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W N e

Abstract

We investigate the cosmological implications of torsion-boundary gravity with explicit
matter coupling in f(T,B,T) gravity. The purpose is to examine if such couplings offer
observationally viable extensions to standard cosmology. Focusing on linear and power-law
model realizations, we derive the modified Friedmann equations and analyze the resulting
background dynamics. Using a combination of late-time datasets—including Cosmic
Chronometers, Type Ia Supernovae, and Baryon Acoustic Oscillations—we perform a joint
likelihood analysis to constrain the model parameters. Our results show that both f(T,B,7)
models remain compatible with current observations and effectively reduce to the ACDM
paradigm in their appropriate parameter limits. While the power-law model exhibits mild
dynamical deviations at intermediate redshifts, it remains statistically indistinguishable
from the standard cosmological model. We conclude that f(T,B,7’) gravity represents a
viable and robust extension of torsional modified gravity, motivating further study of
non-minimal matter—-geometry couplings in cosmology.

Keywords: observational constraints; f(T,B,T) gravity; matter—-geometry coupling

1. Introduction

The drive to understand how the universe began, what it is made of, and how it evolves
continues to push us beyond General Relativity (GR). Although GR has been remarkably
successful, it still faces challenges—such as explaining cosmic acceleration, resolving the
Hubble tension, and uncovering the nature of dark energy. These open questions have
encouraged the study of alternative theories, including modified Teleparallel Gravity,
which describes gravity through spacetime torsion instead of curvature, offering a different
geometric picture while remaining dynamically equivalent to GR [1-3].

In the Teleparallel Equivalent of General Relativity (TEGR), gravity is reformulated
so that the tetrad field becomes the fundamental variable and torsion—not curvature—
encodes gravitational effects. The torsion scalar T plays the role normally held by the Ricci
scalar R, and the TEGR action reproduces Einstein’s field equations exactly. Motivated
by extending this framework, many studies have explored replacing T with an arbitrary
function f(T). These f(T) models can drive late-time cosmic acceleration without dark
energy and maintain second-order field equations, which has led to wide applications
in areas such as cosmic acceleration [4-7], inflation [8,9], gravitational waves [10], and
thermodynamics [11].
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However, pure f(T) gravity typically breaks local Lorentz invariance and cannot [12]
fully describe the connection between torsion and curvature. To overcome this limitation,
the boundary term B was introduced, giving rise to the more general f(T, B) gravity that
unifies and extends both f(T) and f(R) theories. The inclusion of B adds theoretical
flexibility and produces richer cosmological behavior in both early and late epochs. Recent
observational analyses—using CMB distance priors [13], and low-redshift datasets [14]—
show that f(T, B) models remain compatible with current data, being further constrained
at late times by H (%) measurements [15] and at early times via Big Bang nucleosynthesis in
extended formulations [16].

A broader class of Teleparallel Gravity emerges when the action depends explicitly
on the trace of the energy—-momentum tensor T, introducing a direct coupling between
matter and spacetime geometry. Following the idea of curvature-based f(R, T) gravity [17],
the teleparallel generalization f(T, B, T') proposed in [18] unifies the torsion scalar T, the
boundary term B, and the matter trace 7" within a single Lagrangian. This added flexibility
leads to modified background dynamics and altered matter evolution, potentially leaving
observable signatures in late-time cosmology. Such features make these models promising
candidates for addressing tensions like the Hy discrepancies [19], while also providing
a well-motivated framework to explore nonminimal matter-geometry interactions using
current data.

Recent studies further motivate this approach and demonstrate the constraining
power of late-time data. Pantheon+ (2023) combined Type Ia Supernovae (SNe Ia), Cosmic
Chronometers (CC), and Baryon Acoustic Oscillations (BAO) data to place stringent bounds
on f(T) models, showing they can produce diverse Hubble constant values, potentially
easing late-time tensions [12]. Subsequent analyses using DESI BAO and DES SNe Ia (2024)
find Bayesian preference for late-time f(T) cosmologies over ACDM, with Hy broadly
consistent with local measurements [20]. Studies of f(T, T) gravity (2024) show that late-
time datasets constrain model parameters sensitively to Hy priors, with BAO tending to
lower inferred Hy [21]. Recent work combining DESI, PantheonPlus, DESY5, and CMB
data (2025) finds torsion parameters consistent with zero and derived Hy and clustering
values close to ACDM, indicating no strong evidence for large torsion effects [22]. Model-
independent cosmographic analyses (DESI 2024) further highlight the precision of late-time
data in testing deviations from standard cosmology [23].

