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Abstract

This thesis has studied spin chains with Lattice supersymmetry. Connections have
been found between Lattice supersymmetry and integrability. In particular, the
construction of lattice supercharge has been incorporated into the construction of
the quantum inverse scattering method. The open XXZ chain Hamiltonian has been
studied, and the construction of the supersymmetric open XXZ7 chain Hamiltonian
by C.Hagendorf and J.Liénardy has been extended. The integrable open XXZ7 chain
Hamiltonian with generic boundary matrices has been studied using TQ equations
proposed by W.Yang, R.I.Nepomechie and Y.Zhang, and the integrable open XXZ
chain Hamiltonian with diagonal boundary matrices has been studied using the alge-
braic Bethe ansatz developed by E.K.Sklyanin. For these two types of Hamiltonians,
conditions on the boundary parameters have been found where Hamiltonians will
have a symmetry in their Bethe equations. This symmetry induces a map SZ¢e
which shares certain properties with the lattice supercharge Sy. An open XXZ
chain Hamiltonian has been found which has symmetry with respect to both Sy
and SBehe  This Hamiltonian is denoted as Hg()zjdmgoml. Using the numerical
SBEthe of H&@Z,diagonal has
SBethe

method developed by B.McCoy, the action of the map
been calculated, and the result has confirmed numerically that is proportional
to the lattice supercharge Sy. Motivated by this connection, a family of commuta-
tion relations between the lattice supercharge of HQQ Z.diagonar @0 sub-matrices of

the monodromy matrix corresponding to H&J\Q Z.diagonar 1@VE been found and proved
using diagrammatic method. Similar commutation relations have also been obtained
for the open XX7Z chain Hamiltonian with anti-diagonal boundary matrices.
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Chapter 1

Introduction

Quantum spin chains are a class of very important models in statistical physics.
They incorporate concepts in diverse areas of mathematics, such as the represen-
tation theory of quantum groups, integrable systems and combinatorics. They can
also be applied to a wide range of phenomena including solid state physics, models of
superconductivity, and non-linear optics. This introduction will give a brief review
of two types of models which are connected to quantum spin chains. The first type
of models is integrable vertex models, and the other type of models is supersym-
metric lattice models. At the end of the introduction, a layout of the thesis will be
presented which will include novel results on how to connect these two models in

the language of the algebraic Bethe ansatz.

The first step towards the solution of the spectral problem of quantum spin
chains was accomplished in [1], which studied the XXX spin chain. This method
is called the coordinate Bethe ansatz. In the context, the word ansatz can be
understood as making certain assumption about the solution, and then carrying out
calculation under this assumption to verify it. In the coordinate Bethe ansatz, the
assumption is about the coefficients of the eigenstates in the coordinate space. The
coefficients involve certain number of parameters which depend on the down spin
in the eigenstate. These parameters are called Bethe roots. The conditions where

the states with these coefficients become eigenstates are called Bethe equations.
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This method has been generalised to the XXZ chain in [2] [3] [4], and to the XYZ
chain in [5] [6] [7] [8] [9]. The connection of vertex models and spin chains was first
pointed out by Lieb for the six-vertex model and the XXZ chain in [10] [11] [12]
[13], and later developed by Baxter for the eight-vertex model and the XYZ chain
in [5] [6]. The method can also be applied to other quantum mechanical systems,
e.g, Heisenberg spin chains, the one-dimensional Bose gas with point interactions
and the massive Thirring model. However, it offers little help for the calculation of
correlation functions of the model. A more transparent version of this method is
developed later in [14] [15] [16] [17] [18] [19] [20]. A comprehensive review can be
found in [21]. This method is called the algebraic Bethe ansatz, and it motivated
the study of quantum groups [22]. Rather than working on the coordinate space,
the eigenstate is assumed to be created from a certain reference state by actions of
a creation operator, and the number of creation operators is related to the number
of down spins in the eigenstate. The parameters in the creation operators are called
the Bethe roots. When the anisotropy parameter of the XX7 chain Hamiltonian
coshn takes generic values, this method will give all the eigenstates. However,
when 7 are roots of unity, certain solutions of Bethe equations will lead to the
vanishing of creation operators. In the six-vertex model, the complete algebraic
Bethe ansatz is given in [23] with the help of the sl symmetry of the model. The
complete algebraic Bethe ansatz of the eight-vertex model is given in [24]. The
algebraic Bethe ansatz has been generalised to open boundary conditions in [25].
In [26] [27] [28] [29] [30] [31], a special correlation function of the spin-half XXZ
chain named the emptiness formation probability is calculated using the algebraic
Bethe ansatz. The emptiness formation probability of the first m sites has been
expressed in a formula which is closely related to the number of m x m alternating
sign matrices when cosh(n) = —3. Connections with alternating sign matrices also
arise in supersymmetric lattice models. A review article of results on correlation

function can be found in [32].

There are other methods developed for quantum spin chains. The analytic Bethe

ansatz is developed in [33]. In this method, the eigenvalue is written out in a certain
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form involving additional parameters. The properties of the eigenvalue imply cer-
tain conditions on these parameters, and these conditions are Bethe equations. The
eigenstate can not be constructed using this method. The Q-operator and T'Q) equa-
tions were first developed by Baxter [34] [5] [7] [8] [9] to solve the spectral problem of
the eight-vertex model. This is a model where the standard algebraic Bethe ansatz
is difficult to apply. The Q-operator method relies on the existence of a certain
matrix named the Q)-operator which satisfies certain functional relations with the
transfer matrix. These functional relations imply a relation between the eigenvalues
of the transfer matrix and the @Q-operator. The eigenvalue of the ()-operator is a
polynomial in the spectral parameter u, and the roots of this polynomial are named
Bethe roots. However, this method can not give the construction of the eigenstates.
A review on TQ equations can be found in [35]. Since then, there has been a lot
of work devoted to the Q-operator and its relation to the representation theory of
quantum groups. In [36] [37] [38], TQ equations of the six-vertex model has been ob-
tained using the g-oscillator representation of Uq<§l\2). In [39] [40] [41], motivated by
the study of integrable conformal field theory [42] [43] [44], a fundamental functional
relation was obtained also using the representation theory of Uq(gl\g), and the TQ
equations and fusion hierarchy can also be obtained from this fundamental relation.
The construction of Q-operator in [39] has been generalised in [45] [46]. The vertex
operator approach is developed to calculate the correlation functions, which works
at the thermodynamic limit of spin chains instead of spin chains with finite length.

A review of this approach can be found in [47].

The supersymmetric lattice fermion model M; was first defined in [48]. This
model is one-dimensional, with a single species of fermions. The Hamiltonian of
this model can be constructed from a lattice supercharge, which is constructed from
the fermion creation and annihilation operators. The fermions satisfy the usual
anti-commutation rule together with the restriction that fermions can not sit on
neighbouring sites. This type of fermions is named hard core fermions. This model
is related to a A/ = 2 super-conformal field theory with central charge ¢ = 1, and it is

among the first which has an explicit construction in terms of a lattice supercharge.



Chapter 1: Introduction

The generalised lattice fermion models M}, are defined in [49], where only up to k
consecutive lattice sites maybe occupied. In [50], the map between the M; model
and the spin-half XXZ spin chain is established. Using this map, it has been shown
that the spin-half XXZ chain at n = 21?” is supersymmetric. The lattice supercharge
Sy of the spin-half XXZ spin chain Hamiltonian can also be derived from the lattice
supercharges of the M; model. In [51], the XXX chain has been shown to have lattice
supersymmetry. In [52], the XYZ chain has been proven to be supersymmetric on a

2in

one-dimensional parameter space, which includes the spin-half XXZ chain at n = =

as a special case. The supersymmetry is also manifest in the coordinate Bethe ansatz

of the supersymmetric XYZ chain as pairing of Bethe roots [53].

An important feature of both the M; model and the spin-half XXZ chain at
n = 217” is that their ground states exhibit interesting combinatorial properties.
The components of the ground state of the supersymmetric spin-half XXZ chain
are related to the enumeration of alternating sign matrix [54] [55] [56]. Using the
map between the spin-half XXZ chain and the O(1) loop model, the components
of the ground state are related to the enumeration of the fully packed loops. The
connection with the O(1) loop model also enables the use of powerful techniques
such as the quantum Knizhnik-Zamolodchikov equation [57] [58] [59] [60] [61] and
combinatorial methods using dihedral symmetry [62] [63]. The relation between
quantum spin chains and combinatorics can also be extended to higher spin cases.
In [64], the supersymmetric spin-one XXZ chain has been studied. The ground
state of this model also exhibits interesting combinatorial properties, which have
been further studied in [65] [66]. In [67], the supersymmetric spin-half XXZ chain

with open boundary condition has been studied. The ground state of this model has

been used to calculate an entanglement measure called the bipartite fidelity [68].

Since the connection between supersymmetric models and integrable spin chains
has been pointed out in [50], research has been done to understand the relation be-
tween the lattice supersymmetry and integrability. In [69], all homogeneous rational

and trigonometric gl(n|m) spin chains with periodic boundary condition have been
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studied. Using their Bethe equations, the spin chains with lattice supersymmetry
are identified. In [70], the supercharge of the M, model has been constructed explic-
itly. The supersymmetry of this model can also be implied from the symmetry of
the Bethe equations which will induce a map taking a set of Bethe roots on the spin
chain of length N to another set of Bethe roots with a extra root on the spin chain
of length N — 1. This map can be identified with the lattice supercharge of the M,
model. This thesis will continue this direction of research. Connections will be de-
veloped between the lattice supersymmetry and the integrability of the XXZ chain
with diagonal boundary matrices. Instead of using the coordinate Bethe ansatz as
in [70], the algebraic Bethe ansatz will be used, and the lattice supercharge will be

incorporated into it.

In Chapter 2, the idea of lattice supersymmetry will be introduced, and the
constructions of integrable supersymmetric Hamiltonians for the periodic boundary
condition [52] and the open boundary condition [67] will also be introduced. In Sec-
tion 2.3, the construction of the local supercharge in [67] has been extended, which is
a new result. This extension relies on the use of Maple software to solve polynomial
equations with integer coefficients. The extended supersymmetric Hamiltonian is
equal to the spin-half open XXZ7 chain Hamiltonian at n = Q’T’T With this connec-
tion, the supersymmetric Hamiltonian can be analysed using the Algebraic Bethe

ansatz and TQ equations, which will be introduced in Chapter 3.

In Chapter 4, the idea of the Bethe ansatz symmetry will be introduced, from
which it follows that there is a pairing of Bethe roots of Hamiltonians with different
sizes. This idea has first been used in [52], and it works when n = 2’{ for both the
periodic and the open boundary conditions. In the periodic case, the Bethe ansatz
symmetry only appears in a special sub-space. The analysis of Bethe equations in
the open case has first been done in this thesis. The analysis is simplified comparing
with the periodic case, since the Bethe ansatz symmetry exists on the whole space.
In general, this symmetry induces an operator S which takes an eigenstate of

the Hamiltonian of size N with a set of Bethe roots {A1,..., Ay}, to an eigenstate of
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the Hamiltonian of size N —1 with a set of Bethe roots {\1,..., Ay, (s+3)n}, where
s is the spin. Another property of SE¢¢ is that the two eigenstates connected by
SBethe have the same eigenvalues with respect to a properly normalised Hamiltonian.
In Section 4.4, a special spin-half open XXZ7 Hamiltonian with diagonal boundary
matrices is studied; This Hamiltonian will be denoted as H;AQ Z.diagonal» A0d 1t has
already been studied in [50] [67]. This Hamiltonian is integrable and has lattice
supersymmetry. The study of this Hamiltonian will offer certain insight into the

relation between the lattice supercharge Sy and the operator SZ¢, which is new

to the literature.

In Chapter 5, with all the preparation done, the main results of this thesis will be
introduced. The materials in Section 5.2 and Section 5.3 are new to the literature. In
Section 4.4, it has been checked numerically that Sy oc SEeth for H;\Q Z.diagonal- LS
suggests the algebraic Bethe ansatz and lattice supercharge are related as in [70].
However, this connection does not end here: the following relations have also been

found

SNBN(U) X BN_l(U)SN,
SNQn BN71(?7)QN71,

where u is any complex number and €2 is the reference state in the algebraic Bethe
ansatz. The large part of Chapter 5 is dedicated to the proof of these relations, and
the exact ratio of the left hand side and right hand side of the above two relations
will be found. These relations gives a certain insight into how lattice supersym-
metry arises in the context of quantum integrability. By using an diagrammatic
argument, it becomes clear that the relation SyBy(u) o< By_1(u)Sy is only one
among a family of commutation relations. One of the relations within this family
is Syty(u) o< ty_1(u)Sy, which is consistent with the commutativity between the
lattice supercharge Sy and the Hamiltonian H&J\QZdngnal. The results in Section
5.1 and Section 5.2 can be found in [71]. At the end of this chapter, a Hamiltonian
with anti-diagonal boundary matrices is constructed. This Hamiltonian is exactly

the one studied in [67] at § = 0 and p = 1. It also has both the lattice supersym-
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metry and the map SP¢"¢. Although the algebraic Bethe ansatz does not apply to
this Hamiltonian, relation Syty(u) o< ty_1(u)Sy is still true. From this relation, a

family of commutation relations can be derived.



Chapter 2

Spin Chain and Lattice

Supersymmetry

In this chapter, quantum spin chains with lattice supersymmetry will be introduced.
Supersymmetric quantum mechanics has been defined in [72]. In the simplest case

the Hamiltonian H is defined as the square of a supercharge @)
H=q?

where H and @) are finite hermitian matrices. It is important to notice that the
eigenstates of non-zero energy always come in pairs. Let |¢) be any eigenstate with

eigenvalue E, then @) |¢) is also an eigenstate with eigenvalue E. This is because

HQl¢) = Q°|¢) = QH [¢) = EQ|9) .

The action of Q on the state Q|¢) is Q?|¢) = E|¢), which is proportional to
|¢). Another important fact which can be derived from the form of H is that all
eigenvalues are non-negative. To see this, recall that @) is a finite hermitian matrix,
and the finite-dimensional spectral theorem implies that it is diagonalisable by a
unitary matrix and have real eigenvalues. Hence the eigenvalues of H are square of

the eigenvalues of (). It also follows that the zero-energy state is annihilated by Q.
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In supersymmetric quantum mechanics, there are two types of eigenstates, they
are called fermions and bosons. The supercharge takes fermions to bosons, and
bosons to fermions. Let a boson with energy E be denoted as |b), and define a

_ Qlb)

fermion as |f) = 7. The action of @ on them are given by

Q) =vVE|f),Qlf) =VE|b).

When the energy is zero, ) will annihilate both |b) and |f). A pair consisting of a
boson and fermion with non-zero energy will be called a supersymmetric doublets,
and unpaired bosons and fermions with zero-energy will be called the supersym-

metric singlets. These two types of particles can be distinguished by the operator

(—=1)F. The action of (—1)¥ will be defined as

(=17 o) = ), (=17 |f) == 1/)-

The trace of the operator (—1) will be called the Witten index, and will be denoted
as Tr(—1)F. Since all bosons contribute +1 and all fermions contribute —1, the
contribution of supersymmetric doublets to Tr(—1)f is zero. The value of the
Witten index is the difference of the number of zero-energy bosons and zero-energy

fermions.

A necessary condition for the existence of supersymmetry is the existence of zero-
energy states, i.e. supersymmetric singlets. The Witten index is a reliable indicator
of supersymmetry, since it is invariant under small change in parameters of the
model. When the Witten index is non-zero, the supersymmetry is not spontaneously

broken. When it is zero, the supersymmetry may or may not be broken.

The supersymmetric Hamiltonian of the XYZ chain on the lattice has a slightly
different construction. First, the Hilbert space is the direct sum of those of finite
lattices of all lengths. The Hamiltonian is defined individually on every finite lattice,
and the one on the lattice of length N will be denoted as H )((]\QZ Second, the

construction of the Hamiltonian H&J\Qz involves two conjugate supercharges Sy :
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VEN 5 YEN-1 and Si - VEN-1 5 VN These supercharges will change the
length of the states, hence this type of supersymmetry on the lattice is often called
the dynamical lattice supersymmetry. Finally, the supercharges are nilpotent, i.e.

Sy_1Sy = S}L\,HS}L\, = 0. The Hamiltonian is defined as
H&AQZ - SN+1S}LV+1 + S;[VSN'

The nilpotency implies the commutativity of the Hamiltonian and the supercharges.
This is because

SNHWY, = SnSn1Shy + SnSh Sy
= SySh Sy + S, SvSy = HY ) Sy

This commutativity is essential for the existence of features of supersymmetric quan-

tum mechanics such as the pairing of bosons and fermions.

From now on, the word supersymmetry will be abbreviated as SUSY. In Section
2.1, the supersymmetric spin-half XYZ chain of the periodic boundary condition
in [52] will be defined. The properties of this Hamiltonian will be studied. In
Section 2.2, the construction in Section 2.1 will be generalised to the open boundary
condition. This work is due to C.Hagendorf and J.Liénardy [67], and it focuses on
the XXZ chain. In Section 2.3, the results in Section 2.2 will be further generalised.

This work is due to the author.

2.1 Lattice Supersymmetry of Closed Chains

This section will study the spin-half XYZ Hamiltonian

N(Jot Iy + 1)

g™
XYZ 92 )

(2.1)

N | —

N

T _x Yy z _z
E (Joojoi g + Jyoiol + J.o507,,) +
j=1

10
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with periodic boundary conditions, i.e, o3, ; = of', and the restriction

Jody + Jyd. + Jpd. = 0.

There exists a parametrisation of parameters in the Hamiltonian (2.1) by ¢

(

J$:1+C7
<Jy:1_<7
J. = (¢ = 1)/2.

\

In a certain subspace, this Hamiltonian with odd N has a constant ground state for
varying ¢ € R [52]. The origin of this phenomenon will become clear after the study

of lattice SUSY of this Hamiltonian.

Motivated by the lattice fermion model, a length changing operator is needed as
the supercharge of H)((AQ 4, and it can be constructed from some local length changing

operator p

p: VeV =V,

where V = Cuv, + Cv_ ~ C?, with basis elements as

The notations (4) and (—) will also be used for v, and v_ later in diagrams. It is

easy to define the conjugation of p

0 1

0 0
pl =

0 0

0 —¢

The conjugate of the local supercharge acting on the ith site is denoted as pT The

R

11
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local supercharge p at site j is

P = (P;)T-

Since the spin chain has the periodic boundary condition, a local operator is needed
which will act on the first and the last site at the same time. It will be denoted as

po- In [52], the conjugate of py is defined as
P(T) = TN+1PR¢-
The translation operator Ty is defined as

TN|041a---704N> = |04N70417---704N71>7

where {ay,...,anx} € {+,—} and |ay,...,ay) = oy @ --- @ ay € V. The
expression of py in the term of py is different from the relation (8) in [52]. This is
because the definition of p; in this thesis is equal to (—1)"!plin [52]. The lattice

supercharge Sy is a map

SN : V®N — V®N_1.

Using the local supercharge, S]TV is defined in terms of pj and a projection PN onto
a subspace of V®V . This subspace is the eigenspace of the translation operator Ty

with the eigenvalue (—1)¥*!. The value of S}, on this subspace is then defined by

N1 N-1 ‘
S =1 Y ()P,

§=0,...,.N—1

Sy is defined as Sy = (S1)T. It has been proved in [52] that
HYY, = Sn1Shoq + SESw,

and

SJTVHSJTV =0.

