University of Calgary

PRISM Repository https://prism.ucalgary.ca
The Vault Open Theses and Dissertations
2025-09-05

Toward realistic elements for
long-distance quantum networks with
solid-state spin systems

Taherizadegan, Shahrzad

Taherizadegan, S. (2025). Toward realistic elements for long-distance quantum networks with
solid-state spin systems (Doctoral thesis, University of Calgary, Calgary, Canada). Retrieved
from https://prism.ucalgary.ca.

https://hdl.handle.net/1880/122781

Downloaded from PRISM Repository, University of Calgary



UNIVERSITY OF CALGARY

Toward realistic elements for long-distance quantum networks with solid-state spin systems

Shahrzad Taherizadegan

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE
DEGREE OF DOCTOR OF PHILOSOPHY

GRADUATE PROGRAM IN PHYSICS AND ASTRONOMY

CALGARY, ALBERTA
SEPTEMBER, 2025

(©) Shahrzad Taherizadegan 2025



Abstract

Future global quantum networks, which rely on the ability to transfer quantum informa-
tion over long distances, will enable various applications, including secure communication,
distributed quantum computing, and new fundamental tests of quantum physics. While pho-
tons are ideal carriers of quantum information, transmission loss in communication channels
and the no-cloning theorem, which prohibits quantum state amplification, led to the pro-
posal of quantum repeaters to extend the range of quantum communication. They generate
entanglement, store it over short distances, and extend it through entanglement swapping.
To distribute entanglement over long distances, quantum repeaters require interfaces be-
tween flying qubits (photons) and stationary qubits (matter). The entangled quantum state
remains stored in quantum memory until successful entanglement is established between two
adjacent links. Quantum memories are also crucial in various other aspects of quantum
technologies. Furthermore, performing quantum gates between stationary qubits is essential
not only for processing quantum information in quantum computing but also for quantum
repeaters to enable the generation, storage, and swapping of entanglement, which are fun-
damental to repeater functionality.

Solid-state spin systems provide a promising platform for implementing stationary qubits
in quantum networks. In this thesis, we focus on advancing realistic components for such
networks by studying two complementary approaches to quantum memory: ensemble-based
and single-emitter-based systems. Both approaches enable the implementation of stationary
qubits, but in different ways. First, we develop a theoretical model for a cavity-enhanced
atomic frequency comb (AFC) quantum memory, which is an ensemble-based scheme im-
plemented using a Tm:YAG crystal. Our model incorporates the effects of dispersion and
shows good agreement with experimental results. It provides a semi-quantitative description
of memory efficiency, describes its dependence on detuning, and captures certain qualitative
features of experimental reflectivity, contributing to the practical prediction of the perfor-

mance of cavity-enhanced AFC quantum memory.
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In the second part of the thesis, we turn to single-emitter-based platforms. Motivated by
the growing interest in T center defects in silicon, we investigate the feasibility of implement-
ing various quantum gate schemes between individual T centers, including two probabilistic
photon interference-based schemes, a near-deterministic photon scattering gate, and a de-
terministic magnetic dipole-based scheme. We analyze and quantify their performance while
accounting for real-world imperfections to compare their potential based on current and near-
future experimental capabilities. Our results indicate that probabilistic interference-based
schemes are the most promising for T centers, with the photon interference-based scheme
with feedback enabling the simultaneous achievement of high efficiency and fidelity in the

near to medium term.
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Chapter 1

Introduction

Exploiting the unique properties of quantum physics in information science has paved the
way for quantum information processing, unlocking possibilities that were once mere dreams.
A crucial milestone in advancing quantum information technology is the development of
long-distance quantum networks [1, 2, 3, 4], which enable secure communication [5, 6, 7],
distributed quantum computing [8], and novel fundamental tests of quantum physics [9]. In
the long term, these advancements lay the foundation for the realization of a quantum inter-
net, a global network of interconnected quantum processors [10, 11]. Long-distance quantum
communication is limited by the inevitable loss of photons in transmission channels. Unlike
classical communication, this loss cannot be compensated through amplification due to the
no-cloning theorem [12|. To address this challenge, quantum repeaters have been proposed
as a solution [13, 14, 15] where they distribute entanglement over long distances employ-
ing interfaces between flying qubits (photons) and stationary qubits (matter). Quantum
memories store the entangled quantum states until entanglement is successfully established
between two adjacent links, playing a crucial role in synchronizing entanglement distribu-
tion across the network to enable long-distance quantum communication [16, 17]. There
are two complementary approaches for implementing quantum memories: ensemble-based

systems and single-emitter-based systems. While both approaches aim to store quantum



states, there are differences in their physical implementation. Ensemble-based systems rely
on the collective interaction of the atoms or ions in the ensemble which can lead to high
multimode capacity and strong light-matter coupling through collective enhancement at the
cost of limited control at the single-atom level. However, single-emitter-based systems such
as color centers, allow individual addressing and precise control of qubits, typically with
reduced storage capacity and weaker light-matter interaction compared to ensembles.

The aim of the works done in this thesis is to advance practical elements for quantum net-
works. Among the various protocols for implementing quantum memories, atomic frequency
comb (AFC) quantum memory—a scheme that stores photons in a spectrally comb-shaped
ensemble and retrieves them via a collective rephasing—is a promising candidate for quantum
repeater applications [18|. Its efficiency is enhanced by placing the AFC inside an asym-
metric optical cavity [19, 20]. However, the absence of a comprehensive theoretical model
for cavity-enhanced AFC quantum memory makes it challenging to compare experimental
results with theory and to infer system parameters from experiments. To address this, we
develop a theoretical model for cavity-enhanced atomic frequency comb (AFC) quantum
memory, contributing to the accurate predictions of its performance.

Following our work on quantum memories and in light of recent growing interest in T
centers in silicon, we also explore the implementation of quantum gates between station-
ary qubits (single-atom memories), which are essential not only for quantum computing
[21, 22, 23], but also for enabling entanglement generation, storage, and swapping in quan-
tum repeaters [15, 24|. We investigate various quantum gate schemes between single T
centers in silicon, quantifying their performance while accounting for real-world imperfec-
tions, and evaluating and comparing them based on current and near-future experimental
capabilities.

The thesis is organized as follows: In chapter 1, I will provide some of the fundamental
principles of quantum communication and networks. In chapter 2, I discuss key aspects

of quantum networks, including the elements required to realize them and their potential



applications. Chapter 3 focuses on the physical platforms used to implement the elements
of quantum networks, with particular emphasis on those explored in this thesis. Chapters 4
and 5 present two papers that form the core of this work. Finally, chapter 6 concludes the

thesis and offers an outlook on future directions.



1.1 Quantum bits (Qubits) and Bloch sphere representa-
tion

In classical information science, information is encoded and represented using binary states
(bit) 0 or 1. This principle originates from classical physics, where a system exists in a well-
defined state—analogous to a cat being either alive or dead. However, the state of a quantum
system can be much more complex than simply being 0 or 1. Therefore, quantum information
science introduces the quantum bit (qubit) as the fundamental unit of information. Unlike
classical bits, a qubit can exist in a combination of both 0 and 1 simultaneously, as allowed
by the principles of quantum mechanics. This is similar to Schrodinger’s cat which can be
dead, alive or in a superposition of both states [25]. A pure state |¢)) of a two level quantum

system (qubit) can be expressed in the computational basis as

[¥) = al0) + b[1) (1.1)

where a and b are complex numbers representing the probability amplitudes. Since
the probabilities of being in states |0) and |1) are |a|* and |b|?, respectively, and the total
probability must sum to 1, |a|?+|b|> = 1. As the global phase of a quantum state is irrelevant
and only the relative phase matters, the unit probability condition suggests representing the
qubit state using two free parameters: the polar angle (0 < # < ) and the azimuthal angle
(0 < ¢ < 2m). This representation helps visualize the state of a qubit on a three-dimensional
sphere called the Bloch sphere, where the state is represented by a Bloch vector (see figure

1.1), which is written as

|4) —cosg\(» +ei¢’singyl>. (1.2)

The north pole of this unit sphere represents the state |0), while the south pole represents

the state |1). A qubit can exist at any point on the surface of this sphere, while classical



bits are limited to the north or south poles.

N>

10)

1)

Figure 1.1: Visualization of a qubit state on the Bloch sphere. The state of any two-level
quantum system can be represented as a point on the Bloch sphere, with the Bloch vector
|1} describes the qubit’s state in three-dimensional space.

So far, I have discussed pure states, which represent precise and well-defined quantum
states about which we have complete information. However, in realistic open quantum
systems, we often encounter mixed states, which describe situations where we lack complete
knowledge of the system. A mixed state represents a statistical ensemble of different pure
states, each occurring with a certain probability. Mixed states are described by a density
matrix p rather than a state vector [¢), which provides a unified framework for representing
both pure and mixed states. A general mixed state, composed of pure states [¢;) with

corresponding probabilities p;, is written as

P = sz’szlM (1.3)

where the probabilities 0 < p; < 1 and ), p; = 1. For a pure state, the density matrix
satisfies Tr(p?) = 1, while for mixed states, Tr(p?) < 1, reflecting a loss of coherence or
purity. In the Bloch sphere representation, pure states lie on the surface of the sphere, while

mixed states correspond to points inside the sphere. The distance from the center, i.e., the



length of the Bloch vector indicates the degree of purity, with states closer to the surface

being more pure.

1.2 No-cloning theorem

In classical physics, the concept of cloning or copying information is natural and unprob-
lematic. For instance, classical bits can be duplicated to create backups in computers, or
copied and amplified to overcome losses in transmission channels. However, this is not the
case in quantum physics. The no-cloning theorem [12, 26, 27, 28] states it is fundamentally
impossible to make a perfect copy of an arbitrary unknown quantum state. Considering an
unknown state [1), there is no quantum operation that can take |¢)) and make two copies
of it. The authors in Ref. [12] proved the no-cloning theorem by employing the linearity of
quantum mechanics, while later work in Ref. [29] provided a proof based on the properties
of unitary evolution. Let us assume the existence of a universal cloning machine represented

by a unitary operator U , which can copy any arbitrary quantum state |¢)) and would satisfy

U (lv) @ 0) = [v) ® [v). (1.4)

In principle, the cloning machine would be capable of producing a copy of any quantum
state. Now, consider two different input states, |¢) and |p). The cloning machine operation

would result in

U (|¢) ®0)) = [v) @ |4), (1.5)

U () ®10) = l¢) ® |¢) - (1.6)

If one applies U to a superposition of the two states, then

0 (%aw rle)® |o>) , (1.7)



by the linearity of quantum mechanics, equation 1.7 must equal
=0 (19) 910) + =0 (1) @ [0) = — (1) © ) + [} @ [¢)) 18)

However, this is not the same as cloning the superposition state itself that is

(I) @ [9) +[¥) @ [v) +lp) @ [¥) + o) @ [9) -

N | —

(500 +1e0) o (5001 +1e0)) =

(1.9)

The two expressions 1.8 and 1.9 are generally not equal unless either |1)) = |p) or (¢|¢) =0
[28, 27|. This contradiction shows that cloning an arbitrary unknown quantum state violates
the linearity of quantum mechanics. Therefore, no such universal unitary cloning operator
U can exist. The impossibility of cloning mixed quantum states was later established by
[30]. Although perfect cloning of an arbitrary unknown quantum state is forbidden by the
no-cloning theorem, one can still create imperfect copies with the maximum achievable fi-
delity of 0.83 [31].

The no-cloning theorem underpins the security of quantum key distribution (QKD) pro-
tocols such as BB84 (6], as it prevents eavesdropping on quantum information in transmission
channels without disturbing it. Conversely, it prohibits cloning and amplification of transmit-
ted quantum states posing significant challenges for long-distance quantum communication.
As a result, quantum entanglement is used as a resource to perform a variety of quantum
tasks. In particular, quantum repeaters [13, 14, 15| employ entanglement swapping to extend

secure communication distance without violating the no-cloning theorem.

1.3 Quantum entanglement

Entanglement is one of the fundamental features of quantum physics, with no counterpart

in classical mechanics. It refers to a non-classical correlation between two or more particles,



independent of the distance between them [32]. In an entangled system of particles, it is
impossible to describe the quantum state of the entire system as a tensor product of the
individual quantum states. In the case of mixed states, the whole quantum state cannot be
expressed as a convex combination of product states. The state of two unentangled quantum

systems can be written as a separable state

|¢>A,B = |¢>A ® |¢>B

Two separable mixed states can be written as

pas = pipy @pY

where p; are the corresponding probabilities, with the condition that ) ,p; = 1. The
state of two qubits can be in any linear combination of basis states |00), |01), |10), and |11).
If we have two particles in the state

—= (11410} + 10)411) )
V2
it is not possible to express this state as a separable state, as shown in equation (1.3), imply-
ing that the two qubits are entangled. When the first qubit is measured to be in the state
|1) 4, the state of the second qubit is instantaneously projected into the state |0) 5. However,
prior to the measurement, the second qubit exists in a superposition of both |0), and |1),
states, corresponding to equal probabilities of %

The instantaneous projection of a quantum state cannot be explained by any signal trav-
eling between the two particles to transmit information as such communication would be
constrained by the speed of light. Moreover, since the outcomes are inherently random, it
is impossible to control the result on one side to send a message to the other. This phe-
nomenon violates local realism, and was first highlighted in the EPR paradox [33], which

pointed out the apparent contradiction between the principles of quantum entanglement and



local realism, ultimately arguing against the completeness of quantum mechanics. Therefore,
local hidden variable (LHV) theories were proposed as a trial to restore classical intuitions
of realism and localism to quantum physics. However, subsequent work by Bell and others
[34, 35| demonstrated that LHV theories cannot fully reproduce all the statistical predictions
of quantum mechanics. In particular, both Bell’s inequality and the Clauser-Horne-Shimony-
Holt (CHSH) inequality are violated by quantum correlations which has been consistently
confirmed in numerous quantum experiments |36, 37, 38, 39, 40, 41].

These experimental validations have established entanglement as an intrinsically quan-
tum phenomenon that defies classical explanation. Entanglement transforms a group of
particles into a unified quantum system, where the individual components can no longer
be described as independent entities. As a foundational resource in quantum information
science, entanglement plays a central role in enabling quantum networks, where significant
effort is dedicated to generating and distributing entanglement between distant quantum

systems.

1.4 Bell-state measurement

The maximally entangled states known as Bell states are

L

%) = == (100) + 1)
_ 1

#7) = == (100) ~ 1)
by L

%) = 5 (101) +10))

W) = (o1} — |10))

2

&l

which form a complete orthonormal basis for two-qubit space. One simple way to generate

A

Bell states is through performing a Hadamard (H) gate and a Controlled-NOT (CNOT)

gate on the input (see section 2.3 in chapter 4.1). For example if one take the computational



basis |00) as the input

oo} £25 (5 (10p+ 1)) 010) =

cNoT 1
—>_

V2

(100) +[10))

Sl
Sl

2
(100) +[11)) = |@7)

Thus, the final state after these operations is the Bell state

1

%) = >

(100) + |11))
A Bell-state measurement is a joint quantum measurement on two qubits in the Bell basis
that projects the system’s state onto one of the Bell states. A partial Bell state measurement
can be done by sending a pairs of encoded photons (p,, p,) entering the two input ports a
and b of a Beam splitter (BS). Their encoded state belongs to the four dimentional state
of a two qubit system. In principle one can encode quantum information in various degrees
of freedom of photons such as polarization, frequency, and arrival time (early or late). To
complete the Bell-state measurement, two measurement devices are put at the two output
ports of the beam splitter that are capable of distinguishing between two orthogonal modes
of the degree of freedom used to encode the qubits (for example, for polarization-encoded
photons, the measurement device at each port can be a polarizing beam splitter followed by
two detectors). The unitary operation associated with a 50:50 beam splitter acting on two
input modes is given by Ugs = \% (1#). The input creation operators are related to the

output creation operators via the following beam splitter transformation
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Merging the photons at a beam splitter (BS) erases any which-path information. Apply-

ing the unitary operator Ugg to the input photon states results in their projection onto one
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of the Bell states. If the output modes of the BS are denoted by ¢ and d, the action of the

BS operator on the Bell states is given by [42, 43|

9% = 75 (10005 + 110),,) = —5 (101), + [10),)
U7 )op = % (’01>a,b - |10>a,b) - % (|01>c,d - |10>c,d>

1 1
190 = 75 (10000 % 10)04) = 5 (100)c, + 100040 [10), % 1))

Where |0) and |1) can be associated with the two orthogonal modes of the polarization-
encoded photons. Thus, detecting photons simultaneously in orthogonal states |0) and |1)
from different output ports of the beam splitter results in a projection into the |¥~) state.
Conversely, detecting photons in orthogonal states but from the same output port leads to a
projection into the |UT) state. We can see that this measurement setup cannot distinguish
between the other two Bell states, |®T) and |®~), but they can still be distinguished from
the [U™) and |¥~) states. Since only two of the four Bell states can be identified through the
measurement outcomes, the maximum success rate for this scheme which is limited to linear
optics without additional resources is 50%. In principle, the maximum success rate can be
increased by methods such as using ancillary photons [44, 45| experimentally demonstrated
in [46]. While the success probability can approach unity with more complex ancillary
states, this comes at the expense of greater experimental complexity, and the need for multi-
photon detection, limiting their practicality. Bell state measurements play an important role
in quantum information processing tasks such as quantum teleportation and entanglement

swapping discussed in the following sections.

1.5 Quantum teleportation

Quantum teleportation is an important method that enables the transfer of quantum in-
formation, such as the state of a qubit, from one location to another without physically

moving the particle itself. It relies on the principles of quantum entanglement and classical
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communication. Suppose that we want to teleport a quantum state |q), = «|0), + 51),
from Alice to Bob. The protocol starts with Alice and Bob sharing a maximally entangled
Bell state. This shared state is predetermined by mutual agreement between them and can
be any of the four Bell states. The specific choice does not affect the outcome. As shown in
figure 1.2, we assume the shared state is 75 in the teleportation protocol. At this point,
Alice possesses two particles, the one she intends to teleport, C'; and A, which is part of the

entangled pair, while Bob holds the third particle, B.

BSM

pmmm - -
=" + S u
/ \\ 4" |(I) >AB .~~

Alice Bob

Figure 1.2: Quantum teleportation protocol illustrating the transfer of an unknown quantum
state |¢) from Alice to Bob, facilitated by the shared entangled state |®%) , 5.

The combined quantum state of these three particles is described by

1

5 (10041005 + 11, |1>B>>

Qs = |00 ®187) 45 = (@ [0)e + B]1)0) © (

Now, it is most convenient to write the state of Alice’s two qubits (A, and C') as a super-
position of the Bell basis states. All the two-qubit basis states can be expressed in terms of

the Bell states as following

00) = = (19%) + [97))
o) = 5 (19%) = [07))
10) = —= (1) +197)
1) = —= (|9*) - 7))

S

Therefore, the quantum state of the three particles (|Q),45) can be rewritten in the Bell
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basis of particles A and C' as

[‘CI)+>CA (]0)p+B[1)p) + P ) s (@|0)p —B1)5)

U ) oa (@1)5 + B10)5) + ¥ )ea (1) 5 = B10)5)] (1.10)

‘Q>C’AB =

N —

As a result of this change, the joint state can be expressed as a superposition of Bell
states between C' and A, each correlated with a corresponding state of B. At this stage,
no interaction has yet occurred between Alice and Bob and the total state is still tripartite
and does not represent direct entanglement between C and A, since the overall state is still
factorizable. This expression highlights the correlations between C-A and B that enable
teleportation: once Alice performs a Bell-state measurement (BSM) on C' and A, Bob’s
qubit collapses into one of the four above superposition states determined by Alice’s BSM
measurement, outcome. Then Alice uses classical communication to inform Bob about her
BSM outcome, so that Bob can correct his by applying a unitary operator on his state to
obtain the original state that aimed to be teleported to him (|¢)). For example, if the result
of BSM is |UT),,, the correction operator Bob employs to retrieve the original quantum
state is Pauli-X (bit-flip) operator. It should be emphasized that the 50% limit on success
probability of linear-optical Bell state measurements does not imply a fundamental limitation
of quantum teleportation itself. In fact, if Bell state measurements are implemented within
a quantum circuit using entangling gates such as a Hadamard followed by a CNOT, all
four Bell states can be distinguished, making teleportation deterministic in principle. Since
classical communication is a necessary part of the protocol, quantum teleportation cannot

be used to transmit information faster than light.
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Figure 1.3: Entanglement Swapping: A BSM on the two central particles, B and C', creates
entanglement between spatially separated left and right particles, A and D.

1.6 Entanglement swapping

Entanglement swapping is effectively the teleportation of entanglement. It involves two
separate pairs of entangled particles. By interfering with one particle from each pair and
performing a Bell-state measurement (BSM) on them, the remaining particles—originally
unentangled—are projected into an entangled state. For example if the entangled states are
|®*) 4,5 and |@T) ., it can be shown that the overall state of the system can be expressed

as a superposition of maximally entangled pairs between A and D, and, B and C'

( 12) 4 12 ) pe 127 ) up 127 ) pe + 1) 4p [¥) e + ¥ 7) 41 |‘I’_>BC)
(1.11)

N | —

|(I)+>AB |(I)+>CD -
By performing a Bell-state measurement (BSM) on particles B and C', and projecting them

into a specific Bell state, such as |U) ;. particles A and D are correspondingly projected

into a Bell state as well, e.g., |¥*) ,,, (see figure 1.3).
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Chapter 2

Quantum networks

In this chapter, I will discuss the key components required to implement quantum networks,
with a particular focus on the elements explored in the projects presented in this thesis. I

will also highlight potential applications of future quantum networks.