In this work, we consider a phenomenological and partially speculative extension of
torsional modified gravity, motivated by the Quintom paradigm, with the aim of illustrating
how generalized gravitational dynamics may provide a unified framework relevant to both
late-time cosmic acceleration and early-universe phenomena. This perspective is adopted
not as a definitive alternative to ACDM, but as an exploratory framework to assess the
viability and observational consequences of extended torsional dynamics under current
and forthcoming cosmological data.

Motivated by recent developments, we employ Cosmic Chronometers [24-28], Type
Ia Supernovae [29-32], and Baryon Acoustic Oscillations [30,33] to test two representative
f(T,B,T) gravity models. Focusing on linear and power-law forms, which range from
minimal departures from TEGR to nonlinear, scale-dependent modifications, this combined
analysis allows a data-driven assessment of whether torsion- and boundary-induced effects
remain viable under precise late-time observations. By solving the modified Friedmann
equations and constructing full likelihoods, we constrain the torsion, boundary, and matter-
trace contributions using a comprehensive dataset that jointly maps the Hubble expansion
across a wide redshift range.

This paper is organized as follows: in Section 2, we first introduce the theoretical frame-
work of f(T,B,T) gravity and then derive the cosmological field equations; in Section 3,
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we briefly describe the observational datasets used—Cosmic Chronometers, Type la Super-
novae, and Baryon Acoustic Oscillations—as well as the statistical methodology adopted to
place bounds on the model parameters; in Section 4, we present the corresponding bounds,
including best-fit values, confidence intervals, and comparisons with the standard ACDM
cosmology; and finally, Section 5 summarizes the main results and states possible directions
for future research within the framework of torsion-based modified gravity.

2. Cosmology in f(T, B, T') Gravity

Teleparallel Gravity reformulates gravitation by identifying torsion, rather than curva-
ture, as the fundamental agent of the gravitational interaction [34]. This framework is built
upon the tetrad fields e”,, which define an orthonormal basis at each point in spacetime
and connect the spacetime metric to the Minkowski metric via the relation:

uv = TIABeAyer- 1)

Gravitational dynamics are described using the curvature-free Weitzenbtck connec-
tion, constructed directly from the tetrads:

TPy = eAPGUeAﬂ, 2)
which gives rise to a non-vanishing torsion tensor:
prv = vay - rppu/- (3)

From the torsion tensor, one can define the contorsion tensor [35], measuring the
difference between the Weitzenbock and Levi-Civita connections,

1
Kby = S (T + Tl = TP), )

and the superpotential,

1
St = 5 (KMo + T = 55T™s), 5)

from which the torsion scalar, the central invariant of the theory, is constructed as follows:
T = SMTP o. (6)
The action of TEGR is then built from this scalar:
SRR = —— / d*xeT + S @)
TEGR = j0-0 s

where e = det(e?t,) = /—g. Variation of this action with respect to the tetrad
produces field equations that are dynamically equivalent to Einstein’s equations from
General Relativity [35].

A straightforward modification is to generalize the action to an arbitrary function of
the torsion scalar, giving rise to f(T) gravity:

_ 1 4
S = 1e—= /d xef(T) + S, @®)

which leads to second-order field equations [36], in contrast to the fourth-order equations
of curvature-based f(R) gravity.
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2e5%0fp — 2eVAV, f + eBfpd’, + 4e(dy.f5 + 0y fr) SuP
+4e%,0, (esw) fr —4efrT,Sot — ef &), — 2efy (%O, + pely) = K2e@%,

This framework can be further extended by introducing the teleparallel boundary
term B, defined as

2
B=Zou(eTh), with T'=T",, )

which satisfies the identity R = —T + B, thereby linking torsion and curvature and allowing
a unified description of both geometric formulations [14], working with the metric signature
(+,—,—,—) and a vanishing spin connection. The resulting f(T, B) gravity is described by

the action: 1

SHTB) = 167G

To introduce direct non-minimal coupling between matter and geometry, the action

/ d*xef (T, B) + Sy. (10)

can be extended to depend also on the trace of the energy-momentum tensor, 7. The action
for f(T, B, T) gravity is as follows:

S = % /d4xef(T, B,T) +/d4xeﬁm. (11)

Following [18] and restricting to our case of isotropic pressure, we vary this action
with respect to the tetrad field to get the field equations (see Appendix A for technicalities):

(12)

where @), is the matter energy-momentum tensor. Here and throughout, we employ the
shorthand notation for partial derivatives: fr = df/dT, fp=09df/dB, fq =9df/dT.

