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Abstract

We introduce a class of probabilistic theories, termed Minimal Strongly Causal Operational
Probabilistic Theories, where system dynamics are constrained to the minimal set of operations
consistent with the set of states and permitting conditional tests. Specifically, the allowed
instruments are limited to those derived from compositions of preparations, measurements, swap
transformations, and conditional operations. We demonstrate that minimal theories with
conditioning and a spanning set of non-separable states satisfy two quantum no-go theorems:
no-information without disturbance and no-broadcasting. As a key example, we construct
Minimal Strongly Causal Bilocal Classical Theory, a classical toy-theory that lacks incompatible
measurements, preparation uncertainty relations, and is noncontextual (both Kochen—Specker and
generalised), yet exhibits irreversibility of measurement disturbance, no-information without
disturbance, and no-broadcasting. Therefore, the latter three properties cannot be understood per
se as signatures of non-classicality. We further explore distinctions between a theory and its
minimal strongly causal counterpart, showing that while the minimal strongly causal version of
quantum theory diverges from full quantum theory, the same does not hold for classical theory.
Additionally, we establish the pairwise independence of the properties of simpliciality, strong
causality, and local discriminability.
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1. Introduction

While classical and quantum mechanics appear to be radically different theories, their structure as theories of
information processing share many features that can be understood as the minimal features of any theory
that aims at describing physical systems and processes. The processing of systems ranges from preparation
procedures to evolution and observations using measuring devices. As the puzzle pieces to model any
experiment, the above operational primitives have been taken as the basic elements of the framework of
Operational Probabilistic Theories (OPTs) [1, 2], then profitably used to understand the origin of quantum
peculiarities [3] among all possible theories of information processing. A similar framework is that of
Generalised Probabilistic Theories (GPTs) [4-8], which is however focused on statistical aspects arising in
prepare-and-measure scenarios, neglecting in most cases the structures related to transformations.

In order to identify a specific theory, it is necessary to make assumptions on the mathematical entities
associated with its processes, either directly or by imposing requirements on tasks that can or cannot be
actually implemented manipulating the systems of the theory. For example, both classical and quantum
states of a composite system, possibly delocalised over separated labs, can be exhaustively probed via local
observations in the two laboratories. This natural feature, can instead be violated by theories that are closely
related to the quantum one, as the theory of fermionic systems [9, 10], or to the classical one, as in [11]
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where a non-trivial composition rule for classical systems is introduced. Other assumptions, as the possibility
of describing any probabilistic state as part of a perfectly known state of a larger system, sharply discriminate
between quantum theory, where it is possible, and classical theory, where it is forbidden. The above criteria
are only two instances among several that can in principle bring together or divide classical and quantum
theories, or more generally clarify the mathematical structure behind theories of physical systems.

Most studies on OPTs start from the typical assumption that the admissible transformations of each
system coincide with the ‘maximal set’ consistent with the set of states, i. e. the only requirement is that any
state must be transformed into another admissible state. This form of no-restriction hypothesis leads, for
example, to identify the set of quantum transformations with the set of completely positive, trace-preserving
maps, and classical transformations with stochastic matrices. In this paper we explore the opposite scenario
where one keeps the minimal set of processes compatible with the structures of the framework, given the
systems of the theory and their set of states (and of measurements). The latter scenario is closer to that of a
real world laboratory, given that experimenters typically do not have access to all theoretically implementable
transformations, but only to certain subsets of them.

The resulting class of theories is proved to preserve relevant quantum no-go theorems independently of
the nature of its systems. Surprisingly, also classical systems can support quantum features as the
impossibility of gaining information without introducing irreversible disturbance, or the impossibility of
broadcasting states. This shows that the observation of certain quantum phenomena in an experimental
setting cannot always be taken as a definitive proof that the system under study in the experiment is actually
quantum®.

In [13] the class of Minimal Operational Probabilistic Theories (MOPTs) was introduced, namely OPTs
where the only allowed operations are preparations, measurements, the identity map, the swap (systems
exchange) map, and any operation that can be obtained by composing these operations sequentially or in
parallel. A further minimal operation that is missing in MOPTS: is the possibility of conditioning which
experiment to perform next based on the outcome of a previous experiment. This property, also know as
strong causality [14, 15], is arguably desirable for any reasonable physical theory. Therefore, we introduce a
new class of theories, termed Minimal Strongly Causal Operational Probabilistic Theories (MSOPTs), by
incorporating all possible conditional operations, while retaining the minimal resource constraints of
MOPTs. The main intent is to understand which features of minimal theories are robust under the
introduction of strong causality. Remarkably, we show that almost all marking features of minimal models
can survive, under suitable conditions—but they can also disappear in other circumstances.

We first systematically analyse the operational desideratum that the spaces of operations in an OPT must
be ‘complete’: if there is a procedure to prepare a transformation with arbitrary precision, then the latter is
accepted as a transformation of the theory. This property is given in terms of Cauchy sequences with respect
to an operational distance for all elements of the theory—states, measurements, transformations and more
generally for their collections that generalise the notion of quantum instrument. We introduce a procedure
to complete a theory in such a way that it is strongly causal, granting consistency between operational
completeness and the compositional structure of the theory.

We then prove that, whenever a minimal theory with strong causality admits a spanning set of
non-separable states, the identity transformation for every system is atomic—i.e. it cannot be obtained
performing a measurement and ignoring the outcome. This result leads to a series of consequences: MSOPTs
satisfy No-Information Without Disturbance (NIWD) [2, 16—-18]—that is the impossibility of learning
something non-trivial from a system without perturbing its state irreversibly—as well as irreversibility of
measurement disturbance [13] and no-broadcasting [5, 19-26].

Moreover, we show that in the above class of theories there exist instances that are classical, in the sense
that they are simplicial OPTs. In other words, we exhibit theories where the state spaces are simplexes, whose
pure states (the vertices of the simplexes) are jointly perfectly discriminable, and at the same time have a
wealth of features traditionally considered as signatures of non-classicality. We explicitly construct a classical
MSOPT, termed Minimal Strongly Causal Bilocal Classical Theory (MSBCT). This theory is a minimal
strongly causal version of Bilocal Classical Theory (BCT) [11]. The present toy-model shares with BCT the
property of being locally equivalent to classical theory, thus it has no incompatible measurements, there is no
uncertainty in preparation of states and it is noncontextual. However, based on the above results, the model
here introduced must exhibit irreversibility, NIWD, and no-broadcasting.

Finally, based on the properties of MSBCT here introduced, we prove the independence of three main
features of classical information theory: local tomography, simpliciality of the set of states and strong

4 A similar result is also discussed in [12]. However, we remark that the two considered scenarios are different. The authors of [12] are
interested in assessing the relationship between the classical explainability of parts of theories—in particular, between fragments and
shadows of GPTs. While, instead, we consider fully-fledged theories, just with a restriction in the allowed dynamics.
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causality. Therefore, our results provide further insights on the relationships between different physical
properties: these insights are, in turn, useful for the axiomatisation programs of Quantum Theory (QT), and
for adjudicating between QT and alternative physical theories.

The outline of the presentation is as follows. In section 2 a review of the framework of OPTs [1-3, 11, 14,
27] is provided, focusing on those aspects that will be central in this work. Big emphasis, with several original
results, is placed on the topological structure that characterises OPTs, introducing the notion of generalised
instrument spaces (section 2.2.1). In section 3 the properties of Cauchy sequences of transformations and
instruments are studied. We show that sequences of instruments are Cauchy if and only if those of the
transformations that compose them are (theorem 1), and that the space of deterministic transformations is
Cauchy complete (lemma 4). Grounding on the above properties, the procedure for adding all the
conditional instruments to a generic OPT is formalised (section 4). Theorem 2 guarantees that adding the
conditional operations and subsequently Cauchy completing the transformations spaces is sufficient for the
new theory obtained to be strongly causal. After recalling the definitions of the properties of interest for this
article (broadcasting and irreversibility of measurement disturbance) (section 5), in section 6 the classes
MOPTs and MSOPTs (section 7) are introduced. We show that in MOPTs the identity is atomic for every
systems (theorem 6), while in MSOPTs this property holds for every theory where the entangled states are
spanning for the set of states (theorem 7). Then, in section 8, we construct MSBCT, characterizing its main
properties. In conclusion, an in-depth discussion of the consequences of the results is carried out
(section 10).

2. Operational Probabilistic Theories

In the last two decades, the way we study and understand the quantum world has profoundly changed. With
the advent of quantum information [4, 28-31] we started to treat QT as a theory of information

processing [6, 31, 32] selected among a Universe of possible alternative theories [1-4, 7, 27, 33, 34]. The
selection criteria pertain to the ability to perform specific information processing tasks [2, 3].

Aim of the framework of operational probabilistic theories (OPTs) is exactly to model QT along with all
these other alternative theories of information processing and to describe every information theory starting
from its compositional (combining operations to build up experiments) structure. The same aim and scope
is shared with the deeply related frameworks of GPTs [6, 35-37] and quantum picturialism [38, 39], with
common roots dating back to Ludwig’s works on the foundations of quantum mechanics [40, 41].

In this section we provide a review of the framework of OPTs [1, 2, 14, 27, 42] emphasizing their linear
and topological structure and proving some properties later used in this work.

2.1. Basic structure of the framework
Every OPT O is completely characterised by a set of systems along with the set of operations that it is possible
to perform on them.

Systems represent the physical entities which are probed in a laboratory (e.g. an electron, a molecule, a
radiation field, etc...) [42]. They are denoted with capital Roman letters A, B, ... € Sys(0). In QT systems
are complex Hilbert spaces. The processes occurring between systems are captured by the notion of fests,
which represent physical processes that can occur within a given theory. A given test Ti™"® =Ty € Test(A — B)
models an experiment acting on a given input system A with output system B°. Systems can also be depicted
in diagrammatic notation as wires, while tests as wired boxes:

TP e S

As a convention the input—output direction is taken to go from the left to the right, which does not imply a
preferred direction for the flow of information®.

The X appearing in the definition of a test represents the outcome space of the test. It is a finite set
containing all the possible outcomes of the experiment. To each outcome x € X is associated an event
T, € Event(A — B) representing the realization of a particular occurrence in a physical process’. Therefore,

> Most of the times, unless it is not clear from the context, the input and output systems of a test will not be specified, thus preferring the
notation Ty in place of T{—B.

6 In the subset of causal OPT5 a preferred direction for the flow of information is instead fixed, typically from the left to the right indeed.
7 Here we do not include the possibility of having infinite, possibly continuous, outcome spaces. However, the framework has no bottle-
necks towards non-finite outcome spaces.
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tests are finite collections of events: Ty = {7, } .. Diagrammatically:

x€EX*

7 o SF 2 veex

There exists a particular set of events called deterministic which are the ones associated to tests whose
outcome space has just one element—that is a singleton set—, which will be represented as x := {x}. Tests
associated to deterministic events are called singleton tests and operationally model processes that do not
provide information. In QT, tests are quantum instruments, events are quantum operations, and deterministic
events are quantum channels.

Tests, and consequently events, can be composed in two ways. Sequentially:

and in parallel:

A B
MHEG] = o TxBGy b
AB

where AB is a composite system, obtained by composing in parallel the two systems A and B. The operation of
parallel composition of systems is associative and has an identity element: the trivial system. The trivial
system 1 is a particular system representing ‘nothing the theory cares to describe’ [27]. Furthermore, the set
of systems Sys(©) of any OPT is closed with respect to the latter operation®. In OPTS, in general, the
operation of parallel composition X differs from the standard tensor product, as it happens for example in
the composition of fermionic systems in Fermionic quantum theory [9, 10, 43—45] or in classical theory with
bilocal tomography [11]. Both operations of sequential and parallel composition are associative and have an
identity element. In the former case the identities are given by a family of tests {IQ‘*A } ACSS(©) with the
associated family of deterministic events {.%, } Aesys(o)> While in the latter case the identity is given by /. F
Diagrammatically the trivial system will not be represented, leaving a blank space. Accordingly tests of the
form p{—' € Test(I— A) and a{ ! € Test(A — 1), and the corresponding events, will be represented as follows:

A A

: :
A A

,

Tests of this kind are called preparation- and observation-tests of system A, respectively, while their associated
events are called preparations and observations of system A, respectively. These represent a generalisation of
the notions of density matrix and Positive Operator-Valued Measure (POVM) of QT, respectively. When
writing the equations not in diagrammatic form, the round ket |-) and round bra (-| notation will be used to
represent preparations and observations, respectively. The last particular case we have to consider is where
both the input and output systems are the trivial one. In this case, the tests px € Test(I— 1) are called
scalar-tests, while the corresponding events p, € Event(I— 1) are called scalars.

In conclusion, we observe that the two operations of parallel and sequential composition are required to
commute:

\
| = | [ (1)
\

8 The fact that Sys(©) is closed with respect to the operation of parallel composition means that if any two systems A and B are in Sys(©),
then also AB € Sys(©).
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Before concluding our presentation of the compositional structure of OPTs, we introduce the notion of
reversible event. An event % € Event(A — B) is reversible if there exists an event Z~' € Event(B— A) such
tht Zo# ' = Sy and Z~ ' o F = F5.

The introduction of reversible transformations also allows to define the notion of operational equivalence
between systems. Two systems A and B are said to be operationally equivalent A = B if there exists a reversible
transformation % € Revlransf(A — B), i.e. whose input and output systems are A and B or viceversa.

We are now able to make the final requirement so that the compositional structure of OPTs turns out to
be analogous to that of QT. We require the existence of a family of reversible tests called braiding which
allows a pair of agents to exchange systems between each other. In other words, given any two systems A,

B € Sys(O) there exist two singleton reversible tests: S{F784 = {7, 3} and its inverse

(87 EAHAB = {5/ Ajé } They will be pictorially represented as follows:
A B A B
) i
B 7fa o m X s

These tests must satisty the naturality property:

C-D /

A B D

A ¢ D
AN
B ~— C AB’ (2)
X

namely tests and events can slide along the wires. OPTs where .74 g = . 3 for any pair of systems of the
theory are called symmetric. In this case the braiding operation becomes a transposition (also referred to as
the swap operation) and it is diagrammatically represented as follows:

The described structure is that of a braided strict monoidal category [46—48] and carries only an
operational interpretation. It is merely a descriptive tool. To allow OPTs to make predictions about
experiments’ outcomes, we have to supply them with a probabilistic structure. It is then required that to any
acyclic circuit of events beginning with a preparation and ending with an observation, i.e. a scalar event, it is
associated a conditional probability distribution

Event(I=1) 3> G(%,%,,...,.72)
=P(x,y,...,2|G(Tx,Gy,...,F7)).
In other words, given that the experiment G (Tx, Gy, . . ., F7) is performed, the formula provides the probability

of occurrence of any series of events G (.7, %, ...,.#.) and then reading the corresponding series of
outcomes (x,,...,z). For example:

A B
= p (2,9, 2|px, Ty, az),,

where p, is an event of the test px and analogously for the others.

