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Abstract
Circular Rydberg states offer advantages for quantum information and quantum simulation plat-
forms due to their long lifetimes and strong dipole–dipole interactions. Unfortunately, current
techniques for the production of these states remain technically challenging. Here we investigate
the ability of twisted electron collisions to produce circular Rydberg states. Twisted electrons carry
quantized orbital angular momentum (OAM) that can be transferred to the electronic state of the
atom, potentially providing an efficient means to generate circular Rydberg states. Using a fully
quantum mechanical framework, we compute total excitation cross sections for circular Rydberg
states of hydrogen, lithium, rubidium, and cesium targets using Bessel electron beams. Our mod-
els account for the full Bessel-beam structure of the incident electron and incorporate macroscopic
target effects to model experimentally-relevant conditions. Our results show that twisted electrons
with large opening angles produce significant enhancements in the excitation probability relat-
ive to plane-wave electrons, particularly for large opening angles and low energies. We trace this
enhancement to contributions from projectiles with large values of OAM. These findings demon-
strate that twisted-electron excitation may provide a feasible and potentially advantageous pathway
for generating circular Rydberg states.

1. Introduction

Rydberg atoms have become important players in the quantum computing and information revolution
with neutral-atom arrays emerging as one of the leading architectures for quantum computing platforms
[1, 2]. In these architectures, the Rydberg atoms act as qubits, enabling the formation of logic gates
[1, 3] performed using optical and microwave fields. These arrays offer large-scale, flexible geometries
with relatively long lifetimes and strong interactions [2, 4, 5]. The large dipole moments and strong
long-range interactions present in Rydberg atoms have led to high fidelity and multi-qubit states [4–6].
However, the feasibility of these systems is limited by the lifetime of the Rydberg states [4], which scale
as n3. Some improvement has been made through the use of circular Rydberg atoms, which possess the
highest possible value of angular momentum. The lifetime of circular Rydberg states scales as n5 [7], and
under the right experimental conditions, lifetimes can range from several milliseconds [1, 8] to 100 s [9,
10]. This makes circular Rydberg states attractive candidates for use in neutral atom arrays.

Aside from quantum computing, Rydberg atoms have also shown their potential usefulness in
quantum simulation [1] for the study of many-body physics where neutral atom arrays offer a con-
venient technique to study spin models [2]. Here, too, circular Rydberg atoms may offer advantages not
found in Rydberg arrays with low angular momentum states. For example, Rydberg atoms trapped with
Laguerre–Gauss optical beams can serve as sensitive detectors of dipole–dipole interactions [7] with the
low autoionization rates and longer lifetimes providing opportunities to study effects over longer time
scales [7, 11, 12].

While progress has been made in the advancement of Rydberg atom arrays and the control of indi-
vidual atoms, the use of circular Rydberg states for quantum computing is often limited by the technical
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challenges inherent in their creation. Current methods for generating circular Rydberg states include
multiphoton excitation processes [4] that obey the usual dipole selection rules. This makes it challenging
to reach high n states due to the large number of photons required. Alternatives include rapid adiabatic
passage [13, 14], coupling of a low angular momentum Rydberg state to a radio frequency field [15],
and application of two-color circularly polarized pulses [16]. One potentially advantageous alternative
to Rydberg state creation is the use of optical vortex beams, which have been shown to transfer angu-
lar momentum directly to the electronic state of the atom and to enable the relaxation of the standard
dipole selection rules [17–19].

Another alternative for the creation of circular Rydberg states is excitation through collisions with
twisted electrons (also called electron vortex beams) [20]. As with optical vortex beams, electron vortex
beams can carry quantized orbital angular momentum (OAM) that can be transferred to both the elec-
tronic and the center of mass motion of a target atom [21]. Previous calculations for excitation of one-
electron atoms by vortex beams have shown that dipole forbidden transitions can occur with off-axis
collisions [22] and that scattering amplitudes are strongly influenced by the amount of OAM transferred
[23]. These features, combined with the experimental availability of twisted electron beams with high
values of OAM [24], open the door to the possibility of generating circular Rydberg states through twis-
ted electron excitation.

