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On the Dolbeault—Dirac operator of quantized symmetric spaces

Ulrich Krahmer and Matthew Tucker-Simmons

ABSTRACT

The Dolbeault complex of a quantized compact Hermitian symmetric space is expressed in
terms of the Koszul complex of a braided symmetric algebra of Berenstein and Zwicknagl. This
defines a spectral triple quantizing the Dolbeault—Dirac operator associated to the canonical
spin® structure.

1. Introduction

The aim of this paper is to connect the noncommutative geometry of the quantized compact
Hermitian symmetric spaces (see, for example, [18-20, 31, 32, 42, 44, 46, 51]) and the theory
of the braided symmetric and exterior algebras of Berenstein and Zwicknag] [6, 56].

Recall that the compact homogeneous Kéhler manifolds are the quotients G/P of a complex
semisimple Lie group G by a parabolic subgroup P (see [4, Section 6.4] or [54]) and that
the compact Hermitian symmetric spaces form a subclass; see Section 7.1 and the references
therein.

The theory of quantum groups leads to a quantization of these that is described by a right
coideal subalgebra A of the quantized function algebra C4[G] [23, 45|. Furthermore, Connes’
spectral triples [16, 17] provide a framework for quantizing the Kahler metric. Concretely, this
requires one to deform, in addition to the algebra of functions, the spinor fields with respect to
the canonical spin® structure as well as the Dolbeault-Dirac operator 8 + 9 acting on them.

Generalizing the pioneering work of [18] on CP!, the existence of such a spectral triple
was established in [42], and it was shown that this provides a representation of the covariant
differential calculus over A (in the sense of Woronowicz) defined and studied by Heckenberger
and Kolb in [31, 32].

However, the implicit nature of the construction of d in [42] prevented both a computation
of the spectrum of D and a rigorous proof that it defines a nontrivial equivariant K-homology
class over A. In the classical case, Parthasarathy’s formula allows one to compute the spectral
properties of D [47]; see also [1]. The present paper is a first step toward a quantum analog of
this formula.

More precisely, we construct in Definition 5.4 an element

D =08+ €U, (g) ®Cl,
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that we refer to as the Dolbeault—Dirac operator. This terminology is analogous to Kostant’s
use of the term ‘Dirac operator’ in [41]: D is an algebraic object that induces the corresponding
elliptic first-order differential operator in the classical setting. Here U, (g) is the compact real
form of the quantized universal enveloping algebra of the Lie algebra of G and Cl, is a quantized
Clifford algebra. The main result of our paper is to prove that the element 0 squares to zero
so that one has the following theorem.

THEOREM 1.1. The Dolbeault-Dirac operator satisfies D? = 89* + 8*9.

The connection to the work of Berenstein and Zwicknagl arises in the construction of Cl,.
Classically, the typical fiber of the canonical spin® structure on G/P is the exterior algebra
A(g/p), so the classical (complex) Clifford algebra can be identified with Endc(A(g/p)); see
Section 5.1. In Section 5.2, we construct the quantized Clifford algebra Cl; analogously, using
creation and annihilation operators on braided exterior algebras. A general theory of these
algebras was developed in [6]. In [56], Zwicknagl classified the simple representations of
semisimple Lie algebras whose associated braided symmetric (and hence exterior) algebras
are flat deformations of the classical ones. These are precisely the braided exterior algebras
Ag(u_) that we consider below.

Furthermore, the quadratic dual of A,(u_) is the braided symmetric algebra S;(u) of the
nilradical of p (recall that G/P is a symmetric space if and only if u, is an abelian Lie algebra,
so that S(uy) = U(uy); see Proposition 2.1). Zwicknagl [56, Section 5] has embedded these into
U,(g) as what he calls the twisted quantum Schubert cells. In this way,  becomes identified
with the differential in the Koszul complex of the Koszul algebra Sq(u4), and this leads to
Theorem 1.1.

The paper is organized as follows: Section 2 contains background material and notation on
semisimple Lie algebras, parabolic Lie subalgebras, their quantizations and representations. All
this material is standard knowledge, except maybe the discussion of the coboundary structure
on the category of Type 1 representations of U,(g) in Section 2.7. Section 3 recalls the relevant
parts of the work of Berenstein and Zwicknagl. The subsequent Section 4 is devoted to a proof
that the quantum exterior algebras are Frobenius, as this is used in the construction of the
quantized Clifford algebra and the proof of Theorem 1.1 in Section 5. In Section 6, we present
some details of these constructions in the case when the homogeneous space in question is
the Grassmann manifold Gr(2,4). Section 7 explains the geometric background as well as the
connection of this paper with the results of [42].

2. Notation and preliminaries

Here we set notation and recall the facts, we will need about quantum enveloping algebras and
their attendant infrastructure. We follow the conventions of [34] for the most part.

2.1. Simple Lie algebras g

Let g be a finite-dimensional complex simple Lie algebra with a fixed Cartan subalgebra §
and corresponding root system A(g) C h*. Let AT (g) be a choice of positive roots and
denote A~ (g) = —A*(g) = A(g) \ A*(g). Let Il = {a1,...,a.} be the corresponding set of
simple roots, 2 be the integral root lattice, and 27 C 2 be the cone of nonnegative linear
combinations of simple roots. The Killing form on g is nondegenerate on h and thus induces a
symmetric bilinear form (-,-) on h*. The Cartan matrix of g is (a;;), where

(viy i)

g, QL5 :dlaz with dlzi
J J 92
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Let {w1,...,w,} be the corresponding set of fundamental weights, determined by the conditions
(e, w;) = 6;;d;. Then we denote by & the integral weight lattice, and by &+ C & the cone
of dominant integral weights.

There is a natural partial order on & given by p < vifv —pu € 2. Wewrite p < vif p < v
and p # v. Since g is simple, it has a highest root, which is the highest weight of the adjoint
representation.

2.2. Parabolic subalgebras p
Given a subset . C II of simple roots, define two sets of roots by

A®) = span(:#) N A(g),  Aluy) = A*(g) \ A,
and set

L:=bha @ fay, Ut = @ g+a, and p:=10uy.
acA(l) aCA(uy)

Then [ and uy are Lie subalgebras of g, and we have [[,uy] Cuy. One calls p the standard
parabolic subalgebra associated to .. The subalgebra [ is reductive, and is called the Levi
factor of p, while u; is a nilpotent ideal of p, called the nilradical. We refer to the roots
in A(uy) as the radical roots. We also denote the semisimple part of [ by €:=[[,1] and put
u:=u; Gu_.

The adjoint action of p on g descends to an action on g/p, and the decomposition g =u_ @ p
is a splitting as [-modules, so that g/p = u_ as [-modules. With respect to the Killing form of
g, both uy and u_ are isotropic, and we have [ = u*. Furthermore, the pairing u; x u_ — C
coming from the Killing form is nondegenerate, and hence u_ and u; are mutually dual as
l-modules.

2.3. The cominuscule case

Throughout this paper, we will only deal with a special type of parabolic subalgebra, which is
characterized by the next result.

PROPOSITION 2.1. For a standard parabolic subalgebra p of a complex simple Lie algebra g,
the following conditions are equivalent:

(a) g/p is a simple p-module;
(b) u_ is a simple [-module;

(¢) u_ is an abelian Lie algebra;
(d) uy is a simple [-module;
(e) uy
(f)

e

is an abelian Lie algebra;
p is maximal, that is, . = II \ {4} for some 1 < t < r, and moreover oy has coefficient 1
in the highest root of g;
(g) [wul S
(h) (g,0) is a symmetric pair, that is, there is an involutive Lie algebra automorphism o of
g such that [ = g°.