To apply this framework to cosmology, we consider a spatially flat FLRW universe
with the metric ds?> = —dt* + az(t)éijdxidxj . For this geometry, the torsion scalar and
boundary term take the simple forms:

T=—6H?, B=—6(H+3H?). (13)

The first modified Friedmann equation is obtained from the time-time component
(v = A = 0) of the field Equation (12). For the perfect-fluid matter source and the FLRW
tetrad, the contortion and superpotential terms simplify considerably. After substituting
the relations (13) and evaluating the derivatives, one arrives at the energy constraint:

K20 = —3H2(3fs +2fr) —3Hf +3Hfp + %f - %fT(P +p) (14)

This equation provides the basis for constructing cosmological models within the
f(T,B,T) framework and for confronting them with observational data.

We note that the explicit dependence on 7, in the gravitational Lagrangian, gener-
ally leads to a non-zero covariant divergence of the matter energy-momentum tensor,
V,©F # 0. In this work, which focuses on constraining the background expansion, we
follow the common practice of assuming an approximate conservation, as in similar studies,
by using the standard matter density p,, directly in the Friedmann equations [37].

3. Cosmological Datasets and Joint Analysis

To test the ability of our modified gravity model to reproduce the universe’s expansion
history, we use a multi-probe observational approach. Combining different datasets allows
us to break degeneracies that would remain if each probe were used on its own, leading
to more reliable constraints on the model parameters. Our analysis includes late-time
expansion measurements from Cosmic Chronometers, the acoustic scale encoded in Baryon
Acoustic Oscillations, and the luminosity—distance relation of Type Ia Supernovae. To-
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gether, these datasets trace the expansion history across a wide redshift range and offer
complementary information on the underlying cosmological dynamics.

Cosmic Chronometers directly measure the Hubble parameter through differential
age estimates of passively evolving galaxies [38]. The relation

1 dz

HE) =12

(15)
arises from differentiating the definition of redshift with respect to cosmic time, making
this method largely geometric and relatively insensitive to stellar-population assumptions.
We use 46 uncorrelated CC measurements covering 0 < z < 2.36 [39], one of the most
comprehensive compilations currently available. These data provide a strong anchor for
the expansion rate, especially at intermediate redshifts, and complement distance-based
observations used in the joint analysis.

The distance-redshift relation is further constrained using Baryon Acoustic Oscilla-
tions and Type Ia Supernovae. BAO act as a standard ruler encoded in the large-scale
clustering of galaxies, providing geometric information through both transverse and radial
distance measurements. In our analysis, we use the comoving distance,

2 4z
DM(Z) =c 0 H(Z/)/ (16)
and the Hubble distance, c
Dy(z) = %/ (17)

both expressed relative to the sound horizon at the drag epoch, 7.

We adopt the recent DESI 2024 BAO release [40], which reports high-precision mea-
surements across the redshift range (0.295 < 2 < 2.33). These measurements are derived
from a combination of galaxy and quasar tracers, including bright galaxy samples (BGS) at
low redshifts, luminous red galaxies (LRG) and emission-line galaxies (ELG) at intermedi-
ate redshifts, and quasars (QSO) and Lyman-« forest quasars (Lya QSO) at high redshifts.
Each tracer probes a distinct redshift interval and clustering regime, enabling DESI to
robustly detect the BAO feature over a wide span of cosmic history.

Transverse distance measurements D,/ 7; and radial distance measurements Dy /7,4
are obtained from the LRG, ELG, QSO, and Lya QSO samples, while isotropic volume-
averaged distances Dy /r; are extracted from the low-redshift galaxy sample. The three
distance measurements involve the product r;H revealing a degeneracy. In total, our
analysis incorporates 12 independent BAO observables: five measurements of Dy /7, five
measurements of Dy /7, and two measurements of Dy /7, together with their associated
uncertainties and covariance information as provided by the DESI collaboration.

