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Abstract: Variational quantum algorithms (VQASs) have attracted attention as quantum algorithms employing on
noisy intermediate-scale quantum devices. VQAs for solving the Poisson equation were recently proposed, as this
method transforms the linear equation with a symmetric positive definite matrix obtained by discretizing the Poisson
equation into a minimization problem. In this study, we propose a VQA for second-order linear differential equations
including the Poisson equation on the basis of the referenced study, where the coefficient matrix obtained through
discretization is a non-symmetric matrix. Furthermore, in our VQAs, we succeeded in decomposing the coefficient
matrices arising from the periodic and the Dirichlet boundary condition into linear combinations of measurement

operators and unitary matrices.
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1. Introduction

Solving partial differential equations (PDEs) is key to describing various issues in condensed matter physics,
fluid simulation, electromagnetic field analysis, and other fields as mathematical models [1]. Therefore, identifying
efficient algorithms for solving PDEs is crucial. Thus, numerous studies has explored the numerical analysis of PDEs.

Quantum algorithms (QAs), which are computational algorithms employing quantum computers, have attracted
attention owing to their ability to solve specific issues more efficiently compared with classical computers. Notably,
QAs have been demonstrated to outperform classical computers in solving certain problems. Hence, QAs have been
deployed to solve problems in various fields such as machine learning [2,3], integer factorization [4], and combinato-
rial optimization [5]. Further, the Harrow—Hassidim—Lloyd (HHL) algorithm [6], a QA for solving linear equations,
can solve linear equations obtained via PDEs discretization. However, the HHL algorithm requires a sufficient num-
ber of qubits and error correction techniques on quantum computers, which may require a long development time. To
resolve this shortcoming, quantum-classical hybrid algorithms, employing noisy intermediate-scale quantum (NISQ)
devices [7] with intermediate numbers of qubits, combined with classical computers, have gained attention. Among
these quantum-classical hybrid algorithms, the variational quantum algorithms (VQAs) can operate on NISQ devices.

VQAs [8] are algorithms for minimizing objective functions containing approximate solution vectors. These
approximate solution vectors are generated by quantum gates (ansatz gates) depending on parameters. The parame-
ter updates are performed using iterative algorithms to minimize the objective function represented by approximate
solution vectors. Thus, VQA is highly versatile and has been applied to various tasks such as solving eigenvalue prob-
lems using the variational quantum eigenvalue solver [9,10], quantum machine learning [2], and quantum approximate
optimization algorithms [5].

To obtain the value of the objective function using VQA, the computation is performed by measuring the expec-
tations. Furthermore, two conventional methods for calculating expectations on a quantum computer are projective
measurements and the Hadamard test [11]. To compute expectations using projective measurement and the Hadamard
test, the matrices involved must be measurement operators and unitary, respectively. Therefore, to implement VQAs,
decomposing a matrix into a linear combination of unitary matrices and measurement operators represents a crucial

challenge.
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Many researchers have proposed methods for solving linear equations using VQAs [12—18]. Notably, Sato et al.
proposed VQAs to solve linear equations obtained by the discretization of the Poisson equation [18]. To solve Ax = b
for a symmetric positive definite matrix A, the minimizing problem for xt Ax/2 — x* f was solved using VQAs
in the previous study, which was aimed at solving the Poisson equation, where xt denotes the conjugate transpose
of x. Furthermore, the number of terms involving expectations in the objective function value was accelerated to O(1)
regardless of the matrix size by decomposing the coefficient matrix into a linear combination of unitary matrices and
measurement operators. However, A must be a symmetric positive definite to ensure its formulation as a convex
quadratic programming problem. Additionally, as A in the Poisson equation exhibits a specific structure, extending
the methods employed in previous studies to other PDEs may be challenging. For example, for differential equations
containing advection terms in fluid simulations, A becomes non-symmetric, thereby complicating the use of existing
VQA:s to solve the problem.

