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SYNOPSIS

In various problems of classical electrodynamics the solution is often found
by solving the Boltzmann-Vlasov equation

d i . ‘
'aT(/I(X9t)_07 1'-1927"',6:

’

under proper constraints in six-dimensional phase space. A perturbation repre-
sentation of the charge distribution function  is described in this paper. i‘his
representation is derived from the unperturbed distribution fuﬁction 1/10 by using
a six-dimensional displacement vector 5’: It is shown that if ;j satisfies certain
constraints, then Y = [exp(—i . _:gi)] Yo satisfies the Boltzmann-Vldsov equation.
The constraints which 3: must satisfy are dictated by none other than the Lorentz
equation of motion of a charged particle. This constitutes one proof of the equivalence
between the Boltzmann-Viasov équation and the Lorentz, equation. This proof may
have advaﬁtageous aspects, especially in connection with perturbation calculations.
As an exa“mple, the work of Lee, Mills and Morton on multipole oscillations of a
throbbing beam is discussed in detg&il. A new and‘use;“ulrfbrrﬁ‘_l for the eql.latrion of

continuity is derived. The salient features of different kinds of phase spaces are

compared by considering simple relativistic particle systems.
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I. INTRODUCTION

The theory of classical electrodynamics is formally complete. There is avail-
able an abundance of mathematical methods in this field. Yet, it is by no means an
easy task to solve a specific problem, because new problems are ever increasing
in complexity. In attempting to obtain useful results, efficiently and accurately,
one is often bewildered by his freedom of choice between several usable approaches.
It seems advisa‘ble to study the salient features of different methods and the rela-
tions that exist between them. |

For a given charge-current distribution and known boundary conditions,
Maxwell's equations determine the electromagnetic field uniquely. Having deter-
mined the field intensities, one may obtain the motion of the charged particles
from the Lorentz equation and certain initial conditions. This knowledge of the
particle motion, in turn, determines the charge-current distribution. If the latter
4 -current (’L, p) were correct., the Maxwell field (E, Eﬁ) obtained from it would be
the sameﬂfield as was used in the Lorentz equation which yielded the same
4 —Eurrent.

Instead of solving clirectiy the Lorentz equation in 3-dimensional space, one

L2 for the charge distribu-

may solve the so-called Boltzmann-Vlasov equation
tion function in 6-dimensional phase space. The latier equation is obtained by
substituting the Lorentz equation into the Liouville equation (also known as the
collisionless Boltzmann equation). From the charge distribution function, the

4 —current vector is determined readily. The use of Maxwell's equations for de-
termining the electromagnetic field from the 4-current is the same in both methods,

and, in this paper, thése equations will be assumed to have been solved whenever

they need be.



The Lorentz equation, ‘which we are discussing, is the microscopic Lorentz
equation. The other Lorentz equation, macvroscopic, is a consequence of the
Boltzmann-Vlasov equation. s To compare the microscopic Lorentz equation with
the Boltzmann-Vlasov equation is, in effect, to compare the two forms of the Lorentz
equation. Hereafter, unless explicitlly stated to be otherwise, the Lorentz equation
is'meant to be the microscbpie equation.

The electromagnetic fields (Ng‘, ,«E«) which appear in the Lorentz equation con-
sist of the.fields applied externally and the fields induced by the electron beam itself.
The induced fields are, supposedly, the microscopic fields; the charge- and the
currént—deﬁsity of the beam are the sum of Dirac delta functions representing the

contribution of individual point charges,

p = }; eé(rn-mr‘q(tv
and

In the Boltzmann-Vlasov equation one also uses the microscopic particle-
density and the microscopic fields, so that this equation and the set of Maxwell
equations constitute a closed system of eguations for the beam-field problem.4t
This system of microscopic equations may then be averaged statistically. The
resulting system is not a closed one, unless éhe correlation effects arising from
the random parts of the fields are taken to be vanishingly small. This assumption
is implied in Ref. 3 and will also be used in this paper. In other words, the micro-
scopic fields will be assumed to be no different from the corresponding macro-~
scopic fields; only the kinetic guantities (velocity, momentum etc. ) may have

random fluctuations.



The equivalence between the Lorentz equation and the Boltzmann-Vlasov equa-
tion has been discussed by Watson5 and Chandrasekhar, 6 Each spatial or momen-
tum variable x' ofa particle may be expressed as a function of time t and the

six integration constants ak required for specifying the initial conditions. If these
solutions xi = xi (ozk, t) of the Lm:entz equation are substituted into the expression
of the charge distribution function (xi, t) and if ¢ is sucha ft_mction that, after
the substitution, ¥ becomes a function of ozk only, then dy/dt = 0, which is the
Boltzma.pn;Vlasov equation. The fact that should be totally independent of t in
the absence of collisions is well-known, and is usually proved by using the Liouville
theorem. 7
| This simple discussion seems to convey the thought that, if there are numerous
particles in a system, it would be very hard, if not impossible, to solve the Lorentz
equation because of the great number of integration constants. This thought, however,
is often questionable. The well-known work of Pierce8 on electron-beam tubes con-
tains many examples of the judicious solution of the Lorentz equation. In this f)aper
a new proof of the equivalence between the two methods will be given, and their
relative merits will be discussed. |

Let K(r, t) be the Lorentz force acting on a charged particle of charge e,

rest mass m, and relativistic mass mvy,

K =¢e(E +uXx B). (1.1a)

s Free W PN A

Let pK(r, t) be the kinetic momentum of this particle,

At

D = myu . (1.1b)

g K

The Lorentz equation is simply

ot o \> PR T A (1-2)
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The first-order part of this equation may be obtained by inspection,

8 . ) Vo =K
(at Tl ¥ Bk T N EBke T &
= < X 3
€ (.51 TR B TR 30) (1.3)

so may the second and higher orders,
In these equations of successive orders, the zeroth excepted, the particle aspect

and v = . +u, +u.+. .. .are
LY

of the Lorentz equation is destroyed, because u
) : o~ wal) - ;\a.\l a2

0
velocities at the same point (Aﬁ;, t) in 4-space, not the corresponding velocities of
the same charged particle, which in the unperturbed case is located at the point
(wxc'\, t) and in the perturbed case at ('};:, t). To solve these equations is said to follow
the Eulerian approach.

The alternative procedure for solving the problem is the Lagrangian approach.