2.1 Quantum repeaters

In the previous chapter, I discussed quantum teleportation and entanglement swapping as
fundamental building blocks for quantum repeaters. Quantum communication is made pos-
sible through the quantum teleportation scheme, where Alice can send an unknown quantum
state to Bob, provided they share an entangled Bell state. Thus, the primary challenge in
quantum communication is how to distribute entanglement between two parties, Alice and
Bob.

Directly sending photons over long distances is constrained by photon loss and attenu-
ation in the transmission channel. In principle, the transmission efficiency in optical fiber
is described by n = e(~L/Latt) which is the result of the Beer-Lambert law. For photons
in the telecommunication wavelength range (1530 — 1565 nm), the attenuation length is
Ly = 22km, which implies that for every 50 km traveled, the transmittance is reduced to

10% of its previous value [13]. In classical communication, signal loss is mitigated using am-
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Figure 2.1: The figure illustrates a quantum repeater with four elementary links N = 4, each
of length L, spanning a total distance of L for entanglement distribution. The dark blue
dotted squares indicate entanglement swapping between neighboring elementary links, while
the green nodes represent the quantum memories required within the repeaters.

plifiers that boost the signal along the channel by regenerating the original signal through
duplication. However, classical amplifiers cannot be applied in quantum communication due
to the no-cloning theorem discussed in section 1.2, which prohibits the creation of an exact
copy of an unknown quantum state. To address this limitation, quantum repeaters have
been proposed [14]. Quantum repeaters distribute entanglement across a channel of length
L by generating entanglement in smaller elementary links of length Lo = L/N, where N is
the number of elementary links. The success of entanglement generation in these links is
announced by a heralding signal. Entanglement is then extended to longer distances through
entanglement swapping, as discussed in section 1.6 (see figure 2.1). Since entanglement gen-
eration and swapping schemes are generally probabilistic, and the linear-optical implemen-
tation of BSM has a success probability of at most 50%, it is not feasible to simultaneously
generate entanglement across all elementary links. This is where quantum memories become
crucial. They store the entanglement created in an elementary link until entanglement is
established in the adjacent links. Once this condition is met, entanglement swapping is per-
formed between the quantum memories of neighboring links, thereby extending entanglement
across the channel. There have been numerous experimental demonstrations of entangling

quantum memories over large distances, including metropolitan-scale implementations span-
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ning both two-node configurations and multi-node networks [47, 48, 49, 50, 51, 52, 53]. The
most recent breakthrough achieved entanglement between two atomic ensemble quantum
memories over a record distance of 420 km via fiber [54]. These accomplishments represent
significant progress and foundational demonstrations toward realizing quantum repeaters

and developing scalable quantum networks.

2.2 Quantum memory

Optical quantum memory is a device capable of storing and retrieving the quantum states of
light, serving as a crucial component for quantum networks, including long-distance quantum
communication based on quantum repeaters |55, 3, 16, 17]. Quantum memories allow for
the synchronization of probabilistic quantum processes by enabling the temporary storage
of quantum states. This capability is vital for the implementation of quantum repeaters
and underpins a range of important applications in quantum information science. Quantum
memories (QMs) can be broadly categorized into two main types: ensemble-based QMs and
single- particle QMs. Ensemble-based quantum memories utilize the collective interaction be-
tween light and the atomic ensemble to store quantum information, with no need to monitor
individual atomic contributions. This method takes advantage of collective interference ef-
fects within the ensemble to enhance the efficiency of the light—matter interface. A variety of
protocols have been developed for implementing ensemble-based quantum memories, which
will be explored in the following sections. These protocols are realized using different physical
platforms, including cold atomic ensembles [53, 47, 56, 57, 58, 59, 60|, warm atomic vapors
[61, 62, 63, 64, 65, 66|, and rare-earth-ion-doped crystals (REICs) [3, 55, 67, 68, 69, 70|, each
offering unique advantages for quantum storage. The first project in this thesis contributes
to developing a model for an ensemble-based cavity-enhanced quantum memory (see chapter
4).

On the other hand, single-particle QMs leverage the interaction between photons and indi-
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vidual quantum systems, such as single atoms and ions. To strengthen light—-matter coupling,
these systems rely on high-quality resonant cavities. A major advantage of single-particle
quantum memories is the ability to precisely control individual atomic qubits. Additionally,
they are well-suited for single-photon generation, a critical resource for quantum computing
and communication. Examples of physical systems used for single-particle quantum storage
include single atoms [50, 71, 72, 73, 74], trapped ions [75, 76, 77|, and defects in solid-state
systems, such as nitrogen-vacancy (NV) centers [51, 78, 79, 80, 81|, silicon-vacancy (SiV)
centers [82, 52, 83, 84, 85|, and single rare-earth ions embedded in solids [86, 87, 88, 89, 90|.
More recently, T centers in silicon have also emerged as promising candidates for this goal
[91, 92, 93, 94, 95|. The second project in this thesis contributes to analyzing various gate

schemes between single T centers.

2.2.1 Figures of merit for quantum memory

There are various metrics to asses the performance of QMs including efficiency, fidelity,
storage time, bandwidth, and multimode capacity. Although remarkable progress has
been made in optimizing individual metrics across different platforms, achieving all these
requirements simultaneously within a single device remains a major obstacle for all potential
candidates.

The overall efficiency of a quantum memory is usually defined as the ratio of the energy
(or photon number) of the retrieved pulse to that of the pulse initially sent for storage, when
both are in the same mode (spectral or temporal). In cases where the memory is intended
to modify the recalled photon, for example, by changing its wavelength or temporal profile,
the efficiency is defined as the fraction of input photons that are successfully recovered in
the desired output mode. An ideal quantum memory has a unit efficiency corresponding to
no lost in energy during the storage.

Fidelity is a measure of the similarity between the input and output retrieved states of

a quantum memory, with an ideal memory achieving a fidelity of one, indicating an exact
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reproduction of the input quantum state. Fidelity can be expressed as F' = (¢|p|e)), where
|1)) represents the input quantum state, and p is the density matrix of the output state after
retrieval from the memory, conditioned on the detection of an emitted single photon.

The storage time refers to the duration for which a quantum memory can preserve the
quantum state of light. An ideal quantum memory would be capable of storing these quantum
states indefinitely and retrieving them on demand. In practice, the storage time—whether
for on-demand recall or a predetermined delay—is typically limited by the coherence times
of the atomic transitions utilized for memory storage. Long storage times can be achieved
through spin-wave storage, where quantum states of photons are mapped onto spin excita-
tions in the ground states, which generally have much longer coherence times. The required
storage time varies depending on the application. For quantum repeater applications, it is
determined by the time it takes for a photon to travel from a repeater node to a link node.
In practical scenarios, it must also be long enough to accommodate the classical communica-
tion time between nodes for entanglement swapping and heralding. This typically translates
to storage times ranging from milliseconds to seconds, making them suitable for quantum
repeaters.

The memory bandwidth represents the maximum spectral range over which the mem-
ory can efficiently store an input quantum state. It will determine how short the storage
pulse is and is crucial for effective integration with quantum light sources [96]. Moreover,
for the majority of applications, the memory’s storage time needs to be significantly longer
than the duration of the stored pulse.

The potential for multimode capacity in a quantum memory is a critical figure of
merit, characterizing its ability to store multiple independent optical modes simultaneously
and efficiently. These modes can span different degrees of freedom, such as temporal, spatial,
and frequency domains, significantly enhancing the throughput of quantum communication
protocols by enabling parallel storage of quantum states [97]. High multimode capacity is

particularly advantageous for probabilistic quantum applications, as it can greatly increase
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the rate of successful events. The total multimode capacity is determined by the product of
the number of modes across all relevant domains. This capacity scales differently with the op-
tical depth of the memory medium (d), a dimensionless measure of the medium’s absorption
strength, defined by the product of absorption coefficient and length (d = aL), depending
on the quantum memory protocol [98]. Moreover, in single-particle quantum memories, mul-
tiplexed atom—photon interfaces have been realized by simultaneously addressing multiple
atoms arranged within a single device [99, 100|. Among ensemble-based quantum mem-
ory approaches, the Atomic Frequency Comb (AFC) protocol is particularly well-suited for
multimode storage due to its independence from the optical depth of the storage medium
[98]. This property enables AFC memories to achieve large-scale temporal and frequency

multiplexing. In the next section, I will discuss the AFC quantum memory protocol in detail.

2.2.2 Atomic frequency comb (AFC) quantum memory

Among various protocols to implement ensemble-based quantum memories, Atomic fre-
quency comb (AFC) quantum memory [18, 101] is a promising candidate in quantum re-
peaters applications. An AFC memory consists of an ensemble of inhomogeneously broad-
ened atoms that correspond to the absorption line of an atomic transition, spectrally en-
gineered into a periodic series of comb-like peaks with the separation of A. This can be
done through frequency-selective optical pumping of atoms from the ground state to another
ground state which is a metastable state, e.g. a hyperfine state (see figure 4.1 in chapter
4). A resonant input pulse with the bandwidth matches the comb bandwidth is collectively
absorbed. After absorption at ¢ = 0, photon will be stored as a single excitation, distributed
collectively across all the atoms in the ensemble that are resonant with its frequency. The

resulting collective state is described by a Dicke state
N
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where z,, is the position of atom m, k is the light field wave number, 9,, = nA is the atomic
detuning from the laser frequency, with n taking integer values, and the state amplitudes
¢m depend on both frequency and spatial position of each atom. The collective excitation
initially begins to dephase due to variations in atomic frequencies. However, the periodic
structure of the comb results in a synchronized rephasing after a predetermined time inter-
val of t = 1/A derived from the condition e??™*A! = 1, the excitation will be in phase again
which lead to the echo pulse. Therefore, in the original AFC protocol, once the comb shape
is created, the storage time of the memory is set. By transferring the collective optical co-
herence between |g) and |e) to a spin excitation in the ground states employing an optical 7
pulse resonant with the transition from |e) to an unoccupied state |s) [102, 103], the photons
are stored as spin waves between |g) and |s), with the storage duration being limited by the
spin coherence lifetime, provided that spin transition is homogeneous. To retrieve the stored
excitation, a second 7 pulse resonant with the |e) <> |s) transition is applied, converting the
spin excitation back into an optical one. The total storage time is given by T, + 1/A, where
T, is the time interval between the two 7 pulses. Consequently, the spin-wave AFC protocol
allows for on-demand retrieval with extended storage lifetimes. Storage times ranging from
milliseconds to up to an hour have been demonstrated using the AFC protocol [104, 105],
by employing long-lived spin states.

The AFC memory achieves high temporal multimode capacity by leveraging the large
inhomogeneous broadening of rare-earth ions (REI) in solid-state materials [106, 107]. The
multimode capacity (Nmodes) Of an AFC memory is determined by the ratio of the AFC
memory bandwidth to the peak spacing, Npodes ~ I'/A, which is independent from the
optical depth of the medium. Multimode storage in other degrees of freedom, such as spec-
tral and spatial modes, has been demonstrated using the AFC technique [108, 109]. In the
case of multiplexing, the requirements on storage time are relaxed due to the increased suc-
cess probability enabled by simultaneous entanglement generation attempts across multiple

modes. The original AFC scheme (two level) can achieve near-noiseless operation, as atomic
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decoherence has no effect on the re-emitted photon’s state [110, 111]. As a result, it enables
extremely high conditional fidelities, with values reported as high as 99.9% [112]. For three-
level AFC (spin-wave storage), generally the storage process is not entirely noise-free, with
the achieved fidelity depending on the quality of the applied 7 pulses [113, 103|. Storage fi-
delities ranging between 75% and 85% for AFC spin-wave memories have been demonstrated
[114, 105].

Although AFC quantum memories theoretically have the potential to achieve nearly 100%
efficiency with sufficiently large optical depth and optimized comb finesse, practical limita-
tions often arise. These challenges include insufficient atomic absorption and difficulties in
creating well-structured spectral combs. Moreover, maintaining both high optical depth and
long coherence times simultaneously is particularly demanding, as coherence time generally
decreases with increasing doping concentration. Consequently, to achieve longer coherence
times, it is often advantageous to work with rare-earth doped crystals of lower optical depth.
One promising solution to overcome these limitations is the integration of the memory into an
optical cavity, which can significantly enhance light—-matter interaction and improve overall

efficiency.

Cavity-enhanced AFC quantum memory

Embedding the storage medium within an asymmetric optical cavity enhances the light—-matter
interaction. When the impedance-matching condition is satisfied, unity efficiency is theo-
retically achievable with an effective optical depth as low as one. Under these conditions,
the memory’s efficiency is constrained only by intrinsic atomic dephasing [19, 20| and can
approach unity with sufficiently high comb finesse (F'), defined as the ratio of the comb
spacing to the individual tooth linewidth (FWHM) (F' = A/~).

For an AFC quantum memory with an effective optical depth d and crystal length L inside
a general asymmetric cavity with mirror reflectivities Ry and Ry (where Ry < Ry &~ 1), the

reflected amplitude FE,./E;, can be derived by incorporating absorption into the standard
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“sum-over-all-roundtrips” method used for Fabry—Pérot cavities [19]:

Eow  —VRi+VRye™?
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(2.2)

Perfect absorption is achieved when the impedance-matching condition /R, = \/}Tge*‘z is
met. This implies that, for a given setup and comb preparation, there exists an optimal
optical depth that enables perfect absorption—unlike the no-cavity case, where high optical
depth is required to achieve high efficiency.

Several experiments have explored impedance-matched optical cavities to enhance stor-
age efficiency in AFC-based quantum memories [115, 116, 117, 118, 119, 120, 121, 122]. The
highest efficiency reported so far is 62% for a 2 us storage time [120], representing a notable
improvement over systems without a cavity. Despite these enhancements, accurately char-
acterizing AFC properties—such as the optical depth (OD)—within an impedance-matched
cavity remains experimentally challenging [115, 118]. In contrast to the no-cavity case, Beer’s
law is no longer directly applicable for extracting OD from transmission spectra.

Moreover, the impedance-matching proposal (equation 2.2) assumes that the quantum
memory bandwidth is much narrower than the cavity bandwidth, ensuring resonance condi-
tion. Consequently, it does not account for the combs prepared at frequencies detuned from
cavity resonance. It also neglects background absorption resulting from imperfect optical
pumping used when crafting the comb. The lack of a comprehensive and general theoretical
model for cavity-enhanced AFC quantum memories poses a significant challenge for inter-
preting experimental results. In particular, it hampers direct comparison with theory and
complicates the extraction of system parameters from measurements. The first project in
this thesis addresses these limitations by developing a theoretical model for cavity-enhanced
AFC quantum memories (see chapter 4).

The readout efficiency of a cavity-based AFC quantum memory—the ratio of the re-

emitted electric field after the storage time to the input electric field—can be derived via the
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same “sum-over-paths” method. This approach generalizes the efficiency formula from [19]
by including both the frequency comb and background absorption.

To extend the impedance-matching scheme to off-resonant combs with arbitrary band-
width, we incorporate the phase accumulated along each photon path in the cavity. We begin
with equation (A19) from [18], which gives the efficiency for a cavity-less AFC memory:

LLJ)Q = /L dzeFae "5 =ale ¥ (2.3)
Ef(07 t— KW ) 0
Here, « is the absorption coefficient; a(v)L = d is the optical depth due to the AFC; and
aol = dy corresponds to background absorption. Here the first factor under the integral
represents the amplitude of photon transmission to the point z, and the second one, & is the
amplitude of photon re-emission in the z-direction. The last factor represents the amplitude
of the emitted photon transmission from point z to the end of the crystal [18].
Now, to derive the readout efficiency of the cavity memory, we consider the photon’s

multiple round trips before absorption and after re-emission. The transmission to point z

becomes
az

CYOZ .
Tie~Ze 2 etz

1 — VR Rye—dLe—anLe—i®

where T} = 1 — R; and the total round-trip phase is ® = 2k L. The term associated with the

E.(z) = (2.4)

amplitude of the transmission of the emitted photon from point z to the end of the crystal

in equation (2.3) can be written as
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It is worth noting that the amplitude of photon re-emission in the z-direction, i.e., the &
term in equation (2.3), will not be modified since the desirable coherent re-emission of a
photon only stems from the atoms in the AFC and not the atoms in the background [101].

The full expression for the cavity-enhanced AFC memory efficiency, derived from equation
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(2.3), is
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(2.6)

The factor of 2 accounts for absorption during both forward and backward propagation.
We also take into account the irreversible atomic dephasing /7 in the Fourier transform of
the comb atomic spectral distribution, which stems from the reduction in the peak height
after the storage time of the AFC memory with respect to the central peak [18]|. Simplifying

equation (4) and multiplying by /7 yields the final efficiency expression
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where np = e‘t2a2, t is the storage time of the quantum memory and 7 is the comb width.
7 is related to FWHM peak width v through v = v/81n2%. Equation (2.7) generalizes equa-
tion 14 in [19] to the off-resonant cavity-enhanced AFC quantum memory with background

absorption.

Dispersion effect

To accurately model cavity-enhanced AFC quantum memory, it is essential to include the
dispersion effects arising from the engineered atomic absorption used to generate the comb.
While prior studies [123, 124] have explored the role of dispersion in AFC—particularly in
the context of its connection to slow-light-based storage protocols—there is no theoretical
model that incorporates the dispersion caused by absorption engineering within a cavity-
enhanced AFC system.

To model light propagation in a dispersive and absorptive medium, it is essential to
consider the complex refractive index n(v). This complex quantity captures both the phase

and attenuation characteristics of the medium. A plane wave traveling through such a
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medium acquires both phase and amplitude changes according to the expression

E(zx) = Eyexp(ikz) = Eyexp(inkoz) = Eyexp(iRe[i]koz) exp(—Im[f]koz), (2.8)

where kg = 27/)\g is the vacuum wave number and z is the propagation distance. The
complex refractive index can be written as n(v) = n(v)+ik(v). The real part of n(v), denoted
Re[n(v)] = n(v), governs the phase velocity of the wave governs and is responsible for the
dispersive behavior critical to AFC, while the imaginary part Im[n(v)] = k(v), denoted via
the absorption coefficient a(v) = 2koIm[n(v)], leads to the exponential decay in intensity due
to absorption. The absorption coefficient «(v) enters the Beer-Lambert law, which describes

the spatial decay of intensity I(z) in the medium

dr

o= —al = I(z)=Ie %, (2.9)

highlighting the role of engineered absorption in tailoring the spectral response of quantum
memories. The real and imaginary components of the complex refractive index n(v) are con-
nected via the Kramers—Kronig relations [125, 126, 127| (see chapter 4 for more details). This
formalism is crucial for modeling cavity-enhanced AFC quantum memory where dispersion
and absorption are inherently linked through the atomic comb structure. In chapter 4, we
show that, by incorporating dispersion, our model demonstrates close agreement with exper-
imental results and, in particular, enables prediction of memory efficiency across arbitrary

detunings from the cavity resonance.

2.2.3 Other quantum memory protocols

There are several protocols for implementing quantum memories. A comprehensive review
of both experimental and theoretical efforts across different schemes to implement quantum
memory can be found in [128, 17, 16, 55|. Here, we briefly describe some of the most popular

and widely studied ensemble-based light storage protocols.
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Electromagnetically induced transparency-based quantum memory

Electromagnetically induced transparency (EIT), first demonstrated in [129] is a nonlinear
optical effect where an initially absorbing medium becomes transparent to a resonant probe
laser in the presence of a control field. EIT is observed in a three-level A system, in which two
long-lived ground states are each coupled to a excited state. The probe field, which carries
the quantum information to be stored, is a weak optical signal resonant with one transition
and interacts with the medium under the influence of a control field that couples the other
ground state to the same excited level. When there is no control field, the probe is absorbed
by the medium. However, the presence of the control field opens a narrow transparency
window in the absorption spectrum of the medium through quantum interference, leading
to the probe transmission through the medium. This is accompanied by steep change in the
refractive index (real part of the complex refractive index) which significantly reduces the
group velocity of the probe the so-called “slow light” effect. By gradually turning off the
control field while the probe is inside the medium, its group velocity is reduced to zero, and
the optical excitation is mapped into a collective ground-state spin coherence (spin wave)
in the medium. This process involves no real population of the excited state, as the optical
excitation is directly mapped onto the spin-wave excitation via adiabatic elimination. To
retrieve the stored signal, the control field is turned back on, converting the spin coherence
back into an optical field that exits the medium as the original probe pulse. Although
storage efficiencies as high as 92% have been demonstrated [130], and storage times on the
order of seconds have been achieved using EIT-based schemes [131], their inherently limited

multimode capacity reduces their appeal for applications in quantum networks [98].

Off-resonant Raman-based quantum memory

The Raman memory protocol [132] employs a three-level A system, where a weak probe signal
field and a strong control field interact with the atoms. Both fields are equally detuned far

from the excited state, leading to an off-resonant quantum memory while EIT-based scheme
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relies on resonant interactions (see figure 2.2). In the absence of the control field, the probe
signal passes through the medium. However, when the control field is present, the probe
can be virtually absorbed resulting in a population transfer between the two ground states
via stimulated Raman scattering. This transfer generates a collective spin-wave coherence
within the ensemble. Switching off the control field effectively stores the excitation in the
medium, and reactivating it later retrieves the stored information by converting the spin-
wave back into a photonic signal. Raman-based quantum memory has been experimentally

demonstrated [133, 134, 135], with bandwidths above 1 GHz [134].

A

Control field

Probe field

| g)

Figure 2.2: A three-level (A) system is driven by a control field and a probe field, both
detuned by A from the excited state.

