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Abstract We introduce a new technique for reformulating
the f (Q) gravitational theory based on parameterization of
the deceleration parameter or other options. This tool allows
us to create modified gravitational scenarios connected to
cosmological observations. We examine two models of the
deceleration parameter and one model of the effective equa-
tion of the state of the universe as discussed in the litera-
ture. We utilize the asymptotic behavior of the matter den-
sity parameter to further constrain the feasible range of the
model parameters. One of the tested models shows how a tiny
modification can produce viable cosmic scenarios quantita-
tively similar to �CDM but qualitatively different, whereas
the dark energy (DE) sector becomes dynamic and fully
explained by modified gravity, not by a cosmological con-
stant.

1 Introduction

Penrose and Hawking introduced the energy condition (EC)
in classical general relativity to explain the singularity caused
by gravitational collapse while adhering to non-negativity
of local energy and considering the causal structure of the
universe [1–6]. Conventional matter does not match the
observed evidence for the universe’s accelerated expansion
[7,8], prompting the need for alternative energy known as
dark energy. These model-independent evaluations all con-
cur that dark energy, characterized by negative effective pres-
sure, is the dominant component of the current cosmic mat-
ter. Regrettably, all efforts to detect dark energy in the uni-
verse through physical means have been unsuccessful. This
has resulted in the development of different gravity theories
involving curvature. f(R) gravity, f(R, T) gravity, f(R, G)

gravity, and similar theories have been proposed to address
these issues through geometric interpretations rather than
relying on the dark sector [9]. Albert Einstein himself intro-
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duced the metric teleparallel equivalent of general relativity
(TEGR) that has been extensively researched, with the Levi–
Civita connection being substituted by a teleparallel connec-
tion based on torsion. A new theory in metric teleparallelism
called f(T) theory was proposed to address the dark sector
[10–12]. Another type of teleparallel theory, known as sym-
metric teleparallelism, can be found in the existing literature
[13]. The focus of this study is on the recently introduced
f (Q) theories of gravity in symmetric teleparallelism, aim-
ing to avoid dependencies on dark energy as proposed in
[14].

Einstein GR is the conventional gravitational theory,
which relies on curvature and the Einstein–Hilbert action
[15]. However, it is understood that gravity can also be
represented in alternative ways, such as the torsional and
non-metricity formulations, specifically with the TEGR [16]
and symmetric teleparallel equivalent of general relativity
(STEGR) [13,14], respectively. Combined, these three iden-
tical expressions make up the geometric trio of gravity [17].
Changes in the curvature-based GR theory result in the popu-
lar f(R)gravity, f(G)gravity, Lovelock gravity, etc., as shown
in [18–21]. Additionally, f(T) gravity, an extension of TEGR,
has been thoroughly examined and researched within the field
of cosmology [22–29]. Ultimately, adjustments involving the
non-metricity scalar Q, such as expansions of the STEGR,
result in f(Q) gravity [14,30]. The cosmological implica-
tions of f(Q) gravity are quite fascinating, hence sparking a
substantial amount of recent research [31–72].

In recent years, there have been several significant pub-
lications focusing on the f(Q) gravity theory and its impli-
cations for cosmology [31–36,48,52,73–90] and references
therein. The corresponding ECs were also discussed [91,92].
Nevertheless, apart from Subramaniam et al. [92], all prior
research has been conducted exclusively within the spa-
tially flat Friedmann–Lemaitre–Robertson–Walker (FLRW)
model of the universe, with the line element specifically using
Cartesian coordinates. In this case, the f(Q) theory, known as
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the coincident gauge choice, was developed utilizing a van-
ishing affine connection. The entire equation became simpler
in this specific reference frame because the covariant deriva-
tive changed into a partial derivative. Nevertheless, we had
to make a trade-off by ensuring that f(Q) theory and f(T)

theory were in alignment, resulting in matching Friedmann
equations for pressure and energy density [93]. In a previ-
ous study [92], an analysis of this problem is discussed by
including a nonzero affine connection, but the analysis was
still conducted within the context of a spatially flat FLRW
spacetime.

As successful explanations of the universe’s evolution
would need to transition from deceleration to acceleration
in accordance with observations, it is logical to characterize
the late accelerated expansion using the deceleration param-
eter q(z). Characterizing the late accelerated expansion by
the deceleration parameter q(z) is reasonable, as successful
explanations of the universe’s evolution should shift from
deceleration to acceleration based on observations [94–106].
Nevertheless, this method fails to offer a rationale for the
nature of dark energy. The majority of cosmological studies
assume that the observable universe is spatially flat, mean-
ing k = 0. Nevertheless, k must be limited whenever the
most recent observational data is accessible. Hence, it would
be ideal to consider the inclusion of the spatial curvature k.
Some recent studies have thoroughly examined the impact of
spatial curvature [107–114]. Studying the f(Q) theory in both
open and closed FLRW models with k = ±1 is undeniably
beneficial. Until the study by Dimakis et al. [115], the pri-
mary difficulty was the intricate mathematical formalism of
symmetric teleparallelism in a background spacetime, with
little effort made to show a clear formulation in both open and
closed FLRW modes. The goal of this study is to place this
kinematic method in the context of a revised theory of gravity
that can be further tested at the perturbation level. A Big Bang
nucleosynthesis formalism and observations were used in the
framework of f (Q) theory to extract constraints on it [116].
They show [116] that f (Q) gravity can safely pass the Big
Bang nucleosynthesis constraints which are not satisfied by
some modified theories of gravity. The use of Hubble data
and Gaussian processes to reconstruct the dynamical con-
nection function in f (Q) cosmology beyond the coincident
gauge is investigated in [74]; they show that in both cases,
and according to the Akaike information criterion (AIC) and
Bayesian information criterion (BIC), the inclusion of the
non-coincident gauge is favored relative to the �-cold dark
matter (CDM) paradigm.

This article is structured as follows: Following the intro-
duction, Sect. 2 explains the fundamental mathematical
framework of f(Q) theory, while Sect. 3 discusses the deriva-
tion of f(Q) from a nonzero affine connection in a spatially
curved FLRW universe (positively and negatively curved).
Such connection coefficients involve a heretofore uncon-

strained function of time, γ (t). The Friedmann-like equa-
tions of energy and pressure for ordinary matter and the
effective counterparts are also provided. The corresponding
modifications of Friedmann equations of f (Q) theory in cos-
mological applications are presented in Sect. 4. In Section
5, we demonstrate how the field equation of f (Q) theory
aligns with the deceleration parameter, enabling an effective
methodology for reconstructing f (Q) gravity. In Sect. IV,
we utilize our reconstruction technique to derive the f (Q)

gravity framework that replicates the �CDM model. More-
over, we analyze two distinct parameterizations of the decel-
eration parameter within the context of their corresponding
f (Q) theories. Additionally, we explore a specific paramet-
ric form of the effective Equation of State (EoS) detailed
in reference [117]. We then proceed to discuss the findings
of each of these three models in detail. In conclusion, we
provide a summary of the paper in Sect. 7.

