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Abstract

In this paper, we examine dynamical friction at galactic scales within the framework of coupled dark energy
(CDE). This model posits dark energy as coupled quintessence, which maintains a minimal coupling to gravity but
interacts nonminimally with both dark matter and baryonic matter. Since our focus is primarily on the Newtonian
regime within galaxies, we begin by deriving the Newtonian limit of the model. Subsequently, we calculate the
dynamical friction force using three different approaches. We demonstrate that, in the absence of interaction
between dark energy and matter, standard quintessence does not generate any dynamical friction at the galactic
scale. However, the presence of interaction does cause dynamical friction. By applying the resulting analytic
expressions to a real self-gravitating system, namely the Fornax galaxy, and by implementing the constraints on the
free parameter of the model obtained from galactic observations, we demonstrate that the CDE model leads to
significant deviations from the standard cold dark matter model at galactic scales. On the other hand, if the
cosmological constraints are assumed for the free parameter, the effects of the model are expected to be negligible
at the galactic level, at least in dynamical friction.

Unified Astronomy Thesaurus concepts: Dark energy (351); Dynamical friction (422); Dark matter (353); Fornax
dwarf spheroidal galaxy (548)

1. Introduction

Numerous alternative theories of gravity incorporate scalar
fields to describe dark energy or dark matter. In the context of
dark energy, notable examples include the standard quintes-
sence model, coupled quintessence, K-essence, and chameleon
scalar field theories (L. Amendola & S. Tsujikawa 2010).
Conversely, for dark matter, one may refer to Tensor–Vector–
Scalar theory (TeVeS; J. D. Bekenstein 2004), MOdified
Gravity (MOG; J. W. Moffat 2006), and the new relativistic
theory of MOdified Newtonian Dynamics (MOND; C. Skordis
& T. Złośnik 2021).

The primary objective of this paper is to examine dynamical
friction within the specific coupled dark energy (CDE) model
proposed by L. Amendola (1999, 2000) in which the existence
of a scalar field plays a key role. This model postulates a
specific form of interaction between dark energy and matter.
The interaction between dark energy and dark matter, resulting
in an energy flux between the two components, has significant
implications for cosmological evolution. This interaction can
influence the duration of cosmological epochs, as demonstrated
by L. Amendola (2004), Z.-K. Guo et al. (2005), H. Wei &
S. N. Zhang (2007), H. Wei (2009), R.-G. Cai & Q. Su (2010),
Y. L. Bolotin et al. (2015), Y.-H. Li et al. (2014), B. Wang
et al. (2016), B. J. Barros et al. (2019), A. Gómez-Valent et al.
(2020), and N. Roy (2023). While A. V. Macciò et al. (2004),
V. Pettorino et al. (2012), V. Pettorino (2013), J.-Q. Xia
(2013), Planck Collaboration et al. (2016), A. A. Costa et al.
(2017), X. Liu et al. (2024), and G. A. Hoerning et al. (2023)
have demonstrated that observational constraints limit the
viability of dark energy interaction models, recent investiga-
tions, including W. Yang et al. (2018, 2023), E. Di Valentino
et al. (2020a, 2020b), and A. Aboubrahim & P. Nath (2024),

have shown that such interactions can potentially alleviate
some observational tensions within the standard cosmological
model, such as the Hubble tension and the S8 discrepancy. For
a recent reviews of this model, we refer the reader to M. A. van
der Westhuizen & A. Abebe (2024) and B. Wang et al. (2024).
The interaction between dark energy and dark matter can, in

theory, influence the long-term internal evolution of galaxies.
However, despite extensive research on this model in the
context of cosmology, there has been comparatively less focus
on its implications at galactic scales. One of the primary
consequences of the presence of dark matter particles in
galaxies is the emergence of dynamical friction, which can
significantly impact the dynamics of stellar bars in spiral
galaxies or globular clusters within dwarf galaxies. The concept
of dynamical friction in self-gravitating systems was first
developed by S. Chandrasekhar (1943). It has proven to be an
invaluable tool for explaining various phenomena observed in
galaxies. For example, it accounts for the presence of massive
black holes in the central regions of galaxies, the absorption of
satellite galaxies by their host galaxies, and the formation of
binary black holes during galactic mergers, among other
phenomena; see J. Binney & S. Tremaine (1987). Another
significant example is the exchange of angular momentum
between the dark matter halo and the stellar bars in disk
galaxies through the dynamical friction (M. D. Weinberg
1985). As a result, the pattern speed of the bar decreases over
time (V. P. Debattista & J. A. Sellwood 2000). Consequently,
cosmological simulations predict “slow” bars at redshift z= 0.
In contrast, most observed bars are classified as “fast.” This
discrepancy presents a challenge for the standard model of
cosmology (M. Roshan et al. 2021b).
The significance of dynamical friction in self-gravitating

systems containing substantial amounts of dark matter has been
investigated across various models of dark matter particles.
Two notable cases are worth mentioning. First, L. Berezhiani
et al. (2019) explored dynamical friction in the context of dark
matter as a superfluid. In contrast to classical theories, this
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model demonstrates that dynamical friction persists even
during subsonic motion within superfluid dark matter. In the
same model, the role of dynamical friction in the evolution of a
black hole binary has been investigated in L. Berezhiani et al.
(2024). Second, fuzzy dark matter (FDM) is another model that
has garnered considerable attention in the past seven years
(L. Hui et al. 2017). In this framework, dark matter is
composed of ultralight bosons that can induce quantum effects
on a galactic scale. These quantum effects may reduce
dynamical friction, thereby extending the orbital decay time-
scale of globular clusters in the Fornax dwarf spheroidal
galaxy. This behavior helps to alleviate a long-standing puzzle
regarding this galaxy (L. Hui et al. 2017). A more
comprehensive study of dynamical friction in FDM has
established a constraint on the mass of ultralight bosons
needed to resolve the Fornax puzzle (L. Lancaster et al. 2020;
R. Buehler & V. Desjacques 2023). On the other hand,
N. Glennon et al. (2024) demonstrates that repulsive interac-
tions between ultralight background particles can significantly
reduce dynamical friction. This occurs because such interac-
tions hinder the formation of a strengthened wake behind the
moving body. Third, there are also a few papers on dynamical
friction in the context of self-interacting dark matter model.
This model was first proposed by D. N. Spergel & P. J. Stein-
hardt (2000) as a potential solution to discrepancies between
CDM simulations and observational data. Recent investiga-
tions, including the analytical study in G. Alonso-Álvarez et al.
(2024) and N-body simulations in M. S. Fischer & L. Sagunski
(2024), demonstrate that dark matter self-interactions have a
substantial impact on the dynamical friction experienced by
merging black holes. This impact is particularly significant in
the final stages of the merger process, where it can influence the
propagation of gravitational waves. Furthermore, these studies
suggest that the inclusion of dark matter self-interactions may
offer a potential solution to the “final parsec problem.”

In the context of modified gravity theories that deny the
existence of dark matter particles, dynamical friction serves as
a crucial tool for distinguishing between modified gravity and
cold dark matter. For example, M. Roshan & B. Mashhoon
(2021) investigate dynamical friction within a specific theory of
nonlocal gravity (NLG). In this framework, nonlocal gravita-
tional effects replace the need for dark matter (F. W. Hehl &
B. Mashhoon 2009). This study demonstrates that dynamical
friction in spiral galaxies is weaker compared to the standard
cold dark matter model. This finding aligns with high-
resolution N-body simulations conducted within the NLG
framework (M. Roshan et al. 2021a). The simulations in
M. Roshan et al. (2021a) approve a similar behavior in MOG.