Thus, we propose VQAs for solving general second-order linear differential equations containing constant coef-
ficients, e.g., the Poisson equation. Generally, second-order linear differential equations containing constant coeffi-
cients include advection terms, thus yielding non-symmetric coefficient matrices when discretized. For example, A
obtained from the discretization of the Poisson equation with the Dirichlet boundary condition represents a special
tridiagonal Toeplitz matrix that is symmetric and positive definite. Conversely the A obtained by discretizing a second-
order linear differential equation containing constant coefficients and the Dirichlet boundary condition is a general
tridiagonal Toeplitz matrix. To handle the non-symmetric A, we considered the normal equation At Ax = A™b for
the original linear equation (Ax = b) because AtAis always a symmetric positive definite when A is a nonsingu-
lar, making it reducible to a convex quadratic programming problem'. Furthermore, solving the normal equation is
equivalent to solving the least squares problem for minimizing the norm || Ax — b||. Similar to previous study [18],
as matrices AT A and A in the normal equation are not unitary matrices, they must be decomposed into linear com-
binations of unitary matrices and measurement operators. Thus, for A in second-order linear differential equations
containing constant coefficients with the periodic boundary condition, we decomposed them into a linear combina-
tion of unitary matrices and measurement operators. Furthermore, by adding a correction term to A with the periodic
boundary condition, we attempted the decomposition of the A for the case of the Dirichlet boundary condition. How-
ever, as the matrices employed for this correction do not possess unitarity and Hermiticity, we proposed a method for
converting these correction matrices into projection operators or unitary matrices, ensuring it their applicability even
under the Dirichlet boundary condition.

The remainder of this paper is structured as follows: Section 2 presents an overview of the extant studies on VQAs
for solving the Poisson equation. Next, Section 3 reports the construction the objective function for the constant-
coefficient second-order linear differential equations on the basis of VQAs. Thereafter, we demonstrated the decom-
position method for the matrices included in the objective function under the periodic boundary condition. Next,
we present the decomposition method for the correction matrices for cases involving the imposition of the Dirich-
let boundary condition is imposed on section. Section 4 presents numerical examples using the proposed method
implemented by Qiskit in this section. Finally, Section 5 concludes the paper and discussing the future directions.

2. Variational Quantum Algorithm for the Poisson Equation

Here, we describe VQA for solving the Poisson equation based on Sato et al.’s study [18]. For the domain
Q= (L, R)d, (L,R € R,L < R), the d-dimensional Poisson equation with a given function f : () — R is given
by the following equation:

—Au(x) = f(x) xeQ. o)

To simply explain the previous study, we consider here the Dirichlet boundary condition:
u(x) =0 x €.

For simplicity, we restrict the study to the case where d = 1. Thus, by discretizing Eq. (1) using the finite difference

method with the interval-partition width 1 = (R — L)/ (N + 1), we derive the following linear equation:

Au=f, 2)

1 A weakness of this approach is that A* A may become highly ill-conditioned. Conversely, At A will be well
conditioned if A is close to unitary; in this case At acts as a good preconditioner for A. Furthermore, preconditioning
techniques have been developed for variational quantum linear solvers, see Ref. [19] for example.
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RN*N s a symmetric positive-definite matrix, and u, f € RN. Therefore, solving the

where the matrix A €
differential equation Eq. (1) reduces to solving Eq. (2). Furthermore, as matrix A is positive definite and symmetric,
solving the linear equation Eq. (2) is equivalent to determining the minimization solution vp,i, of the following

objective function E(v):

1
E(v) = Ev*Av —o'f,

where v and f are assumed to be real vectors, and thus ' f = fto.

In the following sections of this paper, we will consider N = 2" with respect to the number of qubits n € Z*.

To minimize E,(v), the vector v is assumed to be represented as v = r|(0)) and determine vy, from this
representation. Here, 7 € R is the norm of v, and |i(0)) is a quantum state vector depending on the parameter
6. In this study, |(0)) generated by unitary matrices U(8) is conventionally referred to as an ansatz gate, which
is constructed by stacking the layers of Ry gates and CNOT gates. Notably, the ansatz parameters 6 is given by the
following

0=1[6},...,0%m 0}, ..,63m,. . 6L, ..,62"T,

where the dimension of the parameter vector 6 is linear with respect to the number of Ry gate m and number of
qubits 7.
On the basis of the foregoing, using r and 6, the objective function E,(v) is redefined as follows:

E(v) = F(r,0) = %fz (P(O) Alyp(0)) —r (p(0)|f). ©)

By minimizing JF(, 0) with respect to r, we can reduce the problem to a minimization problem with respect
to 6.