Controlled reversible inhomogeneous broadening quantum memory

The controlled reversible inhomogeneous broadening (CRIB) scheme, along with the gradient-
echo memory (GEM) (see next discussed scheme) and the previously mentioned AFC proto-
col, are are all part of the broader category of photon-echo-based quantum memories. Similar
to EIT and Raman-based approaches, these protocols are based on mapping the coherence
of an optical signal onto a collective atomic excitation. However, photon-echo-based mem-
ories specifically exploit the inhomogeneous broadening found in the absorption spectra of
certain media, such as rare-earth-ion-doped crystals (see chapter 3 for more details). In the

photon-echo-based schemes, an incoming optical pulse is absorbed by an ensemble of atoms
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with slightly different transition frequencies that causes the atoms to accumulate different
phases over time, leading to dephasing of the collective excitation. A controlled time-reversal
of the dephasing process is then employed to rephase the atomic ensemble, resulting in the
re-emission of the original signal, referred to as the echo pulse. Consider an ensemble of two-
level atoms with ground and excited states denoted by |g) and |e), respectively. Initially, all
atoms are prepared in the ground state, forming a product state |g1, go, ..., gv). When a pho-
ton enters the medium, its excitation is collectively absorbed, forming a collective state that
is a coherent superposition state across the ensemble, as described in equation (2.1). Due to
the inhomogeneous broadening, each atom’s transition frequency is detuned from the signal
frequency by an amount J,, resulting in collective state dephasing. Various photon-echo-
based memory schemes implement different rephasing techniques to reverse this dephasing
and enable retrieval of the optical signal. The CRIB, GEM, and AFC protocols differ in both
the prepared structure of the inhomogeneous broadening and the method applied to achieve
rephasing. In CRIB quantum memory [136, 137, 138] an initially narrow absorption line of a
medium such as a rare-earth-ion-doped crystal is broadened by applying an inhomogeneous
external electric or magnetic field, designing a controlled absorption profile. The broadened
ensemble can absorb an incoming optical pulse with a bandwidth larger than the initial
linewidth but narrower than the final broadening. Due to the inhomogeneous detunings
introduced by the external field, the atomic ensemble dephases after absorption. To recover
the signal, the external field is reversed (external field with opposite polarity) at time ¢t = T,
which inverts the detuning of each atom to —d,,, and effectively time-reverses the dephasing

process (there will be a factor of e~#27om!

in equation (2.1)). As a result, all atoms rephase at
time ¢t = 27T, leading to the collective re-emission of the echo pulse. Similar to AFC protocol,
control pulses can be applied to transfer the collective coherence to a long-lived hyperfine

ground-state. This protocol has been experimentally demonstrated in solid-state media and

shows promise for efficient, on-demand quantum memory applications [139].
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Figure 2.3: The figure illustrates the gradient-echo-based quantum memory protocol. (a) A
linear electric field is applied along the length of the storage medium, inducing a position-
dependent Stark shift such that different locations correspond to different resonant frequen-
cies. The storage pulse then enters the medium. (b) After reversing the polarity of the
electric field, the stored light is re-emitted as a forward-propagating echo. Figure from Ref.
[140]. Reprinted with permission from Phys. Rev. Lett. 101, 203601 (2008). Permission to
include the figure can be found in appendix A.

Gradient-echo quantum memory

The gradient echo memory (GEM) protocol, also known as longitudinal CRIB (LCRIB), is a
photon-echo-based quantum memory technique that evolved from the CRIB protocol. One
of the primary challenges in early CRIB implementations was the need for backward retrieval
to mitigate re-absorption of the re-emitted signal and improve the efficiency. However, it was
later shown [141, 142] applying a spatially varying external electric field along the direction
of light propagation (longitudinally) causes position-dependent frequency shifts across the
medium and can suppress re-absorption, enabling efficient forward retrieval (see figure 2.3).
The longitudinal broadening in GEM ensures that different regions of the medium absorb
and re-emit at distinct frequencies avoiding re-absorption of the echo in forward direction.
Some of the most significant experimental results in ensemble-based quantum memories have
been achieved using the GEM protocol [143, 144, 145, 64], including 87% recall efficiency in

a warm rubidium vapour [64].

Autler-Townes effect-based quantum memory

In spectroscopy, the Autler—Townes effect (also known as the AC Stark effect) describes

the splitting of an atomic absorption line when a strong, resonant electromagnetic field
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couples two quantum states. This phenomenon forms the foundation for a light storage
protocol known as the Autler—Townes splitting (ATS)-based quantum memory protocol {146,
147, 148|. Consider a three-level A system configuration where a weak, resonant probe
field interacts with the |g) — |e) transition, while a strong control field drives the |s) — |e)
transition. When the Rabi frequency of the control field (£2¢) exceeds the spontaneous decay
rate (I'ye), the probe absorption spectrum splits into two peaks separated by ¢, enabling
the coherent storage of the probe field. As the Autler—Townes splitting is directly linked to
the strength of the control field, the memory bandwidth is dynamically tunable, making the
ATS protocol inherently suitable for broadband quantum storage [147|. Depending on the
temporal configuration of the control field, realization of on-demand operation is possible
in ATS scheme [147|. By switching off the control field just before the first recall begins,
the storage is initiated by effectively freezing the optical excitation as a long-lived spin
coherence. Assuming negligible spin decoherence, the spin excitation is preserved during the
storage period. By reapplying the control field, retrieval process is triggered which maps the
spin-excitation back onto optical excitation, leading to re-emission of the stored light into the
output photonic mode. ATS quantum memories have experimentally achieved a bandwidth
of 15 MHz [147|, and storage efficiencies as high as 30% have been reported [149]. In addition,
theoretical study on implementing cavity-enhanced ATS memories with T centers has shown

promising potential [150].

2.3 Quantum Gates

Quantum gates are foundational for manipulating qubits in a quantum computer. Analogous
to classical logic gates, quantum gates operate on qubits through unitary transformations,
which preserve the norm of the quantum state. Mathematically, a quantum gate acting on

n qubits is represented by a 2" x 2" unitary matrix (U)



where U is the conjugate transpose of U , and [ is the identity matrix. Principles of quantum
mechanics, in particular superposition and entanglement allows quantum gates to perform
computations that have no direct classical analogs. These gates can not only perform bit
flips but also introduce phase flips, create entangled states, and rotate states of qubits on

the Bloch sphere.

2.3.1 Single-qubit gates

Single-qubit gates act on individual qubits and are represented by 2 x 2 unitary matri-
ces. Their operation corresponds to the rotations of the Bloch vector (qubit state) on the
Bloch sphere. Among the most fundamental single-qubit gates are the Pauli gates and the

Hadamard gate.

Pauli Gates

The Pauli gates: X , }7, and Z, are a set of basic operations that perform qubit state rotations

by 7 around the Z, g, and 2 axes of the Bloch sphere.

Pauli-X (Bit-flip) Gate:

1
In vector notation, the qubit states |0) and |1) are denoted as |0) = ,and |1) =
0 1

Pauli-X gate swaps the computational basis states as X|0) = [1), X|1) = |0), similar to a

classical NOT gate.

Pauli-Z (Phase-flip) Gate:
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This gate leaves |0) unchanged and flips the sign of |1) (Z]0) = [0), Z|1) = —|1)).
Pauli-Y (Bit and Phase Flip) Gate:

Yy —
The YV gate combines the effects of X and Z All Pauli gates are both unitary and Hermitian

(they are equal to their own conjugate transposes).

Rotation Gates

More general single-qubit operations can be achieved by rotation gates, which are defined as

exponentials of the Pauli matrices:
Rx(e) — 640)2/27 Ry(e) _ efieY/27 RZ(Q) — 67i02/2

These gates correspond to continuous rotations around the relevant axes of the Bloch sphere.

Any arbitrary 2 x 2 unitary matrix can be expressed into a product of these rotations as
U = e Rx (61) Rz (02) Rx (05),

where ¢ is a global phase and 6, 05, 03 are rotation angles. The above expression shows that
any single-qubit state can be transformed into any other state through unitary matrix U

using a sequence of such gates, confirming their universality for single-qubit operations.
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Hadamard Gate

A~

The Hadamard gate (H) is one of the most used quantum gates in quantum computing due

to its ability to create superposition states. Its matrix form is

which maps the computational basis states as follows

1

V2

1

H|0) = 7%

(10) + 1)), H[1) = —=(|0) —|1))

The Hadamard gate performs a 7 rotation around the axis (& + 2)/+/2 on the Bloch sphere,

moving the qubit state from the poles to the equator.

2.3.2 Two-qubit gates

Two-qubit gates are the quantum analogues of two-bit logic gates in classical computation.
They are crucial for generating entanglement which is a fundamental resource for quantum
information processing, and for enabling universal quantum computation by creating non-

classical correlations between qubits.

Controlled-NOT (CNOT) Gate

The controlled-NOT (CNOT) gate, also known as the controlled-X gate, performs a NOT
operation on the target qubit conditioned on the control qubit being in the state |1). Its

matrix representation is

CNOT =
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If it is applied to a product state, the CNOT gate can produce an entangled state. For
example

CNOT [(ar]0) + 1)) @ (v[0) + 6 [1))]

results in a two-qubit state that cannot be expressed as the tensor product of individual

qubit states.

Controlled-Z (CZ) Gate

The controlled-Z (CZ) gate is a two-qubit gate that applies a Z operation, i.e., a phase flip

to the target qubit if the control qubit is in state |1). It can be represented as

1 00 O

010 0
CZ =

001 0

000 -1

which leaves the basis states |00) , |01) , and |10) unchanged, but maps |11) to — |11). Similar
to the CNOT gate, CZ can also generate entanglement. These two gates are related via the

Hadamard transformation

CZ=(I® H) CNOT (I ® H)

that shows how changing the basis of the target qubit with a Hadamard gate transforms

between the CZ and CNOT operations.
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Controlled-Phase (CPhase) Gate

The controlled-Phase (CPhase) gate generalizes the CZ gate by applying an arbitrary phase

shift ¢ to the |11) state

100 0

010 O
CPhase(¢) =

001 O

0 0 0 €%

When ¢ = 7, the CPhase gate becomes equivalent to the CZ gate. These two-qubit gates
(CNOT, CZ, and CPhase) form the foundation for creating entanglement and implementing
quantum operations on multi-qubits. They can form a universal set of gates if combined

with a sufficient set of single-qubit gates.

2.4 Applications

In this section, I discuss some of the main applications of future global quantum networks.

2.4.1 Secure communications

One of the most important applications of quantum networks is the ability for quantum-
secure communication through quantum key distribution (QKD) over long distances [151].
Among various quantum technologies, QKD is one of the most mature, both theoretically
and experimentally [7]. In classical communication a secret key exchanged between two
distant parties can be intercepted and copied without detection, however, QKD leverages
fundamental quantum principles to detect any eavesdropping attempts. The most well-
known QKD scheme is the BB84 protocol, introduced by Bennett and Brassard in 1984 [6].
It uses single photons prepared in one of the four polarization states—vertical, horizontal,
45° or 135°—which correspond to two mutually unbiased (conjugate) polarization bases, to

encode key bits. Alice randomly prepares and sends these photons to Bob, and he measures

36



them in a randomly chosen basis. After the transmission, Alice and Bob communicate
over an authenticated classical channel to announce their choice of basis and keep only the
measurements made in matching bases, resulting in the sifted key.

Due to the no-cloning theorem and the non-commutativity of measurements in conjugate
bases, an eavesdropper (Eve) cannot gain information about the key without introducing
disturbances (errors). In a common eavesdropping strategy, Eve can guess about the basis
of each qubit, and make a measurement based on that which is called the intercept-and-
resend attack. Therefore, the probability that Alice and Bob can detect Eve is 1/4 for
one qubit when Alice and Bob use the same basis. By increasing the number of qubits
in the transmitted key (n), this probability is 1 — (3/4)™ which gets close to 1 for large
n values [152]. There are various protocols to realize QKD, such as the one proposed by
Ekert in 1991 the "E91 protocol’, which employs quantum entanglement for cryptographic
applications [153]. Numerous experimental demonstrations of quantum key distribution
(QKD) over long distances have been reported, including [154, 155, 156, 157, 158|. To extend
QKD beyond the limits of direct transmission, quantum repeaters are essential for mitigating
photon loss in optical fibers during key distribution. Alternatively, satellite-based QKD has
enabled secure key exchange over distances exceeding 7000 km [156]. Although practical
device imperfections continue to pose challenges, QKD offers information-theoretic security
that is fundamentally unattainable with classical approaches, establishing it as a cornerstone

of secure communication in future quantum networks.

2.4.2 Distributed quantum computing

Although, the advancements in quantum computing can revolutionize various fields, current
and near-future quantum processors operate in the NISQ era of noisy intermediate-scale
quantum devices with up to a few hundred qubits that are susceptible to errors and lack full
fault tolerance [159|. Scaling these systems to support large-scale, error-corrected quantum

computations is a big challenge [160, 161, 162|. Distributed Quantum Computing (DQC) is
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a promising approach to overcome such limitations by connecting multiple smaller quantum
processors containing a relatively small number of qubits through classical and quantum
communication channels [163, 164, 165, 166|. This approach transforms the scaling problem
into the task of building modular units and establishing reliable connections between them
8]

The ability to perform entangling operations such as CNOT gates, between qubits lo-
cated in different modules is a critical requisite for DQC. As direct transmission of quantum
information between modules is prone to loss, DQC often relies on quantum teleportation as
a key protocol for transferring information (quantum states) between qubits located in differ-
ent modules (see section 1.5). Broadening this concept, quantum gate teleportation (QGT)
allows for the implementation of non-local quantum gates between distant qubits employing
an entangled Bell pair and classical communication [167].Assuming each node can perform
arbitrary single-qubit and two-qubit gates locally, QGT scheme provides the remaining in-
gredient to realize a universal set of quantum gates for distributed quantum computing
[168]. The communication distance between modules can be extended by utilizing quantum
repeaters, leading to reliable teleportation operations over long distances (see section 2.1).
There have been various experimental demonstrations of DQC [169, 170, 171| including the
one where distributed quantum computing between two photonically connected modules sep-
arated by two meters was experimentally realized, a controlled-Z (CZ) gate was teleported
between the modules, and a distributed version of Grover’s search algorithm spanning both
modules was executed successfully [172]. Recently, DQC protocols have been demonstrated

in T centers, highlighting their potential as a platform for distributed quantum computing

[93].

2.4.3 Quantum internet

Quantum internet that consists of a network of connected quantum processors and commu-

nication nodes globally is the ultimate goal of quantum information processing [10, 173, 174].
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Such a network can transform various quantum technologies from QKD to DQC by allowing
users around the world to access quantum resources remotely and securely [174]. Eventually,
it could outperform even the most advanced monolithic quantum computers by enabling
distributed processing across multiple nodes.

One of the key challenges in realizing a practical quantum internet is finding a reliable way
to transmit quantum information over long distances. Quantum repeaters play an important
role by distributing entanglement across long-distance quantum links [13]. The generated
entanglement serves as a resource for performing various tasks. Different strategies may be
required for realizing the global quantum network, depending on the distance between nodes.
For beyond a few hundred kilometers, direct fiber transmission essentially loose its viabil-
ity. For distances less than 2,000 km, fiber-optic quantum repeaters may be an ideal option
[1]. Satellite-based quantum communication using low-Earth-orbit (LEO) satellite links of-
fers an optimal choice for intercontinental connections (a few thousand kilometers). There
have been various experimental demonstrations by the Micius satellite including satellite-
to-ground QKD [175], entangled photon pairs distribution over 1200 kilometers [176], and
ground-to-satellite quantum teleportation [177|. Experimental demonstrations of QKD over
even longer distances have also been achieved (see section 2.4.1). For the greatest distances,
deploying geostationary satellites that remain fixed relative to the Earth’s surface, thereby
ensuring continuous connectivity could be an option, although this requires more expensive,
specially designed satellites that can withstand the increased radiation at those altitudes
[178]. As a result, quantum repeaters employing LEO satellite links was proposed to enable
broader coverage [178]. Moreover, incorporating quantum memories on satellites could mit-
igate channel loss and synchronize entanglement distribution [179].

Thanks to significant research advancements across the various building blocks, the real-

ization of a scalable quantum internet is becoming an attainable goal.
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Chapter 3

Physical platforms

In this chapter, I will discuss a range of physical platforms employed for the implementation
of quantum network elements, with a focus on those utilized in the projects presented in this

thesis [180, 181].

3.1 Rare-earth ion doped crystals

Rare-earth-ion-doped crystals (REICs), initially explored for their spectroscopic properties
and potential in laser physics, are among the most attractive platforms for implementing
quantum information processing technologies because they offer a controlled environment
with relatively isolated ensembles of a single atomic species. In particular, their resilient
to environmental effects make them ideal for quantum storage. Rare-earth elements are
atoms from the sixth row of the periodic table, including scandium, yttrium and fifteen
metallic elements known as the lanthanides. Their 4f-4f optical transitions remain largely
isolated from the crystal host environment, leading to narrow homogeneous linewidths and
long coherence times. This is caused by the partial shielding of the 4f shell electrons by
the filled 5s, 5p, and 6s shells that possess larger radial distributions [182]. In REICs,
rare-earth trivalent ions—formed by the loss of three outer electrons (the 5d and two 6s

electrons)—typically occupy host lattice sites by substituting host cations. (The electron
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configuration of these ions in their trivalent state is [Xe| 4™, where n ranges from 0 to 14,
depending on the ion. The most studied rare-earth ions include Eu®t, Er®*, Pr¥*, Nd**,

Yb**, and Tm?3*.
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Figure 3.1: The figure shows homogeneous vs inhomogeneous broadening in the optical
transition of Rare-earth-ion-doped crystals (REICs).

The optical transitions of REICs features a combination of homogeneous and inhomo-
geneous broadening as shown in figure 3.1. Homogeneous broadening arises from dynamic
processes that perturb the ion’s transition frequency or phase and typically affects all ions in
the crystal lattice equally. It is fundamentally limited by the excited-state lifetime T}, such
that '™ > 1/(27T}), and is directly related to the coherence time Ty (includes both pop-
ulation decay and dephasing effects) through T'"™ = 1/(#T3). In practice, Ty is often much
shorter than 27} due to dephasing processes caused by interactions with the host lattice
and other dopant ions, implying that Ty < 277. At cryogenic temperatures (below 10 K),
homogeneous linewidths become extremely narrow—typically ranging from less than 1 kHz
to 1 MHz. At these low temperatures, shielding by the 5s and 5p electrons results in the
dominant limitation to the homogeneous linewidth arising from magnetic interactions with
nearby rare-earth dopants or magnetically active constituents in the host lattice. Therefore,
to minimize these effects and achieve long coherence times, crystal hosts with low concen-
trations of nuclear spins and rare-earth dopants are desirable [183]. One of the narrowest
homogeneous linewidths reported at 50 Hz, has been observed for erbium ions doped into

yttrium orthosilicate (YSO) crystals [184], limited by an excited-state lifetime of around
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10 ms.

Doped into crystal hosts, rare-earth ions experience static variations in their local envi-
ronments, such as strain, electric and magnetic fields, and disorder from the crystal growth
process, which cause each ion to experience a slightly different local field. As a result,
the resonant frequencies of these ions exhibit small Stark and Zeeman shifts, leading to
inhomogeneous broadening, I'™", in the absorption spectra. The inhomogeneous broaden-
ing can vary greatly depending on the crystal host. Typically, inhomogeneous broadening
span from several hundred megahertz up to tens of gigahertz [185]. However, there have
also been reports of more extreme cases, with linewidths as narrow as 10 MHz [186] and
as broad as 250 GHz [184]. For the quantum memory applications, a large inhomogeneous
broadening is desirable, as it enables a broad working bandwidth that can be precisely en-
gineered using spectral hole burning techniques, while a narrow homogeneous broadening is
preferred because it results in longer optical coherence times. REICs are often implemented
as ensemble-based quantum memories, particularly in photon-echo-based protocols, offering
extended coherence lifetimes, broad bandwidths, and high multimode capacity (see chapter
4.1). In protocols such as AFC, a larger inhomogeneous broadening enhances the multi-
mode capacity, since the number of achievable peaks depends on the medium’s homogeneous
and inhomogeneous linewidths without requiring an increase in the sample’s atomic density.
These unique electronic and spectroscopic properties make REICs versatile platforms for

solid-state quantum memories in future quantum networks.

3.1.1 Thulium-doped Yttrium Aluminum Garnet (Tm:YAG) crys-

tal

Thulium-doped Y3Al;015 (Tm:YAG) with Tm3" ions substituting Y3* sites in the YAG
lattice is a rare-earth-ion-doped crystal that has emerged as an attractive platform for quan-
tum memory and communication applications. The optical transition of Tm?* in YAG at

around 793 nm (between the ® Hg ground manifold and the 3 H, excited manifold) can be con-
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veniently addressed using commercially available diode lasers, making it a popular choice in
quantum technology [185|. Its near-infrared wavelength can also be efficiently converted to
the telecommunication C-band which makes Tm:YAG compatible with existing fiber-optic
networks. Besides, the only stable isotope of thulium, %*Tm, has a nuclear spin of [ = 1/2,
resulting in a simple hyperfine structure that has no hyperfine splitting in the crystal field
levels at zero magnetic field. When an external magnetic field is applied, both the ground
and excited states associated with the 793 nm transition are split into a pair of spin states.
Applying a small splitting between spin states leads to a low probability of spin-flip transi-
tions, which facilitates optical pumping and creates high-resolution spectral features in the
system. As a result, it enables the implementation of A-type optical memories under an
applied magnetic field [185, 119]. The lack of additional hyperfine levels precludes memory
protocols relying on population transfer to the spin states, making thulium ions a suitable
candidate only for two-level AFC memories with predetermined storage time.