The Hamiltonian H%,)Z has certain features of supersymmetric quantum me-

12
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chanics. Let |¢) be an eigenstate of H&J\QZ with the eigenvalue E. Then |¢) has the

property
2
(6| HY, 16) = (01 B16) = BN} = ||Skaa 10| +Isv o). (22)

Hence F > 0. From the nilpotency property, it follows that

SJTVJrl XYZ SN+ISN+1SN+1+SN+1S SN

. (N+1)
- SN+2SJTV+2SJTV+1 + S;fv+1SN+ISJTV+1 = Hxyy S;r\/+1‘
This implies that S% +11#) is also an eigenstate of H&J\;’ZD with the eigenvalue FE,

and Sy |¢) is an eigenstate of H )((A}fle)

with the eigenvalue E. It has also been proved
in [52] that for £ > 0 one and only one of S]T\,Jrl |¢) and Sy |¢) must vanish, and for

E =0, both S}, |¢) and Sy |¢) will vanish.

To see this, let H&J\QZ = H( )+ H ) where H( = SNJFDS”]T\,Jr1 and HQ(N) =
SISy Tt is worth notlng that HY XYZ, H ) and H are all hermitian, and H&J\QZ
commutes with H ) and H . By the finite-dimensional spectral theorem, her-
mitian matrices are diagonalisable. A set of diagonalisable matrices commutes if
and only if the set is simultaneously diagonalisable. Hence H )((]\1[/)27 Hl(N) and HQ(N)
are simultaneously diagonalisable, and they share the same eigenstates. Let |¢)
be a common eigenstate of HQQZ with positive eigenvalue, from the same argu-
ment used in relation (2.2), the sum of eigenvalues of |¢) with respect to H\™
and HZ(N) have to be positive. Hence one of the eigenvalues of |¢) with respect
to Hl(N) and HZ(N) has also to be positive. There are two cases. In the first case,
|¢) is eigenstate with positive energy E for H fN). Since HéN)H 1(N) = 0, it follows
that Hy") |¢) = LHMHMN |¢) = 0, ie, SLSn|¢) = 0. This implies that |¢) is
an eigenstate of H)((AQZ with eigenvalue E > 0. Projecting |¢) on S§ Sy |¢) will
give ||Sy |0)||° = 0, hence Sy |¢) = 0. However, S]TVJrl |¢) # 0, since otherwise

M |¢) = 0 which contradict £ > 0. In the second case, |¢) is eigenstate with pos-

itive energy E for HZ(N). It follows from the same argument that |¢) is an eigenstate

13
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of HY), with cigenvalue E > 0, and Sk 1oy =0 and Sy |¢) # 0.

Hence every eigenstate with positive energy is part of the pair

(1), Sk [0)),

or the pair

(Sn[9),19)).

These pairs will be called the supersymmetric doublets.

In the case where |¢) is a zero-energy state for H)(?QZ, it is easy to see from
relation (2.2) that HSJTVH |¢>H2 = 0 and ||Sy|¢)]|> = 0. Hence any zero-energy
state of H)((AQZ has to be annihilated by both Sy and S} +1- The zero-energy state
will be called the supersymmetric singlet. Hence H)((]\QZ has some features of a
supersymmetric quantum mechanics. The Hamiltonian with these features will be

called supersymmetric, or be said to possess lattice SUSY. Hence H&I\QZ has lattice

SUSY.

2.2 Lattice Supersymmetry of Open Chain

With open boundary conditions, the construction of the supersymmetric Hamilto-
nian is simplified. The reason for this simplification lies in the fact that the lattice
supercharge is no longer restricted to a certain subspace as in the periodic case.
There is also no need to define py in the open boundary condition case. As in the
periodic case, p is a map

p: VeV =V,

14
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There exists a local supercharge p which induces the supersymmetric spin-half XXZ

chain Hamiltonian is given in [67]

-2y —y* -y
p==x , (2.3)

1 -y —y =2

where z = (14 |y[®)~2 and y € C. From the local supercharge p, the lattice

supercharge will be constructed as

Sy = Z(—l)iﬂpi, (2-4)

where p; is acting on the ith and 7 4+ 1th sites. In [67], it has been proved that the

p in the relation (2.3) satisfies

pI®p)=plp1I).

The nilpotency condition Sy_1Sy = 0 is a direct consequence of this property of p.

This is because

N-2 N-1 N—-2N-1
Sno1Sn = (=1 Y (=1, = (—1)*pip;,
=1 7j=1 i=1 j=1

Since p; and p; does not interact for all 7 except ¢ = j and © = j — 1, it follows that

N-2

SN-1SN =p1ip1 + Z((_l)zj_lpj—lpj + (—1)2jpjpj) — PN-—2PN-1
=2

2

= Z(pipi — PiPit1)-

=1
It is easy to see that p;p; — pipiz1 is p(I ® p) — p(p ® I) on the ith to the i + 1th
sites. Hence p(I ® p) = p(p® I) implies Sy_1 Sy = 0. The Hamiltonian H)((]QZHagen
is defined as

N _
H)(()gZ,Hagen - SN+1SETV+1 + S]TVSN

15
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The right hand side can be expanded in terms of the local supercharge as

N—-1
N 1 1
Hgf)()'Z,Hagen = Z g’i7i+1(p7pT) + §p1p1 + Epr}r\h
i=1

where g : V®V — V ®V is given by

g, p") =T p)p' 1) - (pRI)(I®p") +p'p+ %(ppT ®I+I®pp'), (2.5)

and g;;+1 is the function g acting on {7,7 + 1}th sites. The terms of the interaction
of the ith and i 4+ 1th sites will be called the Hamiltonian density, and the terms
acting on the left most site and the right most site will be called the left and the
right boundary matrix. It is worth noting that the boundary matrices are the same

on the left and the right. It is %ppT at both V; and V. A direct calculation shows

that ) }
1 0 0 0

0 -1 L o0
g(p,pt) = 2 ,

0 & -10

0 0 0 1

= —Lo"®o"+ 0¥ R0 — 0" ®07) + 3,
where I is the identity matrix. Hence g(p, p') is equal to the Hamiltonian density

of H&I\QZ given in equation (2.1) at the point J, =1, J, =1 and J, = —%, or equiv-

2in

alently the Hamiltonian density of the XXZ chain at n = =*. Hence H )((]\Q Z.Hagen 15

the XXZ chain with lattice SUSY, and it can be written out using Pauli matrices as

2

-1

1 3 1 1
(07 @07 ol @0l — 507 @07, )+ (N —1)11+§p1p1+§pzvp3w
1

N =

(N) —
HXXZ,Hagen -

2

where [ is the identity matrix and the local supercharge p is defined in the relation

(2.2).
N)

The left and the right-boundary matrices of H& XZ.Hagen ar€ the same. This

limitation is removed by considering a different construction for the conjugate of

16



Chapter 2: Spin Chain and Lattice Supersymmetry

the lattice supercharge (Sy;)" [67]

(Spm )t VEN 5 yNEL

where m,n = 1,2,3. The action of (Sy?,)" on a vector |¢) € VOV is

(SHED)T ) = 1€m) @ 10) + (=1)V o) ® [€n) — (Sw41)"[0) .

The vectors in the right hand side are

(w? =1y (w—1)y
|S0) = SISVES ,[&2) =0,
(w—1)y? (w? = 1)y?
with w = —e~¥/3. They are the only three solutions which satisfy the condition
p'le) =1 ®e).

Using the nilpotency of Sy, it is easy to check that S is also nilpotent. H%} Zmn

will be defined as

N —_ mn mn mn mn
HY o = Spm (SR )+ (Spmytsgn,

N— m m n n
= SN g (p, ) + 1 pT 4 Lt

where p(™ is p(w"*'y) and p(y) is defined in the relation (2.3), i.e, it is p with
variable y substitute by w"™'y. Hence H&J\QIZ Hagen 18 the XXZ chain Hamiltonian

with lattice SUSY, and it can be written out using Pauli matrices as

=

-1
(0x®a””+ay®ay—§0z®02)+1(N—1)H+§p§ '} )T+§p§v)p§vﬁa
1

(N)
HXXZ,Hagen -

N | —

2

where [ is the identity matrix.

17
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2.3 The General Solutions for The Local Super-

charge

In the previous section, the integrable Hamiltonians H )((]\QZ Hagen a0d H&J\Q/Z Hagen

with lattice SUSY on the open spin chain has been studied. This section will extend

the construction of HQQ Z.Hagen-

The following local supercharge will be used to construct the new integrable

supersymmetric Hamiltonian.

Definition 1. The local supercharge p is
p: VeV =V
The components of this map are given by

2(rsg +icse) a1 +icsy ra+ics e +icy
p =
T12 + 1C12 392 + 1C32 T39 + 1C32 2(7“31 + 2631>

where {rsa, 31, 12, 41, C32, C31, C12, C41} are real numbers. They satisfy relations

(

7"%2 + Til + 0%2 + 01211 =1
r31C12 + C31712 + 2r39¢30 = 0
T'32C41 + C32T41 + 2731031 = 0
2 2
C31C12 + C39 — 131712 — 159 = 0
2 2 0
C32C41 + €31 — T'32T41 — '3y =
C12T41 + T12C41 — T'32C31 — C32731 = 0

C12C41 — T12T41 + 732731 — C32C31 = 0
\

The motivation of eight relations in the end of Definition 1 will be clear after the

introduction of Proposition 2. The lattice supercharge Sy is defined in relation (2.4).

18



Chapter 2: Spin Chain and Lattice Supersymmetry

The Hamiltonian Hégg z.susy 18 the anti-commutator of the lattice supercharges, i.e,
(N) — T T
HXXZ,SUSY = SN+ISN+1 + SySN-

This Hamiltonian can be expanded in terms of the local supercharge

N-1
N 1 1
Hg()gz,SUSY = Z gii1(p,p) + §P1PI + §pr}Lv>
=1

where ¢ is defined relation (2.5). By direct calculation, it is easy to see that

1 0 0 0
0 -1 1 0
g(p,pt) = ? :
0 1 —10
00 0 1

= —10"®o"+0¥®0Y¥— 30" ®0%)+ 31,

and

pI®p) =plp@1I).

The above relation implies Sy in (2.4) is nilpotent. Hence Hg(]\)[()Z,SUSY is the XXZ

spin chain Hamiltonian with lattice SUSY.

N-1
Hg()gZ,SUSY ) Z(Ui ®Uz'+1+azy®aiy+1_§ai ®‘7¢+1)+Z(N_l)ﬂ+§p1p];+§pr§va
i=1

(2.6)

where [ is the identity matrix and the local supercharge p is defined in Definition 1.

It is worth noting that p has the following properties

Proposition 2. The local supercharge in definition 1 is the most general solution

which satisfies the following requirements

e The Hamiltonian density g(p,p') in the relation (2.5) is equal to the Hamilto-

19



Chapter 2: Spin Chain and Lattice Supersymmetry

nian density of the spin-half XXZ chain Hamiltonian at n = 21?”

1 0 0 0
0o L —10
g(p,p") = 2
0 -1 % 0
0 0 0 1

e The local supercharge satisfies the condition p(I @ p) = p(p® I).

Proposition 2 will be proved with some help from Maple software to solve poly-

nomial equations. The following lemma is needed

Lemma 3. All solutions of local supercharge satisfying the two requirements in

Proposition 2 have the following form

2(7“32 -+ ngg) 31 + ngl 31 + ngl 41 + iC41
b= . (2.7)

T2 +ic12  T3a+icsy Tso+icsy 2(rsy 4 icsy)

Proof. The most general form of the complex local supercharge is

11 + iCH T21 + iCQl 31 + ngl T41 + iC41
b= )
T19 +1C1a Tog + 1Coa T35 +1C39 T4 + 1Cy0

where all variables are real. By only imposing the second requirement in Proposition

20
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2, a solution of p is obtained with

p

_ (2

C11 = (031041 — C31C41C42 + 2C31731741 — C31T417T 42
2 2 2 2 2

tc3a¢f) + €3y — a1y + carrsiTay — Caoritar) /(¢ + 1)

_ 2 2
c12 = (€31C32C41 + Ca1732T41 + C32731741 — Ca1731732) /(€41 + 75)
C21 = C31
Coo = C32
i1 = C31741 C31C41731 T C31C41T42 — C31C42T41

2 2 2 2 2
—Ci 32 + C41CaoT31 — T a1 + T3 arTa2 — T3a7y) /(€5 + 151)

— 2 2
T12 = (—C31C32741 — C31C41732 — C32Ca1731 — T31732741) /(€4 + 751)
21 = T31

o2 = T'32

\

For the local supercharge p defined in the beginning of the proof, the relation (2.8)
is a necessary condition of requirements in Proposition 2. Using relation (2.8), an
other necessary condition can be obtained. By omitting the expression for ¢15 in the
relation (2.8), and substituting the rest of the relation (2.8) into the first requirement
in Proposition 2, a matrix relation will be obtained. The entries of this matrix
equation gives a system of equations with variables {rss, r31, 12, 741, C32, C31, C12, C41 }-
Using Maple software, this system of equations can be solved for real solution.
The solution is a necessary condition where the local supercharge p satisfies the
requirements in Proposition 2. In this solution, there are relations c¢;; = 2¢3s and

r = 27’32.

Similarly, if the expression for 715 in the relation (2.8) is omitted, and the rest of
the relation (2.8) is substituted into the first requirement in Proposition 2, another
matrix equation will be obtained. The real solution of this equation is another nec-
essary condition where local supercharge p satisfies the requirements in Proposition
2. In this solution, there are the relations css = 2c¢3; and ryo = 2r3;. Combining

C11 = 2¢39, T11 = 2139, C49 = 2¢31, T2 = 2r3; and the third, fourth, seventh and
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eighth relation in (2.8), it will give the following relations

(

c11 = 2¢39

T11 = 2r3;

Co1 = C31

To1 = T31 (2 9)
Cip = 2031

T4o = 2731

Co2 = C32

22 = T'32

\

This is a necessary condition of requirements in Proposition 2. Under condition

(2.9), the simplified local supercharge is

2(’/“32 + ngg) 31 + i631 T31 + i631 T41 + iC41
p ey
T2 +ic12 3o +icsy Tsa+icsy 2(rsy +icsy)

The proof of Proposition 2 is then as follows:

Proof. The Hamiltonian density g(p, p) given by relation (2.5) constructed from the

simplified p in the relation (2.7) becomes

7“%2 + 7‘21 + C%Q + 04211 0 0 0
2 2 2 2
rig+7Ti eIy +cy 2 2 2 2
0 - 5 _(7"12 + 1t Cp T+ C41) 0
0 —(r3 + 13 + 2y + ) riatri eyt 0
12 41 12 41 5
0 0 0 7"%2 + 7"21 + C%z + 04211

Hence the first requirement in Proposition 2 implies

2 2 2 2
Tie 1+t =1
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The nilpotency condition p(I ®p) = p(p®I) for p in the relation (2.7) can be solved,

and it gives equations

(

T31C12 + C31712 + 27r39¢30 = 0
T32C41 + C32T41 + 2131031 = 0

2 2 0
C31C12 + C39 — T31T12 — T3y =

2 2 _
C32C41 + C31 — 32741 — T3 = 0

C12T41 + T12C41 — T32C31 — C32731 = 0

C12C41 — T12T41 + 732731 — C32¢31 = 0
\

All the above seven equations combined will be the conditions in Definition 1. [

The local supercharge in Definition 1 will induce the integrable supersymmetric
Hamiltonian H;\Q z.susy- By the discussion in Section 2.2, the local supercharge in
the relation (2.3) will induce H)((J\Q Z.Hagen» Which is also a XXZ chain with lattice

SUSY. It is natural to ask the relation of these two local supercharges.

In fact, the relation (2.3) is included in Definition 1. Hence H)((]\QZ, Hagen 1S @
special case of the more general H)(?Qz,SUsy- A parametrisation of a subset of
solutions in Definition 1 has been found, which gives the relation (2.3). In order to

use the parametrisation, the variable y in the relation (2.3) is written as y = a + ib,

where a and b are real numbers. The local supercharge in Definition 1 can be
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rewritten as the following

(

T3g = —ax
C39 — —bx

T3 = (—CL2 + bZ)x

c31 = (—2ab)x

(2.10)
T = X
C1o = 0

ra = (a® — 3ab®)z

cy1 = (3a®b — b*)x

\

The following check confirms that p in relation (2.7) with parametrisation (2.10)

satisfies conditions in Definition 1
2 2 2 2 2 3 22 2 3)2 1+ |y3|2
T2 + 75 ¢y + gy = 27 (1L + (¢ — 3ab”)” + (3a"b — b°) ):TW:
This implies the first relation in Definition 1 is satisfied.
T31C12 + C31T12 + 27’32C32 = 1:2(—2ab —+ 2(-@)(-6)) =0.
This implies the second relation in Definition 1 is satisfied.

73241 + C3o741 + 2r31031 = 22((—a)(3a*b — b*) + (—b)(a® — 3ab®) + 2(b* — a*)(—2ab))

= 1*(—3a’b + ab® — a®b + 3ab® — 4ab® + 4a’b) = 0,
C31C12 + Coy — T31T12 — Tay = 22 ((—0)* — (b* — a?) — (—a)?)
=2°(b* —bV* +a® — a®) = 0,
C32Ca1 +c§1 — 139741 — 7’§1 = 2%((=b)(3a’b—b*)+(—2ab)* — (—a)(a® —3ab*) — (b* —a*)?)
= 2%(—3a%V* + b* + 4ab* + a* — 3a*b* — b* — a* + 2a**) = 0,
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CraTa1 + T12Ca1 — TsaCa1 — Caarzn = 22(3a°b — U° — (—a)(—2ab) — (=b)(b* — a?))
= 2%(3a%b — b* — 2a%b + b* — a*b) = 0,
C12C41 — T1aT41 + T3aT31 — C32c31 = 2°(—a® + 3ab® + (—a)(b® — a®) — (—b)(—2ab))
= 2?(—a® + 3ab® — ab® + a* — 2ab*) = 0.

Similarly, the above relations show that the third to the seventh relations in Defi-
nition 1 are satisfied. The local supercharge is parametrised by a and b, and it has

the same form as in the relation (2.3)

—2a —i2b —a®*+b* —i2ab —a® +b* —i2ab a® — 3ab® + i(3a*b — b*)
p=x 5
1 —a —ib —a — b —2a” + 2b* — i4ab

B —2(a+1ib) —(a+1ib)? —(a+1ib)*> (a+ib)?

1 —(a+ib) —(a+ib) —2(a+ib)?

-2y —y* -y Y
=
1 -y -y =29

Hence the relation (2.3) is a subset of the solutions in Definition 1.