One method of the latter approach makes use of the displacement vector ¢ , defined by -
' [N

}1‘ .
1

T + r,t), .
. ) Kot éﬁ.( AR ) (1. 4)
= F, o+ v e e e
v’ga \éx—\l ‘5:2

Any perturbed quantity may be expressed as a function of { and the supposedly
e,
known unperturbed quantities. When the Lorentz equation is so transformed, it may
be separated into different orders without destroying the particle aspect.
The first-order Lorentz equation in terms of the displacement vector was
T 9 o 10 e
originally derived by Sturrock”™ and Chu™ = by applying the variational principle to
the action function of a general charge-field system. General expressions of the
. . . 11 . .
4 —current were derived by Dedrick and Wilson™ ™, using an integral theorem of the
Taylor operator defined by ¢ . All these derivations involve no small amount of
R .
mathematical analyses,
- ) e s o 12
Subsequent to the works just mentioned, Dedrick and Chu™” formulated a gen-

eral thecrem in N-dimensional space, concerning the Jacobian of the coordinate

.



transformation, the Taylor operator, and the Lagrange operator, Here we consider
N = 3. Let E_bethe Jacobian of the transformation from the unperturbed to the per-

turbed coordinates. ‘
T = det IVI"| ; (1.5a)

po(Zs ) = Jp(xht) (1.5Db)

Let ¥ be the Taylor operator, ,

| T = exp (¢ V) (1. 62)
p(r',t) = Zp(r,t) (1. 6b)
u(,t) = fj&(&t) =g, 5& (1. 6¢)
Let € be the Lagrange operator,

Q= exp(~ V - {) . (1.7)

# A

The opeiator theorem proved in Ref, 12 is as follows:
TEG - 567 - 875 =1, (1.8)

where the operand is any infinitely differentiable function.

Acco‘:rding to this theorem, we obtain at once from Eqgs. (1.5b)and (1. 6b)

plr,t) = s"z‘po(r,t) . (1. 9)
B #TR g

The current density may also be obtained easily by using an adjoint property

pertaining to the operators “1ana o7t [see Eq. (6.8a)in Ref, 12] .

. ) = —~1( ; >
= ~ = > -+
Aty = ez aint = (8oy) 3 (g £)

o

i(r,t) = g(ﬁio s pyl

W et M

> . (1.10)

Expressed in these forms, the 4-current may be separated into successive orders

by simple inspection,



To obtain the corresponding forni of the Lorentz equation we apply the Taylor

operator on both sides of E¢. (1.2). Since

ZK = ZeE + (iio +ui>‘x (ze B) : (1.11a)
and
dp,.
E£h=§[<%+u-v,> ]
dt 8 LiiaY S er
_ 5] ' R A e . d <— )
= |2 4+ > = I
[at EACRY ,Z]( .§K> dai \ 28k )
dp ' '
: s WK _ [ ' ]{ ,(F )}
i.e., Z . = [at +w%.=.0(£->3t) X\ my %\OJF ém , (1.11b)

the resulting equation is the Lorentz equation in the Lagrangian approach:

(& g0 Dfmlao & [l &) o T |

Fuy

= Z¢E +<u0+é>X<EeB>. (1.12)
} .o (8 o, went
This equation may then be separated into different orders quite easily. The first-
order eguation is as given by Eq. (7.10) in Section VII.
This brief review 6f the perturbation theory serves to show the effective use
of the Taylor and Lagrange operators. In succeeding sections we will use these
operators in 6-dimensional phase space to discuss the perturbation éolution of the

. - 13,14,15
Boltzmann-Viasov equation, We choose 6-space over 8-space, =’ because

6-space is used in the majority of references, including Hamilton's early work.m’l7
The use of 6-space does not hamper the 1‘elétivistic treatment. No new mathemat-
ical procedure is involved in adapting two more diraensions, time and energy.
Speaking in genevral, either the covariant- or the contravariant-momentumn
components may be used as the non-spatial coordinates in a phase space. We will

use the covariant-momentum components. This choice conforms to the usage of the

Hamiltonian treatmentof dynamics, in which the spatial- and the covariant-momentum



components are the so—called conjugate variables. It can readily be shown that,
when these variables are the coordinates, the determinant of the 6 X 6 metric tensor
of the phase space is unity, regardless of the spatial coordinate system, whether it
be cartesian or curvilinear. When a certain canonical transformation is applied to
the phase-space coordinates, the two groups of new coordinates remain conjugate
to each other; but no new coordinate may retain its purely spatial or purely non-

. 16,18 . . ' . .
spatial character. The determinant of the new metric tensor remains unchanged, .

. . . . . ... 19
because the Jacobian of any canonical transformation of coordinates is unity: In

the folloiving discussion, this property of the metric tensor is not needed.



O. THE DISPLACEMENT VECTOR AND
COORDINATE TRANSFORMATIONS

Consider at the same time two simple systems of charged particles having
one-fo -one correspondence. One system is in the unperturbed state and the other
in the perturbed state. An unperturbed particle is located at time t at the point
:}':‘ in the phase space, havi'ng coordinates xi referred to a given 6~dimensional
coordinate system. The corresponding perturbed particle is located at the same
time, t' =t, at the point E;‘, having coordinates X'i referreci to the same co-
ord.'mate;system.

These two phase points are related by the displacement vector as follows:

T :'f+2, ¢ = :(;,t) . 2. 1a)
L o) 1A A PEEN PR AV,
This may, alternatively, be given by
d i ik
X o= x4+ f(x,t). (2.1b)

Here, ¢ 'is the difference befween the two i-th coordinates. The displacement

~ o~ -

, ik .
vector f(r,t) is defined by the set of components fl(x , t), and vice versa.

wy A

Inacartesian coordinate system, { = £; incurvilinear coordinate systems, e # & and ¢

X i i, i
may not be the components of a vector. However, { —¢ inanyreference system when £ —0.

. : 1 2 3 ] . L »
The first three coordinates (x™, X, x ) may be designated to be the spatial

coordinates, and the other three (X4, xa, .XS) the momentum coordinates, either
canonical- or kinetic-momentum as the case may be. Thus, the first three com-
ponents of any vector are the spatial components, and the other three the non-~
spatial components. Fach component Qf :,; is some function of the unperturbed

St
coordinate- and momentui -variables and the time. The three components of ¢
ey
pertaining to the momenfurn subspace ave not independent of the three spatial com-

ponents. They are cormected by kinetic relations. These relations will be discussed

later.



Equations (2. 1a)and (2.1b) have their counterparts, namely,

r = —::' (f;,t) (2.2a)
and

IR T ST R T (2. 2b)
where ’ .

z(’i"at) :,;:(;ist) | (2. 3a)
and

et = Aef 2. 3b)

Equationé (2.1b) and (2.2b) may be interpreted from an alternative but equally -
valid point of view. The coordinates xi and x'i, so far understood to ‘pertain to
two different points in fhe same coordinate system, may also be considered to be
the coordinates of one and the same phase point with reference to two different co-
cordinate systems. Equations (2.1b) are the set of equations of the coordinate trans-
formation from the unperturbed to the perturbed system, while Egs. (2.2b)are
those of the inverse transformation, If the x (or x') coordinate system is cartesian,
then the x' (or x) system is curvilinear,

The Jacobian J(x’i/xk) of the transformation (2. 1b) is the determinant of

the 6 X 6 matrix (ox' 1/axk) , i.e.,

J(X'l/xk) = ax'l/axkz J. - (2.4)

Similarly,

= J"1 . (2.5)

<

J(x'/x 'k) = { ox'/ox'!

