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Abstract
On a spacetime (M, g) endowed with a density function /2, we consider the vacuum weighted
Einstein field equations:

hp — Hes, +Ahg = 0.

First, it is shown that the equation characterizes critical metrics for an appropriate action.
Then, after describing locally conformally flat solutions in arbitrary dimension, four-
dimensional solutions with harmonic curvature are classified.
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1 Introduction

A usual spacetime is generalized by introducing a density function # which alters the Rie-
mannian volume element dvol,. Thus, we consider a triple (M, g, h dvoly) (or (M, g, h) for
short), where (M, g) is a Lorentzian manifold and # is a positive smooth function on M. We
assume the density to be non-constant on any open subset of M and refer to such a triple as
a smooth metric measure spacetime (SMMS). The presence of the density gives rise to new
geometric objects that reflect its influence on the geometry of the spacetime.

The usual Einstein tensor, defined by G = p — % g (where p stands for the Ricci tensor
and 7 for the scalar curvature), has among its properties being symmetric, divergence-free,
concomitant of the metric tensor g and its first two derivatives and linear in the second
derivatives of g. Furthermore, these features characterize a tensor of the form G 4+ A g, where
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A is a constant (see, for example, [22]). Following this pattern, the weighted Einstein tensor
G" = hp — Hes), +Ahg

was introduced in [6] as a tensor which is symmetric, divergence-free if the scalar curvature
is constant, concomitant of the metric, the density function and their first two derivatives, and
linear on the second derivatives of g as well as the density function. Here, Hes; and Ak denote
the Hessian tensor and the Laplacian of %, respectively. From the previous definition, vacuum
weighted Einstein field equations on a spacetime with density are regarded as G" = 0.

Besides this motivation for equation G = 0, it appears as a very natural second order
equation with geometric interest. Indeed, this equation was previously considered in Rie-
mannian signature, both from a purely geometric perspective and for reasons coming from
General Relativity on static spacetimes. Although the equation itself is related to works such
as [1, 21, 23] through the variation of the scalar curvature, as we shall see below, it was
from the work of Kobayashi and Lafontaine [18, 19] that its solutions were studied more
systematically in the Riemannian setting (see also [27, 29]).

From a variational point of view, Einstein spacetimes arise as critical metrics for the
Einstein-Hilbert action S = [},  dvol,. Although the previous motivation for the definition
of the weighted Einstein tensor is based on reasonable properties that suggest its suitability
for a context with the presence of a density, it lacks the advantages of the variational approach,
which would provide a useful action to work with. Thus, in order to introduce this formalism
in the weighted setting, it would be desirable to find an appropriate action that recovers the
vacuum weighted Einstein field equations G" = 0. Hence, we complete the motivation of
the definition of G” by introducing this new perspective as follows.

1.1 The weighted Einstein field equation: variational approach

Consider a smooth manifold M and the space M of Lorentzian metric measure structures
on M,ie M = Lor(M) x C®°(M;R"), where Lor(M) is the space of Lorentzian metrics
on M and C*®°(M; R™) is the space of positive smooth functions on M playing the role of
a density. Assume along this section that the density function has compact support, so that
all integrands do. Now, define the weighted Einstein-Hilbert functional as the functional
S : M — R given by

(g, h) — Sn = / thdvolg, (1)
M

where dvol, = JlIgldxy A --- A dx, is the usual Riemannian volume element, with |g| =
— det g;;. For simplicity, we will assume the dependence on the metric and we will write
S(g,ny = Sy in order to highlight the fact that we work in a weighted setting. Note that, for
h = 1, we recover the Einstein-Hilbert functional: S; = S. Nevertheless, we are working
with SMMSs given by densities 4 which are non-constant on any open subset of M, so the
behavior of Sy, is different from its unweighted counterpart.

A defining feature of a SMMS (M, g, h) as a weighted geometric object is its weighted
volume element dV;, = hdvol,. Hence, it is natural to pose the variational problem of
finding the critical points of Sy, constrained to variations of the metric-measure structure of
(M, g, h) which keep the weighted volume element invariant at each point of the manifold.
By a variation of the metric-measure structure, we mean a simultaneous variation of both the
metric and the density function, with the same variation parameter ¢:

gltl=g+1tg,  hltl=h+th,  dV,lt] = hltldvolgy. 2)
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In order to maintain the compact support of the integrands, we shall assume that any variations
of & have compact support as well. Moreover, in case of the presence of a boundary, the
variations and their first derivatives must vanish on it (see, for example, [28]).

For a variation of the metric-measure structure (2), through the well-known expression
5/1gl = —%\/I(gﬁ tr g, the invariance of the weighted volume element reads

8dVy, = 4| _,dValt] = hdvoly + hi| _ dvoly,
= (h— $htr g) dvoly =0,

so we have the pointwise condition (l_z - %h tr g) = 0. Also due to this invariance, we
compute the variation of the functional,
1=0

d d

:/ i hdvolg—i-/ radvhzf i
=0 M dt =0 M M dt
dt

The last integrand is the linearization of the scalar curvature Dt = %+ | o = —A{g}+
divdiv g — g - Ric (see [1, 21]), where div stands for the usual divergence. Using the formal
adjoint of Dt with respect to the L2-inner product, we can write

5S _/dr
h= M dt

where Dt*(h) = —hp + Hes, —Ahg is derived from the formal adjoints of div and A.
Hence

d
58S, = — 8y

yr hdvoly.

hdvolg:/ Dr(g)hdvolg:/ (Dt*(h), g§)dvolg,
t=0 M M

88, = / (—hp + Hes, —Ahg, g)dvol,.
M

Note that we have the freedom to choose any variation of the metric g, since there always
exists a variation of the density, given by 1 = %h tr g, which preserves the weighted volume
element. Hence, the left-hand side of the product (hp — Hes;, +Ahg, g) must vanish for all
critical points of Sy, restricted to variations of the metric-measure structure preserving the
weighted volume element. It follows that these critical points satisfy the equation

hp — Hes;, +Ahg = 0, 3)

which corresponds to the vacuum weighted Einstein field equations G" = 0.

1.2 Main results

The general objective of this paper is to further understand the solutions of the vacuum
weighted Einstein field equations, i.e., the SMMSs (M, g, h) such that (3) is satisfied on M
for the metric-measure structure (g, #2). Thus, in Sect.3 and beyond, we consider different
kinds of solutions and study their geometric features. Our analysis is local in nature and, in
the following results, we assume that VA # 0 and that the causal character of V4 is constant
in M. Hence, for general solutions, results should be applied to suitable open sets where
these conditions are met.

Solutions can be split into two families, according to the causal character of Vh: isotropic
solutions are those with V# lightlike, while non-isotropic solutions are those with VA timelike
or spacelike. The approach in treating an equation like (3) is different for the isotropic and
non-isotropic cases, as are often the geometric features of the resulting solutions.

A first approach to isotropic solutions was made in [6], finding that all of them have
nilpotent Ricci operator. Moreover, isotropic solutions are Kundt spacetimes, and if the
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Ricci operator vanishes or is two-step nilpotent, then the underlying Lorentzian manifold
is a Brinkmann wave. In this work, we aim to extend this study to non-isotropic solutions,
while also further understanding the isotropic case. Non-isotropic solutions present a less
rigid geometric structure than their isotropic counterparts, and thus fixing their geometry
becomes, in general, an unfeasible task. Since Eq. (3) provides direct information on the
Ricci tensor, it is natural to impose geometric conditions related to the Weyl tensor. First, we
go over the locally conformally flat case, which turns out to be quite restrictive, as illustrated
by the following theorem.

Theorem 1.1 Let (M, g, h) be an n-dimensional locally conformally flat smooth metric
measure spacetime. Then, (M, g, h) is a solution of the vacuum weighted Einstein field
equations (3) if and only if one of the following is satisfied:

(1) g(Vh,Vh) #0and (M, g) islocally isometric to awarped product (I x N, dlzeaq)ng),
where I C R is an open interval, N is an (n — 1)-dimensional manifold of constant
sectional curvature, and h(t) and ¢(t) satisfy the following system of ODEs:

Ozh/(p/_hq)”, ;
0:h”+(n—1)h%+s h.

n—1

“

(2) g(Vh,Vh) =0and (M, g, h) is a plane wave. Moreover, there exist local coordinates
{u, v, x1, ..., x} such that the metric is given by

n—2
g, v,x1,...,x,-2) = 2dvdu + F (v, x1, ..., x,,_z)a,’v2 + deiz,
i=1
where F(v, X1, ..., Xp_2) = —(n_/;% 7:_12 x? + 27;12 bi()x; + c(v).

The core of this work is the analysis of the less rigid condition div W = 0 (i.e., the
Weyl tensor is harmonic), for 4-dimensional solutions. Since solutions have constant scalar
curvature (see Lemma 3.1), div W = 0 is equivalent to the harmonicity of the curvature
tensor. This condition allows for more geometric flexibility than local conformal flatness,
and solutions with different Jordan forms of the Ricci operator arise. Each of these forms
requires a different approach, but some geometric features are common to all solutions.
Indeed, the Ricci eigenvalues are real (vanishing in the isotropic case), and all solutions with
non-diagonalizable Ricci operator are realized on Kundt spacetimes. The following result
provides a more detailed description of the underlying Lorentzian manifold.

Theorem 1.2 Let (M, g, h) be a 4-dimensional solution of the vacuum weighted Einstein
field equations (3) such that (M, g) has harmonic curvature tensor (not locally conformally
[fat). Assume that the Jordan normal form of the Ricci operator Ric is constant in M. Then,
the eigenvalues of Ric are real and one of the following is satisfied:

(1) Ricdiagonalizeson (M, g) and g(Vh, Vh) # 0. Furthermore, there exists an open dense
subset MRic of M such that, for every p € MRic, (M, g) is isometric on a neighborhood
of p to:

(a) A direct product I, x M, where M = I x¢ N is a warped product 3-dimensional
solution with T = 0 and N a surface of constant Gauss curvature.

(b) A direct product N1 x N> of two surfaces of constant Gauss curvature % and k,
respectively.
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(2) (M, g) is a Kundt spacetime and, depending on the causal character of Vh, one of the
following applies:

(a) Ifg(Vh, Vh) = 0, then Ric is nilpotent and V h determines the lightlike parallel line
field. Moreover; if Ric vanishes or is 2-step nilpotent, the underlying manifold is a
pp-wave.

(b) If g(Vh,Vh) # 0, then Vh is spacelike and the distinguished lightlike vector field
is orthogonal to Vh.

A remarkable observation from this classification is that the underlying spacetimes for the
solutions that are obtained are typical examples that also arise in the study of cosmological
models in General Relativity without the presence of a density. The descriptions of the
density functions corresponding to each of the manifolds given in Theorem 1.2 are discussed
in Sects. 4 to 6.

1.3 Outline of the paper

The remaining of the paper is organized as follows. Some preliminaries are given in Sect. 2,
where we review general aspects of manifolds that will appear in subsequent sections (includ-
ing Kundt spacetimes and warped structures). In Sect. 3 we consider solutions with vanishing
augmented Cotton tensor, which leads to the proof of Theorem 1.1. In order to prove The-
orem 1.2, each admissible form of Ric is tackled in the corresponding section, in both the
isotropic and non-isotropic cases. Further details on the geometry and the form of the den-
sity function for solutions with different Jordan forms are also provided in each of them.
In particular, in Sect.4 we consider the diagonalizable case, where we find analogies with
the Riemannian case (the more technical part is left to an Appendix). In Sect.5, we prove
that the Ricci eigenvalues of solutions with harmonic curvature are necessarily real. This
proof requires a detailed analysis of the geometry of solutions to end up with the use of an
specific algebraic tool (Grobner bases) on a set of polynomials to show that solutions with
non-real eigenvalues do not exist. Finally, in Sect.6 we study non-diagonalizable solutions
with minimal polynomial of degrees two and three. In Sect. 7, some conclusions summarize
the given results.

2 Distinguished Lorentzian metric structures

Several well-known families of spacetimes appear as underlying manifolds in the analysis of
solutions to Eq. (3). In this section we recall them and fix notation for the subsequent study.

2.1 Warped and multiply warped product metrics

A simple geometric structure is that of a direct product manifold, this is, a manifold M =
(M, g) which decomposes as M = (B x F, ggp ® gr). If we modify the metric of the second
factor by a positive warping function defined on the base B, we have a warped product
B x y F with metric g ® f ¢, where F is the fiber. We will make use of the following
expression for the Levi-Civita connection for this structure, for X, V lifts of vectors in B and
F respectively:

VxV =VyX = %X(f)V. 5)
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Additionally, the a priori non-vanishing components of the Ricci tensor for such a structure
are given by

p(X,Y) = (pB _ %Hesjr) (X,Y), where X, Y are tangent to B, 6
(6)
pU,V)= (pF — (w) g) (U, V), where U, V are tangent to F,

/

where d = dim F (see [24]). A useful remark from [26] is that a metric g defined on B x F,
with foliations £ and £F intersecting orthogonally, is a warped product if and only if £p
is totally geodesic and £ is spherical.

If we add several fibers (F1, g1), - - ., (Fk, gk), with their corresponding warping functions
f1,..., fi defined on B, we geta multiply warped product B x ¢, Fy X - - - X r Fy with the metric
given by gp @ f12g1 DD sz gk- The expressions for the components of the Levi-Civita
connection and the Ricci tensor for this structure can be seen, for example, in [14].

2.2 Kundt spacetimes, Brinkmann waves and other subfamilies

Kundt spacetimes are a broad family of Lorentzian manifolds that appear in a number of
different physical and geometric situations. They are characterized by the presence of a
distinguished lightlike vector field and stronger features of this vector field result in more
specific subfamilies of spacetimes such as Brinkmann waves or pp-waves. Literature devoted
to these spacetimes is vast and we refer to [2, 10, 11, 25, 30] to cite just a few.

Kundt spacetimes and their subfamilies play an essential role in the study of isotropic
solutions of the weighted Einstein field equations. Isotropic solutions have nilpotent Ricci
operator, Ric. Moreover, they are Kundt spacetimes if Ric is 3-step nilpotent and Brinkmann
waves if Ric is 2-step nilpotent (see [6] for details). We will see in the subsequent sections
that Kundt spacetimes not only play a role in the isotropic case, but also in the non-isotropic
case, under some geometric conditions.