In summary, in Section 2.1, a Hamiltonian was constructed from Sy = SN (—1)i+1p;
which has the same boundary matrices on the left and the right. In Section 2.2, a
generalised lattice supercharge S} was defined, such that the induced Hamiltonian
has different boundary matrices. However, this generalisation is built on the local

supercharge in the relation (2.3). It remains a problem to define a generalised lattice

supercharge S3" using p as defined in Definition 1.
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The Bethe Ansatz for Vertex

Models

This chapter will be introduce existing results of the algebraic Bethe ansatz for
both closed and the open boundary conditions, and T(Q equations for open boundary
conditions. In Section 3.1, the vertex model will be introduced, and the Lax operator
and the transfer matrix with the periodic boundary conditions will be defined for
this model. In Section 3.2, a Lax operator which satisfies the Yang-Baxter equation
will be defined. The transfer matrices induced from this Lax operator will form a
commuting family. Section 3.3 will give an introduction to the algebraic Bethe ansatz
methods for the transfer matrix with periodic boundary conditions. In Section 3.4,
the K-matrices will be introduced. Using it, the construction of the transfer matrix
can be extended to the open boundary condition. The K-matrices and the R-matrix
satisfy the reflection equations. From the reflection equations, it can be proved
that the transfer matrices form a commuting family as in the periodic case. The
algebraic Bethe ansatz will also be introduced for the transfer matrix constructed
from diagonal K-matrices. In Section 3.5, another method to solve the spectrum of
the transfer matrix will be introduced, which is called the TQ equations. Using TQ
equations, the eigenvalues of the transfer matrix constructed from the non-diagonal

K-matrices can be solved.
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3.1 Vertex Model

This section will introduce the two-dimensional lattice model and its partition func-
tion. The transfer matrix will be defined for this lattice model, and the partition
function will be expressed by eigenvalues of the transfer matrix. Consider a lattice
of M horizontal lines and N vertical lines, the point where two lines intersect will
be called a vertex, and the line segment between two nearby vertices will be called
an edge. An arrow will be put on every edge of this lattice. There are even num-
bers of arrows going out of and into a vertex, and the lattice has toroidal boundary
condition, i.e. an arrow on the upper most edge has the same direction with the
arrow on the lower-most edge on the same vertical line, and the arrows on the left
and right are identified by the same rule. For every vertex, there are four arrows
nearby pointing from and to it; together the eight possibilities have been shown in

the figure below, which is an example of a 4 x 4 lattice model.

A 4 < A 4 \' 2
ya yd N ya yd
) < 7 ) <
' 4 v V8 A3
yd ya ya yd yd
Y ~ ~ Y Y
h 4 ¥ V.S “

N ya N yd N
rd Y rd Y rd
T N ' N
N ya y ya AN
rd ~ Y ~ rd
Ny A A 4 b 4

For each kind of vertices, there is a weight associated to it. This weight will be called
the Boltzmann weight, and will be denote as wy where k € {1,2,3,4,5,6,7,8}. The
Boltzmann weight is a scalar function of complex parameters, which depends on the
individual vertex. The following diagram gives all possible configurations of a single

vertex
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g

When the lattice model does not include the last two configurations of vertices, it

will be called the six vertex model. The lattice model with all eight configurations

is called the eight vertex model.

The Hilbert space V' defined in Section 2.1 will be associated to the edges of the
lattice model, and the tensor product space VY will be associated to N parallel
edges. The basis of V' is defined as the same way as in Chapter 2. Let ¢, €}, €, €
denote the values of the left horizontal, right horizontal, upper vertical and lower

vertical edges around the vertex at ¢th row and jth column respectively. The diagram

of this vertex is

€

The Boltzmann weight of this vertex will be denoted as w’,/ € {wi,...,ws}. The
ivj
thermodynamic properties of the vertex model can be calculated using the partition

function Z
€€
Z = Z Hw625§7
where the summation is taken over all possible lattice configurations and the mul-
tiplication is taken over all rows and columns of the lattice model. To write the

partition function in a more compact way, it will be helpful to consider a single row

in the lattice model. The N parallel vertical edges above and below the horizontal
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line are both associated with V®¥. Thus this row can be considered as a map from
VON to itself. The component of the map from element a € VOV to b € V&N
will be defined as the product of Boltzmann weights of the configuration of a single
row. This map will be called the transfer matrix, and will be denoted as t(u). Let
wi(u),...,wy(u) be the Boltzmann weights of the 1st to the Nth vertex from the

left to the right. The transfer matrix will be defined as

t(u) : VEN — VEN

a— (H]'\Llwi (U))b,

(2

where u is the parameter of the Boltzmann weight on this row, and it will be
called the spectral parameter of the transfer matrix. Later on in this chapter,
the parameter of the Boltzmann weight of a single vertex will be defined as the
difference of parameters associated with the two lines going through this vertex.
Let the parameters of the transfer matrices of 1,..., M rows be uy,...,uy;, the

partition function can be expressed as

Z = tr(IM t(uy)).

When the transfer matrices are hermitian and transfer matrices with different values
of u commute with each other, they can be diagonalised simultaneously. The transfer
matrix with this property will be called integrable. Let the eigenvalues of ¢(u;) be

{e1(w;), ..., ean(u;)}, the partition function can be expressed as

7 = Hi]\ilel(ui) + -+ H@']\i1€2N (uz)

From this partition function, other thermodynamic properties of this model can be
derived. From now on, the attention will be restricted to the integrable transfer

matrix.
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3.2 Yang-Baxter Equation and Integrability

This section will give the construction of a one parameter family of transfer matrices,
such that any two transfer matrices within this family will commute with each other,

ie. [t(u),t(v)] = 0 for any parameters u and v.

The diagram of the transfer matrix is a single row of a vertex model with toroidal
boundary conditions, it can be constructed from single crosses in the lattice. The
cross at ith row and jth column will be identified with an operator called the Lax

operator L; ;(u; — u;)
Lis(t—uy) : Vi9 V; = Vi@ V.

As the space V' which is identified with a single edge in the lattice model, the
diagrammatical representations for the Lax operator can also be defined. The details

can be found in [73]. The diagram of L; ;(u; — u;) is

where the arrow indicates this is a map from the tensor product space V ® V' on the
west and north to the tensor product space V ® V on the south and the east. The
space V; is associated to the spaces at the east and the west and Vj is associated
to the spaces at the north and the south. The components of L; ;(u; — ;) from
¢

7. The value of the

/
€
J

6®eeVOVtog®e € VeV is the Boltzmann weight w;/
component of the map can also be represented by the diagram. For example, the

component of L; j(u; — u;) from (+) ® (4) to (+) @ (+) is
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A new operator can be constructed by the product of N Lax operators. This

operator will be called the monodromy matrix My (u), and it is defined as

MN(U) = LO,N(U) Ce LQ,Q(U)LQJ(U).

The diagram of My (u) is constructed by connecting N diagrams of Lax operators

from the left to the right

>

The N parallel vertical lines which start andend on Vi ®---®@ Vy,and V1 ®--- Q@ Vy
will be called a the quantum space. The horizontal line that runs through them starts
and ends on the space V. V) will be called a the auxiliary space. All parameters on
the quantum spaces will be set to zeros, and the parameter on auxiliary space is u.

The monodromy matrix My (u) is a operator from Vo ® V1 ® - -+ ®@ Vi to itself.

The transfer matrix is obtained by taking the trace of the auxiliary space of
MN(“)? i'ea

t(u) = troMy(u).
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which means restricting the input and output of My (u) on the auxiliary space to

be the same.

The diagram of ¢(u) is obtained from the diagram of My (u) by restricting the

values of the left-most and the right-most horizontal edges to be the same

°2

where the parameter of the auxiliary space is u, and the parameters of quantum
spaces are zeros. The dotted line connecting the auxiliary space on the left side and

the right side is the notation for taking a trace.

The R-matrix is essential in the construction of the integrable transfer matrix.

It is defined as

sinh(u + n) 0 0 0
0 sinh(u) sinh 0
o = (u) sinh(n) .
0 sinh(n) sinh(u) 0
0 0 0 sinh(u + n)

It has certain important properties [74], and there are three which are needed in

this thesis.

The first property is called the Yang-Baxter equation, i.e.

R1,2(U1—Uz)Rl,:s(Ul—U3)R2,3(U2—U3) = R2,3(U2—U3)R1,3(U1—U3)R1,2(U1—U2), (3-2)

where R;;(u) with 7,7 = 1,2, 3 act on the ¢th and the jth copies of space V1 @V, ® V3.

The Yang-Baxter equation can be represented using the diagram

32



Chapter 3: The Bethe Ansatz for Vertex Models

\l,Uz U4 \/u2

/Us
U1

AN e

Intuitively, the diagram on the right side is obtained by moving the line with the
parameter uz to the other side of the intersection of other two lines. By identifying
Vi@ Vo ® Vs with Vi ® Viy ® V,,, and defines the Lax operator to be the R-matrix,

i.e. L(u) = R(u), the Yang-Baxter equation becomes

RQ@/(U - U)Lom(u)Lolm(U) = Lolm(U)LQ,n(U)RO?()/(U - 7)). (33)

Using this relation repeatedly, a commutation relation between monodromy matrices

can be obtained

RO,O’ (U - U)Mo(u)Mol(U) == Mol(U)Mo(u)Royo/ (U - U). (34)

The above relation can be proved using diagrams. The diagram for the right hand

side of the above equation is

\

el
u o & o
\

/

i

where the line with parameter u represents the auxiliary space Vj, the line with
parameter v represents the auxiliary space Vi and all the vertical lines with param-

eters 0 represent quantum spaces from Vj to V. Using the Yang-Baxter equation,
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the left-most vertical line can be moved to the other side of the intersection of lines

representing the two auxiliary spaces. The result is

O\r O\, O\’
e
\"
* /
u >< e o o
—r] —~—~——
--.*

Using Yang-Baxter equation repeatedly, the above diagram becomes

v 0 0 0
> Y Y
\‘-..__><
[ ] o o
/———-
u
1

This is exactly the left hand side of the relation (3.4), and hence (3.4) is true. It is

worth noting that the relation (3.4) is also useful in calculating the algebraic Bethe

ansatz, which will be explained in the next section.

The second property is the unitarity property, i.e.
Ris(u—v)Ro1(v—1u) = —2z(u—v)l, (3.5)

where z(u) = sinh(u + n)sinh(u — 7). The unitarity can be represented by the

diagram
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Using the Yang-Baxter equation and the unitarity condition, the following relation

can be proved

where v and v are any complex number. This implies that the transfer matrix is
integrable. The integrability can be proved by diagrams. The diagram for ¢(u)t(v)

18

0, O 0

ST T . A
f i \
I o 00 1
7 |

I 1
I | |
| [ |
I L— ——————————— - I
e e e e e e e e o o e = -

u A AR 4 (7
- =1
! e o0 I
\ |
-1/z(u-v) 1 —_—
I | |
| [ |
I L — O EE B N EE EE B EE W S e e s Em W - I
e e e e e s e e e e e s o o Em -

Using the relation (3.4), the above diagram becomes
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0, O 0
v b A 4 _\/ _ ‘
. ® oo !
u |
-1/z(u-v) 1 _—
L |
[ (I
I L O S O B BN BN B WS W S W O O mm . - I
e o e e e e e e e e e e o . = -’

The above diagram represents ———tro o (R o(v — w)Mo(v) My (u)Roo (u — v)).

(u—v)

Using the property of the trace and the unitarity, it follows that

tT’070/(R0/,0(U — U)Mg (’U)M()/(UJRO’()I (u - U))

—z(u — )

= ;tro,of(Mo(v)Mo' (u)Roor(u — v) Ry o(v — u)),

—z(u — )

= troo (Mo(v) My (u)) = t(v)t(u).
Hence t(u)t(v) = t(v)t(u) for any complex numbers u and v, and t(u) is integrable.

The third property is the crossing symmetry
Rl,z(u) = _U%R%(_U - 77)‘7?1;7 (3.6)

where t5 means the transposition on the space V5. This property will be used in the
next section to obtain the integrability of the transfer matrix with open boundary

conditions.

There is another way of understanding the relation (3.3) by using quantum
groups [75] [76]. In the frame work of representation theory of the quantum group
Uq(gl\g), Ry (u) is the evaluation representation of the universal R-matrix R on
Vo®@Vy and Ly, (u) = Ro,(u) is the evaluation representation on Vo ®V,,. The Yang-

Baxter equation is the representation my,gv,,ov, of the following relation, which is
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a property of the universal R-matrix
Ri12R13R23 = RazRi3R12. (3.7)

The monodromy matrix can also be constructed using the representation theory.

Using the property involving the co-product A of Uq(gl\g)
(1® A)(R) = RizRie.
It is easy to see that
(1@ AN (R) = Rini1)- - RisRiz,

where A™ == (A® 1) o A®V for n > 1,n € Z, and AM := A. Hence the
monodromy matrix is

M(u) = (7m0 @ Tyye--0vy ) (R),

where the representation of tensor product space my,g..gvy is defined as (my,; ®
<o ® myy) 0o AVTY for N > 1. Then it is easy to see that the representation
o @ Ty @ Ty,e-gvy Of the relation (3.7) gives the relation between monodromy

matrices (3.4).

3.3 The Algebraic Bethe Ansatz for Periodic Bound-

ary Condition

This section will introduce the Algebraic Bethe Ansatz [15] [77]. The monodromy

matrix will be rewritten by expanding on auxiliary space Vj:

AN u BN u
My - | AN Ba)|
CN(U) DN(U>
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where Ay, By,Cx, Dy are maps from quantum space V&V to itself. Hence the

transfer matrix can be written as
t(u) = An(u) + Dy(u).

By fixing the input and the output on the auxiliary space V4 to be (+) and (+), the

diagram of Ay(u) is obtained

0 0
u
+ e o - - ~>”—1—++

The diagram of By (u) is

0 0
-%....%4.

The diagram of Cy(u) is

0 0
+”—>—1+----~>11-+-

The diagram of Dy(u) is
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It is worth noting that by the choice of the Lax operator, there exists an element

Q) = @Y v, in the quantum space, such that

CN<U)Q = 0.

This state 2 will be called the reference state. The above relation can be proved

using diagrams. The diagram for C'(u)S2 is

By the definition of the R-matrix in the relation (3.1), it is easy to see that the value
of the Boltzmann weight of the right-most cross in the above diagram is zero, no
matter what value the bottom-right vertical edge has. Hence C'(u)2 = 0. Similarly,

the value of edges of the diagram of Ay (u)€2 can be completed as

N
AN
f ]
+ +
0 0
L4 T e e o e %+
+ +

Hence, it follows that

Ay (u)Q = sinh(u + n)NQ.
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The value of edges of the diagram of Dy (u)S2 can be completed as

N
A
\
+ +
|0 |O
u - - \u
= - - - - -
+ +

Hence, it follows that

Dy (u)Q = sinh(u)V Q.

Hence € is an eigenstate of ¢(u) with the eigenvalue sinh(u + n)Y + sinh(u)". The

highest weight eigenstates are given in the form of

'''''

In order to compute the action of #(u) on Py, . .,3, the commutation relations
between A(u), D(u) and B(u) are needed, which can be obtained by restricting the
input and the output of the auxiliary spaces V; and Vy in the relation (3.4). Let

the components of the R-matrix be denoted as

a(u) = sinh(u + n), b(u) = sinh(u), ¢(u) = sinh(n).

Using the above notations, the relevant commutation relations are

a(v —u) (v —u) DAl
Aw)BE) = Jr = B)A) — o =SB AR), (33)
D(u)B(v) = ZEZ — ZiB( )D(u) - ZEZ — Z; B(u)D(v), (3.9)
[B(u), B(v)] = 0. (3.10)

77777

the first relation, A(u) can be commuted through B(v;) ... B(va), the result is a lin-
ear combination of B(v})... B(v};)A(Vys41), Where {v],... v}, } is any permuta-

tion of {v1, ..., va, u}. By the relation (3.10), it follows that B(v]) ... B(v);)A(Vh41)
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is only determined by the parameter of the operator A. Choosing the first term on
the right hand side of (3.8) every time when commuting A(u) through B(vy) ... B(va)
will give the state B(vy)...B(va)A(u), with coefficients Hﬁil%. In order to
obtain the coefficient of 1T}, ;, B(v;) B(u)A(vy), the relation (3.10) will be used to
write A(u)ILY, B(v;) as A(u) B(op)ILZL, . B(v;). Choosing the second term on the
right hand side of (3.8) when commuting A(u) and B(vg), and choosing the first
term when commuting A(u) with the rest of B(u;). This is the only way to ob-
tain T1Y, . B(v;) B(u)A(vg) from A(u) B(vg) LY, ., B(v;). Hence the coefficient of
Hi]\il,z’;ékB(vi)B(u)A(Uk’) is

a(v; — vg)
b(v; — vg)

clvg —u)
—— " TIM. .
b(?]k _ u) i=1,i#k

It will be denoted as Mj,(u){o,,....v,}- Hence all the coefficients of all the possible

terms when commuting A(u) through B(v) ... B(vys) have been calculated

AL B() = L 5 B(u) A

+ D (Mi(w) o con 1L i B(0) Bw) A1),

k=1
and

A()IY, B(u)Q = <Hﬁl%> sinh(u + )V, B(v)Q

k=1

Using relations (3.9) and (3.10), it follows from similar argument that

DI, B(0)9 = (1L, £ i) 12, B0

where

c(lu—wvg) oy  alvp — ;)
Ni(W) oy oy = — =) g O 7 i)
k(u){ LIseeey M} b(/v _ Uk;) 1_17Z¢k b(vk _ U’L)
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.....

Mk‘(u){m ----- vpr} Sinh(vk + 7]>N + Nk(u){m v} Sinh(vk)N = 07

-----

with

k=1,...,M. (3.11)

The conditions (3.11) will be called Bethe equations. When these conditions hold,
the eigenvalue of the eigenstate 11, B(v;)( is
OéN(U)HM (I(Uk — U) 4 5N(U)HM (I(U — Uk)
(v — ) =b(u— )
In [77], it has been proved that repeated Bethe roots do not exist. This is similar
to the Pauli exclusion principle, i.e. two fermions can not occupy the same posi-
tion. In the algebraic Bethe ansatz, the reference state is empty, and the creation
operator B(u) creates a pseudo-particle with momentum parametrised by u. Hence

the eigenstate with Bethe roots {v1,..., vy} has M pseudo-particle with momenta

{v1,...,vm}, and they are all different.

3.4 The Algebraic Bethe Ansatz for Open Bound-

ary Conditions
To construct the transfer matrix for the open chain, other matrices called K-matrices
are needed, and they are denoted as K*(u) and K~ (u). They act on the auxiliary

space.

K*(u):V = V.

The diagram of the K-matrices are
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u
K'(u) ~
-u
and
u
+
K'(u) ~
-u
In this section, K-matrices will be chosen as
sinh(u + (_ 0
ey = [ C) |
0 —sinh(u — ()
sinh(u + 7 + 0
K (u) = ( n+¢t)
0 —sinh(u +717 — ()

Using the Lax operator and the K-matrices, the transfer matrix ¢(u) can be con-
structed

t(u) = tr U (u)U ™ (u),

where

The monodromy matrix M (u) is defined as the same as in the periodic case. M (u)
is

o~

M(U) = Ll’o(u) e LN’()(U).

Remark. This definition of t(u) is different than the original construction by Sklya-

nian. The transfer matriz can be obtained from the Sklyanian’s Hamiltonian by a

43



Chapter 3: The Bethe Ansatz for Vertex Models

shift of the argument v’ = u—1, a shift of the parameter in Lax operator u,, = t, — 2
and multiplying by a scalar function at the same time. Hence all the commutation

relations between A, B, C and D in [25] are still true for the transfer matriz in this

section.

The diagram of M, ~(u) is

> 2

Combining the diagrams of M (u), ]\/Z(u) and K~ (u) gives the diagram of U~ (u)

2

=u

N
'
e
A
N

From now on, spectral parameters and arrows will be suppressed in the diagrams.