On the other hand, there are several papers investigating
dynamical friction in MOND. Early studies, such as L. Ciotti &
J. Binney (2004), F. J. Sánchez-Salcedo et al. (2006), and
C. Nipoti et al. (2008), demonstrate that dynamical friction in
MOND can be greater than in Newtonian theory, at least in the
deep MOND regime, and that the relaxation time can be
significantly shorter compared to Newtonian dynamics. Similar
results have been reported by more recent research (P. Di
Cintio et al. 2024). However, outside the deep MOND regime
the situation is different and the friction force can be
substantially reduced compared to Newtonian gravity. For
example, see O. Tiret & F. Combes (2007a, 2007b), where the
merging timescale of Milky Way-type galaxies is explored. As
another example, the galactic bar developed in the MONDian

model in M. Roshan et al. (2021b) experiences much less
dynamical friction compared to the dark matter case.
M. Bìlek et al. (2021) investigate conditions under which

globular clusters maintain their orbits without forming a central
nucleus. Their analysis reveals that, for a single globular cluster
in the MOND regime, similar to the Newtonian case, a core
stalling phenomenon is observed. This stalling nucleus
prevents the formation of a central nucleus in ultradiffuse
galaxies. Furthermore M. Bìlek et al. (2024) examines the
motion of globular clusters under the influence of dynamical
friction in the presence of supernova feedback in MOND.
Now, let us return to the primary focus of this paper. The

CDE model emerges as a hybrid model that incorporates both
modifications to gravity and the presence of dark matter
particles. In this framework, the scalar field primarily serves as
dark energy. However, its coupling to matter (particularly to
dark matter) may affect the internal dynamics of galaxies. This
represents a distinctive aspect in which dark energy could have
a significant role within galaxies. One of the prime locations to
observe this intriguing feature is by exploring the impact of
dynamical friction. To achieve this objective, we derive
analytical expressions for the dynamical friction experienced
by a massive point mass moving through both a medium
composed of a sea of less massive particles and a gaseous
medium. For the former case, we implement two different
methods: the standard approach by S. Chandrasekhar (1943)
and the gravitational wake approach developed in S. Tremaine
& M. D. Weinberg (1984). These approaches do not lead to
precisely the same results because the latter proves to be more
powerful and relaxes some restrictive assumptions of the earlier
one. For the gaseous system, we adopt a fluid treatment and
utilize the linearized hydrodynamical equations along with a
modified version of the Poisson equation within the CDE
model. In this approach, the Jeans analysis aids in determining
the dynamical friction force; see L. Berezhiani et al. (2019) and
L. Lancaster et al. (2020).
The outline of this paper is as follows. We begin by

presenting the field equations of the CDE model in Section 2.
Section 3 is dedicated to deriving the weak field limit of the
model. Subsequently, in Section 4, we derive the dynamical
friction force for both particle and gaseous media. Finally, in
Section 5, we apply the results to the Fornax galaxy to
investigate whether the CDE model can address the Fornax
puzzle.

2. Filed Equations of CDE

In Brans–Dicke theory, the scalar field couples to the metric
and is sourced by matter. More importantly, the scalar field does
not couple directly to the matter Lagrangian. However as shown
in T. Damour et al. (1990), we can move to the Einstein frame
by applying a conformal transformation =mn

kbf
mn

- ~
g e g2 ,

where gμν and mn
~
g indicate the metric in the Einstein and Jordan

frame, respectively, κ2 = 8πG, and β is a parameter that
determines the strength of coupling between matter and the
scalar field. This transformation results in the Brans–Dicke
action taking the form

( )ò k
= - + +f S d x g

c
R

2
, 1m

4
4

2
⎜ ⎟
⎛
⎝

⎞
⎠

where g is the determinant of the metric, R is the Ricci scalar,
m represent the matter Lagrangian density, and the scalar field

2
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Lagrangian density is

( ) ( )f f f= -   -f m
m V

1

2
. 2

V(f) is the potential function of the scalar field that is arbitrary.
Hereafter, we restrict ourselves to the Einstein frame and refer
the reader to T. Damour et al. (1990) for more details on the
frame transformation. In the Einstein frame, the energy–
momentum tensor is no longer conserved. More specifically,
the conservation equations of the energy–momentum tensors
read

( )
( )

kb r f kb r f = -  - n m
n

f

m mT , 3b b c c

( )
( )

kb r f = n m
n

mT , 4
c

c c

( )
( )

kb r f = n m
n

mT , 5
b

b b

where ρ is energy density, and c and b subscripts denote cold
dark matter and baryonic matter, respectively. The scalar field
is postulated to play the role of dark energy. Therefore, the
conservation equations simply imply that there is interaction
between the two main ingredients of the cosmic matter-energy
budget, namely dark energy and dark matter. The coupling
parameters βc and βb regulate the strength of the interaction
between matter and dark energy. In general, these parameters
can depend on the scalar field; however, in this paper, we treat
them as constant. By setting them to zero, we recover the
standard uncoupled quintessence model. The case βc ≠ βb
means that the fifth force is felt differently by matter and dark
matter. Local gravitational experiments constrain |βb| to be
small (L. Amendola 2000). Conversely, the rotation curve data
of 40 galaxies in the SPARC catalog suggests that
βbβc = 0.17 ± 0.04 (Á. de Almeida et al. 2018). We will
employ this constraint in our dynamical friction calculations
because we focus on the galactic scale. Additionally, there are
other restrictive constraints on βc from cosmology (see, for
example, V. Pettorino 2013; J.-Q. Xia 2013; Planck Collabora-
tion et al. 2016; A. Gómez-Valent et al. 2020), which we will
discuss in terms of their implications for our analysis in the
application section.

The metric field equation is

( ) ( )
( ) ( ) ( )k

- = + +mn mn mn mn

f

mnR g R
c

T T T
1

2
, 6

c m2

4

where

( ) ( )
( )

f f f f f= -   +  
f

mn mn m n mn g
gT g V g

1

2
, 7

and the energy–momentum tensor of the matter/dark matter is

( )r= + +mn m n mnT
p

c
u u pg , 8

2
⎛
⎝

⎞
⎠

where ρ can be the energy density of baryonic or dark matter, p
is the corresponding pressure, and uμ is the four-velocity.
Notice that we assume that both dark matter and baryonic
matter are described by a perfect fluid. On the other hand, by
taking the variation of the action (1) with respect to the scalar

field, we find the following field equation

( ) ( ) ( )f f k b r b r- = - +¢ V . 9b b c c

3. The Weak Field Limit of CDE

Although CDE serves as a cosmological model, our research
aims to investigate its implications on the galactic scale.
Therefore, it is imperative to derive the weak field limit of the
model. Before proceeding, we will briefly review the weak field
limit of GR in the presence of the cosmological constant Λ
playing the role of dark energy. In this case, the metric field
equation is

( )k
+ L =mn mn mnG g

c
T . 10

2

4

Deriving the Newtonian limit of Equation (10) can provide
useful insights for conducting analogous calculations in the
CDE model, given that the latter constitutes a cosmological
model under investigation with a focus on its galactic
consequences.
Assuming slow velocity regime, i.e., v = c, in a weak

gravitational field, the spacetime metric is approximated as

( )h= +mn mn mng h , 11

where ημν is Minkowski metric and hμν is the corresponding
metric perturbation. By imposing the harmonic gauge
¶ =m

mnh 0, the right-hand-side of the metric field equation
can be linearized as follows

 ( )h+ L - + Lmn mn mn mnG g h
1

2
, 12

where

( )h= - =mn mn mn
a
ah h h h h

1

2
, . 13

It is noteworthy that we have taken the Minkowski spacetime
as the background. Therefore, the existence of Λ should be
treated as a perturbation. Consequently, we omit the term Λhμν

in the linearized field equation because it is a second-order
perturbation term.
On the other hand, the perturbed metric can be written as

( ) ( )d= - +
Y

+ -
F

ds
c

d ct
c

dx dx1
2

1
2

, 14ij
i j2

2
2

2
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

where Φ and Ψ represent the gravitational potentials. In this
case, the nonzero components of mnh are

( )
( ) ( )d

=- Y + F

= F - Y

c h

c h

3

. 15ij ij

2 00

2

Accordingly, the nonzero components of the Einstein tensor
read

( )

( ) ( )d

=  Y +  F

=  Y -  F

c G

c G

3

. 16ij ij

2 00 1

2
2 2

2 1

2
2 2

Note that the time derivatives of the potentials are small in the
Newtonian limit. Therefore they can be safely neglected. Now,
let us consider the energy–momentum tensor in the Newtonian
limit. It is straightforward to verify that (E. Poisson &

3
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C. M. Will 2014)

( )

( )

( )

( )

( )

( )

r

r

r d

= +

= +

= + +

-

-







T c

T v c c

T v v p c

1

,

m

j
m

j

ij
m

i j ij

00 2

0 1

3

where v j = dx j/dt. By ignoring the terms c− n with n� 3, the
00 component of the field Equation (12) can be written as

( ) ( )p r Y +  F = + LG c
1

2
3 8 , 172 2 2

similarly the summation of ii components takes the following
form

( ) ( ) Y -  F = -Lc
1

2
. 182 2 2

Note that the 0j components do not contribute to the Newtonian
limit. By combining these two equations, the Poisson’s
equation can be obtained as follows

( )p r p r r Y = - L = + +L
LG c G

p

c
4 4

3
, 192 2

2
⎛
⎝

⎞
⎠

where r =
pL
L c

G8

2

is the dark energy density and pΛ = −c2ρΛ. Of
course, in galactic scales, the contribution of Λ to Poisson’s
equation can be safely disregarded because the dark energy
density is significantly smaller than the matter density of the
galaxies.