CONVENTION 2.2. We assume for the rest of this paper that the conditions of Proposi-
tion 2.1 are satisfied. We say that a parabolic subalgebra satisfying these is of cominuscule

type.

Condition (f) allows for a classification of all cominuscule parabolics in terms of Cartan data.
The complete list is given in Table 1. Therein, the simple root «; omitted in & =1\ {a:}
is indicated by crossing out the corresponding node in the Dynkin diagram of g. (There is a
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TABLE 1. Dynkin diagrams for cominuscule parabolic subalgebras

A ° o ° X ° o °

B, x o

. — o—t=x

. s S
N .

Ee P

) N S

third diagram missing for type D,, but it can be obtained from the second one for type D, by
the nontrivial automorphism of the Dynkin diagram.) See, for example, [4, Example 3.1.10] or
[39, Section 7.3| for more information.

The next result describes the cominuscule situation in more detail.

LEMMA 2.3. Let p C g be a parabolic subalgebra of cominuscule type. Then the following
conditions hold:

(a) The radical roots 8 € A(uy.) are the roots of the form 8 = oy + £, where £ is a sum of
positive roots of g not involving «; (equivalently (£, w;) = 0).

(b) The weight spaces of the ¢-modules uy are one-dimensional.

(¢) The element H,, spans the center of | and acts as the scalar d; in u.

(d) The highest weight of u_ (respectively, lowest weight of uy) is the restriction to the
Cartan subalgebra of | of —ay (respectively, ay).

2.4. The quantized enveloping algebra U,(g)

Fix a real deformation parameter ¢ > 1. Let U,(g) be the quantized enveloping algebra in the
form denoted by U, (g, Z?) in [34, Section 4.5]. In particular, there are generators Ej, F};, K
forj=1,...,rand A € &, and we set K; := K,,. We refer the reader to [34, Sections 4.3 and
4.5] for the explicit relations. There is a Hopf algebra structure on Uy(g) such that the K are
grouplike and the coproducts of the generators £, F; are given by

A(B) =E;@1+K;©E;, A(F)=FoK '+1aF;.

This uniquely determines the counit and antipode. We give U, (g) the *-structure known as the
compact real form, given on the generators by

E; = K;F;, Ff=E;K;', K;=Kj.

See [37, Section 6.1.7] for a discussion of real forms. (The original reference for the classification
of real forms is [53]. Note that the two sources use opposite coproducts (the one in [53] is the
same as ours) but the #-structures are nevertheless identical.)
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We denote by Uy (l) the Hopf *-subalgebra generated by all K for A € & together with the
E;, F; for j # t. Note that K, is central in Ug(l).

2.5. Type 1 representations

For each A € 27T, we denote by V) the finite-dimensional irreducible Type 1 representation of
Uq(g) of highest weight A, and we fix a highest weight vector vy in this representation. Whenever
we speak of representations of U,(g) or U,(l), we will always implicitly mean representations
of Type 1. By slight abuse of notation, we also denote by V) the irreducible representation
of g with highest weight \. Following [6], we denote by & the category of finite-dimensional
Type 1 Uy(g)-modules. For V' € O, there is a decomposition V' = @j V-

For each A\ € 27T there is a unique positive-definite Hermitian inner product {-,-) on Vj,
conjugate-linear in the first variable, that satisfies (vy,vy) = 1 and that is invariant under the
action of Uy,(g) in the sense that

(x>v,w) = (v,z" >w)

for all v,w € V). Decomposing an arbitrary V' € & into simple submodules induces an inner
product on V/, and furthermore choosing inner products on V, W &€ &’ induces inner products
onV@Wand WaV.

2.6. Braidings

r£he category O is a braided monoidal category [37, Chapter 8]. For V,W € €, we denote by
Ryw: VW — W ®YV the standard braiding. The braiding is uniquely determined by the
fact that, for weight vectors v € V and w € W, we have

Ryw (v @ w) = g™ty gy + sz @ v,

7

where wt(w;) = wt(w) and wt(v;) < wt(v) for all 4.

The braidings Ry,y are diagonalizable, and all eigenvalues are of the form +¢% for certain
a; € Q [37, Corollary 8.23|. Moreover, the braidings Ry ,w are well-behaved with respect to
duality in the sense that (]%Vy[/)tr = ﬁv*_w*, where the superscript tr denotes the dual map
(or transpose), and we have identified (V @ W)* = W* @ V* as representations of U,(g).

Similarly, fixing invariant inner products on V' and W as in Section 2.5, the braidings are
well-behaved with respect to adjoints: one can show that (Ry,w)* = Rw,v by noting that both
are module maps and that they agree on highest weight vectors.

2.7. Coboundary structure

The notion of a coboundary structure on a monoidal category, introduced by Drinfeld in [24,
Section 3], is similar to a braiding in that it provides a natural isomorphism V@ W = W @ V
for each ordered pair of objects in the category. While the axioms are less familiar than those for
the braided structure, the coboundary structure allows for a cleaner definition of the quantum
symmetric and exterior algebras.

DEFINITION 2.4. A coboundary category is a monoidal category 4 together with a natural
isomorphism oy : VW — W ®V for all VW € € satisfying

(i) (symmetry axiom) owyvoyvw = idygw;
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ii) (cactus axiom) for all U, V,W & ¥, the following diagram commutes:
g diag
UeVveWw 2% yeUuew
id ®avwl l0v®v,w (2.1)

UWeV WeVeU

oUWV

Following the terminology of [36], we refer to the maps oyw as commutors.

Polar decomposition of the braidings leads to a coboundary structure on ;. In [36], the
authors develop this at the level of suitable completions of U,(g) and its tensor square. We
work here just at the level of representations. For V,W € 0, let

EVW = UVW((EVW)*§VW)1/2 (22>

be the polar decomposition. Each oy is unitary since EVW is invertible. We record here the
properties of the maps oyw that we will require:

PROPOSITION 2.5.  The maps (ovw )v,wee, form a coboundary structure on €. Moreover,
we have the following conditions.

(a) The diagram
W e vy 2y g W)

gl F

VoW —/—m— WV
Ty *
commutes, where the vertical arrows are the natural isomorphisms (X @ Y)* 2 Y* @ X* of
finite-dimensional U, (g)-modules and (ovw )™ is the transpose of the commutor oy .
(b) Each oyw is unitary by construction, and (ocyw)* = owv - ~
(¢) In particular, oyy is a self-adjoint unitary operator with the same eigenspaces as Ry,
and oyy has eigenvalue +1 on an eigenspace according as Ryy has eigenvalue +q* for some

a € Q.

3. Quantum symmetric and exterior algebras

In this section, we discuss some properties of the quantum symmetric and exterior algebras of
the representations of U, (l) whose classical limits are the nilradical u; and its dual u_. These
algebras were introduced by Berenstein and Zwicknagl in [6] and studied further in [14, 56].

Zwicknagl has shown [56, Main Theorem 5.6] that the quantum symmetric algebra S, (u4)
coincides, as a Uy(l)-module algebra, with a certain ‘twisted’ quantum Schubert cell inside
U,(g). This embedding into the ambient quantized enveloping algebra will give us more precise
information about the relations in the quantum symmetric algebra. In Section 4, we will then
transfer this information to the quantum exterior algebra A,(u_) by Koszul duality.

As [56, Section 5] is not entirely consistent in its notation, in Section 3.2 we go into some
detail concerning quantum Schubert cells U (w) associated to arbitrary elements w of the Weyl
group W of g. In Section 3.6, we define a particular element w; € W associated to a cominuscule
parabolic and examine U(wy), along with its twisted version U’(wy). This turns out to be
isomorphic to Sqy(us) as a Uy(l)-module algebra, where U,(l) acts on U’(w) via the adjoint
action of Ugy(g).