U_(u) can be written out in the auxiliary space as

Hence the transfer matrix can be written as

t(u) = sinh(u +n + ¢4)A(u) — sinh(u + 1 — (4)D(u).
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By fixing the input and the output on the auxiliary space of U~ (u) to be (+) and

(+), the diagram of the operator Ay (u) will be obtained

> 2

The diagram of operator By (u) is

> 2

The diagram of the operator Cx(u) is

> 2

The diagram of the operator Dy (u) is

> 2
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Commas will be used to denote sum of different diagrams. For example, the sum of

diagrams By (u) 4+ Cn(u) is

> 2

Using diagrams, it will be easier to check the actions of A(u), C(u) and D(u) on the

reference state 2. The values of edges of the diagram of C(u)2 can be completed as

b

The product of Boltzmann weights of this diagram is zero, no matter what value

the bottom-right edge takes. Hence, it follows that

C(u)2=0.

The values of edges of the diagram of A(u)Q2 can be completed as

> 2
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Hence () is an eigenvector of A(u) with the eigenvalue a(u)

o(u) = sinh(u + ¢_) sinh(u + n)*Y

The values of edges of the diagram of D(u)S2 can be completed as

N
A\
A)
+ +
+ iy d -
o o o = e & o +
+ — -
+ +

where index ¢ sums over N. Hence € is an eigenvector of D(u) with the eigenvalue
N
§(u) = sinh(u+¢_) sinh(n)? Z sinh(u+7)2"Y sinh(u)?™ =) —sinh (u—¢_) sinh(u)*".

=1

The expression of §(u) can be simplified as

h(
§(u) = sinh(u+¢_) sinh(n)? sinh(u+n) 2 sinh(u)*" Z sinh(u + 77 —sinh(u—C_)sinh(u)w,

sinh(u

sinh(u4n)?V+D  sinh(u+t1n)?
sinh(u)2(N+1 inh(u)2
= sinh(u + ¢_) sinh(n)? sinh(u + n) 2 sinh(u)?" ¢ )Siilhz_uin)Z Sl hw)
sinh(u)2

— sinh(u — ¢_) sinh(u)*",

osinh(u + n)* — sinh(u)?Y

= sinh(u + ¢_) sinh(n) sinh(u + )2 — sinh(u)?

— sinh(u — ¢_) sinh(u)*"

Y

sinh(u + ¢_) sinh(n)?

B oy sinh(u + ¢_)sinh(n)?
~ sinh(u + 7)? — sinh(u)?

sinh(u 4 17)? — sinh(u)?

sinh(u + n) sinh(u)*"

— sinh(u — ¢_) sinh(u)*",

_ sinh(u + ¢_) sinh(n)
~ sinh(2u +7n)

sinh(u + 7)Y

sinh(u 4 ¢_) sinh(n) + sinh(u — () sinh(2u + )
a sinh(2u + n)

sinh(u)*".
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From the above expression, it is easy to check that

sinh(n) sinh(u + ()

on  sinh(2u) sinh(u — (_ +1n)
sinh(2u + n) -

Ou) = sinh(2u + n)

sinh(u)?".

sinh(u + 7

These facts will be useful in the algebraic Bethe ansatz of the transfer matrix with

open boundary condition.

The important properties of the K-matrices are the reflection equations

Ryo(uy — ug) K (u1) Rig(uq 4 ug) K5 (ug) = K5 (ug) Rya(ug + u2) K7 (u1) Ry2(u1 — us),
(3.12)

and

Ria(—uy + u2) (K (u1)) Ria(—us — ug — 2n) (K5 (uz))*

= (K;(UQ))tng(—ul — U9 — 2n)(Kf(u1))tR12(—u1 + UQ). (313)

Remark. As the R-matriz can be constructed as a representation of the universal
R-matriz R, the K-matrices can also be constructed from the co-ideal sub-algebra of

quantum groups [78] [79].

Using the Yang-Baxter equation (3.2) and the reflection equations (3.12) and
(3.13), it can be verified that [25]

R12(u1 — uz)Uf(ul)ng(ul + UQ)U{(UQ) = U5<UQ)R12(U1 —+ UQ)Uf(’U,l)ng(Ul — u2),
(3.14)

and

Rio(—uy + UQ)(Ufr(m))tRlQ(—ul — Uy — Qn)(U;(m))t

= (U;(Ug))tng(—ul — U9 — 27’])(U1+(’LL1))tR12(—U1 + ’LLQ). (315)

Using Yang-Baxter equation (3.2), the crossing symmetry (3.6) and the relation

(3.14), the following theorem can be proved [25]
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Theorem 4. For any uq, us

[t(u1),t(uz)] = 0.

The algebraic Bethe ansatz of the transfer matrix on the open chain has a similar
construction with the closed chain. It starts with the same reference state €2, and
the other eigenstates are constructed in the form of B(vy)...B(va)S2. The result
of the action of ¢(u) on B(vy)...B(va)2 is a linear combination of itself and some
other states. The requirement that the other states have to vanish will give a system
of equations of {vy, ..., vy}, which is called the Bethe equations. The construction

of eigenvalues and eigenstates are given by the following theorem [25]

Theorem 5. The reference state Q2 = ®@N ,(+) is an eigenstate of t(u) with eigen-

value
A(u) = % sinh(u + () (u)
—m sinh(u — ¢4 + n)(sinh(2u 4+ 1)d(u) — sinh(n)a(u)).

Other eigenvectors of t(u) are of the form

where the set {vy, ..., v} is called Bethe roots, and satisfy conditions

sinh (v, + ;) sinh(v,, + ¢_) sinh(v,, +n)?
sinh(v,, — (4 + n) sinh(v,, — (_ 4 n) sinh(v,,)*¥
sinh(v,, — v + 1) sinh(v,, + v + 27)

sinh(v,, — vy — n) sinh(v,, + vg)

=T i ,1<m< M. (3.16)

The corresponding eigenvalues are

inh(2 2
Alu) = % sinh(u 4 ¢4 ) sinh(u + ¢_) sinh(u + n)*"
M sinh(u — vy — 1) sinh(u + vg)

*=Lsinh(u — vy,) sinh(u + vy + 1)

sinh(2u)

Snh(2u £ 1) sinh(u — ¢, + n) sinh(u — (_ + n) sinh(u)*
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ey sinh(u — vg + 1) sinh(u + vy + 27)
M=1 sinh(u — vg) sinh(u + v, +n)

Proof. Following Sklyanin’s proof, the transfer matrix will be rewritten as

sinh(2u + 2n)

smh(2u + 77) Sinh(u - g—ﬁ- + n)D(U)7

sinh(u + ¢4 )A(u) — sinh(2u + 1)

where D(u) = sinh(2u+7)D(u) —sinh.A(u). The eigenvalue of D(u) with reference

state Q is denoted as d(u), and it is given as

d(u) = sinh(2u + n)d(u) — sinh(n)a(u),

= —sinh(2u) sinh(u — ¢_ 4 1) sinh(u)*".

In order to calculate the action of ¢(u) on B(vy)...B(vy)S2, the commutation re-
lations between A(u), B(u) and D(u) are needed. By restricting the input and
the output of the tensor product of the two auxiliary spaces to be (=) x (+) and
(4+) X (+) in the relation (3.14), it will give the relation

sinh(n) sinh(2v)
sinh(u — v) sinh(2v + n)

sinh(u — v — n) sinh(u + v)

A(u)B(v) = sinh(u — v) sinh(u + v + )

B(v)A(u)+

B(u)A(v)

sinh(n) .
~ sinh(u + v + ) sinh(2v + n)B(uﬂ)(U)' (3.17)

Restricting the input and the output of the tensor product of the two auxiliary spaces
to be (=) x (=) and (=) x (+) in the relation (3.14), gives a second commutation
relation. After substituting the first relation into the second relation in order to

commute the A(u) and the B(v) term, it will become

_ sinh(u — v + ) sinh(u + v + 27) ~

D(w)B(v) = sinh(u — v) sinh(u 4+ v +n) B(v)D(u)
sinh(n) sinh(2u + 2n) sinh(2v) __sinh(n) sinh(2u + 2n) Dl
sinh(u 4+ v + n) sinh(2v 4 n) Blw)A) sinh(u — v) sinh(2v + n)B( /D).
(3.18)

It is easy to see that the results of A(u) commuting through B(vy) ... B(vy )2 have
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to have the form

A(w)B(vy) ... B(oa)Q = aB(vq) ... B(vp)A(u)Q

+ Z bB(v1) ... Bu) ... B(va)Av)Q+ Z ¢B(vy) ... B(u) ... B(var)D(v;),
where

1 sinh(u — v; — 1) sinh(u + v;)
=sinh(u — v;) sinh(u + v; + 1)’

Q>
Il

The most convenient way to obtain coefficients b; and ¢; is to use commutativity
[B(u), B(v)] = 0. Here b; is the sum of the coefficients of all states on the right hand
side of the above equation with the form B(vy)...B(u)...B(va)A(v;)S2. In order
to simplify the calculation of the coefficient b;, B(v1) ... B(va)S2 will be rearranged
into B(v;)B(vy) ... B(va)2. When A(u) is commuted all the way to the left in this
rearranged state, there will only be one term on the right hand side with the form
B(vy)...B(u)...B(va)A(v;)Q2. In order to obtain this term, the second term on the
right hand side of the relation (3.17) has to be chosen when commuting with 5(v;),
then the first term on the right hand side of the relation (3.17) has to be chosen
when commuting through the rest of the B operators. A similar argument will work

for ¢;. Hence the results are

B sinh(n) sinh(2v;) Y sinh(v; — vg — ) sinh(v; + vg)
"7 sinh(u — v;) sinh(2v; + 1) = sinh(v; — vg) sinh(v; + vp + 1)’

sinh(n) M sinh(v; — vx — 1) sinh(v; + vg)
C; = = i : .
F=LkZ sinh (v; — vg,) sinh(v; 4 v, + 1)

a sinh(u + v; + n) sinh(2v; + n)

Similarly, when D(u) commutes through B(vy) ... B(var)€2, it has to have the form

D(u)B(vy) ... B(vy)Q = dB(vy) . .. B(va)D(u)Q

M M
+Y eBw) .. Bu) ... Bluy) A(w) Q2+ Y fiB(v) ... B(u) ... B(oa)D(v:)S,
i=1 i=1
where
J= M sinh(u — v; + ) sinh(u + v; + 2n)
=1 sinh(u — v;) sinh(u 4 v; + 1)
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sinh(7) sinh(2u + 2n) sinh(2v;) _ ,, sinh(v; — vg + 1) sinh(v; + vg + 27)
sinh(u + v; + 1) sinh(2v; + 1) "= sinh(v; — vy,) sinh(v; + v, + 1)

e =

__sinh(n)sinh(2u+2n) sinh(v; — vg + 1) sinh(v; + v + 2n)
sinh(u — v;) sinh(2v; + 1) """ sinh(v; — vy,) sinh(v; + v, +71)

fi=

For B(vy) ... B(var)S2 to be an eigenstate, the overall coefficients of other terms have

to vanish for all 7, hence

sinh(2u + 2n) . _

Sinh(2u + 77) Slnh(u + C+)bz Sinh(2u + 77) Slnh(u C—i— + 77>61>CY(U1)
sinh(2u + 2n) . ‘ .
—sinh(2u ) sinh(u 4 (4 )e; — —sinh(2u ) sinh(u — ¢ +n) fi)d(v;) = 0.

Multiplying sinh(u — v;) on both sides and taking u = v; gives

sinh(2v; + 2n) sinh(2v;) sinh(n) sinh(v; + ¢, ) sinh(v; + ¢_)
sinh(2v; + n) sinh(2v; + n)

sinh(v; — vy — 1) sinh(v; 4+ vy)

)2N
sinh(v; — v) sinh(v; + ve +7)

sinh(v; + 7

M
X2y gs

_ sinh(2v; 4 27) sinh(2v;) sinh(n) sinh(v; — ¢4 +n) sinh(v; — (_ +n)
B sinh(2v; 4 ) sinh(2v; + )

sinh(v; — vg + 1) sinh(v; + vi + 2n)
sinh(v; — vg) sinh(v; + ve +7)

X Hg/lzl,k;«éi sinh(v; )Y

)

for all 7. This equation can be simplified as

sinh(v; + ¢, ) sinh(v; + ¢_) sinh(v; + n)*Y
sinh(v; — {4 + ) sinh(v; — ¢ + n) sinh(v;)?V

sinh(v; — vg, + 1) sinh(v; + vy + 27)
sinh(v; — vy — ) sinh(v; 4+ vg)

M
=120 ks 5

for all 7. These are the Bethe equations. O

Remark. The algebraic Bethe ansatz can be applied to the spin chain Hamiltonians

of higher spins. The details can be found in [80] [81].

One of the important objects related to ¢(u) is ¢(0). The Taylor expansion of

52



Chapter 3: The Bethe Ansatz for Vertex Models

t(u) around zero is

t(u) = t(0) + ' (0)u + tP(0) = +....

The commutativity of the transfer matrix gives

[£(0), £(v)] = 0.

The XXZ spin chain Hamiltonian H)((AQZ’SMWM” will be defined by #'(0). The

following relations are true
R; ;(0) = sinh(n)P; ;, L, (0) = Ry,5+1(0), K~ (0) = sinh((_ )L
Using the above relations, ¢(0) can be written as
£(0) = - (bro (K ) M () g (1) V(1)) .

= Sinh(’l])QNt’f’o((K(—)’— (0))/]?]\[70 . ]P)LOKO_ (O)]P)LO e ]P)N,O)

d

N
—+ Sil’lh(n)2N_1 Z t’f’o(KJ(O)]P)N,O . ]P)i—l-l,()(_Ri,O(u))|u:O)Pi—1,O e PLOKO_ (U)PI,O e

’ du
i=1

+ Sinh(?’])ZNt’r'o(Kgr(O)]PN’o . Pl,O(Ka (0))1]}])170 . IEDN’O)

d

N
+ sinh(n)QN_l Z tTo(KJ(O)PNp . ]P)LOKO_ (u)]P)l,O e Pi_Lo(—Ri?o(u))|u:0)]P)i+170 ..

du

=1

N-1

. ]P)Np),

= SiHh(C,) smh(n)thro((Kar(O))’)—i—smh(@) sinh(n)QN*l Z tT’()KJ(O)iRi’Z‘Jrl (U)‘uzgpi’pﬂ
i=1

du

. . _ d : _
+ sinh(¢_) sinh(n)*Y 1tr0K5“(O)@RN,O(u)IUZOIP’MO + sinh(n)*Vtro K (0) (K (0))
N-1 p

+ Sinh((’_) Sinh(n)QN_l Zz:; tTOK(—)’—(O)]P)iJ‘_}_l @Ri,iﬂ-l (u) |u:0

d
+sinh(¢_) sinh(n)2N_1tr0Kar(O)IF’N’()%RN,O(U) |lu=0-
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Chapter 3: The Bethe Ansatz for Vertex Models

Hence Hgfj\QZ,Sklyanin = t/(0> is

=

-1
N T _x z _z . z z
Hﬁogz,smyam‘n =c( (Uj Oip1+ U}y%yﬂ + COSh(U)Uj Uj+1> + sinh(n) (o7 coth (_ + o} coth ¢, ))
j=1

+ 1, (3.19)

where

¢ = 2 cosh(n) sinh(¢_) sinh (¢, ) sinh(n)*¥ 1,
¢ = 2(N — 1) cosh?(n) sinh(¢_) sinh(¢, ) sinh(n)?¥ !
42 cosh(2n) sinh(¢_) sinh (¢, ) sinh(n)?Y¥ 1.

This is the Hamiltonian for the spin-half XXZ spin chain on the open boundary

condition.

3.5 TQ equations and Baxter’s Q-operator

The spectral problem of the transfer matrix of non-diagonal K-matrices can not be
solved using the algebraic Bethe ansatz, since it is more difficult to find a reference
state. One way to solve the spectral problem is proposed in [82], which uses the
vertex-face correspondence to find the reference state. Another way is the TQ

equations discovered by R.Baxter [5]. The TQ equation is the relation
t(u)Q(u) = hi(u)Q(u +n) + ho(u) Q(u — 1),

where hy(u)and ho(u) are quasi-periodic functions, and Q(u) satisfy
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Chapter 3: The Bethe Ansatz for Vertex Models

Q(u) will be called the Q-operator. Let the eigenvalue of the transfer matrix and
the Q-operator be denoted as A(u) and Q(u). By the commutativity relation, #(u)

and Q(u) can be diagonalised simultaneously. Hence
A(uw)Q(u) = h(u+ )" Qu + 1) + h(u — 1)~ Qu —n). (3.20)

Hence the spectrum of the transfer matrix can be obtained from the spectrum of

Q(u).

To obtain the TQ equations of the transfer matrix with non-diagonal K-matrices,
the fusion relation are needed [74]. These relations are functional relations between
transfer matrices of different spins. In Subsection 3.5.1, the transfer matrices of
the integer and half-integer spins and the fusion relations will be introduced. In
Subsection 3.5.2, TQ equations will be derived using the fusion relations. These T(Q

equations are only valid under certain conditions of the boundary parameters.

3.5.1 Fusion Hierarchy

The fusion procedure will be introduced, which is a way to generalise the R-matrix
and the K-matrices to higher spin auxiliary spaces [83] [84]. The fused spin-(j, s)

R-matrix (j,s =1/2,1,3/2,...) is given by

,S 27 s %,% .
Ry gy (u) = PJ;}P{JZS}ijzlleleak,bl (ut (k+1—j—s—1nPLP;. (321
where {(I} = {CLl, Ce ,Clgj}, {b} = {bl, R ,bQS}, and A1, ..., A2, bl, Ce ,st are the
index of spaces. For example, Rf}fbl(u) will act on V,, ® V4,, and the space V,, and
Vj, for all k and [ are copies of C2. The matrix R2'2(u) is the same as (3,1), and
the R-matrix in (3.21) is ordered by increasing of k and [. P{J; , is the completely
symimetric projector

k
1 :

+ 2j

Py = mnk:1<z Pas,ar);

=1
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Chapter 3: The Bethe Ansatz for Vertex Models

where P is the permutation operator with P,, ,, = 1. The fused spin-j K-matrix
K {_a(}] )(u) is given by
s . 11 ) _ 1
K (u) = P IR () RER (2ut (k41— 2] = D)Ko (ut (k=5 = 5)m) Py
(3.22)

N

The product in (3.22) is ordered by increasing of k and I. The matrix K~ (2)(u) is

defined by its entries as

)(u) = 2(sinh(a_) cosh(5_) cosh(u) + cosh(a_) sinh(f_) sinh(u)),

HNI
[
—~
[N

D=

)(u) = 2(sinh(a_) cosh(5_) cosh(u) — cosh(a_) sinh(5_) sinh(u)),
K;Q(%)(u) = e~ sinh(2u),
K;l(%)(u) = ¢’ sinh(2u),

where a4, 4 and 0, are arbitrary boundary parameters. The fused spin-j K-matrix

K+(j)(u) is given by

0y = L @)
U (u) = FO(u) K{a}] (=t = 1)l (a g 0-) (s —B101); (3.23)

where the scalar functions fU)(u) are
fO(u) = L Ty (=€(2u + (L4 k + 1= 25)n)),

where ¢(u) = sinh(u + n)sinh(u — 7). The fused transfer matrix %) (u) with a
spin-j auxiliary space is given by
1) (u) = tria (K+(J') (U)T(j’s) (u)K_(j) (U)T(j7s) (u))’

{a} {a} {a} {a}

where the monodromy matrix is given by product of fused R-matrices:

Ty (w) = R oy (@) - B gy (),
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Chapter 3: The Bethe Ansatz for Vertex Models

Ty () = R oy (0) - B2y g ()

where {bl1} i = 1,... N are N sets of index. The fused transfer matrices satisfy

commutativity relations

[t09) (), 159 (/)] = 0.

