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1 Introduction

Unitarity has played a crucial rule in fundamental physics because they ensure conservation of
probability and information for Hermitian theories. As for non-Hermitian theories, they have
found applications in describing open and dissipative systems [1]. In such cases, dissipations
and noises are described by non-Hermitian terms in the Hamiltonians [2-5].

Amongst non-Hermitian theories, those with pseudo Hermitian Hamiltonians are partic-
ularly important. They are equipped with an inner-product that preserves time translation
symmetry. Therefore, when the spectrum of pseudo Hermitian Hamiltonians are real, they
may describe closed systems [6, 7|. How this is achieved will be discussed in section 2.

To date, various pseudo Hermitian quantum field theories have been studied in the
literature with different motivations ranging from condensed matter physics [8, 9], dS/CFT
correspondence [10-15] and particle physics [16-25]. Building upon these works, we develop
the in-in and Schwinger Keldysh (SK) formalism [26-31] for pseudo Hermitian systems in
curved space-time. Both formalisms are important tools used by physicists to compute
observables in cosmology [28, 30, 32]. Different from the in-out formalism which is used to
compute the S-matrix in Minkowski space-time, cosmological observables are usually higher
point equal time correlation functions. These include the power spectrum, bispectrum or
trispectrum which are evaluated at the end of inflation.

For pseudo Hermitian Hamiltonians, it is necessary to introduce the n product between
states in the Hilbert space to preserve time translation symmetry [6, 7]. Utilizing the 7
product, we derive the expectation value of operators in both the in-in and SK formalism.
Since the pseudo Hermitian theories of interest to us are local and respect Lorentz symmetry



in Minkowski space-time, the expectation value of pseudo Hermitian operators take the
same form as their Hermitian counterparts. Therefore, the Wick theorem and results from
path-integral are also valid for pseudo Hermitian theories.

For the purpose of computing correlators, there are no essential differences between
pseudo Hermitian and Hermitian field theories provided that we have the following caveat

— the pseudo Hermitian Hamiltonian must have a real spectrum. What happens when the
spectrum is complex is beyond the scope of the present work. Fortunately for us, the pseudo
Hermitian Hamiltonian that we study here has a real spectrum.

To illustrate the formalism, we consider a model of symplectic fermions [9] coupled to
the primordial curvature perturbation. Using the SK formalism, we compute the three-point
function for the primordial curvature perturbation up to one-loop. We compare our result to
earlier work [33] where the loop correction comes from the massive scalar bosons and that
found they differ by a minus sign (interactions in both models take the same form). This
difference in the minus sign cannot distinguish the bosons from the symplectic fermions. In
section 5, we discuss other ways in which they can be distinguished.

This paper is organized as follows. In section 2, we review the basics of pseudo Hermitian
theory in Minkowski space-time and showed that it can also be formulated in curved space-
time. In section 3, we develop the in-in and SK formalism for pseudo Hermitian systems. In
section 4, we study a model consists of a massive symplectic fermion coupled to the primordial
curvature perturbation. Conclusion and outlook are given in section 5.

2 Pseudo Hermitian Hamiltonians

In this section, we review the formalism of pseudo Hermitian Hamiltonians in Minkowski
space-time extend it to curved space-time. This sets the scene for the next section where
we develop the in-in and SK formalism in curved space-time.

2.1 Minkowski space-time

Let H be a Hamiltonian and # be the pseudo Hermitian conjugation operator. The action
of # on H is defined as

H* =9 'H'y, (2.1)

where 7 is an operator to be determined. We require H## = H so n must be Hermitian. If the
Hamiltonian is Hermitian, then (2.1) is trivial because it is a similarity transformation taking
H to n~'Hn which is also Hermitian. What we are interested is the class of non-Hermitian
Hamiltonians that are pseudo Hermitian, satisfying [6, 7]

H* = H. (2.2)

The spectrum of pseudo Hermitian Hamiltonians can be real or complex with non-vanishing

imaginary parts.!