Any scalar, vector, or tensor {unction may be expanded into a series by operating

upon the function with the Taylor operator

{ D
L = expl| ¢ -3 s



ol
- 5 B 5
_ 1 .ab p
> = Z o 5 f e e e e 5 “—a’ % v - - " s
oy ax" ox oxt

(2. 6)

p

where ga e‘;‘b R is a product of n factors, and every pair of repeated

Latin indices implies summation over six components. For example, Taylor's

'

theorem is

v(xt)y = Tx,t) . | @)
Conversely,

i

wix,t)y = 2 lpixt . 2. 8)

The inverse Taylor operator 2_1 is closely related to the Lagrange operator

2, which is defined as follows :

o i
@ = eXp_'"’ié » )
ox

1.e.,
o0 n 9 o b
z: -1) a.b p
2 = ( ; 5o T 13 5 e e e . (2.9)
=0 n. BXa 9x BXD S .

Many properties of these operaters have been discussed in Ref. 12, A general
theorem is proved therein. This theorem is the extension of Eq. (1.8) to

N ~dimensions.

- 10 -



Ii1l. CHARGE DISTRIBUTION FUNCTIONS

Let (,/’/0 and  denote, respectively, the unperturbed and the perturbed. charge
distribution function. A certain number of identical chargea particles in a 6-space
phase element dxldx2 ‘e dx6 bear an electric ch..arge dg. The charge distri-
bution function is defined to be the cimrge density per unit phase element. Thus, in
the unperturbed state, we have

dq = w()(xi, t)(dx)6 . _ (3.1)

"Here, (dx)6 = dxl dxz . . dx6 . In the perturbed state, these same particles

in the corresponding phase element must have the same amount of charge. It is

assumed that there occurs no collision between particles. Thus, we also have

dq = ¢,(x'i,t)(dx')6 . (3.2)
Since

@)’ = 3y’
..,

J(,’/(X'i,t) = ;llo(xi,t) , (3.3)

we obtain from Eqs. (2.7) and (3.3)

TEU(x,t) = g(x,t) (3.4)
or simply,
Pty =yt (3.5)

because QJ % = 1., Inother words, the perturbed charge distribution function
may be represented in general as the result of operating on the unperturbed dis-
tribution function with the Lagrange operator. Once s is represented in this form,
it becomes a routine matier to sepavate i/ into different orders of magnitude. For

s

o i, . ii .1
example, using Eg. (2.9) and separating ¢ into different orders, § = § 1+§‘2 T

- 171 -



we obtain

9 i
R
l//l : <l,/051> ) (3. 6a)
ox
3 . SR .
1 i
- 177 j
Vy = i(.l’JOéJZ>+ 57T TT <"Z’o5151> ’ (3. 6b)
ox oxX X

ete.
Equation (3.5) is the consequence of Eq. (3.3). In tensor language, the charge
distribution function is a scalar density, not an absolute but a relative scalar of

weight ox_je. 20 Scalar densities of all kinds behave in the same manner.



IV. THE EQUATION OF CONTINUITY

Let us consider the time developmentof the charge distribution function. As the

i
" and

. . . . - i

time increases from t to t', a certain phase point moves from x to X
a small phase element around this point changes from 6V to 6V'. In the absence
of collisions, the number of charged particles under consideration remains the same.

Thus,

f G(x, t) (dx) =f o (x, ty @x)°
5V v |

1l

f p(x', )’ . . (4.1)
5v' |

The last integral over ov' may be changed by a transformation of variables to

an integral over 6V. Then Eq. (4.1) becomes

f d/(x',t‘)’%{}i—l (dx)° =f Uix, £y’ . (4.2)
Y 5V (

Here, t 1s considered fixed and t' =t + 6t an auxiliary parameter. The equations

of transformation of variables may be written as

<o s gl(xk,t') , (51___'____,()) , (4. 3)
t'—t

which must exist because the solution to the initial-value problem of the physical
. . ' | . .
system exists. The Jacobian ’ 0x /ax’ also contains t' as a parameter. Since

8V is arbitrary, we must have
px ey [ax ex| = wix,t) . (4.4)
Frorm this equation, it then follows that

Jé:«:'/a‘xf Zl,ﬁ(xl,t') = Y(x,t) . (4.4z)



. Here, the Taylor operator S is as defined by Eq. (2.6) with gi = 5i(xk, t')
instead of gi'(xk, t), which, in this case, vanisﬁes. Operating on Eq. (4.4a) from
the left with the Lagrange operator £, which is also defined by gi(xk, t’), we
obtain, because of @ ,ax'/axl 3 =1,
Sty = el t) . 4. 5)
The left-hand side of this equation m:liy then be expanded into a series about the

point (xl, t) by using Taylor's theorem.

vty = Swied,n

where
3=2 (ot o ' 4.6
- _ n! - ) (4.6)
n=0 ) ot -
Therefore, Eq. (4.5) becomes
/ i - / i
SY(x,t) = QU(x,t) . (4.7)

The phase-space coordinates xi are considered fixed when ¢ is operated on
with E_T The time variables t and t' are considered fixed when 7 is operated ‘
on with Q. Thus, Eq. (4.7) states that the Taylor development of s with respect
to time at a fixed phase point is equal to the Lagrange development of ¢ with respect
to phase variables at fixed times. This is, perhaps, the most general form of the
equation of continuity satisfied by ¢ or any séa.lar density. No dynamical principle
is used in deriving Rq. (4.7) save for the existence of the solution of the initial-
value problem. Hence, Eq. (4.7) is valid, independeut of dynamical principles in-
cluding the theorem of Liouville,

When &8t-—0, we have gi = x'i - xi = éxi~—~» 0. We may then consider

only the first-order termis in Eq. (4.7) and obtain



Also to the first order, éxl = x1 6t. Using this relation we obtain the equation
of continuity in its usual form, namely,

/ - ‘
o | ﬁ,i(¢x‘) = 0. X (4.8)

o0xX

. <1, . . ‘1.
Since X is an absolute contravariant vector, the function ¥x  is a contra-
variant vector density. The second term in Eq. (4.8) is the so-called density
. 20 | s . . . . .
divergence in a 6-space. This term is an invariant with respect to coordinate

transformations in the same sense as a scalar density is.

When Hamilton's equations are satisfied, Eq. (4.8) becomes the Liouville

equation, )
/ l/ i /
. R - S (4.9)
9 ox
because axl/axl = 0 as will be discussed in the next section. This equation may
'be obtained more readily from Eq. (4.4), because Iax'/ 9x I = 1 according to

the Liouville theorem, which follows from Hamilton's equations.



