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Abstract: We present a protocol for the hierarchical controlled joint remote implementation of the
partially unknown operations of m qudits belonging to some restricted sets by using m multiparticle
high-dimensional entangled states as the quantum channel. All the senders share the information of
the partially unknown operations and cooperate with each other to implement the partially unknown
operations on the remote receiver’s quantum system. The receivers are hierarchized in accordance
with their abilities to reconstruct the desired state. The agents in the upper grade need only cooperate
with one of the lower-grade agents, and the agents in the lower grade need the cooperation of
all the other agents. The protocol has the advantage of having high channel capacity by using a
high-dimensional entangle state as the quantum channel for the hierarchial controlled joint remote
implementation of partially unknown quantum operations of m qudits.

Keywords: hierarchial joint remote implementation of quantum operation; partially unknown operation;
high-dimensional quantum system

1. Introduction

The utilization of the principle of quantum mechanics in information processing pro-
vides some novel methods for quantum information processing, such as quantum key
distribution [1-9], quantum secure direction communication [10-20], quantum telepor-
tation [21-28], quantum remote state preparation [29,30], quantum computation [31-40],
quantum nonlocal gate [41-46] and quantum operation remote implementation [47-49].

Recently, the remote implementation of quantum operation has garnered much in-
terest since it was first proposed by Huelga et al. [47]. Theoretical protocols for the remote
implementation of quantum operations, especially partially unknown quantum operations,
have been proposed via different quantum channels [48-61]. The operations are partially un-
known, since the values of their matrix elements are unknown but the positions of the nonzero
matrix elements are known. Huelga et al. showed that single-qubit operations can be remote
implemented via a quantum entangled channel shared in advance, and classical communication
and partially unknown operations of one qubit belonging to two restricted sets

e 0 0 el?
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can be remote implemented via less resources [48]. In 2006, Wang investigated the ex-
tension of the remote implementation of partially unknown operations to the case of
multiqubit. The partially unknown operations of N qubits as suggested by Wang have
only one nonzero element in every row or every column of their representation matrices.

Entropy 2024, 26, 857. https:/ /doi.org/10.3390/¢26100857

https:/ /www.mdpi.com/journal/entropy


https://doi.org/10.3390/e26100857
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/entropy
https://www.mdpi.com
https://orcid.org/0000-0001-9467-6834
https://doi.org/10.3390/e26100857
https://www.mdpi.com/journal/entropy
https://www.mdpi.com/article/10.3390/e26100857?type=check_update&version=2

Entropy 2024, 26, 857

2 of 26

Since the nonzero element in the first row has 2V possible positions, the nonzero element
in the second row has 2N — 1 possible positions and the nonzero element in the 2Nth
row has one possible position, the partial operations of N qubits belong to 2! restricted
sets [49]. Moreover, Wang presented a scheme for combining the remote implementation of
U = U Uy. Uy, Up are partially unknown operations belonging to the restricted sets [50].
In 2008, Fan and Liu presented a protocol for the multiparty controlled remote implementa-
tion of partially unknown operations [51]. Qiu and Wang presented a scheme to implement
the partially unknown operations of two qubits belonging to 24 restricted sets via Cavity
QED [52]. In 2010, Chen showed that quantum operations belonging to restrict set can be
divided into m pieces and simultaneously remotely implemented on m remote receivers’
quantum system [53]. In 2011, Chen et al. presented a protocol for the probabilistic remote
implementation of a partially unknown operation via nonmaximally entangled state [54].
Situ and Qiu considered the remote implementation of partially unknown operations of
multiqubit without prior sharing of entanglement [55]. In 2013, Zhan et al. presented a
protocol for the remote implementation of partially unknown operations

ug 0 0 0 0 wup 0 u O
U() = 0 u 0 ’ U1 = u 0 0 , Uz = 0 0 ui (2)
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belonging to three restricted sets in a three-dimensional quantum system [56]. In 2019, Peng
etal. put forward a protocol for quantum rotation operation sharing with a five-qubit cluster
state [57]. In 2022, An and Cao presented a method for the parallel remote implementation
of partially unknown operations of one qubit in polarization and spatial-mode degrees
of freedom with a hyperentangled state [58]. In 2023, Peng et al. presented a scheme for
the remote implementation of m partially unknown operations of one qubit on the remote
receivers” quantum systems under the controller’s control [59]. In 2024, Liu et al. proposed
a protocol for the bidirectional controlled remote implementation of a partially unknown
operation of two qubits belonging to eight restricted sets via a nine-qubit entangled state
Zlle) o) o) e™)0) + 19 )le7) e )97} 1)], where [pF) = —5(|00) £ [11)) [60].
Shi et al. presented a protocol for the hierarchical joint remote implementation of a partially
unknown quantum operation of one qubit with a cluster state, where the receivers are
hierarchized according to their abilities to accomplish the remote implementation of the
partially unknown operations [61]. The remote implementation of the partially unknown
operation of one qubit has been experimental demonstrated via linear optical elements [62].

In the past few years, researchers have expressed much interest in quantum informa-
tion processing via high-dimensional quantum system, as a high-dimensional quantum
system has a high capacity for the storing and processing of quantum information in long-
distance quantum communication. Moreover, it offers a alternate method for scaling up
the quantum computation. In 2000, Muthukrishnan and Stroud showed that an arbitrary
n-qudit operation can be decomposed into single- and two-qudit operations [63]. In 2001,
Bennett investigated the method for the remote preparation of an arbitrary qudit state [64].
In 2002, Vlasov showed that two single-qudit noncommutative operations and two-qudit
operations can construct a universal qudit operation [65]. In 2003, Zhou et al. presented
the concept of a qudit cluster state and proposed one-way computation based on the qudit
cluster state [66]. In 2005, Wang et al. presented a protocol for quantum secure direct
communication via high-dimensional quantum state [67]. In 2007, Li et al. put forward a
method for the controlled teleportation of an arbitrary m-qudit state with d-dimensional
Greenberger-Horne—Zeilinger(GHZ) states [68]. In 2014, Luo and Wang proposed a proto-
col for the implementation of universal quantum computation on the high-dimensional
quantum system via a set of one-qudit and two-qudit operations [69]. Krenn et al. proposed
the creation of a (100 x 100)-dimensional entangled state via spatial modes of photons [70].
In 2017, Kues et al. demonstrated the generation of a high-dimensional frequency entangled
state [71]. Bouchard et al. realized optimal cloning for a high-dimensional state of photons
in their orbital angular momentum degrees of freedom [72]. In 2018, Hu et al. reported
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the experimental demonstration of quantum superdense coding with a four-dimensional
path-polarization entangled state [¢) = 1(]00) + [11) +|22) + [33)) [73]. In 2019, Reimer
et al. demonstrated high-dimensional one-way quantum computation via qudit cluster
state [74]. In 2020, Vagniluca et al. realized four-dimensional quantum key distribution
via high-dimensional quantum state encoded in time-bin degrees of freedom [75]. Hu et
al. experimentally realized the efficient generation [76] and distribution [77] of a high-
dimensional entangled state and demonstrated high-dimensional quantum teleportation
via the high-dimensional entangled state [78]. Wang et al. investigated the control effec-
tiveness of high-dimensional controlled teleportation [79]. Kiktenko et al. showed the
significant reduction of quantum operations for the implementation of a Toffoli gate via
a high-dimensional quantum state [80]. In 2022, Saha et al. presented a novel method to
decompose an n-qudit Toffoli gate into two-qudit gates without an auxiliary qudit [81].
Nikolaeva proposed a scheme to decompose an n-qubit Toffoli gate via 2n-3 two-qutrit
gates [82]. Chen et al. presented a scheme for the perfect teleportation of a sing-qubit
state with a high-dimensional partially entangled state |®) = a¢|00) + a1|11) + a2(22) [83].
In 2023, Hrmo et al. experimentally realized a two-qudit entangling gate via a trapped-ion
system [84]. Luo et al. experimentally demonstrated a two-qutrit gate via supercon-
ducting quantum circuits [85]. Xing proposed a method for preparing a multiparticle
high-dimensional GHZ state via optical system [86]. In 2024, Lv et al. experimentally
demonstrated high-dimensional controlled teleportation via a three-dimensional GHZ state
|p) = %(|OOO> + [111) + |222)) [87]. Xu et al. experimentally demonstrated quantum state