Kundt spacetimes are Lorentzian manifolds of dimension n > 3 with a lightlike geodesic
vector field V which is recurrent in its orthogonal complement (see, for example, [2]), i.e.
there exists a differential 1-form w such that

VyV =0 and VxV =w(X)V forall X € V' %)

Alternatively (see [10, 11, 25])), the distinguished vector fields V that define Kundt
spacetimes are characterized by being lightlike geodesic and having zero optical scalars:
expansion (0 = —5V; V1), shear (6> = (VIV/)V;Vj) — (n — 2)6?) and twist (0* =
(V!V/)V|; V}), where parentheses and brackets in the subindices denote symmetrization and
anti-symmetrization, respectively). For an n-dimensional Kundt spacetime, in appropriate
local coordinates (u, v, xi, ..., X,—2), the metric can be written as

n—2 n—2
g=dv <2du + F(u, v, x)dv + Z2Hxi (u, v, x)dx,-) + Z gij(v, x)dx;dx;, (8)

i=1 ij=1

where F', H,; and g;; are functions of the specified coordinates. In dimension four, coordinates
in (8) can be further specialized so that g;; = P (v, x)d;; (see [30]).

Some well-known families of Kundt spacetimes are characterized by more restrictive
conditions on the distinguished lightlike vector field V. If V is recurrent, i.e. if VxV =
o(X)V for a I-form w on M and every X € X(M), then the manifold is said to be a
Brinkmann wave. In this case, coordinates (8) can be specialized with H,, not depending on
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u (see, for example [20]). Moreover, d, F' = 0 if and only if V' can be rescaled to a parallel
vector field, in which case the metric can be further simplified.

Among Brinkmann waves, there are special families of interest that are obtained by
imposing some conditions on the curvature. Following terminology in [20], pure radia-
tion waves (pr-waves for short), are Brinkmann waves whose curvature tensor satisfies

R(VL, VLt — —) = 0. In this case, the Kundt coordinates (8) reduce to a much simpler
form:
n—2
g =2dudv+ F(u,v,x)dv’ + ) dx]. )
i,j=1

Whenever the distinguished vector field V is parallel, the pr-wave is said to be a pp-wave,
and F can be taken to satisfy 9, F = 0. Note that a Brinkmann wave with parallel lightlike
vector field V is a pp-wave if and only if R(VL, V*, ., -) = 0. Moreover, it was shown in
[20] that a pr-wave is a pp-wave if and only if it is Ricci isotropic, i.e. Ric(X) = 0 for
any X € V1. These spacetimes are very common in special situations described in General
Relativity and, in particular, as solutions of the Einstein equations (we refer to [30] for further
details). A pp-wave with transversally parallel curvature tensor (i.e. such that Vi, R = 0) is
called a plane wave. Again, we refer to [30] for examples of contexts where these spacetimes
play arole, which are numerous. In local coordinates, the metric of a plane wave can be given
by (9) where F'(u, v, x) = Z?,j:l a;j(v)x;x; and the coefficients a;; are smooth functions
of v. Note that, if the a;; are constants, these metrics correspond to Cahen-Wallach symmetric
spaces [8].

3 Solutions to the vacuum weighted Einstein field equations

From a geometric point of view, it is natural to question how the geometry of a solution of
(3) is constrained by the relationship between the density and the metric, and to what end the
features of both g and & can be inferred from the vacuum weighted field equations. The first
geometric consequence of these equations, coming from the fact that G" is divergence-free
if they are satisfied, is that the scalar curvature of a solution is necessarily constant (cf. [3,
16]).

Lemma 3.1 [6] If (M, g, h) is a solution of the vacuum weighted Einstein field equations,
then its scalar curvature T is constant.

We introduce some notation as follows. The (0, 4)-curvature tensor is given by
R(X,Y,Z,U) = g((Vix,y]; — [Vx,VyDZ,U). For an n-dimensional spacetime the
Schouten tensor is given by P = ﬁ (p — ﬁg), so the Weyl tensor W is obtained
from the relation R = P ® g + W, where ® is the Kulkarni-Nomizu product.

We use div to denote the usual divergence, given in an orthonormal frame {E1, ..., E,},
withe; = g(E;, E;),bydivT(---) = ZLI &i(VE, T)(E;, - - -). Thus, the divergence of the
Weyl tensor is div W = 2 :;dP, where d P is the Cotton tensor, given by

n

dP(X,Y,2)=n—-2){(VyP)(X,Z) — (VzP)(X,Y)}. (10)

Notice that a manifold with n > 4 is locally conformally flatif and only if W = 0,s0dP =0
if this condition holds. In dimension three, besides, d P = 0 characterizes local conformal
flatness.
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Moreover, the divergence of the Riemann curvature tensor is divR(X,Y,Z) =
(Vyp)(X, Z) — (Vzp)(X, Y). Hence, since the scalar curvature of any vacuum solution
is constant by Lemma 3.1, the Cotton tensor satisfies d P = div R. Thus, considering solu-
tions with harmonic Weyl tensor and harmonic curvature tensor becomes equivalent.

LetJ = 2%1 be the usual Schouten scalar. Taking traces in (3), we have Ah = — nh%l =
—2Jh,so Eq. (3) can also be written as
h(p —2Jg) = Hes, (11)

and dAh = —2Jdh since t is constant by Lemma 3.1. On the other hand, we have
(VzHesp)(X,Y) — (Vy Hesy)(X, Z) = R(Vh, X, Y, Z),
s0, using (11), we can write
R(Vh,X,Y,Z) = Vz(h(p —2Jg))(X,Y) = Vy(h(p —2J8)(X, Z)

=((—-2Jg) Adh(X,Y,Z)—hdivR(X,Y, Z) (12)
= ((p —2Jg) Ndh —hdP)(X, Y, Z),

where, for a (0,2)-tensor 7 and a l-form w, T A w(X,Y,Z) = T(X,Y)w(Z) —

T(X, Z)w(Y).

Since the spacetime is endowed with a density, following terminology in [27], we define
the augmented Cotton tensor

D =hdP + vy, W, (13)
where 1y, W(X,Y,Z) = W(Vh, X, Y, Z). The tensor D is related to the Bach tensor in
the direction of VA and restrictions on it have consequences on the geometry of solutions in

Riemannian signature (see [27] for details). Moreover, the weighted Einstein field equations
give D a useful alternative characterization.

Lemma 3.2 For any solution of the vacuum weighted Einstein equations, the augmented
Cotton tensor D satisfies

m—2)D=m—-N)pAndh+gANivpp —1tg Ndh (14)

forall X,Y,Z € X(M).

Proof Substituting the definition of D in (12), and using the curvature decomposition R =
PP g+ W, weget

LVhU’@g)zp/\dh—%g/\dh—D.
-

Moreover, by the definition of P and the Kulkarni-Nomizu product,

(P Qg =—(PAdh+gAwwnP)
= —ﬁ (g/\tvhp+p/\dh— n%lg/\dh).
Equating both expressions for ty;, (P @® g), the result follows. O
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3.1 Solutions with vanishing augmented Cotton tensor

As a first step in understanding solutions to the vacuum weighted Einstein field equations,
we consider in this subsection those with vanishing augmented Cotton tensor.

We distinguish between isotropic and non-isotropic solutions. Recall that we are assuming
that the character of Vi does not change in M. As concerns isotropic solutions, they were
described in general in [6], showing that the Ricci operator is nilpotent and that solutions are
realized in one of the two following families:

(1) Brinkmann waves if the Ricci operator vanishes or is 2-step nilpotent.
(2) Kundt spacetimes if the Ricci operator is 3-step nilpotent.

The following result shows that, if the augmented Cotton tensor vanishes, the underlying
manifold is a warped product or a Brinkmann wave, depending on whether it is non-isotropic
or isotropic, respectively.

Theorem 3.3 Let (M, g, h) be a solution of the weighted Einstein field equations (3) with
vanishing D tensor.

(1) If g(Vh,Vh) # 0, then (M, g) is locally isometric to a warped product I x, N, where
I C R is an open interval, N is an (n — 1)-dimensional Einstein manifold, and Vh is
tangent to 1.

) Ifg(Vh,Vh) =0, then (M, g) is a Brinkmann wave with 2-step nilpotent Ricci operator.

Proof We analyze both cases separately. Assume first that g(Vi, Vi) # 0. Note that, for any
non-isotropic solution, since V# is not lightlike, we can consider a local pseudo-orthonormal
frame B = {E;, E», ..., E,}, where E| = % and |Vh| = Jeg(Vh,Vh) (¢ = *1
depending on whether V1 is spacelike or timelike, respectively). Furthermore, without loss
of generality, we can take g(E», E2) = ¢y = —¢ and g(E;, E;) = 1 fori > 2.

On the one hand, in the expression (14) for the augmented Cotton tensor D, take Y = %
so that g(Vh,Y) = ¢, and take X = E;, Z = Ej, i, j > 1. Since D vanishes, we have
p(E;i, Ej) = TLELED o (E; E;). Then, by Eq. (11),

el (E1, E1)
—1

On the other hand, we cantake X = Y = Eyand Z = E;,i > 1to find p(Ey, E;) =
Hes, (E1, E;) = 0. It follows that the level hypersurfaces of 7 in M are totally umbilical
and, furthermore, that the distribution generated by V# is totally geodesic. Consequently,
(M, g) splits locally as a twisted product I x, N, where I C R is an open interval, for some
function ¢ on I x N. Moreover, since the mixed Ricci terms p(Ey, E;) vanish, from [15] it
follows that the leaves of the fiber form a spherical foliation and the twisted product reduces
to a warped product I x, N for some function ¢ on I (see also [26]).

Let ¢ be a local coordinate parameterizing / by arc length with E; = V¢ = £9; and let
sa = p(Ej, Ey)and A = f:‘i‘ . Then, we can write Hesy, (E|, E1) = h” and, by the weighted

n
Einstein field equations (11), @ = eh~'h” + 2J, so a depends only on ¢. Moreover, since
7 is constant, p(E;, Ej) = Ag(E;, E;) depends only on ¢ as well. We shall show that N is
Einstein as follows. Consider the basis {E i = @E;}i=, ., whichis orthonormal on N. From
the expression of the Ricci tensor of a warped product (see [24]), we have

Hes;,(E;, Ej) = — g(E;, Ej).

— - — - — - ” N2
PV (Ei Ej) = p(Ei, Ej) +eg(Br, Ep) (% + (0 —2) 9 )

" /)2 (15)
=92 (h+ 2 + (0= eg(Ei, Ep).
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44 Page 10 of 38 M. Brozos-Vézquez, D. Mojén-Alvarez

Since pN (E;, 1::‘,) is a function defined on the fiber, it does not depend on ¢, which is a
coordinate of the base. Hence, p¥ = Bg" for some 8 € Rand N is Einstein. Thus, assertion
(1) holds.

Now, assume g(Vh, Vh) = 0. Then, it follows from [6] that the Ricci operator is nilpotent.
Moreover, there exists a pseudo-orthonormal basis {Vh, U, X1, ..., X,,—2} such that the non-
zero terms of the metric tensor are g(Vh,U) = g(X;, X;) = 1,i = 1,...,n — 2, and the
Ricci operator is given by Ric(U) = vVh + pu X1 and Ric(X1) = uVh (see [6, 24]).

Since D = 0, Eq. (14) evaluated on (U, U, X1) yields

0=(n—DpAdh(U,U, X))+ g Agnp(U, U, X1) —tg Adh(U, U, X1)
— —(n - D

Hence, u = 0, so the Ricci operator is two-step nilpotent and it follows from [6] that (L, g|s()
is a Brinkmann wave. O

Note that the warped product structure of non-isotropic solutions with vanishing D tensor,
described in Theorem 3.3 (1), is analogous to the case of Riemannian signature discussed
in [27]. This analogy also works when considering locally conformally flat non-isotropic
solutions and comparing them to those studied in Riemannian signature in [18] as we will
see in the following subsection.

3.2 Locally conformally flat solutions

We will start this subsection keeping the dimension of the manifold arbitrary in order to prove
Theorem 1.1, and then we will obtain specific results in dimension four. Unsurprisingly,
the vanishing of the Weyl tensor turns out to be more restrictive than the vanishing of the
augmented Cotton tensor.

Proof of Theorem 1.1 For locally conformally flat solutions, the augmented Cotton tensor D
given by (13) vanishes identically since W = 0 implies d P = 0, so we apply Theorem 3.3
to obtain a local splitting into a warped product I x, N if g(Vh, Vh) # 0 and adopt the
notation of its proof. A warped product of the form I x, N is locally conformally flat if and
only if the fiber N has constant sectional curvature (see [5]).

Once the local splitting into a warped product has been established, we use the expressions
for the Ricci tensor of a warped product (see [24]) and the weighted Einstein field equations
(11) to compute the Laplacian of &, the two eigenvalues of the Ricci operator (Ric(Vh) =
aVh and Ric(E;) = AE; fori > 1) and the scalar curvature in terms of /4 and ¢ to obtain:

Ah =¢ h//—i—(l’l—l)%)’a:—g(n_l)%=5%+ﬁ,
_ 1 Y ol
r=i =t T=—0- De( + - DR,

Note that, for 7, we have used the second expression for « and the fact that, by (11),
h ()L — nfj) g(E;, E;) = Hes; (E;, Ei) = s%g(Ei, E;), where we have used (5) to obtain
the last expression.
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The non-diagonal terms of G = hp —Hes;, +Ahg vanish identically. Hence we compute
the diagonal terms as follows:

0=GMELE)) = —(n — D™ 4" 4 (n — DI —
= (-1 (M),
0=G"E E) = ¢ (h (% +e357) + (0 + 0 — D) = L) o(E;, By

nil)g(Ei,Ei),

=e(h+htn-D%

where we have used the relation 4'¢’ — hg” = 0 that we got from the first expression to
simplify the second one. Hence we obtain that the system of ODEs given in (4) are necessary
and sufficient conditions for a warped product as above to be a solution of (3).

Assume now that g(Vh, Vi) = 0 on an open subset 4L C M. Since D = 0, we use
Theorem 3.3 to see that the Ricci tensor is either flat or 2-step nilpotent. Moreover, 7 = J = 0
and the only non-zero term of the Ricci tensor is p(U, U) = v. Therefore, the manifold is a
pp-wave if and only if R(D+, DL, -, ) = 0 (see [20]).

