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Abstract
The relative Fisher information associatedwith quantum-mechanical states for two prototypical
models is presented; the radial density functions that characterize theMorse oscillator and the
d-dimensional isotropic quantumoscillators are analyzed in terms of this relative information by
specifying the ground state as the reference.We find that the information increases as the eigenvalue
(i.e., the degree of the associated Laguerre polynomials) increases for theMorse density function, but
for the isotropic quantumharmonicmodels, it decreases with the dimension and increases almost
linearly with the increasing quantumnumbers.We present also the explicit expression for the
information associatedwith the angular density as a function of the orbital quantumnumber and the
magnetic quantumnumber for the three-dimensional isotropic quantumoscillator.

1. Introduction

Themeasure for quantifying a spread of the single-particle density associatedwith a quantumwave function in
position andmomentum spaces has traditionally been the Shannon information entropy.However, the
calculations of entropy integrals of the orthogonal polynomials such as the Laguerre, theGegenbauer
polynomials and the spherical harmonics functions that appear in thewave functions have been obstacles for
obtaining the exact expression of the information theoretical content for systems described by quantum
mechanics. These remain open problems to date [1, 2]. On the other hand, subsequently, the Fisher information
[3, 4] has attracted interests from anumber of researchers as an alternativemeasure of localization of the single-
particle density in the analysis of atomic systems (e.g. [5, 6]). The Fisher informationmeasure represents a
measure of localization of density in that it contains a gradient of the functional; the higher value indicatesmore
concentration of the density. It also gives an information on the nodal structure of the associatedwave
functions [6].

Formost cases in physical potentials, it is hard to obtain analytical solutions for the corresponding
Schrödinger equations. However, quantummechanical systems under the harmonic potential, theMorse
potential, and theCoulomb potential are one of several cases that allow us to treat them analytically and those
wave functions contain the associated Laguerre polynomials in common. Extensive studies on some analytical
determinations of integrals of the associated Laguerre polynomials already exist in the literature (e.g. [1, 2, 7]). In
this paper, we concentrate our task on the calculations of information content arising from the radial part of the
complete wave functions. This is verified because the radial wave function is required to be normalized to unity,
meaning the density of radial direction. Since the radial wave functions in the above-mentioned potentials are
largely controlled by the properties of the associated Laguerre polynomials, it is natural to think that the
information content of the systemowes a great deal to their properties. In a previous work, we considered the
relative Fisher information of the hydrogen-like atoms by setting the s1 orbital as a reference state [8]. The
relative Fisher information is one of similarity or distancemeasures [9], but it is so far underrepresented in utility
compared to the Fisher information (see e.g. [10] for the definition and [11, 12] for some roles in physical
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situations and [13, 14] for atomic systems). In this study, we consider this informationmeasure in the position
space only, because the correspondingmomentumwave function that can be obtained from the Fourier
transformof the position-spacewave function takes the same formdue to a duality property; by the replacement
of the parameter k k1« , which controls the strength of the harmonic potential of the form k2r2/2.

This paper is organized in the following: In the next section, we introduce the relative Fisher information and
define notations. In section 3, we calculate it for systems governed by theMorse potential by setting the ground
state as the reference and investigate the behavior. Then, we provide the exact expression of the information
measure for the radial density of the isotropic quantumoscillator inD-dimension. The behavior as functions of
the dimension and quantumnumbers are investigated in section 4.1. In section 4.2, as a function of the quantum
numbers, the analytical formof the informationmeasure associatedwith the angular density for a three-
dimensional quantumharmonic potential system are presented. Summary and conclusion are given in the last
section.

2. Relative Fisher information as ameasure of similarity

The relative Fisher information between two density functions specified by parameter sets {μ} and {ν} in
coordinate ξ is defined as
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The labels {μ} and {ν}may represent any set of quantumnumbers andwe refer ρ{ν}(ξ) to a reference state; as we
employ it below,we set the ground state density as the reference state for two classes of quantummechanical
models. The information contained in the densities of arbitrary excited states is examined, bywhichwe can
measure how the family of excited states are similar to the ground state density.We hereafter write the definition
equation (1) as dF[{μ}: {ν}] in the present paper.