Having reviewed the Newtonian limit of GR with the
cosmological constant, let us now revisit the Newtonian limit
of the CDE model. In this case, the metric field equation in the
linear limit can be expressed as follows

( ) ( )
( ) ( ) ( )k

- = + +mn mn mn mn
f

 h
c

T T T
1

2
. 20

b m2

4

We only need to linearize the energy–momentum tensor of the
scalar field because we have already computed the remaining
terms. We assume that the scalar field comprises a cosmic
background value that is a function of time, as well as a
perturbation that is a function of both space and time

( ) ( ) ( )f f df= + mt x . 210

Accordingly, the energy–momentum tensor of the scalar field
(7) can be linearized as follows

  ( ) ( )
( )

f df+ + +
f

¢ -T
c

V V c
1

2
, 2200

2 0
2

0 0
2

  ( ) ( )
( )

d f df- - + + +
f

¢ -T
c

V V c
1

2
, 23ij ij

2 0
2

0 0
2⎛

⎝
⎞
⎠

where V0 = V(f0), ( )f=¢ ¢V V0 0 and prime sign stands for
derivative with respect to the scalar field. In this study, we
disregard the time derivative of the scalar field perturbation due
to its negligible changes in time compared to cosmic time.
Consequently, by using the components of the energy–
momentum tensor, namely Equations (22) and (23), the 00
and sum of the ii components of the field Equation (20) can be

written as



( ) ( )

( )

p r r

p
f df

 Y +  F = +

+ + + ¢

G

G

c c
V V

3 8

8 1

2
24

b c
1

2
2 2

2 2 0
2

0 0⎛
⎝

⎞
⎠

and

( ) ( )p
f df Y -  F = - - ¢G

c c
V V

1

2

8 1

2
, 252 2

2 2 0
2

0 0⎛
⎝

⎞
⎠

respectively. By combining these two equations, the general-
ized Poisson’s equation can be derived in the following form

( ) ( )p r r r
p

f df Y = + + + +f
f ¢G

p

c

G

c
V4

3 8
, 26b c

2
2 2 0⎜ ⎟

⎛
⎝

⎞
⎠

where the density ρf and the pressure pf are defined as

 ( )
( )r f

f
= +f c

V

c

1

2
27

4 0
2 0

2

 ( ) ( )f f= -fp c
V

1

2
. 28

2 0
2

0

The inclusion of the last terms in the right-hand side of
Equation (26), despite their coefficient of 1/c2, is intended to
enable a comparison with Equation (19) and to facilitate a
better understanding of the scalar field’s role as dark energy.
The dark energy contribution, ρf + 3pf/c

2, has the same role

as the term r +L
Lp

c

3
2 in Equation (19). Similar to the case of Λ,

we expect that this contribution is small compared to the matter
density of the galaxy, namely ρf + 3pf/c

2 = ρb + ρc.
Likewise, the final term of Equation (26), which incorporates a
coefficient of 1/c2 and involves the small perturbation δf, can
be safely ignored. Consequently, our generalized Poisson’s
equation keeps the Newtonian form

 ( ) ( )p r r Y +G4 . 29b c
2

However, the force exerted on each particle is not solely
determined by ∇Ψ. The correct form of the force is obtained
from the Euler equation, which can be derived from the weak
field limit of the conservation equation of the total energy–
momentum tensor. By keeping the dominant terms in the
conservation equation, which are of the order of c, while
discarding those with a lower order, the μ = 0 component of
Equations (5) and (4) yields the continuity equation

( ) ( )
r

r
¶
¶

+  v
t

. 0, 30A
A A

where ρA can be either the baryonic matter density ρb or the
cold dark matter density ρc. Correspondingly, vA can be the
velocity of the baryonic fluid vb or that of the dark matter fluid
vc. Furthermore, by retaining the dominant terms (zeroth order
of c) in three other components of the conservation equations,
we obtain the modified Euler equation

( · ) ( )r r r
¶
¶

+  = - - Y
v

v v
t

p , 31A
A

A A A A A A

where the effective potentials are defined by

( )kb dfY = Y - 32A A

4
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since βA is different for baryonic and dark matter fluids, these
components experience different gravitational potential. The
potential Ψ is obtained from the Poisson Equation (29). On the
other hand, by disregarding the time derivative of δf in
Equation (9), we can derive the linearized version of the field
equation for the scalar field

( ) ( ) ( )df f df k b r b r =  - +V . 33b b c c
2

0

This is the screened Poisson’s equation for δf, and its solution
can be expressed as

/

[ ( ) ( )]
∣ ∣

( )
∣ ∣

òdf
k
p

b r b r= +
-

l
¢ ¢

- -

¢
¢

¢

r r
r r

r
e

d
4

, 34
r r

b b c c
3

where 1/λ is the screening parameter defined as

( ) ( )
l

f= V
1

. 350

Consequently, the potential ΨA takes the following form

/

( ) [ ( ) ( )

( ( ) ( )) ] ( )
∣ ∣

∣ ∣

ò r r

b b r b r

Y =- +

+ + l

-
¢ ¢

¢ ¢ - -

¢

¢

¢

r r r

r r

G

e2 . 36

r

r r

r r

A
d

b c

A b b c c

3

The first two terms represent the Newtonian potential, denoted
as Y A

N , while the last two terms can be regarded as the
correction ΔΨA arising from CDE. Thus, the total potential can
be expressed as

( ) ( ) ( ) ( )Y = Y + DYr r r . 37A A
N

A

Finally, the gravitational field acting on the component A can
be obtained through the following relation

( )= -Yg . 38A A

The attainment of the generalized potential relation in the CDE
model provides a means to explore the dynamics of galaxies.
The generalized potential relation can be employed to examine
the impact of matter coupling with a scalar field on dynamical
friction.

4. Dynamical Friction in CDE

Dynamical friction, as previously mentioned, plays a crucial
role in the dynamics of galaxies, making its study necessary in
various contexts. For instance, the motion of a star cluster
within a galaxy, immersed in a background of other stars, is
affected by the dynamical friction induced by the background
particles. Similarly, if we consider a host galaxy’s dark matter
halo, the movement of satellite galaxies situated far from the
halo’s center is influenced by the dynamical friction caused by
the halo. Furthermore, dynamical friction can also be assessed
within a fluidic state. These conditions arise in the vicinity of
galactic halos’ centers, where massive black holes reside, and
investigating dynamical friction through a hydrodynamic
approach proves advantageous in these regions. In the context
of this study, various papers have utilized hydrodynamic
methods to examine different scenarios (see L. Berezhiani et al.
2019; L. Lancaster et al. 2020; and E. C. Ostriker 1999).

The calculation of dynamical friction is a complex matter
that relies on multiple factors. Expressions for dynamical
friction cannot be obtained for any arbitrary system. However,
in the scenario where a point mass perturber is moving within a
system of low mass particles or within a gaseous medium, it is

feasible to determine the dynamical friction force by applying
simplified assumptions. For instance, in the following subsec-
tion, we describe a simplified two-body scattering method that
is employed to obtain the relationship of the dynamical friction
force exerted on an object moving in the field of particles. This
method neglects the self-gravity interaction between the
background particles. On the other hand, as will be elucidated
later, the analytical expression for the dynamical friction
relationship utilizing the two-particle scattering approach
exhibits inherent complexity. Consequently, in the second
subsection, an alternative method, namely the gravitational
wake method, which is comprehensively expounded upon in
S. Tremaine & M. D. Weinberg (1984) and also employed in
M. Roshan & B. Mashhoon (2021), has been utilized to derive
an expression for the dynamical friction relationship. Addi-
tionally, the dynamical friction can be calculated for gaseous
systems by assuming that the background is a perfect fluid and
the moving object is a point mass that disrupts the background,
which is discussed in the third subsection.