Within the framework it is also made the requirement that the spaces of tests and events are quotiented
with respect to the following equivalence relation. For all systems A, B € Sys(©) and for all events .7,
5 € Event(A— B), we define 9] ~ .7, if and only if

) (3)
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for all possible E € Sys(©), p € Event(I— AE), and a € Event(BE —I). This follows from the idea that
whenever two events (tests) are characterised by the same statistics in any experiment they are
indistinguishable. We observe that, while it is true that whenever .77 = % also (3) also holds, the converse is
not true in general, hence the requested equivalence relation.

The quotient class of events in an OPT are called transformations, and their subset having input system A
and output system B is denoted by:

Transf (A — B) := Event(A—B)/

The special case of preparations St (A) := Transf (I— A) and observations Eff (A) := Transf (A — I) are called
the states and effects of system A, respectively. We define Transf, o_,g), St; (A) and Eff; (A) as the set of
deterministic transformations, states and effects, respectively. The tests from A to B become instruments, and
their collection is denoted by:

Instr (A— B) := Test(A—B);

Finally, the collections of preparation- and observation-instruments are denoted by Prep (A) and Obs (A),
respectively.

There is one final assumption for a generic information theory to be an OPT: the theory must be closed
with respect to the coarse-graining operation. This operation allows one to disregard information related to
the outcome of an experiment. Given any test Ty and any disjoint partition {Z(y ) }y oy Of the outcome space X
there exists the coarse-grained test Ty representing the same operation, where the outcome y € Y stands for
‘the outcome of the test T belongs to Z). The event T, =3 vern Jx is called coarse-grained. Obviously,
given a test Ty the full coarse-grained transformation % =} _ .y 7 is deterministic. The operations of scalar
multiplication, sequential and parallel composition distribute over coarse-graining. As to what precisely is
meant by the sum symbol used here we refer to section 2.2.

In conclusion of this section, we observe that for every OPT the event with null-probability in any
experiment is an actual event of the theory: 0 € Transf (I). Consequence of this fact is that for every pair of
systems A, B € Sys(©), there exists a transformation 5,5 € Transf (A — B), called null transformation,
defined by the following relation:

A B

EA-B
= (algg (eass X IE) [p)pr = 0,

for any system E € Sys(0), p € St(AE), and a € Eff (BE). In words, the null transformation is the
transformation that always occur with null probability in any closed circuit. Clearly, transformations are
invariant for coarse-graining with the null one

T=T + Ea-B,
for any couple of systems A, B € Sys(©) and transformation .7 € Transf (A — B).

2.1.1. Atomicity, extremality and purity
We introduce a classification of transformations based on how they can be decomposed as combinations of
other transformations of the theory.

Definition 1 (Atomic transformation). A transformation .7 € Transf(A— B) is atomic if, given 7, 2% €
Transf (A — B), one has the following implication:

T=%+Dh = A, DHhxT.

The notion of atomic transformations captures the idea of ‘indecomposable’ events from a conic point of
view. These are the transformations that generate the extremal rays of the cones generated by the
transformation sets:

Transfy (aop) := {A\T [ A > 0,.7 € Transf(A—B)}.

The same argument can also be made in the case of convex combinations.

7
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Definition 2 (Extremal transformations). A transformation 7 € Transf(A — B) is called extremal if, given
A, F € Transf(A—B) and p € (0,1), the condition .7 = p.7 + (1 — p) Z implies 7} = F%, = 7.

Extremal transformations embody the notion of extreme points of convex sets. The latter property is of
particular interest in the special class of theories where Transf (A — B) is convex for every A and B

Definition 3 (Convex OPTs). An OPT © where Transf(A — B) coincides with its convex hull for every couple
of systems A, B € Sys(©) is called convex [2, 11].

In general the two properties of atomicity and extremality of a transformation are not related. There are
transformations that are extremal but not atomic and viceversa, an example being the deterministic effect of
any system of Classical Theory (CT) or QT [2], which is clearly an extremal point of the convex set of effects
but can be obtained as the coarse-graining of any observation-test.

Slightly detaching ourselves from QT’s tradition, and following the nomenclature of [11], we have the
following definition.

Definition 4 (Pure and mixed transformations). A transformation is pure if it is extremal and deterministic.
While, a transformation is mixed if it is neither atomic, nor extremal.

In the following, the set of pure states of a system A will be indicated with PurSt(A).

2.2. Linear structure
The equivalence relation of transformation (3) reduces to the following in the case of states:

A A

(D = (D,

and analogously for effects:

A A

GH{®™ = @

These relations have two important consequences. First, the set of states is separating for that of
effects—that is, for every pair of states p;, p, € St(A) such that p; # p,, there exists an effect a € Eff (A) such
that (a| p1), # (a| p2) ,—and viceversa for effects. Second, states can be seen as a set of functionals from
Eff (A) to the real interval [0, 1], and viceversa effects are a set of functionals that map St(A) to [0,1].

These two properties allows us to equip OPTs with a linear structure by extending the functional
described above to the whole R [2]. Considering the collection of all the functionals defined in this way it is
possible to construct the spaces of generalised states Stg (A) and generalised effects Effg (A), which are the real
vector spaces for which St(A) and Eff (A) are spanning sets, respectively. The separability property between
states and effects induces the same property for the generalised spaces. Furthermore, each one is included in
the algebraic dual of the other, Stg (A) C Effz (A)" and Effz (A) C Stg (A)". In the particular case where the
dimension dimStg (A) (or equivalently dim Effg (A)) is finite one has Stg (A) = Effz (A)"

(Effg (A) = Stg (A)"). The dimension of the generalised state space D5 := dim St (A) is defined to be the
dimension (or size) of system A. The dimension D of a system represents the number of probabilities that has
to be known in order to completely characterise the states of the system when represented as vectors in RP.
For example, in QT the size of a system A defined on an Hilbert space of dimension dj is given by Dy = dA.

It is also possible to define generalised transformations Transfg s_p). Looking at (3), one has to consider
the families of transformations {7 & %5 };; g, @) seen as maps between the collections of states St(AE) and
St(BE), or through their dual between the collections of effects Eff (BE) and Eff (AE). Starting from them, one
can define a unique family of linear maps between the generalised spaces and consequently construct the real
vector space Transfg(a_p). The operations of parallel and sequential composition for the generalised case are
induced by the same operations for transformations [2].

We observe that the summation symbol used to indicate the coarse-graining operation has now a precise
meaning. Whenever, we make the coarse-graining of two operations, we are considering their sum, seeing the
transformations as elements of the generalised transformation space.

The linear structure makes any OPT ‘usable’. In fact, regardless of how abstract are its operational
constituents it is always possible to embed everything in a linear vector space where calculations can be made.

As already observed, in OPTs the rule for parallel composition is normally not given by the standard
tensor product ®. Therefore, in general it holds that Stg (A) ® Stg (B) C Stg (AB) (and similarly,

Effr (A) ® Effr (B) C Effg (AB)).
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2.2.1. Generalised instruments
The analysis of the linear structure of instruments, which is relevant for the present purposes, is less
straightforward.

Instruments are a family of finite ordered n-tuples of transformations with constraints for the
compatibility of the general structure of the theory. For example, the full coarse-graining of an instrument
must be a deterministic transformation, or the sequential composition of two instruments must be another
instrument. Indeed, within the framework of OPTs the most elementary concept is that of instrument, and
not that of transformation: the set of instruments is defined first and the set of transformations follows. It is
always true that

Instr (A — B) € Pyq {Transf(A—B)}

for all A,B € Sys(©), where P,q {S} represents the set of all ordered subsets of S. Therefore, the most
natural way to define a sort of generalised space for instruments is:

InstrﬁQN) (A—B):= @TranSfR(A—»a)a (4)
neN

where N is the cardinality of the outcome space of the generalised instruments. We recall that by hypothesis
the cardinality of the outcome space of instruments is finite, and the operation of direct sum is always well
defined. Instr]%N) (A — B) is still a vector space for any N € N with the usual scalar multiplication:

p(%a~-'7’gN):(p<%a"'apgN)7
and elementwise sum:
(A,...,. 7N+ (,....9N) = (A ~+%,..., N+ N),

where the scalar multiplication p.7;, with p € Transfg 1), and the sum operation .7; + ¢, are the ones of
Transfg (a—p)-

The generalised spaces of instruments have the interesting property that Instr]%N) (A— B) can always be
seen as a subspace of Instr]g{M) (A— B) whenever N < M. This comes from the fact that an instrument with N
outcomes can always be seen as an instrument with M outcomes of which M — N occur with zero

probability, i.e.

{7} eex = 1%} eex U {easn}, (5)

n€(M—N)
where { 7} . € Instr]%N) (A—B).

The coarse-graining operation on these generalised instruments is simply defined by extension through
linearity from the coarse-graining defined on the allowed instruments of a theory. In practice the
coarse-graining operation can be seen as a linear function from Instr]%N) (A—B) into Instr]g%M) (A—B) with
M <N.

2.3. Topological structure and operational completeness

Here we show how to induce a topological structure on the generalised transformation space using the
operational norm ||-|| ,, [2]. The distance, induced by the norm, is related to the probability of discrimination
between two transformations; the closer they are, the harder it is to discriminate between them. The
operational norm allows one to express the requirement that the spaces of transformations, states, and effects
are Cauchy complete, corresponding to the operational desideratum that if there is a procedure to prepare a
transformation with arbitrary precision, then it is natural to assume that the latter is a transformation of the
theory.

The operational norm is not the only norm one can choose for an OPT. Another norm of interest is the
sup norm |[|-||,,» used for example to construction quasi-local algebras of transformations in the OPTs
framework [14]. In general, these two norms are not equivalent and satisfy different properties. However, in
the following discussion we will restrict to the class of OPTs where these two norms are equivalent, in
particular, focusing on OPTs where all spaces of instruments, and consequently transformations, are finite
dimensional.

Before proceeding we just state some properties of the aforementioned norms, since they will be used
throughout our argument.
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Lemma 1 (Monotonicity of the operational norm). Let .7 € Transfrp_.c), then
[T lop 2 16T E,p, (6)

where & € Transfc_,p), and € € Transf(s_p). The equality holds if both & and € are reversible [2].

Lemma 2 (Invariance of the norm in the presence of ancillary systems). Given a generic OPT ©, for
arbitrary systems A, B, E € Sys(©) and any generalised transformation 7 € Transfgs_p) it holds that

[T lop = |7 B I,
Proof. From the definition of operational norm [2], it holds that
17 lop = |7 B I,

On the other hand, by considering a generic deterministic state p € St; (E) and deterministic effect e € Eff; (E),
the monotonicity property of the norm implies that

A B B
H —J7— . 7]
B o =

op

= I,

Also the sup norm satisfies the property stated in lemma 2 [14, corollary 2].

Lemma 3. Let 7 € Transfg(a_,p) and G € Transfg g, then [14]

19T Ny < NZ 5| 7|

sup sup sup*®

2.3.1. Operational completeness for instruments

As already stated Cauchy completeness of the spaces of transformations ensures that whenever a
transformation can be arbitrarily approximated by operations in an OPT then it is also an admitted
transformation of the theory. Here we extend this requirement to the case of instruments.

Let us start by considering the scenario of preparations. Suppose that Alice can prepare two deterministic
states p, o € St; (A) and that she wants to probabilistically prepare one or the other, so that the resulting
mixed state is given by pp+ (1 — p) o € St; (A), with p € [0, 1]. This scenario can also be expressed through
the notion of preparation test {pp, (1 — p) o'} € Prep (A) or, equivalently, {p’,0’} € Prep (A), where the
non-normalized states p’ = pp and o’ = (1 — p) o were used.

If now a second experimenter, let us call him Bob, would like to reproduce Alice’s preparation procedure,
he would have to approximate the two states p’, o’ with two other states p’’, ¢/, or analogously with a new
instrument {p’’, o'’} € Prep (A). At this point we wonder what is the error in Bob’s approximation. We
assume that the error is equal to the sum of the errors made in approximating the two preparation events
separately:

//||

/ / 14 1 / 14 /
1070} =100 Hlgen = 10" = 0" llgen + 16" = 7"l s
where we refer now to a generic norm ||-[[,,. We observe that this error is greater than the one that would be
obtained by considering the coarse-grained state corresponding to the instrument:

||p/ _p”ngn + HU/ - O’”ngn 2 ||(p/ +0/) - (p” +U//)||gen'

This is not unexpected since via coarse-graining one disregards information about what particular event
occurred within the instrument, and this removes one source of error.

We can proceed to equip the spaces of instruments of an OPT also with a topological structure. The
definition will be given by referring to the generic norm ||-[|,,, reminding that the cases of interest for the
framework are those where the norm is equal to the operational or sup one.

10
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Definition 5 (Norm of instruments). Let © be an OPT equipped with a generic norm |||, and {3}, e €
Instr]g\]) (A—B). The norm of {7}, ., is defined as
||{‘7"}WEN||gen ::ZH‘%”gen' (7)

neN

In the case of instruments, the operational norm in (7) does not carry the same operational
interpretation as in the case of transformations. Even though it gives an indication as to how close two
instruments are, it is not related to the optimal discrimination strategy that could be implemented. The latter
would require to solve a minimax problem, whose analysis is typically hard, and amenable only under special
circumstances is left for future work.

Based on the topological structure we extend the requirement of Cauchy completeness also for
instruments.

3. Properties of Cauchy sequences

In this section we analyse the properties of Cauchy sequences of instruments and transformations and how
they are related within an OPT in terms of a generic norm.

As a first step we have to define a Cauchy sequence of instruments {{.7,} The most formal way

zexn }neN'

to see it is as a sequence of subsets {{.Z:}"c,, } _. C Transfg(a_p). One has to distinguish two cases:

neN

1. 3N € N such that [X"| < N, Vn € N. In this case, it is possible to treat {{.7;}",. }

neN
elements in InstrﬁQN) (A — B), where everything is well-defined. This is the case we will consider in the

following. Furthermore, it is possible to drop the dependence of the outcomes space from #, since, thanks
to (5), it is always possible to embed every outcome space in one of cardinality N: {{%}Zex}n N’

2. PN € N such that [X"| < N, Vn € N. This case cannot be treated within the hypothesis assumed in the
present work. The fact that two comparable instruments must have outcome spaces with equal
cardinality imposes that the cardinality of the outcome spaces of the instruments in the sequence
stabilizes to a fixed value. We highlight that the latter hypothesis also guarantees that the cardinality of the
outcome space of the limit instrument is finite.

as a sequence of

We can now state the completeness result for instruments and a consequent corollary on their
coarse-graining.