3. Relative Fisher information forMorse potential systems

The Schrödinger equation for a particle with amassunder theMorse potential [15] is provided as (e.g. [16]),
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where E is energy eigenvalues, andC and b are constants that control the shape of the potential. It reduces to the
following differential equation by changing variables as y=bx and by scaling the energy as ò=E/Cwith
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The normalized eigensolutions specified byλ are provided byMorse himself [15] and by the subsequent
numerous studies (e.g., [16]):
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where the variable ξ is introduced by ξ=2λe− y (0  x < ¥) and Ln
(α)(ξ) is the associated (general) Laguerre

polynomials of degree n and orderα, which is defined by the Rodrigues’ formula:
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This polynomial satisfies an orthogonality relation [17]:
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By the standard interpretation of wave functions, the family of the associated density functions is the square of
themodulus of thewave functionψλ,n(ξ) and thus it is given as
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By the definition equation (1), the relative Fisher informationmeasured from the ground state density
e2 1 2,0

2 1r x l x l= - Gl
l x- -( ) ( ) ( ):
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has a definite value, where the prime ′denotes d/dξ. By the substitution of equation (7) and bymeans of the
property L 10 x =a ( )( ) for anyα, we canwrite the above quantity as
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Thus, we have the following expression

d n N J J J: 0 4 , 10F n,
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where J1, J2 and J3 are integrals defined respectively as
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In the expression of the integral J2, a property of the associated Laguerre polynomials L Ln n 1
1x x¢ = -a a

-
+[ ( )] ( )( ) ( )

has invoked.Wenote that the above three integrals become ill-defined or divergent if the exponent of ξ in the
integrand is negative. Therefore, the conditionλ−n>3/2 coming from the integral J1 is needed to determine
the information value. This condition includes the ones coming from the other two integrals. Although some
relevant formulas to compute the integral of the product of two Laguerre polynomials with different degrees and
different orders for weight functionsmay produce an analytical expression (e.g. [18–20]), we here have
determined the integrals numerically and calculated the values of the information distance dF[n : 0]whenwe set
λ=20 (therefore, up to n=18). Figure 1 shows that thismeasure grows rapidlywith increasing n as a result of
increasing degree of oscillation inwave functions; the number of the peaks of thewave functionψλ,n(ξ) is n+1.
More specifically, it increases at amuch faster rate for lower excited states and for larger ones as n approaches the
value ofλ, whilst for the intermediate states, the growth can be regarded as exponential. This behavior contrasts
with the one of the Shannon information entropy for the quantumharmonic oscillators and hydrogen atoms in
three dimensions reported in [7], where the entropy values exhibit rapid increases for small n but reach saturated
values in higher excited states.We also note that the energy eigenvalues of the states for thismodel are a quadratic
function of n [15, 16]; E n n1 2 1 2n 0

2 2w l= - + + +( ) with a constant Cb m20
2w = .

Therefore, we do not have a positive reason for attributing the behavior infigure 1 to the dependence of energy
levels on n.

Figure 1.The relative Fisher information dF[n: 0] of the density ρλ,n(ξ)measured from the ground state density ρλ,0(ξ) for theMorse
potential is shown as a function of the principal quantumnumber. The dimensionless parameter is set toλ=20.
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4. Relative Fisher information forD-dimensional isotropic quantumoscillator