2 An overview of symmetric teleparallelism

The theory of symmetric teleparallel gravity was constructed
using an affine connection, �α

βγ , which is considered general
and defined as follows:

�λ
μν = �̊λ

μν + Lλ
μν. (1)

In the symmetric teleparallelism theory, gravity is governed
by the non-metricity of the underlying geometry, which has
no curvature and zero torsion. The first step is to establish
the definition of the non-metricity tensor that has the form

Qλμν = ∇λgμν. (2)

There are two potential traces for the non-metricity tensor,
which are defined as follows:

Qλ = Qλμνg
μν, Q̃ν = Qλμνg

λμ.

The tensors Lλ
μν and Pλ

μν define the disformation and the
superpotential, respectively, as follows:

Lλ
μν = 1

2
(Qλ

μν − Qμ
λ

ν − Qν
λ

μ), (3)

Pλ
μν = 1

4

(
−2Lλ

μν + Qλgμν − Q̃λgμν − 1

2
δλ
μQν

−1

2
δλ
ν Qμ

)
. (4)

We are examining the scalar quantity of non-metricity, which
has the form

Q = QλμνP
λμν

= 1

4
(2QλμνQ

μλν − QλμνQ
λμν + QλQ

λ − 2Qλ Q̃
λ).

(5)
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However, like GR, symmetric teleparallelism also encoun-
ters the challenging issue known as the “dark” problem.
Therefore, a modified f (Q) gravity theory has been pro-
posed, similar to the introduction of modified f (R) theory,
to expand upon GR. The action of this modified gravitational
theory is given by

S = 1

2κ

∫
f (Q)

√−g d4x +
∫

LM
√−g d4x, (6)

where f (Q) is an arbitrary function of the non-metricity
scalar, i.e., Q. Variation of Eq. (6) w.r.t. the metric yields the
equation of motion as follows [14]:

fQG̊μν + 1

2
gμν( fQQ − f ) + 2 fQQ Pλ

μν∇̊λQ = κTm
μν,

(7)

where G̊μν is the Einstein tensor. Now let us transform Eq. (7)
into an equivalent form of GR as

G̊μν = κT ef f
μν

fQ
= κTm

μν

fQ
+ T DE

μν , (8)

where

TDE
μν = 1

κ fQ

[
1

2
gμν( f − Q fQ) − 2 fQQ∇̊λQPλ

μν

]
(9)

refers to the extra terms resulting from the geometric alter-
ation of the theory of gravity in this case. This can be easily
imagined as the element that functions as a sort of imaginary
dark force.

3 Homogeneous and isotropic model in the frame
of f (Q)

The metric for an FLRW spacetime with spatial curvature
and isotropic homogeneity is defined as

ds2 = −dt2 + R (t)2
(

dr2

1 − kr2 + r2dθ2 + r2 sin2 θdφ2
)

,

where k = ±1, (10)

where R(t) is the scale factor. In the frame of this spacetime,
the compatible connection was deliberated in [115] as

�t
t t = −k + Pγ

γ
, �t

rr = γ

1 − kr2 ,

�t
θθ = γ r2, �t

φφ = γ r2 sin2 θ, �r
tr = − k

γ
,

�r
rr = kr

1 − kr2 , �r
θθ = −(1 − kr2)r ,

�r
φφ = −(1 − kr2)r sin2 θ, �θ

tθ = − k

γ
,

�θ
rθ = 1

r
, �θ

φφ = − cos θ sin θ,

�φ
tφ = − k

γ
, �φ

rφ = 1

r
, �φ

θφ = cot θ, (11)

where γ ≡ γ (t). The non-metricity scalar Q can be deter-
mined by using Eq. (5):

Q(t) = −3

[
2H2 +

(
3k

γ
− γ

R2

)
H − 2k

R2 − k
γ̇

γ 2 − γ̇

R2

]
.

(12)

Now let us examine regular matter that behaves like a perfect
fluid, with its stress–energy tensor Tm

αβ given as

Tm
αβ = (pm + ρm)uαuβ + pmgαβ, (13)

where uμ is the fluid four-velocity unit vector. The
Friedmann–Robertson–Walker (FRW) equations can be
derived from the field equation (7), which gives

ρm = 1

2
f +

(
3H2 + 3

k

R2 − 1

2
Q

)
fQ

+ 3

2
Q̇

(
− k

γ
− γ

R2

)
fQQ, (14)

pm = −1

2
f +

(
−3H2 − 2Ḣ − k

R2 + 1

2
Q

)
fQ

+ Q̇

(
−2H − 3

2

k

γ
+ 1

2

γ

R2

)
fQQ, (15)

where the symbols pm and ρm represent the pressure and
energy density, respectively. The total energy density and
pressure yield the form

ρTot = ρm + 1

2
(Q fQ − f ) + 3

2
Q̇ fQQ

(
γ

R2 + k

γ

)
(16)

pTot = pm − 1

2
(Q fQ − f ) − 1

2
Q̇ fQQ

(
γ

R2 − 3k

γ
− 4H

)
,

(17)

where Q̇ ≡ dQ
dt , fQ ≡ ∂ f

∂Q , fQQ ≡ ∂2 f
∂Q2 .

4 Analysis focused on a particular model

In this section, we consider the extension of GR in terms of
f (Q). In spherical coordinates, with the line element given
by (10) and spatial curvature k = 0, we set γ (t) = 0 [115].
Inserting Eq. (10) into the field equations (7) and by making
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use of the useful relation (12), the FRW equations can be
expressed in terms of f (Q) as1

ρm = 1

2κ
(f − HfH),

pm = − 1

2κ

(
f − HfH − 1

3
ḢfHH

)
≡ 1

6κ
ḢfHH − ρm, (18)

where fQ = d f
dQ ≡− fH

12H with fH = df
dH similar for fQQ = d2 f

dQ2

with fHH = d2 f
dH2 .

To close the system, it is necessary to select an equation
of state (EoS) to link ρm and pm . For the simplest barotropic
case pm ≡ pm(ρm) = wmρm, the above system produces the
useful dynamical equation

Ḣ = 3(1 + wm)

[
f(H) − HfH

fHH

]
= F(H). (19)

As is evident from the previous relation, Ḣ is dependent
solely on H , so Eq. (19) describes the phase portrait of any
f(Q) gravity in a flat FRW background. This study examines
the later stages of cosmic evolution, assuming a universe
predominantly made up of baryons with wm = 0 before
transitioning to dark energy dominance.