This is true for any different values of spectral parameters v and ', and any values
of j,k = %, 1, %, ..., and any spin s = %, 1, %, .... They also satisfy the functional
relations called the fusion hierarchy

i— 5, . 5,8 j,s . 1 s i—1,s . 1
10789 — )t () = 49 (= (= 5)n) + 0 (@t u = (G + )m). (3.24)

where (%) (u) = 1, and 6©)(u) is given by

_ 1 sinh(2u — 2n) sinh(2u + 27)
(s) _ od/y2s—1 7. = 2N
0 (u) = 2z §(u+ (s — & 2)77)) sinh(2u — n) sinh(2u + 7)

x sinh(u 4+ a_) sinh(u — a_) cosh(u + 5_) cosh(u — f_) sinh(u + a4 ) sinh(u — o)

x cosh(u + ;) cosh(u — B4).

3.5.2 TQ equation

Motivated by [36], the TQ equations for the transfer matrix with the open boundary
condition is found [74], where the @-operator has the expression

Q(u) = lim 972" (u — ji),

Jj—o0

where tU _%’s)(u) is the fused spin-s transfer matrix with the spin-j auxiliary space.
This definition of Q(u) is formal, since the limit on the right hand side does not
exist. However, it will not be used directly. This definition together with functional
relations between the fused transfer matrix with different auxiliary spaces gives a
formal TQ equations. Using this formal TQ equations between operators, the TQ

equations for the corresponding eigenvalues can be obtained. The scalar functions
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Chapter 3: The Bethe Ansatz for Vertex Models

in the TQ equations for the corresponding eigenvalues can be carefully chosen such

that these equations give the correct numerical solutions of eigenvalues.

By taking the limit j — oo in the fusion hierarchy (3.24), it becomes

N

12 () Q(u) = Q(u +n) + 8% (u) Qu — 7).

Let the eigenvalues corresponding to the same eigenstate of Q(u) and t(39) (u) be

denoted as O(u) and A*)(u). Then the above relation suggests the following

relation
Q(u+n)

Q(u —n)
Q(u) '

A9 () = Q(u)

+ 0(u)

Assume the form of Q(u) is

where f(u) is a scalar function, and

Q(u) = Hjj‘il sinh(u — u;) sinh(u + u; + 7). (3.25)

Let Hy(u) = L8 and Hy(u) = 6@ (u) L% Then A(u) can be expressed as

f(u) f(u)

There are two set of solutions for H; and Hs in [83]. In this thesis, only one of those

solutions will be used, which is

1

S

sinh(2u)
sinh(2u + n)

Hi(uler, €2, €3) = —4ea (TR sinh(u + (s — k —
x sinh(u + a_ 4+ n) cosh(u + €5 + n) sinh(u + esay + 1) cosh(u + €364 + 1),
Hy(u) = Hi(—u—mn),

with the condition

2

€2 .
1T

a_ + 615_ + €200 + 6354_ = 60(9_ — 0+) -+ 77]{7 +

o8



Chapter 3: The Bethe Ansatz for Vertex Models

€1€2€3 = 1, (3.26)

where €1, €9, ¢35 € {—1,1}. The above equation is true up to mod 2im, where k € Z,

and M = sN — % — % is a non-negative integer. Functions H; and H, satisfy

Hy(u—n)Hy(u) = 5(5)(14).

This expression satisfies some properties of eigenvalues of the transfer matrix. First,

those functions satisfy the initial condition
Az?) (0) = —8sinh(n)*" cosh(n) sinh(a_) cosh(A_) sinh(a.) cosh(S,.).

Second, they satisfy the asymptotic behaviour

cosh(f_ — 0 )e@N+Hutr(N+2)n

A(U)(i’s) ~ 92N 11

+ ...,

for u — +00. This is the condition of boundary parameters in relation (3.26)

2

€2 .
a_ 4+ €60+ eay +e38 =60 —0,) +nk + 2im.

Finally, the semiclassical property is satisfied
A(%’s)(u)|n:0 = 8sinh(u)?Y(— sinh(a_) cosh(B_) sinh(a; ) cosh(B,) cosh(u)?

+ cosh(a_) sinh(3_) cosh(a ) sinh(/3, ) sinh(u)? — cosh(f_ — 6,.) sinh(u)? cosh(u)?).

This will gives a condition among {¢;}

€169€3 = 1.

Remark. The Hamiltonian Hﬁggz,gmml can be defined as %t(%’%)(uﬂuzo. H)(?Qz,genemz

corresponds to the transfer matrixz constructed from the R-matriz in the relation (3.1)

and the non-diagonal K -matrices K~ (u) and K+ (). The exact expression of
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Chapter 3: The Bethe Ansatz for Vertex Models

this Hamiltonian can be found in [74].

It is worth noting that Hﬁ(@mmml can be identified with the representation of
elements of the two boundary Temperley-Lieb algebra [85]. This connection is pointed
out in [86] [87] [88]. In the context of the two boundary Temperley-Lieb algebra, the
condition (3.22) becomes the restriction on the parameters in the algebra, such that
the algebra has a reducible but indecomposable representation. This condition is

equivalent to the condition where the determinant of the gram matriz is zero. The

gram matriz is also used in the meander model [89] [90].
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Symmetry of Bethe equations

In Section 2.1, the supersymmetric Hamiltonian H)((]\QZ with the closed boundary

condition has been constructed. The Hamiltonian H&I\QZ is related to the transfer

matrix of the eight-vertex model. The transfer matrix of the eight-vertex and H&J\QZ
are in the same commuting family, hence they share the same eigenvectors and Bethe
equations. In [52], the transfer matrix of the eight-vertex model was studied using
the coordinate Bethe ansatz. There is a symmetry in the Bethe equations, which
induces a correspondence of eigenvalues of transfer matrices with different size. To
be more precise, let {vy, ..., v} be a set of Bethe roots of the transfer matrix of
length N, then {vy,...,var, n}¥ =Y is a set of Bethe roots of the transfer matrix of
length N — 1. This correspondence will be denoted by SP¢*¢. When the eigenstates

can be constructed from the Bethe roots, the correspondence in Bethe roots will

induce a map SBethe

Sﬁdhe . V®N N V®N_l, (4_1)

with the action of SE" on eigenstates defined as

Bethe g(N) _ W=D
SN ®{U1,...,’UN} - ®{U1 ----- ")1\77”7}7
where @gﬁ)_._ oy} denote the eigenstate constructed from {v1,...,vn} of the transfer
matrix of length N. SB¢"¢ only act on eigenstates constructed from Bethe roots,
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Chapter 4: Symmetry of Bethe equations

hence SP¢"¢ only acts on a certain subspace.

In [69], this symmetry in the Bethe equations of the gl(n|m) spin chains has
been studied. In [70], this symmetry in the My model of single fermions and pairs
has been studied, and the map SP¢"¢ is identified with the lattice supercharge of
this model. In [91], the symmetry of the N = 4 Super Yang-Mills model has been

studied.

This chapter will study the Bethe equations of the Hamiltonians of the XXZ

SBethe for each of

spin chains with varying boundary matrices, and the analogue of
them. In Section 4.1, the Hamiltonian of the XXZ spin chain with closed boundary
conditions will be studied using the algebraic Bethe ansatz, and part of the result
obtained in [52] from the coordinate Bethe ansatz will be recreated. SP¢"¢ only
exists in a certain subspace for this Hamiltonian. In Section 4.2 and Section 4.3, the
Hamiltonian of the XXZ spin chain with open boundary conditions will be studied.

SBethe axists on all spaces. Section 4.2 will analyse the integrable open

In this case,
XX7 Hamiltonian with generic boundary matrices using T(Q equations. The result
shows that the symmetry in TQ equations induces the the map S5¢¢. There is
a restriction on the boundary parameters, and the TQ equations only exist within
this restriction. Section 4.3 will treat the special case of the open XX7 Hamiltonian,
which has diagonal boundary matrices. This Hamiltonian is equal to the Hamilto-
nian defined in Section 4.2 with boundary parameters going to a certain limit. In
this limit, the TQ equations are no longer valid. Using the symmetry in the alge-

braic Bethe ansatz, the existence of the map SB¢"¢ for this Hamltonian has been

proved.

In Section 4.4, a Hamiltonian which has both the lattice supercharge Sy and the
map SP"¢ will be defined, and the relation between Sy and SZ¢"¢ will be studied.
This Hamiltonian is a special case studied in Section 4.3. By numerical checks of
the action of lattice supercharge Sy on eigenstates constructed from the algebraic

Bethe ansatz, it has been found that the lattice supercharge Sy is proportional to

SBethe
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Chapter 4: Symmetry of Bethe equations

4.1 Bethe Ansatz analysis on closed chain

For n = 2im/3, the Bethe equations of the transfer matrix ¢(u) of six-vertex model
has an additional symmetry [52]. To see this symmetry, recall the Bethe equations

(3.11) of the periodic case
My (u, {vy, ... ,’UM})CEN(’Uk) + Nig(u,{vy,... ,UM})(SN(vk) =0,
with
k=1,..., M,

where the spectral parameter is denoted as u, and the Bethe roots are denoted as

{v1,...,vm}. The Bethe equations can be written out as
sinh(v; — v + 1) sinh® (v)

Y, , -
=LiEksinh (v; — vp — 1) sinh™ (v + 1))

with

k=1,...,M.

By using the above equations, it is easy to see the following set of equations are true
for n = 2in/3:

v sinh(v; — vy + ) sinh(—vy, +2n)  sinh® (vy,) sinh(vy, + )

=ti#Esinh(vi — v — ) sinh(—vg)  sinh™ (v, + 7) sinh(vg)’

with

k=1,..., M.

The above equations are exactly the first M Bethe equations of lattice size N — 1

with Bethe roots {v1,..., vy, n}. The last equation is

v sinh(v;)

= Ginh(v; — 2) (=)™ (4.2)
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Chapter 4: Symmetry of Bethe equations

This can be interpretated as a restriction on eigenstates to a certain eigenspace of

t(0). Recall the expression for the eigenvalue

v sinh(vy —u+n)

-
A(u) = sinh® (u + )L, P Gl e /)

+ sinh™ (u)ITL,

sinh(vg — u) sinh(u — vy)

hence the condition (4.2) is equal to
A(0) = (=1)""tsinh(n)". (4.3)

The transfer matrix t(u) has a symmetry in the Bethe equations when the above
condition holds. The Hamiltonian H)((]\Q , of the XXZ chain with periodic condition

is related to the transfer matrix as H)({]_\QZ o (0). Since t(0) = sinh(n)NTy, the

relation (4.3) is the same as the restriction on the supersymmetric H&J\Qz in Section
2.1, which has H )((AQ , as a special case. Hence the condition for lattice SUSY obtained

from Bethe equations is consistent with the condition for lattice SUSY given in [52].

It has been conjectured in [52] that the map SB¢h¢ of H)((]\QZ is equal to a linear

combination of Sy and the spin reversed version of it. This conjecture will motivate

SBethe

us to study the relation between Sy and for the supersymmetric open XXZ

chain Hamiltonian.

4.2 The Open Chain with Non-diagonal Bound-

ary Matrices

This section will examine the spectrum of the integrable open XXZ spin chain Hamil-
tonian with non-diagonal boundary matrices using T(Q equations. The T(Q equations
of the open XXZ spin chain Hamiltonian with non-diagonal boundary matrices has
been studied in [92] [93]. However, it is difficult to analyse the symmetry of the TQ
equations in [93]. The difficulty is due the complexity of the TQ equations, where

there are two sets of Bethe roots instead of one set. In [74] [83], the TQ equations
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Chapter 4: Symmetry of Bethe equations

have been proposed with only one set of Bethe roots. However, the existence of
the TQ equations depends on the boundary parameters of the XX7 Hamiltonian.
In [94], it has been suggested that these TQ equations are the special case of the
inhomogeneous T(Q equations, and the condition for the existence of the T(Q equa-
tions in [83] is equivalent to the condition where the inhomogeneous term becomes

zero in [94].

The TQ equations of the spin-s transfer matrix given in [83] have a symmetry

when n = S:L—Wl and = 0, which implies the correspondence SP¢"¢  which takes

the set of Bethe roots {vy,...,vn} of transfer matrix of length N to Bethe roots
{vi,...,un, (s + 3)n} of transfer matrix of length N — 1. Since TQ equations only
exist when the boundary parameters of the transfer matrix satisfy the condition
proposed in [83], the map will only exist with this condition together with the

T

restriction on the parameter n = 25

or n = 0. These results will be proved in the

following.

The eigenvalue A(2%) (1) of the spin-s transfer matrix has the form [83]

AE0) = t(uler o) PG e ) D50
where
Q(u) = I, sinh(u — v;) sinh(u + v; +7), M = %(25]\] —1—k),
and
Hi(uler, €, €3) = —4eg sinh2N(u—(s—1)n sinh(2u) sinh(u+a_+n) cosh(u+e; 5-+n)

27" sinh(2u + 1)

x sinh(u + €2y + 1) cosh(u + €364 + 1),

1 inh(2 2
Hy(uleq, €, €3) = —4ey sinh2N(u+(3+_)n)w

2" Simh(2u £ 1) sinh(u—a_) cosh(u—e; 8-)

x sinh(u — ey ) cosh(u — €3054).

65



Chapter 4: Symmetry of Bethe equations

The boundary parameters of this Hamiltonian satisfy the condition

1—62

2

a_ + e +ear+e3f =e(0- —0y)+nk+ im, (4.5)

with

€1€9€3 = 1.

The relation (4.5) is true up to mod 2im, where k € Z and |k| < 2sN — 1. The
relation (4.5) comes from the asymptotic behaviour and the semi-classical property
of A(u) [74]. Letting u = v; in relation (4.4) and using analyticity of A(u) gives the

Bethe equations
Hy(vjler,er,e3) Qv+ 1)

Hy(—v; — ey, €1, €3) Qv; —n)’
with

j=1,..., M.

Assuming the map ST exists for the spin-s transfer matrix, the condition (4.5)

(N)

{v1,...,unr} to another

implies a restriction on 1. The map SE¢" takes an eigenvector @

(N-1)

foran, s+ L} where {vi,..., vy} and {v, ..., v, (s + 3)n} satisfy

eigenvector ¢
the TQ equations of length N and N — 1 respectively. A necessary condition for
TQ equations is the relation (4.5). Hence the relation (4.5) has to be true for both
{or,...,vn} and {vy, ..., vpr, (s+3)n}. For H)((]\szgeneml with size N and N —1, the
boundary parameters a4, 84,60+ are fixed, However, the integer k can be different
for different sets of Bethe roots. To differentiate the condition (4.5) for different
sets of Bethe roots, k and &’ will be used in the relation (4.5) of {v1,..., vy} and
{v1,...,va, (s+ 2)n}. Hence the relation (4.5) for {vi,...,va} and {vy,...,var, 0}

are

2

a_ +eaf-+eay +e3fy =0 —00) +nk+ 2,

I -6,
I,
2

a_ +ef- +eay +efy =e(0- —0y) + k' +
€1€2€3 = 1.

The above equations are true up to mod 2iw, where k € Z and |k| < 2sN — 1. The
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integer k in the relation (4.5) is related to the number of Bethe roots and the size

of the spin chains by M = $(2sN — 1 — k), it follows from this relation that

k=—-2M+42sN —1,k' = =2(M + 1) +2s(N — 1) — 1.

Comparing the two above relations gives

K =k—2s—2.

Substituting the above relation, the condition (4.5) for {vy, ..., v, (s+2)n} becomes

1—
a_ +ef-+ oy +ef =e(0- —0.)+nk — (25 +2)n + 2. (4.6)

Hence

(25 +2)n = 0.

The above equation is true up to mod 2¢w. This equation gives a restriction on 7,

and it has solutions 1 = ﬂ and n = 0.

It remain to be checked that the map SP¢"¢ take an eigenstate to another eigen-

state at n = ;r—ﬂl and n =0, i.e. when {vy,..., vy} satisfy Bethe equations of the

length N, {v1,..., v, (s + %)n} will satisfy Bethe equations of the length N — 1.

Bethe equations of length N — 1 with Bethe roots {v1,...,var, (s + 1)n} are

sinh?(v; — (s — 1)n) _ sinh(v; — (s —

% _ %)n) sinh(v; + (s + g)n)
sinh®(v; + (s+ 1)) sinh(v; — (s + 3)n) sinh(v; + (s + 3)n

7j:17"'7M7
)

sinh?V ((2s + 1)n) sinh((2s + 3)7)
sinh*Y ((n) sinh((2s + 1)n)

sinh((s + 3)n — a_) cosh((s + 1)n — 1 8_) sinh((s + 3)n — e2a;) cosh((s + 3)n — €35+)

X

sinh((s + 2)n + a_) cosh((s + 3)n + e f_) sinh((s + 2)n + e20; ) cosh((s + 3)n + €35,)

(4.7)

=1 .

o sinh((s 4+ 2)n — v;) sinh(v; + (s + 2)n)
snlh((s — %)7’] — ’Uj) Sil’lh(Uj + (3 + %

It is worth noting that the Bethe equations of {v,..., vy} of length N have been
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used to simplify the M + 1 equations in relation (4.7). It is easy to see that the all
. _ T _ Bethe

the above M + 1 equations are true for n = £ and n = 0. Hence the map S

exists for the transfer matrix when n = i;r_ﬂ1 and n = 0 with boundary parameters

satisfying the relation (4.5).

From now on, let s = % and n =

2in

2~. The Hamiltonian of the spin-half transfer

matrix at n = QZT” will be normalised, such that SB¢h¢ takes an eigenvector of this

normalised Hamiltonian of the length N to another eigenvector of the length N — 1

with the same eigenvalue. The definition of the spin-half XXZ chain Hamiltonian

with general boundary matrix is

H,g(N) t/(O) = ) |u:0-

X Z,general =

The exact expression of H&J\Q Z.generar 18 1Ot needed in this thesis. The eigenvalues of

the Hamiltonian are related to eigenvalues of the transfer matrix as

Using the fact that aHa;u(u)M:o = Hy(u)|u=o = 0 and the relation (4.4), the energy

has the form

=9 @l
B= =50y =

0 sinh(u — v; — 1) sinh(u + v;)
“— Ou sinh(u — v;) sinh(u + v; + 1)

0
= 5 (Ha())u=o + Ha(0) Nu=o.