We present here excitation cross sections to circular Rydberg states for collisions of twisted electrons
with hydrogen, lithium, rubidium, and cesium atoms. We show that twisted electrons with large open-
ing angles provide an enhancement in excitation probability over their plane wave (PW) counterparts,
particularly at low energy. This enhancement was traced to contributions from projectiles with large val-
ues of OAM. At high energies, the excitation cross sections for vortex and PW projectiles were similar,
differing by only 25%. Our results demonstrate the feasibility of using twisted electron collisions for the
production of circular Rydberg states. In section 2, we detail the theoretical methods used to calculate
the cross sections. Section 3 includes our results and discussion, and section 4 contains the conclusions.
Unless otherwise noted, atomic units are used throughout.

2. Theory

To examine the feasibility of using twisted electrons to generate circular Rydberg states, we calculate
twisted electron total excitation cross sections for Bessel projectiles. The total cross section for a PW pro-
jectile is given by [25]

σ (E) =
kf
ki

ˆ
|f(θ,φ)|2dΩ, (1)

where E is the incident projectile energy, k⃗i and k⃗f are the incident and scattered projectile momenta,
and f(θ,φ) is the scattering amplitude for the projectile scattering with polar angle θ and azimuthal
angle φ .

In the Born approximation, the scattering amplitude is given by

f(θ,φ) = N⟨χ k⃗f
Φ f |Vi|χ k⃗i

Φ i⟩, (2)

where N is a normalization constant (−(2π )2 for PWs and −(2π )3/2 for twisted electrons), χ k⃗i
and χ k⃗f

are the incident and scattered projectile wave functions, Φ i and Φ f are the initial and final bound state
wave functions, and Vi is the perturbation potential given by the Coulomb interaction between the pro-
jectile and target atom. In the position representation, the transition matrix can be written as an integral
over all coordinate space with the coordinate system chosen such that the target nucleus is located at the
origin and r⃗1 and r⃗2 are the position vectors of the projectile and bound electron. The z-axis is chosen
to be along the projectile propagation axis with the projectile scattering at an angle θ into the x–z plane.
This gives
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where Zt is the charge of the atomic core.
For the highly excited circular Rydberg states, the quantum defect model is used [26] with the bound

states given in spherical coordinates by
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where n ′ = n− δl is the effective principle quantum number, l is the OAM quantum number, m is the
magnetic quantum number, and L2l+1

n ′−l−1

(
2r2
n ′

)
is the associated Laguerre polynomial. The quantum

defect δl for large n is given by [27]

δl = δ0 +
µ2

n2
+

µ4

n4
, (5)

where δ0, µ2, and µ4 can be written in terms of dipole (αd) and quadrupole (αq) polarizabilities (from
[28] and [29]) with

δ0 =
3

2
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35

2
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For circular Rydberg states with high n and l= n− 1, the energy levels of the bound states are given by

En,l =− 1

2n ′2 . (11)

For lower lying states, including the ground state, the accepted values from NIST [30] are used.
We consider excitation by an incident Bessel projectile, given in cylindrical coordinates by

χ k⃗i
(⃗r1) =

eilφ 1

2π
Jl (ki⊥ρ1)e

ikizz1 . (12)

The Bessel electron has unique properties not present for a PW projectile. First, while it propag-
ates along the z-axis, its momentum vector is not well defined because it lies on a cone centered on
the propagation direction. The magnitude of the momentum is fixed, but its azimuthal angle varies
from 0 to 2π . This leads to the Bessel projectile momentum having a non-zero transverse component
given by

ki⊥ = ki sinα, (13)

where α is the beam’s opening angle (half angle of the cone). The longitudinal momentum is given by

kiz = ki cosα. (14)

Second, the Bessel projectile’s density is non-uniform in the transverse direction and has a spatial node
and phase singularity along the propagation axis that results from its helical wave fronts [20, 31–33].
These features necessitate the specification of an impact parameter b⃗ to describe the transverse location
of the phase singularity relative to the propagation axis. This impact parameter is defined in the same
manner as its classical counterpart and can vary in magnitude between zero and infinity. Lastly, the heli-
city of the wave fronts leads to the Bessel projectile carrying non-zero OAM.