The quantumharmonic oscillator in several dimensions has attractedmuch attention as a prototypical physical
model of atomic systems. In this section, we focus on the relative Fisher information of these systems analytically
and evaluate it numerically howwe can quantify the information of excited states against the ground state. For a
given principal quantumnumber n (=0, 1, 2,K) and the strength of the harmonic potential k, the exact wave
function in position space of theD-dimensional quantumharmonic oscillator under the central potential k2r2/2
is of the following form [1, 21]:
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where Yl D, Wm ( ){ } is the hyperspherical harmonics function for the angular variablesΩD in the spherical polar
coordinates. A set ofmagnetic quantumnumbers {μ} denotes integers that do not exceed the orbital quantum
number l (=0, 1, 2,K). The normalization constantNn,lwhich depends on both k andD is given by
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4.1. Relative Fisher information of the radial density function
Wefirst consider the radial density function:
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vanishes at infinity, whichmeans that it is square integrable and itmust be zero at the origin. Transforming the
variable from r to ξ by ξ=kr2, we treat the following radial density function n l
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,r x( )( ) associatedwith the radial

part of the complete wave function:
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Noting that the difference of the logarithmic derivative of the radial wave function gives
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we can rewrite equation (16) as
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The coefficientBn,l denotes
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To calculate the integral I1, oneway is to recall the normalization integral provided in theMorse’s original paper
(equation (12) in [15]):
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which is traditionally used in quantummechanics and the relation to the present definition Ln xb ( )( ) by the
Rodrigues’ formula is given as

n L1 1 . 23n n x b x= - G + +b
b b b
+ ( ) ( ) ( ) ( ) ( )( ) ( )

Wenote here that the gamma function in the denominator of the right-hand side of the above orthogonal
relation equation (21) is written asΓ(s−1) in equation (12) of [15]. However, it should beΓ(s+1) because s
starts from zero. Substituting equation (23) by setting the orderβ=l+D/2−1 into equation (21), we have
an analytical expression,
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One can readily confirm that the former expression equation (24) is equivalent to this.
Regarding the integral I2, one readily confirms that it is a special case (with s=1,σ=1 andβ=α) of a

known integral formula for the product of two Laguerre polynomials (e.g. [19, 20]):
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⎠ in the right-hand side denotes the binomial coefficient. Using this concludes I2=0 by

identifyingβ=l+D/2−1.Note also that another special case of the above relationwith s=0,σ=1 and
β=αprecisely corresponds to the familiar orthogonality relation equation (6). On the other hand, the direct
application of the orthogonality relation equation (6) readily reduces the integral I3 to the following expression,

I
l n

n 1
. 28

D

3
2=

G + +

-

( )
( )!

( )

By equation (18), collecting these integrals constitutes the analytical formof the Fisher information relative to
the ground state (n=0, l=0) for theD-dimensional harmonic oscillators. In the following, we present
numerically calculated behavior of the value of dF[(n, l) : (0, 0)].

Figure 2 gives the dependency of dF[(n, l) : (0, 0)] on the dimension up to 10 for thefirst three principal
quantumnumbers when the quantumorbital number is heldfixed (l=1). It decreasesmonotonically as the
dimension increases and approaches a constant value depending on n. The excited states have higher
information values than the lower ones for the same dimension.
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Infigure 3, we show the dependency of themeasure dF[(n, l) : (0, 0)] on the principal quantumnumber n for
two excited states l=1 and l=4 in three different dimensions. As n changes up to n=10, we observe that the
values of themeasure grow linearly in all three dimensions and it gets higher as the orbital quantumnumber
increases. The information values with the same l have a tendency to be small as the dimension increases and the
intervals between the straight lines for different dimensions aremore uniform for l=4 than for l=1.

On the other hand,figure 4 shows how themeasure dF[(n, l) : (0, 0)] depends on the orbital quantumnumber
l in two excited states (n=1 and n=4) for three dimensions respectively when l varies up to l=10.We
observe that it grows almost linearly except for lower exited states (l=1 and l=2) for three dimensions and it
gets higher as the principal quantumnumber n increases. For the identical n, the values tend to be small as the
dimension increases.

4.2. Relative Fisher information of angular density forD=3
This section focuses on a specialization to the angular part of thewave function for the three-dimensional
quantumharmonic oscillator. As a by-product, we derive also the integral formula of theweighted product of
the two associated Legendre polynomials with a little ingenuity, which is different from the previously known
calculation.