M

_ %wz(umu:o +Hy(0)Y

=1

2sinh(n)
sinh(v;) sinh(v; +n)

(4.8)

The exact forms of Hy(0) and & (Hz(u))|,—o are not needed in this thesis. The

Hamiltonian will be normalised as

N
H(N)/ — Hﬁ()gZ,general . %(HQ(U»LL:O i 2N
XXZ,general — H2(0) H2(0) smh(Qn) .
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Hence the eigenvalue E of H)((]\QlZ,general is

2 sinh( 2N
P-3 D
sinh(v;) sinh(v; + 1)  sinh(2n)
For the pair of Bethe roots {v1, ..., vas}iz1, s Of the size N chain and {v1, ..., va, n}iz1, 0
of size N — 1, their corresponding eigenvalues Eg}\?v and B (0r,. ’)UM ;) are equal
M :
o) _ Z 2sinh(n) N 2N
{v1oark sinh(v;) sinh(v; +7) = sinh(2n)’

2 sinh( 2 2
_ z (n) I
sinh(v;) sinh(v; + 1)  sinh2n sinh(2n)

(N-1)
{v1,...,om,m}"

Hence for the two sets of Bethe roots paired by the map SZ¢"¢ their eigenstates

share the same eigenvalue.

Remark. It is worth noting that SP°"¢ also exists for n = 2112 if the boundary

parameter 0, is allowed to change between Hamiltonians with the odd and the even
length. Let 6, = 6_ for N s odd and 6, = 0_ + iw for N is even. The rest of
boundary parameters are left unchanged. Let {vy,..., vy} be a set of Bethe roots
satisfying TQ equations of the length N. It is easy to see that the relation (4.7)
is true, hence {vi,...,vp,m} is a set of Bethe roots satisfying TQ) equations of the
length N — 1. The condition (4.5) is also satisfied for these two sets of Bethe roots.

This implies the existence of the map SPethe.

For the spin-half Hamiltonian, changing the boundary parameter 0, between
Hamiltonians with the odd and the even lengths simply corresponds to the gauge

transformation of the Hamiltonian

~

(N) _ (N) -1
HXXZ,general - UHXXZ,generalU )

where

U=0"®R1557°1x....
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The operator on the last tensor product space is o for N odd and identity for N

even.

4.3 Open Chain with Diagonal Boundary Matri-

ces

This section will study the open XXZ Hamiltonian with diagonal boundary matrices
using the algebraic Bethe ansatz. The previous section studied the integrable XXZ
spin chain with non-diagonal boundary matrices. However, there is a special case
which requires a more careful treatment. Let the boundary parameter S goes to
the limit

ﬁi — +00.

The functions Hy(u) and Hy(u) in the TQ equations will go to infinity due to the
presence of the cosh(u £ (1) term. Hence the construction of TQ equations in the
last section does not exist. The Hamiltonian in this limit corresponds to the open
XXZ chain Hamiltonian with diagonal boundary matrices, which is H;gg Z.Sklyanin

given by the relation (3.19). Historically, the transfer matrix in this limit has been

studied before the transfer matrix with generic K-matrices.

The eigenvalue of H&J\Q Z.Sklyanin 15 OF the form

_ sinh(2u + 2n) sinh(u + ;) sinh(u + ()

Alw) sinh(2u + 7)

sinh(u + n)*"

v sinh(u — v, — ) sinh(u + vy,)
xIL— = :
sinh(u — vy,) sinh(u + v, + 1)

+sinh(2u) sinh(u — {4 + n)sinh(u — (_ 4+ n)

inh 2N
sinh(2u + n) sinh(v)

I sinh(u — vy, + 1) sinh(u + v, + 27)

’ 4.9
"= sinh(u — v,,) sinh(u 4 vn, + 1) 49)
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where {vy,..., vy} are Bethe roots satisfying the Bethe equations

sinh(vy, + (1) sinh(vy, + () sinh(v,, + n)?"
sinh(v,, — ¢+ + n) sinh(v,, — (_ + n) sinh(v,,)?V

sinh (v, — v + 1) sinh(vy, + v + 27)

< M.
sinh (v, — vx — 1) sinh(v,, + vy) "=

M
= Hk:l,k;éM

Using the Bethe equations, it is easy to check that, for n = 2ir/3, the following

system of equations is also true

sinh(v,, + () sinh(v,, + ¢_) sinh(v,, + )21
sinh(vy, — ¢y + 1) sinh(vy, — (- 4 7) sinh(v,, )28 =D

sinh(v,, — vx + n) sinh(v,, + vk + 2n) sinh(v,, — n + n) sinh(v,, + n + 2n)
sinh(v,, — vx — 1) sinh(v,, + vy) sinh(v,, — n — n) sinh(v,, + n)

_ M
- Hk:l,k;ém

Y

for 1 <m < M, and

sinh(n + () sinh(n + ¢_) sinh(n + 7)?¥—Y
sinh(n — ¢y +n)sinh(n — - + ) sinh(n)2N -1

v sinh(n — v + n) sinh(n + vi, + 2n) sinh(n — n + n) sinh(n + n + 2n)
k=1 sinh(n — vy — n) sinh(n + vg) sinh( —n —n)sinh(n+7n)

However, the above equations are the Bethe equations of the length N — 1 Hamil-
tonian with Bethe roots {vy,..., vy, n}. In order to calculate the eigenvalue of the
Hamiltonian, it is worth noting that the eigenvalue of the transfer matrix in rela-
tion (4.9) can be expressed in the form of relation (4.4). Let Q(u) be defined as in

relation (3.25), then

Q(u +n) Qu —n)
Au) = Hi(u)————= + Hy(u ,
=gy R gw)
where
inh(2u) sinh(u — inh(u — (_
Hy () =SB0 sin (usmgag —? sinh(u = G +1) 4 an
m)
and
sinh(2u + 2n) sinh(u + ¢, ) sinh(u + () .
Hy(u) = uh(20 © ;}r) sinh(u + 7).
Since a}géu) lu=o = Hi(u)|u=o = 0, it follows from the same argument as in relation

71



Chapter 4: Symmetry of Bethe equations

(4.8) that
- 2sinhn
E — A, O —
( ) C1 ZZI <inh o sinh(vm i 77) + Co,
M
2sinh(n) )
Z(H o,
; sinh(v;) sinh(v; 4+ n) + au( 2(u))]u=o
where

¢, = Hy(0) = —sinh ¢ sinh ¢_ sinh*" 7,

Cy = 8_(H2(u))\u:0 = —2N sinh*¥ ! cosh 7 sinh ¢ sinh ¢_
U

— sinh® sinh(¢y + ¢_) + sinh®¥ ™! 9y sinh ¢ sinh ¢_(2 cosh(7) + 2 cosh(2n)).
The Hamiltonian can be normalised as

N
H)((X)'Z,Sklyanin . C_Z + 2 I
¢ ¢ sinh(2n)

()
HXXZ,Sk:lyanin -

From relation (3.19), the Hamiltonian can be expressed using Pauli matrices as

N-1
N /
H;(X)Z,Sklyanin = smhn Z J J"F ]—1—1 + COSh( ) ] j—l—l)
7j=1
: s ; 3N -7
+ sinh(n) (o7 coth(_ + 0% coth(y)) — QSTh(n)H + (coth(¢) + coth(¢-))I, (4.10)

where n = 2’% It is easy to check that the eigenvalue of the normalised Hamiltonian

of size N with {v,...,vy} and the eigenvalue of the normalised Hamiltonian of
size N — 1 with {vy,..., vy, n} are equal
/ /
E{’U]_ ..... ’UM} E{’Ul ..... vM,n}'

Remark. The same result can be shown using the coordinate Bethe ansatz [53].
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4.4 The Map SP and The Lattice Supercharge

This section will study the relation between SP¢"¢ and the lattice supercharge. A

new Hamiltonian H)((J\Q Z.diagonal Wil De defined, where both the lattice supercharge

and the map SP"¢ can be defined. The relation between these two operators is
SN o SBethe
N,

This relation can be confirmed numerically, and it motivated the theorem in the

next chapter where this relation will be proved analytically.
The Hamiltonian H)((]\QZ’ diagonar Wil be defined as

sinh(n)

(N) _ (N)
HXXZ,diagonal - -9 HXXZ,Sklyanin + 2]17
where parameters in H)((]\lesmymm are fixed to be n = 2in/3 and (. = —n. Using

relation (4.10), this Hamiltonian can be written out using Pauli matrices as

N-1
Z((ﬂ@cﬂ | tol®o! 1—la»z®0-z 1)—10f—10f\,—|—3N_ 1]1.
— 1 1+ 7 1+ 2 1 1+ 4 4 4

(4.11)

(N) —
HXXZ,diagonal -

N —

The Hamiltonian Hggg Z.diagonal 1S @ Special case of H)((J\;g 7. Hagen, d€fined in Section

2.2 and chj\Qz,SUSY defined in Section 2.3. By direct calculation, H;(]\)?Z,diagonal is
equal to H)((]\Q z.susy in relation (2.6) with 715 = 1 and all the other variables to be
zero. It follows that H)((]\QZ,diagonal is equal to the anti-commutator of this lattice

supercharge

(N) _
HXXZ,diagonal - SN+1S;V+1 + S}LVSN7

where the lattice supercharge Sy is constructed from the local supercharge as in
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relation (2.4). The local supercharge p is

0000
p:
1 000

By the discussion of lattice SUSY in Section 2.1, it follows that H&Z\QZ’ diagonal 1128

lattice SUSY with the lattice supercharge Sy.

The relation Sy oc SEh¢ is motivated by the action of Sy and SE" on the

eigenvectors. Section 4.3 has shown that there is a symmetry in the spectrum of

SBethe

H&]Q/Z,Sklyanin which induces the map The map SB¢ take an eigenstate

(N) - (N-1)/ : : :
of Hx ¥ 7 skiyanin 10 an eigenstate of Hy 7 g1 qnin With the same eigenvalue. Since

(N) : . (N)' . . ..
H %7 diagonar 18 @ special case of Hy v g1 0nin With a certain normalisation, the map

N)

Bethe : ( : : : :
S also exists for Hyy 7 iogona- Olnce the normalisation does not involve any

function with the parameter N, SP¢" will also take an eigenstate of H)((]\QZ diagonal

)

. (N-1
to an eigenstate of Hy 7 yisonal

with the same eigenvalue.

On the other hand, H)((]\Q Z.diagonal 1S SUPersymmetric with the lattice supercharge
Sy. By the discussion about the supersymmetric Hamiltonian in Chapter 2, Sy will

take an eigenstate of H)((]\Q Z.diagonal VO 1L €igenstate of H%{Z{)dm gonal With the same

eigenvalue. When the spectrum of the Hamiltonian Hé(]\;() 7 diagonal 18 NON-degenerate,

the relation Sy oc S must be true. For H)((]\Q Z.diagonal» V€ spectrum is degen-
erate since 7 is a root of unity. However, numerical checks in Subsection 4.4.1 and

Subsection 4.4.2 show that Sy oc SE"e is still true.

4.4.1 McCoy’s Methed

In order to look deeper into the structure of the spectrum of the spin chain Hamil-
tonian, and to understand the action of Sy on the eigenstates generated by Bethe
roots, Bethe roots need to be calculated. Since it is a difficult task to solve Bethe
equations numerically using the ’solve’ function in Maple software, the method de-

veloped by B.McCoy [95] will be used. This method is based on the TQ equations.
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When the TQ equations exist for the transfer matrix, any eigenvalue can be written

Q(u—n) Q(u+mn)
Q(u) Qu)

where hy and hy are scalar functions, and Q(u) is defined in relation (3.25). The

A(u) = hy(u) + ha(u)

following steps will be used to compute the values of Bethe roots:

e First, the parameter u of the transfer matrix will be fixed to any chosen value.
The eigenstates and eigenvectors of this constant matrix will be computed
numerically. Since integrable transfer matrices with different parameters share
the same eigenvectors, the action of the transfer matrix on the eigenstates
of the constant transfer matrix will give a numerical approximation of the

eigenvalues, which are functions of the parameter u.

e The TQ equations will be rewritten as

Aw)Q(u) = h(w)Q(u — 1) — ha(u)Q(u + 1) = 0,

where the eigenvalue A(u) is obtained numerically from the first step. The
variable u will be rewritten as x = e". Hence the left hand side of the above
relation becomes a polynomial of z, where coefficients involve Bethe roots.
Since all coefficients need to be zero, this implies that Bethe roots satisfy a

system of equations.

e The final step will simplify the equations obtained in the step two. A simple
example will show that the system of equations is nonlinear. In order to

linearise the equations, Q(z) will be redefined as

Q) = 3 bu(a™ + (aq) ™),

where ¢ = e and {by}r—0,.. . Following the second step and using the new
expression for Q(z), a system of linear equations will be obtained. Solving

this linear system will give a solution of Q(z) as a polynomial up to a scalar,
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and roots of this polynomial are Bethe roots.

4.4.2 Direct Diagonalisation

This subsection will give some numerical results on the spectrum of the transfer
matrix, which are obtained from McCoy’s method. The expression of eigenvalue of
this transfer matrix has been given in Theorem 5. The function needed in the TQ

equations are given as

sinh(2u + 2n)

hi(u) = ho(—u —n) = sinh(2u + 1)

sinh(u + ¢4 ) sinh(u + (_)d (u)d_(—u —n),

Q(u) = nyzl’k#m sinh(u — vy,) sinh(u + vy, + 7).

The eigenvalues A(u) of the transfer matrix at u = ¢ of the length N =3, N =4

and N = 5 are given in the three tables in the end of this section.

Since the Bethe equations have been solved, eigenstates can be obtain from the

expression

B(Ul) e B(UM)QN7

where {vy,..., vy} are Bethe roots. The numerical checks have shown that the
lattice supercharge Sy take an eigenstate B(vy)...B(va)dy to another eigenstate
B(vy)...B(vpy)B(n)Qn—1 when v; # n for all i = 1,..., N. When v; = n for all
cetain i € 1,..., N, the action of Sy on B(vy)...B(vpy )y is zero. In the table
with NV =5, the lattice supercharge S5 has been used to act on any eigenstate gen-
erated by the set of Bethe roots excluding n ~ 2.0943951023931954927. The results
are eigenstates with the same set of Bethe roots plus an additional Bethe root n
in the table of N = 4. For example, S5 takes the eigenstate of the transfer ma-
trix at N = 5 with Bethe roots {0.189840656161305677 — 2.6179938779914943651 }
to the eigenstate of the transfer matrix at N = 4 with {0.189840656161305677 —
2.6179938779914943651, 2.0943951023931954927 }. Similarly in the table with N =
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4, any eigenstate which does not include n will be mapped by S; to an eigenstate
in the table of N = 3 with the same Bethe roots plus an additional Bethe root
1. The action of Sy on eigenstates generated by the set of Bethe roots including
n are zero. There are three special cases, i.e. A(i) = —0.388910734232823548 in
N =3, A7) = 0.307123050467152908 in N = 4 and A(i) = —0.242535265359329041
in N = 5, which are mapped to zero by Sy. Those sets corresponds to the super-

symmetric singlet.

AG),N=3
-0.388910734232823548
-0.364922327712076772

-0.312768559192756345
-0.312667245940495167

-0.280439316016709334
-0.268067956627562349

Bethe roots

{0.346573590279972654 — 2.6179938779914943651 }
{0.243868443159090244 — 2.6179938779914943651,
2.0943951023931954921}

None

{0.658478948462408354 — 2.6179938779914943651,
2.0943951023931954921 }

{2.0943951023931954921 }

{0.902347391621498599 + 2.0943951023931954921,
2.0943951023931954921 }

AG),N =4
0.185637927710851181

0.198571625112257655
0.206996948893242215

0.211693433287100201
0.221463103547077305
0.236815835684886928

0.246913519997936405
0.264254619023349945

0.288179390809542733
0.307123050467152908

Bethe roots

{0.6368887597197771483 + 2.0943951023931954921
2.0943951023931954921 }

{2.0943951023931954921 }

{1.0839368632782486188 — 2.6179938779914943651,
2.0943951023931954921}

{0.902347391621498599 + 2.0943951023931954921 }
None

{0.4470481035584714704 — 2.6179938779914943651
2.0943951023931954921 }

{0.658478948462408354 — 2.6179938779914943651 }
{0.1898406561613056779 — 2.6179938779914943651,
2.0943951023931954921 }

{0.243868443159090244 — 2.6179938779914943651 }
{—0.8570731112297207845 — 2.6179938779914943651,
0.256013229625077919 — 2.6179938779914943651 }
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AG),N=5
-0.242535265359329041

-0.231926506616731954
-0.208682038192086715
-0.205561308514509576
-0.189479581370620001
-0.189024489033665780
-0.187013613799945530
-0.182633376423723889
-0.174832562908192230
-0.163465620219747533
-0.156812136751635447
-0.156761341030459612

-0.152400313461410151

-0.149257479786784030

-0.146598387811085394
-0.140603289365378849
-0.138007251885736477
-0.129818811124521185

-0.126229581873973952

Bethe roots

{—0.504773412134716060 + 0.5235987755982988731,
0.201117460722222413 — 2.6179938779914943651 }
{0.376118392450686110 — 2.6179938779914943651,
0.164317710486570667 — 2.6179938779914943651
2.0943951023931954921 }

{0.189840656161305677 — 2.6179938779914943651 }
{0.160969969798059705 — 2.6179938779914943651
0.774681037571526365 — 2.6179938779914943651,
2.0943951023931954921}

{0.155952679091217849 — 2.6179938779914943651,
2.0943951023931954921 }

{0.765050734850749381 — 2.6179938779914943651,
0.362750128054243882 — 2.6179938779914943651
2.0943951023931954921'}

{0.447048103558471470 — 2.6179938779914943651 }
{0.151628797750494857 — 2.6179938779914943651,
1.000543726900273134 + 2.0943951023931954921,
2.0943951023931954921 }

{0.346573590279972654 — 2.6179938779914943651
2.0943951023931954921 }

{1.083936863278248618 — 2.6179938779914943651 }
None

{0.658478948462408354 — 2.6179938779914943651
2.0943951023931954921 }

{0.583385627093906993 — 2.6179938779914943651,
0.853781969633961425 + 2.0943951023931954921
2.0943951023931954921 }

{0.706816288260926223 + 3.1385119309472464761,
0.706816288260926223 — 2.0913143797506487301,
2.0943951023931954921}

{0.636888759719777148 + 2.0943951023931954921 }
{2.0943951023931954921 }

{0.977904727002991095 — 2.6179938779914943651,
0.595371976110936743 — 1.0471975511965977461
2.0943951023931954921}

{0.502526269371190504 + 2.0943951023931954921,
2.0943951023931954921 }

{1.230808758725261201 + 2.0943951023931954921,
—0.474919634569165021 — 1.0471975511965977461 ,
2.0943951023931954921}
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Chapter 5

Integrability and Lattice

Supersymmetry

This chapter will study the spin half open XXZ Hamiltonian

=

-1

3N —1
4

1 1
(0f @iy +of ®aly, —§Jf®af+1) - ZO—T_ZU]ZV—I_
1

L.

N | —

(N) —
HXXZ,diagonal -
i

This Hamiltonian is first defined in Section 4.4. Section 4.4 has shown that H )(?Q Z.diagonal

is related to an integrable transfer matrix, and its spectrum can be solved by the
algebraic Bethe ansatz. Section 4.4 has also shown that H)((]\Q Z.diagonar 108 lattice su-
persymmetry, and has given the construction of the lattice supercharge Sy. Section
5.1 will define the diagrams associated with some of the operators, e.g. the local
supercharge p, the lattice supercharge Sy. In Section 5.2, Sy will be incorporated
into the construction of the algebraic Bethe ansatz through a commutation relation
between Sy and the creation operator B in the algebraic Bethe ansatz. This commu-
tation relation will be proved together with other commutation relations between
Sy and the operators A, C and D in the algebraic Bethe ansatz. The diagrams
defined in Section 5.1 and Chapter 3 will be used in the proof of the main theorem
in Section 5.2. Section 5.3 will study the supersymmetric Hamiltonian with anti-

diagonal boundary matrices, and prove that there are similar commutation relations
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between its lattice supercharge Sy and the operators A, C and D corresponding to

this Hamiltonian.