Eo) — _1_Lw@IN P

2 (p(0)[Alp(6))

Furthermore, for any quantum state vector |¢) or |¢), we define

1

[#.9) == —=(10) |¢) + [1) [¢))- C

S|

2

Then, the following can be obtained using Eq. (4):

1[0, £1X @ 1 g(6), )2
B0 == y@Alp()

(%)
Furthermore, the quantum state |¢, ) shown in Eq. (4) is constructed by the quantum circuit in Figure 1. Here,

the unitary matrices Uy and Uy satisfy |¢p) = Uy |0)*" and |p) = Uy |0Y“™, respectively. The construction of
multiple controlled-Uy and controlled-Uy requires O(nz) quantum gates and a circuit depth of O(n) [20].

0) —AHF——X]——

o) (U] (U}

Figure 1. Quantum circuit diagram for generating |¢, ).

The coefficient matrix A@) in the d-dimensional Poisson equation is expressed using matrix A as follows:
A = A end=1) 4 181 @ A g [@Md=2) L. .. 4 @nd-1) g 4, (©)

Following Eq. (6), assuming a problem can be formulated in one dimension, it can also be formulated in higher
dimensions. Therefore, in this paper, we will discuss the one-dimensional VQA in this paper.

234



3. Variational Quantum Algorithms for Second-Order Linear
Differential Equations

3.1. Formulation

We consider the following d-dimensional second-order linear PDEs:

—aV - (Vu(x))+b-Vu(x)+cu(x) = f(x), x€Q, @)

where a,c € R,b € RN, Q = (L,R)d and f : QO — R. Whena # 0and ¢ = 0, Eq. (7) represents the
steady advection-diffusion equation and when a # 0,c = 0 and b = 0, Eq. (7) represents the d-dimension Poisson
equation. We discretize this equation (7) using the central difference method. In one dimension, let the mesh size be
h=(R—L)/(N+1). Then, we obtain the following difference equation:

Uiy — 2u; +u;_ Uiy — Uj
—a i+1 i i 1—|—b i+1 i

1 .
2 T +cu; = fi, 1<i<N.

This difference equation is represented by the following linear equation:
Mu=f, ®)

where M € RN*N and u, fe RN. The components of the coefficient matrix M in Eq. (8) depend on the boundary
conditions of PDEs. Additionally, let M, and M, denote M with the periodic boundary condition and Dirichlet
boundary condition, ug = uy and ug = uy = 0 respectively. Here, the matrices M}, and M are given as follows:

« v 0 ... 0 0 B
B a v ... 0 0 O
0 B a ... 0 0 O
M, = ,
0 0 O a v O
0 0 0 B «a
v 0.0 ... 0 B «
[« v 0 0 0 O]
B a v 0 0 O
0 B « 0 0 0
My = |: ) |
0 0 0 ... a 4 O
0 0 O B a v
0 0 0 0 B «af

where Q) = (0,1), ameshsizeh =1/ (N +1),a =2a/h> + ¢, B = —b/(2h) —a/h? and v = b/ (2h) — a/h>.
Let us solve the linear equation in Eq. (8). Assuming the matrix M is symmetric positive definite, solving Eq. (8)
will be equivalent to minimizing an objective function

F(v) = %v*Mv —o'f.