Tm:YAG features a large inhomogeneous broadening of approximately 20 GHz and a
narrow homogeneous linewidth of around 10kHz [182] at cryogenic temperatures (around
1.5-4K) thanks to weak electron-phonon coupling. The relatively long optical excited-
state lifetime of approximately 77 = 800 us, combined with a coherence time of at least
Ty = 30 us [182, 187|, provides ample time for optical storage and retrieval. There have been
various experimental quantum memory demonstrations using Tm:YAG crystals, including
[119, 187]. The combination of broad inhomogeneous linewidth, long optical coherence times,
and a simple hyperfine structure makes Tm:YAG a promising choice for implementing broad-

band, multimode, and long-lived quantum memories for quantum networks.

3.2 Defect centers in silicon

Silicon-based photonic platforms benefit from decades of technological maturity which in-

cludes best-in-class integrated single-photon detectors, a broad range of quantum optics tools,
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and compatibility with the worldwide integrated photonics industry, widely used in data-
center interconnects, telecommunication networks, biosensing, Light detection and ranging
(LiDAR), and emerging quantum photonic technologies, all making silicon an attractive
platform for scalable quantum information processing. While hybrid integration with other
architectures has enabled interfacing of photon—spin systems with silicon photonics, silicon
host itself offers remarkably long spin coherence times, especially in isotopically purified 2*Si.
The discovery of individually addressable photon—spin centers in silicon could remove the
need to advance photonics infrastructure in less mature material platforms.

Among the defects that emit in the telecommunication bands, radiation damage centers
such as the G, C, and W centers are prominent due to their bright luminescence and narrow
zero-phonon linewidths. These centers are formed by irradiating silicon with high-energy
particles (e.g., electrons, neutrons), displacing atoms and creating vacancies. Mobile inter-
stitial silicon atoms may subsequently swap with substitutional impurities such as carbon,
forming various defect centers. Annealing after the irradiation procedure increases atomic
mobility in the lattice, thereby affecting the formation probability of specific centers [188].
The G center, for example, has earned considerable attention due to its emission at 1280 nm
[189] and demonstrations of its integration with silicon photonic structures. The W and C
centers emit at 1217 nm [190] and 1571 nm [191], respectively.

Ensembles of these centers in isotopically purified 2®Si have exhibited narrow optical
linewidths (up to two orders of magnitude narrower than in natural silicon). Despite their
optical strengths and ease of fabrication, the G and W centers have been found to lack
unpaired electron spins, limiting their suitability for use as spin qubits. However, the C
center has a spin-dependent excited state, which may be used for optical readout of nearby
13C nuclear spin qubits, although this remains an open research direction [191, 188]. These
limitations have motivated the exploration of other defects, such as the T, M, and I centers,
which are predicted to host unpaired electron spins [192]. Among these, the T center has

recently emerged as a particularly attractive candidate for integration into silicon photonics,
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as discussed in more detail below.

3.2.1 T center in silicon

T centers in silicon have recently emerged as a promising platform for quantum technologies.
It combines long electron and nuclear spin coherence times with spin-selective bound exciton
excited state optical transitions in the telecommunication O-band well aligned with existing
fiber-optic infrastructure. They can be integrated into CMOS-compatible silicon-on-insulator
(SOI) photonic chips making them particularly attractive for scalable quantum networks and
distributed quantum computing, offering both technical and commercial advantages [193].
Isotopically purified silicon (*8Si) enhances the spin-photon interface by eliminating 2°Si nu-
clear spins, which improves spin coherence and reduces the inhomogeneous broadening of
optical transitions [91].

The T center is composed of two carbon atoms (directly bonded) and a hydrogen atom
(bounded to one carbon) substituting for a silicon atom in the lattice, leaving an unpaired
electron in a dangling bond which is essential for applications in quantum technology [194, 91|
(see figure 5.1). The excited state of the T center is formed through a defect-bound exciton,
where a hole binds to the localized defect state occupied by the electron, leading to spin-
selective optical transitions. Due to the defect’s reduced symmetry, the hole states split into
two spin doublets called TX, and TX;. When a static magnetic field is applied, the TX,
zero-phonon line splits into hole spins ||;) and |1) (four spin-dependent transitions). Due
to the anisotropy of the unpaired hole spin in the excited state, twelve distinct orientational
subsets can be individually addressed, each with its own gy (hole g factor) determining
the energy level splittings. Each T center is associated with one of these subsets, resulting
in up to forty-eight observable optical transitions [91, 195] (see figure 5.1). T centers can
be formed in silicon grown by various methods, with state-of-the-art fabrication relying on
ion implantation of carbon and hydrogen followed by a heat treatment between 350°C and

600°C. The annealing step activates the defects, while excess hydrogen in the silicon can
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passivate them, effectively deactivating their optical emission [91, 196].

Although T centers in silicon have been known for several decades [194, 192, 197, 198,
199, 200], their potential as a spin-photon interface for quantum technologies was recently
explored [91]. That study focused on ensembles of T centers in isotopically purified ?8Si and
measured key properties, including long electron and nuclear spin coherence times of 2.1 ms
and 1.1s, respectively, as well as spin-selective optical emission from the TX, transition at
1326 nm, with a lifetime of approximately 940 ns. The Debye-Waller factor, which quantifies
the fraction of emission into the zero-phonon line, was measured to be 0.23 [91]|. Although
the exact value of the radiative efficiency 7, remains uncertain, Ref. [92] established a lower
bound of 7, > 0.23 for an individual T center, indicating that at least this fraction of emis-
sion proceeds via radiative decay. T centers have also been fabricated and investigated in
commercial materials beyond bulk silicon, including the 220 nm device layer of silicon-on-
insulator wafers and integrated silicon photonic waveguides [196, 195, 201] (see chapter 5 for
more details). To boost fluorescence emission, Purcell enhancement of individual T centers
in low-loss silicon photonic crystal cavities has been demonstrated [93, 92, 202|. Recent
experimental progress further highlights the promise of T centers in advancing quantum
network. Ensembles of T centers have been studied as potential quantum memories and
transducers by investigating their spin properties, measuring optical depths, and analyzing
achievable efficiencies [150]. Moreover, Ref. [93] reported the generation of entanglement
between the electron spins of two individual T centers using the Barrett-Kok photon inter-
ference protocol, demonstrating their potential as distributed quantum network nodes. At
the single T center level, a local CNOT gate was implemented by exploiting the electron
and nuclear spins as control and target qubits, respectively, using Rabi oscillations on the

relevant microwave transition.
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3.3 Other physical platforms

3.3.1 Atomic Gases

One of the most commonly used platforms for quantum memory applications is ensembles
of neutral atoms in the gaseous phase, typically composed of atoms such as rubidium (Rb),
cesium (Cs), strontium (Sr), and ytterbium (Yb). Atomic gases are broadly categorized
into hot vapors and cold atoms. Cold atoms are laser-cooled to sub-kelvin temperatures
and are confined in optical traps or lattices, where their low thermal motion allows precise
control of quantum states and interactions. In contrast, hot atomic vapors consist of room-
temperature ensembles of the same neutral atoms that are confined in glass vapor cells.
Various ensemble-based quantum memory protocols such as EIT [130], ATS [147, 148], off-
resonant Raman-based schemes, and GEM [145, 203] have been experimentally demonstrated
in these systems with a maximum achieved storage efficiency of up to 92% using the EIT
protocol [130], and a record storage time of 16s in cold atoms [204]. Although hot atomic
vapors are of interest for practical applications due to their potential for room-temperature
operation, the observed quantum storage lifetimes remain significantly shorter than those
achieved with cold atoms [55]. In addition, noise arising from spontaneous four-wave mixing
processes poses a significant challenge for hot vapor memories, which can generate spurious
photons and degrading the fidelity, particularly in EIT and Raman-based implementations
[205, 17].

3.3.2 Color centers in diamond

Both nitrogen-vacancy (NV) centers and silicon-vacancy (SiV) centers are color centers in
diamond that have attracted significant interest. An NV center is formed when a nitrogen
atom substitutes for a carbon atom in the lattice, adjacent to a missing carbon atom (a
vacancy). On the other hand, the SiV center forms when two neighboring carbon atoms are

replaced by a single silicon atom, occupying a position between the two vacant sites [16].
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Coupling to nearby nuclear spins with long coherence times provides a robust approach
for long time quantum state storage. In both NV and SiV centers, nuclear spins such as 3C
nuclei located near a "N impurity in NV centers [206], and 2Si [207] or nearby '*C nuclei
[208] in SiV centers, have exhibited coherence times on the order of several seconds.

Two photon interference-based entanglement generation, in particular the Barrett—Kok
scheme [209], has been demonstrated between NV centers [79, 81|, and heralded entanglement
between two quantum network nodes separated by 10 km and connected via 25 km of deployed
optical fiber has been realized [51]. In addition, multi-node networks with NV centers have
been demonstrated [210]. Also, Ref. [52, 211] demonstrated heralded entanglement between
two independently operated SiV nodes separated by 6 m, employing a 40 km low-loss fiber
spool loop and a 35km deployed fiber link in an urban environment. These experiments

highlight the potential of SiV and NV centers for long-distance quantum networks.
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Chapter 4

Towards a realistic model for
cavity-enhanced atomic frequency comb

quantum memories

4.1 Preface

Cavity-enhanced atomic frequency comb (AFC) quantum memory is promising for long-
distance quantum communication. Here, we develop a theoretical model for cavity-enhanced
AFC quantum memory that accounts for dispersion effects, and we demonstrate that the
model closely matches our experimental results.

This work was carried out in collaboration with a few co-authors. My primary contribu-
tions to to this work include developing the theoretical model, performing data analysis on
the experimental results, and carrying out numerical calculations and coding. I also wrote
the initial draft of the manuscript and subsequently implemented revisions based on feedback

from the other co-authors.
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Abstract

Atomic frequency comb (AFC) quantum memory is a favorable protocol in long distance
quantum communication. Putting the AFC inside an asymmetric optical cavity enhances the
storage efficiency but makes the measurement of the comb properties challenging. We develop
a theoretical model for cavity-enhanced AFC quantum memory that includes the effects of
dispersion, and show a close alignment of the model with our own experimental results.
Providing semi-quantitative agreement for estimating the efficiency and a good description
of how the efficiency changes as a function of detuning, it also captures certain qualitative

features of the experimental reflectivity. For comparison, we show that a theoretical model
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without dispersion fails dramatically to predict the correct efficiencies. Our model is a step
forward to accurately estimating the created comb properties, such as the optical depth
inside the cavity, and so being able to make precise predictions of the performance of the

prepared cavity-enhanced AFC quantum memory.

4.2 Introduction

Optical quantum memory with the ability to store and recall on-demand quantum states
of light with high efficiency and fidelity [212, 213, 214] is one of the essential elements for
long-distance quantum communication based on quantum repeaters [14, 24]. It also has sev-
eral applications in linear-optical quantum computation, single-photon detection, quantum
metrology, and tests of the foundations of quantum physics [215].

AFC quantum memory [18, 101] is a promising candidate in quantum repeater appli-
cations because of the capability to simultaneously store and read out multiple temporal
and spectral modes that could enhance the performance of the quantum repeater via faster
entanglement generation [97, 216, 48, 217, 218, 219, 109]. Also, as opposed to other quan-
tum memory protocols, with the AFC technique, the number of temporal modes stored in a
sample is independent of the optical depth of the storage medium [18].

To implement AFC quantum memory, rare-earth-ion doped crystals are particularly suit-
able due to the long coherence times of their optical 4f-4f transitions at cryogenic temperature
[185, 220]. Long optical storage time has been demonstrated in rare-earth ion-doped crystal-
based AFC quantum memory by using dynamical decoupling techniques to increase the spin
coherence time 221, 104, 222].

The efficiency of the AFC quantum memory was improved by enhancing the preparation
procedure of the AFC. These include optimization of the comb shape in Tm:YAG crystal
[223] where some improvement in the efficiency has been demonstrated compared to the

initial preparation procedure of the AFC [187, 101], and creation of high resolution (large
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finesse) AFCs by optimizing the pulse sequence which has been demonstrated in Er:YSO
using hyperfine levels [224] leading to improvement in the AFC quantum memory efficiency.

To achieve high efficiency in quantum memories, a large optical depth in the storage
material is typically needed. However, in practice, simultaneously achieving high optical
depth and long coherence times is difficult [225]. This trade-off is exemplified by the obser-
vation that the coherence time is usually inversely dependent on the doping concentration.
So, to have high coherence times, it is preferable to work with lower optical depth (OD)
rare-earth doped crystals. To overcome this limitation, it was proposed to incorporate the
storage medium in an asymmetric optical cavity. By applying the impedance matching con-
dition, unit efficiency can, in principle, be obtained with an effective optical depth of only
one [19, 226]. In this situation, the memory efficiency is only limited by intrinsic atomic
dephasing.

So far, several experiments have been carried out based on the impedance matching pro-
posal [19, 226] using the AFC technique [115, 116, 117, 118, 119, 120]. To date, the best
efficiencies obtained are 62% [120] for the storage time of 2 us, 56% [115] for the storage
time of 1.1 pus and 53% [116] for the storage time of 2 us. Based on the experimental results,
between 12-20 fold enhancement in the storage efficiency has been obtained by putting the
AFC memory in an impedance-matched optical cavity compared to the no cavity case. How-
ever, it has been experimentally difficult to measure the AFC properties, e.g., optical depth
within the impedance-matched cavity [115, 118, 119] because it is no longer straightforward
to determine it from the measured frequency-dependent transmission using Beers law, as is
the case for a crystal without a cavity. The fact that no detailed general theoretical model
for cavity-enhanced AFC quantum memory exists, makes it difficult to compare experiments
to theory, and hence also to infer the system parameters from experiments. The original
proposal [19, 226] assumed a memory bandwidth significantly smaller than the cavity band-
width to satisfy the resonance condition, and so did not discuss the combs that are created

at frequencies detuned from the cavity resonance. Also, the background absorption due to
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imperfect optical pumping used to create the comb shape was ignored. Although, authors in
Ref. [123, 124] have investigated the role of dispersion in AFC as a protocol closely associ-
ated to the slow-light-based storage protocols, so far there has not been a theoretical model
for cavity-enhanced AFC quantum memory that includes the dispersion originating from the
absorption engineering of ions to create the comb inside the cavity.

Here we develop a more general model that addresses all of these points. We extend
the impedance-matched model beyond the resonance condition by including the round-trip
phase shifts of light as travelling inside the cavity in the initial proposal [19] making it valid
for any AFC bandwidth with a background absorption, and created at any detuning with
respect to the cavity resonance. We show that, including dispersion, our developed model
closely aligns with our own experimental results, and in particular enables prediction of the
experimental memory efficiency at any detuning with respect to the cavity resonance. The
paper is organized as follows: In sections 4.3 and 4.4 the theoretical model and the exper-
iment performed are discussed. In section 4.5 the method to predict the cavity-enhanced
AFC quantum memory reflectivity and efficiency is explained. Furthermore, we show results
from the theory and compare them to the experimental data. In section 5.6 we elaborate on
a comparison to a theoretical model without dispersion, and the conclusion and outlook are

given in section 5.7.

4.3 Theoretical model for cavity-enhanced atomic fre-
quency comb quantum memory

An AFC quantum memory consists of an ensemble of inhomogeneously broadened atoms
engineered as periodically comb-like peaks in frequency domain (see figure 4.1), which is
realized through frequency-selective optical pumping of atoms from the ground state to a
metastable state, e.g., a hyperfine state. A resonant input pulse with the bandwidth that

matches the comb bandwidth is collectively absorbed. After absorption of the light, the

53



collective excitation initially starts dephasing; however, after a time ¢t = 1/A, (A is the
spectral distance between the peaks in Hz), due to the periodic structure of the comb, the
excitation will be in phase again which leads to the echo pulse [18].

We consider an AFC quantum memory with optical depth contrast d. and a background
absorption optical depth dy inside a general asymmetric cavity with mirror reflectivities R;
and Ry where Ry < Ry =~ 1 (see figure 4.1) and apply the "sum over all round-trips” approach
of a Fabry-Perot cavity. We include absorption factors both for the frequency comb and the
background due to additional background absorption to obtain the reflected intensity from
the cavity. Furthermore, to extend the impedance-matched proposal for off-resonant combs
with an arbitrary bandwidth, we include the phases associated with each path in the sum
over all round trips (compared to the on resonance equation (11) in Ref. [19]). The reflected

amplitude (Eout/FEin) from the cavity [227, 228] can be written as

Eout TV Rl + V R2€7d(y)€7iq)(y)
Ei N 1-— \ R1R2e—d(y)e—i¢>(u) ’

(4.1)

where L is the length of the crystal, d(v) = a(v) L is the optical depth, and «(v) is the
frequency-dependent absorption coefficient. In addition, the total round-trip phase is ® =
2K L, where K = QW%V) is the wavenumber, and n(v) is the real refractive index of the

matter inside the cavity. ®(v) can be written as

() = 4r VL (4.2)

c

where c is the speed of light in the vacuum.

Equation (4.1) for the reflected amplitude can be interpreted as the response function of
the cavity. We will refer to both terms interchangeably. Since FE,,; contains terms which
depend on the optical depth and the phases associated with each path in the sum over all
round-trips, the reflectivity of the cavity will become frequency dependent over the comb

bandwidth. Equation (4.1) is a general version of equation (11) in Ref. [19] and can be
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Figure 4.1: (a) Crystal inside a general asymmetric cavity with mirror reflectivities R; and
Ry where Ry < Ry ~ 1. (b) The natural inhomogeneously broadened absorption profile of
the medium (Tm:YAG in this paper) is shaped into a comb structure where the peaks are
separated by A and have a width (FWHM) of v as shown on the right. The finesse of the
comb is defined as F' = %. Note FWHM peak width ~ is related to the peak width 4 through

v =+v8In24. Due to the comb structure, there will be a coherent re-emission after a time
1
Z.

applied to both on-resonance and off-resonance conditions. In section 4.5, we use equation
(4.1) to simulate the reflectivity of the cavity and compare it with the experimental data.
We assume an AFC with an engineered optical depth d(v) of a series of Gaussian peaks
with identical amplitudes (d.), spacing (A), width (%), and a constant dy which is the
optical depth associated with the background absorption. The AFC optical depth d(v) can
be written as
_(w=bp)?

9
dv)=> dee” = +dp (4.3)

k=1

where the number 9 in the summation is the number of created teeth in the experiment, by
is the center of each Gaussian function (each AFC tooth) and by — bx—; = A (see figure 4.1).
The optical depth of the crystal defines the initial «(v), and optical pumping to define the
comb reshapes the natural absorption profile. The resulting profile can be described using
dy for residual unaffected absorption, and d(v) for the total absorption corresponding to the
newly shaped comb features.

By including the dispersion originating from the atomic absorption in the model there is
a frequency-dependent refractive index n(v) in the phase ®. The complex refractive index

n(v) can be written as 7(v) = n(v) + ik(v). The real part of the complex refractive index

95



n(v) is responsible for the change in the phase of light (see equation (4.2)). The imaginary

part of the complex refractive index k(v) is related to the absorption coefficient as,

k(v) = . (4.4)

The real and imaginary parts of the complex refractive index n(v) are connected through
the Kramers-Kronig relations, through the real x, () and imaginary y;(v) parts of the sus-
ceptibility of a medium [125, 126, 229, 127, 230|

00 LI ()]
o) =2p [T
0

T 1/2 _ V2

2 < vy, (V
xi(v) = =P Xl ,)2

T Jo VP—v

dv/’ (4.5)

where P symbolizes the Cauchy principal value. Note that in these equations v is the
absolute frequency, whereas we show the detuning in most of the rest of the paper. Thus,
a frequency-dependent absorption coefficient results in a frequency-dependent k(v) and it
affects the real refractive index n(v). Using the Kramers-Kronig relations (equation (5)) we

can write the the real part of the complex refractive index n(v) as
2 < VEkW) |,

n is the constant real refractive index of the host crystal (YAG in this paper) [231, 232].
Putting the obtained n(r) for the comb in equation (4.2), the change in phase of light ® is

calculated and one can write the equation for ¢ as

B(v) = 4rL (n + %7’ /0 T VRY) dz/) (47)

c V/Q _ 1/2

Note that to calculate the real refractive index n(v) at each frequency the absorption coeffi-

cient must be defined over the entire frequency range. Figure 4.2 a shows an example of the
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employed optical depth for a comb created close to the cavity resonance. Employing such

an absorption coefficient allows us to calculate the real refractive index n(r) over the comb.

Figure 4.2b shows the calculated real refractive index n(v) for the comb shown in figure

4.2a. Using equation (4.7) for ®, one can calculate the reflectivity of the cavity-enhanced

AFC quantum memory as a function of frequency which will be done in section 4.5.
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Figure 4.2: (a) The natural inhomogeneously broadened optical depth of Tm:YAG crystal
with the comb-shape engineered optical depth for the comb at —2.7720 GHz detuning with
respect to the center of the inhomogeneous broadening embedded into that. (Inset) The
created comb-shaped optical depth over the comb bandwidth. (b) The calculated real refrac-
tive index n(v) over the entire frequency range for the optical depth shown in (a). (Inset)

n(v) over the comb width.
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Figure 4.3:  (a) Schematic of the experimental setup. A tunable external cavity diode
laser serves as the light source. The first order of the acousto-optic modulator (AOM) goes
through a polarization controller (PC) before passing an electro-optic phase modulator (PM).
An arbitrary waveform generator (AWG) sends electrical signals to drive the AOM and the
PM and control the experimental sequence. The 50/50 beamsplitter ensures that the same
optical fiber transmits light to the crystal and collects the reflected light. The photodetector
PD1 detects the back-reflected light from the crystal cavity whereas detector PD2 monitors
the input laser light intensity. The sample is kept inside an adiabatic demagnetization
refrigerator (ADR) and another superconducting magnet placed inside the cryostat applies
a DC magnetic field to the crystal sample. (b) Energy level diagram of Tm®" ion. For
optical pumping, the laser is tuned to the |g) — |e) transition. Under the application of an
external magnetic field, the ground state splits into Zeeman levels |g) and |s). The latter
serves as the auxiliary level for the formation of the atomic frequency comb (AFC). The echo
after the storage time is emitted at the |g) — |e) transition frequency.

