensionful quantities are normalized by gDvs/2. In the top-left panel,
the condensation of φ1 = h(r)/

√
2 takes place in the string core. As β decreases or mχ increases,

the condensation is suppressed, as in the top-right and bottom panels. In the latter case, the
solution is the same as the standard ANO vortex string. Figure A2 shows a parameter region
in which φ1 condenses inside the string core. We can see that quite a small value of mχ suffices
to suppress the condensation. Around mχ � 0, the condensation can occur only for β > 1,
which is consistent with the semilocal case. Note that all solutions even with the condensation
are topologically stable thanks to the non-trivial winding number (A9).

The above result is similar to the one in Ref. [32] that admits semilocal strings with an explicit
SU(2)-breaking term. There, the SU(2)-breaking term is given as a mass-dimension-four oper-
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Fig. A1. Plots for the string solutions. All dimensionful quantities are normalized by gDvs/2. In the top-
left panel, the condensation of φ1 = h(r)/

√
2 takes place in the string core. As β decreases or mχ increases,

the condensation is suppressed, as in the top-right and bottom panels.

Fig. A2. Scatter plot for the parameter region (β, mχ ) in which the condensation of φ1 occurs in the
string core. mχ is normalized by gDvs/2.

ator, (φ†T3φ)2, and both φ1 and φ2 develop their VEVs at the vacuum. As a result, the solution
is topologically stable and can be a “vortex molecule” consisting of two half-quantized strings
depending on the parameters. On the other hand, in our model, φ1 vanishes outside the string
core due to the soft-breaking term φ†T3φ. Thus the string solution is qualitatively different
from that in Ref. [32].
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One may consider that the non-zero φ1 in the string solution breaks the U(1)D symmetry,
making it a superconducting string [54]. However, this is not the case. In the soliton background,
the generator of the U(1)D symmetry should be defined as −Tana + 1/2 with na = (φ†τ aφ)/|φ|2.
Thus the solution given as Eq. (A6) is always invariant under this symmetry.

Appendix B. Scattering amplitudes of χ and nucleons
We here provide explicit expressions for the scattering amplitudes shown in Fig. 5. In the fol-
lowing, we denote h1 ≡ h, h2 ≡ h′. It is straightforward to calculate diagrams (a)–(d):

iMa = iMb = −ūu
∑

j,k=1,2

g f f h j

1
m2

h j

gχχh j hk gχχhk

i

(4π )2 B0
(
m2

χ , m2
hk

, m2
χ

)
, (B1)

iMc = ūu
∑
j=1,2

g f f h j gVV hj

m2
h j

g2
D

4
i

(4π )2

[(−m2
V + 4m2

χ

) ∂

∂m2
V

B0
(
m2

χ , m2
V , m2

χ

)

− B0
(
m2

χ , m2
V , m2

χ

)+ B0
(
0, m2

V , m2
V

)]
, (B2)

iMd = −ūu
∑

j,k,l=1,2

g f f h j gχχh j gχχhk ghjhkhl

m2
h j

i

(4π )2C0
(
m2

χ , m2
χ , 0, m2

k, m2
χ , m2

l

)
, (B3)

where u is the spinor wavefunction and

i

(4π )2 B0
(
p2, m2

1, m2
2

) ≡
∫

dd l

(2π )d

1(
l2 − m2

1

)
(l + p)2 − m2

2

, (B4)

i

(4π )2C0

(
p2

1, p2
2, (p1 + p2)2

, m2
1, m2

2, m2
3

)

≡
∫

dd l

(2π )d

1(
l2 − m2

1

) [
(l + p1)2 − m2

2

] [
(l + p1 + p2)2 − m2

3

] , (B5)

gχχhh = 2λφs2
θ + λH
c2

θ , (B6)

gχχhh′ = −2λφsθcθ + λH
sθcθ , (B7)

gχχh′h′ = 2λφc2
θ + λH
s2

θ , (B8)

ghhh = 6vλH c3
θ − 3vsλH
c2

θ sθ + 3vλH
cθ s2
θ − 6vsλ
s3

θ , (B9)

ghhh′ = 6vλH c2
θ sθ + 6vsλ
cθ s2

θ + vsλH


(
c3
θ − 2cθ s2

θ

)+ vλH


(
s3
θ − 2c2

θ sθ

)
, (B10)

ghh′h′ = 6vλH cθ s2
θ − 6vsλ
c2

θsθ + vλH


(
c3
θ − 2cθs2

θ

)+ vsλH


(−s3
θ + 2c2

θ sθ

)
, (B11)

gh′h′h′ = 6vλH s3
θ + 3vsλH
cθ s2

θ + 3vλH
c2
θ sθ + 6vsλ
c3

θ . (B12)
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Thus the Wilson coefficient CS
q is obtained as

CS
q = −2

∑
j,k=1,2

g f f h j gχχh j hk gχχhk

mqm2
h j

1

(4π )2 B0
(
m2

χ , m2
hk

, m2
χ

)

+
∑
j=1,2

g f f h j gVV hj

mqm2
h j

g2
D

4
1

(4π )2

[ (−m2
V + 4m2

χ

) ∂

∂m2
V

B0
(
m2

χ , m2
V , m2

χ

)

− B0
(
m2

χ , m2
V , m2

χ

)+ B0
(
0, m2

V , m2
V

) ]

−
∑

j,k,l=1,2

g f f h j gχχh j gχχhk ghjhkhl

mqm2
h j

1

(4π )2C0
(
m2

χ , m2
χ , 0, m2

k, m2
χ , m2

l

)
. (B13)

On the other hand, it is relatively complicated to calculate diagram (e) with the QCD NLO
contribution. It is given in Ref. [21] as

iMe = i
αs

π
Ga

μνGaμν
∑
j≤k

ytth j ytthk

m4
χ

gχχh j gχχhk

4
J jk

box , (B14)

J jk
box ≡ (2 − δ jk)

8(4π )2

∫ ∞

0
dt

tI (t)
(t + xj )(t + xk)

(
1 −

√
t + 4

t

)
, (B15)

I (t) ≡ t − 2xt

t(t + 4xt )
+ 2xt (t + xt )

t2(t + 4xt )β
log
(

2xt + t(1 + β )
2xt + t(1 − β )

)
, (B16)

with β = √1 + 4xt/t, xj ≡ m2
h j

/m2
χ , xt ≡ m2

t /m2
χ , and mt being the top-quark mass. Compared

with the result in Ref. [21], note the presence of the factor 4 in the denominator in Eq. (B14)
because χ is now a complex scalar instead of a real one. Then the Wilson coefficient is obtained
as

CS
g =

∑
j≤k

ytth j ytthk

m4
χ

gχχh j gχχhk

4
J jk

box . (B17)

The loop integrations B0 and C0 are numerically evaluated by LoopTools [55].
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