95U801 SUOWILLOD BAIERID qedl|dde ay) Ag peusenob ae sejole O ‘8sn Jo Sa|ni Joj Akeiq1T 8UlUQ AB]I/W UO (SUOTIPUOD-PUE-SWLBYWO" A8 | 1M ATRIq Ul UO//:SANY) SUORIPUOD PUe SIS 1 84} 885 *[1Z02/80/S2] Uo ARiqiTauliuo AS|IA ‘Z00ANSWN/ZTTT OT/I0p/WO0d A8 | 1M AleIq 1 Ul |UO™00SYTeWpUO |//SdNy Woj peapeojumod ‘T ‘STOZ ‘98672502



ON THE DOLBEAULT-DIRAC OPERATOR 39

3.1. Quantization of the nilradical

Since uy are finite-dimensional irreducible representations of [, there are corresponding
irreducible representations of U, (l), which by abuse of notation we denote also by ur. As [
is reductive rather than semisimple, in addition to the highest weight we must also specify the
action of the central generator K, of U,(I): K,,, acts as qtjEl = ¢t in uq, respectively. We fix
a nondegenerate U, ([)-invariant pairing (-,-) : u_ ® uy — C, which defines an isomorphism of
Uq(l)-modules u_ = u* .

3.2. The algebras Sy(uy) and Ag(uy)

Following (6, Definition 2.7, the quantum (or braided) symmetric algebra of u, is defined as

Sq(uy) = T(uy)/(ker(ow, u, +id)), (3.1)

where oy, ., is the commutor coming from the coboundary structure on the category of finite-
dimensional Uy (I)-modules. Similarly, the quantum exterior algebra of u, is given by

Ag(uy) = T(uy)/ (ker(oy, ., — id)). (3.2)

By definition, both Sg(uy) and Ag4(uy) are quadratic algebras. We denote their graded
components by S’Ll](u+) and Alq (uy) for I € Z, respectively. As o, ., is a module map, both
ker(oy, ., £1id) are in fact Uy(l)-submodules of u; ® uy, and hence S,(u;) and Ag(uy) are
Uy (I)-module algebras. We denote multiplication in Sq(u4) and Ag(uy) by juxtaposition and
by the symbol A, respectively.

REMARK 3.1. According to Proposition 2.5(c), ker(oy, ., —id) is the span of the
eigenspaces of the braiding Eu +.uy for positive eigenvalues, that is, those of the form ¢¢, while
ker(oy, ., +1id) is the span of the eigenspaces for negative eigenvalues, that is, those of the
form —q®. Thus, speaking informally, the definitions of the quantum symmetric and exterior
algebras become the classical ones when ¢ = 1.

One can define quantum symmetric and exterior algebras analogously for arbitrary finite-
dimensional representations of quantized enveloping algebras; the ones defined above are
particular cases of this construction. Zwicknagl has shown that the quantum symmetric and
exterior algebras associated to the abelian nilradicals uy are much better behaved than those
for arbitrary representations:

ProprosITION 3.2.  With all notation as above, the following conditions hold:

(a) The Hilbert series of the quantum symmetric algebra S,(u4) is the same as that of the
ordinary symmetric algebra S(u4).

(b) If{x1,...,zN} is any basis for uy, then the ordered monomials in these generators form
a PBW basis for Sg(uy).

(c) The quantum symmetric algebra Sq(uy.) is a Koszul algebra.

Proof. Part (a) is a combination of [56, Theorems 3.14 and 4.23]. In view of (a), part
(b) follows from [6, Proposition 2.28]. Part (c) holds because any PBW algebra is Koszul
[49, Chapter 4, Theorem 3.1]. O

3.3. Quadratic duality

One can make the analogous definitions of Sg(u_) and Ag(u_). Since u; and u_ are duals of
one another, we have by Proposition 2.5(a) together with the involutivity of the commutors
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that
Syus)! = Ay () (3.3)

(see [6, Proposition 2.11(c)]), where A' denotes the quadratic dual (or Koszul dual) of a
quadratic algebra A.

REMARK 3.3. We note that the definition of the quadratic dual algebra in [49, Chapter 1,
Section 2] must be modified slightly in our context so that the quadratic dual of a Uy ([)-module
algebra is again a module algebra. In particular, we identify u_ ® u_ with (uy ® uy)* via the
pairing

oy, zea’) =, 2)y,") (3.4)
for z,2’ € uy and y,y’ € u_; it is this pairing which allows us to identify o,_ ,_ with the dual
map of oy, ., as in Proposition 2.5. The usual definition of quadratic dual algebra uses the
pairing

oy, zea)=(yz)(y, 2
rather than (3.4). The consequence of this choice is that A' as defined using our convention is
the opposite algebra of the one defined in [49].

COROLLARY 3.4. The quantum exterior algebra A,(u_) is a Koszul algebra, and has the
same Hilbert series as the ordinary exterior algebra A(u_).

Proof. The quadratic dual of a Koszul algebra is again Koszul by [49, Corollary 3.3,
Chapter 2|. The Hilbert series of a Koszul algebra is determined by that of its quadratic
dual algebra according to [49, Corollary 2.2, Chapter 2]|. Since the Hilbert series of S, (u4)
coincides with that of S(uy), the Hilbert series of A,(u_) coincides with that of the quadratic
dual A(u_) of S(uy). O

3.4. Linear duality

Now we show that A,(u_) can be identified with the graded dual of A, (u4). As in the classical
setting, this can be done by embedding A4(uy) and A4(u_) into the tensor algebras of u; and
u_, respectively.

DEFINITION 3.5 [6, Definition 2.1]. The spaces of quantum symmetric tensors Sju, C u%"
and quantum antisymmetric tensors Ajuy C u?" are defined by

n—1 n—1
Siuy = m ker(o; —id), Ajuy := ﬂ ker(o; +id), (3.5)
j=1 j=1

respectively, where o; is the operator on u§"™ given by oy, ., in the (i,i+ 1) tensor factors
and the identity in all others. The spaces Spu_, Aju_ C u®" are defined analogously.

It was shown in [14, Proposition 3.2 that one has the decompositions of U, (I)-modules

uf" = Aguy @ (Sus)n,  uE" = Afu_ @ (Sju)n. (3.6)

As Sgui are the spaces of relations in the quantum exterior algebras A4 (u4), respectively, the
restrictions of the quotient maps from u$" to A7 (ug) lead to isomorphisms

7T:7|l: . Agui = A;‘(ui). (37)

The dual pairing of u_ with u; extends to a nondegenerate U, ([)-invariant pairing (-,-) :
u®" @ u%" — C generalizing (3.4). With this notation, we have the following proposition.
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PROPOSITION 3.6. For each n, define (-,-) : Aj(u_) @ Aj(uy) — C by

(y,x) = {(7) " (y), (7}) " (2)), (3.8)
fory € Ay(u_), z € A,(uy), where the right-hand side is the pairing of u®™ with u%" introduced
above. Then (3.8) is nondegenerate and Ugy(l)-invariant, and hence induces an isomorphism

A7 (uo) =AY (uy)™

Proof. The pairing is U, ([)-invariant because it is a composition of U, ([)-module maps with
a Uy(l)-invariant pairing. In view of (3.7), it suffices to show that (Afu_)* = (SZu,),, where
1 denotes the annihilator with respect to the dual pairing of u®™ with u?". The cases when
n = 0,1 are clear.

For n = 2, as oy, y, is involutive we have

A§u+ = ker(oy, v, +id) = im(oy, u, —id).