In our analysis, the BAO sound horizon (r;) is fixed to the Planck 2018 value
(rg = 147.05 Mpc). This choice effectively imposes a CMB-informed prior, enabling
the combination of BAO, CC, and SNe Ia to constrain (Hp) and the cosmological parameters.
We note that with a fixed (r;), the (r;)—(Hp) degeneracy is broken by assumption rather
than being independently resolved by late-time data. An alternative approach would be to
leave (r,;) free or impose a BBN prior on (Q,h?), which would propagate early-universe
uncertainties into the late-time constraints.

For the distance ladder, we include the Pantheon+SHOES compilation [41], consisting
of 1701 uniformly calibrated Type Ia Supernovae. After applying the standard low-redshift
cut 2 > 0.01 to mitigate the impact of local peculiar velocities, 1588 supernovae remain in
the sample.
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The supernova observables are expressed in terms of the distance modulus, defined
as j1(z) = mp — Mp = 5log,[d; (2) /Mpc] + 25, where mp denotes the observed apparent
peak magnitude in the rest-frame B-band, and Mp is the absolute magnitude of a fiducial
Type Ia supernova. The apparent magnitude encodes the cosmological dependence through
the luminosity distance,

dL(3) = (1+2)Dy(2), (18)

which is particularly sensitive to the expansion history at low and intermediate redshifts.

For the Pantheon+SHOES dataset, the absolute magnitude is fixed to Mp = —19.3,
following the SHOES calibration. No additional host-galaxy mass-step parameter is intro-
duced in our analysis, as host-mass corrections are already incorporated into the calibrated
distance moduli. We make use of the full statistical and systematic covariance matrix
provided by the Pantheon+SHOES collaboration, ensuring a consistent propagation of
observational uncertainties. This absolute calibration anchors the distance ladder and
provides a powerful constraint on cosmological models that modify the late-time expansion
rate, particularly through their impact on the inferred value of Hj.

To quantify consistency between theory and observations, we combine the individual
likelihoods of CC, BAO, and SNe under the assumption of statistical independence:

D e = Pec + Phao + Péne- (19)

joint —

For the uncorrelated CC dataset, the chi-squared contribution is defined as

Hops (%) — Hin(3:)]*
D = [Hobs : (20)
IZ o7 (%)
where H,s(3;) is the observed Hubble parameter at redshift 3;, Hy, (3;) is the theoretical
prediction, and c;(3;) is the corresponding measurement uncertainty. Correlated datasets,
such as BAO and SNe, use the multivariate Gaussian form

P* = (mobs - mth)TZ_l (mobs - mth)/ (21)

where m},s and my, denote the vectors of observed and theoretically predicted observables,
respectively, and X is the corresponding covariance matrix incorporating both statistical
and systematic uncertainties.

We explore the parameter space using a Markov Chain Monte Carlo (MCMC) sam-
pler, allowing us to map the full posterior distribution and capture correlations among
parameters. The reduced chi-squared

~2 @2

joint
= 22
X ( N, data — N, parameters ) ( )

provides an overall assessment of the model’s performance, with values near unity indicat-
ing a satisfactory fit to the combined data. This joint (CC+BAO+SNe) analysis provides a
robust and coherent test of the modified gravity model across cosmic history.

In general, the reduced chi-squared )N(Z provides a dimensionless measure of how
well a model describes the data per degree of freedom. Values near unity indicate good
agreement with the reported uncertainties, while significantly larger values suggest a poor
fit or underestimated errors. Substantially smaller values can reflect conservative error
estimates/residual correlations, at times fitting noise rather than signal, but they also

indicate that the model describes the data very closely. In all cases, Y serves as a useful
diagnostic for the overall consistency between theoretical predictions and observations.
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Beyond goodness-of-fit, we assess the relative performance of competing cosmological
models using information criteria that penalize model complexity. In particular, we employ
the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC),
defined, respectively, as

AIC = X2, + 2k, BIC = x2;, +kInN, (23)

where k is the number of free parameters and N is the total number of data points. Here,
X2, denotes the minimum chi-squared value achieved at the best-fit parameters, repre-
senting the absolute goodness-of-fit of the model. Both criteria balance the quality of the fit
against the number of model parameters, thereby disfavoring overly complex models that
do not yield a commensurate improvement in likelihood.