However, as M is not always a symmetric positive-definite matrix, VQA for the Poisson equation cannot be applied
to the optimization problem. Hence, we solve the following normal equation:

M Mu=M'f ©)
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instead of Eq. (8). Assuming M is nonsingular, the coefficient matrix MM will be a symmetric positive-definite

matrix. Thus, we define the objective function E(v), as follows:
1
Frormal () = §v+M+Mv —o'Mf (10)

to solve Eq. (9). Further, we express Eq. (10) as a function that depends on 6, similar to the previous section. Thus,

we obtain Eq. (11)
@M o
B (p(0) MTM [y(6))

Additionally, we obtain the following objective function £(0) by substituting Eq. (11) for Eq. (3)

1 (@) MR
EO) = =3 Ty @) MM [ (6)) (12

Thus, Algorithm 1 expresses how to solve second-order linear PDEs using a VQA. Here, the formulation of the

gradient of the objective function VE(0) is discussed in the Appendix A.

Algorithm 1 VQAs for second-order linear PDEs

Require: Objective function £ and gradient VE;
an initial ansatz parameter 6g; a tolerant parameter of gradient norm €

Ensure: Optimized ansatz parameter 6opt and an optimized quantum state lp( Oopt))

1: while ||[VE(0)|| > € do
Encode |1(0)) on a quantum computer
3: Evaluate £(0) and VE(0) on a quantum computer
4: Update 6 using a optimization method employing £(0) and VE(8) on a classical computer.
5: end while

»

3.2. Evaluation of the Objective Function

As M is not unitary, we cannot directly calculate ((0)] M;Mp |$(0)) and ((0)| M;r, |f) in Eq. (3) on a quan-
tum computer. Therefore, we first decompose M;MP and M; into unitary matrices. M), is decomposed into

M, = al®" + BP + 7P, (13)

where P is a shift operator defined by

N-1
P= ;) |(i + 1) mod N} (i

0 0 0 0 0 1]
100 00 0
010 00 0
_lo 0o 1 00 0]
000 100
000 01 0

Thus, matrix M* M is represented by

MM, = (aI®" + BP" + yP) (aI®" + P + yPY)
= (@ + 2+ )" +a(p+7)(PT+P) (14
+ By(PP 4 PTPY).
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Employing Eq. (13). Let us denote

[9+(6)) == P y(6)),
[y—(6)) = P" [y(6))

with respect to the quantum state |(8)). Further, we introduce |1+ (6)) and |(p—(0)) newly defined, into the follow-

ing expectation terms of observable M M:

(¥(0)| MyM, [1(6))
= (@ +p2+7%)
+a(B+7) (p(0)] (P+PT) p(6))
+ By ($(0)] (PP+P'P") [y(0))

respectively. The first term (1p(0)| (P + P*) [p(8)) can yield

(w(8)| (P+P")[y(6))

(¥(0)| Ply(6)) + (p(6)| P* |9(8))
(P (0)[9+(0)) + (y+(0)[1(6))
2(p+(0),p(0)| X & I7" [1.(6), (6)) -

The second term ((8)| (PP + P*P') [1(8)) in Eq. (13) can be evaluated as

(p(0)| (PP + PTPT) [y(0))

(p(6)| PP [1p(6)) + (w(6)| P*PT [9(6))
(p—(8)|+(0)) + (p+(8)[p—(6))
2(p(0), y—(6)| X @ 7" [ (6), —(0)) .

From the foregoing, the denominator in Eq. (3) can be decomposed to

(p(0)| MM, [1(6))
_ (a2_~_132+,)/2)1®n
+2a(B+7) (¥+(0),p(0)| X @ I [ (6),¥(6))
+ 2B (p+(0), - (8)| X @ I*" [.(6), 9 (),

and we can calculate Eq. (14) on a quantum computer, where each term in the equation is represented as the expectation
of the Pauli matrices. Thereafter, we evaluate the numerator in Eq. (3). The numerator can be decomposed into

(0), f| X @ I" [ (6), f)
p-(0), fIX®I" [y (8), f).

Note that if [((8)), |[+(0)),|p—(0)) and | f) are real-valued vector, then the inner products ($(0)|f), (¢+(0)|f),
(—(0)|f) are commutative.
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3.3. Dirichlet Boundary Condition

The proposed method can be applied to the Dirichlet boundary condition. Notably, M; can also be decomposed
into
My = al®" + BP + yP' — Mpc, (15)

where the matrix Mpc is given as follows:

[0 00 --- 0 0 B
0 00 00 0
000 -~ 000
Mpc = : =B10) (N—1|+~|N—1)(0].
000 -- 000
000 00 0
v 00 -~ 00 0

Thus, M;Md can be decomposed into

MIMy = (aI®" 4 BPY 4 4P — ML) (aI®" + BP + v PT — Mpc)

+ t + + (16)
= MPMP — MpMBC — MBCMP + Mpc-Mpgc.