Theorem 1. Given a generic OPT, {{ﬂx}ﬂex}n en © InstrﬁgN) (A — B) is Cauchy with respect to the norm ||-||
if and only if each sequence of transformations { 7"}, .y C Transfr(s_p) is Cauchy with respect to that norm
Vx € X. Furthermore lim,_, oo {{Z}zex} = {lim, oo 7"}

gen

x€EX*

Proof. Let us start by proving the first statement. =) Let {{Z}"}
there exist n such that Vn,m > n it holds that

(Y iex ~ ATl gon = ST = T <

x€X

g be a Cauchy sequence, then Ve

which implies

|7 = Ty <& VrEX.

gen

<=) On the other hand if the sequences of transformations are Cauchy, i.e. Ve exists 7 such that Vn,m > 7
it holds that

|78 = T lgen <€ VXEX

gen

then it immediately follows

7Y sex = AT il o = ST = T < X,

x€X

which, being the cardinality of X (|X|) equal to N < oo, implies that {{.Z:} ey} <y is Cauchy. We then conclude
the proof by showing that the limit of the Cauchy sequence of the collection is given by the collection of

11
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the limits. Let indeed {.7;} . be the limit of the Cauchy sequence {{.7;}"<,}
completeness of instruments. Then Ve, 3n such that Vn > n

qen—that exists by virtue of

{TYiex = { T enllyn = DN T = Fillgen <,

xeX

which, by the completeness requirement for transformations, implies that each sequence of events {7},
converges to 7. O

Corollary 1. Given a generic OPT and a Cauchy sequence {{ﬂx}zex}n en C Instr]%N) (A— B) with respect to a
generic norm ||-[|,,,, each sequence of coarse-grainings {>ex Zj’}n cn C Transfgap) is Cauchy with respect

to that norm VX' C X. Furthermore limy_,o0 (3 e Zi") = > vexs (limyyoe Z1).

Proof. Using theorem 1, the sequences of transformations {7}, are Cauchy for each x € X. Therefore, Ve
exists 71 such that Vn,m > n it holds that

172 = T, <e WxeX

then it immediately follows that

PCAREAD

xeX’

<317 - 70, < IXe,

op xeX’

and being [X'| < |X| =N, this implies that {3" . Z"}n oy is Cauchy. The second statement immediately
follows from the possibility of exchanging limits and summations. O

The next two lemmas consider the limit of Cauchy sequences of deterministic transformations.

Lemma 4. In a generic OPT the limit of a Cauchy sequence, in the operational norm, of deterministic
transformations is a deterministic transformation. In other words, Transf) sy is closed with respect to the
operational norm for any A,B € Sys(O).

Proof. The first step is to prove that the spaces of deterministic states are closed with respect to the operational
norm. To show this it is sufficient to show that the limit p = lim,,_, o, p", where {p"}, .y C St (A) gives prob-
ability equal to one when evaluated on any deterministic effect e € Eff; (A) (this is a necessary and sufficient
condition for a state to be deterministic [11]). From the monotonicity of the operational norm (lemma 1) it
follows that

el P)a = (el ) allop < Ml ="l p-
P P

The latter relation then implies that
Tim (el p), = (e] p), Ve € Ef (A).

Since (e| p"), = 1 for all n € N, it immediately follows (e| p), = 1 for all e € Eff; (A).

To prove the result in the case of transformations, we will use the fact that a transformation 7 €
Transf (A — B) is deterministic if and only if (.7 X %) |p) . € Sti (BE) for any p € St; (AE), where E is a gen-
eric system of the theory. Then, let .7 = lim,,_, o 7", with {.7"}, _ C Transf;(_,5). From lemmas 1 and 2, it
immediately follows that {(.7" X .7%) [p) g },,cy C Sti (BE), for any system E of the theory and any determ-
inistic state p € St; (AE), is still a Cauchy sequence that converges to

(78.5) |p) = lim (7" .5%)|o) s € St (BE).

In conclusion of this proof, we observe that it would have been possible to carry out the second part also refer-
ring to effects. A transformation .7 € Transf (A — B) is deterministic if and only if (e|y (7 X %) € Eff; (BE)
for any e € Eff; (BE), where E is a generic system of the theory. O

Lemma 5. In a generic OPT the limit of a Cauchy sequence, in the operational norm, of deterministic product
transformations { 7" XG"} _ C Transfy(s_,p) X Transf,c,py is still a deterministic product transformation. In
other words, the set of deterministic product transformations is closed with respect to the operational norm.

12
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Proof. By lemma 4, the sequence converges to a deterministic transformation. Therefore, it is sufficient to
show that the limit is a product. The first step is to show that also the sequences {.7"}, _y C Transfgs_p) and
{9} ,,cn C Transf)(c_,p) are Cauchy. This can be done by direct calculation:

||3"|Xg”—§m@gm||up
= ||yn&(e‘1)gn‘ﬁ)c - 9m®(e\nf¢mlﬂ)c||
=77~ 77|

op
op?

where p € St; (C) and e € Eff; (D) and the inequality follows from lemma 1, and similarly for the case of ¥".
Defining 7 :=lim, 0, 7" and ¥ = lim,—,» ¥", and exploiting lemma 1, one can prove that

17 RG = T"RG"|,, <17 = T op + 19 =47

which implies

T NG = lim T"KG".

n—o0

3.1. Compositional structure and coarse-graining vs Cauchy completion

By definition, an OPT is closed under sequential and parallel composition, and all the sets of instruments
and transformations are closed in the topology induced by the operational norm. However, in the process of
constructing a theory element by element, one needs to check consistency of the mathematical structures
with the axioms of the framework. We then consider whether closure under sequential and parallel
composition, as well as under coarse-graining, is preserved after Cauchy-completing tentative spaces of
instruments and transformations with respect to the operational norm. The following results provide useful
insights in this context.

For simplicity let us denote with © the OPT obtained from a tentative theory © through the operation of
completion. Thanks to corollary 1 we know that the spaces of transformations of © are still closed under the
operation of coarse-graining. We have now to check what happens in the case of sequential and parallel
composition.

Let us start with the former. We will present the argument in the case of transformations, but it is
immediately extended to the case of instruments through theorem 1. Let .7 € Transf (A — B) and
% € Transf(B— C) be two transformations of ©. We have to prove that 4 o .7 is also a transformation of ©.
To show this, let us consider .7 € Transf (A — B) as the limit of a Cauchy sequence of transformations
{T"},en C Transf(A—B), i.e. 7 = lim, o 7", and analogously for & = lim,,_, . 4". We can then rewrite

Y07 = lim 9"o lim J".
m—r o0 n— 00
To prove the result, we have then to show that 4 o .7 is the limit of a Cauchy sequence of transformations of
© by showing that

407 = lim lim ¥" o J".

m—r 00 1—» 00

To this end, we will exploit the fact that the operational and sup norm are equivalent, which implies that

19 T llop < CIY Tl < Cll¥ Nl | 7

sup sup sup

(8)

9
< S9Nl Nops

where ¢ and C are suitable positive real constants, and the second inequality is obtained by exploiting lemma
3. Using the latter equation it then follows that:

" 7" ~47|,
=|g"T" 9" T +9"T -9 7|,

<" (T = D)+ I(@" =) T,
C m n C m
<SINNT" = T+ 5197 =G| 7
C n m
<5 (197 = Tl + 19" =)

13
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Given that both {¢™}, _yand {7}, \ are Cauchy, the latter series of inequalities implies that
{9" T}, men 1s Cauchy and converges to .7

In the last inequality we used the fact that the operational norm of a generic transformation
T € Transf(A — B), for any couple of systems A, B € Sys(O), is always bounded by one. This can be checked
by direct calculation using the explicit formula for the norm provided in [2, 14].

With respect to the closure under parallel composition, the result follows considering that two operations
composed in parallel can be always seen as the sequential composition of the same transformations
composed with the identity. In diagrams:

or equivalently

Remembering that |7 X %[, = ||.7|,,, for any system E of the theory (lemma 2) one can reduce to the
case of sequential composition.

In summary, we proved that completing a tentative OPT including limits of Cauchy sequences of the
instruments and transformations spaces returns a well defined OPT whenever the operational and sup norm
are equivalent. The result is thus the following lemma.

Lemma 6. Let © be a tentative OPT whose instruments and transformations spaces are not Cauchy complete.
Then, the theory © obtained by Cauchy completing these spaces is a well defined OPT provided that the
operational and sup norm are equivalent.

The argument we just exposed also shows another important property that OPTs satisfy whenever the
operational and sup norm are equivalent.

Lemma 7. Let © be an OPT where the operational and sup norms are equivalent. Consider the two Cauchy

sequences of instruments {{ 7:}"c} _ C Instr(A—B) and {{%};EY} C Instr(B— C), whose limits are
neN

neN

. . n . . . .
{Z}xex =lim, {Z}Zex and {%y}er =lim,_ o {%}er, respectively. Then, the composite limit
instrument is given by the composition of the limits

{g}’}er ATt rex = mh_r}lgo nl;ngc {g}’}er o { T iex-
Lemma 8. Let © be an OPT where the operational and sup norms are equivalent. Consider the two Cauchy
sequences of transformations {.7"}, . C Transf(A— B) and {%"}, . C Transf (B — C), whose limits are
T =limy 00 {T"},cny and 9 =lim,_, oo {4}, o respectively. Then, the composite limit transformation is
given by the composition of the limits

407 = lim lim ¥" o J".

m—r 00 1—» 00

These two latter results can be immediately generalised to hold for generalised instruments and
transformations also, and in the case of the parallel composition.

4. Strong completeness

We prove here how to complete a theory in such a way that it possesses all the conditional operations, or
more formally to a theory that is strongly causal.

4.1. Strongly causal OPTs

The idea is to include in the theory every instrument that can originate from conditional operations based on
experimental results. Thus we refer to the most general conditional operation that can occur in a theory that
is a conditional instrument.

14
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Definition 6 (Conditional instruments). Let © be an OPT, Tx = { Z;}, 4 € Instr(A— B) a test of the theory,

and {G\((X) = {gy(x) } Y} C Instr(B— C) alabelled collection of instruments. We then define the following
YY) xex
collection as a conditional instrument

g{gp o ﬂ;}yGY = {{g;x) o z}yd}x . 9)

(S

Remark 1. Although the outcome space of the conditional instrument may depend on x, this dependence can
always be eliminated—thanks to (5)—Dby considering a common outcome space Y with the largest cardinality.

Remark 2. In general the object in (9) may not belong to Instr(©), namely it may model an operation that it
is not actually implementable in the theory. An example of a theory where not every conditional instrument
is an actual instrument of the theory is Minimal Classical Theory (MCT) proposed in [13].

The name conditional instruments is derived from the fact that the outcome of the first test conditions
which test the experimenter implements next’. We can now provide the formal definition of strong causality.

Definition 7 (Strongly causal OPTs). An OPT O is strongly causal if every operation of the form (9) belongs
to Instr (©), that is if every conditional instrument is an instrument of the theory.

In the literature on QT the property of strong causality is also referred to as classical control on outcomes
and post-processing [52]. The name strong causality comes from the fact, that this property is stronger than
the causality property usually considered within the framework:

Definition 8 (Causal OPTs). A causal OPT O is a theory where every system A € Sys(©) admits a unique
deterministic effect. In symbols, VA € Sys(©) 3! e € Eff; (A) [2].

The causality condition can be proven to be equivalent to the property of no-signalling from the future,
that is that the probability distributions of preparation-instruments does not depend on the choice of the
observation-instruments at their output [2]. In causal theories the flow of information is fixed from input to
output (diagrammatically, from left to right): the input—output direction can then be identified with the
direction from past to future, i.e. the arrow of time. Furthermore, the causality condition also implies the
property of no-signalling without interaction, namely, the fact that separated parties cannot influence each
other if they do not interact. The causal structure induced by causality among parties in a network coincides
with the so-called Einstein locality [1, 2].

4.2. Completeness with respect to strong causality
In the following theorem we show how to complete a causal theory under the strong causality assumption
(remind that causality is a necessary, but not sufficient condition for strong causality):

Theorem 2 (completion under strong causality). Let © be a causal OPT. If one constructs a new theory © by
adding all the conditional instruments and subsequently completing the spaces of transformations and
instruments endowed with the operational norm, then © is a strongly causal OPT.

The proof will be constructive, and in particular it consists in the following extension procedure, along
with a consistency check.

Procedure 1 (How to make an OPT strongly causal). The algorithm to make an OPT strongly causal consists
of three different steps:

(I) Addition of all the functions obtained from conditioning a family of instruments a finite number of
times. More precisely, one has to add all instruments of the form

AT ) e

LI L

z€Z

(10)

9 We observe that in the literature, the families of instruments depending on a classical parameter, like {G‘sx) = {%w} } C
y€Y x€X
Instr (B— C), are also referred to as multimeters [49-51].
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where (x,y,...) indicates the finite space of the outcomes of the instruments that precede
{ %(xv)’ yee) X
z€Z

(II) Closure of the new instruments and transformations spaces under sequential and parallel
composition, and coarse-graining,
(IIT) Cauchy completion of the spaces of instruments and transformations with respect to the operational
norm.

Remark 3. Coherently with the requirements stated at the beginning of section 3, the procedure described
above does not lead to include in © instruments obtained by conditioning an infinite number of times.
Otherwise, it could lead to the definition of sequences of instruments where the cardinality of the outcome
space is not bounded.

Remark 4. The reason why in the first step of procedure 1 one is adding all instruments obtained through a
finite number of conditioning steps, instead of just the instruments of the form (9)—i.e.,with just one condi-
tioning step—as would be required by the definition of strongly causal OPTs (definition 7) is to avoid recursion
in the procedure. Indeed, if one just added the instruments with one conditioning step, then the instruments
obtained through conditioning on conditional instruments would be required to be added in a subsequent
step, and so on. Instead, the requirement (10) already encompasses all instruments that would be obtained
through the iteration procedure. To illustrate this we consider as an example conditioning of conditional
instruments. The argument can then be straightforwardly generalised. Let

{gy(X) o7, }

(xy)EXxY’

be an instrument in Instr (A — E), where
{'%C}xex = {fz’,x”}(x/,x”)ex'xx“
B { xl”(XI) °© ‘?xi}

(xlyx//)eX/XX// ?

is an instrument in Instr (A — C), and

(x) _ o (x/)x//)
{{gy }yEY}xGX — {{gy 54 ()/',)/”)GY/XY”

g, 01

(}’/7}///)6Y/><Y”

[0 o g0

}(x’,x”)GX’XX”

(x’,x/’)EX’XX”

(X/,x//7y/,y/ /)ex/ XX// XY/ XY{/ ?
is an instrument in Instr (C — E). By composing the two instruments one obtains

(0 gl 0 o)

" 7 z€Z
where z € Z was used in place of (x",x"",y",y"") € X' x X'/ x Y’ x Y"/, which is exactly of the form (10).
We are now in a position to prove theorem 2.