V. THE BOLTZMANN-VLASOV EQUATION

We differentiate Eq. (3.4) with respect to time.

dys .
0 dJ d
-d—t-— = IF Y+ J Ir s, (5.1)
Since .
) o . .
da _ {8 .1k 1M B d . 1
I7 zw—<at+x 'k> o, t) = 2 g7 d(x,t)
. oxX
Eq. (5.1) is the same as
dy
0 _ 1 4, 4y '

Operating on this equation with the Lagrange operator £ used in Section III and

using QJ 2 = 1, we obtain

dyr U
/ Y
ay Q<___0._ ) gg> 6.3)

The uﬁperturbed state is supposedly a physically realizable state. Hence, in

the absence of collisions ,
Y =0 (5.4)
according to the Liouville theorem. Thus, the first term on the right of Eq. (5.3)

vanishes. If the perturbed state is also physically realizable, the last term of

Eq. (5.3) must also vanish. In other words,

o))
[

€

= 0 (5.5)

jo))

t
should also follow from the principles of dynamics. While this is obvious in view
of the Liouville theorem . we will, nevertheless, give an explicit proof of Eq. (5.5)
to elucidate its inner coantents, which are most essential for the discussion of sur

subject.
- 16 -



In this connection, it is more convenient to consider the transformation of co-
ordinates in 7- rather than 6-space. We re-write Eq. (2. 1b) as follows:

11

Here, i and k range from 1to 7; x'7 = t'; x7 = t; 57 = 0. This set of

equations (5. 6) consists of the same six equations in the set (2. 1b) and the T7th

¥

equation t' = t. The Jacobian of the transformation in 7-space is the same as

the one in 6-space, because

ot 0, _ i=1,2,...,6.
— = 1
5xt —g-%:l, i= 7.

Let gij denote the covariant element of the metric tensor of the x-coordinate

A s . 1
system and gij the corresponding metric element of the x -system. Then,

A axax)
ke . ax'k 8X'Q ij

Taking the determinants of the matrices on both sides of this equation, we obtain

- 37%%

where

g = and g =

g = ]g ! d g = |g;
Hence, .

5= VElE (5

and

14y _ _}* EX_}[g_ - __.1_._ d‘/g (5

J dt ~ dt dr :

In 7-space, d/dt = kl(a/axl) in the x-system and d/dt = k'l(a/ax'l) in the

1 .
x-system. Thus, Eq. (5.8) may be writien as

1 1 3 8.\'1 IR
1 dJg a i = c i SAT ‘ “ ~
J El'df e (=VE - e (% \/_g) S . (5.
Vg ooax Vg oox ax ax'

S (5.6)

~3

N

)

9)



The first two terms on the right of this equation cancel each other, because both
terms are equal to the absolute divergence of the 7-vector ds/dt. The vector

ds is an infinitesimal, directed, line element in the 7-space.

-
~ ~ i A i
ds = e.dx = e dx
et sl el

The time derivative of this vector is

~ NOi A .'i
ds/dt = e.x = e.Xx .

Here, 'éi and 6, are the covariant base vectors of the two coordinate systems.
"~ a0 T ’
The absolute divergences of the same vector dg/dt in two different coordinatgz
systems are the same. Because of this, Eq. (5.9) becomes : .
* 'i * i
dJ _ ox ox
e = e - . (5.10)
i i
ox! ox

Since ail/at' = ai/at = 0, Eq. (5.10) is valid in 7-space as well as in 6-space.
Hereafter, the Latin indices will again be considered to range from 1 to 6.

To continue our proof, it is helpful to recognize that the six coordinate variables
are three pairs of conjugate variables. Let Xa, o ranging from 1 to 3, denote the

. . . 3+a
three spatial (contravariant) coordinates. Let X denote the three momentum

. . s : 3+a _
coordinates, canonical or kinetic as the case may be, x =P, Thus,
i Lo e
9x X 8pa
— F =+ T . (5.11)
ox'  ax"  ap
«

. . o o 3tw . .
Each pair of coordinates (x , pa) or (x , X ) are conjugate variables.

In Eq. (5.11), the x% ave the three velocity components and the ba the three
force components (ixl the generalized sense) pertaining to a certain particle in the
meerturbed state. According to the c;—monicil equations of Hamilton, we have

0

(" { ! v
X" = 94y/0p,, (5.12a)

- 18 -



and

. - / o ' - .
P, 83,0/8x . (5.12h)
Here, 3/0 is the unperturbed Hamiltonian function. To be more speéiﬁo,
1 1/2
é)/ (x, p,t) = eV, + mc2 1+ -—-~<pa - eAa><p - eA > (5.13)
o 0 m202 0 o O . :

’

In this equation, VO = V0~(x, t) is the scalar potential, AOoz

vector potential, and P, the canonical momentum; all entities pertain to the

= AOa(X’ t)‘ the

unperturbed state. From Egs. (5.12a) and (5. 12b) it is clear that

ax” oD,
—— = - (5. 14)
9 X op,,
Hence, Eq. (5.11) becomes
°i
ax
-“‘i" = 0. (5.15)
0X

Similarly, the perturbed system is characterized by the Hamiltonian j/(x1, p', ty ,

. 1 1/2
c”’ .
d[//(X',p',t) = eV’ + me? 1+ —55 <p'a - eA'a> (péy - eA(‘y)] .
: f m c (5. 16)
Here, Vi =v (x', t) and Az'y = Aa(x' ,t). Following the same procedure
as uscd in deriving Eqg. {5.15), we find
a;{:i
—— = 0. (5.17)
oxX .

Thus, both terms on the right of Eq. (5.10) should vanish because of Hamilton's,
equations. This proves Eq. (5.5) in any general case, beé&use J is finite.

The general representation of the charge distribution function as given by
Eq. (3.5) has thus be.en proved to satisiy the Liouville equation, provided that the
two conditions as stated by Egs. (5.4) and {(5.5) are satisfied. The Liouville equa-

tion becemes the Boltzmanu-Vlasov equation, when the electromagnetic field
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quantities in the Hamiltonian ;l,[ are consistent with the 4 -current derived from
the charge distribution function .