Notice that D+ = span{Vh, X1, ..., X,—2}and,since W = 0,wehavethatR = P g =
m 1 50 @ g- Hence by directly substituting in this expression we get that R(D+, D+, ., ) =0
and that (M, g) is indeed a pp-wave.

Now, locally conformally flat pp-waves are plane waves that admit local coordinates
(u,v,xy...,xp—2) such that the metric takes de form

n—2
g, v,x1,...,xy-2) = 2dvdu + F(v, x1, ..., xn_z)a,’v2 + deiz,
i=1
where F(v, X1, ..., Xy—2) = Z(v) Yoz 2x2 +30 2 bi (v)x; + c(v) (see, for example, [4]).
With respect to these coordinates, the only non- vamshmg component of the Ricci tensor is

p(0y, d,) = —a(u). Moreover, because the distinguished parallel lightlike distribution of
the pp-wave corresponds with VA by construction, it follows that V£ is a multiple of 9,,, so
h(v,u,xy,...,x,—2) = h(v). Now, a direct computation of the terms in (3) yields the only
condition:

—a()h(@) —h"(v) =0,
from where case (2) follows. m]

Remark 3.4 The system of ODEs (4) was obtained in [18] for ¢ = 1 in the Riemannian
setting. An analogous reasoning to that in [18] shows that from (4), it follows that

n—1_1

y=9¢" 9"+ sotne”s
= (90/)2 nl/z(p2 "+ n(n 1)‘;0 ,

where y, « are real constants and p™ = kg™ . The discussion of the solutions to these ODEs
in [18] in terms of the constants 7, k and y, also applies to the Lorenztian case by substituting
7 and k with e7 and e« respectively. Note that these ODEs are also satisfied in the case D = 0
(not necessarily locally conformally flat), if we allow a generic Einstein fiber instead of a
fiber of constant sectional curvature.

Isotropic locally conformally flat solutions are completely characterized, for arbitrary
dimension, in Theorem 1.1 (2). For the non-isotropic case, we give a detailed description of
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solutions in dimension four as follows, where the nature of solutions depends on the sign of
the scalar curvature, which is constant by Lemma 3.1.

Corollary 3.5 Let (M, g, h) be a non-isotropic, non-flat solution of the vacuum weighted
Einstein field equations with dim M = 4 and vanishing augmented Cotton tensor. Then M
decomposes locally as a product I x N, where I C R is an open interval with Vh tangent
to I; and N is a 3-dimensional manifold with constant sectional curvature k. Moreover, the
metric and the density functions satisfy one of the following:

(1) g is adirect product metric edt®> + g™ with t a coordinate parameterizing I by arc length
such that

h(t) = ¢ sin (“/ZWSTI) + ¢ cos (‘/?(t) , ifex >0,

v —2eK ¢ _ \/728)(1‘ .
h(t) =cie ¢  +cre ¢ ifex <0,

(2) g is a warped product metric edt* + ¢(1)* g with t a coordinate parameterizing I by
arc length such that the density function h satisfies h(t) = A¢'(t), A € R*, and ¢ takes
the following forms, depending on the sign of the scalar curvature t of the product:

o) = 67’( + ¢ sin( /%t) +czcos< %Tt), ifetr > 0,

p(1)? = 67K+C1€‘/¥t+61€_\’_%t, ifet <0,
9(1)* = ext® + c1t + 2, ift =0, ¢} # decok,

where A, c1, ¢y are suitable integration constants so that gaz(t), h(t) > Oforallt € 1.

Proof From the first ODE in (4), it follows that either ¢’ = 0, so we have a Riemannian
product, or i(t) = A¢’(t) with A € R* such that & > 0 for all ¢ € I. In the first case, the
remaining non-vanishing components of the weighted Einstein field equations take the form

0=G"E.Ep) =& (W +e5h) (B E).

where T = 6—’;. We can solve the resulting ODE 0 = 1" + %h to get the density function.
Note that, if k = 0, then the manifold is flat.

Now, assume that ¢’ # 0, so h(f) = A¢’'(¢t), and take F(r) = ¢(¢)%. Then, we compute
the scalar curvature of the warped product, in terms of x and F, using the warped product
curvature expressions, resulting in the equation 0 = T F — 32k — ¢ F”"). We solve this ODE
to get the different forms of ¢2. Then, a direct computation shows that all components of the
weighted Einstein field equations vanish. Note that, if 7 = 0 and c% = 4ecyk, the manifold
is flat. O

For manifolds of dimensions other than 4, it is not possible to express all possible solutions
in such a simple way as in Corollary 3.5. However, we refer to Sect. 4 for some generalizations
of Kobayashi’s locally conformally flat static spaces to Lorentzian signature that are of special
interest, since they appear as submanifolds of higher-dimensional solutions. The following
example will be used to illustrate this fact.

Example 3.6 Let (I x, N, g, h) be a 3-dimensional (Riemannian or Lorentzian) SMMS, with
N a surface of constant Gauss curvature «. If this triple is a non-flat solution of the weighted
Einstein field equations (3) with vanishing scalar curvature 7, then the system of ODEs (4) is
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satisfied and, moreover, y = ¢%¢” and ek = (¢')% + 2y ¢~ for some constant y € R\{0},
since the manifold becomes flat if y = 0. If y > 0, this corresponds to case IV.Iin [18], and
if y < 0, to case III.1 (substituting « by ek ). Notice that all solutions of this kind have two
distinct Ricci eigenvalues.

4 Solutions with harmonic curvature. The diagonalizable case

We have already seen how local conformal flatness only allows for very specific warped
product structures (see Theorem 1.1 and Corollary 3.5) and how they relate to the Riemannian
static spaces discussed in [18]. In order to get a broader family of solutions with a more flexible
geometry, we are going to focus on dimension four and impose a weaker restriction than local
conformal flatness: harmonic Weyl tensor. Since every solution has constant scalar curvature
(see Lemma 3.1), this is equivalent to the curvature tensor being harmonic.

Our analysis is divided into several sections depending on the structure of the Ricci
operator Ric. We will prove shortly that, for solutions with harmonic curvature, Vi is an
eigenvalue of Ric (see Lemma 4.4). If g(Vh, Vh) # 0, since Ric is self-adjoint, at each point
of the manifold, it takes one of the following four forms (see [24]): On the one hand, relative
to an orthonormal frame By = {E| = Vh/|Vh|, E>, E3, E4},

A0 00 A 000

.. 10200 .10 a b0

Ric = 000 or Ric = 0-baol (16)
00 0 Xy 00 0«

with b # 0. Following standard terminology, we refer to these structures as Type I.a and
Type 1.b, respectively.

On the other hand, relative to a pseudo-orthonormal frame of the form B, = {E| =
Vh/|Vh|, U, V, E>}, where the only non-vanishing terms of the metric are g(E;, E;) = 1,
i=1,2,g(U, V) =1, there are two more possible forms:

2000 A000

. 0ax00 . Oa01

Ric = 06al or Ric= 00a0l a7
0008 001«

which we call Type II and Type Il respectively.

For solutions with g(Vh, Vh) = 0, the Ricci operator is nilpotent [6]. Moreover, there
exists an adapted pseudo-orthonormal frame By = {Vh, U, X1, X»} such that the non-zero
terms of the metric tensor are g(Vh, U) = g(X;, X;) = 1,i = 1, 2, and the Ricci operator
takes the form

Ovuo
. 0000
Ric = 000]|" (18)

0000

Hence, the isotropic solution is Ricci-flat (corresponding to Type I.a), 2-step nilpotent (;x = 0
and v # 0, Type II) or 3-step nilpotent (i # 0, Type III).

Henceforth, we will assume that the Ricci operator of any solution is of constant type in the
manifold. Otherwise, one would restrict to an open subset where this happens. In this section,
we treat the diagonalizable case (see Sect.5 for a study of Type L.b and Sect. 6 for details
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on Type II and Type III). Solutions with harmonic curvature were previously considered
in Riemannian signature in [17], where the Ricci operator is necessarily diagonalizable.
Motivated by this work, we follow some of the arguments applied to static spaces to obtain
all possible solutions in this setting (see also [13] for the study of eigendistributions of the
Ricci operator on manifolds with harmonic curvature, whose arguments will be mimic at
some instances, and [9] for related arguments for Ricci solitons). Unsurprisingly, some of
the results in this section are reminiscent of those in [17]. However, the fact that we are
working in Lorentzian signature allows for greater flexibility and gives rise to new geometric
structures when the solution is isotropic. Moreover, if Vi is timelike, we will see that the
Ricci operator is necessarily diagonalizable, so all solutions with this character of Vi are
described below in Theorem 4.1.

Much like in the Riemannian case, the geometric structure of a non-isotropic solution
strongly depends on the number of distinct eigenvalues of Ric. Arguments in [13] and
[17] show that this number does not change in an open dense subset of M. Indeed, for
x € M, let ERic(x) be the number of distinct eigenvalues of Ric, and set Mgic = {x €
M : ERjc is constant in a neighborhood of x}. It is clear that MR is open. To show that this
subset is dense, take x € M and consider any open ball B centered at x. Since the rank of ERjc
is finite, there is a point ¢ € B where ERjc(¢q) is the maximum of ER;jc on B. Since a small
variation of the eigenvalues cannot decrease the value ERic(q) and because it is maximum by
definition, there is a neighborhood of ¢ where ERic = ERic(q), S0 g € MRic. Therefore, since
we are working locally, we will treat those points that belong to Mg;c for the non-isotropic
case.

Theorem 4.1 Let (M, g, h) be a 4-dimensional smooth metric measure space with diagonal-

izable Ricci operator and harmonic curvature (not locally conformally flat).

(1) Ifg(Vh,Vh) =0, then (M, g) is a solution of Eq. (3) if and only if (M, g) is a Ricci-flat
pp-wave and, in appropriate local coordinates {u, v, x1, x2}, it can be written as

g(u, v, x1,x2) = 2dudv + F (v, x1, xz)dv2 =+ dx12 + dx%, (19)
with Ay F = 831F + BEZF =0,and h(u, v, x1,x3) = v.

2) If g(Vh,Vh) # 0 and (M, g, h) is a solution to (3), then <MR1C, g|MR_C) is locally
isometric to:

(a) A direct product I, x M, where M = I xg¢ N is a warped product 3-dimensional
solution with T = 0 and N a surface of constant Gauss curvature. Moreover, h = c&’
is defined on 1.

(b) A direct product N1 x N> of two surfaces of constant Gauss curvature % and «,
respectively. The density function is defined on Ny and is a solution to the Obata
equation Hesﬁlvl = —%gNl.

Remark 4.2 Notice that the condition on the defining function F of the pp-wave metric in
(19) resembles the Laplace equation. Thus, consider, for example, a solution of the form
F(v, x1,x2) = f(v)(xl2 — x%) to build solutions with harmonic Weyl tensor but which are
not locally conformally flat. Indeed, the non-vanishing components of the Weyl tensor are,
up to symmetries,

W(avv axl» ava axl) = W(avv axz, avv axz) = _f(u)

Remark 4.3 Solutions in Theorem 4.1 (2)-(a) are build from 3-dimensional locally confor-
mally flat solutions with vanishing scalar curvature (see Example 3.6), just by adding an
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Euclidean factor, and result in a multiply warped product of the form /1 x I x¢ N. Note
that the timelike direction corresponds either to the factor /1 or the factor Ir. If I} xg¢ N
is Riemannian with N of constant positive Gauss curvature (¢ > 0), it was pointed out by
Kobayashi that there is a solution in R x $? which contains a spatial slice of the well-known
Schwarzschild spacetime. Thus, we construct a solution on the 4-dimensional spacetime
R x (R x, §2), with the metric given by g = —ds”> @ g5, where g5 stands for the spatial
part of the Schwarzschild metric (see [30] for details on this solution). In contrast, solutions
for k < 0 are incomplete (cf. [17, Example 3]).

From Example 3.6, taking k = 0 allows for an explicit expression for ¢(¢). Indeed, if
k = 0,then (¢')>4+2a¢~! = 0anda = ¢?¢”. Thus, we can write (¢')? +2¢¢” = 0. Solving
this ODE yields (after a translation of ¢, if needed) ¢(¢) = K1t23 and h(r) = Kat~1/3 for

some suitable K|, K, € R*. This gives solutions with Ricci eigenvalues {:752, 0] (simple)

and [—%} (double).

Proof of Theorem 4.1 (1) 1f g(Vh, Vh) = 0, it was shown in [6] that the manifold is necessar-
ily Ricci-flat (hence all solutions of this type have harmonic curvature tensor), and Hes;, = 0,
so the solution is a Ricci-flat Brinkmann wave with parallel vector field VA. In this case,
because Vh is parallel, R(Vh, X, Y, Z) = 0 for all vector fields X, Y, Z. Moreover, on a
pseudo-orthonormal frame {Vh, U, X1, X»}, we have

0=p(X1,X1) =2R(X1,U, X1, Vh) + R(X1, X3, X1, X3) = R(X1, X2, X1, X2),
0=pX,U)=R(X,,U,U,Vh)+ R(X1, X2,U, X3) = R(X1, X2, U, X3).

Analogously, R(X1, X2, U, X1) = 0, so we conclude R(X1, X2, -, -) = 0. Consequently,
R(Vht, Vh*, ., ) = 0 and the Brinkmann wave is indeed a pp-wave (see [20]). There exist
local coordinates {u, v, x1, x2} so that the metric is given by (19). A direct computation shows
that, the pp-wave is Ricci-flat if and only if the spacelike Laplacian vanishes: 37 F + 02, F =
0. Moreover, A is only a function of v and, since Hes;, = 0, we have h”(v) = 0. Now, the
coordinate v can be normalized so that 4 (u, v, x1, x2) = v. O

Non-isotropic solutions require a deeper analysis to provide the classification in The-
orem 4.1 (2). Thus, throughout the rest of this section, all solutions are assumed to be
non-isotropic. Following ideas developed in [17] for the Riemannian counterpart, we estab-
lish some preliminary results. Although we are focusing on 4-dimensional manifolds, they
apply to solutions of arbitrary dimension.

Lemma 4.4 For any n-dimensional solution (M, g, h) of the weighted Einstein field equa-
tions (3) with harmonic curvature, Ric(Vh) = AVh for some smooth function » on M.