4.4 Experiment

We have performed our experiments in a 0.1% thulium-doped Y3Al5015 (Tm:YAG) crystal

3% s well

cavity, the same as used in Ref. [119]. The optical transition wavelength of Tm
suited for free-space quantum communication, making it attractive for ground-to-satellite
communication, for example, for Canada’s QEYSSat satellite mission [233, 234, 235, 236|.
Furthermore, its wavelength is compatible with quantum memories based on rubidium gas,
allowing the possibility of designing hybrid platforms [64, 147]. Tm:YAG has wide inho-
mogeneous broadening (~20 GHz) and narrow homogeneous linewidth (~10 KHz) [182], in
principle, permitting broadband, multimode, and long-lived quantum memories.

Our crystal is approximately 4 mm long and the AFCs are generated at a cryogenic tem-

perature of 1.5 K. The two ends of the crystal surface are reflection coated with approximate

reflectivities Ry = 40% on the front end and Ry = 99% on the back end [119] to satisfy the
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impedance matching condition. As a result, the created asymmetric optical cavity has a
finesse close to 7 and free spectral range close to 20 GHz.

Figure 4.3 a shows the experimental setup. Light near 793 nm from an external cavity
diode laser (ECDL) passes through an acousto-optic modulator (AOM) driven at 400 MHz.
While the zeroth order of the AOM is monitored on a wavemeter to measure the wavelength
of the laser, the first diffracted order is directed to the crystal in the cryostat after passing
through a phase modulator (PM) and a 50/50 beamsplitter. The energy level structure of
Tm>" ions is shown in figure 4.3b. Under the application of an external magnetic field, the
ground state *Hg splits into the Zeeman levels |g) and |s). The phase modulator is used to
carve out the combs by selectively pumping ions in the frequency domain from the ground
state |g) to the spin state |s) [119], mediated by the excited state |e). The 50/50 beamsplitter
is employed to be able to send and receive photons by back-reflection from the cavity using
the same optical fiber. The optical fiber is terminated in a ferrule, which is placed in front
of a gradient index (GRIN) lens. Both the ferrule and lens are inserted in a tight-fitting
50 mm-long capillary, which is fixed at one end to the crystal mount and at the other to a
xyz nano-positioning stage. In this way, movement of the nanopositioner will change the
angle of the capillary, and, thus, the enclosed fibre and GRIN lens, to the crystal surface
allowing the input mode to be aligned to the cavity mode.

AFC combs are created at varying frequencies across the cavity spectrum by tuning the
ECDL frequency. For measurements of the cavity reflection spectrum, the ECDL frequency
can also be continuously swept across nearly 50 GHz. The strength of the external magnetic
field controls the Zeeman splitting between the spin levels |g) and |s). We choose a magnetic
field value close to 500 Gauss such that during the optical pumping in the AFC prepara-
tion, the atoms from the AFC troughs are almost all moved to the AFC peaks, increasing
their optical depth nearly by a factor of two [119]. This efficient AFC preparation ensures
that almost all the atoms participate in the absorption and re-emission process. An arbitrary

waveform generator (AWG) drives the AOM and the PM to create the experimental sequence
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for optical pumping and input pulse generation. After 50 ms optical pumping and 5 ms wait
time, we send in narrow-band input pulses generated by the AOM. The back-reflected light,
after passing through the beamsplitter, is collected on one of the photodetectors (PD1 in
figure 4.3a). We tune the laser to different wavelengths and record the AFC scans at each
wavelength. The scans are obtained with the help of a phase modulator, which generates a
linear chirp spanning the whole AFC width. The frequency spanned is 200 MHz in 100 us.
The photodetector PD1 detects the chirped light after interacting with the AFC profiles
and the AFC scans are obtained on an oscilloscope connected to PD1. We repeat the ex-
perimental sequence 100 times with a 200 ms interval between each repetition to reduce the
experimental noise and generate a steady AFC. We take the average of these 100 scans on
the oscilloscope to obtain the effective AFC trace. After the AFC trace is collected at a
particular wavelength, we send an input pulse centered at that wavelength. We observe the
unabsorbed part of the pulse and the echoes emitted on the oscilloscope connected to PD1.
Similar to the AFC scans, we repeat the experimental sequence 100 times and take the aver-
age to obtain the effective traces for the pulses and the echoes. To obtain the input electric
field (Fi,) in Equation (4.1), we go to an off-resonant frequency, greater than 200 GHz away
from the center of the inhomogeneous broadening. Since almost no atoms interact with the
incident light at this wavelength, the AFC trace is close to a flat line. Also, virtually no
part of the incident pulse is absorbed at this wavelength and no echoes are emitted. The
unabsorbed part of the incident pulse is now taken as the input pulse for calculating the
memory efficiencies. We monitor the fluctuations in the input power of the laser as we tune
its wavelength by connecting the free port of the beamsplitter to another photodetector
(PD2) as shown in figure 4.3a. We calculate the experimental efficiencies by dividing the
area of the first echo at each wavelength by the area of the input pulse. The maximum
experimental efficiency is obtained for the comb close to the cavity resonance frequency and
at the detuning of —2.7720 GHz from the resonance frequency of the atoms (all the detunings

in the present manuscript are with respect to the center frequency of the inhomogeneously
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broadened atomic transition, unless otherwise mentioned).
Using the theory discussed in section 4.3 and this experimental setup we are able to
extract some relevant features of our memories and verify the performance of our new model

in the following section.

4.5 Results and Discussion

In this section, we show and analyze the experimental results. First, equation (4.1) is fitted
with the experimental data for the reflectivity of the crystal cavity with no comb carved into it
and the values of the crystal cavity properties are obtained as the fitting parameters in section
4.5.1. Note that equation (4.1) is for the reflected amplitude and not the reflected power
(|reflected amplitude]2 = reflected power). Next, the crystal cavity with a spectral-shaped
AFC is considered. By fitting the model to the measurement results for the reflectivity and
using the obtained fitting parameters for the crystal cavity properties from the previous step,
the shape and optical depth of the created combs are extracted as shown in section 4.5.2.
The fitting scripts are all coded in Matlab [237|, and the curve fitting and optimization
toolboxes are applied. Finally, the obtained comb properties from the fitting are used to
predict the efficiencies of the created cavity AFC quantum memories at various frequency
offsets across the cavity profile in section 4.5.3, and the predicted memory efficiencies are

compared to the experimental results.

4.5.1 Cayvity reflectivity without comb

The reflected power at different frequencies for the crystal cavity with no AFC carved into it
can be obtained using equation (4.1). The values of the crystal cavity properties are obtained
as the fitting parameters from fitting equation (4.1) in the model with the experimental nor-
malized reflected power for the Tm:YAG crystal cavity with no comb engineered into it as

measured in [119]. The real refractive index n(v) in equation (4.2) is frequency dependent

61



0.7 T T T T T T

*  experimental data
fitted curve from the model

o o o o o
(V) w N o o

Reflected Intensity (Norm.)

©
[E=N

0 I I I I I I
-30 -20 -10 0 10 20

Frequency Offset (GHz)

Figure 4.4: Experimental cavity reflectivity and the fitted curve from the model.

Table 4.1: Obtained parameters for crystal cavity properties from cavity reflectivity without
comb (see figure 4.4).

Crystal Cavity Properties
Peak absorption coefficient | apear (cm™) 1.70
Front mirror reflection r =+VR 0.6927
Back mirror reflection re = /Ry 0.9999
Constant refractive index n 1.799972
Cavity/crystal length L (cm) 0.4350
Beam-splitter ratio S 1.7142
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and can be obtained using equation (6) (section 4.3). The inhomogeneously broadened ab-
sorption spectrum of Tm in YAG is a Lorentzian function centered at vy = 377,868 GHz,
with a FWHM of Iy, = 17 GHz [238]. Figure 4.4 shows the data for the reflectivity of the cav-
ity at different frequencies and the fitted curve to the data. We see three cavity resonances in
the figure. Near impedance-matching occurs at the frequency offset of —3.19 GHz. It should
be noted that the impedance-matched point is close to the perfect impedance-matching: the-
oretically 100% of the input light should be absorbed at the impedance-matched frequency
(zero reflection); however, the experimental value got close to 95% absorption. The obtained
impedance-matched frequency for the fitted curve is in good agreement with the experimen-
tal value of —3.4 + 0.5 GHz where the uncertainty in the measured value comes from our
optical wavemeter smallest significant digit. The maximum value of the Lorentzian func-
tion of the absorption spectrum is also set as a fitting parameter. This takes into account
possible variations in crystal growth and sections of the boule from which our sample was
cut. Although the experimental cavity reflection data (figure 4.4) is measured through a
50/50 beamsplitter, the measured maximum reflectivity value of slightly more than 0.5 in
figure 4.4 implies the employed beamsplitter was not exactly a 50/50 one. To account for
that there is a factor of s as a fitting parameter so that (reflected power / s) is fitted to the
experiment, with s = 2 corresponding to an ideal 50/50 beamsplitter. The obtained values
for the crystal cavity parameters are shown in table 4.1. Also, the obtained peak absorption
coefficient (apeax = 1.70 cm_l) is in good agreement with the measured value of between
1.9cm™ to 2.3cm™! [182, 238].

In the next step the obtained fitting parameters for the crystal cavity properties are used

to analyze the experimental reflectivity of the cavity-enhanced AFC quantum memory.

4.5.2 Cayvity reflectivity with comb

In this section the experimental data for the reflected power of the cavity-enhanced AFC

quantum memories created at different detunings are analyzed to extract the combs’ features.
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Table 4.2: Obtained comb parameters for cavity-enhanced AFC quantum memories created

at different detunings across the cavity profile (see figure 4.5).

Comb Properties | Comb a | Comb b | Comb ¢
d. 1.5260 | 1.4867 | 1.4261

A (MHz) 23.4598 | 23.8160 | 24.3382

4 (MHz) 3.6063 | 2.9755 | 3.4462

dy 0.2008 | 0.0526 | 0.0254

As stated in the section 4.3 it is assumed the AFC is a series of Gaussian functions with the
same amplitude (d.), spacing (A), width (3), and with a constant background absorption
do (see equation (4.3)). We use equation (4.7) to calculate the phase ®. Then equation
(4.1) is fitted to the experimental data for the reflected power of each of the memories at
different wavelengths and the comb parameters d., A, 7, and d, are extracted as the fitting
parameters. The fitted curves to the experimental reflected power using the model equations
are shown in figure 4.5 and the extracted fitting parameters are shown in table 4.2 for three
AFCs created at three critical regions across the cavity features (see figure 4.5d). The first
one is the AFC created far from the cavity resonance at the detuning of 2.2765 GHz with
respect to the resonance frequency of the atoms (see figure 4.5a). The second one is close
to the impedance-matched frequency at the detuning of —2.7720 GHz (see figure 4.5b). The
third comb is in an intermediate regime, and on the other side of the cavity resonance at the
detuning of —3.8675 GHz (see figure 4.5 c).

Figures a, and c in 4.5 show there is an asymmetry (skewness) at the bottom of the
experimental data for the reflectivity of the combs created at 2.2765 GHz and —3.8675 GHz,
which is captured in the fitted curves obtained from the model. In figure 4.5 for the shown
combs, the skewness at the bottom of the reflected power data changes direction as one
moves from one side to the other side of the cavity resonance, which is also true for all the

other combs that are not shown, and is captured by the model. Also, for the comb created

at —3.8675 GHz detuning (see figure 4.5c) there is an skewness around its lowest point at

64



the bottom of the experimental data for all of the teeth in the comb captured to some extent
in the model (for most of the teeth in the comb). Moreover, note the shapes at the top of
the comb created close to the impedance-matched point at —2.7720 GHz frequency offset,
and the fact that the maximum of the experimental reflectivity is lower as compared to the
other two combs. As one can see in figure 4.5 b, relatively similar features are obtained by
the model.

Discussing the obtained fitting parameters for the comb properties in the model, the
spacing (A) between the teeth, which is related to the storage time of the AFC quantum
memory, is very similar amongst the created AFCs as expected, and approximately the
same as the model. Considering the storage time of 42 ns for the memories, one can obtain
A = 23.81 MHz, which is in good agreement with the extracted A values in table 4.2. Thus,
the challenges to understand the comb features are mainly focused on achieving the true
values for the atomic absorption depth and the width of the related combs. The obtained
value of 4 in the model for each comb shown in figure 4.5 does not change a lot within different
combs resulting in nearly the same values for the finesse of different combs as expected from
the experiment. Considering the pumping procedure (section 4.4) and the inhomogeneous
broadening in the absorption spectrum of Tm:YAG crystal, we expect somewhat lower d,.
values compared to the ones obtained from the model. This leads to a difference between

the theoretical and experimental efficiency which is discussed in the next section.

4.5.3 Memory Efficiency

We now calculate the efficiencies of the created cavity-enhanced AFC quantum memories
numerically taking the following steps. First, we take the Fourier transform (FT) of the input
pulse sent for storage to the memory. Then by multiplying the input pulse in the frequency
domain by the response function of the cavity (which contains the phase information), the
output from the cavity AFC quantum memory is obtained in the frequency domain. Finally,

the numerical inverse Fourier transform (FT) results in the output in the time domain.

65



Q
O

— experimental data — e xperimental data
091 fitted curve from the model | | 091 fitted curve from the model | |

LR

MULLELLE
VUV

L L L L L L
218 228 238 -2.87 -2.77 -2.67

Frequency Offset (GHz) Frequency Offset (GHz)

Reflected Intensity (Norm.)
Reflected Intensity (Norm.)

Cavity Reflectivity
s Absorption profile

e experimental data

09 fitted curve from the model | |
025

‘
0.4 b
1 01}
03 il
0.05 [ . . ot Y
I | c b

. L L L L L L L
-6 -5 -4 -3 2 1 2 3

- -1 0
Frequency Offset (GHz)

Absorption (cm-1)

Reflected Power (Norm.)

Reflected Intensity (Norm.)

L L
-3.97 -3.87 -3.77

Frequency Offset (GHz)

Figure 4.5: Experimental cavity-enhanced AFC quantum memory reflectivity and the fitted
curves for three combs created at three critical regions across the cavity features. (a) shows
a comb far from the impedance-matched frequency (at the detuning of 2.2765 GHz). (b)
shows a comb close to the impedance-matched frequency (at the detuning of —2.7720 GHz).
(c) shows a comb in an intermediate regime (at the detuning of —3.8675GHz). (d) The
inhomogeneously broadened absorption spectrum of (Tm:YAG) crystal and the reflectivity
of the (Tm:YAG) crystal cavity over a smaller range (the range of the created combs). The
locations of the above combs are labeled a, b, and ¢ corresponding to the combs in subfigures
a, b, and c.
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Calculating the square of the absolute value of the output to obtain the output intensity and
then plotting the output intensity with respect to time one can obtain the cavity-enhanced
AFC quantum memory efficiency by calculating the area under the first echo, i.e., the pulse
that occurs after the storage time of the memory, and dividing it by the integrated input
intensity. The obtained value is the calculated numerical efficiency of the cavity-enhanced
AFC quantum memory. The numerical calculation is performed by coding in Matlab and

using the Fast Fourier transform (FFT) algorithm.
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Figure 4.6: The output pulses obtained theoretically for a comb close to the impedance-
matched frequency. Memory storage time of 42 ns is visible which is the difference between
the occurrence time of the reflected part of the input pulse (not being absorbed and stored)
and the first recalled (echo) pulse.

Figure 4.6 shows the obtained output pulses with respect to time from the model for
a cavity-enhanced AFC quantum memory created near the impedance-matched frequency.

In the obtained output we see several pulses where the first one is part of the input pulse
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Figure 4.7: The figure shows the measured experimental efficiency of the created combs,
the theoretical efficiency from the model including dispersion, the efficiency obtained when
neglecting dispersion, and the cavity reflectivity.

reflected from the cavity, and the other remaining pulses are the echo pulses in a decreasing
order.

The calculated efficiencies for all the combs created at different detunings across the cavity
features are shown in figure 4.7 along with the measured experimental memory efficiencies.
Based on the experimental data the maximum echo emission (efficiency) occurs for the AFC
created close to the impedance-matched frequency. The obtained efficiency trend in the
model is the same as the experiment, with the maximum experimental efficiency for the
comb created near the impedance-matched frequency.

The model still does not capture all features of the experimental reflectivity. For example,
there is an asymmetry over the comb bandwidth in the fitted curve in figure 4.5 ¢, which is

not exactly the same as the experiment. Also, for the comb created close to the impedance-
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matched point (figure 4.5b) we do not perfectly capture the features at the top of the
experimental curve. Indeed, for different combs, these features appear differently. This leads
to an inaccurate estimation of the combs’ features and likely to an overestimation of the
calculated memory efficiencies. These facts suggest that although the skewness in the data
may not seem that important at first look, it is important for being able to predict the

combs’ features precisely, and, so, to predict efficiencies close to the experimental values.

4.6 Comparison to a theoretical model without disper-
sion

It is worth investigating the effect of neglecting dispersion due to the atomic absorption,
leading to a constant real refractive index n in equation (2) for the YAG crystal [231, 232].
One can do the process of fitting equation (4.1) to the experimental data for the cavity reflec-
tivity without and with comb the same as 4.5.1 and 4.5.2 and extract the comb parameters
as the fitting parameters. Doing so the skewness at the bottom of the experimental reflected
power data for the combs created far from the impedance-matched frequency (figure 4.5a),
and in an intermediate regime (figure 4.5¢), and also the shapes at the top of the comb
created close to the impedance-matched point (figure 4.5b) are not captured in the fitted
curves.

Talking about the obtained fitting parameters, although for each comb the obtained val-
ues of A, and dy remain relatively the same as before and there is a small change in the
obtained value of 4, considering the pumping procedure (section 4.4) there is a noticeable
misestimation in the obtained d,. values of the created combs. Our model lets us obtain more
reasonable d, values for the created combs.

Employing the same steps as 4.5.3, we can calculate the efficiencies of the created AFCs
at different detunings across the cavity profile. Figure 4.7 shows that the calculated effi-

ciency for all the created combs is lower than the experimental results. Far from the cavity
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resonance there is only slight disagreement between the theoretical and experimental effi-
ciencies, but as one gets closer to the cavity resonance the disagreement becomes much more
prominent. This suggests that dispersion becomes more important for the combs created
closer to the impedance-matched frequency (cavity resonance).

Note that the underestimation of the efficiency in the absence of dispersion is not purely
due to the misestimation of d.. Using the refractive index (n) as a fitting parameter, it is
possible to obtain reasonable values for d. even in the absence of dispersion, but the pre-
dicted efficiencies are still much too low. The underestimation of the efficiency is also due
to the violation of causality in the absence of dispersion, which leads to an unphysical echo

occurring before the input pulse associated with a reduction of the physical echos.

4.7 Conclusion and outlook

In summary, we have developed a model for cavity-enhanced AFC quantum memory, which
helps to address the challenges of the measurement of comb properties inside the cavity.
Employing the experimental cavity reflectivity, our model allows us to estimate the comb
properties and the efficiency of the cavity-enhanced AFC quantum memory with a back-
ground absorption and arbitrary bandwidth created at any frequency offset with respect to
the cavity resonance. Using the model, one obtains realistic values for the optical depth, as
well as the correct trend for the efficiencies (they are maximum near resonance). Further-
more, the predicted values are in semi-quantitative agreement with the experimental ones.
For comparison, we have also shown that a model without including dispersion completely
fails to predict the memory efficiencies. Our results confirm the important role of dispersion
effects in successfully modeling cavity-enhanced AFC quantum memories.

The model still does not capture all the features, which may be related to the fact that
predicted efficiencies are somewhat higher than those achieved in experiments. This discrep-

ancy is likely related to a number of points. First, the shape of the individual created teeth is
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not a perfect match to that of the model; they are closer to a rectangular shape rather than
the assumed Gaussian shape. Second, residual reflectivity from the lenses causes some addi-
tional modulation on the transmitted intensity - due to a cavity being formed between the
lens and the crystal - which affects the obtained parameters for the cavity. Third, averaging
the experimental runs for each output trace can influence the experimental efficiency if some
of the contributing runs featured lower efficiencies, e.g. from occasional laser instability.

Going forward, to upgrade AFC memory from predetermined storage time to on-demand
readout, one can transfer the coherent excitation to a long-lived ground state spin coherence
using optical control pulses which produce noise in the system [18, 102, 239, 240, 241, 216].
Employing the Stark effect it is possible to have an on-demand AFC quantum memory with-
out the need for applying optical pulses and as a result being noise free [242].

Recently, a chip-integrated AFC quantum memory has been demonstrated using a thin-
film lithium niobate waveguide doped with thulium (Tm®") rare-earth ions. Thin-film
lithium niobate offers a more compact device structure compared to bulk material and is
compatible with wafer-scale fabrication [243]. It would be interesting to adapt our theoret-
ical model to a cavity with a waveguide crystal instead of a bulk crystal. Considering the
new fabrication techniques for the waveguides and photonic materials being available [244],
compared to the older, lossy diffusion waveguides [245|, an integrated cavity platform should
be feasible experimentally. Advancement in nanofabricated rare-earth ion doped crystals
platforms may enable arbitrary-scale arrays of quantum memories for multiplexed quantum
repeaters [121].