To calculate the expectation of Eq. (16) on a quantum computer, we decompose the matrix Mpc into symmetric
and non-symmetric matrices, V and W, respectively.

Mpe = Py L By a7
2 2
Here, V and W are given as follows:

0 0 0 --- 0 0 1]
0 00 --- 0 0O
0 00 --- 0 0O

V= : =0)(N—=1|+|N-1) (0],
0 0 O 0 0 0
0 0 0 0 0
1 00 0 0 0]
[0 0 0 0 0 1]
0 0 0 0 0 0
0 0 0 0 0 0

W= : =|N-1) (0] - [0) (N —1].
0 0 0 0 0 0
o 00 --- 0 0O
-1 00 -~ 0 0 0]

To compute the numerator and denominator of £(0) (Eq. (12)) on a quantum computer, we introduce two decompo-
sition methods for V and W.

3.3.1. Computing the Numerator of the Objective Function

Employing Eq. (16), the numerator of Eq. (12) is decomposed into the following terms:

($(8)[MiMal () = (y(6)| MyMy[y(6))

(18)
— (¥(8)| My Mpc + MpcMy|$(8)) + (p(8)|[MpMpc|9(6)) .
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The first term in Eq. (18) can be computed using the proposed method with the periodic boundary condition. Therefore,
the second term in Eq. (18) is decomposed into
((6)| My Mpc + MEMy [(6))
=PI o My vy (o)) + BT (p@)] Myw + W, [p(0))
=a(B+7) (P(0)| VI]p(6)) (19)
+ BB (o) PPy R Ip(0)) + 8P (p(0) P W+ WP (o))

N ‘

| N

B @1 PV + VTP () + 7T (o) PW + WP (o).

We perform the decomposition using Eq. (17). Afterward, we extract the following outer products with a computa-

tional basis from the matrix included in each term in Eq. (19):

P'V 4+ VIP=2|N-1)(N—1|+ [N —2) (0| +]0) (N -2|,
PV + VPt =210) (0] 4+ |1) (N = 1| + [N = 1) (1],
P'W + WP = |N —2) (0] +[0) (N —2| —2|N —1) (N — 1],
PW+WTPH = 1) (N — 1| + [N — 1) (1| —2]0) (0] .

To compute the expectations in a quantum computer, these outer products must be denoted as measurement operators.
Further, by performing matrix decomposition using measurement operators, we localize the quantum circuits and

reduce the number of measurements involved in expectation-value measurement.
GHZ.),and |GHZ_), as

Here, we define the measurement operators |GHZ),

0) + N 1)

|GHZ) = 2 = Ugnz |0), (20
1)+ |N—-1

|GHZ) = % = Ugnz, |0), @1
0 N-2

|IGHZ_) = % = Ugnz_[0). (22)

Here these unitary matrices, Ugyz, Uggz+, UgHz— € RN*N are equivalent to the quantum circuits shown in
Figures 2, 3 and 4, respectively: these quantum circuits are constructed using O (1) fundamental quantum gates.

]
LH ]

[any
PV

fany
A\

Figure 2. Quantum circuit diagram for Ugp»
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fany
17

fany
kv

Figure 3. Quantum circuit diagram for Ugpz,

N
7

5]
LH ]

A

[
A

[any

Figure 4. Quantum circuit diagram for Uggz

Furthermore, these outer products can be introduced as projection operators using Egs. (20) and (21) and (22).

IN —1) (0] +|0) (N = 1] = 2|GHZ) (GHZ| — |0) (0] — [N — 1) (N — 1],
IN=1) (1] + [1) (N = 1] =2|GHZy) (GHZ | - [1) (1| = [N = 1) (N - 1],
IN —2) (0] + |0) (N —2| =2|GHZ_) (GHZ_| —[0) (0] — [N —2) (N —2|.