4.1. Chandrasekhar’s Approach: Two-body Problem in CDE

In this section, we adopt the conventional approach outlined
in S. Chandrasekhar (1943) to determine the dynamical friction
force in CDE. The interaction between an object with a mass of
M and a velocity of vM, moving through a homogeneous
population of background particles with a mass of m and a
velocity of vm, can be simplified by considering two-body
encounters. By extending the results of the two-body scattering
between M and a background particle m to encompass
scattering from all particles, the dynamical friction force can
be derived. Our aim is not to repeat the standard calculations of
the friction force. Instead, we focus on the modifications that
would arise in Chandrasekhar’s formula due to the non-
Newtonian potential Equation (36) experienced by the
particles.
Referring to Equation (36), the gravitational potential

experienced by a baryonic point mass M due to the presence
of a point mass mA can be expressed as

/( ) ( )b bY = - + l-m G

r
e1 2 . 39b

A
b A

r

Notice that mA can be a baryonic or dark matter point particle.
In this equation, G represents the gravitational constant, r
denotes the distance between the two masses, and βb and βA are
coupling parameters associated with the masses M and mA,
respectively. It is easy to show that in the center of mass system
the equation of motion of the reduced mass m =

+
m M

m M
A

A
due to

the gravitational force of the combined mass mA + M, can be
described by the following equation

/̈ ( ) ( )b b
l

= -
+

+ + l-r
m M G

r

r
e1 2 1 . 40A

b A
r

2
⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

When considering Newtonian gravity, or equivalently when
λ → ∞, we can integrate this equation of motion and
determine the final change in velocity of the objects. However,
the presence of an exponential term in the gravitational
potential of the CDE model hinders the availability of an
analytical solution. As a result, an approximate method must be
employed to determine the dynamical friction force in CDE.
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To address this issue, we can refer back to Equation (40) and
consider the scenario where the gravitational constant G is not
constant but varies with distance. In this case, we follow the
prescription introduced in M. Roshan & B. Mashhoon (2021),
and define the effective gravitational constant Geff as

[ ( )] ( )= +G f r G1 , 41A
Aeff

where f (r) is a function that accounts for the deviation from the
Newtonian potential and is defined as follows

/( ) ( )b b
l

= + l-f r
r

e2 1 . 42A b A
r⎛

⎝
⎞
⎠

To calculate the average value of the effective gravitational
constant, note that d < r < dA, where d represents the size of
object M and dA represents the characteristic size of the system
of particles with mass mA. We take the average value of fA(r)
within this interval to obtain the average value of the effective
gravitational constant. The mathematical form of the standard
Chandrasekhar formula for dynamical friction remains
unchanged with this approximate approach. We only need to
substitute G with Ḡ A

eff , where ¯ [ ¯ ( )]= +G f r G1A
Aeff and ¯ ( )f rA

is given by

¯ ( )

( ( ) ( )) ( )

ò
b b l l

=
-

=
+ - +

-

- -l l

f
d d

f r dr

e d e d

d d

1

2 2 2
. 43

A
A d

d

A

b A A

A

A

d dA

It is important to note that ¯ >f 0b irrespective of the sign of βb,
indicating that the effective gravitational constant experienced
by the moving perturber M due to the baryonic matter is always
greater than G. As a result, CDE model increases the dynamical
friction caused by the baryonic background particles. On the
other hand, the sign of f̄c depends on the sign of β defined as

( )b b b= . 44b c

As a result, the dynamical friction induced by the dark matter
background particles can be enhanced or weakened, depending
on the sign of β. Now, let us recall that the standard
Chandrasekhar expression for dynamical friction is

( ) ( )p r= - < LF
v

G M
v

v4 ln , 45M

M
MDF

2 2
3

where ρ(<vM) denotes the density of the background particles
with velocities smaller than the velocity of the perturber vM

( ) ( ) ( )òr p< = v v v dv4 , 46M

v

m m m
0

2M

( ) vm is the distribution function of the background particles.
On the other hand, Lln is the Coulomb logarithm given by

( )
( )L =

+

v D

G m M
, 47

typ
2

where vtyp is the typical velocity of the background particles
with mass m and D is the characteristic size of the system. As
already mentioned, to obtain the friction force in CDE we only
need to G G A

eff . Finally, keeping in mind that the galactic
systems have both baryonic and dark matter components, the

friction force in CDE takes the following form

˜ (( ¯ ) ( )

( ¯ ) ( ) ) ( )

p r L

r L

=- + <

+ + <

F
v

G M
v

f v

f v

4 1 ln

1 ln , 48

M

M
b b M b

c c M c

DF
2 2

3
2

2

where

( ) ( )
( )L =

+
L =

+
v d

G m M

v d

G m M
, 49b

b b

b
c

c c

c

2 2

vc and vb are the typical velocity of the cold dark matter and
baryonic matter respectively, and dc and db are the corresp-
onding characteristic sizes. Based on the observational bounds
on the β coupling coefficient discussed earlier, it is clear that
¯ bµfb b

2 is small. Therefore, we can ignore this term from the
dynamical friction force by approximating ( ¯ )+ f1 1b

2 . On
the other hand, in the self-gravitating systems studied in this
paper, we expect the dark matter contribution to the dynamical
friction to dominate the baryonic matter contribution. Thus, we
can ignore the baryonic contribution. By doing so, we arrive at
the following ratio between the dynamical friction force in
CDE and Newtonian gravity for the same distribution of dark
matter particles in both cases

˜
( )= = = + +

F

F

G

G
f f1 2 . 50

c

c c
DF

DF

eff
2

2⎛
⎝

⎞
⎠

As already mentioned, depending on the sign of β = βbβc, this
ratio can be greater or less than one. To be specific, > 1 for
β > 0 and < 1 for β < 0.

4.2. Gravitational Wake

In the previous section, we used an approximate method to
derive the dynamical friction force. However, there is an
alternative method that can provide a more precise result
without the need for averaging over the effective gravitational
constant. In this approach, we consider a subject body
traversing through a field of stars characterized by a mass m.
The objective is to determine the dynamical friction experi-
enced by the subject body in this medium. To achieve this, we
adopt the methodology outlined in the seminal work by
S. Tremaine & M. D. Weinberg (1984). This paper elucidates
the dynamics of the background particles by investigating the
changes in their momentum induced by the gravitational
potential generated by the presence of a mass M. Given the
fundamental principle of conservation of total momentum in a
mechanical system, a comprehensive analysis of the momen-
tum transfers among the particles allows us to quantify the
changes experienced by the subject object. Consequently, it
becomes imperative to calculate the perturbed gravitational
potential that the background particles experience as a
consequence of the presence of mass M.
Consider a test baryonic object M that perturbs its

surrounding. The potential felt by background particles with
mass mA is given by ΨA, see Equation (32). To proceed with our
analysis, we work in the Fourier space, where we express any
function f (x, t) as

( )
( )

ˆ ( ) ( )·òp
=x kf t f t e d k,

1

2
, , 51ik x

3
3
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where ˆ ( )f k t, is the Fourier integral transform of f (x, t). Using
the Fourier transform for Equation (32) we obtain

ˆ ( ) ˆ ( ) ˆ ( ) ( )kb dfY = Y -k k kt t t, , , . 52A A

On the other hand, using the Fourier transform of
Equations (29) and (33) we find

ˆ ( ) ( ˆ ( ) ˆ ( ))

ˆ ( ) ( ˆ ( ) ˆ ( )) ( )

k
r r

df
k
l

b r b r

Y =- +

=
+

+
-

k k k

k k k

t
k

t t

t
k

t t

,
2

, ,

, , , . 53

b c

b b c c

2

2

2 2

Consequently, the Fourier transform of the potential ΨA is

ˆ ( ) ˆ ( )

ˆ ( ) ( )

k
r b b

l

r b b
l

Y =- +
+

+ +
+

-

-

k k

k

t
k

t
k

k

t
k

k

,
2

, 1 2

, 1 2 . 54

A b A b

c A c

2

2

2

2 2

2

2 2

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦⎥

The potential experienced by the background particle can be
influenced by both other background particles and the test
object. However, the impact of self-gravity is not taken into
consideration in this study. Moreover, given that our test object
is composed of baryonic matter, we specifically focus on the
term in Equation (54) that incorporates the baryonic density.
We consider a test object with a mass density given by
ρb = Mδ(x− vMt). In this case, we have ˆ ·r = -Me k v

b
tM . Finally,

using Equations (54) and (51), we can express the potential as

( )
( )

( )·( )òp
Y = -

+ -x t
MG q k

k
e d k,

2

1
, 55k x v

A
A i t

2 2
3M

where qA(k) is defined as

( ) ( )b b
l

=
+ -

q k
k

k
2 . 56A A b

2

2 2

We neglect the interaction between background particles.
Therefore, the background particle mA moves on the path
= +x x v tm0 A

with momentum =p vmA mA
in the absence of

the perturber M. Now, let us proceed with the calculation of the
force exerted on mA due to the presence of the perturber M.
This force is expressed as

( ) ( )= - Y
p

x
d

dt
m . 57A A

It is convenient to express the resulting deviation in the
position and momentum of the particle mA in power series in
terms of G

( )å å= + + D = + D
= =

x x v x p v pt m, , 58m
i

n

i A m
i

n

i0
1 1

A A

where Δix and Δip are the corresponding perturbation of order
i in the position and momentum, respectively. Substituting
Equation (58) into (57), we obtain (for more details see
M. Roshan & B. Mashhoon 2021)

( ) ( )
( )( · )òp

D
=

+ w+p
k

d

dt
i
m MG q k

k
e d k

2

1
, 59k xA A i t1

2 2
30

where · ( )w = -k v vm MA . By integrating Equation (59) twice
over time, we obtain the first-order perturbation Δ1x as follows

( )
( )( · )òp w

D = -
+ w+x ki

MG q k

k
e d k

2

1
. 60k xA i t

1 2 2 2
30

On the other hand, it is easy to show that the second-order
perturbation in the momentum can be obtained from