Due to the impressive outcomes observed in general rela-
tivity, modified gravity theories should be acknowledged as
adjustments to it. It is beneficial to express the field equa-
tions in a manner that incorporates Einstein’s gravity along
with correction terms from the higher order of f(Q) symmet-
ric teleparallel gravity. Therefore, we express the amended
FRW equations as

H2 = κ

3

(
ρm + ρQ

)
≡ κ

3
ρTot, (20)

2Ḣ + 3H2 = −κ
(
pm + pQ

)
≡ −κpTot. (21)

In this scenario, the pressure and energy density of the sym-
metric teleparallel of f(Q) are determined by

ρQ(H) = 1

2κ

(
HfH − f(H) + 6H2

)
, (22)

pQ(H) = − 1

6κ
Ḣ (12 + fHH) − ρQ(H). (23)

When f(Q) = Q, which is the GR limit, then ρQ and pQ

are both equal to zero. In cases in which f(Q) is not linear,
the non-metricity scalar Q corresponding to f(Q) may act as
the dark energy. In the barotropic situation, the non-metricity
scalar will possess an equation of state as

ωDE = ωQ(H) = −1 − 1

3

Ḣ(12 + fHH )

6H2 − f (H) + H fH
. (24)

1 Equations (19) reduce to the symmetric teleparallel equivalent of GR
when f (Q) ≡ Q.

The density parameters wi = ρi
ρc

are defined, with i denoting

the species component and ρc the critical density (≡ ρTot ).
Therefore, the dimensionless version of the FRW equation
(20) is expressed as

wm + wQ = 1, (25)

with wm being the matter density parameter, calculated as
κρm

3H2 , while wQ is the non-symmetric density parameter, cal-

culated as κρQ

3H2 . In order to uphold the conservation law, the
continuity equations are obtained by minimally coupling the
matter field and the non-symmetric:

ρ̇m + 3Hρm = 0, (26)

ρ̇Q + 3H(ρQ + pQ) = 0. (27)

Defining the total EoS parameter can also be beneficial, and
in this case it takes the form

ωTot ≡ pTot

ρTot
= −1 − 2

3

Ḣ

H2 . (28)

The total EoS parameter may serve as a substitute for the
deceleration parameter q, as they are connected as

q ≡ −1 − Ḣ

H2 = 1

2

(
1 + 3ωTot

)
. (29)

Multiple cosmological observations confirm that the universe
transitioned from slowing to accelerating its expansion a few
billion years ago. Since that time, the deceleration parameter
q has been commonly utilized to characterize the evolution
of the universe up to the present moment. In this way, cer-
tain individuals have employed various parametric forms of q
[94–99,102], while others utilized non-parametric versions
of q [100,101,103–106]. Nevertheless, these requirements
must be defined within the context of a theory of gravity.
In the following section, we demonstrate the method for
reconstructing f(Q) gravity based on a specified form of
q(z), where z represents the redshift, or other parameters
like wTot(z). This enables us to conduct additional tests on
the free parameters of these forms using other cosmological
parameters such as the matter density parameter wm or the
dark energy equation of state.

5 Method for reconstructing f(Q) in symmetric
teleparallel theory

Using the redshift z as the independent variable is practical,
defined as z = R0

R − 1, with R0 = 1 at the current time. In
this scenario, we put down

Ḣ = −(1 + z)HH′, (30)
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where the prime represents the derivative with respect to the
redshift parameter z. By utilizing Eqs. (29) and (30), we can
express H(z) as

H(z) = H0 exp

(∫ z

0

1 + q(z̃)

1 + z̃
d z̃

)
, (31)

where H0 is equal to H at redshift z = 0. On the contrary, if
we utilize z as the independent variable, then we obtain

f(H(z)) = f (z), fH = f ′

H ′ , fHH = f ′′H ′ − f ′H ′′

H ′3 .

(32)

By inserting Eqs. (30) and (32) into the phase portrait f(Q)

described in Eq. (19), we can evaluate H(z) as

H(z) = H0 exp

(∫ z

0

f ′(z̃)
f (z̃) + f0(1 + z̃)3 dz̃

)
, (33)

with f0 being a constant that is incorporated into the equation.
By inserting Eqs. (30) and (32) into Eq. (18), we determine
the density of the matter as a function of the redshift as

ρm(z) = 1

2κ

(
f(z) − H

H′ f ′
)

= − f0

2κ
(1 + z)3. (34)

Alternatively, one can calculate the matter density by solv-
ing the matter continuity Eq. (26), where ρm = ρm,0

R3 =
ρm,0(1 + z)3, with ρm,0 being the present matter density.
By contrasting with Eq. (34), we find that f0 = −2κρm,0.
Currently (z = 0), we have wm,0 = ρm,0

ρc,0
= κρm,0

3H2
0

, which

results in

f0 = −6wm,0H2
0. (35)

The Planck cosmic microwave background (CMB) results
show that wm,0h2 = 0.1426±0.0020 when using the �CDM
model with Planck TT+lowP likelihood, where h = H0/100
km/s/Mpc [118]. This immediately sets the constant’s value
as f0 = −8556.

The relationship between the deceleration parameter q(z)
and the modified f(Q) gravity with the Hubble function H(z)
is similar according to Eqs. (31) and (33). Therefore, when
we contrast these, we get

q(z) = (1 + z)f ′

f(z) − 6wm,0H2
0(1 + z)3

− 1. (36)

The deceleration parameter is directly linked to the nature of
the cosmic expansion rate, as mentioned previously. There-
fore, various parameterization forms of the deceleration have
been proposed in research to depict the cosmic evolution

[94–106]. Thus, it can be concluded that Eq. (36) serves as a
resource for creating feasible cosmic scenarios in the frame-
work of f(Q) gravitational theory.

Instead, Eq. (36) can be used in the integration to derive
f(z) as

f(z) = −6wm,0H2
0e

∫ z
0

1+q(z̃)
1+z̃ dz̃

∫ z

0

(1 + z̃)2(1 + q(z̃))

e
∫ z

0
1+q(z̃)

1+z̃ dz̃
dz̃.

(37)

Therefore, with a specific parameterization of q(z), Eq. (37)
allows for the creation of the corresponding f(Q) theory, fol-
lowed by the calculation and comparison of other key param-
eters with observational data to assess the credibility of f(Q)

theory. In the present study, Eq. (37) is employed to analyze
the f(Q) gravitational theory and its associated parameteriza-
tion q(z). Furthermore, we can swap q(z) with wTot(z) using
(29), allowing for the reconstruction of f(Q) gravity with
various parameterizations of wTot(z) as well. In this case, we
encounter an alternative reconstruction equation as

f(z) = −9wm,0H2
0e

3
2

∫ z
0

1+wTot (z̃)
1+z̃ dz̃

×
∫ z

0

(1 + z̃)2(1 + wTot (z̃))

e
3
2

∫ z
0

1+we f f (z̃)
1+z̃ dz̃

dz̃. (38)

To include additional reconstruction techniques, we consider
scenarios where parameterizations are provided for the EoS
of the dark energy sector. By substituting Eqs. (30) and (32)
into Eq. (24), we get

ωQ(z) = −1 + 1

3
(1 + z)H

12H′3 + f ′′H′ − f ′H′′

(6H2 − f)H′2 + HH′f ′ . (39)

Equation (39) can be employed to recreate f(z) using a spec-
ified parameterization of the dark energy EoS wQ(z). By
substituting Eq. (33) into Eq. (39), we can obtain a novel
formulation given by

ωQ(z) =
[
f(z) − 6wm,0H2

0(1 + z)3 − 2
3 (1 + z)f ′(z̃)

]
e

2
∫ z

0
f′(z̃)

f(z̃)−6wm,0H2
0(1+z̃)3

dz̃

[
f(z)−6wm,0H2

0(1+z)3
] ⎡
⎣wm,0(1+z)3 − e

2
∫ z

0
f′(z̃)

f(z̃)−6wm,0H2
0(1+z̃)3

dz̃
⎤
⎦

.

