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Abstract In this work, we study the possibility of finite-
time future cosmological singularities appearing in f(R, T)
gravity, where R is the Ricci scalar and 7 is the trace of the
stress-energy tensor. We present the theory in both the geo-
metrical and the dynamically equivalent scalar—tensor rep-
resentation and obtain the respective equations of motion.
In a background Friedmann-Lemaitre-Robertson—Walker
(FLRW) universe with an arbitrary curvature and for a
generic C* function f(R, T), we prove that the conserva-
tion of the stress-energy tensor prevents the appearance of
sudden singularities in the cosmological context at any order
in the time-derivatives of the scale factor. However, if this
assumption is dropped, the theory allows for sudden singu-
larities to appear at the level of the third time-derivative of
the scale factor a(z), which are compensated by divergences
in either the first time-derivatives of the energy density p(¢)
or the isotropic pressure p(t). For these cases, we introduce
a cosmological model featuring a sudden singularity that is
consistent with the current measurements for the cosmolog-
ical parameters, namely, the Hubble constant, deceleration
parameter, and age of the universe, and provide predictions
for the still unmeasured jerk and snap parameters. Finally, we
analyse the constraints on a particular model of the function
f (R, T) that guarantees that the system evolves in a direction
favorable to the energy conditions at the divergence time.

1 Introduction

What will be the fate of our universe? Our usual answer
depends on the curvature parameter: if the universe is hyper-
spherical (with curvature parameter k = 1) then it may reach
a maximum of expansion and recollapse ending in a ‘Big
Crunch’; or, if it is spatially flat (¢ = 0) or hyperbolic
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(k = —1) then it will expand forever in a ‘Big Freeze’,
becoming cooler and emptier (while ‘islands’ of galaxies
may still be able to survive). However, as with any dynami-
cal physical system, such predictions are naive, as we do not
have a precise knowledge of the present conditions such as
of the spatial inhomogeneities and of the composition of the
universe; or there could be transformations between different
kinds of matter in the future, which could all play a decisive
role in the evolution of the universe [1].

Surprisingly, we now understand the expansion of the uni-
verse to be accelerating [2,3]. A possible explanation, which
fits the data well, is that this acceleration is driven by an
exotic fluid with an equation of state w = —1, consistent
with a cosmological constant. But could it be evolving, for
instance, into the phantom regime (w < —1)? If so, the end
could be much more dramatic with a singularity (e.g. a diver-
gence of the scale factor) occurring at a finite, future time.
In this case, the universe would end in a ‘Big Rip’, with
galaxies, planets and atoms being ripped apart by an ever
increasing domination of this dark (phantom) energy [4-7].
Finite-time, future singularities have been classified in four
types depending on which parameters diverge at the time of
the singularity #; [8]:

e Type I (‘Big Rip’): Fort — t;, a — 00, p — o0 and
|p| — oo. That is, as we approach the finite time of
the singularity f;, the scale factor a diverges. Even if the
energy density p and pressure p do not diverge at this
time, the singularity will still be included in this type.

e Type II (‘Sudden’): For t — t;,a — a5, p — ps and
|p| — oo. In this case, at t; both a and p remain finite
(as = a (t;) and p; = p (t;) are finite constants), and it
is the pressure p which diverges. Usually it is considered
that the expansion rate H = a/a remains finite [9], but
there may be divergences in higher derivatives of a.

e Type III: For t — t;,a — a5, p — o0 and |p| — oo.
That is, in this case, the energy density p also diverges.
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e Type IV: Fort — t;,a — a5, p > Oand p — 0.
Here, the singularity appears at 7; due to divergences in
higher derivatives of a (or higher derivatives of the Hub-
ble expansion rate H = a/a). It also includes the cases
in which p and p tend to some finite value.

For other types of singularities, such as ‘Big Brake’ and
‘Big Separation’, see also Refs. [10-12].

What else could be the cause for the accelerated expansion
of the universe? An alternative explanation is to consider that
general relativity (GR) breaks down at cosmological scales,
in which case we need a modified theory of gravity [13—-19] to
describe the dynamics at these large scales. For instance, one
can consider the gravitational Lagrangian to be dependent on
a general function of the Ricci curvature scalar R, instead of
depending linearly on R as in the Einstein—Hilbert action of
GR. This simple modification is the so-called f(R) gravity
[20], which has been shown to be consistent with an acceler-
ated expansion without necessarily requiring a dark energy
component [21]. Different approaches may be taken within
a gravity theory. For instance, various formalisms have been
used in f(R) gravity: the metric formalism which consists in
varying the action with respect to the metric [20], the metric-
affine formalism where the metric and the connections are
treated as separate variables [22] and the hybrid formalism
[23-31] which unifies the above-mentioned approaches.

The f(R) modification of gravity can be further extended,
and one can consider other couplings to matter (beyond the
minimal coupling in GR) [32-38]. For instance, allowing
the gravitational Lagrangian to depend on a general func-
tion not only of R but also of the trace of the stress-energy
tensor 7' is a modification known as f (R, T) gravity [37].
The T-dependence in the Lagrangian may arise, for instance,
in models of interacting dark energy where a cosmological
term in the gravitational Lagrangian is a function of the trace
of the stress-energy, A(7T') [39]. Interestingly, because of the
explicit coupling between geometry and matter, the matter
stress-energy tensor need not be conserved in general (i.e., it
allows V,,T"¥ = 0), thus it could lead to nongeodesic motion
of particles and to matter creation from gravitational fields
[40—42], which could have a semiclassical effective interpre-
tation of quantum effects [43]. The astrophysical and cosmo-
logical applications of f(R, T') gravity have received exten-
sive attention in the literature (see Ref. [25] for more details).
Recently, an equivalent dynamical scalar—tensor representa-
tion of f(R, T) gravity was introduced in Ref. [44] to study
junction conditions for the matching between two spacetimes
at a separation hypersurface. Thick brane solutions [45-47],
and reconstructed background cosmological solutions [48]
have also been explored in the scalar—tensor representation
of f(R, T) gravity.

One can also pose the question: How different may the
fate of the universe be if it is ruled by modified gravity?