For the latter possibility, they come in complex conjugate pairs with
equal multiplicity [6]. We review the proof here. Let |a(™) be an eigenstate with complex

eigenvalue F,

H|a™) = Eqla™) (2.3)

!Unless otherwise stated, from here onwards, complex eigenvalue means eigenvalue with non-vanishing
imaginary part.



where n = 1,--- | N is the number of degenerate states with the same eigenvalue. Taking
the Hermitian conjugate of (2.3), we see that E is an eigenvalue of H' with multiplicity
N. Multiply (2.3) from the left by n and using (2.2), we obtain

Hylat) = Eunla™). (2.4)

Therefore, both E, and E} are eigenvalues of H' with equal multiplicity. Since H and HT
have the same spectrum, the proof is complete.

For systems described by pseudo Hermitian Hamiltonians, the Hermitian inner-product
that is used in unitary quantum mechanics is inadequate because it does not preserve time
translation symmetry. To be precise, let |«) and |3) be two states in the system. The time
evolution for |a) and (3| are given by?

la(t)) = e o), (B(t)] = (Bl (2.5)

The invariant inner-product is the 1 product [6]
(Bla)y = (Blnle). (2.6)
Substituting (2.5) into (2.6), we obtain

(BO)a(t))y = (Ble™ ne™ M a),
= (Bla)y , (2.7)
so the n product is invariant under time translation. On the second line of (2.7), we have
used the identity eiHTtne_th = 7.
The n product and the definition of pseudo Hermitian Hamiltonian allow us to derive

important properties of the eigenstates. Let |a) and |3) be eigenstates of H with eigenvalues
E, and Eg. Using (2.2), we find

0= (B|(H™ — nH)|o)
= (Ej — Ea)(Bla)y. (2.8)
In the special case where o« = 3, we have
(Eq — Ea)(ala), =0. (2.9)

Therefore, an eigenstate has real eigenvalue when its 7 norm is non-vanishing. If an eigenstate
has complex eigenvalue, then its n norm vanishes.

To derive the completeness relation, let us denote |3*) as an eigenstate of H with
eigenvalue Ej. Equation (2.8) then becomes

0= (Es — Ea)(8"]a),. (2.10)

2Since the Hamiltonian is non-Hermitian, one is justified to ask why the time evolution of |cr) is generated
by H and not H'. In fact, both are physically equivalent. This is because the definition of pseudo Hermiticity
can be understood as a similarity transformation between HT and H. That is, if we evolve |a) using H, then
state 77]a) will evolve under HT.



Therefore, when Eg = E, the inner-product (a*|a), may be non-vanishing. Without knowing
n, we cannot compute (o*|a),. Nevertheless knowing that (5*|a), vanishes when Eg # E,
is allow for us to infer

(B%[a}y = (8 — a). (2.11)

Here we take the n product to be positive-definite. This may not be true for all pseudo
Hermitian theories, but for the particular field theories that we are working with here,
we can always define the n product to be positive-definite. Therefore, the completeness
relation takes the form

> ey (atn =1. (2.12)

To develop the in-in and SK formalism in curved space-time, it is instructive to review the
definitions of the in and out states in Minkowski space-time describing scattering processes.
We take the full Hamiltonian to be

H=Hy+V, (2.13)

where Hy and V' are the free and interacting parts. Splitting the Hamiltonian via (2.13)
simplifies the analysis. This is because for any physically well-defined theories in Minkowski
space-time, the free Hamiltonians must be Hermitian and have positive-definite real spectrum.
Furthermore, it can be shown that H and Hp have the same spectrum so that |a*) = |«) [34].

Let |ap) be the free state that evolves under Hy and |a_) and |a4) be the in and out
states that evolve under H. We take the scattering to occur around the time ¢ = 0 so in the
limit ¢t — +o00, the states are free. Therefore, |ay) and |ag) related by

: —iHt _ : —iHopt
i o) = T o) 211)
which maybe rewritten as
lat) = Qilao), (2.15)
where
_ _iHt_—iHgt _ :
Q(t) =e"le , Qi = tl}rinooﬁ(t). (2.16)

Since H is pseudo Hermitian, Q! is given by its pseudo Hermitian conjugate
QL) = ntal (). (2.17)

Using (2.17), we find that the 1 product for the in and out states are identical to the n
product of the free state

(Blax) = (Bolao)y, (2.18)

so its completeness relation is given by

> las)asln=1. (2.19)



2.2 Curved space-time

Pseudo Hermitian systems in curved space-time is similar to its formulation in Minkowski
space-time. Therefore, the theorems presented in section 2.1 concerning the properties of
the eigenvalues and eigenstates are also valid in curved space-time.