From the above, Eq. (19) is given as follows, and the expectation can be obtained from the projection measurement

for each term.
(p(0)| M} Mpc + MbM, [(6))
=20(B+7)|((8)|Ucnz|0)|* + 287 ((8) [Uchz, 0) |
+2B7|((6)|Ugnz_|0)[* — {a(B+7) +7(B—27)}((6)[0)
—{a(B+7) + By = 2B)}(w(B)[N = 1)* = By[(9(8)|1) > — By [(9(8)IN — 2|

The third term of Eq. (18) is given as follows:

(9(8)|MEMpc|(8)) = 72| (¥(6)[0) |* + B (p(6)IN — 1) |*.
From the above, Eq. (18) is decomposed into the following terms:

($(0)] MIM, [(0)) = (o + B2 +92) + a(B+7) (9(8)| (P + P) [(6))
+ By (9(0)] (PP + P*PY) [(8)) — 20(B + )| ((6) | Ucriz|0)
— 2B7|((8)|Uchz_10)|* — 28| (¥(6)|Ugrz, 0)|?
+{a(B+7) +7(B— )} w(0)|0)* + By[(w(0)]1)[
+ By (W(O)IN = 2) P + {a(B+7) + B(v — B)H(w(0)IN — 1) .
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3.3.2. Computing the Denominator of the Objective Function

Employing Eq. (15), we decomposed the denominator of Eq. (12) as follows:

oMl = XL wovin + B2 oy wi. 3)

The given matrix factorization is limited to cases where V and W could be decomposed into measurement
operators, represented as the expected values of V and W, respectively. Alternatively, we consider the decompo-
sition method for calculation using a quantum computer. Furthermore, matrices V and W can be decomposed as

follows:

_ Vet Vi-

2 7
_ —Wpge + WEC
=— "

Vv

where the unitary matrices Vpc and Wpe are defined as

o 0 0 -+ 0 0 --- 00 1
0 0 0 -+ 0 0 1
o 0 0 -~ 0 0 --- 100
o 0 0 -~ 0 1 - 000
VBC:: 2
0o 0 0 - —-10 --- 00 0
0 0 -1 0 0 000
0 -1 0 0 0 000
1 0 o0 0 0 0 0 0]
[0 0 0 0 0 0 0 1]
0 0 0 0 0 1 0
0 0 0 0 1 0 0
0 0 0 1 0 0 0
Wpgc =
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0o 10 --- 00 - 000
-1 00 - 00 -~ 0 0 0

From the above, the expectation (23) is decomposed into the linear combination of the expectation of V- and Wpc.

((6) Micl)
= PEY (yolvicln) + p@Vicln)) + 152 () Waclp) — (w(@)wicl)
= BT (1(0), Vac1X @ 177[9(6), Vacs) + ((6), Vacf1X © 1 p(0), Vics) )

+ LB (1p(0), Woc f1X © 1271 (0), Woc ) — (9(60), Whef1X © 1°7](6), Whc ).

Furthermore, the quantum circuits corresponding to Vg and Wp are shown in Figures 5 and 6, respectively. The
quantum circuits of V¢ and Wpc comprise 1 — 1 control bits and one target multi-Toffoli gate. Since V¢ and Wpe
include multi-controlled Toffoli gates, they require a circuit depth of O(#n) and are composed of O(n) elementary

quantum gates, with an ancilla qubit [21]. Furthermore, considering the circuit cost of Eq. (4), one can see that a total
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of O(nz) elementary quantum gates is required. Therefore, from the perspective of gate implementation costs [22],
decomposing into projection operators is effective for obtaining the expected values of matrices M};C and MJ{}CM BC-

Classical shadows are a useful technique for efficiently estimating expectation values [23]. In particular, by using
random Clifford circuits, it is possible to compute expectation values with respect to arbitrary matrices. However,
since the upper bound of the variance for random Clifford measurements scales as O(tr(M?)), the variance depends
on the values of &, 8, and -y. That is, as these values increase, the variance also increases. In contrast, in our method,
the error in the expectation value does not depend on the magnitude of the individual matrix components («, B, and
7). Therefore, when tr( M) is large, our method can be considered advantageous

Eéééﬂ
:

Figure 5. Quantum circuit diagram of Vp.