@ Springer

Indeed, in the context of the future singularities mentioned
above, the future evolution of the universe has been exten-
sively analyzed in f(R) gravity [8,49]. Furthermore, type II,
sudden singularities have also been studied in an expanding
Friedmann universe [50], in Brans—Dicke theory [51] and
in generalized hybrid metric-Palatini gravity [31]. In fact,
much work has been explored in the literature relative to the
finite time, future singularities, for instance, in f(7) gravity,
where 7 is the torsion scalar [52], and in string-inspired
scalar-Gauss-Bonnet and modified Gauss-Bonnet theories
[53], where finite-time future singularities were found. The
latter analysis was extended to f (R, G) gravity [54], where
G is the Gauss-Bonnet invariant, and it was shown that in
accelerating cosmologies finite-time future singularities do
indeed emerge. However, it was shown explicitly that taking
into account the back-reaction of conformal quantum fields
near the singularity, quantum effects may delay, or render
milder, the singularity [55]. In fact, it was argued that if the
evolution to the singularity is realistic, due to quantum effects
the universe may end up in a de-Sitter phase before the scale
factor diverges.

The main aim of this work is to explore finite-time future
singularitiesin f (R, T') gravity, in both of its geometrical and
scalar—tensor representations. Section 2 reviews the essen-
tials of both representations of f(R, T') gravity. In Sect. 3,
it is assumed that the stress-energy tensor is conserved:
Sect. 3.1 explains the assumptions and the framework under
which our work is done; Sects. 3.2 and 3.3 show the absence
of type II, sudden singularities, both in the geometrical and
the scalar—tensor representations, respectively; Sect. 3.4 con-
siders the absence of type IV singularities. Section 4, on de
other hand, drops the assumption of the stress-energy con-
servation: Sects. 4.1 and 4.2, respectively in the geometrical
and the scalar—tensor representations, show that sudden sin-
gularities can arise in the third time-derivative of the scale
factor; Sect. 4.3 studies a model for the scale factor where
such singularities may appear; Sect. 4.4 imposes constraints
on that model from the measured Hubble constant, deceler-
ation parameter and age of the universe; and Sect. 4.5 con-
strains a particular f (R, T') model from considerations on
the energy conditions. A summary of our findings can be
found in Sect. 5.

2 Theory and equations of the f (R, T) gravity
2.1 Geometrical representation

The action S that describes the f (R, T) gravity theory [37]
is of the form

§= %/ «/—_gf(R,T)d4x+f V=8Lnd*x, (D)
2K Q Q
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where k> = 87 G/c*, where G is the gravitational constant
and c is the speed of light, €2 is the 4-dimensional spacetime
manifold on which the set of coordinates x* is defined, g is
the determinant of the metric g,, with a positive signature,
f (R, T) is an arbitrary function of the Ricci scalar R =
g"" R, with R, the Ricci tensor, and the trace of the stress-
energy tensor I' = gV T},,. The latter is defined in terms of
the variation of the matter Lagrangian £, with respect to the
metric as

2 5 (VELn)
V=g s
From this point onwards, we adopt a geometrized unit system
in which G = ¢ = 1, thus implying x> = 87.

The modified field equations of the f (R, T') gravity the-
ory can be obtained by taking a variation of Eq. (1) with
respect to the metric g, yielding

Ty = —

@

1
fRR;u) - Eg;wf(R, T)+ (g/wD - Vv) SR
= KZT,uv - fT(T/w + ®/,LU)7

where we have defined fr = 0f/0R and fr = df/0T, V,
is the covariant derivative defined in terms of the metric g,
0 = V7V, is the d’ Alembert operator, and ©,,, is a tensor
defined as

3

5Tpy

— oho
®;w—8 Sgl”'

4)
One can take the trace of the field equations in Eq. (3) to
obtain a relation between R and T of the form:

frR=2f +30fk = (* = fr) T = fr0, 5)

where © = g"V®,,, is the trace of @ .

Finally, we obtain the conservation equation for f (R, T')
gravity, taking into account the divergence of Eq. (3) and
using the identity (V) — V,0J) fr = R, V¥ fr. Theresult
is as follows

(K2 - fT)VMT;w = (T;w + ®p,v) VMfT

1 (6)
+ fTVM@;w + fRVMR;w - zglwvﬂf

2.2 Scalar-tensor representation

Similarly to what happens in other modified theories of grav-
ity where extra scalar degrees of freedom in comparison to
GR are featured, it is possible and frequently useful to con-
sider a dynamically equivalent scalar—tensor representation
of the f (R, T') gravity theory, in this case with two scalar
fields [44].

In this scalar—tensor representation, the arbitrary depen-
dence of f (R, T') inthe scalars R and T is exchanged by two
scalar fields ¢ and ¥ and an arbitrary interaction potential

V (¢, ¥). These quantities are defined in terms of f (R, T)
and its partial derivatives as

_of _ 9
v=3r V=i @
Vg, ¥) =—f(R, T)+¢R+yT. (8)

Inserting these definitions into Eq. (1), one obtains the action
of the equivalent scalar—tensor representation of f (R, T) in
the form

1
S = ﬁ/ V=gl9R + YT — V(p, )] d*x
k= Jo
+/ V=gLpnd*x.
Q

However, this scalar—tensor representation is only well posed
if frRefTT # fI%T [44]. Similarly to what happens in the
metric approach to f(R) theories of gravity, the scalar field
¢ is analogous to a Brans—Dicke scalar field with parameter
wpp = 0 and with an interaction potential V. The scalar
degree of freedom associated with the dependence in 7T is
carried by the scalar field .