The in, out and the free states can also be defined in curved space-time. But because
Hamiltonian is now time-dependent, the in and out state are not related to the free states
via (2.14)—(2.17). Here we will only deal with the in states so we denote them as |a). Given
two in states at time tg and ¢t where tg < ¢, we have

Oé’t> = U(t’ tO)‘av t0>7 (220)
where U is the evolution operator satisfying the Schrédinger equation

z’%U(t,to) = H(t)U(t, to), (2.21)

with the initial condition
U(to, to) = 1. (2.22)

In (2.21), H is the full Hamiltonian. In cosmology, the limit ¢y — —oo means that the
wavelengths are inside the horizon and the in state becomes the free state so we have

‘Oé,t>= lim U(t,to)’ao,t0>. (2.23)
to——o0

In a pseudo Hermitian system, H is pseudo Hermitian so U satisfies the generalized unitarity
condition
U=t to) = n LU (¢, to)n. (2.24)

Therefore, the n product for the in state is equal to the 1 product of the free state. Their
inner-products and completeness relations are also given by (2.18)-(2.19). The solution for
U is presented in the next section.

3 Correlators

Multi-point correlation function of operators are important in early universe cosmology,
especially for studying the quantum fluctuations generated during inflation. For an operator
Q, the quantity we wish to compute is the expectation value

Q7)) = (QNQ(T)|Y), (3.1)

where |Q2) is the in-vacuum. This definition ensures that (@), is invariant time translation
generated by pseudo Hermitian Hamiltonians. When @ is pseudo Hermitian, then (3.1)
is real because 1@ is Hermitian. If @) is Hermitian, we require it to commute with 7 so
that n@Q remains Hermitian.

The in-in and SK formalisms [26-31] have been developed to compute correlators for
unitary quantum field theories. Here we show that both formalisms can be applied to pseudo
Hermtian field theories.



3.1 In-in formalism

The derivations to the relevant formulae for the pseudo Hermitian in-in formalism are by in
large, the same as the Hermitian field theories with the exception that pseudo Hermitian
Hamiltonians may have complex eigenvalues. For most part, the results are identical to those
given in [28, 32] so we will simply present them without proof.

Let ®,,1I, be the canonical operators in the Heisenberg picture and ¢,, 7, be the
perturbations from the classical background in interacting picture. Their evolutions from
time ty to t are given by

and

ba(t, ) = Up(t, to)da(to, x)Us (¢, o), (3.4)
Ta(t, ) = Up(t, to)ma(to, 2)Us (¢, o),

where Uj is the evolution operator for the free fields. In the limit tg — —oo, they satisfy
the initial conditions

(I)a(t[),m) = gi)a(to,m), Ha(to,m) = Wa(t0,$), (36)

and
Uo(to,to) = U(to,to) = 1. (3.7)

Taking the Hamiltonian to be
H=Hy+V, (3.8)

where Hy and Hj are the free and interacting parts, the solutions for U and Uy are

U(t, to) = Uo(t, to) F (¢, to), (3.9)

where
Us(t to) = Texp [—i /tt dt’Ho(t’)] , (3.10)
F(t,tg) = T exp [—i t: dt’V(t’)] : (3.11)

with 7" being the time-ordering operator such that in the power series expansion the time
argument of the fields increase from right to left. Since Hy is pseudo Hermitian, F~1! is

F(t, to) =~ ' Fl(t, to)n. (3.12)

We then have
Dy (t) = F1(t, t0)¢a(t) F(t, to), 3.13
I, (t) = F~(t, to)ma(t) F(t, to) 3.14)



Therefore, given a @ that is a function of ®, and II,, it is related to Q' in the interacting
picture via

Q(t) = F~1(t,t0)Q" (1) F (t, to). (3.15)