This work is focused on the impedance-matched weak coupling regime. There are some
works more focused on the strong coupling regime [246, 247| which have the potential advan-
tage of faster and more efficient memory preparation by Purcell enhancing the spontaneous
decay rate [121]. One potential future direction is to investigate the effect of going into
strong light-matter coupling regime on the memory storage and retrieval process, where new

phenomena may arise [248].
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In sum, we anticipate that this work can further inform the next generation of cavity-
enhanced quantum memories leading to more rapid progress towards their application in

quantum networks.
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Chapter 5

Exploring the feasibility of probabilistic
and deterministic quantum gates

between T centers 1n silicon

5.1 Preface

T center defects in silicon offer an attractive platform for quantum technologies owing to
their unique spin properties and compatibility with mature silicon technologies. Here, we
investigate several gate protocols between individual T centers, with a particular focus on
photon interference-based scheme with feedback that can achieve success probabilities above
50%. We present the first analytical calculations of its entanglement fidelity and efficiency,
and comprehensively evaluate and compare the performance of all the schemes.

This work was carried out in collaboration with a few co-authors. My primary contribu-
tions to to this work include investigating various potential gate schemes between individual
T centers in silicon, quantitatively analyzing and comparing the schemes, and evaluating
them based on metrics such as fidelity, efficiency, and gate time. I also wrote the initial draft

of the manuscript and incorporated revisions based on feedback from the other co-authors.
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Abstract

T center defects in silicon provide an attractive platform for quantum technologies due
to their unique spin properties and compatibility with mature silicon technologies. We
investigate several gate protocols between single T centers, including two probabilistic photon
interference-based schemes, a near-deterministic photon scattering gate, and a deterministic
magnetic dipole-based scheme. In particular, we study a photon interference-based scheme
with feedback which can achieve success probabilities above 50%, and use the photon-count
decomposition method to perform the first analytical calculations of its entanglement fidelity
and efficiency while accounting for imperfections. We also calculate the fidelity and efficiency

of the other schemes. Finally, we compare the performance of all the schemes, considering
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current and near-future experimental capabilities. In particular, we find that the photon
interference-based scheme with feedback has the potential to achieve competitive efficiency

and fidelity, making it interesting to explore experimentally.

5.2 Introduction

Quantum gates and entanglement generation schemes are foundational to realize future
quantum technologies. They are essential for processing quantum information in quantum
computers [21, 23, 22| and for the generation, storage, and swapping of entanglement for
long-distance quantum communication through quantum repeaters [15, 24|, paving the way
for building the future global quantum internet |1, 10, 11].

Solid-state systems have attracted considerable attention as a platform for future quan-
tum networks elements, including quantum memories (249, 210, 211, 17, 180]. Quantum
gates and entanglement generation schemes have been proposed and implemented in various
solid-state systems, such as rare-earth ions doped in crystals [250, 251, 252|, nitrogen-vacancy
(NV) centers [253], and silicon-vacancy (SiV) centers in diamond [254, 255].

The family of silicon defects have been investigated for decades starting even before the
development of quantum technology [194, 192, 197, 198, 199, 200]. These defects, which ex-
hibit sharp spectral features, are produced by irradiation or heat treatment, and are therefore
often referred to as radiation damage centers. The T center in silicon has recently drawn
significant attention in the context of quantum technology due to its unique features [193].
Silicon is an attractive host due to its compatibility with the current established electronics
and photonics platforms. The T center in silicon offers long lived electron and nuclear spins,
and, importantly, spin-selective bound exciton excited state optical transitions at 1326 nm
wavelength in the telecommunication O-band [91] making it an ideal matter-photon inter-
face. The T center in isotopically purified 2®Si offers enhanced electron and nuclear spin

lifetimes and reduced inhomogeneous broadening of optical transitions.
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T centers have also been created and studied in commercial materials other than bulk
silicon such as the 220 nm device layer of silicon-on-insulator wafers [196, 195] and integrated
silicon photonic waveguides [201].

Besides, some of us have explored the potential of T center ensembles for implementing
various quantum memory and transduction schemes by characterizing the T center spin en-
semble, measuring optical depth, and discussing achievable efficiency [150].

Figure 5.1 a illustrates the atomic structure of the T center in silicon, as proposed by
[256] and later confirmed through observations in [91] and a first-principles study in [257].
Figure 5.1 b depicts the level structure and relevant optical transitions of the T center. The
characteristics of the ensemble of T centers in bulk silicon are shown in figure 5.1 c.

So far, Ref. [93] has shown the first demonstration of entanglement generation between
the electron spins of two remote individual T centers using the photon interference-based
scheme proposed by Barrett and Kok [209]. A CNOT gate in a single T center, with the
control and target being the nuclear and electron spins (C,NOT,) was also demonstrated
by Rabi oscillations driving the MW, transition [93]. Assuming enhancements in the fabri-
cation of integrated T centers and that the bulk T center properties represent the ultimate
performance of integrated devices, Ref. 93] also evaluated the potential achievable efficiency
and the maximum fidelity of performing the interference-based Barrett-Kok entanglement
distribution protocol for future T center systems.

The gate scheme discussed in Ref. [93] is probabilistic, with a maximum theoretical
success probability of 50%. Considering the limitations of current experimental capabilities,
the practical success rate is lower, imposing even greater overheads for various applications.
This raises interest in exploring alternative schemes that could either be deterministic or
achieve higher success probabilities given current and near-future experimental potential. In
particular, implementing feedback during the measurement based on photon counting fol-
lowing the photon interference-based scheme as proposed in [258| promises a higher success

probability compared to the scheme discussed in Refs. [93, 209] and unit efficiency in the
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Figure 5.1: (a) shows the atomic structure of the T center in silicon based on the proposal
of Ref. [256]. Figure from Ref. [91]. (b) Energy level structure of T center and the optical
transitions Aq, By, C1, D1 of the TX, bound exciton excited state. The anisotropy of the
unpaired hole spin in the bound exciton state results in 12 independently addressable ori-
entational subsets. Figure from [150]. (c) Optical excited state and ground state properties
of T centers in bulk silicon [91, 150]. T} and T5 represent the lifetimes and coherence times,
respectively, while h, e, and n denote the hole spins, electron spins, and nuclear spins.

ideal case.
Here, we analyze this scheme and apply the photon-count decomposition method de-
scribed in Ref. [259] to derive analytical expressions for its fidelity and efficiency, accounting

for various imperfections, including optical decoherence, spin dephasing, photon loss, and
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collection and detection inefficiencies. We use our results to evaluate the performance of
this scheme and explore the feasibility of implementing other schemes for T centers. We
quantitatively analyze these schemes based on previous works 259, 260, 261]|, which were
originally developed for different systems. Finally, we compare their performance in light of
current experimental advancements. Our findings suggest that the photon interference-based
scheme with feedback offers a competitive combination of efficiency and fidelity, making it
worth investigating experimentally.

We discuss implementing probabilistic protocols based on photon interference, both with
and without feedback in section 5.3. Additionally, we examine a near-deterministic photon
scattering-based gate in section 5.4 and a deterministic magnetic dipole-based gate in section
5.5. For each scheme, we estimate key characteristics, such as fidelity, efficiency, and gate
time. In section 5.6, we compare the performance of the schemes. Finally, the conclusion

and outlook are given in section 5.7.

5.3 Probabilistic photon interference-based gates

First, we discuss the photon interference-based (IB) scheme in subsection 5.3.1. Next, in
subsection 5.3.2, we quantify the performance of the IB scheme with feedback (IBF). It
is worth noting that these entanglement generation protocols can be transformed into a
controlled-Z (CZ) gate by changing the measurement basis to a mutually unbiased basis

262].

5.3.1 Interference-based scheme

The interference-based (IB) entanglement generation scheme, introduced by Barrett and
Kok, is widely used in quantum networks and distributed quantum computing [209]. It
has been demonstrated experimentally for entanglement generation in several systems e.g.,

two trapped ytterbium ions in vacuum chambers separated by 1 m [263], ytterbium ions in
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nanophotonic crystal cavities [264], and nitrogen—vacancy (NV) centers in diamond with a
separation of 3m [253]. Recently, this scheme has been demonstrated experimentally in T
centers separated by 6 m [93].

Let us consider two three-level atoms with long-lived ground states [1), and |]) (the
electron spins), and an excited state |e) (the hole spin) which decays to |]). This scheme
is implemented by preparing the atoms in the superposition of their ground states, (|1) +
11))/v/2. Then, an optical 7 pulse is applied to each qubit, coherently driving the |]) < |e)
transition. The resulting emissions from both systems are interfered on a beam splitter, and
the system is left to wait until the detection time T} to detect exactly one photon. Assuming
the photons emitted by the two atoms are indistinguishable, the two atoms will be projected
onto one of the maximally entangled Bell states. Due to photon loss, it is possible in reality
to detect a single photon even when both atoms are in the state [|]). To remove such a
possibility both qubits’ spins are flipped and the process is repeated. The state ||J) is flipped
to [11) and will emit no photons. Detection of another photon in the second round heralds
the entanglement generation [209, 253].

Thus, the entanglement time for the IB scheme is approximately Tg = 2Ty + 6t where
0t is the time to perform the spin flip. Since the final maximally entangled state can be
one of two Bell states out of the four Bell components of the initial state, the maximum
theoretical efficiency of the scheme is ;3 = 0.5. The efficiency of Bell state measurement
can in principle be improved beyond 0.5 by employing methods such as the use of ancillary
photons [44, 45]. The performance of the scheme employing ancillary photons has been
quantified and compared to conventional Bell state measurements [265|, and its feasibility
has been experimentally demonstrated [46]. The efficiency can approach unity by utilizing
increasingly complex ancillary states. However, this comes at the cost of elevated apparatus
complexity, a higher likelihood of component errors, and the need for multi-photon detection,
all of which restrict their practical application.

The efficiency and fidelity of the IB entanglement generation scheme can be calculated
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employing the photon-count decomposition method [259] where the density operator solution
of the master equation is decomposed into a set of conditional propagation superoperators
dependent on the cumulative detector photon count.

While this gate scheme does not inherently require a cavity for operation, its fidelity
rapidly decreases with increasing detection time in the absence of a cavity, and the efficiency
becomes too low. We show that incorporating a cavity significantly enhances both the
efficiency and fidelity. Each system can be placed in a separate optical cavity, with only the
transition ||) <> |e) coupled to the cavity mode.

When the gate time approaches or exceeds the spin coherence time, spin decoherence
begins to affect the system. Since we use the electron spin in single T centers, the dominant
spin decoherence comes from spin dephasing, the rate of which is four orders of magnitude
larger than that of spin decay, as shown in figure 5.1c. In this case, we can consider only
the effect of spin dephasing to quantify the efficiency and fidelity. The efficiency of the IB

scheme employing the cavity is given by

77,2 ,
mB = 7(1 — e Tar')2 (5.1)

where 7/ is the Purcell enhanced optical decay rate, the term e~74" describes the probability
of the T center remaining in its excited state after a time T}y, and 7’ is
F, pVzpl

n' = Nane o (5.2)

In this expression, 7; and 7. represent the detection and collection efficiencies, respectively.
The zero-phonon line (ZPL) emission rate is given by 7., = 7,71, where the ZPL efficiency
(n.p1)—also known as the Debye-Waller factor—is the fraction of total emission occurring
in the ZPL. For T centers, this value is n,, = 0.23 [91]. The radiative decay rate -, can
be expressed as v, = 1,7y, where v = 1/T3, is the optical decay rate between |e) and |T1),

and 7, is the radiative efficiency. While the exact value of 7, is not yet precisely known,
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[92] established a lower bound of 7, > 0.23 for an individual T center, and, for all gate
performance evaluations, we assume 7, = 0.23. The Purcell factor, F,, describes the ZPL
cavity enhancement. Due to the significant presence of phonon sidebands in T centers, the
modified decay rate in a cavity with Purcell enhancement is given by 7' = F,v,, + . The
term % in the equation (5.2) is the photon emission efficiency from the cavity mode (7, )
in the bad cavity regime with v < k [266, 252]. Recently, a value of v/ = 27 x 2.5 MHz
was achieved experimentally by incorporating individual T centers into an optical cavity on
a photonic chip [93], resulting in an emission efficiency of 7., = 0.93 for a cavity-coupled

single T center.

The fidelity of the IB entanglement generation scheme within the cavity is calculated as

Fip = = (1 + M) | (5.3)

2 1 — e 7Ta)?
with
Cis(Ty) = ﬁehw(l — ) Tay, (5.4)
I = ~' 4+ 29* represents the FWHM of the Purcell-enhanced emission line, where v* =
1/T5, — /2 is the optical pure dephasing rate, and v = 1/T,, — 1/2T}, is the spin dephasing
rate. dt is the time for the spin flip.

Since we consider a local gate, we assume no delay in detection in both rounds, meaning
the time window between emission and detection is set to zero (see Section 5.3.2 for more
details).

We evaluate the performance of the IB scheme in two main scenarios. Scenario 1 uses
the currently demonstrated experimental values for the Purcell-enhanced optical decay rate
7 =27 x 2.5 MHz and Purcell factor F, = 256.5 [92, 93, 202| while scenario 2 considers the
more optimistic values of 74/ = 27 x 12.7 MHz [267] and F,, = 1402.4 that are thought to be
attainable experimentally in the near future. Note the 7/ = 27 x 12.7 MHz is based on the

estimation of Purcell enhanced emission rate in T center device [267]. Given that a collection
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Figure 5.2: The figure compares the fidelity and efficiency of the IB and IBF schemes across
different scenarios as a function of detection time T} (a and b), and shows the fidelity of the
schemes as a function of the optical dephasing rate v* (c and d). Each color corresponds
to a certain scheme. Scenario 1 uses the currently demonstrated experimental values for
the Purcell-enhanced optical decay rate v = 27 x 2.5 MHz, Purcell factor F, = 256.5,
and delay time 6t = 20.9ns, whereas scenario 2 considers the more optimistic values of
v =27 x12.7MHz, F,, = 1402.4, and ¢ = 1.4ns. Optical dephasing is set to the bulk value
in both cases [150]. In (c) and (d), the v* extends from the optimal value achieved in bulk
[150] to the value measured in device [93|. For both the IB and IBF schemes, the results are
shown at two detection times, indicated by the vertical dashed lines in (a) and (b) (see the
discussion in section 5.3).

efficiency of 7. = 0.7 has been achieved for a T center in a silicon nanobeam waveguide [268|,
we assume 7, = 0.9 for all gate performance evaluations within the cavity. The detection
efficiency is assumed to be 7y = 0.95, which is achievable with current technology, as similar
or higher values have been demonstrated for nearby wavelengths using superconducting
nanowire single-photon detectors (SNSPDs) [269, 270, 271]. The fidelity and efficiency of
the IB entanglement generation scheme employing a cavity for both scenarios are shown
in figure 5.2 (a and b). As anticipated, achieving the optimistic values leads to notable

enhancements in both fidelity and efficiency. These results will be discussed in more detail
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Figure 5.3: Schematic illustration of the implementation of the interference-based scheme
with feedback (IBF). Figure from [258]. Permission to include the figure can be found in
appendix A.
at the end of the next subsection.

Figure 5.2 ¢ shows the fidelity of the IB scheme as a function of the optical dephasing rate,
ranging from values characteristic of device-integrated T centers [201, 93| to those achieved
in bulk ?®Si [150]. Both scenarios are included, along with two representative detection times

chosen to highlight the trade-off between efficiency and fidelity (see the next subsection for

further discussion).

5.3.2 Interference-based scheme with feedback

Here, we consider the interference-based scheme with feedback (IBF), which was originally
proposed in [258] as a modified version of the IB scheme. We derive the general analytical
efficiency and fidelity equations for this scheme and apply them to T centers to analyze the
performance of the scheme. While the scheme is not deterministic in practice, it can achieve
an efficiency greater than 0.5, depending on the system’s capabilities.

Similar to the IB scheme, two atoms, each with three levels — one excited state |e) and
two ground states |1) and ||) — are required. Both systems are initialized in their excited
state |e) (Yo = |ee)). The excited state |e) decays into the state |]). The spontaneous

emissions from both systems are merged at a beam splitter, erasing any information about

83



which photon originated from which atom. After detecting one photon at 7y, the state of
the system would be (1) = (lel) &= |l €))/v2. Then applying a 7 pulse between the
ground states |}) and |1), which takes a time dt and is called feedback, results in the state
U(Tpuise) = (le 1) £ |1 €))/v/2 for the system. Detection of the second photon at 7 projects
the state of the system into the maximally entangled Bell state (7)) = (|[{1) £ [1)))/V2
(see figure 5.3). Ideally, this scheme can achieve unit efficiency; however, it is constrained by
the non-zero time required to perform the feedback and the possibility of the atom decaying
before the m-pulse is applied.

As in 5.3.1, embedding individual T centers in the cavity enhances the efficiency and
fidelity of the IB scheme. Therefore, we employ the cavity in the IBF scheme, and the cavity
is coupled to the transition from |e) to |]).

Applying the photon-count decomposition method described in [259], one can quantify
the entanglement generation efficiency and fidelity of the IBF scheme. Similar to the IB
scheme, there are four possible photon counts: n = {n;,n.} = {(1,0),(1,0)}, {(1,0), (0,1)},
{(0,1),(1,0)}, and {(0,1),(0,1)} where n; and n, stand for the photon count in the early
and late detection time window, and each can take two possible outcomes (1,0), (0, 1) which
correspond to the click in the left detector and the right detector. Thus, the entanglement

generation efficiency and fidelity are defined in the following way

hen = Tlp(t1)] = D Telpnt)] (5.5)
I Wxlpalty) [9a)
Foo =32 T Blpuliy)] o0

where we use |14 ), when n = {(1,0),(1,0)},{(0,1),(0,1)}, otherwise we use |¢)_). The un-

normalized conditional state p,(ts) corresponds to the state conditioned on the measurement
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outcome at the final protocol time t;, which is given by

Ty
ﬁne (Td) = / eLc(StdSneeLctlpo dth (57)
0
pm = € X P (Ta), (5.8)
ty
Pulty) = /T ) eledtaS, eleltz=Ta=0t) 5 ) (5.9)
atot

where py,_(T}) is the conditional state at detection time T}, po is the initial state, and L. is the
Liouville superoperator without containing the collapse operators [259]. 0ty = Ty—t; = t;—to
is the time window between the collapse and detection. Since the gate is local, we set
this time window to be zero, i.e., 6ty = 0. p,, is the state after the spin-flip with X
representing the superoperator propagator that executes the spin-flip on both systems during
0t. ty = Tigr = 21y + Ot is the gate time for the IBF scheme. S, and S, stand for the
collapse operators for the early and late time bin photons.

In the presence of spin dephasing, the efficiency of the IBF scheme is computed as follows
ThEF = 77/26_7/&(1 _ G_QV/Td)(l N e_,y/Td)' (510)

Both the detection time T, and delay time 0t affect the efficiency in the IBF scheme as
opposed to the IB scheme which is insensitive to the spin-flip time. In the optical limit
Ty > 1/7/, the efficiency becomes

mer = e 7. (5.11)

The fidelity is given by the following expression

Figr = ! (1 + M) ; (5.12)

2 1 —eTa
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with
!

Cipr(Ty) = ﬁeat@wﬂ:)(l T+, (5.13)

In the absence of spin dephasing, the fidelity of the scheme can be calculated analytically
considering the optical frequency difference between the two T centers, and phase errors (see
Supplementary Material section 5.7.1).

To evaluate the scheme’s performance in analogy with the IB scheme, we examine 0t
as the time required to perform a spin flip between the ground states, determined by the
microwave Rabi frequency (6t = 7/Q). In Scenario 1, we assume a delay time of 6t = 20.9 ns,
corresponding to an estimated microwave Rabi frequency of 2 = 27 x 23.9 MHz, which is
about an order of magnitude larger than the 2 = 27 x 2 MHz reported in [93|. In Scenario
2, we consider a more optimistic delay time of 6t = 1.4ns. Note that by applying the
Raman transitions between the ground states [272], one can drive Rabi frequencies limited
by the splitting between the ground states, A4, with 6¢ = 7/A4. Here, the electron spin
states serve as the ground states, with Ay = 27 x 2.25 GHz, leading to a delay time of
0t = /A4 = 0.2mns.

The fidelity and efficiency of the IBF scheme are shown in figure 5.2a (b). We can see
that even with the current experimental values for ny and 7. and the lower bound of 7., it is
possible to achieve efficiencies greater than those attainable by the IB scheme in the same
scenario. The fidelity and efficiency can be strongly influenced by different combinations of
0t and +' values, with scenario 2 showing notable improvements in the scheme’s performance.

Figure 5.2 a shows that for both photon interference-based schemes, in the presence of
spin decoherence, the fidelity decreases rapidly until approximately 7; = 100ns. It then
remains constant and stabilizes for longer T;. On the other hand, figure 5.2b shows that
the efficiency starts at zero and increases rapidly until approximately 500 ns, after which it
approaches saturation in both schemes and scenarios. It reaches its maximum value in the
so-called optical limit, where T, > 1/4. Notably, the time at which the efficiency approaches

its maximum and the fidelity reaches its plateau differs depending on the specific scenario

86



considered. Thus, there is a trade-off between efficiency and fidelity in photon interference-
based schemes. Higher fidelities can be achieved at shorter detection times at the cost
of lower efficiencies. Conversely, waiting until approximately 500 ns allows for maximum
efficiency but results in lower fidelity. The prioritization of efficiency or fidelity depends on
the ultimate goal of the application. In section 5.6, we will discuss the dependence of fidelity
and efficiency on the cavity cooperativity at two different detection times.