The new action in Eq. (9) depends now on three indepen-
dent quantities, namely the metric g,, and the two scalar
fields ¢ and . The corresponding modified field equations
are again obtained via a variation with respect to g,,,,, and is
given by

©)

1
YR,y — Eg/w (@R+yT —-V)
+ (guvD - V,u.vv)(P = K2T;w - I/f(Tu.v + ®,u,v)v

which could also be obtained directly from Eq. (3) via the
introduction of the definitions in Egs. (7) and (8). The trace of
the field equations in this representation yields the following
relation between R and T':

(10)

30¢ — R +2V = (k> + )T — ¥ O. (11)

Furthermore, the equations of motion for the field ¢ and
can be obtained by taking the variation of the action in Eq. (9)
with respect to these scalar fields, respectively, from which
one obtains

V, =R, (12)
Vy =T, (13)

where we have defined V, = 0V /dg and Vy =0V /.
Finally, the conservation equation in this representation

can be obtained by introducing the definitions of Egs. (7) and

(8) into Eq. (6), and recalling that the Einstein tensor is diver-

genceless (Bianchi identities), i.e., V# (R,w — %g,wR) =0

which leads to

(K2 - w)VMT;w = (T/Lv + ®/w) Vi

(14)

1
YV O — S 8w [RVHip + VI (YT — V)].

@ Springer
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3 Absence of sudden singularities with V,7#" = 0
3.1 Framework and assumptions

In this work, we assume that the universe is well-described
by an homogeneous and isotropic Friedmann-Lemaitre—
Robsertson—Walker (FLRW) spacetime, which in the usual
spherical coordinates (¢, , 6, ¢) takes the form

ds* = —dt* + a*(t
' “ON T

42 (d92 + sin? 9d¢2)j| . (15)
where a(t) is the scale factor and k is the curvature param-
eter which can take the values k = {—1, 0, 1} correspond-
ing to a hyperbolic, spatially flat, or hyperspherical universe,
respectively. Furthermore, we also assume that matter is well-
described by an isotropic perfect fluid, i.e., the stress-energy
tensor 7}, can be written in the form

Ty = (o + pluyuy + pguv, (16)

where p is the energy density, p is the isotropic pressure,
and u* is the fluid 4-velocity satisfying the normalization

condition u,u"* = —1. Taking the matter Lagrangian to be
Ly = p [56], the tensor ©,,, takes the form
Oy = =271y + pguv- )

To preserve the homogeneity and isotropy of the solutions, all
physical quantities introduced are assumed to depend solely
on the time coordinate ¢,i.e.,p = p (), p = p (1), = ¢ (1),
and ¥ = ¢ (7).

Even though the conservation of the stress-energy tensor
T}, is not a mandatory conditionin f (R, T') gravity, allow-
ing thus for transformations of energy between the matter
and the extra degrees of freedom of the gravitational sector,
we will begin our analysis considering the case where matter
is conserved, i.e., we assume that V,T*" = 0, and we will
prove that no sudden singularities arise in this case. In a fol-
lowing section, Sect. 4 we will extend the analysis for the
general case. Thus, from V,,T#" = 0, one obtains the usual
matter conservation equation

p=—3§<p+p>, (18)

where overdots (") denote derivatives with respect to the time
coordinate .

It is assumed that the function f(R,T) is a smooth,
infinitely differentiable function, i.e., a C* function, that
admits a Taylor series expansion. Thus, its partial deriva-
tives frg = ¢ and fr = v, and higher order partial deriva-
tives, always remain finite. This assumption has important
implications on the quantities R and 7 themselves. Con-
sider an arbitrary function f (x) that admits a Taylor-series
expansion, and a time-varying quantity x (¢). With these two
quantities, one can always introduce a composite function

@ Springer

g (@) = f (x(¢)). Now, if x diverges in a finite time #; and
the function f (x) is unbounded, the function g(¢) will conse-
quently diverge in the same instant #;. There are two possible
ways to prevent the divergence in g (¢): either the function
f (x) is bounded, or the quantity x (¢) remains finite. Since
the first of these assumptions would break the arbitrariness
of the function f (x), one must require x (¢) to remain finite
throughout its time evolution. This argument can be extrap-
olated for a function of two variables, e.g., f (R(t), T (¢)),
from which one concludes that the smoothness and finiteness
of the arbitrary function f (R, T) implies that R(¢) and T (¢)
must remain finite for all 7. As the potential V (¢, ¥) can be
constructed solely form the function f (R, T') and its partial
derivatives, this quantity is also a C* function and all its
partial derivatives also remain finite.

In the following sections we study whether sudden sin-
gularities can appear in either the geometrical or the scalar—
tensor representations of the f (R, T') gravity. A sudden sin-
gularity could occur if the scale factor a, the expansion rate
H = a/a and the energy density p remain finite throughout
the entire time evolution, but the pressure p and/or higher
derivatives of the scale factor diverge at some finite future
time instant #; [9,50], where the subscript s will be used in
what follows to denote the values of the quantities at the
sudden singularity.

3.2 Geometrical representation
Under the assumptions detailed above, Eq. (3) features
two independent components corresponding to the modified

Friedmann equation and the modified Raychaudhuri equa-
tion, which take the forms

.. l . e

—3fRE +-f+ 3ng =38zp+ fr(p+p), (19)
a 2 a
i a*+k) 1 ca

fo (_ +2—2) L —2fel — fr=8Tp, QO)
a a 2 a

respectively. Furthermore, the Ricci scalar and the trace of
the stress-energy tensor are given by

.. -2 k

R=s(2+535). @
a a

T=—p+3p, @)

respectively. The conservation equation in Eq. (6) with
V,TH*" = 0 features a single non-vanishing component.
This equation can be further simplified using the chain rule
f = frR + frT, eliminating R and T using the first-order
time derivatives of Egs. (21) and (22), and using the result in
Eq. (18) to eliminate a. This results in the following simpli-
fied conservation equation:

fr(p—p)=2(p+0o) fr. (23)
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At this point, it is important to note that the two field equa-
tions in Eqgs. (19) and (20) along with the two conservation
equations in Egs. (18) and (23) are not linearly independent.
Indeed, Eq. (20) can be obtained from a time derivative of
Eq. (19) followed by appropriate algebraic manipulations
involving the remaining equations. One can thus discard one
of these equations from the system. Due to its more compli-
cated structure in comparison to the remaining equations, we
chose to discard Eq. (20).

As outlined previously, to verify if sudden singularities are
allowed in this formalism at some finite time #,;, we require a,
a and p to remain finite as t — f,. To preserve the regularity
of f (R, T), we also require this function, along with its
partial derivatives and the variables R and T, to remain finite
as t — t;. From Eq. (21), one verifies that the regularity of
R and a immediately forbids a divergence in a (since there
cannot be a divergence in one single term in an equation),
whereas from Eq. (22) one verifies that the regularity of T
and p forces the regularity of p. In turn, Eq. (18) will then
require p to be finite. In summary, p, p, d, and all lower order
time derivatives of the same quantities have to remain finite,
and there are no sudden singularities at this order.