Proof Assume divR = dP = 0.1In (12), we can choose X = Vh, Y | Vh and Z such that
g(Z,Vh) =1 to see that

0= R(Vh,Vh,Y, Z)
=dh(Z)(p —2J8)(Y,Vh) —dh(Y)(p —2J8)(Z,Vh) = p(Y, Vh)

for every Y L Vh. Consequently, V# is an eigenvector of the Ricci operator Ric. O

The fact that V4 is a real eigenvector of Ric has important geometric consequences for
vacuum solutions. For example, if V4 is timelike, since Ric is self-adjoint, it follows that Ric
diagonalizes in a suitable pseudo-orthonormal frame By = {Ey, E», ..., E4}, where E| =

Vh/|Vh| and |Vh| = /eg(Vh, Vh) (with e = g(E1, E1) = —1), g(E2, E2) = —e and
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g(E;, E;) = 1fori > 2. (see [24]). We will refer to this as an adapted frame. Consequently,
all solutions with Vh timelike are described by Theorem 4.1.

Note that, if Vi is spacelike, this structure is also possible, with ¢ = 1, but other Jordan
forms for Ric can also arise. Since we are assuming that Ric diagonalizes, let Ric E; =
A; Ei. From the vacuum equations (3), it follows that the Hessian operator hes;, = VVh
diagonalizes in the frame By, with hes, E; = h(A; — 2J)E;. In particular, this implies that
X(g(Vh,Vh)) = 2Hes,(Vh, X) = 0 for all X L Vh, so the distribution generated by Vi

is totally geodesic. This also means that |Vh| is constant on each connected component of
h(hi—2J)

the level sets of h, so we can write Vg, E1 = B E; with 8; = A Furthermore, we
have
0=FE;(g(Vh,Ej)) = g(Vg;Vh,E;) + g(Vh,VE,E;) = g(Vh, Vg, E;)
fori, j > 1,i # j. It follows that span{E», ..., E4} is closed under Lie bracket, and the
distribution generated by span{Ej, ..., E,} is integrable, so M splits locally as a product
I x N, where I is an open interval to which E is tangent, and N projects onto the leaves of
the foliation generated by span{E», ..., E,}. Moreover, we have
dh 1
d| =) =—s=—=dIVh* Adh =0,
(1) = =zt

since Vx(|VA|?) = 0 for X L Vh. Thus, dh/|Vh| is a closed form, and there is a local
coordinate ¢ such that dr = dh/|Vh|. Note that Vt = Vh/|Vh| = E|, so that Vg, E1 = 0,
and h = h(t). With this, the metric takes the form

M =cdi* ® gV, (20)

with N Lorentzian if ¢ = 1 and Riemannian if ¢ = —1. We compute Hesy, (E, E;) = h”
and, from (11), we have A; = eh~'h” 4+ 2J, so 1| depends only on ¢. With this, we prove
the following lemma.

Lemma4.5 Let (M, g, h) be an n-dimensional non-isotropic solution of the weighted
Einstein field equations (3) with harmonic curvature such that the Ricci operator Ric diag-
onalizes. Then, all eigenvalues of Ric depend only on the local coordinate t.

Proof From the harmonicity condition div R = 0, it follows that the Ricci tensor satisfies
(Ve p)(E;i, Vh) = (Vypp)(E;, E;). Then, using (11), we see that, fori # 1,

(Ve p)(Ei, Vh) = Ei(p(E;, Vh)) — p(VEg, Ei, Vi) — p(Ei, VE;Vh)
= (A1 — Ai)g(E;, Vg, Vh)
=gih(A — Aj) (A —2J),

where &; = g(E;, E;). On the other hand, (Vvxp)(E;, E;i) = €;Vh(};), so Vh(A;) =
h(rA1 — Xi)(A; — 2J). Now, since 7 is constant and A; depends only on 7, we have that
T — A1 = ) _;_, A; depends only on 7. Moreover,

0= Vh(x) = VAG) + X1y h(hy — b)) (hj —2J)
= V() +hOa +20) Yy 0 —h (2J(n ~ D+ Y, A?) .

Since V¢t = Vh/|Vh| and |Vh| depends only on ¢, every term in the equation above, except
for 27:2 )»?, depends only on ¢. Thus, Z'}:l )\5 depends only on 7 as well. We can perform
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this same process for any k € {1, ..., n — 1} by induction.
k'R (0 M) = AT VROW + X T VRG,)
=0 7TIVROD) +h Y5 T 0 = (g —20)
=MTIVROD) + 00 +20) Y, 2k

—h (200 AT k).

By assumption, every term in the equation above, except for Z?:z )»5“, depends only on 7.

Thus, Z;l':l A’;H depends only on ¢ as well. As aresult,each A;,7 = 1, ..., n depends only
on t. In particular, we have E;(8;) = E;(A;) = 0foralli,j =2,...,n. O

It is well-known that the curvature tensor is harmonic if and only if the Ricci tensor
is Codazzi. Previous results from [13] show that this Codazzi character imposes by itself
some important restrictions on the geometry of the leaves of the eigendistributions of Ric.
Indeed, a version of the following result was proved in [13] and extends from Riemannian to
Lorentzian signature when Ric is diagonalizable. We include the proof here in the interest of
completeness and because we will use the weighted Einstein equation to provide additional
information on the connection relations for a solution (see also [17]).

Lemma 4.6 (cf. [13]) Let (M, g, h) be an n-dimensional non-isotropic solution of the
weighted Einstein field equations (3) with Codazzi and diagonalizable Ricci tensor. Then,
the distribution associated to each eigenvalue of Ric is integrable and their corresponding
leaves are totally umbilical submanifolds of M.

Proof We work in an adapted local pseudo-orthonormal frame By = {Ey, ..., E,} that diag-
onalizes the Ricci operator and such that g(E;, E;) = ¢;. Denote by I';jx = g(VE, E;, Ey)
the corresponding Christoffel symbols. First, note that, I';;x = —I'j; for all 7, j, k. We

calculate the covariant derivative of the Ricci tensor,

(Vg p)(Ej, Ex) = Ei(p(Ej, Et)) — p(VE Ej, Ex) — p(Ej, VE, Ef)
=€j8jkEi(Aj) + (hj — A Tijk.

Now, since p is Codazzi, we have
0k Ei (M) + (Aj — M) lije = €i8in E; k) + (A — M) jjik. (20
From here, choosing i, j > 1,i # j, we obtain
(Ai =21 = (1 — Aj)g(VE E, Ej) = (M — Aj)Big(Ei, Ej) = 0.

Hence, for every i, j such that A; # A;, I'y;; = 0. Furthermore, since Vg, E; = 0, we
have I'1;; = 0 and it is clear that I'1;; = O since the adapted frame is pseudo-orthonormal.
It follows that Vg, E; stays in the eigenspace associated to the eigenvalue A;, while being
orthogonal to E;. Similarly, I';;; = —¢; 8; and, by (21), (A; —A)[";j;; = 0ifi, j > 1. Thus,
[iji =0if 4; # A; and I';;; = 0, so the component of Vg, E; that is perpendicular to £
also stays in the eigenspace associated with A;, while being orthogonal to E;.

For the rest of the connection coefficients I';jx, with i, j, k > 1, we use (21) to write
()\,j - Ak)l“,-jk = (A — Ak)Fj,»k. It follows that, if A; = Ay # Ajs _Fikj = Fijk =0.1In
other words, if E; # Ej belong to the same eigenspace, then Vg, Ej stays in it. In summary,
let E;, E; be vectors in the same eigenspace (we denote the set of indices corresponding to
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eigenvectors in the eigenspace associated to A; by [i]), and E,, so that A, # A;. Then, in
general, the connection relations read

Ve Er =0, VEE\=BE:;, Ve Ei =) el icEx,
VE Ej = —e16Bidij E1 + Zke[i] eklijk Ex, (22)
Vi E = Zk¢[i].k7&l,u exlipk Ex.

In particular, for two vectors in the same eigenspace, [E;, E ;] = Zke[i] ex(Tijk — Ujix) Ex,
and so the distribution generated by all eigenvectors associated to A; is integrable. More-
over, the second fundamental form satisfies I1(E;, Ej) = —e1&;$;6;;E1, so the tangent
submanifold is umbilical. ]

From this point on, we focus on 4-dimensional solutions to attain the classification in
Theorem 4.1 (2). Once we are working around a point in MRjc, we perform specific analyses
depending on whether the eigenvalues Ay, A3 and A4 are all different; or at least two of them
coincide. As it turns out, the first case is not admissible, independently of the causal character
of Vh.

4.1 The three eigenvalues coincide: 1; = A3 = A4

If Ay = A3 = A4 then, from (22), the connection behaves as follows

Ve Er =0, VgEi=BiE;, VgEi=3},,aliE
VEEj = —¢e1&iPidijEr + Dy exVijkEx,

where i, j, k € {2,3,4}, i # k. We consider the distribution span{E,, E3, E4}, which is
integrable and whose tangent leaves are umbilical (see Lemma 4.6), with unit normal Ej.
Moreover, since the mixed Ricci terms p (E|, E;) vanish, these leaves are spherical (see [15]).
Indeed, notice that the mean curvature vector field —g; 8; E is parallel on the normal bundle
span{E1} because B; depends only on ¢t by Lemma 4.5. Hence the metric decomposes as a
warped product I x s N (see [26]). Moreover, since the Ricci eigenvalues }; are equal for
i =2,3,4, N is Einstein, hence of constant sectional curvature. This implies that I x ¢ N is
locally conformally flat (see [5]), so these solutions were already described in Theorem 1.1 (1),
but not in Theorem 4.1.

4.2 Two eigenvalues coincide: 1; # A3 = A3 0r 13 = A3 # ;.

In order to fix notation, we adapt the pseudo-orthonormal basis { E1 = Vh/|Vh|, E3, E3, E4}
sothat Ay # A3 = A4 and we allow g(E;, E;) = ¢; fori = 1, 2, 3, so the unit timelike vector
field could be E1, E» or E3. In this context, the geometry of the manifold is so restricted that
it decomposes as a multiply warped product.

Lemma4.7 Let (M, g, h) be a 4-dimensional non-isotropic solution of the weighted Einstein
field equations (3) with harmonic curvature tensor, such that the Ricci operator diagonalizes

in the adapted local frame By = {E1, ..., E4}. If there are two distinct eigenvalues Ay #
A3 = A4, then (M, g) splits locally as a multiply warped product Iy x4 I x¢ N with metric
g = e1dt’ + e29(1)°ds* + £(1)°g, (23)

where g is the metric of a Riemannian or Lorentzian surface of constant Gauss curvature K
and h is a function on t.
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Proof We adapt the relations in (22) to this context to see that

Vg, E1 =0, Vg, Ey = BiE;, Vg E2 =0, Vg E3 =T'134E4, Vg E4 = e3l143E3,
Ve, Er = —€18282E1, VE,E3 =T234F4, Vi, Eq = 631043 E3

Ve B3 = —e183B3E1 + T334 E4, Vi, Eq4 = —e1B4E1 + 304433,

Ve Ey = e3'343E3, Vi, E3 =T434E4, VE;Er = Vg, Ey =0.

Notice that the tangent submanifolds to the distributions D; = span{Ej, E3} and Dy =
span{E1, E3, E4} are totally geodesic, since VD; C Dj and VD, C D;. We already know,
by Lemma4.6, that leaves tangent to D3 = span{E3, E4}are umbilical but, moreover, because
B3 = B4 depends only on ¢, the mean curvature vector —e| 83 E is parallel in span{E, E>},
so they are indeed spherical. Since leaves tangent to span{E,} are also spherical and we
already have the decomposition in (20), the manifold decomposes as a multiply warped
product as in (23) and, moreover, 4 depends only on ¢.

Since A3 and A4 depend only on f by Lemma 6.2, the Ricci tensor on the fiber g has
constant eigenvalues and hence it is of constant Gauss curvature. O

Lemma 4.8 Let (M, g, h) be a multiply warped product solution as in (23) with h = h(t)
and harmonic curvature. Then one of the warping functions, either ¢ or &, is constant.

Proof Let g be a multiply warped product metric as in (23). Let « be the Gauss curvature of
g, we can choose local coordinates (x3, x3) on N so that

1
g(x2, x3) = (e3dx? + dx?).
I+ +ad)

Using these coordinates and introducing exponentials on the warping functions to simplify
expressions, we set local coordinates (¢, x1, x2, x3) on M such that

g = e1dt* + e2e*1Vdx} 4 2105, (24)

Now, from (12) we see that

0= R(Vh,dy, 0, 0x,) — (p —2Jg) ANdh(0y,, 0, 0x,) =

2115 .
el (—pere ™22 —2f2 — fl 3+ 31 =2 +2£5).

from where
AP 2()+ £ =3(f) 2 +2A —2f)) +ke1 =0.
A direct computation also shows that
v =2y (—kere 2+ ()2 42/ f+3(F) 2+ f +207).

. . . 1
IlJ51112g these tvs;o exprzessml)ns we obtain that f|' = —3 (6 (f{) >+ 6f|f; +te1) and f) =
— ! ! gl TE]
ze a1 =5 ()2 = 5/ - -
Moreover, we compute

1
G" 8y, 8x)) = aezflelez (6 (2fsh + 1" +h (ter — 6{f3))

to getthath” = % (=12f5h" + 6 hf] f; — htey). Thus, we have expressed the second deriva-
tives of &, fi and f; in terms of lower order terms. Now, we use these relations to compute

G" (3, 0) = (f{ +2L5) I + (—ke1e 2+ (f3)* +2f{ f3 + F1) b,
G (Byy. 01) = 0 (f1 13— (£3) > +kere )+ 2 (f] = f3) 1) .

(Kx§$3 +Kx%+4)2

@ Springer



44 Page 20 of 38 M. Brozos-Vézquez, D. Mojén-Alvarez

This leads to ahomogeneous linear system of two equations in the unknowns 4" and /. Hence,
the rank of the associated matrix is zero:

C1 =" (f = ) B +ter) —3ker f{ = 0. (25)

Differentiating with respect to ¢ and simplifying second order terms, we get
£ (Beer fi =2 (F = 1) (4 (1) 2 + 511 f3 +7e1) ) = 0.
Thus, either f{ = 0, in which case the lemma holds, or

Cy=3ke1fl — 2 (f] — £3) (4(£) > +5Ff1 +te1) = 0.

If C, = 0, then we compute

0=Ci+Co=-22"f(f — £3) (fl +25).