In the preceding studies ([6, 7]), the explicit expression of the Fisher information for the full density function
(both the radial and the angular parts are taken into consideration) of the hydrogen-like systems (i.e., Coulomb
potential) in a three-dimensional case was reported. According to the results, it is independent of the orbital
quantumnumber l and it rapidly decreases with increasing the principal quantumnumber n, reflecting de-
localized electronic densities in excited states. Our concern here is to have an explicit formof the relative Fisher
information of the density functions ηlm(θ) associatedwith the angular part wave functionΘlm(θ); that is,

Figure 2.The dimensional dependency of the relative Fisher information of the density associatedwith the radial wave function for
the isotropic quantumoscillator is shownwith thefixed quantumnumber l=1, i.e., dF[(n, 1) : (0, 0)] for the three excited states
n=1, 2, 3. The strength of the harmonic potential is heldfixed at k=1.

Figure 3.The dependency of the relative Fisher information dF[(n, l) : (0, 0)] of the radial wave function on the principal quantum
number n for the isotropic quantumoscillator with twofixed orbital quantumnumber l. The comparisonwith cases l=1 and l=4 is
shown for different dimensions;D=1 (◯), D 2 = ( ) , and D 3 = ( ). The strength of the harmonic potential is heldfixed at
k=1.
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lm lm
2h q q= Q( ) ( ) in the complete wave function r R r, ,nlm nl lm my q f q f= Q F( ) ( ) ( ) ( ), where the azimuthal part

is e 2m
imf pF = f( ) m l0 2 ,  f p( ∣ ∣ ). The normalization for it is assured (e.g. [22]):

dsin 1, 29lm
0

2ò q q qQ =
p

( ) ( )
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A P A
l l m

l m
cos ,

2 1

2
, 30lm lm l

m
lmq qQ = =

+ -
+

( ) ( ) ( )( ∣ ∣)!
( ∣ ∣)!

( )∣ ∣

where P zl
m ( )∣ ∣ are the associated Legendre polynomials defined by

P z z
d

dz
P z m l P z

l

d

dz
z1 , ,

1

2
1 . 31l

m
m

m l l l

l

l
l2 2m

2 = - = -( ) ( ) ( ) (∣ ∣ ) ( )
!

( ) ( )∣ ∣
∣ ∣

∣ ∣
∣ ∣

The relative Fisher information between any pairs of quantumnumbers (l,m) and (l′,m′) is by definition given as

d l m l m
d

d
d, : , ln sin . 32F lm

lm

l m0

2

ò h q
q

h q
h q

q q¢ ¢ =
p
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⎡
⎣
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⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥[( ) ( )] ( )

( )
( )

( )

To get the exact expression of the above for the arbitrary reference angular density specified by l m,¢ ¢( ) involves
challenging integrations.We here set it by the ground state 1 200 qQ =( ) , that is, uniformover the polar
angle θ. Hence, it reduces to the calculation of the Fisher information F(ηlm(θ)) of the density ηlm(θ):

d l m
d

d
d
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d
d

, : 0, 0
1
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Since the relation z1
dP

d

dP z
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cos 2l
m

l
m

= - -q
q
( ) ( )∣ ∣ ∣ ∣

holds with z cos q= andmaking use of the recurrence relation
derived from the definition equation (31):

z
d
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m
l

m2 2 1- + = - +⎡
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⎤
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we can rewrite equation (33) as

d l m A z
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A K K K
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4 , 35

F lm
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Figure 4.The dependency of the relative Fisher information dF[(n, l) : (0, 0)] of the radial wave function on the orbital quantum
number l for the isotropic quantumoscillator with twofixed principal quantumnumber n. The comparisonwith cases n=1 and
n=4 is shown for different dimensions;D=1 (◯), D 2 = ( ), andD=3 (,). The strength of the harmonic potential is held
fixed at k=1.
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where the integralsK1,K2 andK3 are defined respectively by

K P z dz
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Thefirst and third integrals of the above can be computed respectively bymeans of the following useful
orthogonality relations that one encounters frequently inmany applications:
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Therefore, we have the expressions respectively:

K
l

l m

l m

K m
z

P z dz
m l m

l m

l m

l

2

2 1

1

1
,

1

1
1

2 1

2 1
. 38l

m

1

3
2

1

1

2
2ò

=
+

+ +
- -

=
-

- =
+

-
- +

+-

+
⎜ ⎟⎛
⎝

⎞
⎠

( ∣ ∣ )!
( ∣ ∣ )!