In addition to the expression in equation (12), the Bessel wave function can also be written as a
superposition of tilted PWs [23]

χ k⃗i
(⃗r1) =

(−i)λ

(2π )2

2πˆ

0

dϕ kie
iλϕ kiei⃗ki·(⃗r1−b⃗), (15)

where ϕ ki is the azimuthal angle of the incident projectile momentum and λ is the topological charge of
the projectile, which indicates the projection of OAM onto the propagation axis (often briefly referred to
as the OAM of the beam). Equation (15) clearly shows the uncertainty in incident momentum azimuthal
angle, as well as the dependence of the incident wave function on impact parameter.

To calculate the transition amplitude, we assume that the projectile transfers all of its OAM to the
target during the collision. This assumption is reasonable given that the electric dipole transition is dom-
inant for electron-impact excitation collisions [34], and it has been shown that twisted electrons can
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transfer multiple units of OAM directly from the projectile to the atomic electron. For electric dipole
transitions, one unit of OAM is transferred, while in electric quadrupole transitions, two units of OAM
are transferred, and so on for higher order multipole transitions [35]. In the case of complete OAM
transfer, the scattered electron is represented as a PW

χ k⃗f
(⃗r1) =

ei⃗kf ·⃗r1

(2π )3/2
(16)

and the above equations can be combined to calculate the transition amplitude for a twisted Bessel elec-
tron with fixed OAM and impact parameter in terms of the PW, or non-vortex, amplitude

fBess (θ,φ) =
(−i)λ

(2π )1/2

ˆ
dϕ ki f

PW (θ,φ) . (17)

Practically, it is challenging to control the impact parameter of the twisted electron relative to the tar-
get and in most charged particle collision experiments, such control is not feasible. Thus, it is necessary
for theory to average the cross sections over impact parameter in order to make meaningful predictions
or comparisons with experiment. Such an averaging is equivalent to a collision between a twisted elec-
tron and a macroscopic collection of randomly distributed target atoms [36]. As detailed in [37–39], this
leads to an expression for the cross section as an average over incident momentum azimuthal angles of
the PW differential cross section

σBess =
ki

kzi (2π )

ˆ
dϕ kiσ

PWdΩ. (18)

Once this average is performed, any explicit dependence on OAM is washed out, leading to a cross
section independent of λ.

3. Results

3.1. Excitation is more favorable for low energy twisted electrons
The non-zero OAM of electron vortex projectiles makes them potential candidates for generating circular
Rydberg states, and the total excitation cross sections provide a measure of the likelihood of generating
such states during a collision. We calculated excitation cross sections as a function of projectile energy
and vortex opening angle for hydrogen, lithium, cesium, and rubidium from their respective ground
states.

For a macroscopic target, in which the impact parameter of the projectile relative to the target cen-
ter is unknown, the cross sections do not explicitly depend on the OAM of the projectile. This averaging
has the effect of washing out more pronounced features that may be present due to specific OAM val-
ues. Figure 1 shows the total excitation cross sections from the ground state to a circular Rydberg state
as a function of energy and opening angle for hydrogen, rubidium, and cesium. For all targets, at small
opening angle, the cross sections show a deep minimum at low energy with a broad maximum typically
between 100 and 200 eV. This is qualitatively similar to the excitation cross sections for a PW projectile,
which rise sharply for energies just above the excitation threshold, reach a maximum at an intermedi-
ate energy where excitation is most favorable, and then slowly decline at large energies where forward
scattering is more favorable. This forward scattering results in a large, transverse momentum transfer
and kinematics that lead to ionization being more favorable than excitation. In particular, the maximum
magnitude of the PW excitation cross sections scales as n−3 [26], with optically allowed transitions being
one or more orders of magnitude larger than cross sections for other l values. For excitation to low-n
excited states, the excitation cross sections are comparable in magnitude and shape to the ionization
cross section. However, as n increases, ionization becomes the dominant channel [40], particularly at
large energies. In the case of vortex electrons, because the cross section can be written as an average
over the incident momentum azimuthal angle of the PW cross sections (equation (18)), the same scal-
ing behavior with principal quantum number will also hold. However, unlike PW projectiles, vortex
electrons possess non-zero transverse momentum, which can alter the kinematics of the collision caus-
ing noticeable changes in the cross sections as discussed below. For small opening angles, this transverse
momentum is small, and the vortex cross sections thus resemble those of PW projectiles.