compression from two qubits «|0) + B|1) to a qutrit a|0) + v/2aB|1) + B2|2) [88].

Although there are some protocols for the remote implementation of partially un-
known operations belonging to restricted sets in a high-dimensional quantum system, the
hierarchical joint remote implementation of partially unknown operations of m qudits
in high-dimensional quantum system is not seriously considered [55,56]. We present a
protocol for the hierarchical joint remote implementation of partially unknown operations
of m qudits belonging to restricted sets via m multiparticle high-dimensional entangled
states. All the senders share the information of the partially unknown operations and coop-
erate with each other to jointly remotely implement the partially unknown operations in
high-dimensional system. The receivers are hierarchized in accordance with their abilities
to complement the partially unknown operations remote implementation. The upper-
grade agents only need the cooperation of one of the other agents to complete the remote
implementation of the partially unknown operations and the lower-grade agents need
the cooperation of all the other agents. The protocol has the advantage of having a high
channel capacity by remote implementing partially unknown operations of m qudits via m
multiparticle high-dimensional entangled states.

2. Hierarchial Joint Remote Implementation of Partially Unknown Operations of One
Qudit via a Multiparticle High-Dimensional Entangled State

To present the principle of our protocol clearly, we first present the protocol for the
hierarchical joint remote implementation of partially unknown operations of one qudit
belonging to restricted sets in d-dimensional quantum system, then generalize it to the case
of remote implementation of partially unknown operations of m qudits.

Similar to the two-dimensional system, |0), - - - ,|d — 1) is the eigenbasis of the pauli
operator Z; [68,89]. [0)y,- - -, |d — 1), is the eigenbasis of the pauli operator X;.

1 i - Ui -
e = —=(10) + B0} 4 FIED A —1y), @)
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wherej =0,1,---,d — 1. Similar to Ref. [89], the quantum Fourier transformation
1 1 o 1
27 27
1 1 671‘1 e eTl'(dfl)
Hy=— (4)
1 e%(d_l)‘l e e%(d_l)'(d_l)
and the inverse quantum Fourier transformation
1 1‘ '
H_l 1 1 67%1'1 e 67%(5[71)'1
d \/H ‘ e
1 o F1@-1) e~ F(d=1)-(d-1)
®)

can implement transformation between eigenvectors |j) and |j)x (j =0,1,---,d —1):

li)x = Halj). 1j) = Hy 'lj)x- 6)
The two-qudit C-NOT operation can be described as [68,89]:

d—1
Uc= Y. ljij1®aj2) i 2l ?)
jl/j2:0

Here j; ®4 j» means j; + j, mod d.

Similar to the case of partially unknown operations of N qubits, the partially unknown
operations of one qudit that have only one nonzero element in every row or every column
of their representation matrices can be remotely implemented with fewer resources [49,50].
Since the unique nonzero element in the first row has d possible positions, the nonzero
element in the second row has d — 1 possible positions, and the nonzero element in the
dth row has one possible position, there are d! restricted sets for the partially unknown
operations of one qudit. The partially unknown operations of one qudit belonging to 4!
restricted sets, as suggested by Wang, can be described as [49,50]:

uy,, = MohEhEe Sl |0 @y Ly By ly By - - Bala1) (0]

Ly laq
+ gi9"19211$312@4"'$d1d—1 M@y B3l By Bgly_1)(1]
+ Pt |2 B3l By - - Dgly_1) (2]
TR (d = 1) B g ){d - 1], (®)

where l]- =0,1,---,j(j=1,2,---,d —1) are used to label the d! restricted sets. ¢g, 1, - - -,
¢4_1 are d real parameters. (k—1) ®rlp_q (k = 2,---,d) means (k — 1) + [;_1 mod k.
The n senders Alicey, - - - , Alice,, share the information of the partially unknown operation
Uity 1y, (90, @1, -, @4—1) to be remote implemented. That is, Alice, (u = 1,--- ,n)
knows @0, 91, , Puq—1. Here,
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n
Y oouo = 9o
u=1
n
Y Pui = 1
u=1
n
Z Pud-1 = Pa-1- )
u=1

all the senders Alicey, - - -, Alice, cooperate with each other to remotely implement the
partially unknown operations and help the remote receiver to prepare the target state.

For the hierarchical joint remote implementation of partially unknown operations,
the n senders Alicey, - - -, Alice,, y upper-grade agents Boby, - - - , Bob, and z lower-grade
agents Charliey, - - - ,Charlie; share a (n + y + z)-qudit entangled state. One of the upper-
grade agents Boby,---,Bob, has a qudit b in an arbitrary state [¢). The upper-grade
agent first performs a C-NOT operation on his entangled particle and particle b, and then
carries out a Z-basis measurement on particle b. The n senders Alicey, - - -, Alice, first
perform corresponding unitary operations on their entangled particles according to the
measurement result obtained by the upper-grade agent, and then implement partially
unknown operations according to their information of the partially unknown operation
to be remotely implemented. The upper-grade agents Boby, - - - , Boby can reconstruct the
desired state with the cooperation of one of the lower-grade agents and the lower-grade
agents Charlieq, - - - , Charlie; need the cooperation of all the other agents to prepare the
desired state.

For the hierarchical joint remote implementation of partially unknown operations, all
the agents share a (n + y + z)-qudit entangled state. The (n + y + z)-qudit entangled state
shared by Alicey, - - -, Alicey, Boby, - - -, Boby Charliey, - - - , Charlie; can be written as:

1 d-1 Lm]'l]ﬁ' .
) = 3 Y TRl ) A A,
J1,j2=0

10 ) By By L2 s j2)Cy e o (10)

where particles Aj,---, A, belong to the sender Alicey, - - -, Alice,, the upper-grade
agents Boby, - - - , Boby are in possession of particles By, - - - , By, and the lower-grade agents
Charlieq, - - - , Charlie, are in possession of particles Cy, - - -, C.