9 B E

Figure 6. Quantum circuit diagram of Wpc.

Additionally, expectation value estimation using the Extended Bell Measurement (XBM) is also a useful
approach [24]. XBM is a technique for estimating expectation values of banded matrices and can compute expec-
tation values involving tridiagonal matrices using O(7) measurement operators. The measurement operators used
in XBM consist of at most n# — 1 CNOT gates and one Hadamard gate. XBM is applicable to general problems in-
cluding Eq. (7). However, simultaneous measurements using XBM yield not only the matrix elements required for
computation but also additional and irrelevant elements, which may lead to a higher number of shots required to com-
pute the expectation values. In contrast, our method, particularly with the periodic boundary condition, is tailored
for second-order linear differential equations with constant coefficients, and therefore avoids computing irrelevant
elements. We will investigate the relationship between the number of unnecessary elements and the required number

of shots elsewhere in the future.

4. Numerical Experiments

In this section, we present numerical-analysis experiments using the proposed method. In this experiment, a
quantum computing simulation is performed using a classical computer. Further, Qiskit (version 0.38.0) is used as
the quantum computation library [25], and Qiskit provided a simulator backend. In this experiment, we exclusively
employed the Qiskit StatevectorSimulator. As StatevectorSimulator performed matrix-vector operations internally, it

does not account for the sampling errors that may arise in the calculation of the expectation value.
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The initial values of the variational parameters were randomly selected from the 0 < Gf < 47 range. Additionally,
the BFGS method, a type of gradient-descent method, was employed as the parameter-update method.

Further, we constructed a specific ansatz gate layer (Figure 7) and the number of the ansatz-gate layer m was 3.

— Ry (6}) Ry(67) R, (67"71) Ry (67") ——
- Ry(%) ¥ Ry(9§) Ry(e%mil) Y, Ry(eﬁm)
ARy(G%) T Ry(9§) s>, Ry(9§’"’1) T Ry(9§m) b
~ Ry(6, 1) B Ry(65 ;) Ry (6271) - Ry (6271 1)
— Ry(6) Ry(63) —b Ry (67" 1) Ry (67") b

Figure 7. Quantum circuit diagram for the ansatz gate U(0).

To compare the numerical solutions obtained with the proposed method, the solutions obtained using LU decom-
position for the linear equation (Eq. (8)) were utilized.
The following PDEs was considered for the numerical calculations:

d*u du
T + O'ZE +0.1u = ¢y, (24)
where the boundary condition in Eq. (24) was the Dirichlet boundary condition. Furthermore, the right-hand vector

is defined, as follows:
f) = 2" 2c (H™ 0)"),

where the matrix H is the Hadamard gate and the coefficient ¢ = 0.1.

Figure 8 shows that the solution obtained using the proposed method was plotted, exhibiting significant agreement
with the analytical solution. Furthermore, Table 1 shows that regardless of the increase in the number of qubits, €,
and €, exhibited nearly identical values, indicating that the solution obtained using the proposed method performed at
a comparable level with that obtained via classical computation. Therefore, we concluded that the proposed method
functioned appropriately as a method for solving second-order linear differential equations with constant coefficients.

Table 1. Relative errors, €, and € for n = 3,4 and 5 qubit cases.

the number of qubits the relative error €, the relative error €4
3 qubits 7.8455 x 10~* 7.8478 x 10~%
4 qubits 22014 x 10~* 22027 x 10~*
5 qubits 5.8441 x 107° 44997 x 104

0.0104
0.008
—
> 0.006
fe)
0.004 1

0.002 1

e solution of proposed method
exact solution

0.000 1

0.0 0.2 0.4 0.6 08 1.0
X

Figure 8. Plot of the analytical solution of Eq. (24) for 5 qubits, and the solution obtained using the
proposed method.
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5. Conclusion

In this study, we proposed a VQA for solving constant-coefficient second-order linear differential equations with
the periodic and the Dirichlet boundary condition, and our finding contributed the following two points to the extant
literature:

1. We provided £(0) for the normal equations corresponding to the discretized linear equations and demon-
strated a matrix decomposition method for reducing them to a computationally feasible form on a quantum
computer.