"The Jacobian J is determined solely by the 6~dimensional displacement vector
g(x, p,t). To satisfy Eq. (5.9), ,:45 must be such a vector. function as to satisfy

Eq. (5.17). The latter equation is solved by the pair of Hamilton's equations:

'

. 9 ,

X% = — H(xp') s - (5.18a)
8pa ‘

‘1 8 527[ o |

p = - oM (X ,p,t) . (5. 18b)

(43 aX!& ‘

The first equation of this pair is simply the definition of the 3-velotity vector,
' = x'¢ = ('p'a - eA'O‘>/ my' (5.19)

where 7' is the ratio of the relativistic mass to the rest mass,

1 [ . 1 ;04 1 1 ! 1/2 .
Y o= 1+ 573 <p - €A (p& - erz> (5. 20a)
L m C .

r -1/2
2
= {1 - <u'2/c"'>] . (5.20b)

The second canonical equation (5.18b) is usually known in classical electrodynamics
as the Lorentz equation of motion of a charged particle. The Hamiltonian function
lef[ may contain other interaction terms not included in Eg. | (5. 16). To solve for ¢
from the Boltzmann-Vlasov equation is, in all cases, the same as to solve for E
from the Lorentz equation. Each method of solution has its advantages. It should

always be helpful to know the detailed connection between them.

In Appendix A, it is shown that if l//o satisfies the equation of continuity, then

U o= Qt,flo will also satisfy this equation without requiring any condition on dJ/dt .
In Seetion X we will discuss the velocity phasc-space, for which dJ/dt % 0.
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VI. FURTHER DISCUSSION OF THE DISPLACEMENT VECTOR

To evaluate (1/J)(dJ/dt) in terms of the displacement vector, we first differ-

entiate Eq. (2.1b) with d/dt, then with 3/8 X'Q, and then a.pply contraction by

putting £ =i. Thus,
. i k
ox" X 9 S i
T C T Tk Wi 6D
oX 8 x ox ’
According to Eq. (5.10),
ox oxl  ox5 pé!
1 .dJ _ k
Jat \Tm T%)TE YT oTx o (6.2)
ox' 9x ax' " ax :
k k, i, ,
where 61 = 98X /9x is the Kronecker delta,
Since,
Ti i 4 i
00 a4 B P00
axk dt axk axk axﬁ
Eq. (6.2) becomes:
- k k [ i k i
par (g, 85)8’* L a B
J dt px' i 8X'E - axk ax't dt 8Xk
The first term on the right of this equation vanishes, because
< I k
ox . axt gl axt ax® X
s S Bt T S Sy Sl S
5% ox'" 9x ax' ax" 8x
Hence, '
k i
tayg %4 %% 6.5
Fdt - TTaodr B (6. 3)
gX oX

Considering the x-coordinate system to be Cartesian, we may easily write

Eqg. (6.3) in its vector form, namely,

(o= FF) S (5T RS



1 dJ s o\ e T3 ' d /=% '

LAl | p- F9 + (EF)-(FT —<L,-v> N ~—(vz> : 6.4b
J dt {% lé; et <§:’ P”“‘) (ém B'\,) LA dt Bt pA ( )

In these equations, the double dot product is performed as in the equation

i

af - od = (a- OE-d); L=¢¢ = e”él is the unity dyadic. Both Eq. (6.3)

{ .
Ao (RO WA P — il v

fo?

and Egs.(6.4a) or (6.4b) are valid in any coordinate system. Equation (6.4b) can
easily be separated into different orders of magnitude. The first two terms are as

follows:

l dJ _ ——(.i—‘ ~.f\.\ .

(J ch>1 T odt (X 5y (6. 5a)
1 .4J _d | .5 1
<EETF>2 T dt [v 52'2

To satisfy the condition [(1/J)dJ/d t]l = 0 so that (dy/d t),

(6.5b)

P4
r/\
LU
ot
1 <
SN—’
A
T
£
ot
SN
L

It

0, we must

require that

Al
R
d /o= ~ d 1
2 (9. ) = 2 2 =0 6.6
It <F S1) = at . (6.6)
identically. Thus Vi : El rmust be a constant or zero. I %7 : Z;Nl were a. non-
[TAn ain, . “ o

vanishing constant, then according to Eq. (3.63) 1//1 would contain a small constant
i, 1 . . e . .
fraction of d’O equal to (a fl/ax >xj/0 . This part is certainly of no interest in the
perturbation problem and may be excluded from consideration. Therefore, we may
simply reguire, instead of Eq. (6.6),
i
1 9 : 8¢

~ -~ 1 ~ 1

\7':1 = = Y (Clvg )T- —7 = 0. 6.7y

e Vg 5x oX
If this is satisfied, then the Jacobian J is equal to unity, to the first order.

Now we proceed to find the connection between the two parts of the displacement

©
>3
LS et

vector, the spatial and the moementum part. Let us dencte § = X, and separate



the set of Egs. (2. 1b) into its two parts:

X' = X% Y (6.8a)

pb = p +X ‘ : (6. 8b)

o [0 (6

These yield, on differentiation with d/d¢t ,

u'® = uc(y) + % (6.92)

ot _ n ‘“'w.x‘ . . /ﬁ.{ ‘;‘%’OE\C’ - .

fa = ;\faxj‘ + XQ o (6.9b) ’_x;\
In Eq. (6.9a), uoé = x% and u'® = x'¢ are, respectwely, the unperturbed
and the corresponding perturbed particle velocity, The quantltles ug and uw'? are vector fS’

o %»N o ' >

components in any coordinate system but (’:&/)é arenot. InEq. (6.9b), f oo™ i) andf' -:”p'? Yo
The quantltles f o’ f& andJare not vector components except in a cartesian coordinate v

U

system Later When no ambiguity may arise, we will also use the notation f —p forthe

,"CP' F A (V'} I"w
7 time derivative of the momentum of a perturbed particle at the point (x, p, t)

Let gOAB be the metric tensor elements of the 3- space emluated 'Lt the pomt
1 . o . ] 1 — ‘g
(35\) and gaﬁ the metric elements.eval.uated at the point (”1;), gaﬁ gaﬁ(}:v,) .
= 3 IS ! = - “8 yr initi
Then Yo gozﬁ uy and u, gaﬂ u’” . By definition,
p = : ; 6.10a
P, my uy .t oeAy ( )
1 rot 1 ‘
= / . 6.10b
pq my u, + .eAcx (6. 10b)

Substituting these relations in Eq. (6.8b) we obtain

el

. 28 Ty o A '.B>+ LA ) 6.11
on myo gaﬁ’ §5 + m<} gce[;‘ Yog&lg) (Flg § e(Aa Oc ( )

Equations (6.8a)and (6.8b) have their corresponding 3-dimensional vector

forms, namely,

‘ AN
r = r +¢ , (6.12a)
Tt N i,

! / 9
p = p + 77 {6.12h)
RS e S



i

From these equations we obtain, in curvilinear coordinate systems

W rp s
37\-»'*1' + é‘ L )
i.eo, i ) wa ;/»/? /.‘7
A AN A o ‘ ;e A
SR Vb I A @7 +2%) + ... (6. 12c)
and
. ':: "‘+
& "B =yt
i.e.,
pl-(p, M) =X, -, =7 ¥ (p _+m ) +... (6.12d)
A A A A AL A o T L e

Here, *\F;\g andkf\gx are the three~spaceg"gﬁfistdffﬁiéymbolszo’ 21 evaluated at the
point . The remainder terms denoted by ... are terms of the second and highef
orders in é'a and may be neglected when fa are sufficiently Small.‘ If so, Egs.
(6.12c) and (6. 12d) become the familiar formulas for the increment of vector compo-

nents due to parallel displacement in non-Euclidean spaces.