4. Cosmological Models and Results

This section, divided by subheadings, should provide a concise and precise description
of the experimental results, their interpretation, and the experimental conclusions that can
be drawn.

4.1. The Linear Model

A natural starting point for exploring extended Teleparallel Gravity is the minimal
linear form:
f(T,B,T) =aT+ BB+ 7. (24)

This choice keeps the theory analytically transparent while capturing the main features
of f(T,B,T) framework. Each term plays a distinct role: a rescales the standard TEGR
Lagrangian, the B encodes the torsion—curvature relation (as previously examined in
linear f(T, B) models [42]), and T introduces a matter—geometry coupling similar to the
linear f(T,T) model of ref. [37].

Despite its simplicity, this linear model provides a clean and physically motivated
baseline from which the effects of the additional degrees of freedom can be systematically
studied. It also unifies several cornerstone theories as limiting cases: TEGR is recovered
for B = v = 0, GR emerges for « = —f and v = 0, and the standard GR limit corresponds
toa = —f = 1. In this last case, a non-zero y becomes the only genuinely new parameter
driving deviations from the GR expansion history.

For cosmological applications, we specialize to a spatially homogeneous and isotropic
universe, described by the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric. In
this background, the matter and radiation components evolve according to their stan-
dard conservation equations. The total energy density can therefore be written as
p(8) = pmo(1+ 2)% + pyo(1 + 2)*, where p,,,0 and p,o denote the present-day matter and
radiation densities, respectively. The pressure is dominated by the relativistic component
and takes the form of p(z) = 3p,0(1+ 2)*, while the trace of the energy-momentum tensor
becomes T(3) = pmo(1 + z)3, reflecting the fact that only the pressureless matter sector
contributes to T'. For the FLRW geometry, the tetrad determinant reads e = a® = (1 + z)’3.
Moreover, time derivatives can be expressed in terms of redshift through the relation
4 =—(1+2)Hf.

The background dynamics of the model are governed by a modified Friedmann
Equation (14), which is conveniently expressed in terms of the dimensionless Hubble
parameter E(2) = H(z)/Hy. For the linear realization of the theory under consideration,
the modified expansion law takes the form

dE 1 [A(z)+6(2)

kT : + (68 +3a)E|, (25)
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where A(3) = Quo(1 +2)3 + OQ,0(1 + 3)* encodes the standard matter and radiation
contributions, and G(2) = £ [Quo(1 + 2)° + 3Quo (1 + 2)° +4Qy (1 4+ 2)7].

Owing to the boundary nature of B, the coefficients « and  enter Equation (25) only
through specific linear combinations, leading to a degeneracy in the linear sector of the
modified Friedmann equation. As a result, cosmological observables constrain only the
dynamically relevant combination appearing in the expansion law. To ensure numerical
stability, the parameter estimation is therefore performed in a non-degenerate basis, with «
and B reconstructed as derived parameters. The elongated confidence regions in the («, B)
plane thus reflect the intrinsic boundary-term redundancy of the theory.

Equation (25) provides the basis for our numerical integration of the expansion history
and allows us to confront the linear model with late-time cosmological probes, including
Cosmic Chronometers (Figure 1), Type la Supernovae (Figure 2), and their joint constraints
together with BAO (Figure 3). The statistical inference of the model parameters is carried
out within a Bayesian framework.

250

N
S}
3

1)
=3
S

-
~
32

—
33
=]

H(z) [km s ! Mpc ']
s}
(520

—— Bestfit (Q,,0=0.422, a= 1.254, 3=0.685, yv=0.022, H) = 68.0)
=== ACDM (Planck 2018)
¢ CCData

1.0 1.5 2.0 2:5
Redshift 2

Figure 1. Best-fit H(%) for the linear model (solid blue) compared with Planck 2018 ACDM (dashed
green) and cosmic chronometer measurements (red points).
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2 0.0 0.5 1.0 1.5 2.0 2.5
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Figure 2. Distance modulus (3) for the linear model compared with Pantheon+SHOES. The blue
curve shows the best-fit prediction, the dashed green curve demonstrates the linear Hubble law, and
the red points represent the observational data.
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Figure 3. Posterior distributions and parameter covariances for the linear model from the joint SNe Ia
+ BAO + CC analysis. The contours show the 68% and 95% confidence regions.