2. For the case involving the imposition of the Dirichlet boundary condition, we proposed a method that
focused on the difference between the matrices obtained with the periodic and Dirichlet boundary condition,
following by decomposing this difference into a linear combination of unitary matrices and measurement

operators.

To solve the linear equation, Mu = f, the condition number is given by
-1
k(M) = [M]| - [[M~].

When the condition number x was large, the numerical solution tended to be unstable. Particularly, as x of the
normal equations M*Mu = M* f (K(M+M)) was approximately the square of x(M), directly solving the normal
equations presented a numerically unstable problem. In classical computation, preconditioning is conventionally
performed to improve x. Therefore, QAs that improve x of the coefficient matrices and reduce the computational
cost of the objective function. However, studying the preconditioning matrices for efficient quantum computation is
a challenging task, requiring entirely different approaches from the existing preconditioning methods [19]. In VQAs,
It is important to avoid barren plateaus when computing the objective function is an important issue. Barren plateaus
refer to the phenomenon where the gradient of the objective function vanishes exponentially with respect to the number
of qubits. This issue arises due to the execution of deep quantum circuits or measurements involving global quantum
operations [26]. Although a complete solution to the barren plateaus problem has not yet been discovered, strategies
that mitigate its effects are preferable. For example, designing ansatz gates specialized for specific problems has been
proposed as a potential approach [27].
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Appendix A

To update the angle parameters 0, we perform the optimization using gradient-descent methods such as the BEGS
algorithm [28]. In general VQAs, gradient values are computed by the parameter-shift rule [29].

The gradient of the quantum state vector with respect to 8 (|i(6))) is given as follows:

9 9 "
5g [9(0)) = S5u(6) [0)”

_ |au(e) au(e)  au(e) du(e) dU(B)  AL(6)
S| 98] T a7 T aeimlT a6l T opitl T a6

T
| 0> ®@n
where 9; represents the variational parameter for the i-th qubit of the ansatz gate in the ¢-th layer.
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As shown in the quantum circuit in Figure 7, the quantum gate dependent on 6 is only the R, gate. Therefore, the

derivative of the Ry gate corresponding to a certain angle 9; of the ansatz gate is given by the following:

IRy(0) _ 9 —i6Y

395 891?
Y _.
12 efzefY

1 .
SR04 ),

and we only consider the change due to the differentiation of the Ry gate for the quantum gate U(6). Therefore, the
derivative with respect to Gf for the entire ansatz gate U () is given as follows:

ou(e) 1
T@t) = SU(01,0),..., 0, 1,0+ 7,00,5,...,03,,1).
1

Additionally, the derivative of a quantum vector |(6)) is given as follows:

1, 0
5 1#"(0)) = =7 [¢(6))
; i (AD)
— Eu(e},e%,...,ef,l,ef + 7,0, 05,,1)]0)" .
Next, the gradient of £(0) with respect to 91? is given as follows:
oE@)  (WOIMIf) B (w(e) Mt f)
o6 (p(6)| MTM[4(6))
1 L) M )] 35 (9(8)| MM |(6))
+ = - ,
2 (w(0)| MM [y(6))>
and the derivatives of the expectation values in this equation are given by
0
g (PO M M§(0)), (A2)
1
0

o (w(OI M),

1

which can be expressed by Eq. (A1).
Employing Eq. (A1), the derivative with respect to Gf in Eq. (A2), is given by

9
30!

(p(O)] M*M (@) = 1 ({9 (0)] MM p(0)) + ((0)| M*M [y (0)))

= (y"'(8),9(6)| X © MM |y (6), (6)),

and
9 t Lot t
gt WOIMT[f) =5 (Y (6) M [f).

Note that Mt M is a symmetric matrix.
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