( ) ( · ) ( ) ( )D
= - D  Y

p
x x

d

dt
m . 61A A

2
1

We see that the tidal matrix Kij = ∂2ΨA/∂x
i∂x j appears in the

right-hand side and is computed over the unperturbed path
= +x x v tm0 A

. Using Equation (55), the tidal matrix takes the
following form

( )
( )( · )òp

=
+ w

¢

¢
+ ¢ ¢ ¢¢ ¢

K
MG q k

k
e k k d k

2

1
, 62k x

ij
A i t

i j2 2
30

where · ( )w = -¢ ¢k v vm M . It is useful to first replace ¢k by- ¢k
in (62) and substitute it alongside with Equation (60) into
Equation (61). The resulting equation is

( ) ( ) ( )

( · ) ( )[( )· ( ) ]

òp w
D

=
+ +

´ w w

¢

¢

¢ - + - ¢ ¢¢ ¢

p

k k k

d

dt
im

MG q k

k

q k

k

e d kd k

2

1 1

. 63k k

A
A A

i tx

2
2

2

2 2 2

3 30

⎛
⎝

⎞
⎠

⎡
⎣

⎤
⎦

⎡
⎣⎢

⎤
⎦⎥

To find the net momentum change experienced by M due to
interaction with particles mA with velocity vmA

, we need to
integrate d(Δ1p)/dt and d(Δ2p)/dt over all background
particles and velocities. Let us first integrate over all the
background particles with constant number density nA

( ) ( ) ( )ò=
D

+
Dp p p

x
d

dt
n

d

dt

d

dt
d . 64A

1 2
0⎛

⎝
⎞
⎠

It is easy to show that the first term in the right-hand side
becomes zero. This can be shown by using the definition of the
Dirac delta function

( )
( )

( )( )·òd
p

- =¢ - ¢
k k xe d

1

2
. 65k k xi

3 00

This means that the DF force does not appear at the linear order
of G. Therefore, let us proceed to calculate the second term.
Using Equations (63) and (65), we find

[ ( )]
( )òp w

=
+p

k
d

dt

i
m n M G

q k

k
d k

2 1
. 66A A

A2 2
2

2 2
3

According to M. Roshan & B. Mashhoon (2021), the above
equation can be rewritten as

( )
∣ ∣

[ ( )] ( )òp=
-
-

+
p v v

v v
d

dt
m n M G q k

dk

k
4 1 . 67A A

M m

M m
A

2 2
3

2A

A

Now, we integrate over all velocities vmA. Assuming an
isotropic velocity distribution for the background particles,
the number density can be written as ( )ò=n f v d vA m m

3
A A.

Consequently, to account for all the velocities, we need to do
the following replacement in Equation (67)


( )
∣ ∣

( ) ( )
∣ ∣

( )ò
-
-

-
-

v v

v v

v v

v v
n f v d v . 68A

M m

M m
m

M m

M m
m3 3

3A

A

A
A

A

A

7

The Astrophysical Journal, 982:75 (15pp), 2025 April 1 Nari & Roshan



This replacement allows us to integrate over all velocities and
obtain the net momentum change experienced by M due to
interaction with all background particles. On the other hand,
using the Newton’s shell theorem, one may write

( ) ( )
∣ ∣

( ) ( )

ò

òp

-
-

=

v v

v v
v

f v d v

v
f v v dv4 . 69

m
M m

M m
m

M

M

v
m m m

3
3

3 0
2

A
A

A

A

M

A A A

Applying Equations (68)–(67) and using Equation (46), we find
the dynamical friction force The resulting equation is

˜ ( ) ( )p r= - = - <F
p vd

dt
M G

v
v I4 , 70M

M
A M ADF

2 2
3

where IA is defined as

( ( ))
( )ò=

+
I

q k

k
dk

1
. 71A

k

k
A

2

min

max

Fortunately, it is straightforward to evaluate this integral. The
result is

( ) ( ) ( )= + - I
k

k
k kln , 72A A A

max

min
max min⎜ ⎟

⎛
⎝

⎞
⎠

where the function A is defined as

( ) ( ) ( )

( )

b b
b b

l
b b l=

+
+ + + k

k
k2

1
1 ln 1 .

73

A A b
A b

A b2 2
2 2⎛

⎝
⎞
⎠

As βA approaches zero, A becomes zero and Equation (70)
simplifies to Chandrasekhar’s expression with L =ln

/( )k kln max min . It is important to note that the moving body M
moves within both baryonic and dark matter mediums. Therefore,
the general form of the dynamical friction force takes the
following form

˜ ( ( ) ( ) ) ( )p r r= - < + <F
v

M G
v

v I v I4 . 74M

M
b M b c M cDF

2 2
3

As previously discussed, the coupling between dark energy and
baryonic matter is determined to be insignificantly small due to
observational limitations. Consequently, terms involving the square
or higher powers of the coupling parameter βb in of Ib can be safely
disregarded. With this approximation, our analysis will primarily
focus on evaluating the contribution of dark matter coupling alone.
Therefore, the ratio between dynamical friction force in CDE and
Newtonian gravity takes the following form

˜

( )

( )

b
l l

b b l
l

= = +
+

-
+

+
+ +

+


F

F k k

k

k

1
2

ln

1

1

1

1

2 1

ln
ln

1

1
,

75

k

k

k

k

DF

DF

2

max
2 2

min
2 2

max
2 2

min
2 2

max

min

max

min

⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

where / /( )p=k GM v d2 max ,
M

min
2

and kmax = 2π/dA. In

general, dA, the maximum impact parameter, is the size of the
system. This implies that encounters with particles located
anywhere within the system’s boundaries can potentially

contribute to the drag. The minimum impact parameter is
determined by the maximum value between the 90o deflection
radius (J. Binney & S. Tremaine 1987), /GM vM

2 , or the size of
the object, denoted by d. From Equation (75), it turns out that
this ratio is greater than one when β > 0. In contrast, when
β < 0, the dynamical friction is weaker in CDE. This is entirely
consistent with our findings in the previous subsection.

4.3. Gaseous Medium

In this section we assume that the perturbing object moves
within a perfect fluid with uniform density. The presence of a
stationary object disturbs the density of the fluid in a symmetric
manner. However, when the object moves through the
background fluid at a certain speed, it disturbs the background
in a heterogeneous manner. This heterogeneity is characterized
by an increased density of the fluid in the form of a widening
trail behind the moving object, commonly referred to as a
wake. The presence of this dense wake leads to a decrease in
the speed of the moving object, known as the effect of
dynamical friction within the fluid. Consequently, this section
aims to investigate disturbances in a fluid in order to calculate
the dynamical friction. The significance of dynamical friction
in gaseous systems, particularly those observed near galactic
nuclei, serves as motivation for the calculations of this section.
We follow the same procedure implemented in L. Berezhiani

et al. (2019) for the case of superfluids in order to derive the
dynamical friction force in CDE. For this purpose, it is
necessary to determine the dispersion relation that governs the
propagation of disturbances in the environment. This requires a
comprehensive Jeans analysis, which is applicable to an infinite
uniformly distributed environment within the context of CDE.
Using our results for the weak field limit of the theory, the basic
hydrodynamic equations governing this system are formulated
as follows

( ) ( )
r

r
¶
¶

+  v
t

. 0, 76A
A A

( · ) ( )r r r
¶
¶

+  = - - Y
v

v v
t

p , 77A
A

A A A A A A

( )kb dfY = Y - , 78A A

where ΨΨ and δf are obtained from Equations (29) and (33),
respectively. These equations, along with the equation of state,
depict the behavior of a perfect nonrelativistic fluid within the
framework of CDE. Let us consider a stationary background
fluid that undergoes changes due to the presence of a
perturbation. In the subsequent discussion, we denote the
background functions with a subscript “0” and the perturba-
tions with a subscript “1.” Accordingly, we express the
perturbed quantities as

( )

r r r

f df df

= +
= +
= +

Y = Y + Y
= +

v v v
P P P

. 79

A A A

A A A

0 1

0 1

0 1

0 1

0 1
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Now, the first-order perturbation equations can be readily
derived as

· ( ) · ( ) ( )
r

r r
¶
¶

+  +  =v v
t

0, 80A
A A

1
0 1 1 0

( · ) ( · ) ( )¶
¶

+  +  = - - Y
v

v v v v
t

h , 81A A
1

0 1 1 0 1 1

where = r

r
h cA A1

2 A

A

1

0
2 . Where cA stands for the speed of sound in

the system A. Employing the Jeans swindle (J. Binney &
S. Tremaine 1987), we impose the conditions ρA0 = constant
and v0 = 0 for the background system. Subsequently, we
integrate the time derivative of Equation (80) with the
divergence of Equation (81) to yield