Without loss of generality, suppose Bob; has the qudit b in the arbitrary state [52]:

[¥)p = aol0) +ar|1) + - +ag_q]d - 1), (11)

where |ag|?2 + |a1|?> + - - + |ay_1|?> = 1. The n, senders Alicey, - - - , Alice, want to jointly
remotely implement partially unknown operation Uy, 4, ... ;, , and help the remote receiver
prepare the target state |¢').

Ad

/
|l/J ) u11,12,~--,ld—1 |lp>

61%%11@3’2%4'-‘911151—1a0|0 By ll B3 lz By Dy ld71>
P12 ®she Saii g (1 @y Iy @3ly Py - - Dy ly_1)
o' P23l egly W |2@®3 1 By Bgly_q)

et ew(d*l)@d’d—l ag 1|(d—1)Bgly_1). (12)

+ o+ o+
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The state of particles Ay, -+, Ay, By, -+, By, Cq,- -+, Cz,b can be written as:
D) = @Ay, ApBy By Croe C @ W)
R . , .
= = Z e d J1]2,xj3‘]1,. .. ,]1>A1,---,A,,\]1,' .. ’]1>Blr"'rBy
J14j2,j3=0
2, s j2) ey 17300 (13)

For the hierarchical joint remote implementation of the partially unknown operation
Uy, 1, 1, - Boby first implements C-NOT operation on qudits By and b by using qudit By
as the control qudit, and then performs Z-basis measurement on qudit b. After the C-NOT
operation, the state of particles Ay, -+, Ay, By,- -+, By, Cy,- -+, Cz, and b becomes:

d—1 .
|(Dl> = - 2 e d ]1]2a].3|]1,... /]1>A1,~~,An‘]11”. ’]1>Bl,'”,By
J1:2,j3=0
|2, s j2) ey o 1 @a j3)p- (14)

The state of particles Ay, ---, Ay, By,---,By, Cy,-- -, C; becomes |$); if the Z-basis
measurement resultist (t =0,1,--- ,d — 1).

1 41,
1) = —= X e g gl A a,
\/H]'lr]‘ZZO
|jl/ T /j1>Bl,---,By|j2/ T /j2>C1,---,CZ- (15)

To implement partially unknown operations remotely, Alice, (1 =1,--- ,n) first im-
plements single qudit operation X; on its qudit A, according to the Z-basis measurement re-
sult t, and then implements partially unknown operation Uy, s, ... 1, (®u,0, Qu1, "+ Pud—1)
in accordance with its information of ¢, 0, ¢, 1, - , ¢, 4—1. The single qudit operation X;
in accordance with the Z-basis measurement result t can be written as:

-1
Xp= ) [t®q (d =)l (16)
=0

The state of particles Ay,---, Ay, By,--+, By, Cy,- -+, C; becomes |p)o after Alice,
(u=1,---,n) implements single qudit operation X; on its qudit A,.

]. di Zm'(t )
|4;2> = ea \t—n lexh |j1,--- ,]'1>A1,___,An
\/ajlszzo
(t@a(d—j1), -t Dy (d—]1))B,, B,
2, s j2)Cpe e (17)

After the single qudit operation X;, Alice, (u = 1,--- ,n) implements partially un-
known operation Uy, 1, ... 1, , (Qu,0, ui, -, Pu4g—1) in accordance with its information of
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Pu0, Pul, " Pud—1 on qudit A,. The state of particles Ay, ---, Ay, By, -+, By, Cq, -+, C;
becomes (without normalization):

2t g H( P10yl @l 1 T P 0@yl @l )
ZUZ/ "/]2 Cy,Cy [“oed ]Ze 21 W2 Rdld-1

|¢3)

\0@211"'@dld—1/"' 0Dl ®glg_1)|t, - 1)

27

i leeT(t—i—d—l)jzei((/’l,mazllma;dzd,l+‘“+<Pn,1ee211m@dzd,1)
1@l @gly—r, -, 1@l - Bglg_q)
t®g(d—1),-- ,tDg(d—1)) +

+oayqe L (t41)j2 o (P1@-Degly_y Tt On-1)ogly 1)

((d—=1)®Bglg_1,---,(d—1) Dgls_1)

\f@d Lo t®a1)]ay, . A8, B,

= T el

\0@211"'@dld—1,"' 0@l - @gly_1)[t, - 1)
+ alezg’(tm 1)]261'901%211--'3;‘,1#1
\1@211"'@dld—1,"' @l ®gly1)
\t@d( —1), -ty d=1))+ -
+ oag et (tH)]ze PUD0dat |(d = 1) Dglg_g,---,(d —1) Balg_1)
[E@g 1, £ B )] Ay A, By By (18)

To jointly remotely implement the partially unknown operation, Alice, (v =1,--- ,n)
performs X-basis measurement on his entangled particle A;. The state of particles Ay, - - -,
Ap, By, ,By,Cy, -+, C; can be rewritten as (neglecting the whole factor):

d—1 )
. . 27ti 41
93) = Yo ey claoe T 2

11,0 Tn,j2a=0
o POl @yl g o= (r1b 1) (0821 Balg 1)

[y ® - @ lru)xlty -, 8) +age d 4D

o Prealy - gly_q o= 2 (11t Ar) (10211 Byl 1)

M)x @ @ |rn)x|t Ba (d = 1), £ Dy (d — 1))

+tag_qe %( )]2@ (@d-1)®4ly 1

e*T(71+“'+7ﬂ)((d*1)@d1d—1 M) ® - @ |rn)x

t@al, - t©a1)] Ay, AyBy,- B, (19)

The state of particles By, - - -, By,Cy,- -+, C; becomes |¢4) if the measurement result
obtained by A, (u=1,---,n)is |ry)x (ru =0,---,d —1).

2ty ;
pa) = Z 2+ s j2)cy e [oe 4 12
“Potpzll @l 16——’(069211 Dgly_ 1)r|t t)
27i

=+ aleT(Hd*l)lze“Pl@zll"@dldq 3*7(1@211'“@41.171)7
[tBg (d 1),  tDg(d—1)) +- -
oy e PRIy o T (A1) Salg 1)

|t@d 1,--- /t@d1>]31,"-,3y1 (20)
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wherer =711 + - 4 14.