To compute (3.1), we need the relation between the in vacuum |Q2) and the free vacuum
|0). In curved space-time, the free Hamiltonian Hy may not be Hermitian so we have to
use the completeness relation (2.19). We find

efiH(tfto)‘O> _ Z {efiH(tftO)‘OO <04*‘0>77}
o

= 1)(QI0)y + D [e D a)(a%]0), ] - (3.16)
a#Q

If the eigenvalues of H are real and positive, then by analytically extend (¢ — tg) to the
complex plane

(t —to) — (t —to)(1 — ie), (3.17)

the contribution from the in vacuum |Q2) dominates in the limit o — —oo. If H has complex
eigenvalues, then we need to examine the inner-product (a*|0),. Let us examine this term
in Minkowski space-time and then in curved space-time.

As we have discussed in section 2.1, for any physically well-defined theories in Minkowski
space-time, the free states and in states have the same spectrum with respect to the free
Hamiltonian Hy and the full Hamiltonian H respectively. Now, since Hy is always Hermitian,
its eigenvalues are real so it follows that the spectrum of H is real. Therefore, in Minkowski
space-time, there are no in states with complex eigenvalues so in (3.16), the dominant state
is [Q) as tg — —oo.

In curved space-time, both the free and full Hamiltonians can be pseudo Hermitian so in
general, their spectra may be complex. If the spectra are complex, then it is necessary to
compute («*|0),. Using the fact that the n-product is invariant under time translation, we
have (a*|0), = (a*,1]0,t), for all t. Therefore, we can take the limit ¢ — —oo to obtain

(a*]0), = lim eFot{af|ne "|0). (3.18)

t——o0

Because the n-product is translation invariant, (o*|0), cannot be divergent as ¢ — —oo.
If e*%|0) does not contain states with complex eigenvalues then (a*|0), vanishes so |(2)
dominates in (3.16) as ty — —oo. On the other hand, if e~*7*|0) yields a state proportional
to |ap) where E, is complex, then we must have (a*|0),, = (af|ao),. In this case, the above
prescription to relate |Q2) and |0) becomes inadequate. But fortunately for us, as we will
show in section 4, the free and full Hamiltonians of symplectic fermions have no complex
eigenstates so (a|0), vanishes. Therefore, in the limit to — —o0, we can neglect the last
term in (3.16) to obtain

e—z‘H(t—tO) ‘0>

efiH(tfto) Q) = ’
0= a0

(3.19)



and hence

F(t,t0)[0) (O1F(t, to)

F(t,t0)|2) = G (QIFT(t,t0) = ) (3:20)
Therefore, we obtain
(Q(1))n = (QUnF~1(t,10)Q" (1) F (¢, t0)|2)
= (0lnF~(t,t0)Q" (1) F(t,0)[0), (3.21)

where on the second line, we have used (3.12) and (3.20).

3.2 Schwinger Keldysh formalism

To compute the cosmological correlators, it is more convenient to use the SK formalism which
utilizes the path-integral. Here we mostly follow the presentation given in [30].

An important difference between Hermitian and pseudo Hermitian field theories is the
completeness relation. Following the discussions in section 2, the completeness relation for
pseudo Hermitian theories take the form

I= Z ‘Oa><0a|777 (3'22>

so we have

Q7)) = D_{QUn]0a)(0anQ(7)|82). (3.23)

o

For the canonical fields and conjugate momenta eigenstates in the pseudo Hermitian
system, we have

1= [dslotr.a)olr.a)ln = [ dnln(r,2) (@) (324
Their inner-products are the n-products are
(¢/(m,2)|o(T, @)y = 0(¢' (1, ) — B(7, ), (3:25)
(r'(1,@) |7 (1, @)y = 8(7' (1, @) — 7 (T, T)), 3.26
and
(p(, ) |7 (T, 2))n = exp |:i/d313¢(7,37)7T(T, x)|. (3.27)

The right-hand side of (3.25)—(3.27) are identical to inner-products for Hermitian theories.
These expressions will be justified in the next section when we consider the symplectic
fermions. So apart from replacing Hermitian inner-product with the n product, the path-
integral for pseudo Hermitian system is identical to the Hermitian system. Therefore, we
may follow [30] and define the generating functional Z[.J, J_]