Let us now analyze the modified Friedmann equation in
Eq. (19). To do so, it is necessary to expand the time deriva-
tives of fr in terms of derivatives of R and 7. We note
that time derivatives of the function f (R, T') or of its partial
derivatives fx, where X collectively denotes any combina-
tion of R and T, can be expanded using the chain rule. That
is, for a general partial derivative fx:

fx = fxrR+ fxrT, 24
fx = fxrR+ fxrT + fxrrR* + fxrrT? + 2fxrT RT,
(25)

and so on. Afterwards, the time derivatives of R can be
expressed in terms of derivatives of @ using Eq. (21), whereas
the derivatives of T can be expressed as derivatives of p and
p using Eq. (22). Taking Eq. (19), expanding fz using the
chain rule, and discarding the terms that are already required
to remain finite and which would thus be subdominant in the
limit + — #, this asymptotic behaviour of Eq. (19) can be
written as

a .
szR;'FfRTP:O, (26)

i.e.,since frg and fr7 remain finite, a divergence in p would
have to be compensated by a divergence in a. However,
following the same procedure, the asymptotic behaviour of
Eq. (23) becomes

b 12 frr (p + p) <i)
T fr=6frr(p+p) \a)’

which can be used to eliminate p in Eq. (26), thus leaving @
as the only variable left that is still allowed to diverge in this

27

equation. In the absence of another quantity to counterbal-
ance this divergence, one is forced to conclude that a@ has to
remain finite. Consequently, p is necessarily finite as well.
This analysis proves that, assuming the regularity of the func-
tion f (R, T) implies that no sudden singularities appear in
the zero-order time derivatives of the system of cosmological
equations, even though sudden singularities in higher-order
derivatives of these equations are not yet excluded.

The most straightforward way to generalize the results
obtained above to an arbitrary nth-order time derivative of the
system of cosmological equations is to recur to the method
of mathematical induction. For that purpose, we assume that
the time derivatives ,o(”), p(”), and a"*? are finite, a feature
already proven for n = 1, and we show inductively that if the
result holds for some order n then it consequently holds for
the following order n + 1. In the notation used, the power in
curved brackets symbolises the order of the time derivative.
Taking then the nth-order time derivative of Egs. (18), (19)
and (23), using the chain rule to write time derivatives of
fr and f7 in terms of derivatives of R and T, which are
posteriorly written in terms of derivatives of a, p and p via
Egs. (21) and (22), taking the asymptotic limit # — #; and
discarding the non-dominant terms, one obtains the following
system of asymptotic equations

p(I‘H—l) ~ O, (28)
a3 1
2frR=——+ frrp"*V =0, (29)
(n+1) ~

(30)

a

12 frr (p + p) (a(”+3)>
fr—=6frr (p+p) 7

respectively. One thus verifies that the nth-order time deriva-
tive of the matter conservation equation guarantees the reg-
ularity of "+, whereas of the modified Friedmann equa-
tion and the second conservation equation in turn force the
regularity of a3 and p™*D by the same procedure as
before. This argument can be extrapolated for any higher
order derivative by a redefinition N = n + 1, thus proving
that, under the assumptions considered, sudden singularities
are not allowed in any time derivative of a, p and p.

3.3 Scalar-tensor representation

Let us now turn to the scalar-tensor representation of the
theory and perform a similar analysis. Under the assump-
tions detailed above, in Sect. 3.1, one obtains the following
two independent field equations from Eq. (10), the modified
Friedmann equation and the modified Raychaudhuri equa-
tion, which take the forms

e a*+k 8 v 1
7 el % =5, +-Co—p+ -V,
a 6 6

a 3
(3D

@ Springer
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. {a 2  a*+k
O+20| - )+l —+ 3 = —8np
a a a
+‘”( 3 )—|—1V (32)
5 (p=3p)+5V.

Furthermore, the equations of motion for the scalar fields ¢
and ¢ from Egs. (12) and (13) become

i  a*+k
v¢=6(5+ > ) (33)

Vy =3p—np, (34)

respectively. Finally, the conservation equation from Eq. (14)
in this framework takes the form

8(+)d+87t, . £i+d2+k Ly
T - —p = — - =
PP a 3'0 ¢ a a2 6 7

AU N N [a [ 1.]
’ﬁ(ip gp‘f'g ‘/f) 14 ;(P"‘P)‘f'iﬁ 7|

(35)

The system of Egs. (31)—(35) forms a system of five equa-
tions from which only four are linearly independent. To prove
this feature, one can take the time derivative of Eq. (31), and
use Egs. (33) and (34) to eliminate the partial derivatives V,
and V. One then uses the conservation equation in Eq. (35)
to eliminate the time derivative p, and use the Raychaudhuri
equation in Eq. (32) to eliminate the second time derivative
d, thus recovering the original equation. Thus, one of these
equations can be discarded from the system without loss of
generality.

Inserting the result of Eq. (18) into the conservation equa-
tion in Eq. (35) and using Egs. (33) and (34) to cancel the
factors V,, and Vy,, one obtains a simplified form of the gen-
eral conservation equation as

Y(p—p) =2(p+p), (36)

which is analogous to Eq. (23) in the geometrical represen-
tation.

Therefore, we have a new system of six equations, namely,
Egs. (18), (31)—(34), and (36), of which only five are linearly
independent. Since one of the equations can be discarded
without loss of generality, in this case we chose to discard
Eq. (36) and work with the remaining.

Similarly as before, to verify if sudden singularities can
arise at some instant #;, we assume a, d, and p to be finite.
Furthermore, following the definition of the scalar fields ¢
and ¢ as derivatives of f (R, T) and recalling that we are
assuming this function to be C*°, we also require ¢ and ¥
to remain finite. Finally, as the potential V (¢, ¥) along with
its partial derivatives are constructed solely in terms of ¢
and v, these must also be regular throughout the entire time
evolution. Under these considerations, Eq. (34) immediately
forbids a divergence in p, and consequently Eq. (18) prevents
a divergence in p. Similarly, Eq. (33) imposes the regularity
of d@. Thus, p, ¥, p, ¢, d and all lower order derivatives are

@ Springer

required to remain finite. Taking now into consideration the
modified field equations, in the modified Friedmann equation
in Eq. (31) the only term still allowed to diverge is ¢. In the
absence of a quantity to counterbalance this divergence, we
are forced to conclude that ¢ must remain finite. Finally,
the same argument holds for ¢ in Eq. (32), which forces this
quantity to remain finite. We have thus proven that no sudden
singularities can arise in d, p, p, ¢, and V¥, or any lower
order time derivative of the same quantities, even though
divergences in higher-order time derivatives are still to be
excluded.