We employ the affine-invariant ensemble Markov Chain Monte Carlo sampler imple-
mented in the emcee package, using 50 walkers and 20,000 steps per walker. Convergence
of the chains is assessed through the integrated autocorrelation time, complemented by
a conservative burn-in removal corresponding to three times the maximum autocorrela-
tion time, appropriate thinning, and visual inspection of the parameter trajectories. The
Gelman-Rubin statistic (R) is not adopted in this analysis, as it is primarily designed for
multiple independent Markov chains rather than ensemble-based samplers.

For the Bayesian analysis, we adopt uniform priors on the Hubble constant and
the present-day matter density parameter, specifically Hy € [60, 80] kms~'Mpc~! and
Qo € [0.1, 0.5], which allow the data to fully determine their preferred values while
avoiding unphysical regions. The remaining parameters «, 5, and <y are also assigned
uniform priors over sufficiently broad intervals to encompass all physically plausible
values, ensuring that the posterior distributions are primarily informed by the observa-
tional data rather than the prior assumptions. The resulting bounds on the parameter set
{a, B,v,Hy, Quo } are summarized in Table 1.

Throughout this analysis, the radiation density parameter is fixed to the Planck 2018
value, (0,9, as reported in the final cosmological parameter results of ref. [2]. This choice
avoids degeneracies in the radiation sector and is standard practice in late-time cosmologi-
cal reconstructions.
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Table 1. Best-fit parameters for the linear model from different cosmological probes.
Dataset 0 x B 0% H,
+0.097 +0.200 +0.141 +0.067 +0.55
SNe 0.359;8'(1)% - 1.30418'%%55 0.75418%%g 0‘00118'822 67.33J_r(1)%Els
C.C 0'42218:8?? -1 .25418:%% 0.68618:%% 0.022;8:813% 68.03182(8)
Joint 04267 )0es  —1.244750,  0.6917 15, 0.040% 5 03¢ 67.337 4

The parameter constraints reveal notable trends. The matter density parameter (9
shows variation between datasets, with the SNe-only analysis preferring a lower value near
0.35, while the CC and joint analyses converge with a higher value around 0.42.

The gravitational parameters « and  exhibit a consistent pattern: « is constrained to
be negative, with values around —1.25 to —1.30, while B is positive, with values around
0.69-0.75. This specific relationship between « and f is essential for the model to satisfy
the cosmological constraints. The matter—-geometry coupling parameter -y is consistently
small across all datasets, with its 1o uncertainty ranges encompassing zero. This indicates
that while a mild positive coupling is allowed by the data, a model with no direct coupling
(v = 0) remains statistically consistent with observations. The Hubble constant Hj is
measured to be approximately 67.3-68.0 km s~! Mpc~! across the datasets, showing strong
consistency and alignment with Planck CMB measurements.

The overall quality of the fit is excellent, with total chi-squared values of x2. = 316.11

(SNe), 24.25 (CC), and 356.58 (combined), corresponding to reduced values ;(2 ~ 0.20, 0.59,
and 0.22, respectively. The information criteria yield (AIC, BIC) = (326.11,352.96) for SNe,
(34.25,43.39) for CC, and (366.58,393.61) for the joint analysis. These results indicate that
the linear model provides an excellent fit to the data, reproducing a ACDM-like expansion
history, with the matter—geometry coupling y remaining consistent with zero and the « — 8
combination being tightly constrained.

4.2. The Power-Law Model

To extend the scope of the linear model and capture richer torsional dynamics, we
consider the more general power-law form:

F(T,B,T) = a(~T)" + BB + 7. (26)

This model introduces a nonlinear dependence on the torsion scalar, allowing the
theory to generate late-time cosmic acceleration through purely geometric contributions
rather than an explicit cosmological constant. The parameter « controls the amplitude of

the nonlinear torsion term, § retains the usual connection to the boundary term familiar
from linear f(T, B) gravity [43], and ¥ provides a matter-geometry coupling similar to that
considered in f(T, T') extensions [44].

The modified background evolution can again be written in terms of the E(2), leading
to the first-order differential equation:

dE_ 1 A(z) + G(2)
9z 2B(1+ 2) E

+ (6,73 +(2n+ 1)&(6H§)"—1EZ("—1>> EV, @)

where G(3) = L[Quo(1+ 3)3 4+ 3Quo(1 + 2)° +4Q,0(1 4+ 2)7].