Hence, there are three possible cases. If f; = 0, the result follows. If f{ = f;, then by (25),
we have either fl’ = 0, so the result follows, or ¥« = 0, in which case the manifold is locally
conformally flat. Finally, if f{ = —2f3, then fi(t) = C — 2 f>(¢) for a constant C, and
G" (3, 3;) = —6h(f3)?, 50 f3 = 0. O

Lemma 4.8 above shows that at least one of the warping functions is constant. Notice that
if both are constant, then we have a direct product. In this case, a direct computation of the
equation G" = 0 shows that, necessarily, k = 0, so the manifold is flat. As a result, we can
restrict our analysis of the multiply warped product solutions to the case where one of the
warping functions is constant and the other is strictly non-constant. We first analyze the case

£ #0.
Case @ = constant

Lemma 4.9 Let (M, g, h) be a multiply warped product solution as in (23) with ¢ constant,
with harmonic curvature and h = h(t). Then, (M, g, h) is a solution of (3) if and only if
T =0,h=c& and I, x¢ N is one of the 3-dimensional locally conformally flat solutions
portrayed in Example 3.6 for the density function h.

Proof Consider a multiply warped product structure as in (23) with ¢ constant. Normal-
ize the coordinate s if necessary so that ¢ = 1. Because of the metric structure we have
" N2
R(3,, 3y, 3, 35) = 0 and p(dy, d;) = 0, so we obtain 0 = 7 = % from (12).
This implies that the scalar curvature of I; x¢ N also vanishes.
From Eq. (3), we have that

h/%-/ _ h%.// £162 (Sh// + Zh/gl)

3 3 '

Hence, on the one hand, solving h'§" — h&” = 0 we get h = c&' for a constant ¢ # 0. On the
other hand, since h'&’ — he” = 0, we write 0 = £162G" (3, 3) = b’ + 2% =h"+ Zh%ﬁ
to obtain the system of ODEs (4) for a locally conformally flat 3-dimensional solution with
vanishing scalar curvature, which are further described by Example 3.6.

Conversely, take any 3-dimensional solution (11 x¢ N, h), with (N, gN ) of constant Gauss
curvature k, h = h(t), and vanishing scalar curvature. Consider the 4-dimensional manifold

(M,g) =1 x I, xg N.Then, T = % = 0. Moreover, because the system

G" (@, ) =2 , and G" (3, 3;) =
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of ODEs (4) is satisfied, we have h'¢’ — h&” = 0 and £h” + 21§’ = 0, which imply
G"(3;, 3;) = G"(dy, d) = 0. Using that h = c&’ we compute:

e182GH (X, X) = (£ (W' + 1) +h (xer — 68" — (£')7)) X, X)

= cke1E — (&) + &2%3)g(X, X)

_AkE e (8) +e1£% )
53

for any vector X tangent to N. Since 7/ = = 0, this term vanishes,

. . . . 3 .
so (M, g, h) is a 4-dimensional solution. Moreover, k&' — ¢ (é’) + 525(3)81 = 01is also
the necessary and sufficient condition for the manifold to have harmonic curvature. O

Remark 4.10 Note that solutions given in Lemma 4.9 generically present three distinct eigen-
values for Ric. Indeed, there is a zero eigenvalue corresponding to the /5 factor and the number
of eigenvalues reduces to two only if /1 x¢ N is Einstein, in which case the underlying man-
ifold is flat.

Case ¢ = constant

Lemma4.11 Let (M, g, h) be a multiply warped product solution as in (23), with & constant,
with harmonic curvature and h = h(t). Then (M, g) is a direct product of two surfaces of
constant Gauss curvature and h = c¢’.

Proof Since the metric £2g on N has constant Gauss curvature £, we can assume & = 1 in
(23) by a change of coordinates and a redefinition of «. Then, the Ricci operator is given by

gl(p// €1 (p//

Ric(9;) = — 0, Ric(ds) =—

ds, Ric(X) = kX for X tangent to N.
From (12), we have
2
0= R(Vh,ds,d, ) — (p—2Jg) Adh(ds, 3, ds5) = —gszwh’ (ko +2e19").

"
This implies that —‘E‘T‘f = %, so the manifold is a direct product of two surfaces N

and N, with constant Gauss curvatures 5 and « respectively. Moreover, we compute

YW, "
0=G"%,9) = %, to see that & = c¢’ for a suitable integration constant ¢ € R*. 0

Remark 4.12 Assume we are in the conditions of Lemma 4.11. Then, we can use the product
structure of (23) with & = 1 to write simple coordinate expressions for ¢ and /. Firstly, note
that « cannot vanish, since this results in a direct product of two flat surfaces (hence a flat
solution), with constant density function 4.

Now, for k # 0, since —ng‘f’” = %, the warping function ¢ takes the following forms,
depending on the sign of the product e«

@(t) = cy sin (,/817’%) +czcos< /‘”T"t> , ifejx > 0,

[_ex _[Cax )
o) =c1eV " 2+ 4cre zt ifejx <0,

where ¢ and c¢; are suitable integration constants so that ¢(¢), h(t) > O forallz € I.
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4.3 Case 3. The eigenvalues of the Ricci operator are different (1, # A3 # A4)

There are no solutions with three different warping functions. The proof follows the main
steps to that given in [17]. Due to its length, in order not to break the argumentative flow, we
postpone it to Appendix A.

4.4 Proof of Theorem 4.1 (2).

Let (M, g, h) be a 4-dimensional solution with diagonalizable Ricci operator and harmonic
curvature (not locally conformally flat), and such that g(Vh, Vi) # 0. Then, for any point
in MRjc, which is open and dense in M, we apply Lemmas 4.4—4.11 to find the admissible
structures at the local level. Note that, in the hypotheses of Lemma4.11, the fact that & satisfies
the Obata equation on Nj is immediate from Hesiv' = Hesy, |N1 =h(p — §g)|N1 = —% gN1

(since T = 3k). ]

5 The case with complex eigenvalues

Throughout the previous section, we have discussed the admissible solutions with diagonal-
izable Ricci operator (the only possible case if V# is timelike), and we have seen that the
geometric characteristics of such solutions are not dissimilar from those of Riemannian static
spaces discussed in [17, 18, 27] if the solution is non-isotropic. However, the fact that we are
working in Lorentzian signature means that Ric does not diagonalize, in general, when Vi
is spacelike or lightlike. For isotropic solutions, it was shown in [6] that the eigenvalues of
the Ricci operator are necessarily real. In this section, we show that this is also the case for
4-dimensional non-isotropic solutions with harmonic curvature.

Theorem 5.1 Let (M, g, h) be a 4-dimensional solution of the vacuum weighted Einstein
field equations (3) with harmonic curvature. Then, the Ricci operator of (M, g) has real
eigenvalues.

Note that the harmonicity of the curvature is an essential assumption in Theorem 5.1, since
there are solutions with non-real eigenvalues and non-harmonic curvature, as illustrated by
the following example.

Example 5.2 Tn order to build a solution with complex eigenvalues for the Ricci operator, we
consider a left-invariant metric on the Lie group R3 x R, this is, a semi-direct extension of
the Abelian group. Let {eq, €2, €3, e4} be a basis of the corresponding Lie algebra, where e4
generates the R factor, and the Lie bracket given by

[e1,es] = —e1, [e2,eq] =e3, [e3,e4] = —e.

The Lorentzian metric is given by (eq, e1) = (€2, e2) = —(e3, e3) = (ea, e4) = 1.

Now, we look for an expression of the metric in local coordinates (x, v, z, 1) € R*. Using
the relation dw(X,Y) = Xow(Y) — Yw(X) — w([X, Y]), for a 1-form w, on the dual basis
{e] et e, e4} we obtain

de' =e' A e4, de* = e A e4, de’ = —e2 A e4, de* = 0.
By relating the basis {¢!, 2, €3, e*} with {dx, dy, dz, dt}, and integrating the corresponding
equations we get a particular solution of the form e! = e~'dx, €2 = costdy + sintdz,
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e3 = sintdy — cos(t)dz, e* = dr. Hence,

g = 2ldx?® + cos(2t)(dy* — dz°) + 2sin(2t)dydz + di>.

Consider the positive density function h(r) = e, whose gradient is VA = —e™'9;, so

g(Vh, Vh) = e~ > 0. Moreover, the Ricci and the Hessian operators are given by

Ric(d,) = o;, Ric(ay) =0;, Ric(d;) = -9y, Ric(d,) =9,
hes,(dy) = e '9;, hesy(dy) =e"9;, hesy(d;) = —e "9y, hes,(3;) =e7"0;,

SO (]R4, g, h) is a solution of Type I.b with A = 1, « = b = —1 and a = 0. However, the
curvature tensor is not harmonic, since

(Va, 0) @1, 8) — (Va,0) (B, 8) = 2% # 0.

In order to prove Theorem 5.1, assume, on the contrary, that (M, g, h) is a 4-dimensional
solution of the vacuum weighted Einstein field equations with V& spacelike and Ricci operator
of Type L.b in M, as shown in (16). We work on an adapted orthonormal basis B] = {E] =
Vh/|Vh|, E», E3, E4} and see that, by the weighted Einstein equation (11), the Hessian
operator is given by

hesh Vh = )th, hesh E2 = ﬁEz — I;E3, hesh E3 = EEZ + (}E3, hesh E4 = &E4,

where A = h(A —2J),a = h(a —2J), b = hb and & = h(a — 2J). We start by using the
harmonicity of the curvature to obtain information on a, b A and «, and on the components
of the Levi-Civita connection, with the following two lemmas.

Lemma 5.3 Let (M, g, h) be a solution of Type L.b such that (M, g) has harmonic curvature.
Then, a, b, ). and o« have vanishing derivatives in the direction of E,, E3 and E4. Moreover,

Vh(a) = h(b*> + (» — a)(a — 2J)),

Vh(b) = hb(h +2J — 2a),

Vh(a) = h(h — a)(a — 2J),

Vh(A) = —h(2b?> — 24> —a?> + (A +2J)(2a + a) — 6J1).

(26)

Proof In the frame B;, and using the vacuum weighted Einstein field equations (11), we
compute (Vyyp)(E2, Vh) = 0and (Vg,p)(Vh, Vh) = |Vh|2E2()\). Since V# is spacelike,
from the Codazzi condition (Vy,p)(E2, Vh) = (Vg,p)(Vh, Vh), we find E2(L) = 0.
Similarly, we prove E3(L) = E4(A) = 0.

‘We continue to obtain information from the Codazzi condition. On the one hand we have
(Vynp)(E2, E3) = —Vh(b) and (VE,p)(Vh, E3) = —(A — a)b + ba, which gives the
expression for Vi (b). In the same way, we compute (Vv p)(E;, E;) and (VE, p)(Vh, E;)
fori =2, 3 to find

—Vh(a) + 2bg(VypEa, E3) = (a — A\)a — bb,
Vh(a) + 2bg(VvpE>, E3) = (A —a)a + bb,

which yields g(VypE2, E3) = 0 and the expression for Vh(a). On the other hand,
(Vynp)(E4, E4) = Vh(a) and (Vg,p)(Vh, E4) = (A — a)a gives us an equation for
Vh(a). Finally, since 7 is constant by Lemma 3.1, and 7 = X + 2a + «, we have
0 = Vh(X) + 2Vh(a) + Vh(a), which yields the last Eq. in (26). Moreover, since we
know E;(A) = 0 fori = 2, 3,4 and t is constant, it follows that 2F;(a) = —E; (). Thus,
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taking the derivative of the equation above in the direction of E;, for i = 2, 3, 4, it follows
that E; (2a*> + «> — 2b%) = 0. Now, take

h'Vha? + 30?2 —b?) = (A +27)(2a% + o — 2b%) — 270 (2a + &)
2
—2a® — & + 6ab?.

Differentiating this expression in the direction of E; yields E; (2a> 4+ o — 6ab*) = 0. In
summary, we have three distinct expressions:

Ei(@) = —2E;(a), E;2a*+a*>—2b") =0, E;(2a°+ o> —6ab?) =0,

fori = 2, 3, 4. Using the first and second ones, we can write E; (b) = %Ei (a), so now the
third equation becomes

0 = 6a%E;(a) + 302 E; () — 6b2E; (a) — 12abE; (b)
= —6((a — a)> + b} E;(a).
Since b # 0, it follows that E;(a) = Ei(a) = E;(b) = 0. O
Lemma5.4 Let (M, g, h) be a solution of Type L.b such that (M, g) has harmonic curvature.

Let C be the matrix such that C\; = VypE;, C;y = Vg;Vh and C;jj = Vg, Ej, fori, j €
(2,3, 4}. Then,

AVh 0 0 0
AEy —bE3 o Vh + “5°TEs s Vh+TEy T (%5Ey — Es)

c=|- 3 i i _ _
bE> +aEs WV? —2FE4 —Wwi :‘b”FE4 —T (Ex + 954 E3)
5 (@=a)"+b (@=a)"+b %

where I' = g(Vg, E3, Ey).

Proof The column Cj; is given by the weighted Einstein equation (11) and the fact that
Vg, Vh = hesy, E;. We also use g(Vg,Ej, Vh) = —Hes,(E;, E;) to find the compo-
nent in the direction of Vh of Vg, E;. Now, from the proof of Lemma 5.3, we know
that g(VyrE2, E3) = —g(VypE3, E;) = 0. Next, we compute (Vy,p)(E;, E4) =
(VE; p)(Vh, E4), with i =2, 3, to find

(¢ —a)g(Ea, VynE4) + bg(E3, Vv E4) = 0,
(o —a)g(E3, VypEg) — bg(E2, VypEg) = 0.

Since b # 0, we have g(VyrE;, E4) = —g(VyvnEa, E;) = 0, for i = 2, 3, 4. Moreover,
g(VvnE;, Vh) = Hes,(E;, Vh) = 0 fori = 2, 3, 4. This completes the row Cy;.