5.1 Lattice Supersymmetry

Let the local supercharge be

0000
p:
1 000

The lattice supercharge Sy is defined in relation (2.4). By the discussion in Section

4.4, it follows that

N
H)(()gZ,diagonal = SN+1S;[V+1 + SJTVSN

Some of the operators defined above have diagrammatical representations which
will be useful later on. In the diagram of the vertex model, the space V' is identified
with a single line (|). The diagram of the identity map from V' to itself is a vertical
line with an arrow in the middle. The tensor product space V ® V' is two parallel
lines (||). The diagram of p is chosen such that it connects two parallel lines to one

line with an arrow pointing from two lines to the one line

Y

The component of this map can also be defined by diagrams. For example, the

coefficients of map p from (4++) to (—) is 1. The diagram for this coefficient is

+ 4+

Y

The other coefficients of p are zero. The diagram of Sy is the sum of diagrams of

(—1)"'p; over i. The diagram of (—1)"lp; is
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i+1

The bottom half of this diagram is N — 1 parallel lines with the diagram of p on the
ith position. It is worth noting that the coefficients (—1)"*! is incorporated in the
above diagram. This will simplify the diagrams appearing later in Section 5.2. The
above definition of the diagram of (—1)""p; is consistent with the diagram of p. In
fact, p can be defined as (—1)'™'p; with N = 1, and they have the same diagram.
The diagram of lattice supercharge is the sum of diagrams (—1)""!p; over i. For

example, when N = 3

The above diagram will simplified as

where the dashed line means taking the sum of (—1)""!p,. Then the diagram for Sy

18

> 2
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5.2 The Algebraic Bethe Ansatz and Lattice Su-

persymmetry

The main results in this chapter are the connections between two hitherto unre-
lated operators, namely, the lattice supercharge and the creation operator B in the
algebraic Bethe ansatz. Their relations is expressed in the following commutation

relations

BNfl(U)SN = dQSNBN(U),
SnQy = éB(n)N—IQN—I;

where d = sinh(u — n), ¢ = 1/sinh(n)?~! and Qy is the reference state in the
algebraic Bethe ansatz. The above commutation relations are motivated by the

following relation which has been confirmed numerically in Section 4.4

SNBN(’Ul) e BN(UM)QN X BNfl(Ul) Ce BNfl(’UM)BN,l(n)QNfl,

where {vy,..., vy} and {vy,..., vy, 1} are the sets of Bethe roots of the transfer
matrix of the length N and N — 1 respectively. This is a necessary condition of the

two commutation relations in the beginning of this section.

The commutation relation By_i(u)Sy = d*SyBy(u) will be proved in the fol-
lowing theorem. In the following theorem and the rest this section, the operators
Ay, By, Cy and Dy and their diagrams will be defined as in Section 3.4, and the

lattice supercharge Sy will be defined as in Section 5.1.
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Theorem 6. The following commutation relations are true

SNBN(U,) - dzlgN_l(U)SN = O, (51)
SN.AN<U) — d2AN71(u)SN =By_1® (f(u, N)E+), (52)
SNDN(U) — dQDNfl(’LL)SN = BN,1 0% (g(u, N)E+), (53)

SNCN(U) - dZCN,1<U)SN = BNfl @ (hl(u, N)Ei)

+ An_1 @ (ho(u, NYEY) + Dy_1 @ (hs(u, N)ET), (5.4)

where the scalar functions are defined as

;

where a,b,c and d are given by a = sinh(u + n),b = sinh(u),c¢ = sinh(n) and
d = sinh(u — 7).

Let n be fixed as %, it follows that

a+b+d=0, (5.5)

a® +b* — c® +ab=0. (5.6)

During the proof of theorems, relations (5.5) and (5.6) will be used to simplify the

proof.

The following notations are also needed. Operators E“ : V — C, Bl : V =V
and B2V ®V =V, with ¢ € {+, —} will be defined by
EElve’l = 56176’17 Egve’l = 561,6’1v627 Ege (Ue’l & Ue’2> - 561,6115627612/063‘

€3
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It is worth noting that p = E*T. It is easy to see

E ® E2 = E9% = B9 @ E®.

Proof. The theorem will be proved using the mathematical induction on the size N.
The mathematical induction relies on the proof of the following:

e The induction hypothesis: The relations (5.1) — (5.4) is true for N = 2.

e The induction step: For any integer k& > 2, if (5.1) — (5.4) is true for N = k,

they are also true for k + 1.

Using diagrams, it is easy to check the induction hypothesis. The left hand side of

relation (5.1) at N =2 on (4) ® (+) can be represented by the diagram

+ o+ + o+
+ 1t - + 1 - .
Q-
++ + p—— +
YooY
+ o+ + o+
+(++ +(++
- + - + +
+ - )+
+ o+ +
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It is easy to see that all the terms in the above diagram are zero. Hence the left
hand side of relation (5.1) at N = 2 is equal to the right hand side of relation (5.1)
on (+) ® (+), i.e. the relation (5.1) at N = 2 is true on (+) ® (+). The relation
(5.1)at N=2on (—)® (+), (+) ® (—) and (=) ® (—) can be confirmed using the
same method. Hence the relation (5.1) at N = 2 is true. The relation (5.2), (5.3)

and (5.4) at N = 2 can be proved using the same method too.

In order to prove the induction step, commutation relations at the length &k +
1 will be written out using diagrams. From the diagrams, it is easy to see that
commutation relations at the length k£ + 1 are implied from commutation relations
at the length k. The proof of the theorem has four parts. Each part deals with one
of the commutation relation at the length £ + 1, and its proof will involve up to all

four relations at the length k.

(I). The proof of the relation (5.1) will be carried out as the following: The left
hand side of the relation (5.1) for the length k& + 1 will be rewritten, such that Sy1,
Bj.i1(u) and Bg(u) can be expressed by Sy and the operators A, B, C, D of the
length k and k£ — 1. Then using the relations (5.1) — (5.4) for the length k, it is easy
to show that all terms in the left hand side of the relation (5.1) for the length &k + 1
cancel. Hence the left hand side is equal to the right hand side and the relation

(5.1) is true.

The relation (5.1) will be rewritten with the help of diagrams. The diagram of

the left hand side of the relation (5.1) for the length k + 1 is

k+1 k+1
2\ N
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In order to examine the details of the above diagram, the input on the rightmost
site will be restrict to (—) first, and to (4) later. This is equivalent to restricting
the range of the operator Sgy1By11(u) —d?By.(u)Sk41 to the subspace V®* @ (—) and
V@ @ (+). The relation Sy 1Bpi1(u) — d?By(u)Sky1 = 0 will be proved on both of

the subspaces of VE**1. For (—) on the rightmost site, the diagram becomes

k+1 k+1
N AN

To further simplify this diagram, the following expression is used

k1 k
Sk1 = Z(—l)wlpz‘ = Z(—l)zﬂpi + (=1 ?pia,
i=1 i=1

Hence the diagram for Si,; becomes

S =
-

Using the above diagram, the diagram of Siy1Bpy1(u) — d>Bg(u)Sg1 on VO @ (=)

can be rewritten as
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>R
>~

. . . _d2 F R L -} -

'z
[
>A

Y

The form of the R-matrix in relation (3.1) implies that the Boltzmann weight of
certain configuration of the crosses in the diagram has to be zero. Hence the above
diagram can be partially completed such that the product of Boltzmann weights of

all crosses is non-zero. It gives

>R
p Lol

'
(=
pian
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It is worth noting that the third and the fourth terms in the above diagram corre-
spond to zeros, since the map p is only non-zero with the input (+4). The left hand

side of the relation (5.1) on VE* @ (—) is

By using the relation (5.1) for the length k, it follows that the above expression is

zero. Hence Syi1Bpy1(u) — d?By(u)Sky1 is zero on VEF @ (—).

Using similar argument, the diagram of Sy, 1Bgy1(u) — d*Bi(u)Sky1 on VEF @ (4)

can be written as

k k
/N FaN
! O+ f \
v, i
. + _d2 ______________ -
+| +
. . +
______________ Y .
+
k k
N\ FaN
! O+ f \
+
: V
+ . +,- o L R, _
d ”
-H o+
. . +,
Y -- ’+ !
k+1 k+1
¥, N \ M AY
T4 ! + o+
+ . + |+ _d2
+ |+ + . . . -
Y N

From the relation (5.1) at the length &, it follows that the first two terms cancel.

Using the relations (5.2) and (5.3), it follows that the third and the fourth terms
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become

By ® ET @ EX(be(f (u, k) + g(u, k))).

Using E* ® ET = B, the above expression becomes

By—1 @ ET (be(f (u, k) + g(u, k))).

The fifth and the sixth terms are

Bi_1 ® ETT((=1)*(a?b® — d?ab)).

Overall, the righthand side of the relation (5.1) on V& @ (+4) is

B @ ETT((=1)*(a®b® — d*ab) + be(f (u, k) + g(u, k))).

Using the relations (5.5) and (5.6), it can be shown that

(—=1)* 1 (a®b? — abd®) + be(f(u, k) + g(u, k))

= (=D (a?? — abd® — b*c* — bcd),
= (=D (a?? — a®b — ab® — 2a°0* — V*c* + b*? + abc?),
= (=1)"ab(—a® = b* —ab + c*) = 0.

Hence Sy 1Byy1(u) — d?By(u)Sk11 is zero on V& @ (4). Hence the relation (5.1) is

true for the length £ + 1.

(IT). The relation (5.2) will be first proved on V®* @ (—), then proved on V& @
(+). The right hand side of the relation (5.2) is zero on V& ® (—). In order to
show the relation (5.2) is true on V& @ (—), it is sufficient to prove that the left
hand side of the relation (5.2) is zero. The left hand side of the relation (5.2) for

the length k 4+ 1 can be written out in diagrams as
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k+1 k+1
A\ FaAN

>R
>R

k K
¢ N L ! \
A+ \ /
2
+ = f]° *Ft=mcimmcemaaa=d -
+ . - -d s
H+
. ) +,
Y ) + +
k+1
N
rd L)
+ -
- 1-1 +
+ . . . + +
+ |+ | +
+y +

Using the relation (5.1) at the length &, it follows that the first two terms cancel.

Using relations (5.2) and (5.3) with the same argument as in the part (I), it follows

that the third to the last terms become

Bi_1 @ EY (02 f(u, k) + g(u, k) + (=1 (a?bc)).
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Using relations (5.5) and (5.6), it follows that

V2 f(u, k) + ?g(u, k) + (=1)* (a?be)

= (=D*(%cd + bc®) + (—1)"(a®be),
= (=1)F(=ab*c — b*c + bc® — a®be),
= (—=1)*bc(—ab —b* + * —a®) = 0.
Hence the relation (5.2) on V& @ (—) is true.

The next statement to prove is the relation (5.2) on V®* @ (+). This will be
proved by showing the left hand side and the right hand side of the relation (5.2)
are equal on V®* @ (+). The left hand side of the relation (5.2) acting on V®* @ (+)

corresponds to the diagram

k k
A\ FaN k
f \_‘ I AY I__\
+ + +
o] . / Y
, +
+ 42 L] _
d ile -
+| + +
! + + +
__________________ + | +
- +
k k k
A AN ~
7 \_| I AY + 4 \_‘
+]| + \/ +| +
2
+ + -d° - o.-] - + |+
d + 1 + + *
-1+ + |+ +
+ + J+
Y-- + Y
k k k
N N A
s \ i A f 1
+ o + o+ + +
+|+]| + / /
+ PR PR +-+_dz +
+ | +]| + . e +
{(+ + | + +
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Using the relation (5.2), the first two terms become
By—1 @ ELT(f(u, k)a®).
Hence the first three terms are
Br1 @ BT (f(u, k)a® — (—1)* ' d?ac).
Similarly, using the relation (5.4), the fourth and fifth terms become
Bi1 @ E="(hy(u, k)ac) + Ax_1 @ BT (ho(u, k)ac)

+Dy_1 @ ETF(hs(u, k)ac).

The sixth to the last terms are
Bi1 ® EZT((—1)*"a’c) + Ay ® EXT((—=1)F M (a* — d?b?))

+D1 @ EXH(=1)M (=d?)?).
Hence the left hand side of the relation (5.2) can be written as
Bi1 @ EXT(f(u, k)a* — (=1)Fd2ac)
+Bj_1 @ B~ (hy(u, k)ac + (—1)"ac)

+ A1 @ BT (hy(u, k)ac + (=1)* (a* — d*b?))

+ D1 ® BT (hs(u, k)ac — (—1)*d*c?). (5.7)

The right hand side of the relation (5.2) is By ® (f(u, k+1)E™). Recall the diagram
of Bk
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K
+
It can be rewritten as
k k k
r 4 \ ; N \ ! & \
+ + +
. ) ) +]
+ + . + + *
+ +
+ + +
+ -
K
+
This is the relation
By, =B, 1® Eiab +Bi1 @ EZab+ Aj_1 ® ETbe +Dy_; @ Etbe. (5.8)

Hence By, ® (f(u, k + 1)E™) becomes

Bi—1 @ EXT(f(u, k4 1)ab) + By—1 @ EZ(f(u, k + 1)ab)

+Ap1 @ ETT(f(u, k + 1)be) + Dy @ EXT(f (u, k + 1)be). (5.9)

The difference of relations (5.7) and (5.9) is

B @ EfT(f(u,k + 1)ab — f(u,k)a® + (—1)*"d?ac)
+B1 @ E=(f(u, k + 1)ab — hy(u, k)ac — (—1)"a’c)
+ A1 @ ETT(f(u, k4 1)be — hy(u, k)ac — (—1)*(a* — d*b?))

+Dj_1 @ BT (f(u, k + 1)be — hs(u, k)ac + (—1)*1d>c?).
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Using relations (5.5) and (5.6), it follows that

flu, k4 1)ab — f(u, k)a® + (=1)"d%ac = (—=1)"edab — (—1)*cda® + (—1)*d%ac,

= (=1)""(=a*bc — ab’c — a*c — a*be + a’c + ab®c + 2a’be) = 0,

and

fu, k4 1)ab — hy(u, k)ac — (=1)*aPc = (=1) " edab — (—1)*cac — (—1) a’e,

= (_1)k+1(_a2bc_ abzc—i—ac?’ . a3 ) _ (—l)kﬂac(—ab— b2 +02 _ az) _ 07

and

f(u, k+1)bc—hy(u, k)ac—(—1)* (a?—d*b*) = (—=1)*Tedbe—(—1)*acac—(—1) 1 (a* —d*V?),

= (=D (—abc® — *c* 4 a®c? — a* + a*V? + b + 2ab?),
= (=DM (—a’b—ab® —a®b® — a2b> —b* —ab® + a* +a’b? +aPb—a* + a2 +-b*+2ab%) = 0,

and

fu, k4 1)be — hs(u, k)ac + (—1) T d*c* = (—1)Fedbe — (—1)*cdac + (—1)*1d*c?,

= (_1)k+1(_ab02 o 6202 - CL202 o Cle2 + (1202 + b2CQ + 2CLbC2> —0.

These above relations have proved that the expression (5.7) is equal to (5.9). Hence
the left hand side and the right hand side of the relation (5.2) is equal on V¥ ® (+).

Hence the relation (5.2) is true.

(IIT). The relation (5.3) will be proved first on V®*® (—), and then on V@ (+).
The right hand side of the relation (5.3) is zero on V& ® (—). In order to show the
relation (5.3) is true on V& ® (—), it is sufficient to prove that the left hand side of
the relation (5.3) is zero. The left hand side of commutation relation (5.3) for &+ 1

can be written out in diagrams as
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k+1 k+1
A\ PN

K

>R

k K
! o ! A
\Y,
+ - - d2 ______________ -
k+1
I N\ \)
+ -
+ . . . -

._<+++

Using the relation (5.1) at the length k, it follows that the first two terms cancel.

Using relations (5.2) and (5.3), it follows that the third and the fourth terms become

By—1 ® BT (a’g(u, k).
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The last term is

Bi_1 ® Et (a?be(—1)F).

It is easy to see that

a?g(u, k) 4+ a®be(—1)* = (=1)*a?be + (1) a2be(—1)* = 0.

Hence the relation (5.3) is true on V& @ (—).

The next statement to prove is the relation (5.3) on V®*® (+). In order to prove
this, it is sufficient to prove that the left hand side and the right hand side of the
relation (5.3) are equal on V®* @ (+). The left hand side of the relation (5.3) acting

on V& @ (+) corresponds to the diagram

’ o f Vo, [_/;4‘_ +
. / Y
. v+ -d2 -------------- - '+_ _d2 ]
+i- ’
Y i . . -+ +
_________________ +,
z +
k k Kk
4 & A} 4 l hY + { + +
/
. \V Y
+ s e e Y. GRREE SEPRR—— 1.l . -d° -

! N \ ! A\ N\
+ Mo / A
-t + |-+
+
. . . o+ +, + . -t |+, + . + |+
+ |-+ + |- -
& % e v
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Using relations (5.2) and (5.3), the first two terms become
Bi-1 @ EXT( f(u, k) + b*g(u, k)),
and the first three terms are
Bi-1 @ EXT (P f(u, k) + bg(u, k) — d*ac(—1)F).
Using the relation (5.4), the fourth and the fifth terms become
By 1 @ E="(hy(u, k)ac) + Ay @ ETT (ho(u, k)ac)

+Dy_1 @ ETt(hs(u, k)ac).

The sixth to the last terms are
Bi_1 ®@ EZT((—1)* ™ (ab?c + ac?))

+ A @ EXT((=DFH(D2a? + aPc?))
+ D1 @ ETT (1) (b* — d?a?)).
Overall, the left hand side of the relation (5.3) is
Be @ B (¢ (. k) + Pg(u, ) — dPac(~1)+)
+B1_1 @ E=(hi(u, k)ac + (—1)"(ab*c + ac®))

+ A, @ ET(ho(u, k)ac + (=1)" (B2 + a®c?))

+Dy 1 @ ET(hs(u, k)ac + (—1)*(b* — d*a?)). (5.10)

The right hand side of the relation (5.3) is By ® (g(u,k + 1)E™). Using similar
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argument as in the part (I7) and the relation (5.8), B, ® (g(u, k + 1)E™) becomes

Bi—1 ® Ef (g(u, k + 1)ab) + By_1 ® EZ*(g(u, k + 1)ab)

+ A1 @ ET(g(u, k + 1)be) + D1 @ EX T (g(u, k + 1)be). (5.11)

Using relations (5.5) and (5.6), it follows that the expression (5.10) is equal to (5.11).

Hence the relation (5.3) is true on V®* ® (+). Hence the relation (5.3) is true.