Let us now proceed similarly as in the previous section
and extend this analysis for any nth-order time derivative of
these quantities via the method of mathematical induction.
We thus assume that the time derivatives p D, p( g"+2),
@t and ™ are regular, a feature already proven for
n = 0, and we show inductively that if the result holds for
some order n then it will remain true for the following order
n+ 1 and, consequently, for any n. Taking the nth-order time
derivative of Egs. (18) and (31)—(34), taking the asymptotic
limit # — ¢, and discarding the subdominant terms, i.e., all
the terms assumed to be regular above, one is left with the
following system of asymptotic equations:

p(}’l+2) ~ _Sgp(n-‘rl). (37)
yp" Y = (Bp — p+ V) y "t >0, (38)
a(n+3)

20 4y + (167 + 3y) ptth

~ (p = 3p + Vy) ptD, (39)

a(n+3)

Vi "0 > 6——, (40)
V¢¢I//("+l) ~ 3p(n+1). (41)

One can thus verify that Eq. (41) can be used to eliminate
Y@+ from Eq. (38), where p”*! can now be factored
out, yielding p**! ~ 0. Hence, p"*! must remain finite,
which implies by Eq. (41) that ¥+ must also remain
finite. Consequently, Eq. (40) prevents a divergence in a3,
Therefore, in Eq. (39) the only remaining term allowed to
diverge is ¢ "3, which in the absence of a quantity to coun-
terbalance this divergence is forced to be regular. The same
argument holds for p"*2) in Eq. (37). Again, this argument
can be extrapolated to any higher order derivative via a redef-
inition N = n + 1 and repeating the procedure, thus proving
that in the framework considered no sudden singularities can
arise in any time derivative of a, p, p, ¢, and ¥ in the scalar—
tensor representation of f(R, T') gravity.

3.4 Implications to type IV singularities

The previous subsections render several considerations regard-
ing type IV singularities. If we include in this type of singu-
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larity the cases when p and p are simply finite (i.e., without
requiring that p — 0 and p — 0 as t — fy), it was already
seen that singularities do not appear in higher order deriva-
tives of the scale factor. Still, the case in which p — 0 and
p — 0ast — t; can be seen explicitly. Let us take the geo-
metrical representation. If a, H = a/a, and R are required
to be finite, then, by Eq. (21), @ has to remain finite. Fur-
thermore, if p — O and p — O ast — ft,, then, by Eq. (18),
p — 0. Thus, Eq. (23) now requires p — 0. As we have
seen in previous subsections, if p, p, d, and all lower order
time derivatives are all finite, no divergences are allowed to
appear in higher orders time derivatives of the same quanti-
ties. Therefore, these type IV singularities are also prevented.

4 Sudden singularities with V, 7"’ #£ 0

In the previous analysis, one of the assumptions consid-
ered was the conservation of the stress-energy tensor, i.e.,
V,TH"¥ = 0. This property is a mandatory feature in gen-
eral relativity arising from the fact that the Einstein tensor
G v 1s divergence free, which results from the Bianchi iden-
tities; note that this feature also arises from the diffeomor-
phism invariance of the Einstein—Hilbert action [25]. How-
ever, one may have that V, 7" # 0 in specific modified the-
ories of gravity, especially those with geometry-matter cou-
plings [32,57]. Indeed, in modified gravity it is usual to reor-
ganise the gravitational field equations into an effective Ein-
stein field equation [58,59], i.e., G, = 87 Tlflf,f, where one
defines a divergence-free effective stress-energy tensor T/f‘f,f
containing not only the matter stress-energy tensor 7, but
also contributions from the extra degrees of freedom of the
gravitational sector, while allowing V,, T#" 2 0 [57]. In this
section, we will thus explore the consequences of discarding
the assumption of the conservation of the matter sector in the
problem of sudden singularities.

We again assume that the universe is well-described by
the FLRW metric given in Eq. (15), and that matter is given
by an isotropic perfect fluid, i.e., the stress-energy tensor 7),,,
and the auxiliary tensor ©,, are given by Eqgs. (16) and (17),
respectively. Furthermore, we still assume that the function
f (R, T) is an arbitrary C* function, which consequently
implies thatboth R and T remain finite throughout their entire
time evolution.

4.1 Sudden singularities in a@: geometrical representation

The system of equations that describes this framework is
given by the field equations in Egs. (19) and (20), alongside
with the general conservation equation given in Eq. (6). Since
the general conservation equation is not linearly independent
of the two field equations, we choose to discard this equation

and work solely with the two field equations. Similarly as in
the situation studied in Sect. 3.2, the regularity of R and a
in Eq. (21) forces a to be finite, whereas the regularity of p
and T in Eq. (22) forces p to remain finite. Thus, in the limit
t — ty, the asymptotic forms of Egs. (19) and (20) become

fr >0, (42)
2ng 4 fr=0. 43)

The time derivatives of fg in Egs. (42) and (43) can be
extended in terms of derivatives of R and T via the chain
rules in Egs. (24) and (25), which in turn can be converted
into derivatives of a, p, and p via Egs. (21) and (22). From
Eq. (42), one will obtain terms proportional solely to @, p,
and p, whereas Eq. (43) will also feature terms proportional
toa™, j, and j. Due to the large number of possibly diver-
gent quantities, one or more equations are needed to close
the system. Since we have chosen to work solely with the
field equations, we shall take the derivative of Eq. (19) as an
extra equation, which takes the asymptotic form

Ef—sz%ﬁng:Snp+fT<p+p>+fT<;a+m.
(44)

We are now in conditions to prove the possibility of sud-
den singularities in this framework. Equation (42) can be
solved for p and inserted into Eq. (43), which in turn can
be solved for p and both replaced into Eq. (44). Given the
precise dependence of Eqs. (43) and (44) in a™ and p, these
two quantities are eliminated from the system automatically
upon the manipulation described. One is thus left with an
equation relating ¢ with @ of the form

A
P <8n + —fT> ~ i{& (6 (o + p) frr — fr]
3 a | frr

—6(p +p) fRT}~ (45)

Without any extra equation to provide a different relationship
between p and a, one concludes that sudden singularities
may arise in this theory at the level of the third time-derivative
of the scale factor, sourced by a diverging p. If one now
imposes the conservation of matter, i.e., Eq. (18), p is forced
to be finite, which consequently imposes that @ remains finite
and one recovers the case studied in Sect. 3.2.