Taking the time derivatives of Eqs. (6.~12a) and (6. 12b), we obtain

&'Z}}o*é ] (U = L0/ =1h (6.132)
and
F=E*+hs (Eg 5hs E'=DY) . (6.13b)
Also,
N O NS R ) N A . .
u' —u0-(/) = & - (&)= FOJO‘S [O—r(é‘):]-l'“. (6.13c)
and '
. N RON T '
Py Fop ~ 0y = Féi\@ [‘C«O—T<77)UJ T (6.134d)

;When e -—*O (5) - (& ) é}\"r‘]‘jA ¢,

Equations (6. ] M and (D 1 :b) correspond to the two pim% of the 6-dimensional

vector equation,

It should be noted that two corresponding eguations are consistent but not the

same eqguations,

!
13N
N

1

'~L;f
;
o

,7



From Eq. (6.12b), Eq. (6.13a), and the definitions (6.10a) and (6. 10h) we may

easily derive the relation between 7] and ¢ . This is

A FEp
n:m}’.+m ' L1+'+8A'-A . (6.15
Lo S O;ik ('Y yo)fwxo 7‘5;) (;v'%-&i. :"».'?%0) )

.
e,

This equation corresponds to Eq. (6." 11) and has the advantage over the latter of
having no explicit dependeﬁce on the metric tensor,

In many practical problems, ('y' - 'yO) may be assumed negligibly small. This
is often true in either the slightly relativistic or the extremely relativistic case.
If so, the second term on the right of Eq. (6.15) may be omitted. Furthermore,
if ,,5 and En: are the kinetic momentum,or if ,@30 and ;j‘t: have only one com-
ponent and may be absorbed into the scalar potential by a gauge transformation,
then the third term may also be absent. In any case, if we denote by *2 the

K
kinetic part of 77, then
LGS
N o= my,l o+ omy - y)(ug+ £y . (6.186)
PN 0 A e

0K

This equation may also be written as

m(u + 4‘ )
— “":*‘.0 7,
/\77];1{ - v\ N ) 1/2 - m’YOth ’ (6. 17&)
1-{u, +¢ ) Sl + 4)0
«0 Py, 0 W
and conversely,.
. m-y Ll‘ + 77 > :
§ = 020 ook -u. . (6. 17b)

— 7- u
ER "3 1/2 ‘.‘-i‘iO
A - . A -+ C -
m {1 ‘ <myoi‘eo +/MK> (m V0,0 ,Ql’> (mp> J
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VI. THE LORENTZ EQUATION

The vector u is the perturbed velocity of a certain particle at the phase point
(x', p') and the time t' =t . The vector VF' is the perturbed force (canonical or

kinetic) on this particle at the same phase point and the same time. Thus,

t
mu‘?‘; = ,%‘(X » P, t) - zﬁg’\(}\: pyt) ’
i.e., )
u' = Zu . , (7. 12)
RPN At

Here, the Taylor operator X is defined in the é-space (xa, pa) by Eq. (2.6).

Similarly,
F'= F(x',p,t) = ZF(x, p,t),
WA ey AYA
1.€e.,
F = IF . (7. 1b)
A )

Using these relations we obtain from Eg. (6.13a)and Eq. (6.13b)

vsv\ R | (7.2a)
1= BF - E o (7. 2b)

Equation (7.2a) serves to define the different orders of the velocity vector,

0 o= u.+ u, + u. + ...., interms of ¢ and 1. TYor example,
N w0 owal T A A
: i au0
= - 4 7.3a
sl 41 & ’ ' (7. 92)
81&
2
. . au ; 8'
T I - (7.30)
f”?‘ F‘mz 2 1 9‘- 1 1 1\
8\ 8X ax 9x

etc. Similarly, Eq. (7 2h) defines the different orders of the vector I‘ and,

conjunction with Eq. (6.15), represents the Loreniz eguation of motion. Since
. d )] d d _ , ‘
= my' + T - eA - S (my,u,+ed ) ; 7.4
':’7*‘« dt [ k < 4 dt e d <n1') 0.0 w0 ( )
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Eq. (7.2b) becomes

d - 4 _ 4 5
dt[my< ﬂiﬂ“ dt <myo o) 2T an eqﬁ) '@o dt e.&o)' (7.5)

The 3-vectors F and d(e&)\/dt are evaluated in the usual manner. We have
L2 0N

F = - @_5_3_‘_/ + 9 eA) u
AR or T  am A
a4 il

&R e
These yield
d
F—a—-eA=e(E+u><B>. (7: 6)
-y t W i, KRR A

Using this and Eq. (7.2a), we obtain from Eq. (7.5)

& (g + FI= eom + (1 + )% 28]

‘The scalar product of this vector equation and the vector (}10 +¢) is quite
simple. This is
‘ d C2 ; > )
,dt- (my c”) = &OJF..,% Ee£ . (7.8)

The Lorentz equation in its present form may easily he separated into different

orders, if 'y' may be approximated by Yo In any case,
2 -1/2
y [1 - (u'“/czﬂ

, (.2 2) ; _
Yo [1T<YO/C g Pt A J ! (7.92)
<y2/ 2): - u, <« 1, and alternatively

0 e
' 1+ I‘H c” l
Y (pI pY/

o [l g ) ]

il

2
N << (myoc)'

; P
PR IX A \r_‘-K
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Also,

' (",—m“y' i)'p,
3}/— = 1 + %'Y_ = 1 + s K 0 i WK (7. 9¢)
0 0 , + my, ! )
(e ¥ ™0 L) B
The first-order parts of Egs. (7.7) and (7.8) are as follows:
d [my 4’ + m(4vy) [E +¢ .2 g ) + k( C X B
dt 0 1w 0 Al A<Al 81‘ w0 »erzl ,_;,; u.ﬂ‘l =<O| °
' (7.10)
‘me” d 9 :
ol ’ = E. + - = E + * E . 7- 11
e at U A0 ( wl ,é:\l xr mO) /i]. w0 ( )

These equations are, as they should be, precisely the same as obtained before,
In Ref. 10, v is represented by Eq. (7.9a2). When 51 satisfies Eq. .(7.10) and
2 )

'Zl is obtained from Eq. (6. 15), the pair of Hamilton's equations
o
o

Ul _ (}'ia)l _ 39/1/81)& and (i)a)1 = -—83}{/8}{01

~will also be satisfied, Then, as proved earlier, [ (1/J)(dJ/dt)] 1 will vanish. This