Then using Proposition 2.5(a), we obtain
—id)" = ker(oy_,u_ —id) = SZu,.

(A2u)t = im(oy, .,

For n > 2, note that
Rn—1— 1

ker(o; +id) = uf" ' @ A2uy @ uf
and hence

ker(o; +id)" = u®' ® Shu_ @u® T
Finally, this gives

1 n
(Ag uy )t (ﬂ ker(o; +1id) > = Zker(gl- +id)* = (Sgu+>n.
i=1

=1

This completes the proof. |

3.5. The algebra U(w)

We now recall some definitions and results concerning Weyl groups and parabolic subgroups.
Let W be the Weyl group of g, and let s; € W be the reflection corresponding to the simple
root «;.

DEFINITION 3.7. For any word w € W, define ®(w) C A™(g) by

®(w) := AT (g) Nw(A™(g)), (3.9)
)

so that ®(w) is the set of positive roots 3 such that w=1(f3) is negative.

The following result can be found, for example, in [33, Section 1.7]. Note, however, that our
®(w) is II(w~!) in Humphreys’ notation.
LEMMA 3.8. Given any reduced expression w = s;, - - - s;,, for w, the sequence
Siy e Sik—l(aik)7 1<k<m (310)

consists of m distinct positive roots, and exhausts ®(w). In particular, {(w) = |®(w)|, where ¢
is the word-length function of the Weyl group with respect to the generators {s; }.

DEFINITION 3.9. Retaining the notation from Lemma 3.8, the quantum Schubert cell U (w)
is defined to be the subalgebra of U,(g) generated by the elements

T, T (Es), 1<k<m, (3.11)

it
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where the T; are the automorphisms of Uy(g) given by the action of the braid group By; we
use the conventions of [34, Chapter 8] here.

REMARK 3.10. Although the generators (3.11) depend on the choice of reduced expression
for w, the algebra U(w) is independent of this choice (see [22, Section 9.3|, for example). The
quantum Schubert cells were introduced in [21] and are hence often called De Concini-Kac—
Procesi algebras. Zwicknagl shows in [56, Section 5| that U(w) can also be defined as

U(w) = Tu(Uy(b-)) N Uy(ny) (3.12)

(although note that the w~! appearing in [56, Definition 5.2] must be changed to w, and
Theorem 5.21(a) should say U’(w) rather than U(w)).

3.6. The algebra U’ (w)

Now we recall Zwicknagl’s definition of the twisted quantum Schubert cell that we alluded to
above.

DEeFINITION 3.11. For an arbitrary element w € W, the twisted quantum Schubert cell
U’ (w) is defined by

U'(w) = Tyyw—1U(w). (3.13)

(Recall from [34, Section 8.18] that T, = T, Ty if £(uv) = £(u) + £(v), but this is not the case
in general.)

We now examine a particular case of this construction. Let [ be the Levi factor of a
cominuscule parabolic subalgebra p C g, and let W be the parabolic subgroup of the Weyl
group W of g, generated by the simple reflections s; for j # t. We refer to Wy as the Weyl
group of [, although properly speaking it is the Weyl group of £ (see [33, Section 5.5]). Let wy
be the longest word of Wi, and define w; = wq (wo, where wy is the longest word of W; we refer
to wy as the parabolic element.

LEMMA 3.12. With the parabolic element w; defined as above, we have:
wy = Wo,(Wy, (3.14)
and moreover

(a) £(wi) + L(wo,) = £(wo), where ¢ is the word-length function on W;

(b) the set A(uy) is invariant under the action of Wy;

(c) the set of positive roots of g mapped by wfl to negative roots is precisely the set of
radical roots, that is, ®(w;) = A(uy).

Proof. Since wo is the longest word of a Weyl group, it is involutive, and hence (3.14)
follows immediately from the definition of wy. Part (a) is [33, Equation (2) in Section 1.8].

Part (b) follows from the fact that u, is invariant under the adjoint action of [.

To prove part (c), let 3 € A*(g). By definition, we have w; ' () = wo(wo ((3)). On the one
hand, if 8 € AT (I), then wo,((8) is a negative root of [ since wo ( is the longest word of Wi, and
hence wq(wo,((3)) is a positive root of g. On the other hand, if 5 € A(uy), then wo (3) € A(uy)
by part (b), so wo(wo,((3)) is a negative root of g. Hence ®(w;) = A(uy). O

CONVENTION 3.13. We fix a reduced expression for the longest word

Wo = S5y " SinSimsr " Simn (315)
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which is compatible with (3.14) in the sense that wo = sj, -+ 55, and wy = 85, Sjp.n
for some M >0 and N > 1. (The case M =0 arises when p is a Borel subalgebra of sls.)
The expressions for wg; and w; are both reduced since they are intervals in the reduced
expression (3.15).

DEFINITION 3.14. For 1 < k < N, define a root & of g by
&k = Sj1 7 SimSimt1 T Simtr—1 (ajNI+k) = Wo,18 041 """ Simtn—1 (aj1u+k)' (3'16)
The last result we need about the parabolic element is the following lemma.

LEMMA 3.15. The set {{1,...,&n} is precisely the set A(uy) of radical roots.

Proof. Since wy = sj,,,, " 8jy,n, according to Lemma 3.8 the roots of the form
Sirrer " Siaran1 (Qarsy) for 1 <k < N exhaust ®(wy). By Lemma 3.12(c), this set is exactly
A(ug). By Lemma 3.12(b), the element wo ; permutes A(uy ), which completes the proof. [

Using the reduced expression (3.15) for wy and the action of the braid group on U,(g), the
quantum root vectors of U, (g) are defined as follows. For 3 € A™(g), the element Ej is given by

Eg:=Tj ---Tj _, (Ejk)7 (3'17)

where k is the unique index for which 3 = s, ---s;,_, (). We have E,, = E; for the simple
roots a; by [34, Lemma 8.19]. Similarly, Fs is defined by replacing Ej, with Fj, in (3.17). The
quantum root vectors {Eg} give rise to a PBW basis of U,(ny), and similarly the {Fp} give a
PBW basis of Uy(n_) [34, Theorem 8.24]. The quantum root vectors depend on the choice of
reduced decomposition of wy; we always use (3.15).

REMARK 3.16. Using the reduced expression wy = sj,,., - 8;,,, v, the quantum Schubert
cell U(wy) is, by definition, generated by the elements

Xy =T, T (E,

JM+1” JM+k—1

1<k<N. (3.18)

]v1+k)7

Note that these generators are not the quantum root vectors associated to the roots {{}.
However, according to the definition (3.17) of the quantum root vectors and the definition
(3.16) of the &, we do have

Ee, =Ty, - T, T;

JmAIm4r”

.. T

j]\x[+k—1(Ej1\/I+k) = Two,r(Xk)' (319)

Thus the twisted quantum Schubert cell U’ (wy) := Ty, U(wy) is generated by the quantum
root vectors {Ey, ..., E¢, }.

Since Uy,(g) is a Hopf algebra, it is a left module algebra over itself via the adjoint action
ad(a)r = a(yrS(a(2)) (using Sweedler’s notation for the coproduct of a). The reason for
introducing the twisted quantum Schubert cell is the following proposition.

PROPOSITION 3.17 [56, Theorem 5.6]. With all notation as above, the following conditions
hold:

(a) The twisted quantum Schubert cell U'(wy) is a quadratic algebra with the generators
{E¥¢,} in degree one and relations of the form

EﬁlEEk - q_(£k7€l)EEkEEl = Z C;{,’leg‘LEE] (320)
k<i<j<l

for k < I, where c}ch € Q[g*1].
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b
(
[

) U’(wy) is invariant under the adjoint action of Uy([).
¢) U'(w) is isomorphic to the quantum symmetric algebra Sg(uy) as a graded
Uy (1)-module algebra.