Note however that Eq. (45) is only valid if frr # 0, as
the first step towards its derivation requires a division by this
factor. Thus, the particular case frr = 0 must be considered
independently. If fgr = 0, Eq. (42) will force @ to remain
finite, whereas Eq. (43) in turn forces a™ to remain finite.
From Eq. (44), one verifies that a divergence in p and p is
still possible as these two quantities can compensate each
other, but this divergence does not incur with any effects

@ Springer
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on the scale factor, thus lacking relevance in a cosmological
context.

4.2 Sudden singularities in @' scalar—tensor representation

Complementary, in the scalar—tensor representation, the sys-
tem of equations that describes this framework is given by
the field equations in Egs. (31) and (32), alongside with the
general conservation equation given in Eq. (35). Again, since
the general conservation equation is not linearly independent
of the two field equations, we choose to discard this equation
and work solely with the two field equations. Additionally,
there is also the two extra equations from the scalar fields in
Egs. (33) and (34). Similar to the situation studied in Sect. 3.3,
the regularity of V,, and a in Eq. (33) forces d to be finite,
whereas the regularity of p and Vy, in Eq. (34) forces p to
remain finite. Since we also have that ¢, ¥ and V are regular,
in the limit ¢+ — f;, the asymptotic forms of Egs. (31) and
(32) become

¢ ~0, (46)
é+2¢ (Z) ~0. (47)

Thus, Eq. (46) immediately requires ¢ to be finite. Hence,
Eq. (47) forces ¢ to be regular. So, all remains finite at this
order, but it can be shown that singularities can appear in the
following order, i.e., with a. Taking the time derivative of
Egs. (31)—(34) one obtains the following asymptotic equa-
tions, in the limit r — fq,

87 . ¥ LAP Y SR
Sh+ g Go=p) ¢ (b= P+ Vi =0, “48)

©+2 @ 8 '+‘b( 3)+w(' 3')+1v¢
g ==8p+ S (p=3p)+ S (0 =3p)+ 5 Vy ¥,

49)
Vit ~ 6%, (50)
Vg = 3p— p, C1Y)

respectively. Using Eq. (50) to eliminate v and Eq. (51) to
eliminate p, Egs. (48) and (49) become

p(sm‘g‘l/,):%(3(”‘3)”‘”‘”‘“3“”),

Vw/f
(52)
G T30 =3p) = (167 +3%) Vyy + 3V,
(p:_[(p p) — (167 +39) Vyy x/f_z(p}
a VW/f
87 (53)
3

respectively. Eliminating p from the last equation, simply
provides a relationship between ¢ and @,

@ ~

LE{ 87 [3(p—3p) + Y Vyy —3Vy]
Voy a 4(6m + V)

@ Springer

+3(p —3p) — (167 +39) Viyy +3Vy — 2<pVW}. (54)

Both @ and ¢ are still allowed to diverge. Therefore, with-
out any extra equation, one concludes that sudden singulari-
ties may arise at the level of the third time-derivative of the
scale factor, as seen in the geometrical representation case.
At the same time, if one now imposes the conservation of
matter, i.e., Eq. (18), p is forced to be finite, which conse-
quently imposes that @ remains finite [by Eq. (52)]. Then v,
p and @ have also to be regular [by Egs. (50), (51) and (54),
respectively] and one recovers the case studied in Sect. 3.3.

4.3 Model featuring a sudden singularity

In the previous subsections, we have proven that if one con-
siders a situation in which the matter stress-energy tensor
is not conserved, sudden singularities might appear in the
third-order time derivative of the scale factor. In this section,
we will thus provide an explicit model for which sudden sin-
gularities arise. In the framework considered, the system of
cosmological equations (in the geometrical representation)
is composed by two independent field equations, namely
Egs. (19) and (20), for the three unknowns a, p and p. This
implies that one can still impose an extra constraint to close
the system.

We thus choose to impose a particular form of the scale
factor [50] given by

1\ t\?
a(t):(as—l)<t—) +1_<1_7>’ (55)

where the parameter a; represents the scale factor at the
instant #; when the sudden singularity occurs, and y and
§ are constant exponents that must satisfy a few constraints
in order to provide a sudden singularity at the right order of
the time derivatives of the scale factor. Indeed, the nth-order
time derivative of Eq. (55) is given by

—n n—1
(n) _ _ 1_ v —n _
a™ (1) = (ay ”(;) 1 i];[)w )

N

§—n n—1
1y (1 _ ti) T Tle-. 66
s i=0

Taking the limit # — 0, one verifies that the first term on
the right-hand side of Eq. (56) guarantees the regularity of
all time derivatives up to order n at the initial time t = O,
provided that y > n. On the other hand, the second term
on the right-hand side of Eq. (56) is responsible for causing
the sudden singularity to appear at t = ¢, precisely at order
n while maintaining all derivatives of lower order regular,
provided that » — 1 < é < n. Furthermore, both parameters
8 and y are required to be non-whole, to avoid the problem-
atic situations § = n and y = n, which would effectively



s

Eur. Phys. J. C (2022) 82:418 Page 9of 14 418
4r ' ' ' H ing the scale factor from Eq. (55) into Eq. (57), one obtains
t 4 3
5l o y(as—l)(z—ts)(%) —5;(1—5)
o [ mmm— a® () s H(t) = - ” : IRk (58)
5 [ t(t—t5) |:(as —1) (tL) +1-— (1 — ti) ]
S] o s K
1
s [T v 8
S @-D(£) +1-(1-1£)
1f e p q () =— y 512
[y @-Da—1) (L) —s(1-1£) }
F
O 1 1 " 1 2 t Y
0.0 0.5 1.0 1.5 2.0 x|y (y —D(as—1) @ —1) -

Fig. 1 Scale factor a (¢) from Eq. (55) and third-order time derivative
d from Eq. (56) withn = 3,a;, = t;, = 2,8 = 2.5,and y = 3.5. The
scale factor remains finite throughout the entire time evolution, whereas
a diverges ast — I

cancel the necessary time dependencies of a™. Since we
are interested in sudden singularities appearing at n = 3, we
consider the parameters 6 and y within the following bounds:
2 <8 <3 <y <4 (weconsider y < 4 to prevent y from
being an integer within the considered bounds).