As opening angle increases, the maximum in the cross section shifts to lower energies and a strong
enhancement is observed at energies below 135 eV. This enhancement is a direct result of the vortex
projectile’s non-zero transverse momentum. To understand this shift in the maximum, consider a PW
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Figure 1. Total cross sections as a function of projectile energy and opening angle α for twisted electron excitation of macroscopic
hydrogen, rubidium, and cesium targets from their respective ground states (1s, 5s, and 6s) to circular Rydberg states (n= 10
hydrogen; n= 14 rubidium and cesium). The maximum color value was set to the maximum cross section at α= 0.5 rad for
each atom.

projectile at a fixed energy. The total excitation cross section results from an integration of the angle-
differential cross section over scattering angle. This angle-differential cross section is sharply peaked
at a particular scattering angle, corresponding to a narrow range of preferred momentum transfer val-
ues. Momentum transfer is a vector, defined as the difference between the incident and scattered pro-
jectile momentum (⃗q= k⃗i − k⃗f). For PWs, both the direction and magnitude of q⃗ are well-defined.
Thus, because the total excitation cross section at a given energy results from a sharply peaked angle-
differential cross section corresponding to a specific momentum transfer, it is possible to correlate the
peak of the total cross section with a specific momentum transfer unique to that projectile energy. In the
case of hydrogen excitation to the n = 10 circular Rydberg state, the PW cross section (α= 0), has its
peak near 150 eV. The associated differential cross section has a sharp peak near θ = 14◦, which cor-
responds to a momentum transfer magnitude of q= 0.8 a.u. Thus, excitation to the n = 10 circular
Rydberg state is most favorable for a momentum transfer of 0.8 a.u. Because vortex projectiles have a
non-zero transverse momentum, this same momentum transfer magnitude can be achieved with a lower
projectile energy. Therefore, the peak in the total excitation cross section shifts to lower energy. As the
opening angle of the twisted electron increases, so too does its transverse momentum, leading to a larger
shift in the peak of the total cross section. Because this shift results from the kinematics of the projectile,
it is independent of the target and is prominently observed in the total cross sections of figure 1 for all
target atoms.

In addition to the transverse momentum of the twisted electron altering the magnitude of the
momentum transfer, it also alters its direction. In particular, because the twisted electron’s incident
momentum lies on a cone, the momentum transfer vector also lies on a cone and no singular direc-
tion for q⃗ can be identified [41]. Nonetheless, it is possible to assess the role of the twisted electron’s
transverse momentum on the momentum transfer and also the excitation cross sections. Figure 2 shows
how the energy required to yield a specific magnitude of momentum transfer varies with opening angle.
Each curve corresponds to a fixed momentum transfer magnitude. Results are shown for an incident
momentum azimuthal angle of ϕ ki = π/2 and scattering angle of 14◦ (other selections of ϕ ki and scat-
tering angle yielded qualitatively similar results). As the opening angle increases, less energy is required
to maintain the same momentum transfer magnitude. Therefore, because the maximum excitation cross
section favors a given momentum transfer magnitude, it is reasonable that this maximum shifts to smal-
ler energy for twisted electrons with larger opening angles.