(40)

By inserting Eqs. (31) and (37) into Eq. (39), we discover
a valuable connection between the dark energy equation of
state and the deceleration parameter as

ωQ(z) = (1 − 2q(z)) e2
∫ z

0
1+q(z̃)

1+z̃ dz̃

3

(
wm,0(1 + z)3 − e2

∫ z
0

1+q(z̃)
1+z̃ dz̃

) . (41)
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Once more, we can use q(z) and ωTot (z) mutually using
Eq. (29). This allows us to establish a relationship between
the dark energy and the total equation of state parameters as

ωQ(z) = − ωTot (z)e3
∫ z

0
1+weff (z̃)

1+z̃ dz̃

wm,0(1 + z)3 − e3
∫ z

0
1+ωTot (z̃)

1+z̃ dz̃
. (42)

To conclude this section, we establish a connection
between the deceleration parameter and another essential
cosmological parameter, which enables the examination of
assumed forms of q(z) through the matter density parameter
wm(z). Using (34), we write

wm(z) = fH′ − Hf ′

6H′H2 = wm,0(1 + z)3 e−2
∫ z

0
1+q(z̃)

1+z̃ dz̃
. (43)

Furthermore, the dark symmetric teleparallel counterpart is
subsequently provided by

wQ = 1−wm = 1−wm,0(1 + z)3 e−2
∫ z

0
1+q(z̃)

1+z̃ dz̃
. (44)

In the next part, we will utilize these equations to investi-
gate various parametric forms in f(Q) gravity.

6 Applications

Inspired by the results obtained in Sect. 5, we introduce three
distinct parameterizations, two for the deceleration parame-
ter q(z) and one for the effective EoS parameter ωTot(z), with
the objective of formulating the corresponding f(Q) gravity
theory and exploring potential deviations from the �CDM
model.

6.1 The flat model of �CDM

The dark energy scenario is one method used to explain the
late accelerated expansion phase. A straightforward approach
is to connect it to a cosmological constant through which the
cosmic expansion shifts from slowing to accelerating, known
as �CDM cosmology, aligning well with various observa-
tions. Nevertheless, the model lacks theoretical explanations
and validation. In this framework, the evolution of the Hubble
parameter is presented as

H(z) = H0

√
wm,0(1 + z)3 + wλ,0 , (45)

where wλ,0 represents 1 − wm,0, which indicates the cur-
rent value of the dark energy density parameter. By plugging
Eq. (45) into Eq. (29) and considering Eq. (30), we express
the deceleration parameter for �CDM as

q(z) = 3

2

wm,0(1 + z)3

wλ,0 + wm,0(1 + z)3 − 1. (46)

At high redshifts, when (1 + z)3 is much greater than wλ,0
wm,0

,
the model displays a decelerating expansion phase similar to
the Einstein–de Sitter model, where q approaches 1/2. Nev-
ertheless, at low redshifts, the expansion transitions to an
accelerating phase as q(z) decreases, then progresses towards
pure de Sitter q → −1 as z → −1(t → ∞). Therefore, this
form presents a feasible cosmological model that aligns
with observations. Furthermore, by substituting Eq. (46) into
Eq. (37), we can determine the relevant f(Q) gravity repre-
sentation as

f(z) = −6H2
0

(
wm,0(1 + z)3 + wλ,0

)
− 6wλ,0H2

0. (47)

As anticipated, this results in f(Q)�CDM = Q − const.,
specifically in the �CDM model [119]. Therefore, obser-
vations are necessary to constrain the two parameters of the
model: H0 and �m,0. Actually, the CMB and baryonic acous-
tic oscillation (BAO) data in the local region, assuming the
�CDM model, support H0 = 68 km/s/Mpc and �m,0 = 0.3,
whereas the type I supernova (SNIa) and global H0 data
(independent of model) prefer a higher H0 = 73 km/s/Mpc
and lower �m,0 = 0.26. Nevertheless, various methods have
been proposed to harmonize local and global observations,
such as incorporating dark neutrino species [120] or imple-
menting dynamic phantom dark energy [121,122]. In the
context of modified gravity, one can seek an explanation for
the accelerated expansion without relying on dark energy
(cosmological constant), but significant deviations from the
�CDM model are not likely.

6.2 First application

Numerous different ways to parameterize the deceleration
parameter have been proposed in various studies; however,
they typically share a similar structure, given by

q(z) = q0 + q1X(z). (48)

The datasets can determine the values of q0 and q1 provided
they are real, but the function X (z) can yield different rep-
resentations of the deceleration parameter. Inspired by the
parameterization of the dark energy of EoS presented in
[123], a parameterization of the deceleration parameter that
is free of divergences was proposed in [124]:

X(z) = z(1 + z)

1 + z2 . (49)

At high redshift z � 1, the deceleration parameter q(z)
approaches q0 + q1, making it appropriate for analyzing
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Fig. 1 The optimal values for the first application parameters [q0, q1]
derived from [124] and based on the combinations of datasets used
in that study. These values are (− 0.82, 0.98) for the H(z) dataset,
(− 0.57, 0.70) for the SNIa dataset, (− 0.59, 0.67) for the combina-
tion of the SNIa and H(z) datasets, and (− 0.5, 0.78) for the combi-
nation of the SNIa, H(z), and BAO/CMB datasets. a The behavior of
f(Q(z)) gravity normalized to �CDM. b The matter density parameter
reaches 1 at redshifts between 1 and 2 for the H(z), SNIa, and SNIa
+ H(z) datasets. c The total EoS which is different from the standard

cold dark matter model when ωTot → 0 for redshifts z � 3. To have a
credible theory, it is anticipated to display fluctuations around �CDM.
Since the theory does not align with �CDM, a viable thermal history
is not anticipated in reality. d The symmetric teleparallel dark energy
of EoS undergoes a phase transition in the redshift range of 1–2, with
ωQ approaching infinity for H(z), SNIa, and SNIa + H(z) datasets; for
SNIa + H(z) + BAO/CMB datasets, it diverges at around z ∼ 10.3. The
labels used in panel a of this figure are the same as in panels b–d

the radiation era. In the late universe with 0 ≤ z � 1,
q(z) can be represented as the linear parametric expression
q(z) = q0 + q1z, making it appropriate to investigate the late
accelerated expansion stage. In addition, it has been proven
that q(z) remains finite as z approaches −1, making it appro-
priate for examining the universe’s destiny. The parametric
form given above is limited for every redshift z ∈ [−1,∞),
making it suitable for depicting the entire cosmic timeline as
noted in [124]. By utilizing the parametric Eqs. (49) and (31),
the relation between Hubble and redshift can be formulated
as

H(z) = H0(1 + z)1+q0(1 + z2)
q1
2 . (50)

Furthermore, through the utilization of Eq. (37), we derive
the form of f(z) that governs the gravity sector as

f(z) = −6wm,0H2
0(1 + z)1+q0(1 + z2)

q1
2

×
∫ z

0

1 + q0 + q1
z̃(1+z̃)
1+z̃2

(1 + z̃)q0−1(1 + z̃2)
q1
2

dz̃. (51)

Figure 1a displays the f (Q) gravity results as a function of
redshift for various q0 and q1 parameters. Figure 1a indicates
significant discrepancies between the theory and the �CDM
model, which is not commonly accepted. This should be evi-
dent in dynamic cosmological factors such as the matter den-
sity parameter.

Next, we assess the overall EoS parameter based on the
parameterizations (49). Following Eq. (29), we have the
expression

ωTot(z) = −1 + 2

3

(1 + q0) + q1z + (1 + q0 + q1)z2

1 + z2 .