AV

:/D¢+D¢)_ exp{i/Tf dT/d3$|:£[(b+]_£[¢—]+(J+¢+_J_¢—+# conjugate terms)} }
(3.28)



The expectation value for ¢(7,@1) - o(7,xN) is
(6(r.@1) - d(r,an))y = [ DosDo— (b1 (r,@1) - b (r.an)]
X exp {z / " i / &z (Lloy] - Llo.])] . (3.29)

4 Cosmological signatures for symplectic fermions

Symplectic fermion is a theory of anti-commuting complex scalar fields proposed by LeClair
and Neubert [9]. In Minkowski space-time, the theory has the following feature. It evades
the spin-statistics theorem because its field adjoint is pseudo Hermitian while respecting
locality and Lorentz symmetry.

Here we study the cosmological collider signals produced by the symplectic fermions
interacting with the primordial curvature perturbation ¢ in the inflationary background

ds? = —dt? + 2T dg - da, (4.1)

where H is the Hubble parameter. We present the theory with the above background, establish
its pseudo Hermiticity and then compute the three-point function for ¢ using the SK formalism.

4.1 Symplectic fermions

The action for symplectic fermions in curved space-time is [9, 23]

S—— / dbey/=g [ (9,0)(@y0) + m*50] . (4.2)

In the momentum space,

3 .
o(x) = / (;ZW];?) ko (k,t), (4.3)
3 ) .
o(x) = / (;lwljge”k'ma(k,t), (4.4)
where
o(k,t) = v(k,t)a(k) +v*(k, t)bT(—k), (4.5)
o(k,t) = v*(k,t)al (k) + v(k, t)b(—k), (4.6)

with v being the mode function and a and b! are the annihilation and creation operators.
At the zeroth order of the slow-roll parameter O(e”), the mode function v, satisfies the
following equation of motion.

k2
By, + 3H O, + —5 v + mPvj = 0. (4.7)
a
The solution to (4.7), which in the limit 7 — —oco becomes the oscillatory phase =7 is
H
op(T) = 6_”“/2\/75(—7')3/2H£)(—k7'), (4.8)

where = /m?/H? — 9/4 and HZ-(;) is the Hankel function of the first kind. Here we focus
on the case where m > %H



The fields are fermionic and pseudo Hermitian when the annihilation and creation
operators satisfy [15]

{a(k),al(k')} = +(2m)30%(k — k), (4.9)
{blk), b1 (k) } = —(27)%(k — &'). (4.10)

The minus sign in (4.10) yields states with negative norm but it can be removed by introducing
the n product. By demanding the action of 7 leaves the free vacuum state |0) invariant and
that it commute and anti-commute with a and b, we find

n = exp {—m / >k bT(k)b(k)} . (4.11)
The 7 product for single state created by af and b are positive-definite
(k,alk',a), = (k,b|k',b), = (21)36° (K’ — k). (4.12)
The fields satisfy the canonical anti-commutation relations
{o(r.2),0(r,9)} =0, (4.13)
{o(1,2),n(1,y)} =i6°(x — y), (4.14)

where 7 = 9;0. The theory is pseudo Hermitian because

1~ T
n ! |o(@)o(a)]
From (4.11) and using (2.18), the n product for free and the in states are given by
(Bla)y = (Bolao)y = 6(8 — ). (4.16)

The n-norm is non-vanishing, so the free and in states have real eigenvalues. Since all states

n=o(z)o(z). (4.15)

are obtained by acting the creation operators on the vacuum, their 1 norms are non-vanishing.
Therefore, the eigenvalues of the full Hamiltonian are real. As the 1 product is positive-definite
and the fields are local, we expect the functional relations (3.25)—(3.27) to hold and that
the path-integral for symplectic fermions to be well-defined.