While the shapes of the total excitation cross sections shown in figure 1 are similar for each of the
atomic targets, the overall magnitude of the cross sections increases dramatically as the atomic number
of the target increases. This increase can be traced to the lower excitation energy required to reach the
rubidium or cesium circular Rydberg state. Additionally, finger-like structures are observed in the cross
section for rubidium and cesium at large energies. These structures are likely due to interference effects
between the transverse structure of the twisted electron density and the complex nodal structure of the
5s or 6s radial wave functions of the rubidium and cesium ground states. Because the ground state of
hydrogen is highly localized near the nucleus with no nodal structure, these interference effects are not
present in the hydrogen cross sections of figure 1. To test the idea that a complex nodal structure of the
target atom radial wave function is responsible for the interference fringes observed in the rubidium and
cesium cross sections, we calculated excitation cross sections for hydrogen from an initial 6s state to a
final n= 14 circular Rydberg state. We also calculated excitation cross sections for a lithium target from
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Figure 2. Energy required to achieve a given magnitude of momentum transfer as a function of twisted electron opening
angle α. Each curve has a fixed value of the momentum transfer magnitude (long dash, q= 2 a.u.; short dash, q= 1.5 a.u.,
solid q= 0.8 a.u.). Results are shown for excitation of hydrogen from the ground state to the n= 10 state with incident
momentum azimuthal angle ϕ ki =

π
2

and scattering angle θ = 14◦.

Figure 3. Total cross sections as a function of projectile energy and opening angle α for twisted electron excitation of macroscopic
H(6s) and Li(2s) to circular Rydberg states (n= 14). The maximum color value was set to half the maximum cross section at
α= 0.5 rad for each atom.

its 2s ground state to a final n= 14 circular Rydberg state. Figure 3 shows these excitation cross sections.

For excitation from the H(6s) state, some interference fringes are observed at small opening angles,
while for excitation from the Li(2s) state, no interference fringes are present. Combined, these calcula-
tions provide further evidence that it is the complex nodal structure of the initial state wave function
that leads to these fringes.

3.2. On-axis collisions provide clues to OAM contributions
While the cross sections for a macroscopic target do not explicitly depend on the OAM of the twisted
electron, in the case of hydrogen, insight into the role of the OAM in these collisions can be achieved by
examining on-axis (⃗b= 0) collisions with a single atom target. For hydrogen, the target electron density
is localized near the nucleus, and therefore an on-axis collision has a large overlap between the projectile
and atomic electron densities. Such a collision is thus expected to provide a dominant contribution in
the average over impact parameters for the macroscopic target. Figure 4 shows the total cross sections
for excitation of hydrogen from the ground state to the n = 10 circular Rydberg state as a function of
projectile energy and opening angle for on-axis collisions. Calculations are presented for a range of OAM
values.

At low values of OAM (λ≤ 2), the cross sections are largest at small opening angles and show a
broad distribution across energy. This is expected because for small values of λ and small opening
angles, the momentum transfer remains small and is near optimal to cause excitation. As opening angle
increases, the projectile’s transverse momentum increases causing an increase in the momentum trans-
fer and subsequent suppression of the cross section [42]. In contrast, for large values of OAM, the cross
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Figure 4. Total excitation cross sections as a function of projectile energy and opening angle α for an on-axis (⃗b= 0) collision
with ground state hydrogen. The final state is the n= 10 circular Rydberg state. The maximum color value was set to half of the
maximum of all cross sections, which occurred for a projectile with λ = 0.

sections at small opening angles are suppressed. This is a result of the nodal structure of the projectile’s
radial density. For λ > 0, there is a node at the center of the projectile density on the propagation axis.
This node increases in width as OAM increases, and thus for on-axis collisions with large OAM, there
is very little overlap between the projectile and target electron densities. As opening angle increases, the
cross sections for larger values of OAM increase and become well-localized at low energy. This is a result
of two complimentary effects. First, larger opening angles reduce the width of the node in the projectile
density, leading to increased overlap with the target electron density. Second, the projectile’s larger trans-
verse momentum yields a favored momentum transfer value at lower energies, making excitation more
likely in this regime. Combined, these two effects lead to the enhanced cross sections at low energy and
large opening angle when the projectile’s OAM is large.