Proof. One has to show that (:), obtained through procedure 1, is a well defined OPT. This amounts to show-
ing that after the operation of Cauchy completion all the conditional instruments are actual instruments of the
theory and that this new collection of instruments is closed under sequential and parallel composition, and
coarse-graining [14, 42]. Closure under composition and coarse-graining is guaranteed by lemmas 7, 8 and
corollary 1. Therefore, the first requirement is the only one that needs to be checked explicitly. We then show
that, after adding all the instruments obtained through a finite number of conditioning steps to © and sub-
sequently completing with respect of the operational norm, for every instrument Ty = {7, } . € Instr(A—B)
and for every family G\((x) = {%y(x) } o C Instr (B — C), for any system A, B, C € Sys(0), the conditional set of
y

operations

{ {gy(X) 0T }er }Xe

X

is a test of the theory.
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In this case, it is sufficient to study what happens for instruments with a single conditional step since one
is only interested in proving that © satisfies definition 7. Let us suppose that there exists a particular family
of tests for which this does not hold. Since we already added to © all the conditional instruments that it is
possible to construct using the tests of ©, the only cases we have to consider are the ones where at least one

between Ty or {G\((x) } is an instrument obtained as a limit from the procedure of Cauchy completion. Given
xeX

that an instrument can always be seen as the limit of a constant sequence, we will treat both Ty and {G\((x) }
xeX

as limits. Thanks to theorem 1 along with lemmas 7 and 8 we have that

m—r 00 n—o00

G0 0 T, = ( lim %;")"') o ( lim %)
= lim lim 4" 0 7",

m—r 00 n—» 00

Hence, %(x) o 7, is the limit of a sequence of transformations of ©, and by the requirement of Cauchy com-
pleteness of the spaces of transformations one obtains the result, i.e.

{{gy(x) o z}er}xex € Instr(A—C)

is an actual instrument of ©.

5. Broadcasting, compatibility and disturbance

In this section we introduce the notions of broadcasting, compatibility of observations, and irreversibility of
measurement disturbance.

5.1. Broadcasting
Let us start from the definition of broadcasting.

Definition 9 (Broadcasting transformation). Consideringa causal OPT, a transformation % € Transf;x_,aa)
is broadcasting if:

A %A - A %A _i
A A : (11)

Notice that, following the above definition, a transformation % € Transf;(5_,a) is broadcasting if and
only if

A

(I - (o] 2=
:

for every system E of the theory and for every state p € St(AE).
While QT does not allow for a broadcasting transformation, CT does [5, 19-26, 53] and the classical
broadcasting map is given by:

Da ;
Z A ) (12)

where i € PurSt (A) are the pure states of system A and i € Eff (A) are the measurements that jointly perfectly
discriminate the pure states'”.

10 A set of states {p },c  is jointly perfectly discriminable if there exists a test {ax} .y € Obs (A) such that (a,| px) = 1 forall x € N.
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We will say that a theory satisfies the property of broadcasting if every system of the theory admits a
broadcasting transformation. Otherwise, we will say that the theory satisfies the no-broadcasting theorem.
We now prove a sufficient condition for a system of an OPT to satisfy no-broadcasting.

Lemma 9. Consider a causal OPT and a system A of the theory of dimension greater than 1, Dp > 2. If Fy is
atomic, then the system A does not admit a broadcasting channel % € Transf;(o_,aa)-

Proof. Suppose by contradiction that there exists a system A, Dy > 2, such that .#, is atomic and there exists
a broadcasting channel % € Transf; (5_,x4). Consider now a non-trivial decomposition {ag,a; } # {poe,pie} €
Obs (A) of the deterministic effect e € Eff; (A). An observation-test of this kind always exists, since otherwise
the system would have dimension equal to 1. By (11), it follows that:

A A A A

which, by the atomicity of the identity transformation, implies:

A A A

B | A X B | A xX—

Exploiting again (11) one obtains that:

A A

B A : O(i@7

and analogously for a;, which contradicts the hypothesis Do > 2. O

5.2. Compatibility and irreversibility
Two operations are said to be compatible if operating one does not preclude the possibility of performing the
other on the same system. For example, position and momentum measurements are compatible in CT as
they can be performed simultaneously, but not in QT. In the following, we use ‘compatibility’ referring to
observation-tests, and we define theories with full compatibility as those theories where all observation-tests
are pairwise compatible. On the contrary, we will define irreversible disturbance the existence of some
operation that prevents from making another one on the same system. In this sense the first operation causes
an unavoidable disturbance.

Let us look at observation-instruments and identify the class of theories where all observations are
compatible, as it happens for example in CT:

Definition 10 (OPTs with full-compatibility of the observation-instruments). A causal OPT © is said
to satisfy full-compatibility of the observation-instruments if every pair of observation-instruments {a,} .y,
{by}y cy € Obs(A) of the theory, for every system A € Sys (©), are compatible, namely there exists a third test

{cy }(W)GXXY € 0bs (A) such that [13, 54]

A

= Y —{fw) veex

yeY

This definition can be seen as a special instance of the more complex definition involving arbitrary
instruments, however in the above form it is a straightforward extension to OPTs of the definition
introduced in the quantum literature [16, 17, 55]

In the following, the shorter nomenclature compatibility will be used in place of full-compatibility of the
observation-instruments.

The notion of irreversibility, on the other hand, describes processes that cause an irreducible disturbance
on the systems on which they act. This is based on the notion of exclusion between instruments.
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Definition 11 (Does not exclude). Let © be a causal OPT, we say that an instrument {7}, ., € Instr(A— B)
does not exclude another instrument {%}y oy € Instr(A— C) if there exists a test {€.}; € Instr(A— BE) and

a post-processing, i.e. a family of instruments { { @y@ } } C Instr (BE — C) such that
r€Y) zez

A B

A B
Ay = b, , (13)

A C
By =y % | & | 2 ; (14)

z€Z

where {S(") }x x is a suitable partition of X [54]. On the other hand, if the above condition fails, we say that
the instrument { 7.}, . excludes {4, } ..

A theory with irreversibility is defined as follows.

Definition 12 (OPTs with irreversibility). A causal OPT © is said to have irreversibility of measurement dis-
turbance (or in short irreversible disturbance) if it admits an intrinsically irreversible instrument, i.e. a test that
excludes some other test of the theory.

Notice that the kind of disturbance introduced by an intrinsically irreversible instrument is the ‘strictest’
possible: if an instrument {.7;} ., excludes {%}y <y On€ cannot obtain {%}y <y even using any conceivable
resources, namely any kind of post-processing involving arbitrary ancillary systems. An example of theory
with irreversibility is QT, where almost all quantum instruments are intrinsically irreversible. We remark,
however, that since every quantum channel admits a unitary dilation involving ancillary systems, all
quantum channels are not intrinsically irreversible [13].

On the contrary, CT does not have irreversibility. This implies that whatever operation in CT can be
implemented in such a way to reverse it and restore the initial state of the system.

Two sufficient conditions for irreversibility have been proved in [13]. The first is given by the following
lemma:

Lemma 10. An instrument is intrinsically irreversible if and only if it excludes the identity [13].
Another condition for irreversibility is the atomicity of the identity transformation'':

Theorem 3. Let © be a causal OPT with a system A € Sys(O) such that Dy > 2, and let its identity
transformation %5 be atomic. Then, there exists an instrument { 7.} .., € Instr(A— B), for some system
B € Sys(©) that is intrinsically irreversible. Hence, the theory has irreversibility [18].

The proof of the above theorem is also reported in appendix A for completeness.

A particular class of theories that satisfy the hypothesis of theorem 3 is that of OPTs where the identity
transformation is atomic for every system of the theory, which is equivalent to no-information without
disturbance (NIWD) [18]. The last property means that in order to extract non-trivial information from a
system one must necessarily disturb it. QT is an example of a theory with NIWD, which in turn underlies the
possibility of devising information-theoretically secure cryptographic protocols, since any intervention from
an eavesdropper would be detectable by the other parties [56—64].

Regarding the relation between the notions of incompatibility of measurements and of processes (named
irreversibility) it has been proven in [13] that while

incompatibility = irreversibility,
on the other hand
incompatibility <= irreversibility.

A counterexample to the second implication is MCT [13], which has full-compatibility of the
observation-instruments, yet it admits intrinsically irreversible tests.

11 'We remark that the identity transformation is atomic if every instrument whose full coarse-graining is the identity is of the form
{PxI} cexo With {px},<x a probability distribution (definition 1).
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6. Minimal operational probabilistic theories

We will now proceed to introduce and characterise the class of minimal operational probabilistic theories
(MOPTs). The idea is to explore the diametrically opposed situation as to what is typically considered in the
probabilistic theories scenario. Indeed the set of operations in a theory is often taken as large as possible, so
for example given the set of states, all maps sending legitimate states to legitimate states are included as maps
of the theory. However, no bottlenecks to consistent theories with restricted set of instruments and
transformations occur in principle. On the contrary, here we look at the ‘smallest conceivable set’ of
operations, in the sense that the removal of any of the instruments would no longer lead to a legitimate OPT.

The first point we need to analyse concerns the structure of composite systems. In a general theory,
systems can, in principle, be obtained in multiple ways by composing other systems, except for those that do
not admit any decomposition, which we term elementary.

More formally, let us start from the following definition

Definition 13 (Elementary systems and minimal decomposition). We say that a system A is elementary if
A =BCimplies B=1or C = I. Given a system S, we say that A = A A, ... Ay is a minimal decomposition of S
in elementary systems if A; is elementary and non trivial for every i.

In the following, we require the decomposition in elementary systems to be unique up to operational
equivalence of the single elementary systems.

Definition 14 (Unique decomposition OPTs). We say that an OPT has unique decomposition if for every sys-
tem S, given two minimal decompositions in elementary systems S = AjA, ... Ay and S = BB, ... B; implies
kzlandBi :A,'7Vi = 17...,k.

Finally, we can define minimal theories in the following way:

Definition 15 (Minimal Operational Probabilistic Theory). We define a Minimal Operational Probabilistic
Theory (MOPT) as an OPT with unique decomposition where the only allowed tests are the ones obtainable
by composing the elements of

|\ BA—AB
{lz*HA , SéB—>BA’ (S 1)* — s ax}, (15)

where px € Prep (A) and ax € Obs (A) are all the possible preparation- and observation-tests of the theory,
and the Cauchy completion of the aforementioned set. Thus the only allowed events are those obtainable by
sequential and parallel composition of the elements of

{42, San. 73000}, (16)

for every A,B € Sys(©), p € Event(I— A) and a € Event(A — I), and the Cauchy completion of spaces of events
of this type that belong to a test of the theory.

Remark 5. The above class is well-defined. One should check that the spaces of instruments and transform-
ations are closed under the operations of sequential and parallel composition, and under the operation of
coarse-graining. While the closure under coarse-graining is guaranteed by corollary 1, the closure under the
compositional structure is guaranteed by lemmas 7 and 8 under the here assumed hypothesis that the opera-
tional and sup norm are equivalent.

Similar restrictions on a theory, in analogy to the ones we consider for MOPTs, have been proposed in
[50, 65]. Selby et al [50] studies accessible GPT fragments which are designed to describe scenarios where
states and effects are limited to just those accessible in a particular experimental setting. Even though the
notion of accessible GPT fragments is close to the notion of MOPTS, there is an important difference.
MOPTs, despite the restrictions, are still fully-fledged theories, while accessible GPT fragments are not in
general GPT themselves. One aspect in which these two definitions differ is that of the state and effect spaces
of a MOPT must be separating from each other, while this may not be true in the case of accessible GPT
fragments. In [65] a class of operational theories is introduced, called non-free, where restrictions on
operations are not followed by closure with respect to parallel and sequential composition.

6.1. Characterization of instruments and transformations

As noted in remark 5, any MOPT is formally well-defined, although the transformations and instruments are
provided only implicitly. In this section, we prove structural theorems that specify the circuital realization of
the theory’s instruments and transformations. Some of these results were previously presented in the
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supplementary material of [13], but they are derived here in a more general framework. The proofs will be
included in the appendix.

Let us start with the complete characterization of the instruments and transformations that are
obtainable by composing sequentially and in parallel the elements of (15) and (16), respectively, postponing
the analysis of instruments and transformations obtained as limits of Cauchy sequences.

Then one has the following structural results.

Lemma 11. In every MOPT any instrument { 7y} .., € Instr(A— B) obtained as parallel and sequential
composition of the elements of (15) is of the form:

(ol Pl

A N B ’
| I

(17)

where S € RevIransf(AC — DB) is a suitable braid transformation, {py}er € Prep (C), {a.},c, € 0bs(A), the
outcome space X =Y X Z, and A, B, C, D € Sys(©) may also be equal to the trivial system [13].

Formally braid transformations are defined in the following way:

Definition 16 (Set of braid transformations). The set of braid transformations, whose representatives will be
indicated with S, is defined as the ensemble of transformations which are obtained by parallel and sequential
composition of the braiding and identity transformations.

The proof of the above theorem can be found in appendix C and from it the analogous result for
transformations immediately follows.

Corollary 2. In every MOPT any transformation 7 € Transf (A — B) obtained as parallel and sequential
composition of the elements of (16) is of the form:

A S B ) (18)

where S € RevTransf(AC — DB) is a suitable braid transformation, p € St(C), a € Eff(A), and A, B, C,
D € Sys(©) may also be equal to the trivial system [13].

An important property that will be used throughout the discussion is that (18) is invariant under parallel
and sequential composition [13].

In the case of symmetric MOPTs, braid transformations become permutations, which allows us to further
specialise the characterisation of the form of instruments and transformations, thanks to the following
results.

First, let us observe that

Lemma 12. Consider a symmetric OPT with unique decomposition and let S € RevIransf(A — B) that permutes
the systems as B; = A, (;), where A= A, ... A, and B = B, ... B,, are the unique decompositions of A and B,
respectively. Then the action of S is completely characterised by the permutation o.

Proof. The proof is a straightforward application of the coherence theorem for symmetric monoidal cat-
egories, to which symmetric OPTs belong. The theorem guarantees that the operations obtained through the
composition of swap are completely defined by how they permute the order of their input objects [46, 66]. [

Remark 6. In the case of non-symmetric OPTs for a generic braid transformations the reordering of the sub-
systems does not completely characterise the action of the transformation. Consider, for example, the identity
g and the following transformation:

Despite reordering the systems in the same way, the two transformations are generally different.

Remark 7. Also in the case in which uniqueness of decomposition does not hold, it is impossible to completely
characterise a permutation by how it permutes elementary systems. Let S be a system admitting two different
decompositions in elementary systems AB = CD such that A # Cand A # D, and analogously for B. Consider
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then the following permutation

A X B|Iassep | D X ¢ (19)

b

where .Z55_,cp is the identity test for AB = CD. Given that no relation is known between the systems BA and
DG, other than the fact that they are operationally equivalent, it is not possible to state that this permutation
can be completely characterised by how it permutes its input systems.

From lemma 12 the next result immediately follows.

Lemma 13 (Permutations on bipartite systems). In every symmetric OPT with unique decomposition, for any
permutation acting on a bipartite system AB there exist suitable systems A’, B', A’’, B"/, and reversible

transformations Sy, Sy, S3, Sy such that K
C

A C Ss | Ar B | S4

B D = B B’ A" i s (20)

St B Sy

where A, B are generic systems of the theory and C, D are systems such that CD has the same decomposition in
elementary systems as AB. In general, any of A, B, C, D can be the trivial system, and the same holds also for
A/,AI/7B/,B//.

We have now all the elements to prove the following characterisation theorems for instruments and
transformations in symmetric MOPTs.

Theorem 4. In every symmetric MOPT any instrument { 7.} ..y € Instr(A— B) obtained as parallel and
sequential composition of the elements of (15) is of the form:

C
{Py}yev B’ A [{a:},ez
A A B/ B (21)
S B S

where S1,S, € Revlransf(©) are suitable permutations, {py}ers € Prep (CB’), {a.},., € Obs(CA'), the
outcome spaceX =Y x Z, and A, B, A’, B/, C, E € Sys(©) may also be equal to the trivial system [13].