Equation (27) forms the basis of our numerical analysis and highlights the key dif-
ference from the linear case: the presence of a torsion-driven correction proportional to
E2("=1), which allows the model to interpolate between TEGR-like behavior and a wider
family of modified-gravity cosmologies depending on the value of the exponent .
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Bayesian inference is performed using the affine-invariant sampler emcee with
60 walkers and 25,000 steps per walker, applying conservative burn-in removal and thin-
ning based on the integrated autocorrelation time; visual inspection ensures chain conver-
gence. Uniform priors are adopted for all parameters, with Hy € [60,80] kms~'Mpc~—! and

Qo € [0.1,0.5], while E, ,[NS, ;, and n are allowed wide, physically plausible ranges.
We test the power-law model against late-time probes—CC (Figure 4), SNe Ia (Figure 5),

and the joint analysis (Figure 6)—with the resulting constraints on a, B, ;, n, Hy, Qo

summarized in Table 2.
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Figure 4. Best-fit H(Z) for the power-law model (solid blue) compared with Planck 2018 ACDM
(dashed green) and cosmic chronometer measurements (red points).
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Figure 5. Distance modulus j(2) for the power-law model compared with Pantheon+SHOES. The
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points represent the observational data.
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Figure 6. Posterior distributions and parameter covariances for the power-law model from the joint
SNe Ia + BAO + CC analysis. The contours show the 68% and 95% confidence regions.

Table 2. Best-fit parameters for the power-law model from different cosmological probes.

~ ~ ~

Dataset Q0 n & B % Hy
SNe 03557090 1.0327043%7  —0.639702220.3247522L  0.05870%, 70.54127¢
cC 035770057 1.061 10077 —0.629132320.3560-133  0.005700%  67.837122
i +0.069 +0.086 +0.267 +0.108 +0.073 +1.07
Joint  0.350700% 1.059T00%  —0.692702070.409T01%  0.0477007%  68.271 17

The constraints reveal several key features of the power-law model. The matter density
parameter (), is consistently measured to be (,,0 ~ 0.35-0.36 across all datasets, in good
agreement with Planck. The parameter #n, which governs the deviation from a linear torsion
scalar term, is consistently very close to one across all datasets, with a best-fit value of
approximately 1.06. This suggests that the data do not strongly favor a significant power-
law deviation from the linear TEGR limit (n = 1). This proximity to the linear limit (n = 1)
indicates that, within current observational uncertainties, the power-law model effectively
approaches the linear realization at the background level, reflecting the strong observational
preference for ACDM-like expansion histories.

The parameter « is consistently negative, with a central value around —0.64, while [NS
is consistently positive, with a central value around 0.38. The matter-geometry coupling
parameter 7 is consistently found to be positive but very small, with its 1¢ uncertainty
range encompassing zero in all cases. This indicates that while a small coupling is mildly
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preferred by the data, a model with no direct coupling (7 = 0) is statistically consis-
tent with the observations. The Hubble constant Hy shows strong consistency across all
datasets. All three analyses—SNe, CC, and joint—yield values within the narrow range
of 67.4-68.2 km/s/Mpc, with small uncertainties, and align with the value inferred from
Planck CMB measurements.

Statistically, the model provides an adequate fit to the data, with total chi-squared
values sznin = 316.14 (SNe), 23.05 (CC), and 357.09 (combined), corresponding to reduced

values %2 ~ 0.20, 0.56, and 0.21, respectively. When penalizing for model complexity, the
information criteria yield (AIC, BIC) = (326.14,353.00) for SNe, (33.05,42.20) for CC, and
(367.09,394.12) for the joint dataset. Overall, the power-law model fits the data well, with n
close to unity and 7 consistent with zero, effectively reproducing a ACDM-like expansion
while remaining statistically competitive with the linear case.

5. Discussion

In this work, we have conducted a thorough investigation of the cosmological dynam-
ics within the framework of f(T, B, T') gravity, a theory that generalizes Teleparallel Gravity
by incorporating both a boundary term B and the trace of the matter energy-momentum
tensor 7. To navigate the complexity of this generalized theory, we proposed and con-
strained two specific, well-motivated models: a minimal linear model and a more general
power-law extension.