Let T';jx = g(VE, Ej, Ei) (notice that I';jx = —I'y;) and Vipjx = (Vg p)(Ej, Ex).
Then, compute V,p33 = 2bI'23 and V3pz3 = 0 to find I'yp3 = 0. Analogously, from
V3022 = Vo232, we have I'330 = 0. Moreover, from V; p4q = V4p;s fori = 2, 3 it follows
that

0=">bT443 + (@ —a)Taa2, 0= (ax —a)las3 — bl 440,

from where I'443 = I'44p = 0. Hence, the only non-vanishing I'; jx (up to symmetries) are
[4;j and I';j4, where i, j = 2, 3. Finally, we use V4p;; = V; p4; to find

2bT 423 = —(a —a)l'p4 — bT'234,  2bT'423 = —(a — a)'334 + bT'324,
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while V3024 = V2034 = V423 gives two more relations:
0= (ax—a)234 —bI'p24, 0= (o —a)l34 + bI'334.
Setting I'234 = T, the indeterminate system given by these four equations yields

o —a (@ —a)? + b2
T, I'3p4 = —T, Fypy3=———>—T,
b 324 423 B2

which completes the remaining terms of the matrix C. O

4 =T334 =

The two lemmas above exhaust the amount of information we can extract from the har-
monicity of the curvature tensor. However, more compatibility conditions can be obtained
through the Jacobi identity of vector fields and the restrictions that the vacuum weighted
Einstein equations impose on the curvature tensor.

Lemma5.5 Let (M, g, h) be a solution of Type L.b of the weighted Einstein equations such
that (M, g) has harmonic curvature, with the connection coefficients given by Lemma 5.4.
Then, E;(T') =0 fori =2, 3, 4.

Proof We use the Jacobi identity of vector fields to write
[[E4, E2l, E3] + [[E2, E3], E4] + [[E3, E4], E2] = 0.
Using the notation of Lemma 5.4, the Lie brackets take the form

[Eq. Byl = —%59TEy — “=0°=V"T By, [Ey, Es] = 2T Ey,

0 0
[E3, E4] = —%3°T E3 + “=0.=V"T'E,.

Moreover, by Lemma 5.3, we have that E; () = E;(a) = E;(b) = 0fori = 2, 3, 4. Hence,

232 _
[[Es, Eal, B3] = S54 E(T) By + ©=22= £3(T) B3 — 2954 T2y,
[[Es. Es). Es) = —2E4(D)Es,

N2 32
[[E3, Eq), Ea] = 295412 By + %54 By (D) E3 — == E) (D) E,.

Taking the sum of the three brackets, it follows that E4(I") = 0. Moreover, from the compo-
nents in the direction of E, and E3 respectively, we have
o —a (@ —a)? —b? (o —a)? — b2

Ex(I) = = Ea(I), 0= ———5

0=

a—a
E3(T) + TEz(F).

2
The determinant associated to this homogeneous system is (%) # 0, so the only
solution is E>(I") = E3(I") = 0. ]

Lemma 5.6 Let (M, g, h) be a solution of Type L.b of the weighted Einstein equations such
that (M, g) has harmonic curvature, with the connection coefficients given by Lemma 5.4.
Then, the following equations are satisfied:

0= “’—‘Z#rz —2@—J)— %((a SO @ —20)(@—=20), (27

0= 0@ P2 4 op? 4 B p? (@ —2)), (28)
2 2
onr%a—wr%(a—zn(a—y). (29)
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Proof Recall that E and denote

- \Vhl
Riju = R(Ei, Ej, Ex, Er) = g((Vig, E;1 — [VE;, VE; D) Ek, EI).

We will use Lemmas 5.3, 5.4 and 5.5 to compute the different components of the curvature
tensor. For example,

R(E2, E2)E3 = 59TV, E5 + %Fv&&

2.2
+O Y By + Vh‘ZVE4Vh+FVE4E4

((a a)((a a)2+b2)1—~2+ 2>E4
[Vh]

Other components follow analogously, and the following are of interest:

2 2
—R3434 = Rosos = Wlﬂ + |th‘2 (@—=2J)(a—2J),
_ 2 2
Roszs = W?#Fz |vh\2b(°‘ 27), (30
_ 2 2
_2((¥ ﬂb)z +b 1—*2 + |Vh|2 ((a 2.])2 +b2) .

Ry303 =
On the other hand, we use Eq. (12) to compute the following components involving E|:
Ryt =a—2J, Rozi=b, Rais1 =—a+2J. 31
Now, using the definition of the Ricci tensor, we have

—a = p22 = Ro121 + Ry323 + Roana,
—b = p23 = R2131 + Ro434,
a = p44 = Ry141 — Roa24 + R3434.

Substituting in the expressions given by (30) and (31), the result follows. O

5.1 Proof of Theorem 5.1

Let (M, g, h) be a 4-dimensional Type L.b solution of the vacuum weighted Einstein field
equations (3) such that (M, g) has harmonic curvature For this solution, Lemmas 5.3-5.6
stated throughout this section apply. Let H =
and @ # a.

Case @ = a: Equations (27), (28) and (29) in Lemma 5.6 reduce to

v h‘z We analyze two cases separately: @ = a

0=2(a—J)+HQ(a—-2J)>+b> -T2,
0 =202+ Hb*(a—2J),
O=a—J+H@—-2J)>+T2

Since b # 0, we solve for a in the second expression to get a = 2%‘1. The remaining two
equations become

0= VPH+ 242/ -T2 0=2 4 J+12
H ’ H ’
so adding both yields

6
0=b2H+§+31. (32)
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Now, notice that VA(H) = 2h(1 — H(A —2J)). Using this, the fact that . = 6J —3a = %,
and the expression for Vi () given by Lemma 5.3, we differentiate (32) in the direction of

Vh. This gives 0 = 2%(5#}12 — 12J H + 30). Hence,

0=5b>H% — 12JH + 30. (33)

Combining (32) and (33), it follows that 0 = 6 + b*> H?, which is not possible.

Case o # a: This case requires some fairly long, although straightforward, computations,
which we present schematically. Firstly, we compute the (28) — (o« — a)(27) and (29) — (27)
to remove the I and obtain two polynomials in R[J, a, b, o, H], that must vanish for our
solution:

Py = —ab*H — 8J%aH —4JaHa + 6Ja’H +2Ja +aHa?> — a*H
+2aa —2a* —2Jb*H +2b*Ha + 2b* + 8J°Ha — 2J Ha? — 2Ja,
Pr = —8JaH +2aHa +a’*H +2a + b*>H + 12J*H —4JHa — 3J + a.

Now, use Vh(H) = 2h(1 — H(A — 2J)), A = 6J — 2a — « and the derivatives given by
Lemma 5.3 to compute two new polynomials 33 = % and &]34%:

Pz = 8Jab’H — 11ab’>Ha + 4a*b>H — 22ab> — 96J3aH — 64J%aHo
+108J%a%H +24J%a + 6Ja?Ho + 28JaHo? —40Ja’H + 30J aa
—34Ja’ + a*Ha — 3a*Ho? — 3aHa? + 5a*H — 6a%a + 4aa?
+10a® — 36J%b*H + 30Jb*Ha + 30Jb* — 3 Ha> — b*H + 2b%«
+96J3Ho — 44J2Ha? — 24J%a + 6J Ho + 4J a2,

By = —ab*H —24J%aH + 8JaHao + 8Ja*H +6Ja —aHo? —a*Ha —a’H
—2a% + b2Ho + 2% +24J3H —12J*Ha — 6J% + 2JHa? + 3Ja — o2

Finally, we compute 35 = %%) and Pe = %, which gives two additional polyno-
mials:

Ps = 676J%ab’>H — 514Jab’>Ha — 92Ja*b*H — 900J ab* + 94a’*b* Ha
+51ab* Ha? — 20a3b% H + 20ab* H + 12ab*« + 280a2b? — 1824J%aH
—1536J3aHa + 2744J3a% H + 456J3a + 240J%a*Ha + 1012J2a Ho?
—1564J2a3H + 692J2%ac — 840J%4% + 70Ja* Ho — 234Ja® Ha?
—210JaHo? +404Ja*H — 246 Ja’a — 202Jae? + 460Ja> — 17a*Ha
+15a3Ho? + 27a>Ho? + 15aHa®* — 40a° H + 20a°a + 46a2a?
+14aa’ — 80a* — 840J3b*H + 696J%b* Ha + 672J2%b% — 138Jb% Ha?
—16Jb*H + 38Jb%a + 9b2Hao® — 9b*Hoo — 18b%a? — 24b* + 1824J*Ha
—1208J3Ha? — 456J3a + 312J%Ha® + 1487202 — 30J Ha* — 12J0°,

PBe = —Tab*Ho + 4a*b*H — 22ab* — 336J3aH + 160J%aH + 184J%a*Ha
+84J2%a —36JaHo? — 48Ja*Ha — 48Ja°H — 12Jaa — 50J a?
+3aHo? + 5a*°Ha? + 5a3Ha + 5a* H + 2aa? + 2a*a + 104°
—24J2%b*H +24Jb*Ho + 38Jb% — 3b2Ho®> — b*H — 202« + 240J*H
—168J3Ha — 60J3 +52J°Ha? +42J%a — 6JHa® — 22Ja® + 4o,

Thus, we have the system of polynomial equations in the variables J, a, b, «, H given by
{B; = 0}. Let Z = (P;) be the ideal generated by the polynomials ;. Notice that a solution
of the system is a solution of any polynomial in the ideal Z C R[J, a, b, «, H]. Now, we
look for an appropriate polynomial by computing a Grobner basis G for 7 using graded
lexicographic order (we refer to [12] for details on the properties of Grobner basis and some
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algorithms used to compute them). As a result, we obtain a basis with 13 polynomials, which
include the following:

®& = 16b% + 8b%a* + ba* € G.

Since & € Z, it must vanish, so we conclude that » = 0 necessarily, which contradicts the
assumption that the solution is of Type L.b. O

6 Non-diagonalizable cases with real eigenvalues

In this section, we focus on the non-diagonalizable cases with real eigenvalues. Hence, we will
tackle 4-dimensional solutions (M, g, h) of the vacuum weighted Einstein field equations
with V& spacelike, such that the Ricci operator is of Type II or Type I11, as given by (17). We
also include in this section any isotropic solutions that are either 2-step nilpotent or 3-step
nilpotent, and we will use the same frame as in (18) in this case. As in the previous two
sections, all solutions are assumed to have harmonic curvature and the results will complete
the proof of Theorem 1.2, which is included at the end of the section.

6.1 Type Il solutions

We begin by analyzing solutions with Ricci operator of Type II. We already know from [6]
that isotropic solutions have nilpotent Ricci operator. Hence, we consider the case with Vi
spacelike first.

Assume Ricis of Type Il with V7 spacelike. Then, there exists a pseudo-orthonormal frame
B> as in (17), so that the Ricci operator is given by Ric VA = AVh, RicU = aU + ¢V,
RicV = oV and Ric E; = BE>. Now, from the weighted Einstein field equations (3), it
follows that the Hessian operator hes, = VV# has the following form in this frame:

hes, Vh = AVh, hes,U =a&U +chV, hes, V=&V, hes, E; = ,5E2,
where & = h(h —2J), & = h(e —2J) and B = h(B — 2J).

Lemma 6.1 Let (M, g, h) be a Type II solution with Vh spacelike. Then M splits as a direct
product I x N, with metric g™ = dt* & gV where 8, = E\ = Vh/|Vh)|.

Proof Since hes, E; = AE1, the distribution generated by Vh is totally geodesic. Further-
more, we see that

0=U(g(Vh, V) =g(VyVh,V)+g(Vh,VyV) =a+ g(Vh, Vy V),
0=V(WVh,U)) =gVyVh,U) +g(Vh, VyU) = & + g(Vh, VyU),

so g([U, V], Vh) = 0. Similarly, we verify that g([U, E2], Vh) = g([V, E>2], Vh) =
0. Thus, span{U, V, E} is close under the Lie bracket, and the distribution generated by
span{U, V, E»} is integrable. Following the same argument that was used in Sect. 4 to obtain
(20), it follows that, locally, M splits as a product / x N, with the metric gM = di*e gN , where
t is such that dt = dh/|Vh| and h = h(t). Note that, since V# is spacelike, 9 = Vi = Ej.

O

Notice that, from Lemma 6.1 we can compute Hes, (3;, 8;) = k", and A = h~'h" + 27,
so A depends only on ¢. This is indeed true for the three eigenvalues.
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Lemma 6.2 Let (M, g, h) be a Type II solution with Vh spacelike. Then, all eigenvalues
of the Ricci operator depend only on the local coordinate t. Thus, for the adapted frame
By ={E,U,V, E>} one has

Ula) = V() = Ex(@) =0and U(B) = V() = E2(B) = 0.

Proof Since the curvature tensor is harmonic, the Ricci tensor is Codazzi. Hence, on the one
hand, we have

(Vvnp)(U, V) = Vh(pU,V)) = p(VvpU.V) = p(U, VypV)
= Vh(a) —ag(VypU, V) —agU, Vv V) —eg(V, Vv, V)
= Vh(a),

where we have used Vh(g(U, V)) = 0 and Vh(g(V, V)) = 0. On the other hand,

Vup)(Vh, V) = —p(VyVh, V) — p(Vh, Vy V)
= —ag(VyVh, V) —rg(Vh,VyV) = (A — @),

sowe end up with Va(a) = h(A —a) (e —2J). We can also write (Vv p)(E2, E2) = Vh(B),
and (Vg,p)(Vh, Ey) = (A — ﬂ),g, so that VA(B) = h(h — B)(B — 2J). Now, since 7 =
A+ 2a + B is constant and A depends only on ¢, we apply the same process as in Lemma 4.5
to show that both & and B depend only on 7. O

The fact that the Ricci tensor is Codazzi, together with the information already obtained,
allow to compute some Christoffel symbols as follows.

Lemma 6.3 Let (M, g, h) be a Type II solution with Vh spacelike. Then, for the adapted
frame By = {Vh, U, V, E;}, the following equations are satisfied:

0= (a—PBg(VE,V, E),

0= (a—PB)g(VvrU, E2) +eg(VviV, E2),

0= (a—PBg(VviV, E2),

0=g(VWyV,U),

0= (x—B)g(VyV, Er),

0= (a—B)g(Er, VyU) +eg(E2, VyV) —2eg(U, VE, V),
0= (ax—PB)g(VyU, E2) +eg(VyV, Ey),

0= (x—B)g(VuV, E),

0= (a—PB)g(VE,U, E2) + ¢g(VE, V., E3).