Corollary 3. In every symmetric MOPT any transformation 7 € Transf(A — B) obtained as parallel and
sequential composition of the elements of (16) is of the form:

G B/ A/ 3

A A/ B’ B (22)
S1 E Sy

where S1,S, € RevTransf(©) are suitable permutations, p € St(CB’), a € Eff(CA’), and A, B, A’, B/, C,
E € Sys(©) may also be equal to the trivial system [13].

The diagrams in (21) and (22), are colloquially referred to as jellyfish instruments and transformations,
respectively.

6.1.1. Limits of Cauchy sequences for deterministic instruments
The explicit form of instruments and transformations given by limits of Cauchy sequences of (15) and (16),
which have to be included as physical objects by the completeness requirement, remains an open question.
However, in the special case of symmetric causal theories, a structure theorem can be proved for Cauchy
sequences of deterministic transformations.

A first tool in this direction is the following lemma that holds for all symmetric MOPT (not necessarily
causal).
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Lemma 14. In a symmetric MOPT any Cauchy sequence of transformations obtained as parallel and sequential
composition of the elements in (16),

cn

B/'" AT an

A A" B'™ B 3 (23)
ST E" S5

neN

admits a subsequence where the systems E", A", B'" and the where the permutations S}, S} are fixed:

cn
A A’ B’ B
S B Sa
neN

Remark 8. Thanks to theorem 1, the result of lemma 14 holds also in the case of instruments.

Then we have a more detailed version of corollary 3 in the case of deterministic transformations of a
causal theory (not necessarily symmetric)

Lemma 15. In a causal MOPT (also non-symmetric) every deterministic transformation obtained as
composition of the elements in (16) is of the form [13]

A A’ B’ B

S1 E Sy . (24)

Proof. To prove the result it is sufficient to use (2), lemma 12, and the uniqueness of the deterministic effect.
The most general deterministic transformation of an MOPT is given by

C D
[©
A S B 3
LT

where p € St; (C) and e € Eff; (D). This immediately follows from lemma 11. Given that we are considering
also the case of non-symmetric MOPTs, lemma 12 cannot be exploited in this case. However, even though a
generic braid transformation cannot be completely characterised by how it permutes its input wires (remark
6), its action is still of permuting them in some way. Consequently, one has

o'’ o(Cha(A)
a [©

A'A S O'(C//)O'(A”)

where we used o (E) = o (E; ...E,) as a shorthand notation for E,(;)...E (. Using the uniqueness of the
deterministic effect, which implies

() (<)
—®
U(A') € = O’(A/) )
and the naturality property of the braiding (2), one obtains the desired result. O

The transformation

—© (25)

featuring in (24) is usually referred to as erase and prepare since, whatever the input is, it will discard it and
prepare the state p.

Finally, the key information is that for symmetric causal MOPTs, the form (24) remains valid even when
considering the limits of sequences of deterministic transformations:
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Theorem 5. In a causal symmetric MOPT the limits of Cauchy sequences of deterministic transformations are
still of the form (24) [13].

As for corollary 3, also the last result cannot be proven in the case of non-symmetric theories due to the
fact that the reordering of the subsystems does not completely characterise the braid transformations.

6.2. Atomicity of the identity in minimal theories
The full characterization of limits of deterministic transformations after completion in theorem 5 is at the
core of one of the main results of this work, that is the atomicity of the identity transformation. The last one
in turn has a number of relevant consequence, most notably the NIWD property (actually the atomicity of
the identity has been proved equivalent to NIWD [18]).

The relation between minimality and atomicity of the identity is proved in the following theorem:

Theorem 6. In every causal symmetric MOPT © the identity transformation ., is atomic for every system
A € 8Sys(O) [13].

Proof. To prove this result we have to show that the full coarse-graining of the limit of any Cauchy sequence
of instruments of the theory that converges to the identity has to consist of transformations proportional to
the identity itself. Let us start by considering a Cauchy sequence of generic instruments of the theory, which
are of the form

cn

pQ B'" Al a¢
A A" B/ B , (26)
St E" S
neN

by theorem 4. We now consider only instruments with the same input and output system since we are inter-
ested in sequences whose coarse-graining converges to the identity transformation. Lemma 14 guarantees that
it is always possible to find a subsequence with the permutations and part of the systems fixed

an

pX | A’ A | ay

RN L
neN

Consequently the sequence of full coarse-grainings is of the form

TA : -
S E S .
neN

In order to be equal to the identity, the limit must be

A A/ :IA’ A
S —1 o = A
E S 3
or equivalently
A A A
. _

where the limit of the sequence is deterministic and can be obtained exploiting theorem 5, defining p =
lim,,_, o p". The last identity can hold only if A’ =T and E = A, which means that a sequence of instruments
whose coarse-graining converges to the identity transformation is of the form

(@D ) o

neN
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obtained by substituting A’ = I and E = A into (26). The last equation implies that every admissible decom-
position of the identity is trivial, i.e.,made of transformations proportional to the identity itself. It follows that
the identity is atomic. U

6.3. Properties of minimal theories
We show here the main informational consequences following the structure of minimal theories.

A first interesting fact regarding OPTs is that whenever the identity transformation is atomic for a certain
system A, then any reversible transformation having that system as input or output must also be atomic. This
implies that causal symmetric MOPTs do not admit reversible transformations different from permutations.

Lemma 16. In any OPT whenever the identity transformation is atomic for a certain system A, then any
reversible transformation having that system as input or output must also be atomic [18].

Lemma 17. In any causal symmetric MOPT every reversible transformation is atomic and the set of reversible
transformations coincides with that of permutations.

Proof. The first part of the corollary derives directly from theorem 6 and lemma 16. We now prove that
the only reversible transformations are permutations. In the minimal setting, the only way in which a new
reversible transformation, different from a permutation, can be included in the theory is as limit of some
sequence of transformations. Moreover, since the set of deterministic transformations is Cauchy complete
by lemma 4, and Z is deterministic, the sequence can be taken in the set of deterministic transformations
{T"} ,en C Transfy s _py:

Z = lim J" € Revlransf(A— B),
n—o0
Now consider the sequence {94}, _ := {#=T" }n crp Which is still Cauchy and converges to an instrument
whose coarse-graining is .%, as a consequence of (lemma 1) (or, equivalently, lemma 3 in the case of the sup
norm). By the same argument used in the proof of theorem 6, it follows that any sequence of instruments
whose coarse-graining converges to the identity consists of transformations that are proportional to the iden-
tity itself. In this specific case, where the sequence is composed of deterministic maps, all transformations must
coincide with the identity, implying that the sequence is constant. Therefore, £y = Z" !0 7" foralln € N,
which further implies that % = .7" for any n € N. Since {.7"}, _ is a sequence of transformations included
in (16), we have thus proven that Cauchy completing a causal symmetric MOPT does not add any reversible
transformation. Therefore, the set of reversible transformations coincides with the set of permutations. [

In [18] it has been shown that any theory where the identity transformation is atomic for every system
satisfies the property of NIWD, namely any process that provides some non-trivial information on a system
must perturb the system. Therefore, by theorem 6 we have that any minimal theory exhibit NIWD:

Corollary 4. Every causal symmetric MOPT satisfies the property of NIWD.
From lemma 17 and theorem 3 it immediately follows the irreversibility of minimal theories:
Corollary 5. Every non-trivial causal symmetric MOPT has irreversibility'>.

Furthermore, in every minimal theory there cannot exist a broadcasting channel, as it follows from
lemma 9.

Corollary 6. Every causal symmetric MOPT does not admit a broadcasting channel.
In conclusion of this section, we observe that no MOPTs can satisfy the programming theorem.

Definition 17 (Universal simulator). Consider a causal OPT and a pair of systems A and B of the theory. We
define a universal simulator for Transf (A — B), a deterministic transformation &, g € Transf, ps_,pg) for some
suitable system P, such that for every deterministic transformation ¢’ € Transf; ,_,p), there exists a program
state o € St; (P) such that [1]:

= A DB

Definition 18 (No-programming). We say that an OPT has no-programming if some pair of systems A and B
does not have an universal simulator.

12" We term non-trivial OPTs those theories that admit systems of dimension greater than 1.
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Corollary 7. Every causal symmetric MOPT has no-programming.

Proof. By contradiction, suppose that a universal simulator for system A exists, and let us use it to program
the identity. If we decompose the channel &, 5 using (24), then a program o € St; (P) for the identity must

satisfy

N G iy S ¢ = iy

— = A S E So A

for some suitable states and permutations. However, by the same argument used in the proof of theorem 6,
the latter equality can be satisfied only if $) = §; XS, and S, = S5 K S, !the following holds:

Pr—= ! Al 2 P

N ©
A |—|~ E ~ A
S, Syt

This shows that the identity can be programmed, then it is impossible to program any other transformation,
thus forbidding the existence of a universal simulator. O

7. Minimal theories with strong causality

The results presented in the previous section pertain to operational theories that do not satisfy strong
causality, i.e. the very natural possibility of performing conditional experiments—a feature that is reasonably
expected in a theory of physical systems. This raises the question we aim to address in this section: do the
characteristics of minimal theories derived so far remain valid when strong causality is assumed? To explore
this, we analyse the properties of what we term minimal strongly causal operational probabilistic theories
(MSOPTs), which can be understood as generic MOPTs completed to satisfy strong causality through the
procedure outlined in procedure 1.

Definition 19 (Minimal Strongly Causal Operational Probabilistic Theory). We define as Minimal Strongly
Causal Operational Probabilistic Theory (MSOPT) an OPT with unique decomposition where the allowed tests
are those of the MOPT with the same systems, plus all conditional tests thereof, and finally Cauchy completed.

We remark that completion with respect to conditioning completely sets apart MSOPTs form MOPTs,
with the set of instruments of a given minimal theory strictly contained in its completion under strong
causality. For example, while the single transformations of the form

AB:: A7

where A and B are generic systems of the theory, {a,},, € Obs(A) is a generic observation-test, and
{p(x) }x ox C Sti (B) is a collection of generic deterministic states of the theory, are legitimate in MOPTS, their
collection {.7;}, .4 is an instrument only in MSOPTs.

Due to the additional operations enabled by conditioning, it is no longer possible to characterise the
generic instruments and transformations of MSOPTs. This is due to the fact that generic conditional
instruments do not necessarily take the simple forms given by (22), or, in the deterministic case, (24).
However, by introducing an additional assumption, we will demonstrate that the identity transformation
remains atomic for every system, even when all conditional instruments are considered.

We recall that the kind of transformations added to an MOPT via closure under conditioning are
(procedure 1)

A 1 Ay Ao Ay B
T, 2%(;1) - k%(:) — (28)

where x := x1,...,x_; and ".7, are transformations of the original MOPT—thus of the form (22) or limits
of Cauchy sequences thereof. We highlight that according to remark 3 the number of conditioning steps we
consider is arbitrary but finite (in this case equal to k). Moreover, one has to include transformations that are
limits of Cauchy sequences of transformations above,

A AT Al )1 B
{A 19;: - k(n)%(ijl>n | B } ' (29)
neN
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Notice that in (29) the systems on the ‘inside’ wires A;" depend on the index of the sequence, while the input
and output systems are fixed. Moreover, also the number of conditioning steps k(n) can vary with the index
of the sequence. However, for each n we can take the maximal value k = max,, k(m) for each sequence item,
conditioning with the identity at the extra steps k — k(n) if necessary, thus reducing to consider
transformations that are limits of Cauchy sequences of the form

A" Al
{A e P (30)
! neN

Tk

Clearly (28) can be seen as special case of (30) and analogously the most general instruments to include are
Cauchy sequences

{{%x(kx)oz}" } C Instr (A), (31)
neN

X EXk,xEX

where for simplicity we highlight here only the last conditioning step. Explicitly one has that
{4 i cx tnen C Instr (A7, —A) and {.7;"}, . C Instr (A— A7) with
x:=(x1,..., % 1) EX=X; X -+ X X¢_1.

7.1. Atomicity of the identity
We can now state and prove the main theorem on the structure of minimal theories with conditioning

Theorem 7. In every symmetric MSOPT that admits a spanning set of entangled states for every composite
system, the identity transformation is atomic for every system.

Proof. We have to show that the full coarse-graining of every instrument cannot converge to the identity. The
only cases we have to check are those of conditional instruments (31), since theorem 6 guarantees the impossib-
ility of decomposing the identity in any other way. The statement then follows proving that the sequence
of deterministic transformations obtained by coarse-graining completely over the outcome spaces X and X
cannot be equal to the identity unless the instruments are trivial decompositions of .#y, i.e. are of the form
{Px-#a}ccx- Thus, we characterize under which conditions the following equality can be satisfied

A AR nl A A
: n () -
Jim > % = — (2)

xzeX

where by gx(kx)” we denote the deterministic transformation given by the full coarse-graining of the test
{2 Ve b

The main issue here is that the sequences of transformations in the cascade of instruments above have a
complicated dependency of the index »: at an arbitrary conditioning step k” both the input A}, | and the output
A7, are n-dependent thus preventing from straightforwardly applying the stabilization lemma 14. However, we
can proceed by iteration from the last step, which has fixed output system A, as follows:

(i) Consider the limit of the coarse-graining of sequence (31). Step by step, starting from the last (kth)
conditional gate, each instrument can be coarse-grained to a deterministic map and (32) gives
information on their form, especially on the stabilization (dropping of dependence on the sequence step
n) of systems involved.

(ii) With the constraints obtained in the last step, we look at the structure of the limit transformations
within the conditional instruments. This is crucial to exclude non-trivial decompositions of the identity
which holds only if all the limit transformations are proportional to the identity. This second step is
quite involved and full details are carried out in appendix D.

n
Item (i): Thanks to lemma 15 and theorem 5, the deterministic map %X(kx) is equal to

Ap 4 @ D@™ A
—e (z)" -
S£z)n ()™ (33)

E@®n 82 B

with {p®) n},,eN C Sty (D(") n) . Contrarily to what happens in lemma 14, the dependence on the index n of the

sequence cannot be removed, since the input system A}, also depends on n. However, given that the outcome
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system A is fixed, it is always possible to find a subsequence where D(")n, E(")n, and Sz(x)n are fixed, being the
number of permutations of elementary systems composing A and the ways to group them finite. Hence, one

can always consider a subsequence such that gx(k’” is of the form

A, e

D@ A
T (" —
o e N Gl e pon »

The condition expressed in (32) can be rewritten as

D@ A = ARy c@n — D@ A D@ D@
li @) % ()" e @ () (&)~ =
Z A @) S, S g | Sy S g® = g@ o (35)
xeX

where we exploited corollary 1 to exchange the operations of limit and coarse-graining and we have applied
the permutation Sz(x) (its inverse) to the left (right) at both sides of the equality. Let now w € St (D(’?)F(;‘)) be
an atomic entangled state, where F*) = E®E’ for some arbitrary extra ancillary system E’. If we apply both
sides of (35) to the state w, by atomicity it follows that any term of the coarse-graining on the right hand side
of (35) must be proportional to w itself, that is

(@)

D& A r=nl Ajy c@n D D@ D@
o7 vy A\
17 © (»® @

o @) ()" 5 @)
. @)| S. S @) . E
lim wl B 2 1 B = lim o w
n— o0 n—o0 ~ ’
B o_glw) B E

Since a Cauchy sequence whose elements are parallel composition of states is such that the sequences of mar-
ginals are Cauchy, one can easily prove that the limit is a parallel composition itself (lemma 5), that is

D@ D@

p(®) =
EY w2 -
o@) E E’
The only possibility for the above equality to hold is that D) = 1. Since this must hold for every atomic

entangled state w, and the latter states are spanning, we can conclude that D@® =1 for every X, and this implies
that (34) is of the form

Ap c@n Ay, an

S| a = St a » (36)

where SS(x) "= (fc(xw X Sz(x)) o Sl(x) " The equality follows reminding that a permutation is completely fixed

by how it permutes the elementary subsystems (lemma 12). Therefore, C®" can be replaced by a fixed sys-
tem up to a local permutation depending on x, which can then be absorbed within the deterministic effect.
Clearly the dependence from x in the deterministic effect could be dropped. However, in the study of the trans-
formations composing the above deterministic transformations at Item (ii) the effects in the observation-tests
summing to e will depend of the outcome x, for this reason we keep it in the notation.