Firstly, we suppose that the agents agree to reconstruct the desired state |¢’) at the
upper-grade agent Boby’s site (k = 1,---,y). The quantum circuit for the hierarchial
joint remote implementation of partially unknown operations of one qudit with upper-
grade agent is shown in Figure 1. To jointly remotely implement the partially unknown
operations, the lower-grade agent Charlie, (p = 1,- - - ,z) performs a Z-basis measurement
on its qudit C,. The upper-grade agents Boby, - - - , Boby_1, Boby, 1, - - , Boby perform X-
basis measurements on qudits By, - - -, By_1, Bx1, - - -, By. The receiver Boby, can prepare
the target state |¢') by cooperating with one of the lower-grade agents.

r
Alice; A| |_Xt UI‘ o A ((pl_() 5 Pag )
. I'n
Alicen 4, X¢ Uy, (P> > Prat)
b ~ |7| t t
$ cecees
Bob; T = 1
B, X
S
Bob, B, X |—
s t |r
Bobx B, Ui
j2
. = Jj2
Charlie; C Z
. | )2
Charlie, C. Z

Figure 1. The quantum circuit for the hierarchial joint remote implementation of partially unknown
operations of one qudit with upper-grade agent Boby. Classical communication from the sender
Alice; (j =1,---,n), the upper-grade agents Boby, - - - , Boby_1, Boby1,- - - , Bob, and the the lower-
grade agent Charlie), (p=1,---,z) to the receiver Boby are represented by double lines. r1,- - - , 7y,
1, ,8y and t, j» denote the results of the generalized X-basis measurements and generalized
Z-basis measurements. X¢, Uy, ... 1, (@j0,* , @j,4-1) in the solid-line boxes denote the single-qudit
operations performed by the sender Alice;, and U:’jz’s in the solid-line box denotes the unitary
operation performed by the receiver.

After the Z-basis measurement, the state of particles By, - - -, By becomes |4>5> if the
measurement result obtained by Charlie, (p =1,--- ,z)is |j2) (ja=0,---,d —1).

lps) = [lxoe%tjlei¢0$2’1"‘@d’d—137%(0@211“'@011:1—1)7’”,...,t>
+ lxlesz(t+d_1)j2ei(m$zll'“ed’d—lg_sz(l@le"'®dld—l)r

by (d—1),-- £y (d—1)) +---

27ti

+ oy qed DR PVl o= ((d=1)Balg 1)1

|t€Bd 1, ,t®y 1”31/“'/3 (21)

"
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To implement the partially unknown operations remotely, the upper-grade agents
Boby, - - -, Bobx_1, Bobyyq, - - - , Boby perform X-basis measurements on their qudits By, - - -,
Bi_1,Bit1,- -+ , By. The state of particles By, - - - , B, can be rewritten as:

d—1

‘4’6) = 2 [aoe*%(51+"'+Sk71+sk+1+..,+sy)t
S100 Sk—1/
k1. Sy =0

o A 2 o POy gly_q o 2F (0l Balg 1)

|51>x D |Sk—l>x|t>|sk+1>x Q- ® |Sy>x

+ age st tsy) (tHd—1)

e%(t+d—1)jzei<ﬂ1@2zln.@dzdfl e—%(l@zllnedld,])r

51)x @+ @ [sk_1)x|t g (d = 1)) [sk11)x @ -+ @ [sy)x + - - -
+ adile—%(sﬁ---ﬂk,ﬁskﬂ eetsy) (1) p 2 (1) j2 o P@-1) 404

_2mi

7 (d—l)@dldfl)qs])x ® - @ sk 1)x|t Ba1)|skr1)x

Q- |Sy>x]Blr“‘/Bk—l/Bk/Bk+1/"‘rBy' (22)

The state of particle By becomes |¥) , if the measurement results obtained by Boby, - - -,
Boby_1, Bobiy1, - - -, Boby are 151) 2, s ISk—1)x/ Skt ) s oo |5y>X-

i amiee i

Fhp, = fage For R o B O5ah w1
27i 27i i

+ D‘lef%s(ﬂrdfl)e%(t+d71)]2814’1$211»-<9d1d_1

25 (1.
eSS | 0y (d - 1) + -
+ Déd_lef%ms(ﬁrl)ez?m(t+1)]‘26ifp(d—l)®dld71

_2mi

e d ((dfl)@dld—l)r“ By 1>]Bk/ (23)

where s = sy + - 45,1 + 51+ F 5y
The single-qudit operation

utr,jz,S _ e%(S*J’z)te%(0@211"'9d’d*1)’|0 Do ly - Dglg_q)(t]
b R 2R (2 gl )y

[T @oly- - Bgly1)(tDa(d—1)[+--
4 ) (1) 2R (=) Bglg—1)r

[(d—=1) Balag—1)(t g1 @)
in acco1l"dance with measurement results £, 7, jp, s can transform state [¥)p, to the target
state |¢/):

¢')p, = U™ (25)

¥)g,.
Similar to the hierarchical remote implementation of partially unknown operation of one
qubit [61], the upper-grade agent needs to only cooperate with one of the lower-grade
agents to prepare the target state.

Now, we discuss another case, in which all of the agents agree to reconstruct the desired
state |¢p) at the lower-grade agent Charlie,’s site (p = 1,- - -, z). The quantum circuit for the hi-
erarchial joint remote implementation of partially unknown operations of one qudit with lower-
grade agent is shown in Figure 2. To reconstruct the desired state |¢¢’) at the lower-grade agent
Charliey’s site, the other lower-grade agents Charliey, - - -, Charliep_l, Charliep+1, .-, Charlie,
and the upper-grade agents Boby, - - - , Boby perform X-basis measurements on their entangled
particles Cy, - -+ ,Cp_1,Cpy1,- -+ ,C; and By, - - -, By, after Alicey (u=1,---,n) implements
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the partially unknown operation Uy, 1, ... 1, , (@10, @11, *, ¢14—1) and performs an x-basis
measurement on qudit A,. The state |§4) can be rewritten as:

|¢4>C11“' rcp—lrcerlr"' /Cz,By, /By/Cp

d—1
= Y 1g0)x® @ dp—1)x @ |G )x @ - -

17 Ap—1Ap+1-
2,81, Sy=0

®|qz)x]s1)x @ ® |sy>x{moel%%’l“'%d’dq

, A=l
67%(0@211--6‘11[1,1)%7%ts[ Z e F (=) 172)]
}2=0
+ alei(Pl(Dlll"'q:‘dldfleisz(leazllm@dld*l)r
e DS Y7 AR (1) ) 4
}2=0

. i
+ ad71€l¢(d71)®d1d—1 67%((d71)®d1d—1)7

2 -1 2mi ;
efT(tJrl)s[ Z e d (H1=q)j2 lj2)1}- (26)
J2=0

Here, g =q1+ - +qp-1+qps1+ -+ 4z

r

Alice; 4 |_X¢ U/l, dps (¢’|m"'>‘/’1,d4)
. r< r
Alicen Ar: X U/, ol ((pu,o ERRRRY 71) =
b 7 t
Bob, ﬂ s
B, X —
Sy
Boby B, X
s t |r
Charlie, C, T'” —
q
<1 q
Charlie; C X
Charli X —~
arlie; (C