Proof Using Lemma 6.2 and the Codazzi character of the Ricci tensor, we further analyze
the connection coefficients for the different vectors. For example,
(Vyvp)(Ez, E2) =V (B) —2p(Vy Ez, Ez) = —2Bg(Vy E2, E2) =0,

and similarly, (Vg,p)(V, E2) = (¢ — B)g(VE,V, E>), hence (¢ — B)g(VE,V, E2) = 0.
The remaining components of the covariant derivative of the Ricci tensor are computed in a
similar manner, and we omit details. O

Once we have obtained enough information on the Levi-Civita connection with respect
to the adapted frame, we are ready to give the following classification result for Type II
solutions, where we distinguish the isotropic case from that in which V# is spacelike.

Theorem 6.4 Let (M, g, h) be a 4-dimensional solution of the vacuum weighted Einstein
field equations (3) with harmonic curvature and Ricci operator of Type I1.
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(1) If g(Vh,Vh) > 0, then (M, g) is a Kundt spacetime.
(2) If g(Vh, Vh) = 0, then Ric is 2-step nilpotent and (M, g) is a pp-wave. Moreover; there
exist local coordinates {u, v, x1, xp} such that

gppw U, v, x1,x2) =2dudv + F(v, x1, x2) dv? + dx12 —|—dx%

with h = h(v) and A F = 03 F + 92, F = =0
Proof Assume first that V4 is spacelike. We work in the adapted pseudo-orthonormal frame
B> so that Ric is given by (17). From Lemma 6.3, either if « = 8 or « # B, we have

g(Vy V., U) =0, g(VyV,E)=0.

Moreover, g(VyV, V) = 0 (since g(V, V) = 0), and g(VyV, Vh) = —Hes,(V, V) = 0.
Hence VyV = 0 and V is geodesic.

In what follows we show that V satisfies VxV = w(X)V for some 1-formwand X L V
as in (7) to show that the spacetime is Kundt. We check directly from Lemma 6.3 that
g(VE,V,Ey) = 0 and g(Vy,V, Ez) = 0. Furthermore, from the structure of Hesy, it
follows that g(Vg,V, Vh) = —Hes,(V, Ez) =0, g(Vv,V, Vh) = —Hes,(V, Vh) = 0.
Finally, since V is lightlike, g(Vv,V, V) = g(VE,V, V) = 0. Hence, forany X 1L V, we
can write VyV = w(X)V for some 1-form w satistying (V) = 0, o(Vh) = g(Vvy,V, U)
and w(Ey) = g(VE,V, U).

Now, we consider the isotropic case, i.e. assume V# is lightlike. We consider the pseudo-
orthonormal frame By = {Vh, U, X1, X2} so that Ric takes the form of (18) with u = 0.
Since Ric is 2-step nilpotent, the image of every vector field in the basis vanishes except for
Ric(U) = vVh. Moreover, equations (3) reduce to hp = Hesy,, so we have that Vy,Vh =
Vx,Vh = Vx,Vh = 0, and that Vi Vh = hvVh. Therefore, Vh is a recurrent vector field.

We compute

0=p(X1,U)=R(X,U,U,Vh)+ R(X1, X2,U, X»), and
0=p(X1,X1) =2R(X,U, X1, Vh) + R(X1, X2, X1, X2).

Since dP = 0 and J = 0, we obtain from (12) that R(Vh, X, Y, Z) = pAdh(X,Y, Z), so

R(Vh,U,U,X1) =pAdh(U,U, X1) =0, and
R(Vh,X1,U,X1) =pAdh(X;,U, X1)=0.

Hence R(X1, X», X2,U) = 0 and R(X1, X2, X1, X2) = 0. Analogously, we obtain that
R(X1, X2, X1,U) = 0. Therefore, since Im(Ric) is isotropic and R(DE, DY) = 0 we
conclude that that (M, g) is a pp-wave (see [20]).

Adopt canonical coordinates for a pp-wave so that the metric is given as in (9) with
dy F = 0. Then the curvature tensor is harmonic if and only if A, F = 831 F+ 3)%2F = A(v)
is a function of the coordinate v. Moreover, a direct computation shows that the only possibly
non-vanishing component of G" is

1
G" (B, ) = 5 (=20 () = h(v) (03, F + 07, F)).
Hence, from G"(3,, 3,) = 0, we obtain 8)%1 F+ 8)%2F = 7%’2;5”). O

Remark 6.5 Note, from Theorem 6.4, that Type II solutions of the vacuum weighted Einstein
field equations with Vi spacelike are Kundt spacetimes where the distinguished lightlike
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vector field is V in the adapted frame B, = {Vh, U, V, E»}. Indeed, the covariant derivative
of V satisfies

VyV =0, VuV=¢VwuV.U)V, VgV =gVgV,U)V.

Associated to any Kundt spacetime, there exist canonical local coordinates as in (8). However,
not every Kundt spacetime has Ricci operator of Type II.

If @ # B, using the conditions of the previous results for Type II solutions, we can obtain
more specialized coordinates as follows. From the relations obtained in Lemmas 6.1, 6.2 and
6.3 we get that

VynVh = AVh, Vg,Vh=BE), Vg,Es| Vh, and Vy,E; = 0.

Hence, the distribution span{Vh, E,} is totally geodesic and span{U, V} is an integrable
distribution, so the splitting in Lemma 6.1 can be further specialized. Thus, there exist local
coordinates {¢, ep, u, v} so that & = h(t) and the metric takes the form

g(t,ex,u,v) = dt* + r(t, ez)de% +2H(t,er, u, v)dvdu + F(t,es, u, v)dvz.

Working with these local coordinates, a direct computation of the Hessian operator of &
shows that the eigenvalues are: 1", h/zar’r ,and hl;’;f’ . Since the Ricci eigenvalues only depend
on the coordinate s, so do the eigenvalues of hes,, which are related by Egs. (3). Hence, r and
H decompose as r(t, e2) = ri(t)ra(ez) and H (¢, ez, v, u) = Hp(t)Hi(e2, v, u). Moreover,

a direct computation of G" yields

1
G" B Bey) = 5 (3es Hid Hy — Hydey B H) / HY.

From where 9,, H19,Hy — H19.,0,H1 = 0, which induces an extra decomposition on the
function H; of the form H;(ea, u, v) = H»(ez, v) H3(u, v). Hence, the metric can be written
as

gt ez, u,v) =dt> +r| (t)rz(ez)de% + F(t, ez, u, v)dv?

+2Hy(t)Ha(ez, v) H3(u, v)dudv. (34)

Generically, metrics given by (34) have Ricci operator of type II. However, they do not have
harmonic Weyl tensor nor do they satisfy the vacuum weighted Einstein field equations in
general.

Remark 6.6 Solutions of dimension 4 realized on the family of pure radiation waves, with
the metric given by (9), were studied by the authors in [7], and classification results were
given both in the general case and for solutions with harmonic curvature. In the latter case,
it was proved that isotropic solutions are realized on pp-waves and non-isotropic ones, on
plane waves. In both instances, they are of Type II. This contrasts with the broader family of
Kundt spacetimes, where we can find Type III solutions with harmonic curvature tensor (see
Example 6.8).

6.2 Type lll solutions

In this subsection we consider solutions with Ricci operator of Type III as specified in (17) or
in (18), depending on the whether V4 is spacelike or lightlike. We already know that there are
no solutions of this kind with V& timelike. In both possible cases, all solutions are realized
on Kundt spacetimes as shown in the following result.
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Theorem 6.7 Let (M, g, h) be a 4-dimensional solution of the vacuum weighted Einstein
field equations (3) with harmonic curvature and Ricci operator of Type Ill. Then:

(1) If g(Vh,Vh) >0, (M, g) is a Kundt spacetime. Moreover, there exist local coordinates
as in (8) where h = h(v, x1, x2).

(2) If g(Vh,Vh) = 0 on an open subset, then (M, g) is a Kundt spacetime. Moreover; the
Ricci operator is 3-step nilpotent and there exist local coordinates as in (8) withh = h(v).

Proof We assume (M, g, h) is a 4-dimensional solution with harmonic curvature and Ricci
operator of Type III. We assume first that g(Vh, Vi) > 0. According to (17) and taking
into account Lemma 4.4, there exists a suitable adapted frame By = {Vh, U, V, E>} on
which the Ricci operator is given by Ric VA = AVh, RicU = a«U,RicV = oV + E> and
Ric £y = a E> + U. The treatment of solutions of this type is similar to that of the previous
case. However, proving that the gradient of the Ricci eigenvalues has no component in VA
is simpler. Indeed, we have

(Vvrp)(U, Vh) = Vh(p(U, Vh)) — p(Vy U, Vh) — p(U, Vy, Vh)
= —Ag(VypU,Vh) —ag(U, Vv, Vh) =0,

where we have used Vy,Vh = h(L —2J)Vh and g(U, Vh) = 0. Now, we can write

(Vyp)(Vh,Vh) = U(p(Vh, Vh)) —2p(VyVh, Vh)
= UW)|Vh|®> 4+ U(g(Vh, Vh)) —20g(VyVh, Vh)
= U)|Vh|%.

Since the Ricci tensor is Codazzi and |Vh|2 > 0, it follows that U(A) = 0. Moreover,
T = A + 3« is constant, so U («) = 0. We can similarly compute the analogous covariant
derivatives for V and E; instead of U, yielding V(1) = V(a) = 0 and E>(A) = Ex() = 0.

In order to show that (M, g) is a Kundt spacetime, we are going to see that the lightlike
vector U satisfies

VuU =0, VyU =g(Vy,U,V)U, VgU=g(Vg,U,V)U.

The process of computing the covariant derivatives of the Ricci tensor and applying the
Codazzi condition is the same as in previous instances, so we omit details. First, we compute
Vup)(U,V) = —g(VyU, E3) and (Vyp)(U,U) = 0, so g(VyU, Ez) = 0. Similarly,
we have (Vyp)(E2, V) = g(VyU, V) and (Vyp)(Ez,U) = 0,s0 g(VyU, V) = 0. The
component in the direction of V# is easier to compute: g(Vy U, Vh) = —Hes, (U, U) = 0.
Similarly, since U is lightlike, it is immediate that g(Vy U, U) = 0. Thus, we have proved
that Vy U = 0.

Now, we need to compute Vy,U and Vg,U. For the first derivative, we can write
g(VypU,U) = 0 and g(Vy,U, Vh) = —Hes, (U, Vh) = 0. Therefore, we only need to
determine the component given by g(Vy, U, E>). To that end, consider the covariant deriva-
tives (Vypp)(U, V) = Vh(a) — g(Vy,U, Ez) and (Vyp)(Vh,U) = h(a —2J)(A — ).
Moreover, h(o —2J) = — %h)\ so, by the Codazzi condition on the Ricci tensor, we have

h
Vh(a) = g(VvpU, Ez) + g(a —MA. (35)

Alternatively, we can compute (Vv p)(E2, E2) = Vh(a) + 2 g(E2, Vy,U) and (VE, p)
(Vh, E3) = %’(k —a)A, S0

Vh(a) = =2g(VypU, Ez) + %(ot —MA. (36)
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Combining (35) and (36), it follows that g(Vv,U, E») = 0.

Finally, for the derivative Vg,U, since g(Vg,U, Vh) = —Hes,(E2, U) = 0, we
only need to compute g(Vg,U, E>). To that end, we use the fact that (Vg,p)(V,U) =
8(E2, VE,U) = (Vyp)(E2, U) = 0.

Thus, we can write Vy,U = g(Vv, U, V)U and Vg, U = g(VEg,U, V)U. In summary,
we have VyU = 0 and that, for every X L U, VU = v ® U, for the 1-form w defined in
U+, and given by w(U) = 0, o(Vh) = g(Vy,U, V) and w(E,) = g(Vg,U, V). By the
characterization given by (7), the underlying manifold (M, g) is a Kundt spacetime where
U is the distinguished lightlike vector field.

Additionally, in local coordinates (8), the distinguished lightlike geodesic vector field is
dy, which is orthogonal to V. Hence h = h(v, x1, x2) and Theorem 6.7 (1) follows.

Now, if g(Vh, Vh) = 0 on an open subset, then the Kundt character and the nilpotency of
Ric follow from [6]. In local coordinates as in (8), since the distinguished geodesic lightlike
vector field in these coordinates is d,,, we have that Vi || 9,, so a direct computation yields
h(u, v, xy, x2) = h(v). ]

Example 6.8 The structure of isotropic solutions with 3-step nilpotent Ricci operator is very
rigid. However, we can build examples for any arbitrary nowhere constant density function
h = h(v). Consider the Kundt metric given by

g=dv(Qdu+ F(u,v,x)dv+ w(u, v, x)dx;) + g(v, x)(dxl2 + dx%),
WP hw? _ 12Cxiogx)— D' (v)? _3Cxih®) _ 2
Cx? h(v)® h(v)? X1
and g(v, x1,x2) = ﬁ, C # 0. This is a solution for the vacuum weighted Einstein
field equations where Ric has 3-step nilpotent Ricci operator and harmonic Weyl tensor,
but it is not locally conformally flat since the Weyl tensor does not vanish (for example,
W(am Oy, Oy, 8x1) = 21}11}1((”1))) # 0)

with F(u, v, x1, x2) = , oW, v, x1,x2) =

After analyzing solutions of all four admissible types, we are finally in a position to prove
the complete statement of Theorem 1.2.

6.3 Proof of Theorem 1.2

Let (M, g, h) be a4-dimensional solution of the vacuum weighted Einstein field equations (3)
such that (M, g) has harmonic curvature tensor (not locally conformally flat). Additionally,
assume that Ric does not change type in M.

For Type L.a (diagonalizable) solutions, applying Theorem 4.1 in the non-isotropic case
gives Theorem 1.2 (1), whereas Ricci-flat isotropic solutions fall into Theorem 1.2 (2)(a).

In the non-diagonalizable case, we first use Theorem 5.1 to prove that there are no solu-
tions of Type Lb., so all remaining admissible solutions are of Type II or Type III. Hence,
we apply Theorems 6.4 and 6.7 to complete Theorem 4.1 (2)(a) in the isotropic case, and
Theorem 4.1 (2)(b) in the non-isotropic case.