~

may also be shown directly by evaluating (d/dt) (? . 5"1_) . This is
| d (o .7 d (8 9 )
dat (a'f ,§1> dt (Br ,{1 e )
KA #et A4
i.e.,
d ) 9 3 ) 5 . AW 8
——f =z . = ° 4+ —— « F - s —— « —" —— 4 .
dt ( 4&1 (81" avl op fa 51 ar .,Ql ap> <ar w0 B8P A0 ’
M A ’ A A LN Pty
] (7.12)
where u is as given by Eq. (7.3a) and F1 is obtained from Eq. (7.2b),
N &) )
— - N Y n . Y nl rr
vgl ;7.»\1 (El dx " ol 8p> Foooo- (7.13)
R et
Since
9 . L O =
or AT ap B TO
Pt Nt

because of Hamilton's equations, (d/dt) (% - ¢

oA

) = 0, i.e., [(1/J)(dJ/dt)]l

Therefore, (d l,:}/dt)l =0



VIII. CANONICAL VS. KINETIC PHASE SPACE

In this section we will discuss the kinetic bhase space explicitly and compare
this with the canonical case. Sections I, III, and IV apply also to the case where
P = Py the kinetic momentum. The proof of Eq. (5.10) in Section V remains the
same. The difference between the two cases appears when Hamiltonian functions

are used and when the vector potentiagl is present.

In kinetic phase space the Hamiltonians have the following expressions:

. . 1, \12
97/0()4, p,t) = eVO + me” {1+ 5735 P P, . 8.1)
mc
1 1/2
- K ' _ 1 2 _' NN (8.2)
Ci)y/(x,p,t)~eV+mc<l+ 55 D pa>
m ¢ o
= 237[(x, p,t) . (8.3)

Here, P, and p& are kinetic momentum components. X is the Taylor oper-
ator which, as defined by Eq. (2.86), may be written as
Z = - o ._.~a_...- EN X _.E)._._
= exp| ¢ axa o -
Po
One of the two cancnical equations remains the same,

. 3
X!Of - B;JL{L(X" p', t)/ap'a , (8.4)

but the other one must be replaced by

1 1 1
] 9 ¢ seA . oeA deA
—~ p, = —uww—-c/‘y‘/('}(‘, p', t) + 1 + X'B ”"‘;’%‘ - '% » (8' 53’)
(07 SX'a ' at ax aj(‘
Here,
9 aeV’ . ,
o H 'ty = e = Tt P (8. 5Y)
o ax'a ap u
. . i ; i1 ) M .
in which I“Cf!‘ﬁ denotes the 3-space Christoffel symbol evaluated atthe point r'.



Equation (8.4) is obvious; Eq. (8.5a) follows from the fact that, in kinetic phase

space, the Lorentz equation is

ot 1 1 1
p = e(E +u XB)
e A Ao -
= —e[;@n v+ A - (~?~,~ A‘)- u'} . (8.6)
or P &N or A AN
L3N Y
Thus we again have '
op! 3 9
Po P29
5D ap.  8x'
P, Pa
‘and
axll 8;{'& 8 I‘j' -
= + o el 0 !
1l 1o ! ’
ox 0 X apa
because
.'B R0
89X ox 1 1 . n
___..'_... = e = _.—.._..' (g‘a‘g — ——2— X‘a 5{1P> (8. 73)
1
BPa BPB my c
and

1 1 'IB p o
5A oA 99X IxX
<_._<¥_ - ___E>< T > =0 . (8. 7b)

oD}, ox® ax'®

2 M?i; ) iﬁ) 1
y 2

It then follows that, if the Lorentz equation is satisfied,

4
= 0 and El_&_{ = 0

1 dJ
X dt

J
Although these may be concluded from other simpler arguments, it seems instruc-
tive to compare the underlying mathematics for both cases.
There is another feature which distinguishes the kinetic from the canonical
phase space. This ‘concerns the velocity vector, which differs from the kinetic

morientum vector only by 2 scalar fnctor.

“ [ 2 o, 2\1/2
u = p/my = p/{m +p P,/

A, p
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Thus,

& oY/ |
u = p. r:)f(x,p,t) = 5%“ ,97/0(X,p,t) ,
&4 o
i.e.,
u(x, p,t) = w(x,p,t), (8.8)
because

03/—3}0= eV—eV0

and this is independent of p . In kinetic phase space, u, = u
W el and

. . (82 . .
In this respect, the velocity components u or u, behave like coordinate

= 0.

variables x“ and P, > and the kinetic phase space (on s pa) is akin to the

velocity phase space (Xa, ua) .

From Eq. (7.2a) we obtain, in view of Eq. (8.8),

E=(Z2-1) u, . (8.9)
Croin ast
Thus, Eq. (6.16) becomes
- = mv } 1oLy ) (8.1
n;z\ NYI‘K m}()/ﬁ\ +om(y }0) ng’ﬂo ( 0)

The Lorentz equation (7.7) or (8.6) may then be written as -

(d/dt)[my’ (‘u»O + 4‘)] = 2 e(E + L}OXJB) . (6.11)
& i L

4

The first-order part of this equation is, as it should be, the same as Eq. (7.10).

€

In canonical phase space {p = pK + e Ay,
3\::5%'\ /E‘.f"‘ LR
o . : L
(dt/z) | [ ar ) [ Y ]
- = e, Gl T W
dt/y at 125799 ) 0 1
Y g C {
o oM. 8 a8k o | o N o o o
= [ — " - v Wooa L — Y. (8. 12)
B . & o 5p / 1 5p oxC e 5p 0
[ d c o o e, o



PN
. 9 5 9 3y ’
95/1): N PN /S 0 . (8.13)
Py Pa
where
f = <p> = e +e(E_ +u ><B>+ ™ p ol (8. 142)
a0 oY% 0 N w0 a0 a0 af p 0
and
fy1 = <pa>1 BN e(,}i’l o Evl) » (8. 14b)

_ are the first two orders of

3 . - . u‘ B :
foz = P, <p>a + Fozﬁ pu u” . {8.15)

As discussed earlier, (dy/d t)y =0 if l,/fl is as given by Eq. (3.62), i.e.,

v o= - (v 8,

1 T 0 A
~ “‘“ 0
and 41 satisfies the condition required by the Liouville theorem [(1,/J)(dJ/dt)]l =0.



IX. AN EXAMPLE: MULTIPOLE OSCILLATIONS
OF A BUNCHED BEAM

Lee, Mills, and Mortonz2 have described a self-consistent solution of multipole
oscillations of a bunched electron beam in connection with their work on storage-
ring beam instabilities. The bunchedl beam is ciréular in cross section with radius
a and travels along the axial z-direction with a.constant velocity. For our present
purpose, the beam may be assumed to be enclosed in a circular waveguide of radius
b, b>» a; and of infinite length in the z-direction. In the unpérturbed state, the
distribution of the charged particles in the beam is supposed to be axially symmgtric,
and the particles execute simple harmonic motion of small amplitudes in radial

directions with a certain characteristic frequency w, determined by the electro-

0

magnetic jfield acting on the beam. The transverse momentum of any particle is

assumed to be negligibly small in comparison with its longitudinal momentum.Their
‘problem is to determine whether such a beam may become unstable with respect to
transverse oscillations of multipole symmetry. We will first describe their fofmu—

lation of the unperturbed problem in kinetic phase-space, and then use a specific