̈ ( )a a-  -  Y =c 0, 82A A A A
2 2 2

1

where a = r
rA

A

A

1

0
. On the other had, it proves useful to transform

to the Fourier space and utilize

( )
( )

ˆ ( )( · )òp
wY = Y w-x t e d k d,

1

2
83k x

A A
i t

1 4 1
3

and

( )
( )

ˆ ( )( · )òa
p

a w= w-x t e d k d,
1

2
. 84k x

A A
i t

4
3

Given Equation (54) for ŶA1 in the condition that there is no
external object, and by substituting Equations (83) and (84)
into Equation (82), the dispersion relation is obtained as

( )w p r b
l

- + +
+

=
-

k c G
k

k
4 1 2 0. 85A A A

2 2 2
0

2
2

2 2
⎜ ⎟
⎛
⎝

⎞
⎠

It is now straightforward to determine the Jeans wavenumber (k̃J)
in order to define the maximum stable wavelength (l̃J). This can
be achieved by setting the frequency parameter ω equal to zero
and solving the dispersion relation for k̃J . Here, l̃J represents the
Jeans wavelength in CDE framework. Therefore, the Jeans
wavenumber can be obtained from the following relation

˜ ˜
˜

( )b
l

= +
+ -

k

k

k

k
1 2 , 86J

J
A

J

J

2

2
2

2

2 2

where /p r=k G c4J A A
2

0
2 represents the Newtonian Jeans

wavenumber, and λJ = 2π/kJ is the corresponding Newtonian
wavelength. Let us define the dimensionless parameters k̂ and
l̂ as /ˆ ( ˜ )=k k kJ J

2 and /ˆ ( )l l pl= 2J
2. This way, the solution of

Equation (86) takes the following form

ˆ ( ˆ ˆ ( ˆ ) )

( )

b l l b l= + - + + + - >k
1

2
1 2 4 1 2 0.

87

A A
2 2 2

As expected, in the limit of βA → 0 or l̂  ¥ (or equivalently
λ → 0) we recover the Newtonian case, namely ˆ =k 1. Notice
that ˆ >k 1 for any choice of βA and l̂. Therefore, the Jeans
wavelength in CDE is always smaller than the Newtonian case.
This directly means that the identical self-gravitating systems
are more unstable in the context of CDE compared with the
Newtonian case.

Following the Jeans analysis within the CDE framework, we
proceed to compute the perturbation induced in the background

density by the presence of a moving object within it. This way, we
can calculate the force acting on the object as a result of the
disturbance created in the background. If we consider the
background fluid density is homogeneous, ρA0, and we denote
the density of the wake created as ρA1, and assuming that vM ≠ 0,
the resulting force exerted by this wake on the moving object,
leading to a decrease in its speed in direction of the motion, can be
quantified as

˜ ( ) ( )= Y xF
M

v
t, . 88

M
MDF

Here, YM represents the time derivative of the potential
experienced by the object M due to the wake, or alternatively
ρA1, and is given by

 ( )
( )

ˆ ( ) ( )( · )òp
w w wY = - Y w-x kt

i
e d kd,

2
, . 89k x

M M
i t

4
3

The mass M experiences an impact from the wake potential
generated in the background fluid. Benefiting again from
Equation (54), the expression for ŶM can be written as

ˆ ( ) ˆ ( ) ( )w
k r

b b
l

a wY = - +
+ -

k k
k

k

k
,

2
1 2 , . 90M

A
A b A

2
0

2

2

2 2
⎜ ⎟
⎛
⎝

⎞
⎠

The derivation of a relation for âA becomes necessary in order
to calculate dynamical friction. To achieve this, we revisit
Equation (82) to incorporate the presence of the external object
M that moves with velocity vM. Therefore, the form of ŶA1

changes due to the existence of M. According to Equations (83)
and (84), and by inserting them into Equation (82), the
dispersion equation takes the following form

ˆ ˆ ˆ ( )w a a- - Y =k c k 0. 91A A A A
2 2 2 2

1

Here, ŶA1 is Fourier transform of the perturbed potential that the
background particles feel and it is generated by the moving
baryonic body M and the wake created in the background fluid
itself. As a result, according to Equation (54), in this case, ŶA1

can be written as follows

ˆ ( ) ˆ ( )

ˆ ( ) ( )

k
r b b

l

r a b b
l

Y =- +
+

+ +
+

-

-

k k

k

t
k

t
k

k

t
k

k

,
2

, 1 2

, 1 2 . 92

A M A b

A A A c

2

2

2

2 2

0

2

2 2

⎜ ⎟

⎜ ⎟

⎡
⎣⎢

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎤
⎦⎥

Inserting this equation into Equation (91), we obtain

( )
( )

ˆ ˆ ˆ

ˆ ( )

w a a p r a b

r b b

- + +

+ + =

l

l

+

+

-

-

k c G4 1 2

1 2 0. 93

A A A A A A
k

k

M b A
k

k

2 2 2
0

2 2

2 2

2

2 2

⎡
⎣

⎤
⎦

Notice that for a point mass we have ˆ ( )r w =k,M

( · )d w-
p

k vM
M2

. Thus, we can express ˆ ( )a wk,A as

ˆ ( )
( )

( )
ˆ ( ) ( )a w p

w
r w=

+
-

k kG
q k

f k
, 4

1
, 94A

A
M2 2

⎡
⎣⎢

⎤
⎦⎥

where

( ) ( )p r b
l

= - +
+ -

f k c k G
k

k
4 1 2 . 95A A A

2 2 2
0

2
2

2 2
⎜ ⎟
⎛
⎝

⎞
⎠
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Consequently, from Equation (88) the drag force due to the
wake in each component of background is obtained as

˜ ( ( ))
( ( ) )

( · ) ( )

( · )

ò
r

p
w

w
d w w

= +
-

´ -

w-

k v

F i
G M

v
q k

e

k f k

d kd

2
1

. 96

k x
A

M
A

i t

M

DF

2 2
0 2

2 2 2

3

To solve the integral over ω, we use the following contour
integral

( )
( · )

( · ( )) ( )( )

ò
w

w
d w w

p d
-

-

= -

w-

-

k v

k v

e

f k
d

ie f k . 97

i t

M

if k t
M

2 2

Now, we can rewrite the expression for dynamical friction as
follows

˜ ( ( ))

( · ( )) ( )( · ( ) )

ò
r

d
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´ - -k v

F
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v

q k

k

f k e d k

2 1

. 98k x

A

M

A

M
i f k t

DF

2 2
0

2

2

3

In order to simplify the analysis without loss of generality,
let us consider the motion of the object in the z-direction
and solve the integral using spherical coordinates. There-
fore, we can write ˆ=x v tzM and ( ( ))d q - =kv f kcosM

( )( )d q -cos
kv

f k

kv

1

M M
. We recall that our calculations in this

section are based on the assumption that vM ≠ 0. Thus, we can
rewrite the expression for F̃DF as follows

˜ ( ( )) ( )

( )
( ( ) )

ò
p r

d q

q

=-
+

-

´ q -

F
G M
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A

M
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2 2
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⎞
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By simplifying this equation we obtain

˜ ( ( ))
( )ò

p r
= -

+
F

G M

v

q k

k
dk

4 1
. 100A

M k

k
A

DF

2 2
0

2

2

min

max

The analytic solution for this integral was previously derived in
the preceding section, see Equations (72) and (73). The focus
now shifts to the determination of the integration interval,
which holds significance in this context. The range of
wavenumber depends on the object and system characteristic
size and the Jeans wavelength within the medium. However, a
limitation arises when considering the self-gravity of the
background system in perturbation analysis. This restriction

emerges from the term ( )( )d q -cos f k

kvM
, in the calculation of

the friction force. Notably, this integral imposes the following
constraint

( ) ( )-  f k

kv
1 1. 101

M

Using this constraint, we find

( ) ( ( )) ( )- - + k k Q k1 1 0, 102A J
2 2 2

where =A
v

c
M

A
is the Mach number within the component A,

and the dimensionless function Q is defined as

( ) ( )b
l

=
+ -

Q k
k

k
2 . 103A

2
2

2 2

For a given scenario denoted as > 1A , the restriction
Equation (102) is satisfied for all values of k, while for the case
of < 1A , it is applicable solely to values less than k*, where
k* is the solution to the Equation (102). In the absence of
considering self-gravity we have f (k) = cAk, and the condition
Equation (102) leads to > 1A , indicating the absence of
dynamical friction force on subsonic objects. Consequently, in
light of these considerations, the allowable range of the integral
is delineated as