REMARK 3.18. Note that U(w() is in general not invariant under Ugy([), which is the
reason for introducing U’(w(). However, since U’(wy) is obtained from U(w() by acting with
the automorphism T, , the two algebras are isomorphic. The fact that U’(w) is quadratic
follows from the commutation relations [22, Theorem 9.3| for the quantum root vectors: for any
k < 1, the g-commutator Eg, Ee, — ¢~ €¢) E¢, E, can be expressed as a linear combination of
products B¢, - Ee, with k <j3 <+ < ji <! and Z;il &, = & + & In the cominuscule
situation all §; contain «; with coefficient one, so we must have m = 2. Then the PBW theorem
for U,(g) shows that these are all of the relations between the generators for U’(wy).

4. The quantum exterior algebras are Frobenius algebras

This section contains the technical proof that the quantum exterior algebra Ag(u_) is a
Frobenius algebra. We prove this by introducing a one-generated filtration of S;(uy) by a
graded ordered semigroup in the sense of [49, Chapter 4, Section 7|. Using the theory developed
therein, we transfer this filtration to the quadratic dual algebra A, (u_). It is straightforward
to prove that the associated graded algebra is Frobenius, and then we lift the result to A, (u_)
itself.

4.1. A filtration of the quantum symmetric algebra
We begin by introducing a distinguished generating set for Sq(u4).
CONVENTION 4.1. We fix a weight basis {xj}éyzl for the Uy(I)-module uy such that z;

corresponds to the quantum root vector E¢, under the isomorphism Sg(uy) = U'(w;) from
Proposition 3.17(c). Thus from (3.20), we get the relations

1T — q*(f’“gl)xkxl = Z chixj, k<l (4.1)
k<i<j<l
among the generators of the quantum symmetric algebra. For k = (k1,...,ky) € Zi\_] , we define
the monomial
Ty = a2y (4.2)

Then according to Proposition 3.2(b), the set {zi} is a PBW basis for Sg(uy).

DEFINITION 4.2. Let I' = Zf, and denote by d; the element with a 1 in the jth position
and zeros elsewhere. Define a semigroup homomorphism ¢ : I' — Z by

g(k‘l,...,kﬁ]\i) = Z]{ij
J

For | € Z, denote T'; = g~*(I). We give each I'; the lexicographic order, that is, we say that
(k1,... kn) < (Kki,...,Ky) if there is an index j such that k; = k; for i < j and k; <kj.
(Note that §; > --- > dn in this ordering.) For k € I';, we define a subspace F = FSq(uy) C
S(l;(qu) by

P = PiSq(uy) = span{aw | k' € Iy and k' <k} C S} (uy). (4.3)
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LEMMA 4.3. The set {Fx | k € T'} is a I'-valued filtration of S, (uy), that is, the following
conditions hold:

(a) F3 € P when j <k eTly;
(b) Fao,..0 = Sf](u_,_) (note that (1,0,...,0) is the maximal element in T';);
(C) kT C Frix -

Moreover, the filtration is one-generated, that is, for every k € I'; we have

Fe= Y. T, T
diq o465, <k

(4.4)

iy ”

Proof. Parts (a) and (b) follow immediately from the definitions. Part (c) follows from the
commutation relations (4.1). Finally, the filtration is one-generated because the z; generate
Sg(uy). |

The associated T-graded algebra gr? Sq(uy) is also Z-graded via the homomorphism g :
I' — Z,. Its relations are particularly simple.

PROPOSITION 4.4. The associated T-graded algebra gr” S,(u.) is generated by the
elements {z;}}_, subject to the defining relations

TiTr — q—(EmEz)jk@ =0, k<l (4.5)

where Ty is the image of xy, in Fs, | Fs5, ., .
Proof. The elements {Z} generate the associated graded algebra because the filtration is
one-generated. In the relations (4.1), the terms on the right-hand side have lower filtration
degree than those on the left-hand side, and thus vanish in the associated graded algebra. The

relations (4.5) follow. These are the only relations in gr” S, (1) because the zy for k € I' form
a PBW basis of Sg(uy). U

4.2. The dual filtration of the quantum exterior algebra
As Ay(u_) is the quadratic dual of Sy(us), it comes with a dual filtration:
DEFINITION 4.5. Let I'°:= Zf denote the same semigroup as I', but with the opposite

ordering on each fiber I'y := g~*(l), so that & < --- < dy. Let {y;}_; be the basis for u_ dual
to {xj}jyzl, that is,

(Yi, j) = 0ij, (4.6)

where (-,-) is the pairing from Section 3.1. We give A (u_) = S, (u;)" the one-generated I'°-
valued filtration .#° determined by

F5 =spanfy; | j <k}, 1<Ek<N. (4.7)
Then for arbitrary k € I'?, the subspace % = F2A,(u_) C Aé (u_) is defined by the analogous

formula to (4.4), keeping in mind that we use the ordering of T"°.

PROPOSITION 4.6. The associated T°-graded algebra gr”° A,(u_) is generated by the
elements {y;}}_,, subject to the defining relations
DA GE+a G A =0, k<, (4.8)

where gy is the image of yy in F§ | F5 .
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Proof. The elements {g;} generate the associated graded algebra because the filtration .%°
is one-generated. From Proposition 4.4, we can see that gr? Sq(uy) is PBW, and hence Koszul.
Then according to [49, Corollary 7.3 in Chapter 4], gr”" A, (u_) is Koszul, and we have

gr”" Ag(u) = gr” (Sy(ur)) = (g7 S,(us))"
It is straightforward to show that the relations dual to (4.5) are exactly (4.8). O

REMARK 4.7. Proposition 4.6 was proved by different methods in [32, Proposition 3.7].

DEFINITION 4.8. For any subset J C {1,...,N} with |J| =1, we define elements y; €
AL(u_) and z; € Ag(uy) by

Yr =Y N Ay, Tgi=x5 N ATy, (4.9)
where J = {j1,...,51} and j; < --- < j;. We denote [N]:={1,...,N}.

COROLLARY 4.9. The elements y; with |J| =1 form a basis for Afl(u,).

Proof. It follows from (4.8) that the elements y; with |J| = [ span Afl (u_). Corollary 3.4
implies that the dimension of Afl (u_) is (];[), so these y; are linearly independent, and hence
form a basis. |

4.3. The Frobenius property

Proposition 4.6 implies that gr” A,(u_) is a Frobenius algebra with Frobenius functional
given by projection onto yyi-.

LEMMA 4.10. If A is a finite-dimensional algebra with a I'-valued filtration % such that
gr” A is a Frobenius algebra, then A is also a Frobenius algebra.

Proof. See [9, Theorem 2|, where the case I' = Z is treated. The proof for an arbitrary
graded ordered semigroup is a straightforward generalization. ]

PROPOSITION 4.11. (a) The quantum exterior algebras Aq4(us) and Ay(u_) are Frobenius
algebras.

(b) Frobenius functionals for Ag(uy) and Ag4(u_) are given by projection onto x[y) and
projection onto y|yj, respectively.

Proof. From the relations (4.8), we see that projection onto gy is a Frobenius functional
for gr¥” A,(u_). Then Lemma 4.10 implies that A,(u_) itself is a Frobenius algebra. The
analogous arguments apply to Ag(uy). |

REMARK 4.12.  Although the quantum exterior algebra A, (u_) is both a Frobenius algebra
and a U, (l)-module algebra, it is not a Frobenius algebra in the category of U, (l)-modules. The
reason is that the Frobenius functional is not equivariant for the action of K. Indeed, K,
acts as the scalar ¢=V% on Cyiny, but as the identity on C. The analogous remark applies to
Ag(uy) as well.