We can now proceeded to make explicit the k — 1 conditioning step in (32), so we express also the coarse-
graining of the instrument at position k — 1 as a generic deterministic transformation (see lemma 15 and
theorem 5) followed by the deterministic transformation at position k derived in (36). The result is of the
form

A Al s pl=)" a=)" ARy cn
ym/,n ()™ ’ elx A
. 7" N e DN G e e IO DA
n—o00 S’) H( ) SG 4 A
x’eX! —
where x’ = (x1,...,%_2) € X’ =X X -+ X Xk_,, denotes the outcome space of the first k — 2 instruments. At

the first conditioning step (35) we were able to conclude the triviality of system D®), here instead we cannot
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immediately conclude the triviality of system G(x") , but only of part of it. To see this we highlight the fact that

N\ n nn nhn
G(*')" and C" can share a subsystem J” made of some elementary subsystems'”. Let 87(x )= Sio Sﬁ(x >,

n n
e(x)
) A A, p@)" g@)" (=" R oA
2 =7 o | st @) =
m/ex 85 H(w/)n A

where we used the fact that the deterministic effect is unique and uniquely splits over J"C’". Exploiting the
naturality property of the permutations one can then make the deterministic effects slide to the left obtaining

A Af_2 p(=)"
—=— ™

, CI" G,(m/)n A - A
s&" e(x) )" =4 = — (37)
’ S(m/)

)" ¢

We can now apply the permutation S;x/) (its inverse) on the left (right) side of both circuits, and repeat the

argument after (35) to conclude that G (*')" stabilizes to the trivial system. The channel corresponding to last
two steps (k and k — 1) is thus of the form

AT, n
- !’ e(x')
/ C/’VL
Sé“’ ) e (:E) . (38)
A

where the dependence of x disappears in the deterministic effect, but again we keep track of x’ since the single
events in the observation-test generally depend on it. By iteration, the condition for the coarse-graining in (32)
reduces to:

88 = T 5 (39)

for a suitable permutation Sg and system L (notice that by lemma 14 the dependence on 7 is dropped). The
last condition requires the system L to be the trivial system.

Item (ii): Here we check the form of the transformations that appear in the instrument of the sequence (31),
and verify that all of them must be proportional to the identity if (32) is satisfied. The idea is to repeat the steps
above for transformations instead of their coarse-graining. Since, we are now interested in the single transform-
ations that form the instruments of sequence (31) we consider a fixed outcome (x’,xx_1,xx) € X" X Xg_1 X X¢.
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We highlighted the outcomes of the last two transformations, the kth and the (k — 1)th ones, in the sequential
composition which we write explicitly as limits with respect to the variables my_; and my, respectively. This
is due to the fact that the transformations within an instrument of a minimal theory are generally limits of

13 To be precise J” is defined up to a local permutation. However, this is not important for the discussion since it can be always absorbed
within the deterministic effect.
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sequences of transformations of the form (22). Following the same argument that led to (38) in the case of
transformations (appendix D), one proves that (40) reduces to

A/’L n
A ’W k—2 F (m/) MmEg—1,N
x’ bxk71
. . n 41
lim lim Sn (< () k-1 T ) (1)
Mp_1—>00 ME—>00 7T — Azy_q,zh
A

where suitable observation-tests appear in place of the deterministic effect of (38). Further iteration leads, in
analogy with (39), to the following expression for lim,,_, Efx(kx)” o Z"

lim, o0 %" 0 T

N/ ™1
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I‘;nllm pr L lel
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Sg z (42)

where i = (my,...,my), X = (x2,...,x). Reminding the triviality of system L, we then obtain that any trans-
formation in the instrument (31) must be of the form

rmq,n
N leﬂl
ZT1

Tmin
lim lim o p" e , (43)
mi1—00 Tm—r00 d(_w) ’

xT

A

namely a probability multiplied by the identity map for system A.
Summarizing, we started from a generic Cauchy sequence of instruments of an MSOPT obtained from
elementary processes and showed that if it is coarse-grained to the identity then it is of the form

{mnﬂﬂ%hg ¥n €N,

m— o0
where m = my,...,m, x = (x1,...,x),and X =X; X -+ X X. Since the limit of a Cauchy sequence of probab-
ility distributions is still a probability distribution, the limit instrument is equal to
{p;jA }xEX ’
which concludes the proof. O

7.2. Properties
As in the case of minimal theories, the atomicity of the identity leads to a series of properties of MSOPTs,
which persist even after the completion by strong causality.

First, MSOPTs that satisfy the hypothesis of theorem 7 do not admit reversible transformations different
from permutations:

Corollary 8. Every MSOPT satisfying the hypothesis of theorem 7 does not admit of reversible transformations
different from permutations.

The proof follows that of lemma 17, simply noticing that also in this case the argument used in the proof
of theorem 7 guarantees that the only sequence of deterministic transformations that can converge to the
identity is the constant one.

Continuing to analyse the properties satisfied by the MSOPTs, from theorem 7 a property that follows,
being equivalent to the atomicity of the identity, is NIWD [18]:

Corollary 9. Every MSOPT satisfying the hypothesis of theorem 7 has NIWD.

One also has irreversibility, as immediately follows from theorem 3.
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Corollary 10. Every non-trivial MSOPT satisfying the hypothesis of theorem 7 has irreversibility.
The last feature, which derives directly from lemma 9, is no-broadcasting:
Corollary 11. Every MSOPT satisfying the hypothesis of theorem 7 does not admit of a broadcasting channel.

The only property of minimal theories that has not been proved also in the presence of conditional tests
is the no-programming theorem (definition 18). This result would require a complete characterisation of the
deterministic transformations which is still lacking.

Finally, we would like to remark that if, on the contrary, the hypothesis of theorem 7 are not satisfied, one
can have MSOPTs with none of the above properties. The straightforward example is the MSOPT completion
of MCT [13], which is the standard CT. This latter result is discussed more in detail at the end of section 9.

8. Classical toy-models

In this section we introduce minimal strongly causal bilocal classical theory (MSBCT), a toy-theory that is
locally classical and satisfies strong causality, but still has irreversibility and does not admit a broadcasting
channel. The theory is the minimal version of BCT [42] completed under strong causality.

We formalise the theory through the following postulates.

8.1. Postulates of the theory

The first postulate is on the nature of the systems of the theory. We call classical any theory such that the set
of states of every system has a simplicial basis, all of whose vertices of the simplex belong to a jointly perfectly
discriminable set [18]. If all the vertices are jointly perfectly discriminable, this also implies that the theory is
convex, every state is proportional to a deterministic one, and, consequently, that the theory is causal [2, 42].
In the latter case the set of states St(A) is a simplex whose vertices are the states in the perfectly discriminable
set and the null state £4, and St; (A) is a simplex itself whose vertices are all those of St (A) except 4.

Postulate 1 (Classicality, convexity and system types). The theory © is classical and the vertices of state sets
are jointly perfectly discriminable. In addition to the trivial system, for every integer D > 1, Sys(©) contains a
type of system of dimension D.

As observed above, the theory is causal as a consequence of the first postulate. In the following, e will
denote the unique deterministic effect of system A, that amounts to 1 on the vertices of the simplex (except
for the vertex given by the null state £4). The second postulate fixes a parallel composition rule that differs
from the tensor product.

Postulate 2 (Parallel composition of systems and states.) For every pair of systems A, B € Sys(©), the dimen-
sion of the composite system AB is given by the following rule:

2DADB7 if A7 B 7é 17
Dap =Dpa = :
DA, If B=1

Let I#A,B,C € Sys(O). Denoting the pure states of the composite system AB as PurSt(AB) =
{(i—j),(i+j) | 1 <i < Da,1<j<Dg}, for all state i € PurSt(A), j € PurSt(B) the following parallel com-
position rule holds:

A
1 N (a4
=35 1s] B .

The relation between states of the same composite system defined via compositions in different orders is given
by

((islj)szl) = (i51 (jS]Szl)) ’ (45)
for all indices i, j, k and signs s, s,.

The former postulate also implies that MSBCT is a bilocal theory [42]. In words, this means that it is not
possible to discriminate two different states of a composite system by local measurements (and classical
communication), as it is instead possible to do in the case of CT or QT which have local discriminability [2,
42,67, 68]. In the case of bilocal theories, one has generally to perform measurements also on any possible
couple of subsystems. For example, considering the state (isj) € St(AB), with s = +, by simply measuring the
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local state of the system i € St(A) and j € St(B), one would not obtain any information about the sign s. The
latter information could be recovered only by performing a measurement on the composite system AB.

Postulate 3 (Swap). The theory is symmetric. Considering I # A, B, E € Sys(©), the swap . p is defined as
follows

B

A
— (46)
=

Postulate 4 (Preparation- and observation-instruments). Given any system A € Sys(©), a collection
{px}rex C St(A) is a preparation instrument if and only if )y (e[ pi),, = 1. The observation-instruments of
every system A € Sys(©) are all the collections {ay}y ¢y C Effr (A) of generalised effects such that {ay ¥ 7}

maps preparation instruments of AE to preparation instruments of E for all E € Sys(©).

yey

The sets Effg (A), for every A € Sys(©), are identified by postulate 1 through the property of joint perfect
discriminability [42].

We highlight that the postulates presented so far are in common with the ones of BCT. The two theories
are set apart by the spaces of instruments and transformations.

Postulate 5 (Minimal Strong-causality). The theory © is minimal and strongly causal as in definition 19.

Notice that the postulate actually defines a class of theories rather than a single theory. Postulate 5
prescribes only that the theory © must satisfy the uniqueness of the decomposition of systems into
subsystems (definition 14), without specifying which set of elementary systems is chosen. This aspect itself is
not of particular importance, since the results discussed here are valid regardless of this choice. However, for
completeness, we will make a couple of remarks in this regard.

The most conservative choice is that there exists an elementary system of every dimension. This models
the possibility of the existence of high-dimensional non-composite systems. For example, in the case of
MSBCT, there is no reason to exclude that a system of dimension 8 could be elementary, and not the
composition of two systems of dimension 2.

However, it is also possible to make a more minimalist choice in which high-dimensional systems are
always seen as compositions of smaller-dimensional ones. In particular, in the case of MSBCT, this would
involve defining that the elementary systems of the theory are those of odd dimension, given that starting
from them, through the compositional rule described in postulate 2, it becomes possible to reconstruct
systems of any dimension. This can be proven by observing that a system of dimension 1 that is not
operationally equivalent to the trivial system enables the reconstruction of all even-dimensional systems.
Furthermore, the fact that this is the minimal choice can be demonstrated by utilizing the fact that the only
way to obtain an odd number as a product of other numbers is for all of those numbers to be odd.

In the following, we write MSBCT as if there were only one theory because the properties that we
illustrate actually hold in any of the theories obtained via possible choices of elementary systems.

8.2. Properties

Having introduced the theory, we move on to illustrate its main properties. First of all, it is self-evident that
MSBCT is locally classical. In other words, if we only consider local operations and measurements on
composite systems, the theory cannot be discriminated from CT. For example, local states admit a
broadcasting channel. More precisely, forgetting for a moment (9), if the broadcasting channel was defined
disregarding the need of copying also arbitrary correlations, i.e. if a map %’ € Transf, (s_,sa) was defined only
requiring that

P = #

T
5 £

= (%l

for any state p € St(A) and a € Eff (A), then (12) has the required features for a broadcasting channel.
However, BCT—that has the same states as MSBCT—features entanglement [11]. There are then data stored
in entangled states that would not be broadcast by the above channel .2Z’. In particular, the data that would
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be destroyed by the above channel are represented by the sign s of pure states (isj). Therefore, if one considers
the strict definition of broadcasting channel given by (9), then MSBCT does not admit such a map. This
descends form lemma 9, since MSBCT admits of systems with dimension greater than 1 whose associated
identity transformation is atomic.

In addition to satisfying the no-broadcasting property, MSBCT also has irreversibility of measurement
disturbance and it satisfies the property of NIWD. Due to the fact that the entangled states of MSBCT are
spanning for the generalised state spaces Stg (AB) of every composite system AB, MSBCT satisfies the
hypothesis of theorem 7 and, consequently, also corollaries 10 and 9.

MSBCT provides then an evidence that strong causality and classicality do not prevent no-broadcasting
and NIWD. Also, strong causality and classicality do not forbid the existence of ‘incompatible’ dynamics
(irreversibility), despite the fact that all observation-tests of MSBCT are compatible (since their set is equal to
that of the observation-tests of BCT which in turn satisfy this property [11]).

We observe that all the properties discussed so far also hold in the case of minimal bilocal classical theory
(MBCT), since they only descend from the nature of state spaces along with the fact that the theory is an
MOPTs. However, the fact that these properties hold in a minimal classical theory without strong causality is
not particularly interesting, as they were already been shown in [13], even without bilocal discriminability,
through the construction of a minimal version of CT, named MCT.

Both in MBCT and in MSBCT no mixed state has a purification, and the operational superposition
principle [2, 3] is not satisfied. The latter features are a consequence of the no-go results proven in [42] for
general simplicial theories that are not locally tomographic.

Finally, the results concerning the characterization of reversible transformations also allow us to prove
that MBCT and MSBCT do not satisfy the property of essential uniqueness of purification [2] here reported
for the convenience of the reader:

Property 1 (Uniqueness of purification). Let A and B be a couple of generic systems of an OPT. If there exist
31, 3, € PurSt(AB) and ey, e, € Eff; (B) such that:

A A
1| B = B ;

then there exists Z € RevTransf(B — B) such that:

A A

In a causal theory one would have e; = e, corresponding to the unique deterministic effect.