˜ ( )p p
= =*k

d
k k

d
kmin

2
, , max

2
, , 104

A
Jmax min ⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝

⎞
⎠

where, as already mentioned, dA is the characteristic size of the
background system, and d is the size of the object. Figure 1
illustrates the influence of object velocity on the integration
interval. Notably, as the speed decreases, the integration range
contracts, leading to a corresponding decrease in the dynamical
friction force on the object, as demonstrated in Figure 1. In
contrast, as the speed increases, the integration interval expands
until it reaches a point where the value of k* equals 2π/d.
Beyond this juncture, the integration interval remains constant.
These investigations highlight distinct behaviors in the final
dynamical friction function for values of  less than 1
compared to those exceeding 1, as clearly delineated in the
right-hand panel of Figure 1. It is noteworthy that the plot
representing the function at  equals 1 exhibits both a
breaking in function and continuity. We observe that when
β < 0, the dynamical friction is less than that in the Newtonian
case for both subsonic and supersonic speeds. Specifically, as |
β| increases, the dynamical friction decreases. Conversely, in
this case, when β > 0, the friction is lower than the Newtonian
case for supersonic speeds, while it is greater for subsonic
speeds.1 This result is obtained under the condition that the
system size exceeds the Jeans length. This leads to the
dynamical friction described in Equation (100) exhibiting a
dependence on two factors: the integration interval and an
additional term in Equation (72). The β parameter influences
both of these factors. The combined effect of these two factors
determines whether the dynamical friction is enhanced or
suppressed relative to its Newtonian counterpart. For super-
sonic regimes, the CDE model predicts that the background
system becomes increasingly unstable for β ≠ 0. This results in
a smaller integration interval, reducing the dynamical friction.
On the other hand, as β < 0, the additional term reduces, while
for values β > 0, it enhances. As illustrated in the right-hand
panel of Figure 1, the effect of the integration interval

1 In the supersonic case, the dependence of dynamical friction on increasing β
exhibits object size-dependence. The friction force may increase or decrease as
β increases. Furthermore, even for small objects, dynamical friction can exceed
its Newtonian counterpart at sufficiently large values of β. However, within the
considered object size and β ranges in this work, the magnitude of dynamical
friction for supersonic case consistently remains below that predicted by
Newtonian dynamics.
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dominates, resulting in a decrease in dynamical friction
compared to the Newtonian case for β < 0.

The nonzero value of the friction at vM = 0 may seem
puzzling. It should be noted that our calculation started from
Equation (88), where we assumed vM ≠ 0. For the case of
vM = 0, this equation should be written as ˜ Y= - F M MDF .
In this case, it is easy to shown that ˆ ( ) ( )r w d w=

p
k,M

M

2
leading to a spherically symmetric and static disturbance in the
field system. As a result, the (99) takes the following form

˜

( ( )) ( )( )

òp r q

d q

=-

´ -

F G M k

f k e dkd

4 cos

cos . 105

A

if k t

DF
2 2

0

As expected, the dynamical friction vanishes because of the
integration over θ.

It is important to note that if the system size is smaller than
the Jeans length, then the integration interval remains constant
and the dynamical friction is solely determined by the
additional term. In contrast, for subsonic regimes, the
integration interval becomes independent of model parameters,
eliminating its influence on the dynamical friction. Therefore,
only the effect of the additional term persists, leading to an
overall enhancement or suppression of dynamical friction
based on the value of β.

As our final remark, returning to Equation (100), it is notable
that the integral within this equation mirrors the integral
discussed in the previous section. Assuming uniform mass for
the moving object across all methodologies, the distinction in
calculating the dynamical friction force between the current and
previous section lies in the lower limit of the integral and the
field density function utilized.

5. Application to the Fornax Galaxy

We are now in a position to apply our findings to a real
astrophysical system. The Fornax galaxy, a dwarf galaxy
mainly composed of dark matter, serves as an excellent
candidate for evaluating gravitational models. There has long
been a puzzle regarding this galaxy: the globular clusters are

situated at considerable distances from the center, even though
dynamical friction from dark matter should have caused their
orbits to decay toward the center. The aim of this section is to
assess whether the CDE model effectively addresses this issue.
Given that the dynamical friction relationship undergoes
alteration in this model, it would be interesting to investigate
whether the time taken by these clusters to reach the center
differs from that in the CDM model. To achieve this, we
require the characteristics, such as matter density, for both
baryonic and dark matter. In the case of CDM, the dark matter
density and associated free parameters that appear in the
density profiles have been obtained using velocity dispersion
measurements (M. G. Walker et al. 2009). Conversely, the
baryonic matter density, which is believed to follow a universal
profile irrespective of the gravitational theory, has been
obtained in J. Peñarrubia et al. (2008).
However, in the context of CDE, the dark matter density is in

principle different from CDM due to the alterations in the
gravitational theory. Nevertheless, for practical purposes, we
maintain the assumption that density profiles adhere to the
same functional forms as in M. G. Walker et al. (2009), while
allowing the parameters to remain flexible in order to align with
observational data. We do not employ the Jeans equations and
velocity dispersion observations to determine the free para-
meters of the dark matter density. Instead, we utilize the
circular velocity = Yv r d

dr
2 obtained in CDM, which directly

reflects the matter and “gravity” content of the galaxy, and find
the free parameters by fitting the CDE model. The initial step
involves obtaining the circular velocity relation in the CDE
model. The circular velocity of the object M is given by

( ) ( ) ( )=
Y

v r r
d r

dr
, 106M

M2

here, ΨM(r) represents the gravitational potential exerted on the
body M situated at radius r by the mass enclosed within the
sphere r. This encompassed mass comprises both baryonic
matter and dark matter. The baryonic stellar matter distribution
in Fornax is modeled by the Plummer sphere (M. G. Walker

Figure 1. Left-hand panel: The ratio of k* to k̃J in terms ofc. The shaded pink region delineates the permissible integration range for subsonic conditions. It is
evident that with decreasing object velocity, the integration interval contracts, eventually approaching zero. Right panel: The dynamical friction force in terms ofc.
The dashed vertical line represents the critical value = 1c . The results do not change significantly with variations in λ, so we adopted a value of λ = 5.61 kpc.
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et al. 2009)

/

( ) ( )r r= +
-

r
r

r
1 , 107b

h
0

2

2

5 2

⎜ ⎟
⎛
⎝

⎞
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where r =
p
¡*L

r0
3

4 h
3 . The total luminosity of Fornax is

L = (1.4 ± 0.4) × 107Le, the half-light radius is
rh = 668 ± 34 pc, and the mass-to-light ratio is ϒ* ; 4.6ϒe

(J. Peñarrubia et al. 2008). Furthermore, the dark matter halo is
modeled by NFW halo as follows

( ) ( )r r= +
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r
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1 , 108c s
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⎝

⎞
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where r = 0.368s
V

Grs

max
2

2 in which rs is the halo length-scale and

Vmax is the maximum circular velocity associated with this
halo. These parameters for the Fornax galaxy within the CDM
model are Vmax = 18 ± 1 km s−1 and rs = 795 pc
(M. G. Walker et al. 2009). As already mentioned, these
parameters will be different in the context of CDE model. Let
us denote them with tilde symbol as r̃s and Ṽmax or equivalently

˜
˜

˜
r = 0.368s

V

Grs

max
2

2 . By incorporating the density profiles of the two

components into Equations (36) and (37), a relationship for
ΨM(r) is derived. As mentioned earlier, the term containing bb

2

can be neglected in comparison to the other term in ΔΨM. It is
easy to show that
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x
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4
, 111M
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where the function χ(x) is defined as

( ) ( ˜ ) ( ˜ ) ( ˜ ) ( ˜ )
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c = + + - - - - -- -x E x x E x x e E x e E x
112

s s
x

s
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and the dimensionless quantities x̃s and x are defined as
/˜ ˜ l=x rs s and x = r/λ, and E(X) is the product of the

exponential function e−X and the exponential integral function
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Now, using Equation (106), we obtain the total circular
velocity as follows