5. Quantum Clifford algebras and the Dolbeault—Dirac operator

We now introduce the quantum Clifford algebra Cl, via its spinor representation. In Section 5.1,
we recall the realization of the Clifford algebra of a hyperbolic quadratic space V & V* by
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creation and annihilation operators. This amounts to factorizing End¢(A(V)) as a product of
two subalgebras isomorphic to A(V) and A(V*). In Section 5.2, we generalize this factorization
to the quantum setting. Finally, we use Cl, to define an algebraic analog D € U,(g) ® Cly of
the Dolbeault-Dirac operator. The key point is that U, (g) ® Cl, is an extension of S, (uy)°? ®
Ag(u_) to a x-algebra, and D is obtained as the sum of the Koszul boundary map of S,(u4)
plus its formal adjoint.

5.1. The classical Clifford algebra

Let V be a finite-dimensional complex vector space with dual space V*. Then V @ V* carries
the canonical symmetric bilinear form, which gives rise to the Clifford algebra CI(V @& V*).
The exterior algebra A(V') can be used as a model for the space . of spinors. More precisely,
as V and V* are isotropic, the exterior algebras A(V) and A(V*) embed as subalgebras into
the Clifford algebra, and the multiplication map of the Clifford algebra is an isomorphism of
vector spaces

AVH) @ AV) = CI(V & V). (5.1)

The representation of CI(V & V*) on . = A(V) restricts to the regular representation of A(V)
and to the dual of the regular representation of A(V*), respectively. In this way, we obtain a
factorization

v : A(V*) @ A(V) — End¢ () (5.2)

of the endomorphism algebra of .% into the product of two subalgebras. For further details,
see [3, 13].

5.2. The quantum Clifford algebra

Taking V = uy and V* = u_, we now construct an analog of the isomorphism (5.2), replacing
A(uy) with Ag(ug), respectively. In fact, we will carry out this construction Uy (l)-equivariantly,
so we must keep track of left and right duals.

Let v+ denote the left regular representation of A4(uy) on itself, so that

Yr()z =z Nz

for z, z € Ay(us). The resulting algebra map v+ : Ay(us) — Ende(Aq(uy)) is Uy (l)-equivariant
because Ag4(uy) is a Uy(l)-module algebra. The operators 4 (z) are the quantum creation
operators.

Now we define the quantum annihilation operators as follows. In Proposition 3.6, we identified
Ag(u_) = Ay(uy)*, and hence we have Ay(uy) = *Ay(u_) as left Uy(l)-modules. Thus Ag(uy)
is a left Ag(u_)-module, identified with the dual of the right regular representation. We denote
this action of Ay(u_) on Ay(uy) by y_. It is given explicitly by

(w,7-(y)z) = (w Ay, )

for z € Ay(uy) and w,y € Ay(u_). The algebra map v_ : Ay(u_) — Endc(Ag(uy)) is Ug(l)-
equivariant because the pairing is invariant and because A4(u_) is a U, ([)-module algebra.
With the actions v+ of Ag(us) on Ag(uy) as above, we obtain a U, ([)-equivariant map

7 A us) ® Ay () — Ende(Ag(uy)),  y® 2 — 7-(y)7s (@), (5.3)

This map is a quantization of (5.2). That it is an isomorphism of U, (l)-modules follows from
the fact that the two factors are Frobenius algebras.

THEOREM 5.1. The map vy is an isomorphism.
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Proof. We show that v is injective, and hence for dimension reasons is an isomorphism.
Indeed, assume that
c= Z crQxr

IC[N]

lies in the kernel of «y for some elements ¢; € A,(u_). Here {x} is the basis of A,(u4) introduced
in Definition 4.8. By Proposition 4.11(b), there is a unique ‘dual basis’ {2} jc[n] for Ag(uy),
with deg z; = N — |J|, which satisfies

if |1
rrN\Nzy = 0 1 | |>|J|’ (54)
Sryzny i [I] = |J],

while if |I] < |J|, then z; A z; lies in A5 (uy.). Applying y(c) = Y-, 7—(cr)v4(21) to 25 and
using (5.4), we obtain

0= Z y—(er)zr A zg =y—(cr)zn) + Z v_(en)zr A 2. (5.5)
IC[N] H1<|J]
Now we claim that if v_(y)z(n) = 0 for some y € Ay(u_), then y = 0. Indeed, if v_(y)z|n) =
0, then for any w € Ay(u_) we have

0 = (w,7-(¥)zn]) = (WA Y, Z[N))-

However, as Aq(u_) is a graded Frobenius algebra, and in light of Proposition 4.11(b), if y # 0,
then there is an element w € Ag(u_) such that w Ay = ypn), so we get (y;n7, zn1) = 0. This
contradicts Proposition 3.6; hence we must have y = 0.

Applying this claim together with induction on |J| to (5.5), we conclude that ¢; =0 for
all J, and hence ¢ = 0. Thus 7 is injective. ]

DEFINITION 5.2. We define the quantum Clifford algebra to be Cl,; := Endc(Aq(ug))
together with the factorization v : Ag(u_) ® Ay(us) — Cl; from Theorem 5.1.

REMARK 5.3. Several authors have considered quantum Clifford algebras previously, for
example, [5, 10, 25, 26, 29, 30]. In these approaches, the Clifford algebras were defined
explicitly by generators and relations, in contrast to our Definition 5.2. Classically, the
Clifford algebra of uy @u_ is defined abstractly as a quotient of the tensor algebra. The
isomorphism (5.2) is then easily established just using the cross-relations between the creation
and annihilation operators,

Y+ (@)= (Y) + 7=+ (@) = (z,y), yEu_, v €uy.

While the existence of such a presentation of Cl, can be deduced from the factorization v, the
cross-relations are in general more complicated and involve terms of higher order.

5.3. The Dolbeault operator 0

We will now embed the Koszul differential for Sq(u4) into Uy(g) ® Cly. Recall that this is the
canonical element in uy ® u_, viewed as an element in Sy (uy )P @ Ag(u_).

DEFINITION 5.4. We define
N

9:=) 2 ®y; € Sy(u)P @ Ag(u_),

=1

where {z;} and {y;} are the bases for u; and u_ defined in Section 4.
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As {z;} and {y;} are dual bases, the element 9 is independent of their choice. The following
result is well known.

ProrosiTioN 5.5. With respect to the ordinary tensor product algebra structure on
Sy(uy)°P @ Ay(u_), we have 32 = 0.

Proof. See, for example, [49, Chapter 2, Section 3|. Recall from Remark 3.3 that the
quadratic dual algebra in our conventions is the opposite of the one defined there. That is,
when we consider the Koszul complex providing a resolution of C as a left S;(uj)-module,
then 0 acts as

N
5(a®f):2a:z:,;®y,;f, a® feSe(up)®@Ag(us)™. O

=1

Next we embed 0 into U,(g) ® Cly. Recall that the quantum root vectors Eg, are the
generators of the twisted quantum Schubert cell U’ (wy) as in Section 3.6.

LEMMA 5.6. The assignment
2@y = STHEg) ®7-(y), y € Ag(u-)
extends to an algebra embedding ¢ : Sq(u4)°? @ Ag(u_) — Uy(g) ® Clg.

Proof. By construction, the linear map x; — E¢, extends to an algebra isomorphism
from S,(uy) to U'(wi) C U,(g); see Convention 4.1. The inverse of the antipode is an
anti-automorphism of U,(g). Finally, y_ is an algebra homomorphism by definition. Ul

By slight abuse of notation, we denote ¢+(d) also by 0.