In Fig. 1 we plot the scale factor a () and its third-order
time derivative @ (¢) fora; = t;, = 2,8 = 2.5 and y = 3.5.
The scale factor has an initial deceleration period followed
by a late-time cosmic acceleration. From this figure, it is clear
that the scale factor remains finite throughout the entire time
evolution, whereas @ diverges at the singularity time 7y, as
necessary.

4.4 Constraints from the cosmological parameters

The scale factor and the time at the singularity, a; and f,
respectively, can be constrained via the comparison of our
results with the experimental measurements of the cosmo-
logical parameters, in particular the present-time values of
the Hubble parameter Hy and the deceleration parameter g,
respectively. These two functions are defined in terms of the
scale factor and its time derivatives as
H=2  ¢=-%. (57)
a a

According to the most recent Cosmic Microwave Back-
ground (CMB) measurements from the Planck satellite [60],
the experimental values of these parameters at the present
time (assuming a flattACDM  model) are
Hy =67.440.5km s 'Mpc~! and g9 = —0.527 £ 0.011
(using qo = %Qmo — Qa0, Where 2,0 and Q0 are the
present-time density parameters of matter and dark energy
in the form of a cosmological constant, respectively). The
age of the universe, as also measured by Planck 2018 (TT,
TE, EE+lowE+lensing), is o = 13.797 £ 0.023 Gy. Insert-

¢ §
5@ —1)¢t> (1 - t—) } (59)

Equations (58) and (59) can be used to impose constraints
on the values of ay and ¢, that are consistent with the cos-
mological observations. To do so, one takes the limit t — #(
in these equations and introduces the experimental values of
Hy, qo and ty. The result is a system of two equations for the
fours unknowns ay, f, § and y . Since the parameters § and y
are constrained by the inequalities 2 < § <3 < y < 4, one
can now specify particular values of § and y, i.e., consider
different models for the scale factor, and compute the associ-
ated solutions for a; and #;. In Fig. 2 we plot the normalized
divergence scale factor a = a;/ap and the normalized diver-
gence time f = t;/ty, where we have defined ag = a (t = 1),
as a function of § and y, where the constraints H = Hy and
g = qgo and t = fo were taken into consideration. Both
parameters a and 7 are shown to increase with § and y, with
the values of a; and #; ranging from minimum values of
ag ~ 1.0651ag and t;, ~ 1.06736¢¢ in the limit § — 2
and y — 3, to maximum values of a; ~ 11.6976a( and
tg ~ 3.33272ty in the limit § — 3 and y — 4.

Finally, one can also use this framework to provide predic-
tions for the cosmological jerk and snap parameters, which
we denote by j and s, respectively. These parameters are
constructed in terms of higher-order time derivatives of the
scale factor as [61]

da* a®a?

= > § = 5
a3 at

j= (60)
Inserting the scale factor from Eq. (55) into Egs. (60), speci-
fying the values of the exponents § and y as well as the corre-
sponding values of a; and #; arising from the analysis shown
in Fig. 2, and taking the limit # — £y, one obtains a predic-
tion for the current values of these cosmological parameters,
i.e., jo=Jj (t=tp) and so=s (t=tp). In Fig. 3, we plot the pre-
dictions for the present jerk parameter jo and present snap
parameter so as a function of § and y and consistent with
the analysis described previously. In the range of parameters
allowed, the present jerk parameter jj and the present snap
parameter so range from minimum values of jy ~ 2.02229

@ Springer
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Normalized divergence scale factor

Normalized divergence time

20 22 24 26 28 30
5

Fig. 2 Normalized divergence scale factor a = ay/ag (left panel) and Normalized divergence time 7 = f; /1 (right panel) as a function of § and y
for H = Hy, q = qo and t = to. Both a and 7 are shown to increase with § and y

Present jerk parameter
4.0F i ' i ' g

3.8

3.6

34

3.2

3.0 .
2.0 2.2 2.4 2.6 2.8 3.0

Present snap parameter

4.0
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34
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3.0 . . - J
2.0 2.2 2.4 26 2.8 3.0

6

Fig. 3 Predictions for the present jerk parameter jo (left panel) and the present snap parameter so (right panel) as a function of § and y for H = Hy,
q = qo and t = to and with the values of a; and #; consistent with the ones from Fig. 2

and so ~ 0 in the limit §— 3 and y —3 and maximum values
of jo ~ 2.69639 and sy ~ 2.84078 in the limit 6—2 and
y —4.

4.5 Energy conditions and constraints on f (R, T)

The energy conditions are a set of inequalities for the matter
fields p and p that guarantee the physical relevance of the
solutions considered. In summary, for a perfect fluid consid-
ered in this work, the null energy condition (NEC) requires
that p + p > 0, the weak energy condition (WEC) implies

@ Springer

that p + p > Oand p > 0, the strong energy condition (SEC)
entails that p +3p > 0 and p > 0, and the dominant energy
condition (DEC) imposes that p > | p|. The models featuring
sudden singularities introduced in the previous subsections
are characterized by finite p and p, but no constraints on
their values are required. On the other hand, these models
are also characterized by a divergent p, but not a neces-
sarily divergent p. Thus, a positive divergence of p works
in favor of the energy conditions, whereas a negative diver-
gence works against it. The analysis of the requirements on
the free parameters of the model that satisfy the energy con-
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ditions at the singularity time z;, i.e., that imply a positive
divergence in p, allows one to impose constraints on specific
models of f (R, T) gravity. For concreteness, let us consider
a simple form of the f (R, T') gravity consisting of a sim-
ple extension of GR with a crossed term on R and T, given
by

f(R,T) =R +aRT, 61)

for some constant parameter «. Note that, according to the
results of Sect. 4.1, the crossed term is essential to guarantee
the existence of a sudden singularity in @ For this particular
choice of f (R, T), Eq. (45) becomes

4 a
0 (87r + gaR) ~ —601; (o+p). (62)