( ) ( ) ( ) ( )= + Dv x v x v x . 113M N
2 2 2

Using the potential (110), the Newtonian velocity vN is
obtained
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On the other hand, the correction term in the circular velocity is
given by
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To obtain reference data for fitting the parameters of the CDE
model, the circular velocity data for the galaxy were calculated
using Equation (114) with Newtonian parameters rs and Vmax.
We reiterate that the parameters related to the baryonic matter,
i.e., ρ0 and rh, are identical in both the Newtonian and CDE
model, as taken from J. Peñarrubia et al. (2008). The CDE
model (Equation (113)) was then fitted to this reference data,
aiming to achieve a close match between the velocities
predicted by both models. This fitting process involved
optimizing the dark matter density parameters, specifically
focusing on the parameters denoted as Ṽmax and r̃s. Notably, the
model’s parameters, β and λ, are set to 0.17 and 5.61 kpc,
respectively, as determined in Á. de Almeida et al. (2018),
which utilized the rotation curve data of spiral galaxies.
Through nonlinear fitting in Mathematica, we derive

suitable NFW density parameters as
˜

=  ´ -0.87 1.7 10V

V
4max

max

and ˜ =  ´ -1.016 8.0 10r

r
4s

s
. The left-hand panel in Figure 2

illustrates the circular velocity data. The black dots represent
the reference rotation curve, while the gray region specifies the
corresponding errors. In contrast, the red curve depicts the
fitted rotation curve in the CDE model. The right-hand panel
illustrates the ratio of dark matter density in CDE compared to
Newtonian gravity. Interestingly, less dark matter is required in
the CDE model.
Now, let us assume that the expression for the dynamical

friction force derived for a uniform background can be applied
to the Fornax galaxy, where the density is isotropic but not
homogeneous. While this assumption is not strictly accurate, it
often provides a suitable qualitative analysis and insight of the
significance of dynamical friction in the system (J. Binney &
S. Tremaine 1987). To compute the time required for a globular
cluster to move toward the galaxy’s center, we first compare
the magnitudes of the dynamical friction force in the CDE
model and in Newtonian gravity. The results are presented in
the left-hand panel of Figure 3, where the ratio /F̃ FDF DF is
plotted as a function of the distance from the center, r.
Interestingly, although CDE requires less dark matter compared
to CDM for this specific galaxy, the friction force is greater
than the CDM model. This fact is attributed to the modifica-
tions that CDE induces to the gravitational law.
It is now evident that a globular cluster requires less time to

reach the center in the CDE model. To illustrate this more
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explicitly, we solve the equations of motion for a test body with
mass M initially on a circular orbit with radius r0. The particle
experiences both the gravitational force (38) and the dynamical
friction force (74). The right-hand panel of Figure 3 shows the
temporal evolution of the distance from the galactic center for a
globular cluster with a mass of M = 1.82 × 105Me and an
initial distance of r0 = 1.05 kpc. These parameters closely
resemble the current characteristics of one of the globular
clusters in the Fornax galaxy. Compared to the Newtonian
model, the CDE model exhibits a more pronounced rate of
angular momentum loss due to higher dynamical friction for
the globular cluster. This leads to an accelerated inward
migration of the cluster toward the galactic center. Evidently,
the CDE model demonstrates a decrease in the time required

for the cluster to reach the center, thereby exacerbating the
issue within the context of the Fornax galaxy.
It appears that the magnitude of the dynamical friction force

in CDE is more sensitive to the value of β rather than λ. It is
informative to consider a case where λ is fixed at λ = 5.61 kpc
and the β parameter is varied. It is important to note that this
parameter, in principle, can also take negative values. We
repeat our analysis for the Fornax galaxy, this time implement-
ing different values of β. For each value of β, we determine the
Fornax dark matter density in the CDE model and the
corresponding dynamical friction force. We then calculate the
radial mean values of r̃c and the dynamical friction force F̃DF in
the radial interval r ä [0, 2 kpc]. The results are shown in
Figure 4. The right-hand panel clearly shows that β > 0 yields

Figure 2. Left-hand panel: This panel illustrates the circular velocity data in the Newtonian regime, represented by black dots, alongside the velocity predicted by the
CDE model, shown as a red curve. The density parameters within the CDE model were obtained through a fitting procedure, while the model parameters are fixed at
β = 0.17 and λ = 5.61 kpc. The shaded gray area indicates the error bounds related to the circular velocity data, which arise from uncertainties in the parameters L, rh,
and Vmax. Right-hand panel: This panel displays the ratio of density in the CDE model, r̃c, to the Newtonian density, ρc as a function of radius.

Figure 3. Left-hand panel: This panel shows the ratio of the dynamical friction force in the CDE model to that in Newtonian gravity for the Fornax galaxy as a
function of radius. Right-hand panel: This panel illustrates the time decay of one of the globular clusters in Fornax. The mass of this cluster is 1.82 × 105Me, and it is
initially located at a distance of r0 = 1.05 kpc from the center of the galaxy.
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less dark matter in Fornax compared to CDM. Conversely,
β < 0 leads to more dark matter compared to CDM. However,
interestingly, β > 0 enhances the dynamical friction, while
β < 0 reduces it within Fornax, as seen in the left-hand panel of
Figure 4. This implies that to resolve the Fornax puzzle, the
necessary condition is to consider negative values of β. Of
course, this choice will impact the rotation curve data, where
β > 0 is preferred.

As a final remark in this section, let us consider how the
cosmological constraints on the CDE coupling parameters
change the dynamical friction within Fornax. Cosmological
constraints on βc have been outlined in A. Gómez-Valent et al.
(2020), V. Pettorino (2013), J.-Q. Xia (2013), and Planck
Collaboration et al. (2016). We note that the βb parameter is
well constrained by local gravitational experiments (L. Amen-
dola 2000). The cosmological constraints on βc have been
derived using both exponential and power-law potential
functions. Although different limits for βc have been obtained
in different studies, here we will refer to one of the most recent
and restrictive limits reported in A. Gómez-Valent et al. (2020)
that analyses incorporated CMB data from Planck 2018, as well
as observations from the SH0ES2 and H0LiCOW3 collabora-
tions. This analysis reveals a value of b = -

+0.010c 0.009
0.003 when

considering CMB lensing and b = -
+0.015c 0.008

0.007 when exclud-
ing it from the model. Given these limitations, we set the value
of βc to 0.02 and observe that the CDE model exhibits minimal
deviation from the Newtonian physics. Consequently, if the
cosmological constraints are assumed for βc, the effects of CDE
are expected to be negligible at the galactic level.

6. Conclusions

We have calculated the dynamical friction force within the
framework of the CDE model. Initially, we derived the
Newtonian limit of the model. Subsequently, we calculated
the gravitational potential experienced by each component,
baryonic and dark matter, within a galaxy. The central

ingredient of the model is that both baryonic matter and dark
matter interact with dark energy.
Naturally, the modified gravitational potential in the CDE

model implies a corresponding modification to the standard
dynamical friction force. To investigate this, we adopted three
approaches. (i) We examined the two-body problem in CDE
and followed an approximate method to derive the dynamical
friction force, as shown in Equation (48). (ii) In the second
approach, we relaxed the restrictive assumptions of the first
method and generalized the approach presented in S. Tremaine
& M. D. Weinberg (1984). This allowed us to derive an
analytical expression for dynamical friction, as given in
Equation (70). (iii) Focusing on fluid systems, we applied
perturbative Jeans analysis in CDE to compute dynamical
friction. The mathematical form of the dynamical friction force
obtained through this method is consistent with that of the
second method, as shown in Equation (100). However, there
are specific differences, particularly in the limits of the
underlying integral.
The first two methods, applied to a particle system,

demonstrate that when comparing the same background system
in Newtonian gravity and CDE, the dynamical friction is
stronger in CDE if β > 0. Conversely, the dynamical friction
force is weaker in CDE if β < 0. However, the situation in fluid
systems differs. Our analysis using the third approach reveals
that when β > 0, the dynamical friction force is stronger in
CDE only for subsonic velocities of the perturberM. For β < 0,
the force is weaker in CDE at subsonic speeds. In the case of
supersonic velocities, both β < 0 and β > 0 result in weaker
friction in CDE compared to the Newtonian case.
Finally, we applied our findings to the long-standing puzzle

of globular cluster positions in the Fornax dwarf galaxy,
examining whether CDE alleviates this issue. Using observed
velocity dispersions, the baryonic and dark matter distributions
of this galaxy are well-established in the standard cold dark
matter model. Utilizing these density profiles, we derived the
circular velocity within the galaxy. As a final step, we fitted the
CDE model, which incorporates both a dark matter halo and
corrections to the gravitational force, to the rotational velocity.
This approach allowed us to determine the dark matter density
in CDE and calculate the dynamical friction within Fornax in

Figure 4. Left-hand panel: The average value of the ratio of dynamical friction in the CDE model to that in Newtonian gravity for the Fornax galaxy as a function of β.
Right-hand panel: The corresponding average value of dark matter density as a function of β.

2 SNe, H0, for the equation of state of dark energy.
3 H0 Lenses in COSMOGRAIL’s Wellspring.
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the CDE framework. Considering the observational constraints
on β > 0 and λ derived from galactic rotation curves, we find
that although less dark matter content is expected in Fornax, the
dynamical friction is stronger compared to the Newtonian case.
Consequently, CDE reduces the orbital decay timescale.
Despite being inconsistent with rotation curve data, we also
examined the case where β < 0. In this scenario, the dark
matter density is higher in CDE compared to cold dark matter,
while the friction is weaker. This results in an increased orbital
decay timescale. It is worth noting that our results were
significantly more sensitive to changes in β than in λ. We also
demonstrated that if the cosmological constraints on the βc
parameter are assumed, it becomes impossible to distinguish
between the CDE model and the standard model using the
dynamical friction force in Fornax.
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