(52)

By utilizing the parameterizations given in Eq. (49), the
matter density parameter in Eq. (43) can be expressed as

wm(z) = wm,0(1 + z)1−2q0(1 + z2)−q1 . (53)

Figure 1b shows the changes in the matter and non-metricity
density parameters based on the specified values of the model
parameters q0 and q1 from Ref. [124]. The plots reveal that
the matter density parameter reaches the value of 1 between
redshift 1 � z � 2 for the H(z), SNIa, and H(z) + SNIa
datasets, but for the H(z) + SNIa + BAO/CMB datasets, it
does not happen. Based on the analysis of the f(Q) gravity
found in Eq. (51), it is not surprising that the parameterization
(49) does not result in a standard CDM that aligns with the
thermal history.

Based on the parameters q0 and q1 provided in [124],
the redshift z of transition can be found by setting
ωTot(z) = −1/3. This results in z�0.71, 0.72, 0.8, and
0.54 in the H(z), SNIa, H(z) + SNIa, and H(z) + SNIa +
BAO/CMB datasets, respectively. The depicted evolution of
ωTot (z) can be seen in Fig. 1c. While the graphs display the
transition redshift in line with observations, they do not align
with the standard CDM behavior (i.e., ωTot(z) = 0) at high
redshifts. This confirms the inefficiency of the model at the
earlier phases (large redshifts). We also assess the symmetric
teleparallel EoS parameter linked to the parametric expres-
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Fig. 2 The best-fit values of model 1 parameters (q0, q1) are taken
according to the constraint (55). The model parameter q0 is kept fixed
to its value as measured in [124], since it is compatible with the present
values of other cosmological parameters. However, the model parameter
q1 is recalculated to fulfill (55) as given on the plots. a The behavior of
f(Q) gravity, which matches �CDM at large redshifts in contrast to the
corresponding plots in Fig. 1a.bThe matter density parameter no longer

crosses the unit boundary line, and consequently the non-metricity den-
sity parameter does not have negative values. c The total EoS shows that
the universe can effectively produce a standard CDM-dominant era at
large redshifts as ωTot → 0. d The non-metricity EoS has finite values
at all redshifts. The numerical values of q0 and q1 presented in panel a
of this figure are also used in panels b–d

sion (49)

ωQ(z) =
2(1 + z)2q0

[
(q0 − 1

2 ) + q1z(1+z)
1+z2

]

3
[
(1 + z)2q0 − w0,m(1+z)

(1+z2)q1

] . (54)

Based on the parameters q0 and q1 presented in [124], we
illustrate the variation of ωQ(z) in Fig. 1d, which indicates
that the symmetric teleparallel EoS parameter changes in a
phantom-like manner at low redshifts. A potential phase tran-
sition is observed at redshifts z ∼ 1.19, z ∼ 1.87, z ∼ 1.47,
and z ∼ 10.29 in the H(z), SNIa, H(z) + SNIa, and H(z)
+ SNIa + BAO/CMB datasets as ωQ approaches positive
or negative infinity. Additionally, the model predicts that it
will cross the phantom divide line in the future and enter a
quintessence-like state. Surprisingly, the phase changes in
symmetric teleparallel gravity are linked to the point where
the matter density parameter, wm(z), crosses the unit bound-
ary line (or when wQ enters the negative region), as illustrated
in Fig. 1b and d.

In the rest of this application, we demonstrate how the
model parameters can be constrained in order to achieve fea-
sible cosmic development. If the predicted model parame-
ter values match their measured values, then the assumed
parameterization may accurately depict cosmic history. In
fact, we require the matter density parameter to approach a
maximum value of wm(z) = 1 as z approaches infinity. This
requirement is helpful in imposing an additional limitation
on the independent variables q0 and q1. To expand further,
we express the matter density parameter (53) asymptotically
up to the second order of the redshift as

w̃m(z) ≈ wm,0

(
1

z

)2(q0+q1)

(1 + z − 2q0) + O(1/z2).

In order for the models to be feasible, w̃m(z) must be less than
or equal to 1; otherwise, the symmetric teleparallel density
parameter would need to decrease to negative values. This
restricts q1 to a lower limit:

q1 ≥ lim
z→∞

ln
[
z−2q0(1 + z − 2q0)w0,m

]
ln z2 = 1

2
− q0. (55)

Equation (55) limits the selection of model parameters to

q0 + q1 ≥ 0.5. (56)

When q0 + q1 < 0.5, the density parameter of matter would
surpass 1 at a certain redshift in the past. The closer that
q0 + q1 ≥ 0.5 → 0.5−, the closer the previous wm(z) cross-
ing occurs to the unit boundary, specifically at a higher z
value. This is evident in Fig. 1b, with the totals of q0 + q1

being 0.16, 0.13, and 0.08 for the H(z), SNIa, and H(z) +
SNIa datasets. The sum of q0 + q1 for the combination H(z)
+ SNIa + BAO/CMB equals 0.28, nearing the critical value
of 0.5. Thus, the matter density parameter crosses the unit
boundary at a higher redshift around z ∼ 10. Nevertheless,
these patterns do not align with the expected �CDM behav-
ior, as stated previously.

To improve the model forecasts, we set the q0 value taken
from [124], as it aligns with the current values of other cos-
mological parameters. Nonetheless, we employ the matter
domination condition (55) to recompute the respective q1

value for every set of data. In this instance, we improve the
development of f(Q) gravity, as depicted in Fig. 2a. When
comparing with Fig. 1a, we observe that the graphs are in
agreement with the �CDM model at high redshifts. Alter-
natively, the universe can be effectively characterized by a
standard CDM matter domination era with ωTot → 0 at high
redshifts, as shown in Fig. 2c. The matter density parameter
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Table 1 The first application’s primary outcomes are determined by the values of (q0, q1) parameters presented in [124] and the matter density
parameter restriction (55). Later on, we maintain the stringently measured values of q0 but adjust the values of q1 as needed to meet the constraint

Dataset q0 q1 f(Q)/�CDM wm(z) ≤ 1 Non-metricity Viability
compatibility constraint EoS, wQ

H(z) − 0.82 0.98 Not Violated (z ∼ 1.31) Divergesa(z ∼ 1.31) Not

SNIa − 0.57 0.70 Not Violated (z ∼ 1.29) Divergesa (z ∼ 1.29) Not

H(z) + SNIa − 0.59 0.67 Not Violated (z ∼ 1.5) Divergesa (z ∼ 1.5) Not

H(z) + SNIa + BAO/CMB − 0.50 0.78 Not Violated (z ∼ 0.82) Finite (z ∼ 0.82) Not

Using constraint (55)

H(z) − 0.82 1.37 Approximately Fulfilled Finite Notb

SNIa − 0.57 1.12 Approximately Fulfilled Finite Notb

H(z) + SNIa − 0.59 1.14 Approximately Fulfilled Finite Notb

H(z) + SNIa + BAO/CMB − 0.50 1.05 Approximately Fulfilled Finite Notb

aNote that the non-metricity EoS diverges when the matter density parameter exceeds the unit boundary line (equivalently, when the torsion density
parameter becomes negative); see Fig. 1b and d
bAlthough the enhanced parameters—using the matter density parameter constraint (55)—give f(Q) gravity with better compatibility with �CDM
and smooth ωT , it cannot produce viable patterns of the matter density parameter, as seen in Fig. 2b

remains below the unit boundary line, yet it displays behav-
ior that does not align with the matter domination era, as is
clear from Fig. 2b. Lastly, it is worth mentioning that with the
improved version, the symmetric teleparallel EoS no longer
shows any phase transitions, and ωQ is now a finite value at all
redshifts, as shown in Fig. 2d. Table 1 provides an overview
of the outcomes of the first application based on the model
parameters q0 and q1 specified in Ref. [124] and utilizing the
matter density constraint (55).