4.2 Coupling to primordial curvature perturbation

We now consider the cosmological collider signals produced by the symplectic fermions
interacting with the primordial curvature perturbation (. The second order action for (
is [32, 35]

d®k :
_ a2 3/2 12 42
Se = M /dt(%)se (a*¢% = K2ac?) (4.17)
where e = —H /H? is the slow-roll parameter. Quantizing ¢ gives
G(7) = up(T)e(k) + uj (1) (<k), (4.18)

where ¢ and ¢/ are the annihilation and creation operators satisfying

(), ¢l (k)] = (27)%6® (k — k). (4.19)

,10,
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Figure 1. The leading contribution to (g, Ck,Cks)+ coming from the fermionic loop.

The equation of motion for ( is

.. . k2
{4+ 3HCE+ —5C =0. (4.20)
a
Solving (4.20) yields
H 1
up(1) = ey K2 (1 +ikT)e ™. (4.21)

We take the interactions between symplectic fermion and ¢ to be

V=154 Vi, (4.22)

where
7 = e [ da [} (n)C (r2)0 (r @) ()] (4.23)
) =c / @ [®(1)¢' (r.2)¢ (7. 2)3 (r, @)o (7. @) (4.24)

with ¢34 being constants. For such an interaction, the leading contribution to the three-point
function (Ck, (ko Cks )y is of order O(c3cy) (see figure 1). Here ¢ is Hermitian and commutes with
7) S0 its expectation value is well-defined. For convenience, we shall ignore the subscript n from
now onwards. The three-point function has been computed in [33] where the massive complex
scalar fields which interact with the primordial perturbation are bosonic. Here we take the
massive complex scalar fields to be fermionic and compare the resulting three-point function
with its bosonic counterpart. For comparison, we denote the bosonic and fermionic three-point
function as (Ck, CryCs)— and (Cr, Ciey Ches )+ respectively. In the squeezed limit (see appendix A)

{Crer i <k3>,i Ciilp {/ dmy / de/ d3 d3

x 63 (p4q—ks3)u(ky,0)u(ks,0)u(ks,0)

X [0r u* (k3,71)—0r u(ks, )] (F1) {Iﬁ(—iu) (@)QW TQ+C.C.]

X [Or ™ (k1,72)] [Oryu™ (k2,72)]+ (even permutations in k‘l,kg,kg)}.

(4.25)

— 11 —



We evaluate the integrals over p and q in (4.25) by rewriting it as

d3 d3 . B 43 43 ) PR i
[ @ | @t a k00 = [ 655 [ 555 [ G T w0

(4.26)
Using the Fourier transform [36, pg. 363]
" ‘ I (2t2
/ (;l ;”n TR = A/ 27( - ) N (4.27)
w iy
we obtain
2
3 . 3 ~
Bp [ dg | r(3+in)] 1(-3-2in)
53 K 2ip _ 9—3/2(9.)—9/2 plint3
/ (27) / o PTa—k)pa) (2m) T(—in) T3+ 2ip) 3
(4.28)
Performing the time integral yields
86203H5 k3 2ip
- )
(Gt Gy ) = FRe (27) 137263 M8 ky kg (ky + ko)t | [4(k1 + k2)
+ (even permutations in ki, ko, k:3)}, (4.29)
where 3 5 3
g(p) =T (2 + iu) r (2 + iu) r (—2 + 2W) ['(2 — 2ip) sinh? (7 p). (4.30)
Therefore, the bosonic and fermionic bispectrum differs by a sign. We rewrite it as
P? ki k
(N7 —— (1 2) 4.31
(Ciey Cs Cies)” = (2) ek \ g g ) (4.31)

where F' is the shape function

F (kl k2> — (k1k2k3)2Re 80263H5 |: ks :|2ip ( )
+ kg’ kg =+ (271')4]3(2 (2#)13/253]\4’]@]{71]{32(]{:1 _|_k2)4 4(]61 —|—]€2) g\u

+ (even permutations in ki, ko, k3) (4.32)

In the squeezed limit k1 ~ kg, k12 > k3. The oscillatory term that is of interest to us comes
from the first term of (4.32) as shown in figure 2.

5 Conclusion and outlook

In this paper, we have developed the in-in and SK formalism for pseudo Hermitian field
theories and applied them to study the inflationary space-time. We find, as long as the
pseudo Hermitian Hamiltonian has real spectrum, the correlators can be computed in the
same way as Hermitian theories.