Figure 5.2 ¢ and d show the fidelity of the IB and IBF entanglement generation schemes
as a function of the optical dephasing rate v* for both scenarios and at two representative
detection times (T7; = 10ns and T; = 500ns) corresponding to the the efficiency—fidelity
trade-off. In both schemes, the there is a uniform decrease in the fidelity with increasing +*,
as expected due to the detrimental effect of optical dephasing on photon indistinguishability:.
For a fixed v*, shorter detection times yield higher fidelities, in agreement with the above
explanations and highlighting the importance of temporal filtering for achieving high fidelities
[273, 274]. Scenario 2 also outperforms scenario 1 across all schemes and detection times,
with higher fidelities throughout the entire range of v*, consistent with the findings in figure
5.2a. For the IB scheme, fidelity drops below 0.9 for v* = 27 x 2.1 MHz at short detection
times, whereas for the IBF scheme in scenario 2, this limit occurs at a higher v* value, while
in scenario 1, it occurs at a lower v* value. With continued advancements in host materials
and fabrication techniques, the optical dephasing times of device-integrated T centers are

expected to improve substantially, approaching those achieved in bulk 28Si.

5.4 Near-deterministic photon scattering-based scheme

In this section, we investigate and analyze quantitatively the cavity-assisted photon scattering-
based (SB) scheme for implementation in T centers based on the work done in [260, 275].
The cavity-assisted photon scattering-based (SB) scheme was originally proposed by

Duan and Kimble [276]. Since then various modifications have been proposed based on
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the main proposal for implementation of local [277] and non-local [278] phase-flip gates. Ref.
[260] has studied the gate in both the bad-cavity regime and the strong-coupling regime,
compared to previous works where only the strong-coupling regime is discussed.

The gate is implemented between two qubits located in a single-sided cavity by reflecting
a single photon off the qubit-cavity system and detecting it. Detecting the photon after its
reflection from the cavity heralds the gate operation. One needs a system with three levels:
two ground states (|1), |)) and one excited state (|e)). The transition [1) <> |e) is resonant
with the cavity mode. We denote the state of the single-photon pulse, which is resonant with
the cavity mode, by |p). If both qubits are in the state ||), the photon enters the cavity,
and reflects from inside the cavity with a global phase flip, resulting in a 7w-phase shift in the
joint state of the qubit-photon system. However, if either or both qubits are in state |1), the
cavity mode is modified due to the atom-cavity coupling. In this case, the photon does not
enter the off-resonant cavity and instead reflects off the cavity’s out-coupling mirror without
any phase shift leading to a controlled-Z (CZ) gate.

The gate time is Tsg = 87v21In2 /op, which is twice the FWHM of the photon duration,
where o), is the spectral standard deviation of the photon with a Gaussian intensity profile.

Incorporating the detection efficiency 74, the efficiency of performing the gate is given by

5 (6, —d.,)
NsB = (1 BETel <A27—20>) M4 (5.14)

where C' is the cavity cooperativity, and o, (d.,) denotes the detuning between the optical
transition of system A (B) (corresponding to the T centers in our case) and the cavity mode.
The term in the expression in parentheses represents the probability that the photon is scat-
tered off the emitters inside the cavity [275], which, in the zero-detuning case, matches the
empirical formula for the success probability limited by photon loss due to atomic sponta-
neous emission, as given in [276, 277]. The fidelity of the gate can be calculated by analyzing

the interaction between a single photon and the cavity—qubit system using quantum Langevin
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Figure 5.4: Fidelity of the SB scheme as a function of the optical dephasing rate (v*) for
different values of cavity cooperativity (C'). The o, value is optimized for each C' to maximize
the fidelity. Note that the cooperativity values C' = 14 and C' = 74 correspond to the two
scenarios shown in figure 5.2.

equations, in combination with numerical methods [279, 260, 280]. The fidelity of performing

the SB scheme is well approximated by [260, 275]

11y 11
Fsg=1-— - ~TT
SB (8’70) SB

(=11+10 (2)*) 6, (8, + 80y

4~2C?
4152, — 380,00 + 4152,
16202
(11-20(2)"+12(2)") (32 + 2)

- PETeE (5.15)

where g represents the cavity coupling strength, x is the decay rate of the cavity, J, is the
mean cavity-photon detuning, and T" = 1/T5, is the effective decoherence rate for the ground
state (the electron spin states).

As expected, increasing the cooperativity C' while keeping other parameters constant

results in higher fidelities. In contrast, increasing 6, d,, 0., (which can arise from spectral
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diffusion in the system), or the ratio 77 leads to a reduction in fidelity. Considering that
Tsp < 1/0,, there is a trade-off between the errors arising from the fourth and seventh
terms. By optimization of the fidelity with respect to o, one can see what value of the

spectral standard deviation of the photon o, leads to the maximum fidelity for each cavity

cooperativity C. The optimized o, is

47y/21n 2 'y2C?
11-20(2)"+12(2)"]

Using the experimental values g = 27 x 42.4MHz and x = 27 x 5.22 GHz from [92|, which
yield a ratio of g/k = 0.008, and assuming zero detuning between T centers and the cavity
mode (6., = 6., = 0), figure 5.4 illustrates the fidelity of the SB gate as a function of the

€A €B

v*, evaluated for various cavity cooperativity values (C). For each C, the value of o, is opti-
mized to achieve the maximum fidelity. The considered ~* values for T centers span from the
values achieved in bulk [150] to those measured in device-integrated implementations [93].
As expected, increasing v* leads to a decrease in fidelity, highlighting the detrimental effect
of optical dephasing on gate performance. Higher cooperativity values consistently result in
higher fidelities across the considered range of v*. For example, with C' = 1000, the fidelity
remains above 0.99 even at moderate dephasing rates, whereas for C' = 14, it drops sharply
and becomes very low at the same v* values.

We explored two additional cavity-based schemes: the simple virtual photon exchange
scheme and the Raman virtual photon exchange scheme, with details provided in the Sup-
plementary Material (see sections 5.7.4 and 5.7.5). However, these schemes appear to be less

promising for T centers in the near and medium term compared to the SB scheme.
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5.5 Deterministic magnetic dipole-based scheme

By leveraging the magnetic dipolar interaction between two nearby T centers, a two-qubit
quantum gate can be implemented. We adapt the approach from Ref. [250], originally
proposed for rare-earth ions, to T centers based on the analysis in Ref. [261]. In this
proposal, the “passive” qubits store quantum information, while the “active” qubits, which
possess a magnetic moment, interact magnetically to perform a two-qubit phase gate [250].
We begin by initializing the T centers in the lowest hyperfine level of the ground state, then
apply a 7/2 microwave pulse to create a superposition of the states (passive qubits). The
passive qubits are activated by applying two 7 pulses to each system, transferring them to
the active qubits. An Ising-type spin-spin interaction between the active qubits naturally
introduces a phase shift, based on their states, through the unitary time evolution operator
Utsing = ¢im/Vozoy [281]. Subsequently, the active qubits are returned to the passive qubits
by applying another set of 7 pulses. By applying the Ising-type interaction in combination
with single-qubit gates, one can realize a CZ gate [261], a controlled-phase (CPhase) gate

[281], or a CNOT gate 281, 282, 250, 261|. The total gate time for the magnetic dipole

0.9 : :
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Figure 5.5: Fidelity of performing the magnetic dipole gate between ground states as a

function of the distance () between two T centers, shown for different Rabi frequencies (£2)
affecting the infidelity from unwanted detuned transitions (see text for more detail).
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gate is Typ = 2T et + Tiny where the first term 7T, = 7/ is the time to excite from passive
to active qubits and bring them back to the passive qubits. €2 is the Rabi frequency for

|0) to |0) and |1) to |1) transitions. The second term T}, = hw/4J, is

passive active passive active

the time to perform the Ising interaction between two active qubits in the excited states,
with the dipolar coupling strength J, = M [250, 261|, where i is the permeability of
free space, pup is the electron Bohr magneton, and g, is the principal value of the g-tensor
of the excited state (hole spin). Applying tools from time-dependent perturbation theory
that includes solving the Schrodinger equation to determine the ideal gate evolution and

calculating the lowest-order error expressions, the fidelity of the gate is [261]

B et
16 Y2 T V3
1 3 1 (Jo + J,)?

Z — tin = el =
2(74 +75)] ¢+ + rECha 275] a 7

7
FMD =1- Zfact[_

8(’71? +71y) +

(5.17)

where y11(71)) is the decay rate for transition [0),. e 10 10)pssive (D active 10 11) passive)s 72
(73) is the spin decay rate of the passive (active) qubits, 74 (75) is the spin dephasing rate
of the passive (active) qubits. There is a second order term in equation (5.17) with the
coefficient a = [32(2 — v/2) — 7?]/64 and J, = ’“)(l’é—i%‘)z (e = x,y) being the transverse
components of the Ising-based interaction [261]. Assuming g, = g, = g1 and g, = g, we
investigate two choices of passive and active qubits, evaluating the resulting gate time and
fidelity.

Here, we present the results for performing the magnetic dipole gate in the ground state
levels (MDG) of the T center. In figure 5.1 b, levels |1) and |2) are chosen as passive qubits,
while levels |1) and |4) are the active qubits. Thus, level |1} is common to both the passive
and active qubit definitions. To have a strong enough magnetic dipole interaction the two
excited states should have different electron spins as the nuclear magneton py is much smaller

compared to the Bohr magneton .

The electron spin g, tensor is treated as isotropic here, although experimental evidence
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suggests a minor anisotropy at the 1073 level [283]. Assuming ¢, = g, = g, = 2.01 [283, 91,
and a branching ratio of 90% for the MW transition and 10% for the forbidden X,, transition,
figure 5.5 shows the fidelity Fipq of implementing the magnetic dipole gate between ground-
state levels as a function of the distance r between two T centers and for different Rabi
frequencies (€2). The applied Rabi frequency €2 should be smaller than the splitting between
the nuclear spins of the ||.) to ensure the correct level is addressed. The authors in Ref. [250]
quantified the infidelity arising from unwanted detuned transitions while performing 7 pulses
as (Z)% exp[—2(42)?. For a splitting of A,, = 27 x 2.1 MHz [188], choosing A,,/Q ~ 3 results
in an error of approximately 107° in the fidelity. The fidelity decreases with increasing the
separation r due to the weakening of the magnetic dipolar coupling strength over distance.
It is moderately sensitive to variations in €2, with higher Rabi frequencies resulting in an
improved gate performance. This highlights the importance of stronger driving fields in
compensating for the reduced interaction strength at larger distances.

We investigated two additional deterministic dipole-based schemes: the electric dipole-
based gate and the magnetic dipole-based gate in the excited state with the details provided
in the Supplementary Material (see sections 5.7.2 and 5.7.3). However, these schemes seem
to be less promising for T centers in the near and medium term.

Although performing the gate in the ground state is relatively slow compared to the
excited state (see figure 5.9), the total gate time is still much less than the electron spin
lifetime of 16s and the decoherence time of 2.1 ms showing the feasibility of performing the

magnetic dipole gate in the T center ground state.

5.6 Gate performance comparison

In this section, we compare the performance of the probabilistic photon-mediated schemes
(IB, IBF), the near-deterministic photon scattering-based gate (SB), and the deterministic

magnetic dipole-based gate in the ground states (MDG) analyzed here.
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First, we evaluate the dependence of the efficiency and fidelity of the probabilistic photon-

mediated schemes on the cavity cooperativity C' (see figure 5.6a (b)). F, =

K

479; [284] and
C = % [285, 252| result in F, = #Zpl, and ~' is given by v/ =~ (1 + C).

Following the discussion in section 5.3, we evaluate the efficiency and fidelity of the IB
and IBF schemes at two detection times: T; = 10ns and T,; = 500 ns, which corresponds to
the trade-off between efficiency and fidelity (see figure 5.2). While the efficiency improves
with C' for the IB and SB schemes, this is not the case for the IBF scheme, where n;pr = 0 at
sufficiently large C' when +/ increases (see equation (5.10)). This occurs because the protocol
fails if the second photon is detected before the feedback pulse is completed; thus, rapid
decay is undesirable. In the medium term, we focus on the low-to-moderate C' regime. For
the same detection times (73), the IBF scheme outperforms the IB scheme in efficiency at
low cooperativities (C' < 50) across both scenarios. In the moderate cooperativity regime,
the efficiency of IBF with §t = 1.4ns exceeds that of the IB scheme. Note that it is still
possible to achieve high efficiencies at large C' if delay times shorter than dt = 1.4 ns can be
realized, using techniques such as Raman transitions employed in [272] to achieve fast Rabi
oscillations. In practice, implementing feedforward requires more than just the spin-flip op-
eration time; it also involves processing photon detection events and triggering pulses [286].
The SB gate provides the best efficiency scaling with C' compared to probabilistic schemes.
However, at low and moderate C, the probabilistic IB and IBF schemes offer higher fidelities
than the SB scheme. Among them, IBF (0t = 1.4ns) at T; = 10 ns yields the highest fidelity.

Considering the impact of optical dephasing on the performance of the schemes, figure
5.7 shows a comparison of the fidelities of the IB, IBF, and SB schemes as a function of
~* under scenario 2 parameters. As the ~* increases, the fidelity of all schemes decreases
that reflects the detrimental impact of optical dephasing. Among the schemes, IBF with
a short detection time (7; = 10ns) achieves the highest fidelity and exhibits the greatest
robustness against optical dephasing. In contrast, the SB scheme shows the lowest fidelities

across the entire range of v*. For both IB and IBF, increasing the detection time from 10 ns
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Figure 5.6: A comparison of the (a) fidelity and (b) efficiency of the probabilistic and
near-deterministic photon-mediated gates (IB, IBF, and SB), with respect to the cavity
cooperativity C. The enhanced emitter lifetimes (7) corresponding to the values of C' are
labeled along the top axis of figure (a). The fidelity of the SB scheme is calculated using the
optimized value of o, for each C' value. The delay time values dt correspond to the scenarios
shown in figure 5.2, but with varying C' (and therefore 7/ and F,). For the IB and IBF
schemes, the results are shown at two detection times, as presented in figure 5.2.

to 500 ns leads to a notable reduction in fidelity, consistent with the results shown in figure

5.2, highlighting the importance of temporal filtering enabled by fast detection in mitigating
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Figure 5.7: A comparison of the fidelity of probabilistic and near-deterministic photon-
mediated gates (IB, IBF, and SB) as a function of the optical dephasing rate (y*). The v*
range spans from the best achievable value, found in bulk, to the value observed in device.
For all the mentioned schemes, scenario 2 is shown, which means that for the IB and IBF
schemes, the parameters used are the enhanced optical decay rate v/ = 27 x 12.7 MHz,
Purcell factor F), = 1402.4, and delay time 6¢ = 1.4ns (see figure 5.2). For the SB scheme,
the cooperativity value C' = 74 is used, corresponding to the 4’ value of the scenario 2. For
the IB and IBF schemes, the results are shown at two detection times, as presented in figure
5.2.

optical dephasing effect [274].

Figure 5.8 a (b) shows the fidelity (efficiency) as a function of gate time T}, for all the
gates investigated in sections 5.3, 5.4, and 5.5. For the MDG scheme, fidelity and T4 are
expressed as functions of the distance (r) between two T centers (see figure 5.9 for corre-
sponding plots). While MDG fidelity decreases with increasing gate time, SB fidelity initially
rises before declining after reaching a maximum, reflecting a trade-off between the fourth
and seventh terms in the fidelity equation (equation (5.15)). The fidelity of probabilistic
photon-mediated gates follows the same trend as their dependence on detection time Ty,
with a plateau at longer gate times (see section 5.3 for the relationship between Ty, and
Ty, and figure 5.2 for a comparison). Excluding very short gate times, the IBF scheme con-

sistently achieves higher fidelities than the IB scheme in each scenario.
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Figure 5.8: Figure shows (a) the fidelity (F'), and (b) efficiency with respect to the gate time
Tyate for all the gates in sections 5.3, 5.4, and 5.5. Each color corresponds to a certain gate.
Scenario 1 uses the currently demonstrated experimental values of the enhanced optical
decay rate 7' = 27 x 2.5 MHz, Purcell factor F, = 256.5, and delay time dt = 20.9ns,
whereas scenario 2 considers the more optimistic values of 7/ = 27 x 12.7 MHz, F,, = 1402.4,
and dt = 1.4ns (see figure 5.2). For the SB scheme, the change in fidelity and efficiency
with respect to T4 is shown for two C values to facilitate better evaluation. These values
correspond to the 4/ values of the scenarios 1 and 2: C' = 14 and C' = 74. Optical dephasing
is set to the bulk value in both scenarios [150]. For the MDG scheme, both the fidelity and
the gate time T4 are expressed as functions of the distance r, and € = 27 x 0.8 MHz, which
corresponds to the case shown in figure 5.5.
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In terms of efficiency versus Ty, the MDG scheme has the advantage of unit efficiency as
a deterministic gate. For probabilistic photon-mediated gates, efficiency increases with gate
time until it reaches a maximum and plateaus in the optical limit regime. Similar to fidelity,
the IBF scheme achieves higher efficiency than the IB scheme in each scenario. As noted in
section 5.3, interference-based schemes exhibit a trade-off: fidelity is higher at shorter times,
whereas efficiency improves with longer times.

Our findings suggest that, given near and medium-term design and fabrication capabili-
ties, the probabilistic interference-based schemes are the most promising for implementation
in T centers. The near-deterministic SB scheme is also favorable at higher cooperativities
C or when prioritizing efficiency over fidelity. The MDG scheme offers a high fidelity and
deterministic operation, albeit with a slower gate time, if T centers can be positioned in

close proximity, similar to other proximity-based gates.

5.7 Conclusion and outlook

In summary, we have investigated various gates between individual T centers in silicon, an-
alyzing and comparing two probabilistic photon interference-based schemes (IB and IBF),
a near-deterministic photon scattering-based (SB) scheme, and a deterministic magnetic
dipole-based scheme in the ground state (MDG), given current and near-future experimen-
tal and technological advancements. The schemes were evaluated using various metrics,
including fidelity, efficiency, and gate time, while importantly accounting for practical im-
perfections in the system and experimental setup.

To enable a meaningful comparison between schemes, we performed a detailed analysis of
the photon interference-based scheme with feedback (IBF) and, for the first time, quantified
its efficiency and fidelity. We derived new analytical expressions that account for real-world
imperfections, including optical decoherence, spin dephasing, photon loss, and inefficiencies

in photon collection and detection.
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Considering the fabrication technologies for cavities and the creation of T centers in the
near and medium term, we conclude that implementing probabilistic photon interference-
based schemes is promising. In the near term, while the IB scheme has already been demon-
strated [93], the IBF scheme appears particularly attractive, as it simultaneously achieves
the highest efficiency and fidelity at low (as observed in current experiments [92, 202|) and
moderate values of ', making it a strong candidate for experimental implementation. In
the long term, we infer the feasibility of implementing the MDG and SB schemes between T
centers.

Considering the requirements for feedforward implementation, cryogenic complementary
metal-oxide-semiconductor (cryo-CMOS) technologies have the potential to achieve feedback
delays below 10 ns—a threshold that currently represents the experimental limit. However,
realizing such low-latency control remains challenging experimentally. The potential for
higher efficiency with the IBF scheme further motivates the development of feedback sys-
tems capable of operating within this sub-10ns regime.

The results in this paper assume that spectral diffusion (SD) can be controlled, though
mitigating its impact remains challenging. Several works have addressed this issue [287, 288,
289|, including time-filtering techniques 93] and resonance-check methods [273, 290], which
have been shown to reduce linewidth by up to 35X in T center devices [273|. However, in-
trinsic spectral mismatch and almost lifetime-limited homogeneous linewidths constrain the
achievable spectral alignment between T centers. Active tuning strategies, such as electric
field tuning, have also been explored to mitigate these mismatches [283]. Moreover, SD in T
centers has been observed to depend on excitation power, with entanglement pulses capable
of inducing spectral shifts [273]. This suggests schemes less dependent on excitation lasers
may be more resilient to SD. To account for these effects in modeling, a common approach
is to average fidelity over a bivariate Gaussian distribution representing emission fluctua-
tions [259, 274]. While this approach captures the effects of spectral diffusion statistically,

it does not account for the excitation-power-dependent nature of the shifts. A more refined
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approach for modeling can be to consider SD as a time-dependent function, relating fidelity
to pulse sequence characteristics and excitation-induced frequency shifts.

It is worth noting that the efficiency presented here is based on an absolute time-bin filter,
in which only photons detected within a fixed time window after excitation are considered.
While this approach can be advantageous—since spectral diffusion has had minimal time to
affect the emitter’s frequency during early emission—it may underestimate the achievable
efficiency compared to the more commonly used correlation filter [93]. In a correlation filter,
photons are selected based on their relative detection times; that is, they are accepted if their
arrival times differ by less than a specified time window. This method captures additional
successful events, such as photons emitted at later times but still within the accepted tem-
poral correlation, so increasing the overall success probability. Although correlation filtering
might not be immediately compatible with the IBF scheme due to the feedforward control, it
remains an open question whether a similar filtering strategy could be adapted to IBF, which
is worth investigating experimentally. Nevertheless, in the short-lifetime regime—where pho-
ton indistinguishability is highest—the difference between these filtering methods becomes
less significant, and absolute filtering may even be advantageous due to suppression of the
effects of SD by favoring early emission events.

Given the promising outcomes of the probabilistic photon-mediated interference-based
schemes for single T centers, one could also investigate the feasibility of other probabilistic
interference-based schemes, such as single-photon detection and polarization-based schemes
[15, 259, 48].