6.3 Second application

In this application, we investigate an alternative parameteri-
zation q(z) as follows [97]:

X(z) = ln (α + z)

(1 + z)
− ln α, α > 1. (57)

Utilizing the parameterization mentioned above, the decel-
eration parameter (48) was tested against observational
datasets, namely JLA SNIa and BAO/CMB. The opti-
mal values for the independent parameters q0 and q1

were determined within 1σ uncertainty [97]. Various val-
ues of the parameter α have been demonstrated, including
(α = 2, q0 = − 0.45, q1 = − 2.56), (α = 3, q0 = − 0.54,
q1 = − 1.35), (α = 4, q0 = − 0.56, q1 = − 1.03), and
(α = 5, q0 = − 0.56, q1 = − 0.85). Furthermore, it has been
demonstrated that at the current epoch z = 0, the described
parameterizations result in the deceleration parameter being
equal to a value of q = q0, whereas at high redshifts, one
can achieve the matter-dominated era, q = 1

2 , through the

constraint q1 = 2q0−1
2 ln α

. By using the parametric form given
by Eqs. (57) and (31), the Hubble–redshift relation can be

expressed.

H(z) = H0α
ξ (1 + z)β(α + z)−

(α+z)ξ
(1+z)α , (58)

with ξ being determined by q1α
α−1 and β calculated as 1+q0 +

ξ
α

−q1 ln α. Moreover, through the utilization of Eq. (37), we
derive the form of f(z) that governs the gravity sector as

f(z) = −6�m,0H2
0

(1 + z)β

(α + z)
(α+z)ξ
(1+z)α

∫ z

0

(1 + z̃)2−β
(

1 + q0 + q1
ln (α+z̃)
(1+z̃) − ln α

)

(α + z̃)−
(α+z̃)ξ
(1+z̃)α

dz̃. (59)

In Fig. 3a, we plot the f(Q) gravity found in [97] against
the redshift for various measurements of q0 and q1. Just like
the first application, the charts demonstrate significant differ-
ences between the theory and the �CDM cosmology, which
is not commonly preferred. This must be evident in changing
cosmological parameters such as the matter density parame-
ter.

Next, we analyze the total EoS parameter using the param-
eterization given by Eq. (57). Here, Eq. (29) is formulated in
terms of z for the second application as

ωTot(z) = −1

3
+ 2

3

[
q0 + q1

(
ln (α + z)

(1 + z)
− ln α

)]
. (60)

The transition redshift z can be found by setting
ωTot(z) = −1/3, using the values of q0 and q1 provided in
[97]. According to the SNIa + BAO/CMB datasets, the tran-
sition redshift is approximately 1.32, 0.98, 0.88, and 0.86
for different values of α ranging from 2 to 5. By utilizing
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Fig. 3 a The behavior of f(Q(z)) gravity normalized to �CDM. b Matter density parameter. c The total EoS. d The EoS for symmetric teleparallel
dark energy. All the numerical values of q0 and q1 presented in panel a are used in panels b–d

Eq. (57), Eq. (43) can be expressed as

wm(z) = wm,0

α2ξ
(1 + z)3−2β(α + z)2 (α+z)ξ

(1+z)α . (61)

Figure 3b shows how the matter and symmetric teleparal-
lel density parameters evolve based on the calculated val-
ues of the model parameters q0 and q1 from Ref. [97]. The
graphs demonstrate that the matter density parameter wm(z)
is between 0 and 1 at high redshifts, reaching a maximum at
low redshifts and intersecting the unit boundary line at red-
shifts approximately 15.6, 16.2, 18.2, and 18.8 for values of
α ranging from 2 to 5. However, the density decreases again
as it crosses the unit boundary line at redshifts z ∼ 0.99,
1.18, 1.28 and 1.3 for values of α = 2 · · · 5. According to
the evaluation of the derived f(Q) gravity, as shown in Eq.
(59), the parameterizations (57) do not give rise to a period
dominated by matter that aligns with the thermal history.

The plot in Fig. 3c shows the variation of ωTot(z) over
time. Despite the plots displaying transition redshift in line
with observations, they do not align with the standard CDM
behavior (ωTot(z) = 0) at high redshift. This reaffirms the
lack of effectiveness of the model during the initial stages,
i.e., at high redshifts.

Additionally, we assess the symmetric teleparallel param-
eter linked to the parametric expression (57) as

ωQ(z) =
−1 + 2q0 + 2q1

[
ln(α+z)

1+z − ln α
]

3 − 3wm,0αξ (1 + z)3−2s(α + z)
2ξ(α+z)
α(1+z)

. (62)

Based on the parameters q0 and q1 described in [97], we
illustrate the behavior of ωQ(z) in Fig. 3d, which shows that
the symmetric teleparallel EoS parameter transitions to a
phantom-like state at lower redshifts. We observe a rapid
change in phase at redshifts of approximately z = 15.78,
17.96, 14.89, and 16.41 for the parameters α ranging from
2 to 5 when ωQ approaches infinity in opposite directions.
Additionally, another phase change can occur at lower red-

shifts z ∼ 1.03, 1.2, 1.3, and 1.33 for the parameters
α = 2 · · · 5, respectively. The model predicts a gradual tran-
sition across the phantom divide line towards a quintessence-
like state in the future. Notably, the phase changes in symmet-
ric teleparallel theory are linked to crossing the matter density
parameter, wm(z), at the unit boundary line, as depicted in
Fig. 3b and d.

Next, we demonstrate how the model parameter can be
constrained to generate feasible cosmic development. If the
model’s predicted parameter values match the measured
values, then the chosen parameterizations can accurately
describe the history of the universe. In reality, it is neces-
sary for the matter density parameter to approach a maximum
value wm(z) = 1 as z approaches infinity. This requirement is
beneficial for imposing an additional restriction on the inde-
pendent variables q0 and q1. To further elaborate, we express
the asymptotic series of the matter density parameter (61) up
to the second order of the redshift and obtain

w̃m(z) ≈
wm,0

α2ξ
z1−2q0+2q1 ln α.

In order for the models to be feasible, w̃m(z) must be less than
or equal to 1; otherwise, the symmetric teleparallel density
parameter would need to decrease to negative values. This
restricts q1 to a lower limit as follows:

q1 ≤ lim
z→∞ −1

2

(
ln 1

wm,0z + 2q0 ln z
)

(α − 1)(
α − ln 1

z + α ln 1
z

)
ln α

= 2q0 − 1

2 ln α
.