To illustrate the formalism, we use our method to study a model which consists of a
massive symplectic fermions coupled to the primordial curvature perturbation. We calculate
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Figure 2. An illustration of the non-Gaussianities in the squeezed limit for symplectic fermions.

the three-point function of the primordial curvature perturbation using the SK formalism up
to one-loop. We compare this to the previous computation where the one-loop correction
comes from the massive scalar boson [33] and found they differ by a minus sign. While this
minus sign is not observable, we can think of at least two ways to distinguish the scalar
bosons and fermions. One way is to add new interactions between the matter fields and the
primordial curvature perturbation. This is straightforward but not very interesting.

A more interesting possibility is to use the same models and compare the production
rates of the symplectic fermions and scalar bosons at late times as 7 — 0 which can be
derived from their respective Bogoliubov coefficients. In the bosonic case, it is known that
the magnitude of the Bogoliubov coefficients yields the Bose-Einstein distribution [33]. Based
on this result, it is reasonable to believe magnitude of the fermionic Bogoliubov coefficients
would yield the Fermi-Dirac distribution.

Apart from correlators, there are other important observables in quantum field theory
associated with the S-matrix (such cross-section and decay rates). While we have presented
the formalism to compute correlators for pseudo Hermitian field theories, the formalism to
extract observables from with the S-matrix has yet to be developed in Minkowski space-time.
In our opinion, the challenge is to write down the formula for transition probability which
is consistent with unitarity (or generalized unitarity) and the optical theorem. These are
open problems for non-Hermitian theories. Works addressing these problems mostly concern
non-Hermitian PT symmetric Hamiltonians [37-40] and are not directly relevant to the
pseduo Hermitian field theories considered here and in [9, 22-25]. Recent work on dS S-matrix
and optical theorem [31] indicates that these issues are also important in cosmology. We
leave these important problems for future investigations.

A Propagators in the Schwinger Keldysh formalism

Here we compute (Ck, CkyCrs)+- For most part, we focus on the fermionic three-point func-
tion, namely (Cg,CkyChs)+- The expression for its bosonic counterpart (Cg,Ck,Cks)— can be
obtained afterwards.
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To compute the three-point function, we need the propagators for the symplectic fermions
and (. In the configuration space, they are given by

Z (7‘2,2172)> < (TQ,ZL‘Q T1,(L‘1

<U(T1,ZI}1) (TQ,(L‘Q)> <TO'(7'1,2131 7'2,2132>
(A.1)

)

Dy (m,x1;7m2,22) Dy (71,1572, 22) _ (To(11,21
D__(r,x1;7m2,22) D__(71,21;72,%2)

and

lG++(k1771;k27T2) G+—(’<¢17T1;k2772)] _ [(TC(kth)C(kmﬁ)) <C(k2aTz)C(k17ﬁ)>]
G4 (k1,115k2, 72) G—— (k1,715 k2, T2) (C(k1,m1)C(ka, m2)) (TC(k1,11)C (2, T2)) |
(A.2)

The fields ¢ and ¢ are fermionic so their time-order and anti time-order products are
Dy (1,215,710, 22) = (0(T1,21)0 (7'2,332)>9(7'1 —T) — <5(7’2,m2)0(7'1,:1:1)>9(7'2 —71), (A.3)
D__(Tl, 1,72, :132) = <J<T2, 332)0(7'1, :131)>9(T1 — TQ) — <J(T1, a:l)&(’l'g, 02)>9(7'2 — 7'1), (A4>

where 0 is the step function. The propagators in the configuration and momentum space
are related by

d®k

Dopy(71, T1; T2, T2) —/(

: )3€ik-(w1—w2)Dab(k;71772). (A.5)
™

Substituting the mode functions (4.3)—(4.6) into (A.3)—(A.4), we obtain

Dy (k;71,m2) = v (11) v (12) 0 (11 — 72) + v, (1) vgs (72) 6 (2 — 1) , (A.6)
D__(k;m,m2) = v (11) vk (12) 0 (11 — T2) + vk (11) V), (T2) 0 (72 — T1) , (A7

and
Dy (k;71,m2) = v (11) vk (72) (A.8)
D_i(k,71,72) = v (11) v (72) - (A.9)

It is important to note that while the symplectic fermionic propagators are different to
the bosonic scalar propagators in the configuration space, they become identical in the
momentum space.