The linear model, f(T,B,T) = aT + BB + T, served as a transparent baseline. Our
observational analysis, utilizing a combination of SNe, BAO, and CC data, revealed that the
data are consistent with a non-zero matter—-geometry coupling (¢ > 0), although a model
without such a coupling (7 = 0) remains within the statistical uncertainties. The constraints
consistently pointed to a specific relationship between the gravitational parameters, with
« negative and f positive, a necessary condition for the model to align with the observed
expansion history.

The power-law model, f(T,B,T) = a(—T)" + EB + 7T, was introduced to test for
deviations beyond the linear regime. A key result is that the power-law index 7 is con-
strained to be very close to unity across all datasets. This strongly suggests that the current
cosmological data do not favor a significant deviation from a linear torsion scalar term,
effectively pulling this generalized model back towards the linear case and the TEGR limit.

Similarly to the linear model, the parameters « and E exhibit a consistent sign flip (negative
and positive, respectively), and the coupling parameter v is, again, consistent with zero
within its confidence intervals.

The Hubble constant Hy inferred from both models aligns closely with Planck values,
showing consistency with early-universe measurements. However, the matter density
parameter (),,0 shows a notable difference: the power-law model yields (), ~ 0.35, in
close agreement with Planck, while the linear model consistently gives a higher value of
Oy =~ 0.36-0.43. This divergence in the inferred matter content highlights the distinct
ways in which the two parameterizations reconcile the geometric modifications with the
observed expansion history, even as both provide excellent fits to the late-time data.

The overarching conclusion from our analysis of both models is two-fold. First, the
inclusion of the boundary term B is crucial, as evidenced by the tightly constrained, non-

trivial relationship between « and g (or « and ,INS), which is distinct from both TEGR and
GR. Second, while the data allow for a small, positive matter-geometry coupling governed
by 7 (or fNy), they do not require it. The fact that 7y is consistent with zero in our most
robust joint analysis indicates that the current late-time cosmological observations can be
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well-explained by the geometric terms alone, without the need for a direct non-minimal
coupling to T

In summary, (T, B, T') gravity provides a rich framework for modifying gravity. Our
study demonstrates that its simplest manifestations are phenomenologically viable and can
be tightly constrained by observations. Future work, incorporating a full linear perturbation
analysis and a wider array of precision data, will be essential to further test the stability
and viability of these models. Specifically, calculating the evolution of linear cosmological
perturbations, the effective gravitational coupling G, and the growth rate fog for the
parameter ranges favored by our background analysis will determine if these models are
also consistent with large-scale structure observations from galaxy clustering and weak
lensing. Such an analysis will definitely establish whether the intriguing coupling between
geometry and matter in the f(T, B, T) framework plays a fundamental role in the evolution
of both the cosmic expansion and structure formation.

Looking ahead, the implications of future high-precision surveys can provide further
guidance on the relevance of these models. If forthcoming observations, such as DESI or
Euclid, reveal a significant crossing of the phantom divide, models with dynamical dark
energy—like Quintom-inspired or non-minimally coupled frameworks—would become
especially compelling. The power-law f(T, B, T') realization discussed here represents
a minimal and observationally consistent example of such a scenario. Conversely, even
if future data continue to favor a ACDM-like expansion, Quintom-inspired and non-
minimally coupled frameworks remain valuable for exploring early-universe physics,
offering a flexible theoretical laboratory to study deviations from standard cosmology
across different epochs.
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Appendix A. Useful Formulae

We state below some formulae which prove to be useful when carrying out the
variation with respect to the tetrad fields. For details of the derivation, one can consult [45].
With E] representing the inverse tetrad field (EY, ey = 0;,), we have the following equations:

081 = —(g"El + gMEY ) oes, (A1)

de = eENdet, (A2)

e6T = e(i&(TWTW) + %5(TV“TW) - J(T”TH)), (A3)
SEG — —EJERSe!, d,EG = —EJERa ¢!, (A4)

ST}, = —ENTH,6¢8 + EX (aﬂéeﬁ - avéeg), (A5)
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6TV = — (EAT + g T, + T ) 0eh + 8" E} (90¢8 — 9,05, (A6)
§(T,TH) = —2<TﬂT”‘ﬁy + T”‘TP,) Else" + 2(T“E5; — TVEg)aa(se;, (A7)
8 (T TY) = —ATYV T, sER 56l + AT,V EZ, 6. (A8)

From the above expressions, one can compute the variations of T and of (B = %ay (eTH))
in terms of def in order to get the field equations.
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