Figure 2. The quantum circuit for the hierarchial joint remote implementation of partially unknown
operations of one qudit with lower-grade agent Charliep. 1,0 Tn,S1, 0 Sy, g1, ,qz and t, jo are
the results of the generalized X-basis measurements and generalized Z-basis measurements. T[, ; in
the solid-line box denotes the unitary operation performed by the receiver Charlie,.
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The state of particle C, becomes |w>cp if the measurement results obtained by Charlie,
 Charliy, Charliey1,, Charlis and Bob, -, Boby ate 1), a1} 1)
,19z)x and [s1)x, -+, [sy) -

lw)c, = wpe' P02 Fdla—1 p= 5 (082l Baly 1)
2mt$ Z e ‘7)fz|]'2>]
j2=0

+ alei(plﬂazll'“@dld—le_¥(1@211'“@d1d71)r
27'(1
(t+d l Ee t+d 1— q]2|]2>}

+ ad_le’f"(d—l)mdm677((d71)@dzd,1)r

g_sz(t-‘rl)S[Z (t41— ~0i2[j)]. o
j2=0

To reconstruct the desired state |¢¢’), Charliey, first applies the inverse quantum Fourier
transformation on its particle Cp, and then applies corresponding unitary operation on its
particle in accordance with all the other agents measurement results. The inverse quantum
Fourier transformation H{;l transform quantum state |w)c , to

— [P0@o Ly a1 _2mi 0Dty @ ils 1)r
|wl>Cp = wge P2 ®dla-1e 7 (09201 @aly—1)

i 2mi .
e TEHIY ed k)]
j2=0
+ Délei(m@zll”@dld—l e_%(l@zll'“@dld,l)r

e 27‘[1(t+d 1)5H [Z (t+d 1— q]2|]2>]
j2=0
+ "‘d—leiq)('j_l)@d’dfle’sz((dfl)@dldq)r

2 2ri )

e DSy o7 (HH1=a)2 o))
}2=0

_ aogi(’)o%’l“‘@d’d*le_sz(oEBﬂl“'@dldq)V

27ti
7Tts|t@d (d_q)>
+ ¢/ P102h -+ 0lg 1 p— 2 (10211 Bgla—1)r
Zm(t"!‘d 1 |t@d(d*17q)>+
+ agqe 9@-104l4 1 = B (A=) @4lg1)r
T e, (1)), (28)

The unitary operation T}

TS — o Z (el @alg1)r B ts
0@2 1y Dgly—1)(t Dy (d—q)|
b (@ gly 1) B (- )s

L@yl @gla_y)(t®g (d—1—q)|+ -
+ e @-D)@alg1)r 2T (t+1)s

[(d—=1) ®alg—1)(t g (1—q)| (29)
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in accordance with the senders’ measurement results r and t, the upper-grade agents’
measurement results and the other lower-grade agents’ measurement result q will transform
state |w1)c, to the target state |¢p)c,.

W)e, = Tslwi)c,- (30)

The partially unknown operations of one qudit can be remotely implemented via local uni-
tary operations, classical communication, and one multiparticle entangled state. Compared
to previously protocol for remotely implementing partially unknown operations of one
qubit, the protocol has the advantage of having a high channel capacity by transmitting d
coefficients ¢y, - - - , ¢;_1 via one multiparticle entangled state [48].

3. Hierarchial Joint Remote Implementation of Partially Unknown Operations of m
Qudit via m Multiparticle High-Dimensional Entangled States

Now, let us generalize the protocol for the hierarchial joint remote implementation of
partially unknown operations of m qudit with m multiparticle high-dimensional entangled
states. The senders share the information of the partially unknown operations to be remotely
implemented and cooperate with each other to help the remote receiver to reconstruct the
desired state.

Similar to the case for the remote implementation of partially unknown operations of
one qudit, the partially unknown operations of m qudits have only one nonzero element
in every row or every column of their representation matrices. There are M! (M = d")
restricted sets for partially unknown operations of m qudits, since the unique nonzero
element in the first row has M possible positions, the nonzero element in the second row
has M — 1 possible positions, and the nonzero element in the Mth row has one possible
position. The partially unknown operations of m qudit belongs to M! restricted sets as
suggested by Wang can be described as [50]:

£ 0ol @b 04Oyl |t0,. o t9n> ,---,0|

ul1,lzf“,1M
o PLoal @3l dy O pin 1 |t%, e, t}n> <0, e, 1‘
ei<P2<D312<34---<DM1M,1 |t%,' o t%n><0’, . ’2| R

P M-Depiy (M Mg, d -1, (31)

+ o+ o+

where ¢o, 91, -+, pm—1 are M real parameters, lj =01---,jGj=12---,M—1) are
used to label the M! restricted sets. t} =0,---,d-1(j=1,---,ml=0,---,M—1)and

t(l)dm*1+...+tg1:0@211@312@4"'@MZM*1
t%dm—1+...+t71n:1@211@312@4"'@]\411\4—1

ti\/lfldmfl_i_____'_tﬁffl — (M—]) GBMlel' (32)

Similar to the case for the hierarchical joint remote implementation of partially un-
known operations of one qudit, the n senders Alicey, - - -, Alice, share the information
of the partially unknown operation Uy, 4, ... 1,, (90, @1, - - , $m—1) to be remotely imple-
mented. Thatis, Alice, (u=1,---,n) knows @,0, Pu,1," , Pum—1- Here, Y_; ¢,; = @
(j=0,1,---,M—1). All the senders Alicey, - - - , Alice,, cooperate with each other to re-
mote implement the partially unknown operations and help the remote receiver to prepare
the target state.

Similar to the case for the hierarchical joint remote implementation of partially un-
known operations of one qudit, the n senders Alicey, - - - , Alice,, y upper-grade agents
Boby, - - -, Bob, and z lower-grade agents Charliey, - - - ,Charlie; share m (n +y + z)-qudit
entangled states. One of the upper-grade agents has the qudits by, - - - , by, in the arbitrary
m-qudit state. For the hierarchical joint remote implementation of partially unknown opera-
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tions, the upper-grade agent first carries out m C-NOT operation on his entangled particles
and particles by, - - - , by, and then performs Z-basis measurements on particles by, - - -, by;.
The n senders Aliceq, - - -, Alicey, first perform corresponding unitary operations on their
entangled particles according to the measurement result obtained by the upper-grade agent,
and then implement partially unknown operations according to their information of the
partially unknown operation to be remotely implemented. The receivers are hierarchized
according to their abilities to reconstruct the desired state. That is, the upper-grade agents
Boby, - - -, Boby can prepare the desired state with the cooperation of one of the lower-grade
agents and the lower-grade agents Charlie, - - - , Charlie, need the cooperation of all the
other agents to prepare the target state.

To hierarchically jointly remotely implement the partially unknown operations of
m qudits, the n senders Alicey,- - -, Alice,, y upper-grade agents Boby, - - -, Bob, and z
lower-grade agents Charlie, - - - , Charlie, share m (n+y+z)-qudit entangled states.