While the cross sections for a macroscopic target found by averaging over impact parameter are not
strictly the same as an average of the cross sections over OAM, the on-axis cross sections of figure 4
point to the role of OAM in the cross sections for a macroscopic hydrogen target. The broad cross
section structure as a function of energy that was observed at small opening angles for the macroscopic
target likely results from the low OAM contributions, while the strongly peaked cross section at large
opening angle and small energy is likely to arise from large OAM contributions.

4. Conclusions

Circular Rydberg states have emerged as a leading technology for quantum computing and quantum
simulations, offering long lifetimes and strong interactions. As their use and application has grown, so
too has the search for more efficient methods of generation. We presented total excitation cross sections
for the generation of circular Rydberg states from the ground state of hydrogen, lithium, rubidium, and
cesium atoms using twisted electrons. The unique features of twisted electrons, including their quantized
OAM and non-zero transverse momentum, lend themselves to enhanced cross sections for excitation to
high angular momentum atomic states. We showed that the excitation cross sections are enhanced for
projectiles with large opening angles and low energies, and that in the case of hydrogen, this enhance-
ment can be traced to contributions from projectiles with high values of OAM. Fringe structures were
observed in the cross sections for rubidium and cesium for non-zero opening angles and were traced to
interference between the complex nodal structure of the initial state wave function and the transverse
structure of the vortex projectile.

Our results for twisted electron projectiles show a clear enhancement of the excitation cross section
relative to non-twisted PW projectiles. However, it is important to consider the overall context of the
technique for producing circular Rydberg states. In particular, excitation to a circular Rydberg state
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is only one possible final state among many that may be populated during the collision. Excitation to
other excited states and ionization will both diminish the overall efficiency of circular Rydberg state
production. For large n, as is required for the circular Rydberg states, the excitation cross sections are
much smaller than the ionization cross sections, reducing the overall production of the desired circular
Rydberg states. This is true for both twisted and non-twisted projectiles. However, the enhancement in
the cross section observed for low energies and large opening angles with twisted electrons still provides
an advantage relative to non-twisted electrons.

Additionally, the cross sections presented here are for circular Rydberg states with moderate principal
quantum numbers (i.e. n= 10, 14). In quantum computing and quantum simulation applications, prin-
cipal quantum numbers of 50–60 are often needed, particularly for rubidium or cesium [4, 7, 43]. It is
clear from the n−3 scaling of the cross sections that calculations for the experimentally necessary higher
principal quantum numbers will reduce the overall cross section magnitude. However, given that cross
section enhancement was observed for projectiles with large opening angles and low energies for all tar-
get atoms and excited states, we expect these same features to be observed for larger principal quantum
numbers.

Existing methods for generating circular Rydberg states can have efficiencies above 90% [12, 15, 44].
Whether twisted electron excitation offers practical advantages beyond the existing methods depends
on several factors, including the electron flux, target density, OAM of the beam, and population loss to
other channels (e.g. non-circular states, ionization). These factors need to be considered in comparison
with the limitations of existing techniques. For example, for optical excitation methods, dipole selec-
tion rules and photon flux can limit excitation efficiencies. Rapid adiabatic passage techniques require a
multistep process often with cold atoms in a well-controlled trap, where decoherence and precise field
control can limit efficiencies. All of these factors contribute to the remaining technical questions about
whether twisted electron excitation will provide a practical advantage over existing techniques. However,
this study demonstrates that electron-impact excitation using twisted electrons offers an alternative tech-
nique for the creation of circular Rydberg states that is more efficient than using non-twisted electrons,
does not require multiphoton processes, and is not subject to dipole selection rules. It thus provides an
alternative pathway for generating highly excited atomic states with large OAM.
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