[ ( )] ∣ ∣( ∣ ∣)!
( ∣ ∣)!

( ∣ ∣) ( )∣ ∣

Wenow turn to the integration of the first line of equation (35), whichwe label it asK. Recall that P zl
m ( )∣ ∣ is the

solution of the associated Legendre differential equation:
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Multiplying both sides by P z
l

m
¢ ( )∣ ∣ and integrating it over the interval [−1, 1] gives
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The integral of thefirst termof the right-hand side reduces by the integration by parts to

z
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and the second term can be calculated bymeans of the first orthogonality relation in equation (37).Making a
similar equation by replacing lwith l¢ in equation (40) and adding both sides, we have
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We thus have the expression
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where the second orthogonality relation in equation (37) has been used.
Remark: as a by-product, we obtain a formula for the integral below,which is not listed in the table of

integrals, e.g., [17]:

z

z
P z P z dz
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44l

m
l

m

1

1

2

1ò --

+
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by equating with the relation K K K m21 3+ -( ) ∣ ∣ from equation (36). From equation (43), one arrives at the
expression for the relative Fisher information
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d l m A K l l m l m l, : 0, 0 4 2 2 1 2 1 , , 45F lm
2 = = + - +[( ) ( )] [ ( ) ∣ ∣( )] (∣ ∣ ) ( )

which is clearly a function of the two quantumnumbers l andm.We note that a similar calculation for the
spherical harmonics is performed in [7] to determine the analytical formof the Fisher information of hydrogen
atoms, but the result is independent of the quantumnumber l.

5. Summary and concluding remarks

In addition to the traditional information theoreticalmeasures such as the Shannon entropy and the Fisher
information, which has been extensively focused in the literature, we demonstrated that to quantify a distance of
the excited states from a specific reference state the relative Fisher information is a usefulmeasure.We have
determined the analytical expressions that arise from the radial density in position space for the two prototypical
quantummechanical potentials. The reference state is set to be the ground state, bywhichwemeasure how
much the densities of excited states are similar to it. In the quantumharmonic potential case, we found that the
information decreases with the dimension. This behavior contrastsmarkedly with the one of the Shannon
entropy thatwas calculated numerically in [1]; i.e., the entropy grows linearly with dimension. The theoretical
reason of our finding is not immediately obvious in terms of themere comparisons of the shapes of the radial
density functions. The followings are relevant: (a) the positions of n+1 peaks in the radial density functions
depart largely from the origin (ξ=0) as the dimension increases for the same principal quantumnumber, (b)
themagnitudes of the peaks depend onwhether the dimension is even or odd, (c) the relative Fisher information
involves the gradient of the radial density functions at thewhole range of the position. To be convinced by the
result, onewill require the evaluation of the asymptotic limits of dF[(n, l) : (0, 0)] (i.e., the value of equation (18)
when D  ¥).

Because of the nodal structure of thewave functions, the calculations of the logarithmicmeasures such as the
Shannon entropy for the Laguerre polynomials face non-definiteness. However, as shown also in the previous
work for the electron density of the hydrogen-like atoms [8], the relative Fisher information always has definite
values. In this sense, this work provides an additional insight into the role of the relative Fisher information to
analyze information content of some typical quantummechanical systems as well as atomic systems. The
behavior of the relative Fisher informationwhen evaluated on time-dependent solutions of the Schrödinger
equation for some quantum systemsmay exhibit a distinct property. Since the time evolution of the product of
the Fisher information in coordinate andmomentum spaces under the Schrödinger equation converges with
zero as time goes to infinity (e.g., [23]), this inquiry would be interesting as a futurework.
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