5.4. x-Structures and Dirac operators

Recall from Section 2.4 that U,(g) has a *-structure called the compact real form. Choosing
any *-structure on Cl, leads to the following definition.

DEFINITION 5.7. We define the Dolbeault—Dirac operator
D:=0+0" € Uy(g) ® Cl,.

The relation to the classical Dolbeault—Dirac operator from complex geometry will be
explained in Section 7.1. With this definition, Theorem 1.1 follows immediately from
Proposition 5.5 and Lemma 5.6.

REMARK 5.8. The element 6* and hence D depend on the choice of the *-structure on Cl,.
Theorem 1.1 holds regardless of this choice, but the choice matters in the potential applications
that we outline in Section 7.

For these, the s-structure must arise from a U,(l)-invariant Hermitian inner product on
Ag(ui). On uy this is unique up to a positive scalar factor, as uy is irreducible. This extends
canonically to each tensor power u?k by

<x1®"'®xk,21®"'®2k>:<x1,21>"'<xk,2k>7
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and then we can restrict this inner product to the submodule A’;u+. According to
[14, Proposition 3.2|, the quotient map u%k — A’;(qu) restricts to an isomorphism A’;u+ =
Af(uy) of Uy(1)-modules; this gives us an invariant inner product on each Af(u,) and hence
on Ag(uy).

Among the U,(I)-equivariant -structures on Cl,, the ones constructed in this manner are
distinguished by the fact that 4 (z;)* = v—(y;) as long as the x; are orthonormal with respect

to the chosen inner product on u,.

6. An example: Gr(2,4)

In this section, we present the details of the preceding constructions in the case when the

Dynkin diagram with crossed node is ® X o. This means that g = sl4 and p consists of
all matrices in g of the form

Xk %k

x ok %k

0 0 * =

0 0 * =

The associated irreducible flag manifold is the Grassmann manifold Gr(2,4) of all two-
dimensional subspaces of C*. This example is interesting for its role in Yang-Mills theory (see,
for example, [2, 4] and the references therein), and since the quantum Dolbeault-Dirac operator
(see also the final section below) has not been constructed explicitly in the literature yet.

6.1. Lie algebras and root data

Let a1, ag, a3 be the simple roots of g = sly (using the conventions of [33, Section 11.4]), and
take s = 2, so that . = {a1, as}. The Levi factor [ of p is given by

[>s(gly x gly) = {(X,Y) €gly xgla | tr X +trY = 0},

so t 2 sly X slp, and the nilradical uy of p is an abelian Lie algebra, embedded as the upper-right
2 x 2 block of p, so the decomposition sly Zu_ & [P uy, in 2 x 2 block form, is given by

(b u
sly = <u [ ) ’
and the action of [ on uy is given by
(X,)Y) - Z=XZ-ZY,

where XY, Z are all 2 x 2 matrices, viewed as embedded in sl; as the upper-left, lower-right,
and upper-right blocks, respectively.

The Weyl group of sly is W = G4, the permutation group on four letters, and we choose the
reduced decomposition

wo = wo, 1w = (5153)(52535152)

of the longest word. In the notation of Section 3.5, we have W = (s1, s3) = Zg X Zga, wo,; = 8183,
and the parabolic element wy is given by

Wy = W, Wy = S52535152.
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6.2. The quantized enveloping algebra

The sets {E1, F1, K1} and {Es, F3, K3} generate commuting copies of Ug(sly) inside Ug(sly),
and we denote

Uq(E) = <E1,F1,K1,E3,F3,K3> >~ Uq(ﬁ[z) ® Uq(ﬁlz) - Uq(5[4). (61)

6.3. The quantized representation u,

Let V = span{vi,v2} be the two-dimensional irreducible representation of U,(sl2), where vy is
a highest weight vector. The generators E, F, K of U,(sl2) act in V' via the matrices

=(0a) = (0) =)
The representation uy of U, (#) is given by
u 2VeV
with respect to the decomposition (6.1). This means that the first copy of U,(sl) acts in uy via
Fi—e®idy, Fr+— fRidy, K;+— k®idy,
while the second copy acts via

Fs—idy ®e, F3r—idy ®f, K3+ idy Qk.

6.4. The coboundary structure

The commutor oyy : V@V — V ®V for the two-dimensional representation of Uy,(slz) is
given by

1 0 0 0
0 q2—1 2q 0
I+¢> 1+¢?
oyy = 5
0 2q 1—g¢q 0
1 21 2
+4q +4q
0 0 0 1

with respect to the (lexicographically ordered) tensor product basis
T1:=01Qv1, T2:=v1QV, T3:=V3QV1, Tq4:=7V3R V2
for V.® V. The commutor for u, =V ® V is then given by
Oujuy =T230 (OVvy @0yy)oToz iy Uy — Uy Quy,
where 793 is the tensor flip in the second and third components when we make the identification
Uy @uy X VO
6.5. The quantum symmetric and exterior algebras

Diagonalizing oy, ., we find that the space of quantum antisymmetric 2-tensors A3u+ =
ker(oy, u, +id), that is, the space of relations for the quantum symmetric algebra, is the
span of

T1 QT2 —qra®T1, T1®T3—qr3Q T,

T2 DTy — qTy Q T2, T3 Ty —(qTq4 D T3,

Ty @T3— T3 @Te, T @Ty— T4 @31 — (¢ —q T2 @ 23
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The corresponding relations are
T1X2 = qT2x1, T1X3 = ¢T3x1,
ToTy = qT4T2, XT3T4 = qT4T3,
-1
ToX3 = T3Tp, T1T4 — TaT1 = (¢ —q " )T2T3.

Hence, the quantum symmetric algebra S,(u;) is the familiar algebra of 2 x 2 quantum
matrices.

The quantum exterior algebra A,(u_) is the quadratic dual of S;(uy) (keeping in mind
Remark 3.3). Denoting the dual basis to {z1, €2, 3, 24} by {y1, y2, U3, ¥4 } and the multiplication
in Ay(u_) by A, we find that the relations are

Ay =Y2ANY2=YsAYs =Ys Nya =0,
Yo Ay1=—q i AY2, Ys Ay =—q 'yi Ays,
YaAY2=—q "2 Ays, YaAys=—q 'y3s Ay,
YaAyL= =1 Ays, Y2 Ays+ys Ay = (g—q )y A

6.6. The twisted quantum Schubert cell

The radical roots are
Si=at+mtas, SL=a1+ay, =axtas, &=,

and the corresponding quantum root vectors, defined with respect to the expression for wy
given above, that generate the twisted quantum Schubert cell are

E¢, = E3(E1Ey — ¢ 'EsEy) — ¢ Y(E1Ey — ¢ 'EoEy)Es, Eg, = E1Fy — q ' EsEy,
B¢, = E3Fy — ¢ 'FyE3, Fe, = E».

Proposition 3.17 can now be verified directly for this example using the quantum Serre relations;
that is, the elements E¢,, E¢,, E¢,, E¢, € U,(g) indeed satisfy the same relations as 1, 2, x3, 24
and transform in the same way as them under the adjoint action of Ug([).

Although the span of the Eg, is invariant under the adjoint action of U,(1), it is not in the
locally finite part of U,(g), that is, its orbit under the adjoint action of all of U,(g) is infinite-
dimensional (see [35, Section7.1.3 | for more information). If one multiplies the E¢, on the right
by K_onw,, then the span of the resulting elements is in the locally finite part of U,(g). These
elements coincide with the X defined in [42, Section4].