(63)

The constraints ensure that the parameterization (57) is
able to approach q → 1/2 as z → ∞, as discussed in [97].
In reality, however, this will not stop the density parameter
from crossing the unit boundary at lower redshifts; it simply
smooths out the peaks across a broad range of redshifts. In
this case, it may be more important to regulate the ampli-
tude of the wm(z) peak so that it does not exceed the unit
boundary. To ensure the feasibility of this model at least for
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Fig. 4 The values of second application parameters (q0, q1) were
determined based on the constraint (64) for the best fit. The value of the
model parameter q0 remains unchanged from the measurement in [97],
as it aligns with the current values of other cosmological parameters.
Nevertheless, the parameter q1 is adjusted in order to satisfy Eq. (64),
as shown in the graphs. a The f(Q) theory matches �CDM at large
redshifts in contrast to the corresponding plots in Fig. 3a. b The density

parameter of matter no longer exceeds the unit boundary line, leading
to the symmetric teleparallel density parameter having no negative val-
ues. c The total EoS demonstrates that at high redshifts, the universe
can effectively generate a dominant standard CDM era as ωTot → 0.
d The dark energy EoS symmetric teleparallel has values that are finite
at every redshift. The numerical values of q0 and q1 presented in panel
b are used in panels c–d

Table 2 The primary outcomes of the second application based on the
values of (q0, q1) parameters presented in [97] and utilizing the matter
density parameter constraint (64). In the upcoming case, we maintain

the precise measured values q0 unchanged, but adjust the values of q1
to satisfy the requirement

Dataset α q0 q1 f(Q)/�CDM wm(z) ≤ 1 Non-metricity Viability
compatibility constraint EoS, wQ

JLA SNIa + BAO/CMB 2 − 0.45 − 2.56 Not Violated Divergesa Not

JLA SNIa + BAO/CMB 3 − 0.54 − 1.35 Not Violated Divergesa Not

JLA SNIa + BAO/CMB 4 − 0.56 − 1.03 Not Violated Divergesa Not

JLA SNIa + BAO/CMB 5 − 0.56 − 0.85 Not Violated Divergesa Not

Utilizing limitation (64)

JLA SNIa + BAO/CMB 2 − 0.45 −3.366 Not Fulfilled Does not diverge Notb

JLA SNIa + BAO/CMB 3 − 0.54 − 1.525 Not Fulfilled Does not diverge Notb

JLA SNIa + BAO/CMB 4 − 0.56 − 1.114 Not Fulfilled Does not diverge Notb

JLA SNIa + BAO/CMB 5 − 0.56 − 0.913 Not Fulfilled Does not diverge Notb

aThe symmetric teleparallel EoS experiences two divergences when the density parameter of matter crosses the unit boundary line twice, as depicted
in Fig. 3b and d
bWhile the density parameter matter constraint (64) results in smooth wQ patterns (Fig. 4d), it fails to generate f(Q) gravity that is more compatible
with �CDM, as indicated in Fig. 4a

low redshifts z, we impose the condition wm(z) = 1 for low
values of redshifts. By utilizing Eq. (61), we can determine
q1 by solving this constraint.

q1 = (α − 1)(1 + zlower)
[
ln (1 + zlower)

2q0−1 − ln wm,0
]

ln
[

(1+zl)
2[(α−1) ln α−1](1+zl)(α+zlower)

2(α+zlower )

α2α(1+zlower )

] .

(64)

It is justifiable to maintain q0 as determined in [97] when the
am(zlower) peak occurs at zlower = 3, resulting in q1 approx-
imately equal to −3.366, −1.525, −1.114, and −0.913 for
α values ranging from 2 → 5, respectively. In this instance,
we plot the progression of f(Q) gravity, specifically (59), as
depicted in Fig. 4a. In comparison to Fig. 3a, we observe that
the plots continue to disagree with the �CDM model at high

redshifts. The matter density parameter remains below the
unit boundary line, but its behavior remains incongruent with
the matter domination era which is clearly shown in Fig. 4b.
Conversely, the universe is unable to accurately depict the
standard CDM matter domination era because omegaTot > 0
is observed at high redshifts, as shown in Fig. 4c. It is impor-
tant to mention that the improved symmetric teleparallel
equation of state no longer shows any signs of phase transi-
tions, while ωQ now remains finite at all levels of redshift,
as depicted in Fig. 4d. Table 2 presents a summary of the
outcomes of the second application based on the specified
values of the model parameters q0 and q1 presented in [97],
incorporating the matter density restriction (64).
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6.4 Third application

Now we will rebuild the theory of f(Q) gravity based on the
parametric representation of the effective equation of state
previously used in Ref. [117],

ωTot = − 1

1 + α1(1 + z)α2
, (65)

where the two parameters of the model are denoted by α1 and
α2. At high redshifts, the universe essentially creates standard
CDM as ωTot approaches zero. As z approaches −1, the
universe essentially moves towards the de Sitter phase when
ωTot approaches −1. This is clearly illustrated in Fig. 5a.
Essentially, this design has the potential to create a thriving
cosmic timeline. Utilizing (29), we can express the decelera-
tion parameter related to the abovementioned parameteriza-
tion as

q(z) = −1 + 3α1(1 + z)α2

2 [1 + α1(1 + z)α2 ]
. (66)

Plugging the above data into Eq. (31), the Hubble param-
eter is determined as

H(z) = H0

[
1 + α1(1 + z)α2

1 + α1

] 3
2α2

. (67)

It is evident that when α2 = 3, the model results in the
�CDM model. In this case, we find that wm,0 = α1

1+α1
, which

is also expressed as α1 = wm,0
1−wm,0

. The value wm,0 = 0.297 is
adopted from the measurement in Ref. [117]. In dynamic DE
models that are feasible, it is likely that the value of α2 will
be around 3. Alternatively, we employ Eq. (38) to calculate
f(Q) gravity, leading to the parametric expression (65)

f (z) = −9α1�m,0H
2
0

[
1 + α1(1 + z)α2

] 3
2α2

×
∫ z

0

(1 + z̃)α2+2

[
1 + α1(1 + z̃)α2

]1+ 3
2α2

dz̃.

In Fig. 5b, we plot the evolution of the f(Q) gravity under con-
sideration versus �CDM for different values of the model
parameters α1 and α2 according to the dataset used [117].
The plots show systematic deviation of the f(Q) theory from
�CDM when the dataset combination SN + observed Hubble
data (OHD) is used, since it does not oscillate about �CDM.
Otherwise, the theory is compatible with �CDM. The rea-
sons for these results will be explained later within this appli-
cation.

Using the deceleration (66), the matter density parameter
(43) reads

wm(z) = wm,0 (1 + z)3
[

1 + α1

1 + α1(1 + z)α2

] 3
α2

. (68)

In Fig. 5c, we plot the evolution of the matter density param-
eter using different values of the model parameters. As seen,
the density matter exceeds the unity at redshift z ∼ 2 when
the parameters are fitted with the dataset SN + OHD. On the
other hand, the density matter has a slight but not trivial devi-
ation form �CDM at large z when the parameters are fitted
with the dataset H(z)+SN . However, it evolves very similar
to �CDM when the BAO and CMB (shift parameters) are
added. In fact, these results are in agreement with the plots
of Fig. 5b.

Substituting from (67) and (68) in (39), we evaluate the
symmetric teleparallel (DE) EoS as

wQ =

− [1 + α1(1 + z)α2 ]
3
α2 − α1(1 + z)α2 [1 + α1(1 + z)α2 ]

3
α2

−1

[1 + α1(1 + z)α2 ]
3
α2 − wm,0(1 + z)3(1 + α1)

3
α2

.