7 Conclusions
We have studied solutions to the vacuum weighted Einstein field equations (3) under two

distinct geometric conditions: local conformal flatness and the less restrictive condition of
harmonic curvature tensor. In the latter case, we have focused on 4-dimensional solutions.
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In general, solutions of Eq. (3) are realized on families of manifolds typically present in the
context of General Relativity (see Theorems 1.1 and 1.2). The analysis we have carried out
illustrates some important aspects:

e The vacuum weighted Einstein field equations (3) were already introduced in [6] by
finding suitable analogues to the characterizing properties of the usual Einstein tensor
(see [22]). However, in this work, we discussed a variational approach that yields the same
field equations, giving further motivation for their definition by characterizing solutions
as critical points of a restricted variation of the weighted Einstein—Hilbert functional (1).

e Locally conformally flat non-isotropic solutions, as well as 4-dimensional non-isotropic
solutions with harmonic curvature and diagonalizable Ricci operator, present similar
geometric features as those of vacuum static spaces in Riemannian signature (see [18]
and [17] respectively). Namely, they are realized on specific warped or direct products
(see Theorems 1.1 (1) and 4.1) in a way analogous to that of the Riemannian case.
However, types of solutions not present in Riemannian signature arise as a consequence
of working with a Lorentzian metric. Indeed, isotropic solutions are purely Lorentzian, but
non-isotropic solutions with non-diagonalizable Ricci operator also appear. Remarkably,
both isotropic and non-diagonalizable, non-isotropic solutions with harmonic curvature
are realized on Kundt spacetimes (see Theorem 1.2 and also Theorems 6.4 and 6.7).

e Although the geometry of isotropic solutions is quite rigid, in the sense that all of them
are Kundt spacetimes, different assumptions on the Weyl tensor have an impact on the
admissible geometries. For example, locally conformally flat solutions are realized on
very specific plane waves (see Theorem 1.1 (2)). In contrast, the condition of harmonic
curvature allows for more flexibility, including pp-waves which are not plane waves (see
Theorems 6.4 and 6.7) and Kundt spacetimes of Type III (see Example 6.8.

e Although both the geometry and the density function are determined in the diagonalizable
case (see Theorem 4.1), there is some flexibility for the choice of the density in other
cases. For example, it is possible to build locally conformally flat solutions on plane
waves for an arbitrary one-variable density function (Theorem 1.1). Also, Theorems 6.4
and 6.7 illustrate this freedom for the building of solutions with a prescribed density
function in manifolds with harmonic curvature, as it does Example 6.8.

Appendix A. Complement to the proof of Theorem 4.1

This section treats the case with three different eigenvalues corresponding to Sect.4. We
adopt the notation in that section and assume that the three eigenvalues Xy, A3 and A4 are
distinct. We are going to see in Lemma A.2 below that this case is not admissible. The proof
is essentially a Lorentzian analogue to that givenin [17]. Lete; = —¢ = eande3 = g4 = 1.
From equation (22) we know that

Ve, E1 =0, Vg E\=BE;, VgkE =—¢spBiE,

37
VE] Ei = O, VE,- Ej = SkrijkElo ( )

where {i, j, k} = {2,3,4}. From these relations, we obtain the expression of the Ricci
eigenvalues as follows.

LemmaA.1 Let (M, g, h) be a 4-dimensional non-isotropic solution of the weighted Einstein
field equations (3) with harmonic curvature tensor, such that the Ricci operator diagonalizes
inthe adapted local frame By = {E1, ..., E4} and the eigenvalues Ay, A3 and L4 are pairwise
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distinct. Then, they take the following forms:
—ehy = B3 +&By + P23 + BoBs — 2T 342l 432,
—eh3 = B3 +eB, + B3P + Bafa + Zgiigj 3427432,
—edy = B} + B, + PaPo + Pap3 + 2;;:? ['340T432.

3

Proof On the one hand, from (37) and for i, j # 1, we compute
Vie; EnEi = Vij EEi — Vv g Ei = e j(Ujik — Tiji) i E
Vi, VE Ei = —e€iBiVE, E1 = —¢&ifi B Ej,
Vi, Vi Ei = 6kVE (UjikEr) = ek Ei (Ujik) Ex + exe;TjuDikj Ej,
while, on the other hand,
Vie,EnE1 = Vv E, Er — Vv g E1 = —BPE;,
Ve, VE El = Vi (B Ei) = eBlE;,
Vi, Vi Er = 0.
Hence, we have the curvature components given by
Rjiji = —eciejBiBj + ex{(Uijk — Ujik)Tkij — T jikLikj},
Rij1j = —&i(eB] + BHSij.
so the components of the Ricci tensor take the form:
—&Ap = p22 = €R212 + R332 + Rypap
= eBs + B3 + B2B3 + Baba

+ (T34 — T'324)T423 — 3041243 + (TM243 — T'423) 1304 — 4231234
= B3 +&By + P23 + BoBs — 2T 342 432,

and

A3z = p33 = €R1313 — €R2323 + R4343
—eB3 — By — e(BaBs + PaP3) + 2eTou3Tu3
= —&(BF + e} + B3P + B3Ba — 2TM243Tan3),

where we have used that I" jz; = —I"j;x. The computation of A4 is analogous to the previous
one. Now, since the Ricci tensor is Codazzi, so is Hes by Eq. (3). Hence, we get to the relations
(.Bj — ,Bk)rijk = (B — ,Bk)l—‘j,‘k. With these and ij,' = —Fj,'k, we have

B2 — Ba B2 — B3
g3l43 = — 3420432, 34304 = ————T340432,
B3 — Ba Ba— B3
from where the result follows. O

LemmaA.2 Let (M, g, h) be a4-dimensional non-isotropic solution of the weighted Einstein

field equations (3) with harmonic curvature tensor, such that the Ricci operator diagonalizes
in the adapted local frame By = {E1, ..., E4}. Then, the eigenvalues Ay, A3 and ,4 cannot
be pairwise distinct.

Proof In addition to Lemma A.1, we have two more possibilities in order to express these
components of the Ricci tensor. The first one is using the expression Ry;1; = —&&; (A; —2J)4;
given by (12), which yields

— &M =& Rijig —28J = —efl — B7 —2¢l. (38)
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The other option is using the weighted Einstein equation (11) itself, so we get

!/

h
—ehi = —e-pi —2eJ. (39)

For the sake of clarity, let 8, = a, B3 = b, Ba = ¢, and let ' = I'342T°432. Then, we can take
the expressions given both by Lemma A.1 and by (38) for the difference Ry» — R33 and add
them to find

a+b—2c
—2e(hy —A3) =(a —b)c —2———T,
b—c
while taking the expression given by (39) gives

/

h
—2e(Ay — A3) = —2¢(a — b)z.
Equating both expressions yields a first value for 2'h~!,
noooc a+b—2c
e — 2T
h 2 (a—b)b—rc)

By the same process, using the components A, and A3, we have another expression for 2'h

W b a+c—2b
S A B
h 2 (b-c)c—a)
We can now use both values to solve for I" in terms of a, b and c. Indeed, take
P=a*4+b*+c%*—ac—ab—bc
3(@—=b)*+ 3@—0)* + 5(b—c)* 20,

with equality only being achievable when a = b = c. Then, we have

_(@a=b)a—c)b—0o?
4P '

I =

Now, consider that (84 — ﬁz)F§4 = (B3 — ﬁz)FZS. Thus, we can write

(@a— )b —c)?

c—da
Tus)? = TusaTuzy = — T34oTuzp = —
(T432) 432la32 = o T342T43 1P

It follows that either a = ¢ or b = ¢, which is a contradiction. Thus, 8, 83 and B4 cannot be
pairwise distinct, and the same holds for X,, A3 and A4. ]

Funding Open Access funding provided thanks to the CRUE-CSIC agreement with Springer Nature. Research
partially  supported by grants PID2022-138988NB-I00 funded by MICIU/AEI/10.13039/
501100011033 and by ERDF, EU, ED431F 2020/04 and ED431C 2023/31 (Xunta de Galicia, Spain);
and by contract FPU21/01519 (Ministry of Universities, Spain). Funding for open access: Universidade da
Coruiia/CISUG.

Data Availability There is no additional data supplementary to the content of this article.
Declarations

Conflict of interest The authors have no Conflict of interest to declare that are relevant to the content of this
article.

@ Springer



The vacuum weighted Einstein field equations Page370f38 44

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Blancheton, E.: Equations aux variations de la Relativité Générale. C. R. Acad. Sci. Paris 245, 284-287
(1957)

2. Boucetta, M., Meliani, A., Zeghib, A.: Kundt Three Dimensional Left Invariant Spacetimes. J. Math.
Phys. 63, 112501 (2022)

3. Bourguignon, J.P.: Une stratification de I’espace des structures riemanniennes. Compos. Math. 30, 1-41
(1975)

4. Brozos-Vazquez, M., Garcia-Rio, E., Gavino-Ferndndez, S.: Locally conformally flat Lorentzian quasi-
Einstein manifolds. Monatsh. Math. 173(2), 175-186 (2014)

5. Brozos-Vazquez, M., Garcia-Rio, E., Vazquez-Lorenzo, R.: Some remarks on locally conformally flat
static space-times. J. Math. Phys. 46, 11 (2005)

6. Brozos-Vazquez, M., Mojén—Alvarez, D.: Vacuum Einstein field equations in smooth metric measure
spaces: the isotropic case. Class. Quantum Grav. 39 (13), 135013, 20 pp (2022)

7. Brozos-Vizquez, M., Mojén-Alvarez, D.: The vacuum weighted Einstein field equations on pr-waves.
arXiv:2407.10535 [math.DG] (2024)

8. Cahen, M., Wallach, N.: Lorentzian symmetric spaces. Bull. Am. Math. Soc. 76, 585-591 (1970)

9. Cao, H.-D., Chen, Q.: On Bach-flat gradient shrinking Ricci solitons. Duke Math. J. 162(6), 1149-1169
(2013)

10. Chow, D.D., Pope, C., Sezgin, E.: Kundt spacetimes as solutions of topologically massive gravity. Class.
Quantum Grav. 27(10), 105002 (2010)

11. Coley, A., Hervik, S., Papadopoulos, G., Pelavas, N.: Kundt spacetimes. Class. Quantum Grav. 26(10),
105016 (2009)

12. Cox, D., Little, D. O’Shea, D.: Ideals, Varieties, and Algorithms. An Introduction to Computational
Algebraic Geometry and Commutative Algebra. Undergraduate Texts in Mathematics, Springer, Cham
(2015)

13. Derdzifiski, A.: Classification of certain compact Riemannian manifolds with harmonic curvature and
nonparallel Ricci tensor. Math. Z. 172, 273-280 (1980)

14. Dobarro, ., Unal, B.: Curvature of multiply warped products. J. Geom. Phys. 55(1), 75-106 (2005)

15. Fernandez-Loépez, M., Garcia-Rio, E., Kupeli, D.N., Unal, B.: A curvature condition for a twisted product
to be a warped product. Manuscripta Math. 106, 213-217 (2001)

16. Fischer, A. E., Marsden, J. E.: Linearization stability of nonlinear partial differential equations. Differ.
Geom., Proc. Symp. Pure Math. 27, Part 2, Stanford 1973, 219-263 (1975)

17. Kim,J., Shin, J.: Four-dimensional static and related critical spaces with harmonic curvature. Pac. J. Math.
295(2), 429-462 (2018)

18. Kobayashi, O.: A differential equation arising from scalar curvature function. J. Math. Soc. Jpn. 34,
665-675 (1982)

19. Lafontaine, J.: Sur la géométrie d’une généralisation de 1’équation différentielle d’Obata. J. Math. Pures
Appl. IX. Sér. 62, 63-72 (1983)

20. Leistner, Th.: Conformal holonomy of C-spaces, Ricci-flat, and Lorentzian manifolds. Differ. Geom.
Appl. 24(5), 458-478 (2006)

21. Lichnerowicz, A.: Propagateurs et commutateurs en relativité générale. Inst. Hautes Etudes Sci. Publ.
Mat. 10, 293-344 (1961)

22. Lovelock, D.: The Einstein tensor and its generalizations. J. Math. Phys. 12, 498-501 (1971)

23. Fischer, A.E., Marsden, J.E.: Deformations of the scalar curvature. Duke Math. J. 42(3), 519-547 (1975)

24. O’Neill, B.: Semi-Riemannian geometry. With applications to relativity. Pure and Applied Mathematics,
103, Academic Press, Inc., New York, (1983)

25. Podolsky, J., Zofka, M.: General Kundt spacetimes in higher dimensions. Class. Quantum Grav. 26(10),

105008 (2009)

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2407.10535

44 Page 38 of 38 M. Brozos-Vézquez, D. Mojén-Alvarez

26. Ponge, R., Reckziegel, H.: Twisted products in pseudo-Riemannian geometry. Geom. Dedicata 48, 15-25
(1993)

27. Qing, J., Yuan, W.: A note on static spaces and related problems. J. Geom. Phys. 74, 18-27 (2013)

28. Quiros, I., et al.: Brans-Dicke Galileon and the variational principle. Eur. J. Phys. 37(5), 055605 (2016)

29. Shen, Y.: A note on Fischer—Marsden’s conjecture. Proc. Am. Math. Soc. 125(3), 901-905 (1997)

30. Stephani, H., Kramer, D., MacCallum, M., Hoenselaers, C., Herlt, E.: Exact solutions of Einstein’s field
equations. Cambridge Monographs on Mathematical Physics. Cambridge University Press (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	The vacuum weighted Einstein field equations
	Abstract
	1 Introduction
	1.1 The weighted Einstein field equation: variational approach
	1.2 Main results
	1.3 Outline of the paper

	2 Distinguished Lorentzian metric structures
	2.1 Warped and multiply warped product metrics
	2.2 Kundt spacetimes, Brinkmann waves and other subfamilies

	3 Solutions to the vacuum weighted Einstein field equations 
	3.1 Solutions with vanishing augmented Cotton tensor
	3.2 Locally conformally flat solutions

	4 Solutions with harmonic curvature. The diagonalizable case
	4.1 The three eigenvalues coincide: λ2= λ3= λ4
	4.2 Two eigenvalues coincide: λ2neqλ3= λ4 or λ2=λ3neqλ4.
	Case =constant
	Case ξ=constant
	4.3 Case 3. The eigenvalues of the Ricci operator are different (λ2neqλ3neqλ4)
	4.4 Proof of Theorem 4.1 (2).

	5 The case with complex eigenvalues
	5.1 Proof of Theorem 5.1

	6 Non-diagonalizable cases with real eigenvalues
	6.1 Type II solutions
	6.2 Type III solutions
	6.3 Proof of Theorem 1.2

	7 Conclusions
	Appendix A. Complement to the proof of Theorem 4.1
	References