(IV). The relation (5.4) will be proved first on V®* @ (—), and then on V¥ @ (+).
In order to show the relation (5.4) is true on V®* @ (—), it is sufficient to prove the
left hand side and the right hand side of the relation (5.3) are equal on V®* @ (—).
The left hand side of the commutation relation (5.4) for the length k& + 1 can be

written out in diagrams as

k+1 k+1
A\ PN

For V& @ (—), the left hand side of the relation (5.4) becomes
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k k
A\ N
4 o f A
ey
-+ -d2 o] _
L] L] L] 'y d +,- +
+-| -
+ L] L] . ',+
Y N
+
k K
! & AN f \
+ | + \ /
+ -d? b ... -
* d + +
Y - . L] -
k k Kk
4 \_ ! N AV Iy & \,
+| + + |-+ + +
+ + |+,- + . -+ |+, + + |+
+ |-+ + |-+ -] -
<(+ \+1/+ §/+

Using relations (5.2) and (5.3) at length k, it follows that the first two terms become
Byt @ EZ (be(f (u, k) + g(u, k))).
Using the relation (5.4), it follows that the third and the fourth terms become
Bi 1 ® EZ"(ha(u, k)ab) + Ap—1 @ E* (ho(u, k)ab) + D1 @ E*~ (hs(u, k)ab).

The last three terms are

Bi 1 ®@E~(2(—=1)"abc?)+ A1 @ ET((—=1)* ™ (be* +a%be)) + D1 @ BT ((—1)Fb3c).
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Overall, the left hand side of the relation (5.4) is

By1 ® EZ" (be(f(u, k) + g(u, k)))
+B_1 @ B~ (hy(u, k)ab + 2(—=1) " abc?)
+ A1 ® BT (ho(u, k)ab + (=1)* (bc® + a®be))

+Dy—1 @ BT (hs(u, k)ab + (—1)"b3c). (5.12)

Since the right hand side of the relation (5.4) on V®* @ (—) is

Using the relation (5.8), it can be written as

Bi—1 ® Ef™ (hi(u, k + 1)ab) + By_1 @ EZ~ (h1(u, k + 1)ab)

+Ak—1 ® BT (hy(u, k + 1)bc) + Dy—1 @ EX (hy(u, k + 1)be). (5.13)

Using relations (5.5) and (5.6), it follows that the relation (5.12) is equal to the

relation (5.13). Hence the relation (5.4) is true on VE* @ (—).

Finally, the relation (5.4) acting on V®*® (+) will be proved. In order to achieve
this, it is sufficient to prove that the left hand side and the right hand side of the
relation (5.4) are equal on V® @ (+). The left hand side of the relation (5.4)

corresponds to the diagram
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yaa)

{ y k k
v o+ A /—A—\-
N S
+ | +]| + -l +] +
2 + |- +
-d + R + |+
+ -1 - -
F )+ )+
Y Y

Using the relation (5.4), the first two terms become

By—1 ® EX " (hi(u, k)ab) + Ay_1 ® ET"(ho(u, k)ab) + Dy_1 @ ETT (hs(u, k)ab).
The rest of the terms are
Ap 1@ EHH (=1 (—d2be)+ Ay @ B (— 1)+ abPe+- G @ BT (— 1)K+ (a2b? — d2ab)

4Dy 1 @ EFFd2(—1)2be + Dy_y ® E-((—1)Fabc).

Overall the left hand side is

A1 ® ETT(ha(u, k)ab — (—=1)"dPbe) + Ay @ EZF(=1)"ab’c
+By—1 @ EL (b (u, k)ab) + Cpo1 @ EXF(—1)F (a?0* — d®ab)

+Dy1 @ B (hy(u, k)ab — d*(—=1)*be) + Dy @ EZH((=1)"ab?c).  (5.14)
The right hand side of the relation (5.4) is

A @ (ho(u, k +1)EY) + Dy, @ (hs(u, k +1)ET).
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Using the same argument when deriving the relation (5.8), it follows

A=A 1 @ Efa® + A1 @ EZV + By ® E{ac+ Cr—y ® ETac+ Dy ® EZ¢?,
(5.15)
Dy = Ay1 ® Ef? + By1 ® ELac+ Cy—1 ® Efac+ Dy ® EZa* + Dy ® BT
(5.16)

Using relations (5.15) and (5.16), the right hand side of the relation (5.4) can be

rewritten as

A1 @ ETT(ho(u, k + 1)a® + ha(u, k + 1)) + Ap—1 @ EZ T ho(u, k + 1)
+Bj—1 ® ET T (ho(u, k + 1)ac + hs(u, k + 1)ac) + Ch—1 @ EZT (ho(u, k + 1)ac + hs(u, k + 1)ac)
+Dp—1 @ BT ha(u, k + 1)b° + Dy—y ® EZ"(ha(u, k + 1)a® + ha(u, k + 1)c?).

(5.17)

It is easy to see that the relations (5.14) and (5.17) are equal. Hence the relation

(5.4) is true on V®* ® (+). Hence the relation (5.4) is true.

Hence all the relations in the induction step have been proved. By the mathe-

matical induction, relations (5.1) — (5.4) are true. O

Remark. The commutation relation (5.1) was motivated by the relation Sy oc SBethe
as discussed in the beginning of this section. The relations (5.1) have been confirmed
numerically for different N and spectral parameter u. Commutation relations (5.2)—
(5.4) are natural consequences of the relation (5.1). To see this, the input on the
rightmost site of the relation (5.1) of size N will be restricted to (+). Following
the same argument as in part (I) of the proof of Theorem 6, it will give certain
relation between Ay_1, Dy_1, An_2, Dn_2 and By_o® E*. Since the relation (5.1)
is assumed to be true, the restriction of the relation (5.1) with its rightmost site as
(4+) also has to be true. Hence the relation between Ayx_1, Dn_1, An_2, Dn_o and
Byn_o® E* has to be true. By further restricting the input on the second to the right
site to be (+), a relation will be obtained between Ayn_o, Dn_o, An_3, Dn_3 and

By_3 ® E*. This relation has to be true as well, and it has different coefficients
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compared to the first one. From these two relations, relations (5.2) and (5.3) can be

obtianed. The relation (5.4) can be obtained by analysing relations (5.2) and (5.3).

Theorem 6 has a simple consequence

Corollary 7. The transfer matriz and the lattice supercharge satisfy the commuta-

tion relation

SNtN(U) — thN—l(u)SN == O,

where d(u) = sinh(u — 7).
Proof. The transfer matrix can be written as
tn(u) = sinh(u — n)Ax — sinh(u + 7)Dx.

Using commutation relations between Ay, Dy and Sy, it is easy to verify the

corollary. O]

Now the second commutation relation SyQy = éB(n)ny_12y_1 in the beginning

of this section will be proved using diagrams.

Proposition 8. The lattice supercharge has the following property

SnQn = éB(n)NleNfla

)2N—1

where ¢ = 1/ sinh(n is a scalar function.

Proof. 1t is easy to show that

N-1

SnQy = Z(—l)i+1(_|— 4= 4 _{_)’

=1

where the term (—1)i(+ + -+ — -+ + +) is in the Hilbert space V®¥~1 and the
minus sign is at the ith position in the space. On the other hand, B(n)y_12y_1 can

be expressed use diagrams as
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N-1
¥ + + +
+
It is worth noting that K~ (n) is
) 0 0
K™ (n) =
0 sinh(n)

This means that K~ (n) will take (4) to zero and (—) to (—). Hence the diagram of

B(n)n-192y_1 can only be

+
The rest of edges can only be completed as
N-1
¥ + T
Z + o o o + o o o +
|

N - |+ + +

+ - +

where the minus sign in the outcome is at the ¢th position, and the index ¢ can take
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values between 1 and N — 1. It is also worth noting that

1 0 0 0

0 -1 -1 0
R(n) = sinh(2n)

0 -1 -1 0

00 0 1

Hence, by calculating the coefficients associated with the above diagram, and sum

over the index ¢ from 1 to N — 1, it gives

BN_1(77)QN_1 = sinh(n) Sinh(?n)QN_2 z_:(—l)i+1(—|— I e _|_)'

=1

Hence

SNQN = éBNfl(?])QN,l.

Finally, the relation Sy oc SE¢"¢ will be proved.

Theorem 9. Let {vq,...,vy} be any set of Bethe roots of the transfer matriz t(u)

defined in the relation 5.2, then we have

() .. dP(oy)
SNBN(Ul) BN(UM)QN = sinh(n)QN—l BNfl(Ul) ...BN,1<UM)BN,1(77)QN,1.

Proof. This is an application of Theorem 6 and Proposition 8. ]

5.3 SUSY on open chain

This section will study the spin-half open XXZ chain Hamiltonian with anti-diagonal
boundary matrices. Since this Hamiltonian has anti-diagonal boundary matrices, it

will be denoted as Hg\g Z.Ad- The Hamiltonian H)((]\QZ’ 4q Will be constructed from
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the local supercharge p.

112 -1 -1 41
pZT
211 1 1 =2

The lattice supercharge Sy is defined as in relation (2.4). This lattice supercharge

is nilpotent. The Hamiltonian Hﬁ(]\g 7.4q 18 defined as

N
H)(()gZ,Ad = SN+1S}LV+1 + S;rVSN‘

By the discussion of Section 2.1, H;\Q 7,44 has lattice SUSY. H)((A;g 7,44 Can be written

out using Pauli matrices as

=2

-1
1 1 1 3N + 11
(07 ® oy + o} ® Uiyﬂ - 505 ®07) + 5016 + 50% + TH'
1

DO | —

N
H )(()gZ,Ad =

H;AQZ 4q 1s related to a transfer matrix with open boundary condition. Let
the transfer matrix be defined as in Section 3.4 with R-matrix defined in relation
(3.1) and K-matrices defined using K~2)(u) and K+(2)(u) in Section 3.5.1. The
parameters of the transfer matrix are chosen to be ay = —n, 4+ =0, . = 0 and
n = an This transfer matrix will be denoted as #(u). This set of parameters satisfy
the condition (3.26), and hence the map S5 exists for the transfer matrix. It is
important to note that the map SP¢"¢ in this section implies only the pairing of
Bethe roots, since the eigenstates can not be constructed for f(u) using T'() equations
in Section 3.5. By the discussion in Section 4.2, the Hamiltonian associated with
t(u) can be normalised such that the map SP¢"¢ take one set of Bethe roots of

length N to another set of Bethe roots of length N — 1 with the same eigenvalue.

The normalised Hamiltonian is

7 dHa(u
gy 20 ey 2N

XXZ,general — H2(0> H2<()> + SlIlh(Q?])’

where Hy(u) is defined in Section 4.2 with ¢, = €3 = €5 = 1. The following result

106



Chapter 5: Integrability and Lattice Supersymmetry

can be confirmed numerically

V/3i

N N)Y
H§()2Z,Ad = _THgf)gZ,general + 2L

This suggests that H)((]QZ, 4q 18 an integrable open XXZ7 chain Hamiltonian. This
also suggests the eigenvalue of H )((]\Q 7.4a Can be solved by the same Bethe equations

of #(u). Since H&Z\QZ aq 1s related to H)((]Q/Z general PY multiplying and adding con-

SBethe

stant, the map also take one set of Bethe roots of H )((]\Q 7.4a b0 another set of

Bethe roots of H&J\;{_le)Ad with the same eigenvalue, By the discussion in Section 4.4,
this suggests SPe"¢ is proportional to Sy. This relation is difficult to check, since
the eigenstate corresponds to certain eigenvalue can not be constructed using 7T'Q)

equations. However, the eigenstate with non-degenerate eigenvalue will be easy to

determine from direct diagonalisation. It has been confirmed numerically that

SBethe e SN;
on the eigenstates with non-degenerate eigenvalue. It has also been confirmed nu-
merically that

Snt(u) oc t(u)Sn_1.

Let Ay(u), By (u), Cy(u) and Dy(u) be the operators associated with #(u). By the
discussion in the remark before Corollary 7, the above commutation relation implies
the existence of commutation relations between Sy and operators Ay (u), By (u),

Cn(u) and Dy (u). The following conjecture has been confirmed numerically.
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Conjecture 1. The following commutation relations are true

SnAn(u) — d® An_1(u)Sy =An_1 @ (fi(u, N)ET) + Ay_1 ® (fo(u, N)E")
+ By @ (fa(u, N)ET) + By-1 @ (falu, N)E™)
+Cn-1 @ (f5(u, N)ET) + Cnoa @ (fo(u, N)ET)

+Dy-1 @ (f7(u, N)ET) + Dn_1 ® (fs(u, N)E7),
(5.18)

SNBN(U) — dQBN_l(u)SN =AN_1® (gl(u, N)E+) + AN ® <92(u, N)E_)
+ Bn_1 @ (g3(u, N)ET) + By_1 @ (ga(u, N)E™)
+Cn1 ® (95(U, N)E+) +Cno1 ® (96(“7 N)E_)

+ D1 ® (g7(u, N)ET) + Dn_1 @ (gs(u, N)E™),
(5.19)

SnCn(u) = d*Cy_1(u)Sy =An-1 @ (—gs(u, N)E') + Ay_1 ® (—g7(u, N)E")
+ Bn_1 ® (—g6(u, N)ET) + By_1 ® (—g5(u, N)E™)
+Cno1 @ (—ga(u, NYET) + Cy_y ® (—gs(u, N)E)
+ Dn-1 @ (—g2(u, N)ET) + Dn_1 ® (—g1(u, N)E7),
(5.20)

SNDN(U) — d2DN_1(U)SN :AN_l X (—fg(u, N)E+> —+ .AN_l X (—f7(u, N)Ei)
+ By-1 ® (—fo(u, N)E+) +Bn1 @ (= fs(u, N)E™)
+Cno1 ® (— fa(u, N)E+) +Cno1 ® (—f3(u, N)E™)

+ Dn-1 @ (= folu, N)ET) + Dy @ (= fi(u, N)E7),
(5.21)
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where d = sinh(u — n). Other scalar functions are defined as

filu, N) = (= 1)Nid208 (2% — 272)

1v3—3)(1V/< it
follu, N) = (—1)N Y2033y B 11420

Falu, N) = —(—1)N Y2E 890V

i —i z2
Jalu, N) = —(—1) N RSN

i —i x2
Fs(u, N) = (_1)N V2( \/?:+3)22x\/§+1+2 )

folu, N) = =(=)Ni¥2(z — 271)

and
gi(u, N) = —(=1)Vi¥2B(z — z71)

iv3=3)(2 2
g2(u, N) = (—1)N‘/5( V3 3)3(2;/§+1+2 )

gs(u, N) = (—=1)VE2

i —i 2
gs(u, N) _ (_1)N V2( \/§+3)(32x\/§+1+2 )

where x = e".

Conjecture 1 implies the following results.

Conjecture 2. Let the operator é(u) be defined as

A

B(u) = iV3cosh(u + n)(Ax — Dn) — sinh(2u + 2n)(By — Cy).
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The operator satisfies the following relations

[B(u), B(v)] =0, (5.22)

By_1(u)Sy o SyBy(u). (5.23)

The operator B(u) satisfies similar properties with the creation operator B(u) of
H&]\szdwgoml. However, it is still unclear how B(u) will help in the construction of
an analogue of the algebraic Bethe ansatz of H)((A;g 7,44 1t will be interesting to prove
these conjectures, and construct the algebraic Bethe ansatz of H )((]\Q z.44- Lhe results
could be compare with [82], which offers another way to construct eigenstates on

transfer matrices with non-diagonal K-matrices.
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Conclusion and Future Work

This thesis has studied two type of lattice models, the supersymmetric lattice models
and the integrable vertex model. Lattice models with lattice SUSY and lattice
models with integrability have been constructed. On certain models, the structure of

the lattice SUSY has been incorporated into the quantum inverse scattering method.

Based on the results in [52] [67], a new construction of the supersymmetric
XXZ chain Hamiltonian on the open boundary condition has been given. This new
construction is limited to the Hamiltonian with the same boundary matrices on
both sides. A natural next step is to generalise the construction to the Hamiltonian
with different boundary matrices. It has been shown that there is no constant zero-
energy state for the family of Hamiltonian given in [67]. It will be an interesting
problem to check for any constant ground state for the new Hamiltonian in Section
2.3. Another direction is to generalise the construction of the supersymmetric XXZ

chain Hamiltonian to the higher-spins cases.

Hamiltonians associated with other integrable lattice models have also been stud-
ied, such as the XXZ chain Hamiltonian for arbitrary spins with generic bound-
ary matrices and the spin-half XXZ chain with diagonal boundary matrices. By
analysing these models, the symmetry of Bethe equations have been found which

suggest the existence of lattice SUSY.
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The results in [67] have enabled the construction of an integrable spin chain

Hamiltonian with the lattice SUSY, which is denoted as H;\Q Z.diagonal- Motivated

SBethe

by [52] [70], a lattice supercharge Sy has been compared with the map induced

from the Bethe equations of H)((]\Q Zdiagonal- UG McCoy’s method, the map G Bethe

SBethe has been confirmed numerically. This

is calculated and the relation Sy o
provided a connection between the lattice SUSY and the algebraic Bethe ansatz
of H&@Zvdmgoml. A further connection is the commutation relation By_1(u)Sy =
d*SnBx(u), where d = sinh(u —n). This relation is among a family of commutation
relations between the lattice supercharge and operators Ay, By, Cx and Dy arising
from the algebraic Bethe ansatz. These relations have been proved using diagrams.
One of the consequence of the commutation relations is the commutativity between
the transfer matrix associated with H&J\; Zdiagonar A0d Sn. Finally, a spin-half XXZ
chain Hamiltonian with anti-diagonal boundary matrices has been studied, which
is denoted by H)((]\QZ Ad: H)((]\QZ, g has lattice SUSY. It has also been confirmed
numerically that the transfer matrix associated with H ;AQ 7,44 commutes with the

supercharge Sy. A family of commutation relations between Sy and operators Ay,

By, Cy and Dy was also been found and confirmed numerically.

These two examples H)((]\Q Z.diagonal A0 H;AQZ’ 4q Suggest that the lattice super-

charge of any spin-half open XXZ chain Hamiltonians satisfies certain commutation
relations with Ay, By, Cny and Dy. Since a systematic construction of all the lattice
supercharge for the spin-half open XXZ chain Hamiltonian has been given in Section
2.3. It will be useful to obtain the operators Ay, By, Cy and Dy corresponding to
every choice of parameters in the lattice supercharge, and to obtain the commuta-
tion relations between these operators and the lattice supercharge Sy. In the case
of H )((]\Q Z.diagonal> th€ commutation relation By_1(u)Sy = d*SyBy(u) is a necessary
condition of Sy oc SPe. There is another choice of the reference state with the
creation operator Cy in the algebraic Bethe ansatz, which implies the existence of
another map SZ¢' This new map SP"" will also give a pairing between the
eigenstate with Bethe roots {vy,..., vy} of length N and the eigenstate with Bethe

roots vy, ...,vp, n of length N — 1. Hence it will be interesting to see whether there
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exists another lattice supercharge S : VOV — V&N=1 guch that S} oc SB’ and

whether the necessary condition Cy_j(u)Sy o< SyCn(u) is true.

So far the study has focused on the action of Sy on the eigenstates constructed
from Bethe roots. It is natural to ask how Sy acts on other eigenstates. In [96],
the open XXZ7 chain Hamiltonian with quantum group symmetry is studied. The
eigenstates constructed from Bethe roots are the highest weight vectors in the rep-
resentation of the quantum groups. The Bethe equations of this Hamiltonian have
a symmetry which induces the map SZ¢"¢. However, the construction of the lattice
supercharge is not known. It would be interesting to construct the lattice super-
charge Sy for this Hamiltonian, and study the relation between Sy and the quantum

group symmetry.
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