The fact that neither MBCT nor MSBCT satisty the property just introduced derives from the fact that no
permutation in RevIransf(B— B) can map a pure state of the form (i j) € PurSt(AB) into one of the form
(i'sj") € PurSt(AB) whenever, for example, i 7 i’. This follows directly from the definition of the swap
operation in these theories (postulate 3), since it cannot modify the state of a system on which it is not acting
directly.

In conclusion of this section, we observe that the fact that the identity transformation is atomic for every
system of MSBCT sets it apart from BCT. In the latter theory, in fact, there always exists a non-trivial test that
decomposes the identity [42]. The transformation spaces of MSBCT are strictly contained within those of
BCT. The same result can also be derived from corollary 8 observing that BCT admits reversible
transformations different from permutations.

9. On the relation between theories and their minimal versions

In general, it may not be true that an OPT and its minimal strongly causal version are different. In this
respect, we briefly discuss the case of three theories of interest: QT, CT, and BCT.

Let us look first at the quantum case and observe that in this case it is indeed possible to distinguish QT
from its minimal strongly causal version. First, being strongly causal [2] QT differs from its minimal version;
Minimal Quantum Theory (MQT), which for sure does not admit conditional instruments. By MQT we
mean a version of QT where the states and effects spaces are kept unchanged, while the only admissible
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operations are preparations, observations, the identity and the swap'*. The procedure to build MQT starting
from QT is the same as the one followed to build MCT starting from CT in [13] or MBCT from BCT in
section 8. Exploiting corollary 8 one can then show that also the minimal strongly causal version of QT
(Minimal Strongly Causal Quantum Theory (MSQT)) differs form QT. Indeed QT admits reversible
transformations that are different from permutations, for example the CNOT gate. Therefore, summarizing,
in the case of QT the following strict inclusions hold

Instr (MQT) C Instr(MSQT) C Instr(QT),

where Instr (OPT) denotes the set of instruments of a particular OPT.

We now move on to the case of BCT. The fact that the identity transformation is atomic for every system
of MSBCT makes it different from BCT. In the latter theory, indeed, there always exists a non-trivial test that
decomposes the identity [42]. Therefore, the transformations spaces of MSBCT are strictly contained within
those of BCT. This result can also be derived from corollary 8 observing that BCT admits reversible
transformations different from permutations. Moreover, given that MSBCT is a strongly causal version of
MBCT, it possess by definition more instruments than MBCT. In summary one then has

Instr (MBCT) C Instr(MSBCT) C Instr(BCT),

Last, let us consider the case of standard CT. As anticipated, in the case of MCT, closure by conditioning
recovers the original ‘full’ theory. The reason why a strongly causal version of MCT coincides with CT is that
this theory would include all instruments of the form:

=0 v

for an arbitrary f: | — J, where the sets | and J label the pure states of A and B, respectively. Coarse-grainings
of the above instruments include all reversible transformation in CT. By the fact that every transformation of
CT admits a reversible dilation [2, 11, 42], the result immediately follows. On the other hand, MCT is a strict
subset of Minimal Strongly Causal Classical Theory (MSCT) due to the lack of conditional operations in the
former. In summary, for CT one has

Instr (MCT) C Instr(MSCT) = Instr(CT),

In this light, the assumption of the existence of entangled states plays a crucial role in the proof of the
atomicity of the identity in MSOPTs. Removing this assumption immediately leads to a counterexample to
all the statements just made. Indeed, a minimal and strongly causal version of CT coincides with the latter.

As a byproduct we have also proved that the three properties of simpliciality, strong causality and local
discriminability are a set of independent properties.

The independence of the three properties derives from the fact that any pair of them does not imply the
third one. QT is an example of a theory that is strongly causal and locally tomographic, but non-simplicial.
MCT is a locally tomographic non-strongly causal simplicial theory. Finally, MSBCT is a
non-locally-tomographic strongly casual simplicial OPT.

Moreover, theories can be exhibited that have exactly one out of the three properties. Indeed, Fermionic
quantum theory [9, 43] has strong causality without simpliciality and local discriminability; MBCT has
simpliciality without local discriminability and strong causality; finally, MQT has local discriminability
without simpliciality and strong causality.

10. Discussion

Exploring the consequences of limiting the allowed dynamics in a generic theory of information processing,
we have shown that even a strongly causal CT can consistently support features usually regarded as
distinguishing marks of non-classicality. Those are the existence of intrinsically irreversible
instruments—namely operations that are not compatible with each other—, NIWD—that is the
impossibility of performing non-trivial measurements on a system without perturbing it irreversibly—, and

14 As for MSBCT, the most conservative approach for choosing the elementary systems in both the minimal and minimal strongly causal
versions of QT and CT is to include an elementary system for every possible dimension. Instead, the minimal choice for the set of element-
ary systems in the case of QT would consist of those whose dimensions are squares of prime numbers—i.e. systems associated with Hilbert
spaces of prime dimension. Meanwhile, for CT, the minimal choice would be to consider only systems of prime dimension. Nonetheless,
as with for MSBCT, all of the results discussed here hold regardless of the particular choice of the set of elementary systems.
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no-broadcasting—which prevents the possibility of ‘copying’ the state of a system (including its remote
correlations). An explicit example of theory with all the above properties has been developed and named
MSBCT, showing that they cannot be considered per se as signatures of non-classicality.

In order to construct MSBCT, we introduced the class of MSOPTs. These can be seen as
MOPTs [13]—i.e. OPTs where all operations are obtained through sequential and parallel composition of
preparations, measurements, and permutations—extended by closure under strong causality, thereby
ensuring that all conditional instruments are admissible. The minimality criterion introduces the minimal
set of dynamical maps consistent with the possible states and measurements of systems, while closure by
strong causality enlarges such a minimal set in order to allow for conditioning of instruments on the basis of
outcomes of previous experiments. Both MOPTs and MSOPTs aim to model scenarios where operations on a
physical system are severely restricted, reflecting the constraints typical of real-world laboratories. However,
MSOPTs address a significant limitation of MOPTs: the inability to perform conditioned operations. Such
operations are not only routinely possible in experimental settings but are also considered a necessary feature
of any physical theory that seeks to accurately describe and model our reality.

The properties of MSBCT have been shown to hold for a broader class of minimal theories. Specifically,
all causal symmetric MOPTs and all symmetric MSOPTs that admit a spanning set of entangled states exhibit
irreversibility of measurement disturbance, satisfy NIWD, and do not allow broadcasting. These properties
arise from the atomicity of the identity transformation, which significantly limits the set of operations that
can be performed in these theories on a physical system without causing disturbance.

More specifically, MOPTs do not allow any transformations other than permutations that leave a physical
system undisturbed. In the case of MSOPTS, although they may admit transformations that do not disturb
the system locally (e.g. (12) in the case of MSBCT), all non-reversible transformations irreversibly destroy
correlations with the environment.

Furthermore, the atomicity of the identity transformation also implies that these theories do not admit
reversible transformations other than permutations. This property allows, in some cases, the separation of an
OPT from its minimal strongly causal version. For example this separation occurs in QT and BCT, but not
for CT. While this result may initially seem unremarkable, it provides valuable insights into the
information-processing capabilities of CT and QT.

In the classical scenario, any conceivable computation can be achieved through a sequence of
measurements followed by conditioned preparations. However, this is not the case in QT, where there are
evolutions that cannot be reproduced simply by measuring and re-preparing a system. The fact that CT can
be fully recovered from its minimal version (MCT) by simply adding all conditional instruments also
highlights the crucial role of entangled states in proving the atomicity of the identity in MSOPTs.

The difference between a MOPT and the associated MSOPT is, instead, always guaranteed by the
presence of conditional instruments. For example, instruments of the form (12) are always allowed in
MSOPTs and never in MOPTs.

Getting back to the study of the properties of MSBCT, the results presented in [42] guarantee that in this
theory no mixed state has a purification, and that superposition of states are not admitted. Furthermore, due
to the form of the reversible transformations of the theory, MSBCT also violates essential uniqueness of
purification [2].

We also highlight that, even though the notion of classicality adopted by us is related to the simpliciality
of the state space, this theory is also Kochen—Specker [69—72] and generalised noncontextual [73-76].

Interestingly, these last few results also hold even when considering just MBCT, i.e. the minimal version
of BCT without conditioned instruments.

MSBCT and MBCT also allow us to answer some open questions raised in the conclusions of our
previous work [13]. First, they provide another example of theories exhibiting irreversibility despite the full
compatibility of the observation-instruments. This proves that MCT is not the only OPT possessing these
properties simultaneously. Second, MSBCT shows that adding conditional instruments to a classical theory is
not sufficient to guarantee the possibility of generalised broadcasting, highlighting the necessity of the local
tomography assumption. This is also the reason why our result does not contradict the one presented in
(5, 24].

The construction of MSBCT, along with the minimal versions of CT and QT, also further characterises
the relationships between different physical properties, providing a useful contribution to the axiomatisation
program of QT. Specifically, we demonstrate that the three properties of simpliciality, strong causality, and
local discriminability are pairwise independent (section 9).

As final remarks, we list some topics that in our opinion deserve further investigation.
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First, we note that the class of MOPTSs enables the construction of OPTs by focusing solely on the state
and measurement spaces. This approach is similar to that used in prepare-and-measure scenarios commonly
found in the GPT literature. Therefore, given that MOPTs are minimal working examples of OPTs that can
be extracted from GPTs defined in the prepare-and-measure scenario, they represent a possible bridge
between these two areas of research.

Second, the fact that MOPTs and MSOPTs satisfy the NIWD property suggests the potential for studying
whether they could support information-theoretically secure cryptographic protocols for key distribution,
similar to QT [56-64]. The strong restrictions on the set of transformations would allow for greater control
over all the variables involved in a communication process, thus allowing the problem to be studied in a
simplified setting. This would provide interesting insights into the properties that generic information
processing theories are required to satisfy to admit intrinsically secure cryptographic protocols. In particular,
it would be interesting to determine whether an OPT like MSBCT could admit one, given that it is classical.
We hypothesize that this may be feasible by leveraging the fact that an eavesdropper’s intervention could be
detected, as any attempt to obtain information about the system would irreversibly alter it due to the NIWD
property.

In conclusion, we observe that MSOPTs open the possibility of studying the paradigm of
measurement-based computation [77-83] in an operational setting, given that this computational paradigm
consists in carrying out a series of conditional measurements on a suitable initial entangled state. Such a
study would open the possibility to further characterize the computational properties of generic operational
theories [6, 65]. For example, one could study under which conditions an operational theory is
computationally equivalent to its minimal strongly causal version, as in the case of CT, or which additional
assumptions are needed.

We finally observe that our findings could have implications concerning [84], where the authors
extensively study the relation between the no-broadcasting theorem and contextuality for probabilistic
theories. In this scenario, the classical noncontextual theories with no-brodcasting here developed could be
used as test toy-models for the implications proved in [84] and for their possible generalization to a broader
class of theories.
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Appendix A. Relation between atomicity of the identity transformation and
irreversibility (proof of theorem 3)

Theorem 3. Let © be a causal OPT with a system A € Sys(O) such that Dy > 2, and the identity
transformation 7, to it associated is atomic. Then, there exists an instrument { 7} . € Instr(A— B), for some
system B € Sys(©) that is intrinsically irreversible. Hence, the theory has irreversibility [13].

Proof. Suppose by contradiction that this is not the case, i.e. there exists a system A with D5 # 1, where the
identity is atomic and there are no intrinsically irreversible instruments having system A as an input. By lemma
10 this implies that whatever instrument {7, } . € Instr(A— B) one considers it is always possible to find a
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suitable collection of conditional instruments such that:

A B

A B
= > “le
z€S(®)

-y €. |e| 2%

z€Z

Consequently, since the identity is atomic, it holds that:

A B A

ng E f@(z) = Pz ,

where {p.} ., is a suitable probability distribution. Applying the deterministic effect on both sides of the above
equation obtains:

Rl e B A
€. | E 22 = pz—@a

which, given that P() is deterministic Vz € Z, implies:

A

%. = p.—19 ,

and, consequently, by summing over z € S™ forall x € X:
A B A
= pp—HO . (A1)

A particular set of instruments that satisfies the latter relation consists of those where a fixed deterministic
state is prepared following a measurement:

- vz e X.

where {a,},.x € Obs(A) is a generic observation-instrument of the theory and p € St; (A) is a generic determ-
inistic state. In this particular case, (A1) implies that

A

A
= pp—1© VzeX

Given that this holds for any observation-instrument of system A, this implies that for this system the only
allowed observation-instruments are a randomisation of the deterministic event {p.e}, . Since a system
of this kind has dimEffg (A) =1, as can be proven by direct calculation, it must also be dimEffg (A) =
dimStg (A) = Da = 1, contradicting the hypotheses. O

Appendix B. Characterization of permutations on bipartite systems (proof of lemma 13)
Lemma 13 (General form of permutations on bipartite systems). In every symmetric OPT with unique

decomposition, for any permutation acting on a bipartite system AB there exist suitable systems A’, B, A"/, B/,
and reversible transformations S\, S,, S, Sy such that
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A A C
A C S3 | A B | S4
B D = B B A D (20)
St B So

where A, B are generic systems of the theory and C, D are systems such that CD has the same decomposition in

elementary systems as AB. In general, any of A, B, C, D can be the trivial system, and the same holds also for
A/,AN7B/7 B”.

Proof. Let us start by considering the ordered decomposition of AB in its elementary subsystems:
{A,...,A,,By,...,B,}.
The action of S is to permute its input systems (lemma 12):

{A1,...,A,,B,...,B,}
18

{U(Al)a"'70(An)3U(B1)7"'70(Bm)} = {Cla"'7C17Dla"'aDk}

where, thanks the hypothesis of uniqueness of the decomposition, it holds that o (A;) = C; and so on. If we
now define N={1,...,n} M={1,...,m},L={1,...,1} ,K={1,...,k}, the most general transformation
that can happen due to the action of § is that

S
{Aitien — {Ci}icrrs

S
{Aj}jeN” - {Df}jeK”

where N=N'|UN"/, |N’| =|L’|, IN"'| = |[K’|, and analogously for B,

s
{Bitiemr — {Citicprs

S
{Bj}jGM” — {Dj}jGK” ’

where M=M'UM"’, IM'|=|L"|, IM"'|=|K"'|,and L=L'|JL", K=K'|JK"'. With |S| we denote the
cardinality of the set S.

Now we want to show that this permutation can always be achieved thorough a transformation with the
same form as that of (20). We begin by observing that in the case of system A one can always find a permutation
that reorganizes the systems in such a way that the ones that are mapped into states of C are on the top and
the ones that are mapped into D are on the bottom,

{Ai}i '{A"}v " {A7} ’
A eN itjenN ieEN
(2]

{AJ}J'EN” 3

where the ordering within N” and N’ is not important. The same holds for B,

B {Bi}ie]\l/{Bj}jeNI” {Bi}ieM’
1]

{Bj}ng”
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Now we have to exchange the subsystems of A that are mapped into D and those of B that are mapped into C.