) =lp)="
d—1 . )
= Z e%jllju N e%jmlij

JISEI VI
Jm1Jm2=0

|j11/ o /j11>A11,~",A1;1 |j11’ T ’j11>B“"“’Bly

12, j12) eyt

mts = 2 Jmt) Ay A Tnts == 2 Ji) B By

|jm2r' e rjm2>an1/"'/Cm2' 33)

where particles Ay, - - - , Ay belong to the sender Alice, (u =1,-- - ,n), the upper-grade
agents Boby (k =1, --- ,y) are in possession of particles By, - - - , By, and the lower-grade
agents Charlie, (p = 1,- - ,z) are in possession of particles Cip, o+ Cip-

Without loss of generality, suppose Bob; has the qudits by, - - -, by, in the arbitrary
m-qudit state [89]:

d-1
T YO TN B | PR M (34)
Iy, =0
where
d—1 )
Yoo ey, | (35)
l,l,...’lm:()

The n senders Alicey, - - - , Alice,, want to jointly remotely implement the partially unknown

operation Uj, 5, ... ;. , and help the remote receiver prepare the target state [¢).

W) = Uy iy, |9)

e Poeal e3h®y e ply 0{0,.”’0“0’ e, t9n>

P10, ¢
e V1ol &3hesepipm 1 g, 1 t%, R

QM-1)p M-1 M-1
e U‘I’M’M*lDldfl,--»,d—1|t1 PRI s >

+ +

(36)
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The state of particles A1y, -+, Cpz, b1, - - -, by can be written as:
|(I>> - |¢>A11/‘“/sz ® |lp>b1,"~,bm
d-1 , ,
= Z e%hlhz .. .e%jml]'mzal .
10 dm
12 dms
fm2A1, e Am=0
11, o) Ay g s 2110 By e By
2=+ s fi2) ey, 0
|jml/ et /jm1>Am1,-~~,Amn|jm1/ T ’jm1>Bm1/"'/Bn1y
|jm2’ T ’jm2>cmlz'“rcmz |ll/ e /lm>b1r"'rbm' (37)

For the hierarchical joint remote implementation of the partially unknown operations,
Bob; performs m C-NOT operations on qudit b, and B,; (v =1, - - -, m) by using qudit B
as the control qudit. The state of particles Aqq,- -, Cpz, by, - - -, by becomes | D7) after the
C-NOT operations.

[P1) = 1P)ay, o @ (YD1, by
d—1 . )
2 . . 2 . .
— Z e fimjz .. .g%]ml]mZocll,m,lm
1412 dm1s
JmaA1 =0

11, ) Agye Ay [0 110 By e By

12, j12) e Crn

s = 2 jm1) A, A 1=+ 1) Byt By

|2, ) jm2) Cp,o+ Conz

1 ®a g1t ln D jmd )by, o (38)

After the C-NOT operations, Bob; performs a Z-basis measurement on particles on qu-
dit by (v =1,---,m). The state of particles Ay, - - - ,Cyz becomes |¢7) if the measurement
resultsare tq,- -« ,ty (t1,-- ,tw=0,---,d —1).

-1 27 ;s i ;s
|¢1> — 2 e d 2. .. %7 Jmijm2
jid2es
Jm1dm2=0

atl@d(d_]'ll)/"‘ ,tm@d(d_jml)

|j11/' e ’j11>A11/"'rA1n Ull’ e ’j11>Bllr"'rBly

2, s i) ey, e
|j7’f’ll’ e ’jm1>Am1/"'/Amn |jm1’ e ’jm1>Bmlr“'ery
|jm2/ e ’jm2>cmlx'“rcmz' (39)

Similar to the case for the hierarchical joint remote implementation of partially un-
known operations of one qudit, Alice, (u = 1,---,n) first performs a single-qudit op-
eration X;,- -, Xy, on particles Ay, - - - , Ay according to Bob;’s measurement results
ti,- -+, tm, and then applies the partially unknown operation Uy, 1, ... 1, (®u,0, - Pu,M—1)
on its particles Ay, - - - , Ay in accordance with its knowledge of ¢, 9, - - - , ¢, M—1 and per-
form X-basis measurements on particles Ay, - - - , Apy. The state of particles A1, - -+, Cyz
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becomes |¢,) after Alice, (u =1,--- ,n) performs single-qudit operation X;,, - - - , X, on
its particles Ay, - -+, Apu.

-1, i
pn) = Z e d =iz . .. o7 (b —jm1)jmz

Atz
Jm1dm2=0

&1, 11, 1) Ay e Ay,

ltt Ba (d—j1), - 01 @a (d = j11)) By, By,

i, j12) oy Crn oo Ll s+ 2 i) Ao A

|tm @d (d _]ml)/ s rtm @d (d - jm1>>Bm1,---,Bmy

lim2, =+ s Jm2) Copg e Cona- (40)

After performing a single-qudit operation X;,, -, X}, on particles Ay, -, Apmu

(u=1,---,n), Alice, applies partially unknown operation Uy, 1, ... 1,, (9,0, Pu,M—1)
on its particles Ay, - - -, Auu. The state of particles Ajq, - - -, Cyuz becomes

d—1

|p3) = Yoo e i) e o lm2s s m2) o Cone
J12:+ jm2=0

2miy s 2miy i
[Dco,m,oe%tl/lz cgd tmjm2 gl PLOO O pIM 1
0 0 iPn0ey0y &gy |40 0
B, ) Ay a0 et 19 0N
|y, /t1>B11,---,Bly ot 'tm>3m1r“"3my

T oag.. 18%%2 e F (b d—1)j 191100k @ pr Iy

|t%, o t%fl>A11,.“,Aml L elqpn’l%Z[l"‘eMlM*l |t%, s, t1111>A1n/”'1Amn
|t1/ et /t1>311,---,31y e |th EBd (d - 1)’ e /tm @d (d - 1)>Bm1,'--,Bmy

+ agq.. d_leZTm(t1+1)j12 . e%m(tm+1)jnlzei‘Pl,(Mfl)eMlel

M-1 M-1
|tl r b >A11r"'rAm1 ’

M-1 M—1
|t1 PREERIP 54

et PnM-Deply

>A1n,~~-,Amn|t1 69d 1/ e /tl ®d 1>B11/“‘/Bly U
|tm @d 1/ e /tm 69(1 1>Bml,'“,Bmy}'
d—1

= Yoo e i) e et lm2s s im2) o Cone
J12, jm2=0

[ Oe%flhz oo tmjm2 g1 POBy 1 Iy

189, ’tg1>A11/"'/Aml e |t(1),- .. rt9n>A1n,~~,Amn
|tl/ e /t1>B11,'“,Bly e |th/ T /tm>B,n1,~--,Bmy

+ ag.. 13%151712 . e%(tm+d71)]'m23iq]]$211"'$MIM—1

) Ane gy 1 ) Ay A
|t1/ T /t1>Bn,~--,B]y e |tm Dg (d - 1)’ co b @y (d - 1)>Bm1r“'/Bmy
+ wgq.. dileL(tlJrl)]‘lz . esz(t”l+1)jn12ei(P(M’U@MIMfl