Since the analytical equations for efficiency and fidelity obtained here can be applied to
other systems, and given that the IBF scheme achieves competitive fidelity and efficiency
compared to the IB scheme in T centers, one can explore the implementation of this scheme
and compare the performance of the schemes discussed here—and in the Supplementary
Material—across other solid-state quantum systems. These include various color centers

such as those found in diamond (e.g., NV and Si-V centers), as well as rare-earth-ion-doped
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crystals. Inherent system properties, such as optical decay and decoherence rates, as well
as technological considerations—including the feasibility of system creation, spatial local-
ization of defects, and achievable cavity coupling—would be key factors in determining the
most promising gates for each system.

Because the IBF scheme is sensitive to the feedback delay time 0t, it is best suited
for performing local gates, i.e., between modules in close physical proximity [258|, rather
than for communication over extended distances (specifically in T centers). However, de-
pending on the physical system employed, the requirement for short feedback delay times
can be relaxed, reducing the difficulty of implementing feedforward control. For example,
Er** : Y,SiO5 is a promising solid-state platform with emission in the telecommunication
band and a millisecond-scale excited-state lifetime (on the order of 10ms) [291], allowing
larger values of dt and enabling feedback between more distant nodes with looser constraints
on feedforward control.

Other potential next steps could include investigating the feasibility of implementing
quantum repeaters with single T centers, as has already been explored for rare-earth ions
[292, 252] and NV centers [293, 294|. Additionally, the potential for distributed quantum
computing (DQC) based on these various gates could be investigated [295, 8|. In particular,
DQC has been explored using the IB scheme in recent work [93|, discussed in roadmaps

[193], and remains an active area of research.
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Supplementary material

5.7.1 SI: Interference-based scheme with feedback, including the

effect of optical frequency mismatch and phase errors

If the gate time is significantly shorter than the spin coherence time, the effect of spin
decoherence can be neglected and the fidelity of the scheme can be calculated analytically
considering the optical frequency difference between the two T centers, and phase errors.

The fidelity of the IBF scheme is given by

2 1— e 7T

Figr = ! (1 + w) , (5.18)

where R(C/(T})) is the real part of the concurrence C(T}) that is

C’(Td) _ F/Zﬁe—ét(?y*—i-iA)(l . e—Td(F’-i-iA))ei(cp-l-(ﬁ)‘ (5.19)
Here IV = +" + 29* represents the FWHM of the Purcell-enhanced emission line, v* is the
optical pure dephasing rate which is v* = 1/Ty, — /2, A is the optical frequency difference
between the two T centers, ¢ = ¢ — o is the relative initialization phase, and ¢ = ¢; — ¢
is the relative propagation phase [259]. Infidelity arises from optical decay and dephasing
rates, frequency mismatch between the two T centers, and phase errors, all of which affect
photon indistinguishability, as captured by the concurrence C' (Ty). In the presence of spin
dephasing, and assuming there is no spectral detuning A = 0 and relative initial phases

@ = ¢ = 0 between the T centers, the fidelity of the scheme can be calculated analytically

as shown in the main text.
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5.7.2 SII: Electric dipole gate

Electric dipole (ED) based gates have been investigated in rare-earth-ion-doped crystals
[251], and here we adapt this approach for the T center. The lack of site symmetry leads the
color centers belonging to some crystallographic point groups to have a permanent electric
dipole moment, which changes when a T center is excited from the ground state to the
TXq excited state. The transition frequency of the nearby individual T center is affected
by the modification in the environmental electric field which is the result of changing in the
permanent electric dipole moment of the neighbouring T center excitation. Therefore, by
optical excitation of the T center one can control the shift in the transition frequency of the
neighbouring center and perform a controlled-NOT (CNOT) operation between nearby T
centers. The required pulse sequences and how to perform the gate are detailed in [251]. The
change in the transition frequency (Av) of the nearby T center is estimated by [251, 292]

. A/LTA[LT ~ ~

Av = prm— ((er - for) = 3(for - 7) (o - 7)) (5.20)

where Apur is the change in the permanent electric dipole moment of the T center with
the measured value of Aur = 49 x 1073 Cm [283], r is the separation between the two T
centers, h and € are the Planck constant and the vacuum permittivity, and € is the dielectric
constant. With the refractive index of n = 3.45 for silicon, one can calculate the dielectric
constant € = n?. Therefore, Av can be obtained for different T centers’ separations. The
shift in the transition frequency (Av) should be more than a few homogeneous linewidth
which is Tho™ /27 = 690 kHz for the T center [201]. One should note that here we consider
only the y-component for the calculation of Ay in equation (6) of [283|. However, if both
components are considered, we obtain Auy = 55 x 1073! Cm, corresponding to larger dis-
tances between the T centers for similar values of Av (see equation (5.20).

To perform the gate we need three levels (see figure 2 in [292]). For T center we can

work with the two electron spin levels [1.) and |].), and one of the hole spin levels |];) in
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figure 5.1 b. In total, we apply five pulses with a Rabi frequency of 2 to perform the gate:
two pulses on the T center acting as the control qubit (£2.) and three pulses on the T center
acting as the target qubit (£2;) (see figure 2 in [292]). Consequently, the total gate time for
the electric dipole gate is given by Tgp = ?2—7; + g—’;

For a high-fidelity gate, it is essential to ensure that the frequency shift Av is sufficiently
large to prevent the lasers from exciting the frequency-shifted T center (the target qubit)
while the neighboring T center (the control qubit) is being excited. This requires the con-
dition €,? <« Av?. This leads to a very slow gate and a low fidelity because Ar cannot be
arbitrarily large (the distance between T centers cannot be arbitrarily small). To overcome
this issue, one can perform an effective 27 pulse on the T center spin state when the nearby

T center is excited as suggested in rare-earth-ion-doped crystals [292]. Then Q, = Av/v/3

and Tgp = ?2—” + 32\53. Also, to ensure that only one of the electron spin levels is addressed
by the applied pulses, €2 should be smaller than the frequency splitting between the elec-
tron spin levels. For example for a splitting of A, = 27 x 2.25 GHz, a ratio of A./Q =4
corresponds to an error of 107! in the fidelity due to unwanted off-resonant excitations (see
section 5.5). The fidelity of the electric dipole gate, determined by analytically solving the
master equation for a nine-level system (with each T center modeled as a three-level system),

is given by [292]

437r2( ov 2
128 “Av

T
Fap=1— %(427 + 257" 4 25x) — (5.21)

*

where v = 1/Ty, is the optical decay rate, v* is the optical pure dephasing rate which is
v* = 1/Ty, — /2 for the optical transition, y = 1/, is the electron spin decoherence rate,
and Jv is a small error from the true value of Av.

Figure 5.9a (b) shows the fidelity Fgp (gate time Tgp) with respect to the distance r
between the T centers using equations (5.20) and (5.21). Note Tgp should be less than

the optical lifetime and dephasing time. For reasonable gate times and improved fidelity,

Av must be increased, i.e., the separation between T centers must be decreased, which is
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currently beyond the reach of existing technology. However, if T centers could be created

close enough to achieve a sufficiently large Av, performing this gate would become feasible.
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Figure 5.9: Comparison of the (a) fidelity (Fyq.) and (b) gate time (74.) for the electric
dipole gate (ED), and the magnetic dipole gate (performing in both the excited (MDE) and
ground state (MDG)) with respect to the distance r between the two T centers. For each
gate, only the variable ranges that yield meaningful values for fidelity are shown.
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5.7.3 SIII: Magnetic dipole gate in the excited states

Here, we consider performing the magnetic dipole gate in the excited states (M DE), selecting
the electron spin states in the ground state as the "passive" qubits and the hole spin states
in the excited state as the "active" qubits. The anisotropy of the unpaired hole spin in the
bound exciton excited state results in 12 independently addressable orientational subsets,
meaning each T center would have a specific orientation [91] (see figure 5.1 b). We choose the
first orientational subset as it has the largest g-value. To calculate the gate time and fidelity,
one needs the information about the g-tensor in the excited state, but such information is
not available. Assuming g, = g, = ¢g. = 3.45 [91] and a decay time of 100 ns between the
hole spins up and down, figure 5.9a (b) shows the fidelity Fypr (gate time Typg) of the
magnetic dipole gate with respect to the separation between the T centers (see section 5.5
for equations). Note the gate time T)pgr should be shorter than the optical decay time,
the decoherence time between the excited states (hole spins), and the decoherence time
between the ground states. The assumption of g, = g, = g, leads to a second-order error
contribution of 0.02 to the fidelity. The infidelity term mentioned in section 5.5, which
arises from unwanted off-resonant excitations during the application of 7 pulses with Rabi
frequency (2, is approximately 10713, It’s important to keep in mind that this result excludes
terms involving the excited-state spin dephasing rate ;5 in the fidelity equation (5.17), as
there are no measurements of this parameter for the T center. However, performing this gate
in the excited states is generally unattractive, as achieving high fidelity and reasonable gate
times would require the distance between the two T centers to be less than 2nm. Therefore,

implementing this gate in the excited state (hole spins) is not feasible with current technology.

5.7.4 SIV: Simple virtual photon exchange

The simple virtual photon exchange scheme (VP) is based on a cavity-assisted interaction
between qubits. A phase-flip gate is performed when the two systems’ optical transitions are

in resonance but dispersively coupled to a cavity mode.
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Using the non-Hermitian Hamiltonian approach and solving the effective non-Hermitian
component of the master equation yields an analytical expression for the fidelity of the simple

virtual photon exchange gate that is well approximated by [260, 252]

2
FVP =1- —ﬂ— — 2FTVP — 058TVP")/*

Ve
62
32

<TVPA€)2 + ( 2 )2 — B] (5.22)
27 Typoeg C

where A, is the detuning between the quantum systems’ optical transitions which is
small, d., is the difference between ground-state and excited-state splittings, I' = 1/2T5, is
the effective decoherence rate for the ground state, v* = 1/Ty, — /2 is the optical pure
dephasing rate, and Typ is the gate time of VP scheme. Here, we consider the optimal
gate time using the equation Typ = 27?/7\/6, which is achieved under the condition that
maximizes the gate fidelity [260]. In this equation, v = 1/77; is the optical decay rate, and
C'is the cavity cooperativity. Note that equation (5.22) includes a factor of 2 in the infidelity
terms compared to the fidelity equation in [260], as the fidelity definition used here is the
square of the definition used in Ref. [260]. To account for the effect of optical pure dephasing,
the analytical approximation is compared with the numerical solution from simulating the
master equation in the bad-cavity regime and the coefficient of 0.58 in the third infidelity
term is obtained [252]. To achieve high fidelity the gate time T'yp must be shorter than the
excited state lifetime T, and the system should avoid entering the strong-coupling regime
g/k <1 [260].

Four levels are required to perform the gate. We employ the two electron spin states in
the ground state ||.), [Te) and the two hole spin states in the bound exciton excited state
[4n), |Th) to perform the gate. Figure 5.10a (b) shows fidelity Fyp (gate time Typ) for VP
scheme. The result shows obtaining favorable gate time and fidelity for the VP gate in T

centers requires relatively large cavity cooperativity. Considering the current experimental

107



value for the cavity cooperativity of the T center 92|, the largest realistic value for C' in the
foreseeable future would be around 100. Therefore, this gate would not be suitable for the
T center in the near term. With the advent of cavity fabrication technology and increase in

the C value this gate might be practicable for implementation on T center.

5.7.5 SV: Raman virtual photon exchange

Raman virtual photon exchange scheme (RVP) is another phase-flip gate between distant
qubits that can be performed using virtual excitation of the cavity mode via a Raman
coupling. This gate has been implemented on quantum dots and trapped ions. The proposed
scheme in [260] helps to overcome the challenges of the previous proposals and also allows one
to perform a phase-flip gate between qubits in systems that have unequal optical transitions.

We consider two 4-level systems where the systems are dispersively coupled to a far-
detuned cavity. The levels to perform the gate in T centers are the nuclear spins associated
with the electron spins in the ground state |1), |3), and |4) for shelving, and hole spin down
|1n) in the excited state.

The RVP scheme is analyzed similarly to the VP scheme, with the fidelity calculated
by solving the master equation using the non-Hermitian Hamiltonian method and is well

approximated by [260]

2
Fryp =1 — —= — 2I'Tryp

Ve
~
8

Trypd. \> A2 18
( e ) 4+ (5.23)
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where J. is a small two-photon resonance error, A is the detuning between the cavity mode
and the resonance transition of the quantum system, I' = 1/2T5, is the effective decoherence
rate for the ground state, A, is a small detuning between the optical frequencies of the

systems, and Tryp is the gate time of RVP scheme. Under the condition that maximizes the
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Figure 5.10: Comparison of the (a) fidelity (Fy..) and (b) gate time (7,4 ) for the photon
scattering-based (SB), simple virtual photon exchange (VP), and Raman virtual photon
exchange (RVP) schemes with respect to the cavity cooperativity C' for implementation in
the T center. For the VP scheme, it is assumed that A, = 0, with the relevant splittings in
the ground and excited states for the T center given as 6., = 1.62 GHz. For the RVP scheme,
Ac =0, =0 and = 0.1A are assumed. For the SB scheme, we assume 9, = 0., = d., =0,
with g/k = 0.01 based on experimental data [92|. For each gate, only the variable ranges
that yield meaningful values for fidelity are shown.

scheme fidelity [260], the optimal gate time is given by Tryp = (A/Q)? (27 /4V/C), where Q

is the Rabi frequency of the classical laser field. To achieve high fidelity the gate time Tgyp
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should be shorter than the lifetime of the shelved state, the system should remain in the
bad-cavity regime g < k, and 2 < A to avoid populating the excited state. Although in the
RVP scheme the excited state is not populated, the fidelity in equation (5.23) represents an
upper bound.

To approximately account for the detrimental effect of optical pure dephasing on fidelity,
we adopt the approach in Ref. [261], which quantifies this effect by replacing the cavity
cooperativity C' with an effective cooperativity Cegp = C/[1 + 0.7 (T11,/T2, — 1)] in equation
(5.23), indicating that optical pure dephasing effectively reduces the cavity cooperativity.
Note that Tryp is also dependent on the cavity cooperativity C, so one should consider the
change in Tgyp due to optical pure dephasing when calculating the fidelity [252].

Figure 5.10a (b) shows Fryp (Tgryp) for RVP scheme. Employing the same values of
cavity cooperativity C' as the VP scheme one can achieve higher fidelity by performing
the Raman scheme compared to the simple virtual scheme. However, even for the high
cooperativities the time for performing the Raman gate Tryp is much slower. Although a
slow gate is a challenge if one wants to integrate the system in a chain of other operations,
for Raman virtual gate there is no real excitation of the atoms, and so there is no limitation
on the gate time compared to the simple virtual gate where the gate time should be less

than the optical decoherence time.
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Chapter 6

Conclusion and outlook

Global quantum networks built upon long distance quantum communication, will pave the
way for a range of applications including secure communication, distributed quantum com-
puting, and novel fundamental tests of quantum principles. Quantum repeaters, as a key
component for enabling long-distance quantum communication, have attracted significant
attention over the past two decades. However, their practical implementation remains chal-
lenging, as they critically depend on efficient quantum memories and reliable protocols for
entanglement generation, storage, and swapping.

This thesis primarily aims to advance realistic elements for quantum networks. Given
the promise of AFC memory for quantum repeater applications and the absence of a com-
prehensive model to describe and predict the performance of cavity-enhanced AFC quantum
memories, we began by developing a theoretical framework to address the challenge of char-
acterizing comb properties within the cavity. By incorporating measured cavity reflectivity,
the model enables estimation of comb parameters and memory efficiency for memories with
background absorption and arbitrary bandwidths detuned from the cavity resonance. The
model provides realistic estimates of optical depth and correct efficiency trend, which peaks
near resonance. Notably, the predicted efficiencies show semi-quantitative agreement with

experimental data, highlighting the critical role of dispersion in accurately modeling cavity-
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enhanced AFC quantum memories.

Although extensive efforts have been made toward the realization of quantum memories,
a system that fully meets all the required criteria has yet to be achieved. Future quantum
memories will likely benefit from a range of protocols and physical platforms, depending on
specific user needs. Considering that our developed model is applicable to cavity-enhanced
AFC memories based on other REICs, it could be employed to predict performance in a va-
riety of systems. With the recent demonstration of a chip-integrated AFC quantum memory,
one promising direction would be to adapt our theoretical model to a cavity incorporating a
waveguide crystal instead of a bulk crystal. Another potential avenue is to explore the effect
of operating in the regimes other than the impedance-matched weak coupling regime.

Inspired by the recent growing interest in T centers in silicon, we shifted our focus to
single-emitter-based systems. In the second project, we explored several quantum gate imple-
mentations between individual T centers, evaluating and comparing different schemes includ-
ing two probabilistic photon interference-based protocols (IB and IBF), a near-deterministic
photon scattering-based (SB) approach, and a deterministic gate based on magnetic dipole
interactions in the ground state (MDG). These schemes were evaluated in scenarios associ-
ated with current and anticipated experimental capabilities, using performance metrics such
as fidelity, efficiency, and gate time, while incorporating realistic system imperfections and
experimental constraints. We also performed a detailed analysis of the feedback-enhanced
interference-based scheme (IBF), quantitatively assessing its fidelity and efficiency while ac-
counting for optical decoherence, spin dephasing, photon loss, and imperfections in photon
collection and detection.

There are several promising directions for future research. Building on the encouraging
results of probabilistic photon-mediated interference-based schemes with single T centers,
one avenue would be to explore the feasibility of alternative probabilistic interference-based
protocols. Another direction could be applying the analytical results developed in this work

to investigate the implementation of feedback-enhanced interference-based (IBF) scheme
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in other solid-state platforms, such as color centers in diamond and rare-earth-ion-doped
crystals. Additionally, the feasibility of realizing quantum repeaters using single T centers,
similar to prior proposals for NV centers and rare-earth ions can be investigated. Finally,
the potential for enabling distributed quantum computing with T centers, leveraging these

various gate schemes, presents an exciting opportunity.
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Figure A.12: Permission from the journal to reproduce the figure in this thesis (second page).
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2025-09-05, 1:19 PM

E Outlook

Re: Permission to reuse Figure 1 from PRL 101, 203601 (2008) in my PhD thesis

From gabriel hetet
Date Fri 05/09/2025 00:42
To  Shahrzad Taheri

[AEXTERNAL]

Dear Shahrzad,
No problems !

| grant Shahrzad Taherizadegan permission to reproduce Figure 1 from Hétet et al., Phys. Rev.
Lett. 101, 203601 (2008), in her doctoral thesis.

Best, and good luck with the writing !
Gabriel

Le 05/09/2025 a 02:06, Shahrzad Taheri a écrit :
Dear Dr. Hétet,

My name is Shahrzad Taherizadegan, a PhD candidate at the University of
Calgary. | have defended my PhD and am finalizing my thesis for submission. |
would like to include Figure 1 from your paper, “Multimodal Properties and
Dynamics of Gradient Echo Quantum Memory,” Phys. Rev. Lett. 101, 203601
(2008) (DOI: 10.1103/PhysRevLett.101.203601), in my thesis.

| have obtained an APS reuse license for this one-time, non-commercial use
(copy attached). As APS requests, I’'m also seeking permission from a lead
author. Would you kindly grant permission for me to reproduce Figure 1 in the
electronic version of my thesis? | will not modify the figure and will include the full
citation and DOI hyperlink.

If convenient, a brief reply such as the following would be perfect:

“l grant Shahrzad Taherizadegan permission to reproduce Figure 1 from Hétet et
al., Phys. Rev. Lett. 101, 203601 (2008), in her doctoral thesis.”

Thank you very much for your time and consideration.

Best regards,
Shahrzad Taherizadegan

https://outlook.office.com/mail/inbox/id/AAQKADMyYmZiMDY5LThk...ItNGE3Yi1ThMDQOLTVIZmI5ZmQ30DRIMAAQAG4vB5epPsNOg4ipv3leUB0o%3D Page 1 of 2

Figure A.13: Permission from Gabriel Hetet to reproduce the figure in this thesis.
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2025-09-12, 12:32PM

E Outlook

Re: Permission to reuse Figure 1 (c) from arXiv:1912.00067 in my PhD thesis

From Leigh S Martin
Date Fri 12/09/2025 09:38
To  Shahrzad Taheri

[AEXTERNAL]

Hi Shahrzad,

Yes, please feel free to use the figure!

| grant Shahrzad Taherizadegan permission to reproduce Figure 1 (c) from Martin et al.,
arXiv:1912.00067 (2019), in her doctoral thesis.

Could you send me a PDF of your thesis when it is done? I'd be curious to learn more.
Best wishes,
Leigh

El vie, 12 de sept de 2025, 07:38, Shahrzad Taheri escribio:
Dear Dr. Martin,

My name is Shahrzad Taherizadegan, a PhD candidate at the University of Calgary. |
have defended my PhD and am finalizing my thesis for submission. | would like to
include Figure 1 (c) from your arxiv paper, “Single-shot deterministic entanglement
between non-interacting systems with linear optics,”arXiv:1912.00067, in my thesis.
Would you kindly grant permission for me to reproduce Figure 1 (c) in the electronic
version of my thesis? | will not modify the figure and will include the full citation.
If convenient, a brief reply such as the following would be perfect:
“l grant Shahrzad Taherizadegan permission to reproduce Figure 1 (c) from Martin et al.,

https://outlook.office.com/mailfinbox/id/AAQKkADMyYmZiMDY5LThkODItNGE3YiThMDQOLTVIZmI5ZmQ30DRIMAAQAKK7Z7AnU9pONjujgVZOHts%3D Page 1 of 2

Figure A.14: Permission from Leigh Martin to reproduce the figure in this thesis.

165