This can be achieved by swapping { A, }jeN” with {B;}; )
A {A’i}ieN’
83 {AJ}jEN” {B'i}ieM’
B {Bi}i€M’>CAj}jeN”
S1 {Bi}jenn

Finally, S? and S* correctly reorder the subsystems to obtain C and D:

A {Aitien c
S| Abionr B | S|
5 {Bi},;eM,><{Aj}jeN~ b
S (B3} earn S|

Therefore we have shown that, for any permutation S, it is always possible to find a decomposition as
in (20) achieving the same permutation of elementary systems. From the fact that permutations can be com-
pletely characterised by how they permute their input systems, the equality between the two transformations
follows (lemma 12).

O

Appendix C. Characterization of minimal OPTs’ instruments and transformations
(proofs of lemma 11 and theorem 4)

Lemma 11. In every MOPT any instrument { 7} . € Instr(A— B) obtained as parallel and sequential
composition of the elements of (15) is of the form:

A N B ’
| I

where S € RevTransf(AC — DB) is a suitable braid transformation, {py}er € Prep (C), {a.},., € Obs(A), the
outcome space X =Y X Z, and A, B, C, D € Sys(©) may also be equal to the trivial system [13].

Proof. The proof of lemma 11 is in a certain way constructive. Let {7, } ., € Instr(A— B) be an instrument
that satisfies the hypotheses of the theorem. If this instrument does not contain within its decomposition either
a preparation-instrument, or an observation-instrument, then it must be that { 7}, = S, i.e. (18) with
C = D = 1. Suppose then that n preparation- and observation-instruments are involved in the decomposition,
and let us focus on an observation-instrument—the procedure remains the same if one chooses to start with
a preparation-instrument. In the case in which an observation-instrument {a, }, ., € Obs(D,) is present, it
is possible to isolate it and rewrite the instrument in the following way:

A D2 B
A B D,
= | e )cr ’
Ds
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where {%}er and {H},.; are such that { T}, o = {H#},c;0 (b, K {a, }, o WI,) 0 {%}er and
Dy, D;,Ds € Sys(0) are suitable systems. Using the reversibility of the braiding, it is possible to write

A D2 Dl D2 B
Dy D2 Dy
A ).z
D3
A Do D Dy B
_ Dy D»
= {9y}, ey {2} ez
Ds
A D:
D B
— {g/} 2
vyl yey —
D3 {%}zez
A Dy
S
x T eX B
Now it is sufficient to iterate the procedure on {Zc}} o until, after n steps, one obtains a transformation
1) xlex
1

1

n

Cl Dl
: : . : :
o {Z%}z;ex;

{yxf’} = S, which is the searched result.
x/€X!

C D
Cywe
= S

D A B
foud ey, —
A B

O
Theorem 4. In every symmetric MOPT any instrument { 7.} ..y € Instr(A— B) obtained as parallel and
sequential composition of the elements of (15) is of the form:
C
{py}er B’ A/ {az}zez
A A B’ B (21)

S E So

where S1,S, € RevTransf(©) are suitable permutations, {py}ers € Prep (CB), {a.},, € Obs (CA’), the
outcome space X =Y x Z, and A, B, A’, B’, C, E € Sys(O) may also be equal to the trivial system [13].

Proof. One has just to apply lemma 13 to (17) obtaining

c c D’
({Ph}yev {alt.ez
N 5 Ss3 Sy
- N
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Now absorbing S3, Sy into { p)ﬁ} and {a]},_, respectively, the proof is concluded:

yeY
N {Py}yev B’ A {aztez
B

S1 E Sy

C.1. Characterization of the limits (proofs of lemma 14 and theorem 5)
Lemma 14. In a symmetric MOPT whenever one considers a Cauchy sequence of generic transformations
obtained as parallel and sequential composition of the elements in (16),

cn

pn B'™ A at
A AT >< B B ; (23)

ST E" S5

neN

there always exists a subsequence where the systems E", A'", B'" and the permutations S}, S are fixed:

cn

" | B Al a”
A A’ B’ B
Sy E S,
neN

Proof. Let us start by considering a Cauchy sequence such as the one in (23). The proof can be divided in two
steps

I. Let us consider the two decompositions in elementary systems of A and B, which we know to be unique
(definition 14), and composed at most of a finite number of elementary systems. We remind now that
permutations are completely characterised by how they permute the input wires, and since there is only a
finite number of ways of permuting a finite number of elements, there must exist at least a pair of
permutations S! and S? that appear infinitely many times together in the decomposition of the elements
of the sequence (23). We can now concentrate on the subsequence with this pair of permutations

cn

Pn |B'™ A" An
A A/n B/n B 5
S E" Sy
neN

being (23) Cauchy also its subsequences will be Cauchy and they will have the same limit.

II. We now focus our attention on the systems E,.. Due to the fact that in the previous point we have fixed
S' and the fact that the decomposition in elementary systems is unique, the systems contained within
the composite system A/ E, will not change. Therefore, the only thing that can change at the variation of
n is how they are grouped. For example if A] = S; and E,, = (S,55S4), for a different value n’ # n, it must
be A/, =85S, and E,,» = S3S4, or A}, = (5:5,S3) and E,,» = S, or any other possible regrouping (also the
original one) in which the order of the S; does not change. Given that A/E, can be composed only of a
finite number of systems, and analogously for B/ E,, it is always possible to find at least a system E that
appears infinitely many times in the considered sequence. By fixing E, then also the systems A’ and B’ are
automatically fixed. This is the searched result.
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Theorem 5. In a causal symmetric MOPT the limits of Cauchy sequences of deterministic transformations are

still of the form [13]

S1

Sz

(24)

Proof. Let us start by considering a Cauchy sequence of deterministic transformations from A to B, which

by (24) we know to be

of the form

B

Sy

}nGN

(C1)

Lemma 14 guarantees the existence of a subsequence where the only elements that can vary thorough the
sequence are the states {p"}, _; C St; (B'):

A

(s

D)

E

B’

B

Sz

Sa

A A’ B’
Sl E
A A’ B’
o
- 1 E

Sy

}nEN

The elements of this subsequence satisfy the following inequality relations Vn,m € N:

op

)
op

B’ B’
W -

op

op

where in the penultimate step lemma 1 was used, while the equality in the last step can be proved using lemma
2. This implies that the sequence of deterministic states of this particular subsequence of (C1) is Cauchy.
Therefore, we can conclude that the subsequence considered in this point, and consequently (C1), converges

to

where p = lim,_, o, p". With this we conclude our proof, since we found the desired result.

S1

42

S2




10P Publishing

New J. Phys. 27 (2025) 023004 D Rolino et al

Appendix D. Iteration procedure for transformations in the proof of theorem 7

Here we provide the detailed analysis of the structure of single transformations composing the instruments
that appear in the sequence (31) and prove that all of them are proportional to the identity if their
coarse-graining is the identity itself (32), which means that the identity is an atomic map. Given that we are
now interested in studying transformations, in the following discussion we will assume a fixed outcome of
the conditional instrument, that is (x,x¢_1,x¢) € X' X X1 X X¢. We highlighted in the list of outcomes
those of the last two transformations in the sequential composition since those are be the ones we will focus
on at first. These transformations have generally the form

H/(m/)mkfl,n

(;z:/) Mp—1,T (w’)”‘k—lv“ (m/)mkfl’" (m’) Mk —1,1
(I)wk.,l G F Bfk—l
. : AR M _1.n Nmp_1.n An—1
D B, A o A re) ¢ ‘
x’/ (m/)mk,,l,n - N (m/)mk,l,n
S; gl=)me=1 S
E,(m)mk,n
()R mp,n my,n () TR
ol D@ ™k c@)mk Al
A7, @) M D@ ™k A ,
() TR (@)mpon (a) TR
S; E S,

where the limits with respect to the variable m;_; and my are due to the fact that the transformations that
compose the instruments of (31) are those of MOPTs. Therefore, they may also be limits of sequences of
transformations of the form (22). Given lemma 14, one can already remove the dependence of many
elements from the indexes my_; and m;:

H,(m/)mkfl,n

7y Mk—1,N N\ Mk—1,N
x nn nmn @x
(I)J(Ckl g=") r(=") ngkl
lim  lim = M- <m')’>< )" Ap?
Mp_1—00 Mp—+00 A {7'/," b2 u G k
x nn nn
x x
s H=)" (=)
E/(ﬂ:)’”k*"
() TR @) @) () Mk
\IJzk D) c@) Amk
Ap_, c@m D@ A
()™ (@) ()"
S E Ss

Following the reasoning made for (34), one can the proceed to remove the dependence from the index # on
the last transformation in our composition

H/(wl)mk_l,n
1y MEk—1,1 7\ Mk—1,n
b z/ n m/ n x
o) a=) v | g®)
lim lim Ap_ (w’)7>< (=")™ AP
Mp_1—>00 ME—>00 A y//n k=2 F G k
ILI (w')n N (w/)n
S (=")
5 H 6
E/(W)mlcvn
x) Mk P z)n ()Mo
@ D@ c@m | AL
AR c@n D) A
(@)™ (x)
st B S}
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But, we have prove that D®*) = I. Therefore, the transformation becomes

H/(m/)'rnkfl,n
7y MEg—1,N 7y Mk—1,1
() o pe| )
1 e
hm hm Al (m’)7>< (m/)n A1
ME_1—>00 M} —>00 A y//n k=2 F G k
‘L’ (m/)n (o) S(m/)n
5 H 6
A1 (z)m
‘ ¢ ()"
()"
Sl E® @ A ’
x
82
where
E,(w)m,k,n,
ChEs .
‘Ilmk — ot () Mk T
c@n - Ay,

The latter equation, following the same passages that lead to (36), becomes

fo (@) 1
7y Mk—1,1 N\ ME—1,1
(m ) a=)" F=)" (m )
Tp—1 Ty 1
lim lim AR (=)™ (2)" An-1 -
MK 100 M}—00 A 74l ko2 F G k C ¥ ()™M 5
T al
2= ] ()" - ()" Se o
S5 u=") Sg N
or equivalently
g/ (=) me—1m
(m’) ME—1,n o A (m’) MEg_1,M
o =) rE=)" | By )
lim lim Ap_, (=) (a)" .
My _1—00 Mp—+00 A g1 k=2 F G C o ()T s
\L‘ (m’)n (w')" Tl
S, ()"
5 H A

(D1)

. . - Mt
where the local permutation on the system C”, as done in (36), was absorbed within the effect aj(cf) Ctis
now explicit the reason why before we decided to maintain the dependence form the outcomes for the
deterministic effect e (x), acting on C". The reason being that while the deterministic effect does not depend

. . . Mmye,n . .
on it, the observation-instrument {a,ﬁk ) } € Obs (C") does. We have now arrived at the slightly
Xk EXk

delicate point exposed before that leads to (37). Here, things are a bit more tricky, since we cannot split the
observation-instrument as we did previously for the deterministic effect. However, with a little of patience,

AN NN
also this situation can be dealt with. Let us start again by splitting the systems G(*)" = "G’ (<) and
C" =J"C’"1%, and study the the permutation

J’Vl JTL
G/(m/)n S m/)n a'n
aE)" 7 A

Given that permutations are completely characterized by how they permute their input and output systems
(lemma 12), if one finds two different permutations that permute in the same way their input and output

15 We recall that the system J” that appears is defined up to a local permutation that can be absorbed within the observation-instrument.
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AL
wires, then they are the same transformation. Therefore, an equivalent transformation to 87(x s given by

JTI,
G/(m')" am
] — )
" (m/)n
m=)" | Sg A
which substituted in (D1) becomes
H/(m/)mk_l,n
(wl) M —1,M N w/)" (m/) mg—1,1
q)l’lc—l J F Bl’k—1
A’Vl_ I/ n n
lim  lim s T s re) >< ’ :
M _1—00 ME—+00 z (m/)n n y o (x) T
85 ") o axk
()"
? A
or equivalently,
H/(m/)mk_l,n
7y MEg—1,1 7y Me—1,1
(I)gw ) Jn F(m/)n ng )
k—1 k—1
A’Vl_ E/ n n
lim  lim i s r )><J :
Mp—1—>00 Mp—>00 d _| r (@)
S(m’)" o Ay,
9
A

Y
where the fact that it is possible to find a subsequence in which G’ ()" = I was also exploited.
Following the same procedure as before, one can then also remove the dependence from the set of
Y
outcomes x’ both from the permutation and the system E(x)

H/(m/)mkil,n
7y Meg—1,1 ( /) MEg—1,Nn
T n n x
(I)xk—l J F Bxk—l
A A;72 Fn Jn
lim lim g
Mp_1—00 Mp—+00 r ro ()M
sy < o
A
Exploiting then the fact that
H/(m/)7nk71,n
7y Meg—1,N 7y Mg—1,M F" Mmr_1.1
T T ’ k—1,
®£k—)1 7" F ng—)l ] ba(cr: )1
Fn J’VL p— 5
c'n My _1,Mg,N
mg,n " (x) M- LTk
orn a;k () ay,
for some suitable observation-instrument, one arrives to
A‘”’ n
A k—2 F 7y Meg—1,N
yl/n b(w )
z Tp—1
lim lim n |C'" Mg_1,Mk,n D2
Mp_1—00 Mp—+00 89 — a/x/ () > ’ ( )
k—1:Tk
A
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which is still of the form (D1), as can be seen by expanding .7," and highlighting the k — 2th conditional
step. So the procedure we followed from (D1) can then be iterated. In particular, by stopping before the last
step, what one finds is of the form

N/

mi,n . mi,n
lel M L C:cl
lim lim A L >< M™ pP" —
mi—00 mM—00 )T

4=
n xT
S1o N 11| A
where m = my,...,my, X = (x2,...,xx), S} is a suitable permutation, P" is a suitable system,
m,fl . . . . .
{dix) is a suitable observation-instrument, the dependence form the index m; was already
XEX=Xo X -+ X Xi

removed from wherever possible and we suppose to consider the subsequence where the leftmost
permutation with its systems is fixed. We highlight that the fact that it is possible to remove the dependence
form the index n of the sequence from the system L is extremely important to conclude our proof. Since the

effect déx)m’n must be completely ‘absorbed’ by the state I'}""" to avoid a transformation which cannot
decompose the identity, it must be M" = M’ "P" with M’" = 1, due to the observations made following (35).
Therefore, exploiting again the fact that permutations are completely characterized by how they permute the
systems wires and grouping whatever is possible, the transformation becomes

N/

Frmll,n pn L Cglll”ﬂ
i b, A D 3

dE
812

A

We highlight that also Sy, still does not depend on #, because it was obtained by composing Sjo with a
permutation S € RevIransf(N — A) and neither N nor A depend form the index 7 of the sequence. Proceeding
now to resolve the calculations related to the state and the effects the following transformation is obtained

A L (m) my,m,n
C —
3 3 X1,L
lim lim Sio : ,

mi1—00 TM—00 A

which is ill defined unless L = 1.

Finally, substituting this latter result into (D3) one obtains that any transformation that composes the
instrument (31) must be of the form

N/™1:m
Z1
le,n
lim  lim 1 pn ()™ (D4)
mi1—00 M—00 fo
T
A

if one wants the full coarse-graining of the instrument to be equal to the identity, i.e. for (32) to hold.
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