7Tl

d

M-1 M-1 M-1 M-1
|t1 7t /tm >A11,~~~,Aml o |t] A rtm >A]nr"'rAmn

1 @al, - 1 ®a1)py, By It @a Lot @g 1)B,,y e By ]
(41)
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To implement the partially unknown operations remotely, Alice, performs X-basis
measurements on its particles Ay, - - -, Ayu. The state of particles Aqq,-- -, Cyz can be
rewritten as:

d—1
‘4’3) = Z ’]12/ T /]12>C]1,--~,C12 U |]m2/ o /]m2>Cm1,~»-,sz
f’nw--;”mn,
J12, dm2=0
[ 0 Oe%t]].u e e%tmijei(PO(Dzll"'(DMIM71

l(”]lJF T1n)t] 8o e*%(”m*'”rmn)t?n

|7’11>x/ teey, |7'm1>x/' Ty |rln>x1 ey |7’mn>x
|t1,--- t1>-'-|tm,--- tm>
+ O 13 t]]lZ .e%(tm+d 1)],,1261(101@)211 Oplp— ]>

e—%(ﬁﬁ‘ )t .6_%(rnll+‘“rmn)t}n

|7’11>x/' Tty |7’ml>x;' Tty |7’1n>xr’ Tty |7’mn>x
[t t1) (b @g (A —1), -+t Dg (d — 1))

+ ag-1,.. g-1€ FntDjn . o2 F (et Djm
P M-Depl 1 g_m(711+"'71n)tM71
P L PR SO P S
|r1n>x/' Tty |an>x|t1 Dy > X ®
[t ®gl) - tmEy ) ®---®
[t @a 1] Ayy Ay Avy- Apn By +Bry-Bu By
(42)

The state of particles By, -+ sz becomes |¢P4) if the measurement results obtained
by Alice,(u=1,---,n) are |r1u> )«
d—1
|¢4> - Z ‘]]2/ ttt /]12>C11,~",C1Z e ‘]m2/ e /]m2>C,,,1,~-,CmZ

J12, jm2=0
[ .. Oe%ﬁjlz .. .e%tmjmzei(m)%zll«»’@MIM,l

.g_szrmt911|t1 et e tm)

+ 0 le%tlju .. .e%(twﬁ’d 1)]m2€ (Pl Dol Opip—1

2m 0
rt
e 15

2m " tl

e .g_%rmtm“l,... ,t1>

Ntm @a (d—=1),- - b @y (d—=1)) +---
-+ ad*l--- d,le%(tlJrl)JH e%(tﬂf%lymz

P M-Depin 1 e*%rltiw_l ce 37%7"1’3%71

e Q- Rt Bgl)---
‘tm @d 1> ® tee ® |t'ﬂ1 @d 1>]Bll"'Bly”'Bml'”Bmy’ (43)

wherery, =1+t (0=1,--+ ,m).

Firstly, we suppose that the agents agree to reconstruct the desired state |¢) at the
upper-grade agent Boby’s (k = 1,- - - ,y) site. The quantum circuit for the hierarchial joint
remote implementation of partially unknown operations of m qudits with upper-grade agent
is shown in Figure 3. To reconstruct the desired state at Boby’s site, the lower-grade agent
Charlie, (p=1,---,z) performs Z-basis measurement on his qudits Cip, o+ Cnp- The other
upper-grade agents Boby, - - -, Boby_1, Boby1, - - - , Boby perform X-basis measurements on
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their qudits By, -+, By1, -+, Boby g1, -+, Boby k1, Boby g1, , Boby g1, -+, Bobyy, - -+,
Boby, y. The receiver Boby can reconstruct the desired state by performing unitary operation
on his qudits Bob , - - - , Bob,, x according to other upper-grade agents” measurement results
and one of the lower-grade agents’ measurements.

rn

A LY
Alice; { : : U .o (@os 5P )

IS
]
5

ceccee
ceccee
ssccee

I'in
A, TX n —{x1
Alicen { : : Uity @ Pi1) :
Tmn
4, [x]
t1 t1
b, — . : ”
— S
B, X
Bob, . H
tm tm :
b, —o 7] _
Sm
B, X B
Sty
B, X
Bob, . :
N “— Smy
B,, X |='
Smf seonns 81| tmfceemrr b rmfecer-ery
BM
. . R sl 125 s Jm2 st 5 5Sm .
Bob { : : U, :
Bm/(
jiz . jm2
] iz
(o VA
Charlie; < :
[ 1 Jm2
C |Ll
ji2
C. Z
Charlie, : :
1 Jm2
C: LZ]

Figure 3. The quantum circuit for the hierarchial joint remote implementation of partially unknown
71 m 12, jm2/51, /8
tl/' . rth

operations of m qudits with upper-grade agent Boby. U " in the solid-line box

denotes the unitary operation performed by the receiver.
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The state of particles Byy,- -+, By, - - -

results obtained by Charlie, are |ji2)c, .+ [jm2) Cprp-

iy s i .
ps) = [ag,.. ge @ 2. o T g P00 Optla 1

27ti 0 2mi 0
— =7t — =yt
e~ ANt e d”’m|t1,~~~,t1>-~|tm,~-~,tm>
+ ag.. 13*22“ tjiz . .. o F (b td—1)jm2 i P10 1 0l

_2m

P L .e—%rmf}n“l,. b))

"'|tm@d(d_1)/"'/tm@d<d_l)>+‘”
+ ad_l,m,d_le%m(tﬁrl)hz L
2, M

1 - 27, (M—1
FPM-Doyiy 1~ TNt L.

@)@ @[ @)
|t ©a1) @ - @ |t By 1>]311"‘Bly”'3m1'“Bmy'

By, -+, By becomes |¢s5) if the measurement

(44)

To hierarchically jointly remotely implement the partially unknown operations, the
other upper-grade agents Boby, - - -, Boby_1, Bobyy1,- - - , Bob, perform X-basis measure-
ments on their qudits Byy, -+, By, -+, Bie—1, s Buk—1, Brks1, - s Bugks1,-  Bry,
Bobyy,y. The state of particles By, - - -, Biy, -+ ,Bm1,+ -+, Bmy can be rewritten as:

|¢5)

+ iy j Lt i P01 !
2 [040 o€ d 112 ... p7q tmlm2p" ¥ 0&l - Oplp—1
By
$12- Fagr
Syt Smy=0
27, 40 2mi, 0 _ 27 2ri
e~ da Nt LT tmbme— st L o T Smtm

s11)x - [S1k—1)xlF1) ST hs1)x - [S1y)x -+
Sm1)x *+* [Smk—1)x|tm) Skt )x - [Smy)x

2Ti 4 - 27i . . .

0‘0,44.,16%"‘1]12 oot bmtd=1)jma o1 P18 1 @ pylpg
2mi 2mi 2mi 2mi

e*%ﬁt% o e*%rml‘}ne*%ﬁh . ef%sm(thrdfl)

s11)x - IS 1) x B[St hr1)x - [S1,)x -
Sm1)x - Smk—1)xtm @a (d — 1)) [Sps1)x - [Smy)x + -+
“dfl d,le%(tl+l)jlz e e%(tm+1)j1n2€i¢(M’1)$MlM—l

ef%ﬁt{\/l’l . _ef%rmtﬁffl 7%51(t1+1) . ef%sm(thrl)

s11)x + - Sph—1)x[t1 @a 1) [s1pr1)x - Is1y)x -

|Sm1>x ce |5m,k71>x‘tm Dy 1>|5m,k+1>x te \Sm,y>x]Bn--.Bly---Bml---Bmy,

e

where sy = 551+ + 8k 1+ Spky1 TSy (V=1 ,m).