The primordial curvature perturbation is bosonic so

Gt (11, @152, 22) = (C(T1,21)( (T2, ®2)) (71 — T2) +(( (T2, 22)( (1, 21))0 (T2 —71),  (A.10)
G__ (11,2157, 22) = (((12,22)C (71, 21))0 (71 —72) +({(T1,21)( (72, 22) )0 (T2 — T1). (A.11)

Their propagators in momentum space are

Gy (ks m15m2) = up (1) g (12) 0 (11 — 72) + up (11) up (12) 0 (12 — 71) 5 (A.12)
Gi—(k; 11, 72) = ug (1) ug (72) (A.13)
Gy (k; 71, 72) = wg (1) ug (72) (A.14)
G_—(k;m1,72) = up (11) up (12) 0 (11 — 72) + up (1) wy (12) 0 (T2 — 71) (A.15)
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Having obtained the propagators, we can now compute the three-point function. Using
the SK Feynman rules derived in [30] and

(Gl Gea i) 1 = (Gr Gea i) [ (270 (ot + Koo + Kg)| (A.16)

we obtain
(Ciey Cieo Cies )y
dmo d®p d3q
=2 b / / / / 3 (p+q—k
cacs Z ¢ HTl (—Hm)? ) @2m)3 ) (2m)? SAE

X [(97—1 Ga+ (/{?3,7'1, )87—2 GbJr (kl,TQ, )8T2Gb+ (kQ,TQ, O)+(even permutations in ki, ko, kg)]

X[( CLb p7T17T2)Dba(Q7T27T1)]

dm d3p d3q
=4deseaR / / / / 3 (p+q—k
Coeatte Hﬁ (—Hm)? ) (2r)3) (2m)3 (P+a—ks)
X{[371G++(k37717 )+571G—+(/€3771,0)] [F1D(p,11,72)D(q,72,71)]

X [0y G4+ (k1,72,0)07, G4+ 4 (k2,72,0)]+ (even permutations in kl,kg,kg)}. (A.17)

n (A.17), the F1 phase is due to the statistics of the fields. The propagators G4, can be
further simplified. Using (A.12)-(A.15), we find

G++(k3v 1, O) = Uzg (Tl)uk:s (0)’ (A'18)
G_1(k3,71,0) = up, (11)ug, (0), (A.19)

where we have used the identity u}(0) = ug(0). Substituting (A.18)-(A.19) into (A.17),
we obtain

<Ck1<k2Ck3
dro d®p d3q 4
—4 _
0364Re/ / HT1 H72)2 / (27_‘_)3 / (27_‘_)35 (p+q k3)uk1(0)uk2(0)uk3<0)
x { [0 ui, (m) + 5nuk3(71)] [F1D(p, 71,72)D(g, 72, 71)] [Ory1if, (72) Dy i, (m2)] |
+ (even permutations in ki, ko, k3). (A.20)

As we are interested in the long-distance correlation, we take the squeezed limit in which
all the propagators become identical [33, 41, 42]

D = D++ =D__ = D+, = D,+, (A21)

where

T (A.22)

~3/2 -3/2 2 i
D(k,11,12) = a (721172";[ (T2) {I’Q(—i,u) (W) +ecoc.
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Substituting (A.22) into (A.17) we obtain

/ 0 0 43 a3
(s GeaGra) e = —4;?;3;2%{ /_oodTl/_oodTQ/(QWp;?»/ ok

x 63 (p+q—ks)u(ky,0)u(ks,0)u(ks,0)

iy )2“‘ 142ip

X [0, u* (ks3,71)—Or, u(ks, )] (F1) [FQ(—W) ( 1 T +c.c.]

X [Or,u™ (k1,72)] [Or,u™ (K2, 72)]+ (even permutations in kl,kg,kg)}.

(A.23)
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