(69)

As seen from Fig. 5d, the symmetric teleparallel EoS diverges
at redshift z ∼ 2 when the SN + OHD + BAO dataset is used.
We note that the symmetric teleparallel phase transition is
associated with the crossing of the unit boundary line by the
matter density parameter, as seen in Fig. 5c.

In order to constrain the model parameters, we follow the
treatment of Sect. 6.1 by requiring the matter density param-
eter (68) to reach a maximal value �m,0 = 1 asymptotically,
i.e., as z → ∞. This condition is useful for putting a lower
bound on the parameter α. Specifically, we write the lead-
ing term of the asymptotic expansion of the matter density
parameter

w̃m(z) ≈ wm,0

(
1 + 1

α1

) 3
α2

.

For viable models, we need w̃m(z) ≤ 1; otherwise, the sym-
metric teleparallel density parameter would drop below zero.
This constrains α1 to a minimum value

α1min = w
α2
3
m,0

1 − w
α2
3
m,0

. (70)

If α1 goes below the above minimum, the matter density
parameter would exceed unity at some past redshift, and
the torsion density parameter would subsequently become
negative. For example, the measured value of the parameter
α1 = 0.445 according to the dataset SN + OHD [117] is less
than the allowed minimum value α1min = 0.4728 according
to the density matter constraint2 (70). Therefore, we under-
stand the incompatibility of the model results (see Fig. 5c)
whenever the SN + OHD dataset is used. On the contrary, we
find that the measured values α1 = 0.409 > α1min = 0.3904

2 Note that we take wm,0 = 0.297 as derived in [117] and α2 = 2.8 as
measured using the SN + OHD dataset.
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Fig. 5 In sub-figures a–d, the best-fit values of the model parameters
(α1, α2) are taken according to the dataset combination as measured in
[117]; (0.445, 2.8) for SN + OHD, (0.409, 3.13) for SN + OHD + BAO,
(0.444, 2.907) for SN + OHD + BAO + CMB, and (α = �m,0

1−�m,0
, α2 =

3) for �CDM with Planck parameters. In sub-figures e-g, we use the
constraint (70) to determine αmin for different choices of α2, while the
additive constant is taken as δα1 = 10−3. The labels used in sub-figure
a are the same as in b–g

Table 3 The main results of model 3 according to the values of (α1, α2) parameters as given in Ref. [117] and by using the matter density parameter
constraint (70), where α1 = α1min + δα1(= 10−3). In all treatments, we take �m,0 = 0.297 as derived in [117]

Dataset α1 α2 f (Q)/�CDM wm(z) ≤ 1 symmetric teleparallel Viability
compatibility constraint EoS, wQ

SN + OHD 0.445a 2.8 Not Violated Diverges Not

SN + OHD + BAO 0.409 3.13 Semi Fulfilled Does not diverge Yes

SN + OHD + BAO+CMB 0.444 2.907 Semi Fulfilled Does not diverge Yes

Using constraint (70)

Case (i) 0.503 2.7 � 3 Semi Fulfilled Does not diverge (quintessence) Yes

Case (ii) 0.356 3.3 � 3 Semi Fulfilled Does not diverge (quintom) Yes

Case (iii) 0.421 3 Semi Fulfilled Does not diverge (quintessence) Yes

�CDM α1min 3 Yes Fulfilled −1 Yes

aNote that this dataset provides α1 < α1min , which explains the violation of the matter density constraint

(using the SN + OHD + BAO dataset) and α1 = 0.444 >

α1min = 0.4438 (using the SN + OHD + BAO dataset) are
compatible and give viable cosmic scenarios.

Notably, for the �CDM case (α2 = 3), the minimum
value α1min = wm,0

wλ,0
represents the ratio between the matter

and the symmetric teleparallel density parameters at present.
In Fig. 5e–g, we plot �CDM as n = 3 and α1 = α1min .
At those values, we obtain a fixed symmetric teleparallel

EoS wQ = −1. If α1 slightly exceeds α1min , we list three
possible viable cases: (i) For α2 � 3, we find that wQ evolves
in quintessence with wQ � −1 at present. (ii) For n � 3, the
symmetric teleparallel EoS has a quintom behavior, since wQ

crosses the phantom divide line at z ∼ 4 from quintessence
to phantom with wQ � −1 at present. (iii) For α2 = 3, the
symmetric teleparallel EoS evolves in a quintessence regime
with wQ ∼ −1 at present. In all cases, wQ → 0 at large

123



  183 Page 14 of 17 Eur. Phys. J. C           (2025) 85:183 

redshifts, which explains the late accelerating expansion, and
evolves towards a cosmological constant (pure de Sitter) in
the future. We summarize the model results in Table 3.

In conclusion, we find that the effective EoS parameteri-
zation (65) produces a viable f(Q) gravity model. However,
the model parameters α2 and α1 can be better constrained by
the upcoming DE surveys to precisely determine the nature
of the DE. On the other hand, the f(Q) theory presented in
this subsection is capable of producing a dynamical torsional
DE; then—in principal—it could be useful to reconcile the
local measurement of the Hubble constant with its global
measured value.

7 Concluding remarks

Recent discussions have focused on using parametric forms
of the deceleration parameter to explain the late accelerat-
ing expansion of the universe through a kinematic approach.
While certain parametric shapes may help represent the shift
from deceleration to acceleration, it is important to analyze
them within a dynamic setting or altered gravitational theory.
This enables the testing of additional cosmological param-
eters in the background as well as at the perturbation level
of the theory. In this study, we have developed a reconstruc-
tion technique for f (Q) gravity that produces any specific
q(z) parameterization. We accomplish this through the con-
sistency between the deceleration parameter (31) and f(Q)

gravity (33). Moreover, we have obtained two additional
reconstruction equations based on the knowledge of either
the effective EoS ωTot(z) or the DE EoS ωDE(z).

In this study we have tested three different applications.
In the first application, the q(z) parameterization given by
Eq. (49) was utilized. We contrast f(Q) gravity with the
�CDM model and demonstrate the impracticality of the
model, even when increasing its parameters. In the second
application, we also use the parameterization q(z) given by
Eq. (57). Like the first application, it is unable to generate
a feasible cosmological situation consistent with �CDM.
The ωTot (z) parameterization (65) was utilized in the third
application. The f(Q) gravity model is in good agreement
with both �CDM predictions and present observational data.
We expect the f(Q) gravity to elucidate the properties of
dark energy beyond the �CDM due to the flexibility of the
model to generate a dynamic DE model with quintessence
or quintom behavior. In these three applications, the sym-
metric teleparallel equation of state will diverge if the matter
density parameter exceeds the unit boundary line (or if the
teleparallel symmetric density parameter becomes negative).
The upcoming DE surveys can confirm this feature.

In conclusion, f(Q) modified gravity provides a promising
framework within the analysis of the technique for recon-
structing the underlying theories that enriches our under-

standing of cosmic acceleration, offering new avenues for
addressing some of the long-standing challenges in cosmol-
ogy. Nevertheless, a more captivating investigation involves
exploring the theory at the perturbation level as well. We will
save this task for a later time.
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