For the scale factor given in Eq. (55), Fig. 1 shows that
a(ty) > 0and a'(t;) — +oo > 0. Furthermore, for the NEC
to be satisfied, the factor (p + p) is also positive. Thus, to
guarantee that o > 0, one needs the following constraint to
be satisfied:

1 4
— (871 + —aR) < 0. (63)
o 3
For the FLRW spacetime, the Ricci scalar takes the form
R = 6(ia + a*> + k) /a® which, with the scale factor given
in Eq. (55) and in the limit t — ¢;, becomes

6
R = = {y @ = D[y = Day —y]+ke?}. (©4)

In the previous subsection, we obtained the values of ag
and 7, that are consistent with the cosmological parameters
for the ranges of § and y considered, 2 <6 <3 <y < 4.
One can thus think of a; and #; as unique functions of
the parameters § and y, i.e., a5 (8, y) and ¢ (6, y). Con-
sequently, the Ricci scalar in Eq. (64) is completely deter-
mined by a combination of § and y, for each specific value
of k = {—1,0, 1}. Furthermore, one verifies that R (ry) is
always positive. Consequently, from Eq. (63) one obtains
the constraint on the parameter o

6

<a<0. (65)

One can thus determine the numerical values of the lower
bound on « in Eq. (65), for the parameter space under con-
sideration 2 < § < 3 < y < 4. The results are shown in
Fig. 4 for k = {—1,0, 1}.

The function f (R, T) given in Eq. (61) satisfies the
requirement frg frr # fI%T as long as @ # 0 and thus it
has a well-defined equivalent scalar—tensor representation.
For completeness, we shall also present what is the form of
the potential V (¢, ¥) that corresponds to the scalar—tensor
version of the function f (R, T) in Eq. (61). Taking the par-
tial derivatives of f (R, T), one verifies that ¢ and i are
given by ¢ = aT + 1 and ¥y = aR. These definitions allow

us to write R and T as a function of ¢ and v, respectively.
Thus, the potential V (¢, ¥) in Eq. (8) takes the form

Vie.v)=Vv (-1, (66)

where Vy = 1 /. The same constraints found in Eq. (65) can
be found in the scalar—tensor representation using a potential
of the form described in the previous equation.

5 Conclusions

In this work, we have studied the possibility of sudden sin-
gularities arising in FLRW universes populated by isotropic
perfect-fluid matter in the framework of the f (R, T) gravity
theory in both the geometrical and the scalar—tensor represen-
tations. We have searched for sudden singularities occurring
in a finite-time future instant #;, where the pressure of the
fluid p is allowed to diverge, while the energy density p, the
expansion scale factor a and the Hubble function H = a/a
all remain finite throughout the entire time evolution. If one
assumes the conservation of the stress-energy tensor of the
matter sector, i.e., V,T*" = 0, in both representations of
the theory we have proven that if f(R, T) is taken to be a
general C* function, and hence regular throughout the entire
time evolution, no sudden singularities of the type described
above can arise, forcing not only p but also d, @, p, and p
to remain regular.

Furthermore, we used the methods of mathematical induc-
tion to extend the validity of the conclusions traced in the
previous paragraph to any arbitrary nth-order time derivative
of the quantities p, p and a, thus proving that no sudden
singularities are allowed in either of the representations of
the theory for any higher-order time derivatives. This result
contrasts with what was found in other modified gravity the-
ories with two extra scalar degrees of freedom, such as in
the generalized hybrid metric-Palatini gravity [31], in which
divergences in higher-order time derivatives might arise even
if they are prevented in their lower-order counterparts.

Due to the similarities between sudden singularities (type
II) and singularities of type IV, our results can be straightfor-
wardly extrapolated to singularities of the latter type. Analyz-
ing the possibility of type I'V singularities appearing at some
finite time instant #; due to divergences in higher derivatives
of a while a — a5, p — 0 and |p| — 0, and even includ-
ing the cases in which p and p approach some asymptoti-
cally non-zero value, one verifies that these singularities are
not allowed under the framework in study, according to our
results.

The conclusions traced above were facilitated by two main
assumptions in the framework: the function f (R, T') must
remain regular throughout the entire time evolution, and
the stress-energy tensor of the perfect fluid must be con-
served, i.e., V,T*¥ = 0. We note, however, that none of
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Parameter a lower bound for k=0
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Fig. 4 Lower bounds on the parameter « for the range 2 < § <
3 < y < 4 and for the three values of the curvature parameter
k = {—1,0, 1}, in the particular model with f(R,T) = R + «RT and
the scale factor as given in Eq. (55), from energy conditions considera-

these assumptions is mandatory. In particular, dropping the
assumption that the matter sector must fulfill the conserva-
tion equation, the two independent conservation equations in
Eqgs. (18) and (23) merge into a single equation, thus increas-
ing the number of degrees of freedom and allowing for sud-
den singularities to arise at the level of the third-order time
derivative of the scale factor.

For the situations in which sudden singularities arise in
d, we have provided an explicit example of a cosmologi-
cal model for which @ diverges at some singularity instant
ty, while all other lower-order derivatives of a remain finite
throughout the entire time evolution. A comparison of our
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tions. Note that the upper bound is always o < 0, according to Eq. (65).
As with Fig. 2, these results were obtained with the experimental values
of Hy, qo and 1y as used in Sect. 4.4

results with the experimental measurements of the Hubble
constant, deceleration parameter, and age of the universe by
the Planck satellite allowed us to impose constraints on the
values of the divergence time and divergence scale factor con-
sistent with the experimental observations. Furthermore, our
framework allowed us to provide predictions for the currently
still unmeasured cosmological jerk and snap parameters, the
first with a value of roughly jo ~ 2, and the second ranging
from sg ~ 0 to 59 ~ 3.

Finally, requiring that the system evolves in a direction
that favors the validity of the energy conditions at the diver-
gence time 7;, we were able to impose constraints on a par-
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ticular model of f (R, T) gravity that extends GR with a
single crossed term of the form o RT . In particular, we have
proven that the coupling constant & must be negative, with a
lower bound that is roughly between —1 and —2 depending
on the values of the parameters § and y. Unlike the cosmo-
logical parameters, the lower bound on « is affected in a non-
negligible manner by the curvature parameter &, the bounds
being the strongest for k = 1 and weakest for k = —1.
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