(45)
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The state of particles Byy, - - - , B,k becomes |¢g) if the measurement results obtained by
BOblr' te /BObkfll BObk+1r e rBOby are 511, ,Smls s S1k=1s""" rSmk—1s"" s S1k+1s" " " s
Sm,k+l/ s, Sly/' . ,smy.

2 i . 2 ; . .
‘¢6> = [lxo Oe%ﬁ]lZ e e%tm]mze”POeezll~»»$MIM71
_ 2mi, 40 2mi Ti _2mi
P G P L e S L smboc|p1) - b))
+ .. jed Bz .. o (b td=1)jm g P16 0l
Zmrltl . Zm ¢

2mi 2mi
e e~ d Tm me*%slfl .. .e*%srn(thrd*l)

)0 (@ D)t
+ w 1 d—1€ d (t1+1)]12 e%(tm+1)]'mzeiq](M*1)éBM1M_1

2 M-1 27i —
e*ﬂ rt; ..e*%rmtx !

|t1 D4 1> cee |tm ¥ 1>]Blk"'Bmk' (46)
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Similar to the case for remote implementation of partially unknown operations of one
qudit, the m-qudit operation

1 P12, w251, Sm
tll'" Jtm

= e%t‘l (S] 7]’12) e e%trﬂ(sﬂl*jmz)e%ﬁt? ] 27-[]7”11’0
0 0
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+ esz‘(t1+1)(51*]‘12) . eznl(tn1+1)(5m ]mZ) rltM 1 .. ezglrmt

B Y g @ 1, (47)

in accordance with Bob;’s measurement results ty, - - - , t;,;, the senders’ measurement results
1, ,rm, the lower-grade agents’ measurement results iy, - - - , j;2 and the upper-grade
agents’ measurement results sy, - - - ,s;; can reconstruct the desired state at Bob;’s site.

(U:‘ll,':::,{;:l/]u’“. Jm2,51,° " Sm )Blk’... ,Bmk |¢6> — |¢/> . (48)

Now, we discuss another case in which the agents agree to reconstruct the desired state
|¢’) at Charlie,’s site (p = 1,- - -, z). The quantum circuit for the hierarchial joint remote
implementation of partially unknown operations of m qudits with lower-grade agent is
shown in Figure 4. To reconstruct the desired state at the lower-grade agent Charlie,’s site,
the other lower-grade agents Charliey, - - - ,Charliep,l,CharliepH,- -+ ,Charlie, and the
upper-grade agents Boby, - - - , Boby, perform x-basis measurements on their entangled par-
ticles C11, -+, Gt -+ Cp-11, 7+, Cp—1,m,Cpr11, -+, Cpt1ms C1z, -+, Cuz and By, - - -, By,
after Alice, (I =u,--- ,n) implements partially unknown operation Uy, s, ... 1, (P10, @11,
¢14—1) and performs x-basis measurements on its qudit A,. The state |¢4) can be rewritten as:
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do,1 +F Ju,p—1 + qu,p+1 + -+ qoz,

= Sp1+ -+ Sy (50)

The state of particles Cip - Cup becomes |w) if the measurement results are ob-
tained by Charliey, - - -, Charliep_1, Charliep+1,- -+, Charlie; are q11, -+ , 1, ** -, q,p-1,
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Figure 4. The quantum circuit for the hierarchial joint remote implementation of partially unknown
operations of m qudits with lower-grade agent Charliey,.

To reconstruct the desired state, Charlie, first performs the inverse Hadamard op-
erations on its qudits Cyp, - - - , Cyup and then performs corresponding unitary operation
on its qudits according to all the other agents” measurement results. After Charlie, per-
forms m inverse Hadamard operations on its qudits Cip, o+ Cp, the state of particles
Clp,- -+, Cmp becomes:
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The m-qudit unitary operation
r1, Y msS1,0 Sm
ty, bmn,e rqm
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in accordance with the measurement results t1,- -« ,ty, g1, , Gm, "1, ,¥m,51,"** ,5m
obtained by the other agents can reconstruct the desired state |¢’) at Charlie,’s site.

T o 1)y e Gy = [8)- (54)
Similar to the case for remotely implementing partially unknown operations of one qu-
dit, the protocol for the remote implementation of partially unknown operations of m
qudits has the advantage of possessing a channel capacity by transmitting d" coefficients
@0, , Pgm_1 via m multiparticle entangled states. The protocol is more convenient in
application, since partially unknown operations of m qudits can be remotely implemented
with less resources than that in bidirectional teleportation. Similar to the case for remotely
implementing partially unknown operations of m qubits, the protocol for the remote im-
plementation of partially unknown operations of m qudits plays an important role in
distributed quantum computation, since the partially unknown operations of m qudits are
not reducible to the direct products of partially unknown operations of one qudit. Since
high-dimensional multiphotonic operations have been experimentally realized with an an-
cilla state and quantum nondemolition measurements, and a high-dimensional multiqudit
state has been demonstrated via photon’s frequency degree of freedom, the protocol for the
remote implementation of partially unknown operations of m qudits can be realized with
current techniques [90].

4. Discussion and Summary

In Ref. [58],the two agents Alice and Bob can exploit the nonlocality of two-qubit
entangled state to avoid the requirement that the receivers are hierarchized in accordance
with their abilities to reconstruct the desired state in controlled remote implementation of
the partially unknown operations of one qubit with multiparticle entangled state. How-
ever, when the protocol becomes a hierarchical controlled joint remote implementation of
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partially unknown operations of m qudits, the approach in Ref. [58]. does not work. In
contrast to Ref. [48], the information of the partially unknown operations to be remotely
implemented is shared by the n senders and the receiver cannot reconstruct the desired
state if it does not cooperate with all the senders. This result will enhance the security of
quantum operation remote implementation in long-distance quantum communication.

In summary, we propose a scheme for the hierarchical joint remote implementation
of partially unknown operations of m qudits belonging to restricted sets by using m mul-
tiparticle entangled states as the quantum channel. The n senders share the information
of the partially unknown operations to be remotely implemented and perform quantum
operations on their entangled particles according to their knowledge of the quantum opera-
tion to be remotely implemented. The lower-grade agents perform z-basis measurements if
the agents agree to reconstruct the desired state at the upper-grade agent’s site. The upper-
grade agent needs only to cooperate with one of the lower-grade agents to reconstruct
the desired state. The other agents perform x-basis measurements if the agents agree to
reconstruct the desired state at the lower-grade agent’s site. The lower-grade agent needs
all the other agents’ cooperation to reconstruct the desired state. This protocol has the
advantage of having high channel capacity in long-distance quantum communication
by using high-dimensional quantum entangled states as the quantum channel for joint
implementing the partially unknown operations of m qudits.
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