7. A motivation

This final section aims at explaining our motivation for this paper, which was to further
study the spectral triples on the quantized compact Hermitian symmetric spaces from [42].
Before we discuss this application of the results, we explain the classical picture, that is, how
the counterparts of our algebraic structures relate for ¢ = 1 to the geometry of the compact
Hermitian symmetric spaces.

7.1. The classical geometric picture

First of all, view a pair of a complex semisimple Lie algebra g and a parabolic Lie subalgebra
p as an infinitesimal description of the complex manifold G/P, where G is the (connected,
simply connected) Lie group corresponding to g and P is the parabolic subgroup having Lie
algebra p. These spaces are referred to as the generalized flag manifolds, and (with respect to
a Hermitian metric induced by the Killing form of g) they exhaust the compact homogeneous
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Kéhler manifolds [54] as well as the coadjoint orbits of the compact semisimple Lie groups.
This leads to a wealth of applications in geometry, physics, and representation theory; see, for
example, [4; 8, Chapter 8; 15]. The case in which p is of cominuscule type as in Proposition 2.1
corresponds to G/P being a symmetric space; see, for example, [40, Proposition 8.2]. This
symmetric space is irreducible precisely when g is simple, so the pairs (g,p) that we consider
throughout the paper correspond to the irreducible compact Hermitian symmetric spaces.
A general compact Hermitian symmetric space is just a product of irreducible ones.

As a real manifold, G/P is diffeomorphic to Gy/Lg, where Gy is the compact real form
of G and Ly = LN Gy is the compact real form of L [4, Section 6.4]. If @ is the parabolic
subgroup of G with Lie algebra q =@ u_, then G/Q is also diffeomorphic to Go/Ly and
hence to G/P. However, the two induced complex structures on Go/Lg are inverse to each
other.

Our next aim is to describe the Dolbeault complex (Q(%:*), ) of the complex manifold G/Q.
To this end, identify g/q with the holomorphic tangent space of G/Q at the identity coset.
This identifies the adjoint representation of q on g/q with the isotropy representation. As
representations of Lg, we have g/q = u,. Hence the smooth sections of the holomorphic tangent
bundle T7(19 can be identified with the Lo-equivariant smooth functions

¥: Go — uy, P(gh) =h™'y(g) for all g € Go, h € Lo, (7.1)

as T(1:0) is associated to the Lo-principal fiber bundle Gy — G/ Lg by the isotropy representa-
tion. We fix an Lo-invariant Hermitian inner product (-, -) on u, which induces an isomorphism
of complex vector bundles 79 2 Q1) Hence from now on, we view functions ¢ as in (7.1) as
smooth (0, 1)-forms on G/Q. Similarly, (0, n)-forms are identified with Lg-equivariant smooth
functions from Go to A™(uy). Finally, the Dolbeault operator

3:00n _, On+l) (7.2)

acting on these functions is obtained by taking Cartan’s differential d of a (0,n)-form and
projecting onto Q(0n+1),

In order to construct the Hilbert space of square-integrable sections of the bundle Q(°*), one
embeds A" (uy) into u§” and extends the inner product on uy to one on A™(u), for each n,
as in Remark 5.8. Then one obtains an inner product on smooth sections of Q(%-*), defined for

Lo-equivariant functions ¢, : Go — A(uy) by

(0.6) = | _(olg).vlo)ds, (7.3
Go

where we integrate with respect to the Haar measure of Gg. We denote by ¢ the Hilbert space

completion of Q(**) with respect to this inner product.

The universal enveloping algebra U(g) acts on the algebra C*°(Gy) of smooth complex-
valued functions on Gy by extending the action of U(gp) by differential operators. If Cl is the
Clifford algebra of uy @ u_ with respect to the canonical symmetric bilinear form, then Cl acts
naturally on A(u,) via the representation constructed in Section 5.1. Hence

U(g) @ Cl

acts on the algebra C*°(Gp) ® A(uy) of all smooth functions from Gy to A(uy). Under this
action, the classical analog of our 0 is easily seen to leave the subalgebra of Lg-equivariant
functions invariant, and we have

(96,4) = (¢,00) (7.4)

for smooth sections ¢, 1 of Q(0:*).
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The choice of compact real form of G induces a *-structure on U(g), and the Hermitian inner
product on A(uy) induces a *-structure on Cl. By (7.4), the element

D:=0+09" € U(g) ®Cl

acts, up to a scalar, as the Dolbeault-Dirac operator on G/@Q formed with respect to the
canonical spin®-structure; see [27, Section 3.4] or [7, Section 3.6]. Analogously, D implements
the Dolbeault—Dirac operator of G/P formed with respect to the anti-canonical spin®-structure.

The point of the algebraic description of the Dolbeault—Dirac operator is that it leads to a
computation of its square and of its spectrum, based on the celebrated Parthasarathy formula
that expresses D? as a linear combination of Casimir elements in U (g), U(I) and constants; see
[1, 41, 47] and also [38, Lemma 12.12] for this algebraic approach to Dirac operators and the
Parthasarathy formula, [11, 12, 50, 52] for the construction of spinors on symmetric spaces
and the application of Parthasarathy’s formula in explicit computations of spectra. As we will
explain next, the present article is meant as a step toward a quantum analog of these results.

7.2. Spectral triples on quantized G/P

Recall that the matrix coefficients of the Type 1 representations of U,(g) generate a Hopf
x-algebra C,[G] that deforms the complex coordinate ring of the real affine algebraic group
Go. The universal C*-completion of C,[G] is the fundamental example of a compact quantum
group in the sense of Woronowicz [55]. Together with Gg, one can quantize Lg in the form of
a quotient Hopf s-algebra C4[L], and also Go/Ly in the form of a right coideal subalgebra A
of C,4[G] [23, 43, 45]. Associated vector bundles such as Q(%*) can be quantized in the form
of finitely generated projective A-modules, which admit Hilbert space completions 57 using
the Haar measure of the C*-completion of C,[G]. See, for example, [28, 42] and the references
therein for these topics. The paradigmatic example of such a quantized symmetric space is the
standard Podle$ quantum sphere [48].

These structures all arise naturally from quantum group theory. An obvious question to ask
is whether there is also a Dirac-type operator D on a quantized spinor module that produces
a spectral triple (A, .57, D) in the sense of Connes. This would provide a quantization of the
metric structure of G/P.

Dabrowski and Sitarz constructed such a spectral triple over the Podles sphere by deforming
the Dirac operator with respect to the standard spin structure and Levi-Civita connection [18].
In [42], an abstract argument was given that a quantization of the Dolbeault—Dirac operator on
all symmetric G/ P exists. It was shown that the commutators [D, a] between algebra elements
a € A and the Dirac operator are given by bounded operators, which is the first axiom of a
spectral triple. However, the implicit nature of the construction meant that it was not possible
to compute the spectrum of D, nor even to prove that D had compact resolvent. The latter
is the second axiom for a spectral triple, and is a key condition for it to define a K-homology
class for the C*-algebra completion of the quantization A of G¢/Ly. Up to now, the only cases
in which this has been carried out are the projective spaces; see [20]. The approach is by direct
computation, and relies on the Hecke condition for the relevant braidings, so it seems difficult
to generalize these methods to arbitrary G/P.

The main motivation for us is that our new approach to the construction of Cl,, and hence
a quantization of the Dolbeault—Dirac operator in terms of the algebras of Berenstein and
Zwicknagl, might lead to new techniques for its study and ultimately to a quantum version of
the Parthasarathy formula.

Another natural problem that arises is whether one can construct nonstandard quantized
enveloping algebras and symmetric spaces also for other deformations of polynomial rings, such
as the Jordan plane or the Sklyanin algebras.
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