. . I
displacement vector to derive L,'fl

pl and i1 , are obtained. As discussed in previous sections, if the displacement
e

vector satisfies the Lorentz equation, then Uy satisfies the Boltzmann-Vlasov

from which the charge and current densities,

equation, and vice versa.
r") _f

The unperturbed state is characterized by the Hamiltonian o 0 and the charge

distribution function l/fo.

Y p * p 1/2
2/ 2 pre g
gﬂ/‘?'/o = %— M Q)O <X + y2> + m02 < + 55 2f»:2> . (9. 1)
. mc
2 _2) < < 1 1 /2 2y 1. 2/(2 2 2)]
I = glz - v y - SRS ) e + - = - a .
Y (e N/27"a ) flz x0t> é P, sz) N d 5N (px py) t3 M @, (x +y -a



In these equations, all quantities other than the independent variables (x, p, t) are

2\-1/2
constants; M = m(l - v‘(z)/c ) 1/ being approximately the relativistic mass,

Py~ MVO and w, is certain characteristic frequency which defines the scalar
potential such that
ev, = (1/2) Mw% (52 + y2) . (9.3)

The two J§-functions are Dirac functions. The function f(z - Vot) describes the
degree of longitudinal bunching and is so normalized that N represents the total

number of charged particles in the whole system,
00

ff(z)dz = 1.

-0

The constant a will be shown to be the radius of the beam.

Qv
Assuming that A0 = (0, we obtain from ;,”,‘-“O
L0
p = - szx p = -Mcu2 p = 0 9.4)
PX 0>’ Py ‘ 0 y pz s .
and
. p-p\-1/2 ‘
x% = (pa/nl) <1 +”'—“——§~“5§—'“> . (9.5)
m e

It can then be shown that

Ay, “<8 - 9 . o >! B
— = |- + X —— + p - g/O—O

o o
dt ot ax apa

e 1O o . . cq . . 2 2 2
if x is replaced by p /M, which is a valid approximation as long as Wy« C -

From Y. we obtain the charge density by integrating over the whole momentum

0

space.
(2l
Aolz. ) :f g (X, Py t) (dp)”
)
= (eN/7a")f(z - vot) Ua ~ k) , (9. 6)

2 2.1/2
where K =(X" +y ) /

and Ul{a -X) is the Heaviside unit-step function, Thus,
the unperturbed beam is a circular beam of radius 2 . The charge density inside
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the beam (x < a) is uniform with respect to any transverse direction. Individual

particles travel with a constant velocity v, along the z-direction and perform

0
small harmonic motion on the transverse plane with a restoring force-constant

Mw% according to Egs. (9.4). Similarly, the unperturbed current density is

O _ o 3
1‘0(\:;’ t) ,—fX l//o (Xs P, t)(dp) K

i.e., .
— /2 2) ( 2 2)|-1/2
wi() = w%z v, po(’i\, t) [1 + <wo/c a” -k )] (9.7)
: ~ . 2.2 2
= wf; vO pO(r ty if woa « c .

The electromagnetic fields EO and BO are the resultant fields arising from

both the beam itself and whatever external sources there may exist. These fields

are the solutions of Maxwell's equations for the prescribed beam (io,
Lt

certain boundary conditions which are required to account for the presence of

PO) under

material boundaries and external sources. The fields (L 0) should satisfy the
.w» FeA

Lorentz equation,

2 ,
tu xB) = - Mo 9.8
e(Ey+ 1 ) I\wo(ﬁiaxxJlﬁ:fyx> ’ ©-5

in order thatﬂ% and 1/,:0, as given above, may characterize the unperturbed ‘state
correctly.

When this beam-field system is perturbed, ipdividual particles will execute
.orbits slightly different from the unperturbed ones. This will give rise to a small
current—land charge-density (v.iel , Ol), which will induce a weak field S‘}; K ;% ),
which in turn would act on the beam to give rise to small current and charge den-
sities. The act of periurbation upon perturbation proceeds indefinitely. A physi~

cally realizable (self-consistent) first-order solution is represented by th

quantities (11, l) and (El’ B .), when Lllej simultaneousl ly satisfy the Lorentz
il aal
and Maxwell equations under appropriate supplementary coaditions.



Now we consider an oscillatory perturbation of certain 2(-pole symmetry

represented by the following displacement vector in 3-space :
L. oriwt . ‘
‘il = € e ng\,/(cosﬂqb ~§¢(2/!Z)s1nﬂgaj . (9.9)
In this equation, € denotes a small dimensionless parameter (€ << 1)and w an

unknown frequency to be determined; (¥, @, z) are the usual cylindrical coordi-

e } the three covariant base vectors. It is to be noted that
e,

nates, and (SK ’,k?ng’
¢ is independent of the momentum variablesand Vv - {, = 0. Taking the
o] wA
time-derivative of Eq. (9.9) and denoting ¢ e-]wt; € , We obtain
. . B KN . . ) g _ . N
‘il = ele [ jwk cos L+ K cos ¢ A <ﬂ £>K¢> smﬁqb],

+ e¢?[jwl<2 zsinﬂqb«ngb cosf ¢ - KK 2 sin qu] . (9.10)
#a L ]

The momentum-part noz of the displacement vector ( does not contribute
PR

to the charge density p . This may be seen easily by integrating the function

over the momentum space to obtain P .

3 L 3
_[u’/(x, p, t)(dp) =fsw0(x, p, t)(dp)

il

p(r,t)

FEN

i

Po(r, t) +/(Q —],)wo(x, P, t)(dp)3

AN

The part of the integrawd (& - 1)(//0, which contains ncz’ is a complete divergence
in the momentum space. The volume integral of a divergence expréession may be
transformed to a surface integral and therefore vanishes because Q/JO vanishes
on the surface at !\_py] = 0.

Despite its null eficct on p, the vector l77t is required for the representation

of ¥. According to Eq. (8.10),

Ky



The second term on the 1eft of Eq. (9.11b)is negligible if 771 ruo <<‘77
a

Under this condition, 7, = my, (., i.e.,
/‘v'«'o\l O,t;«:tl

pxl Y
[ ont 2 2 sinto - - xp 2
+ e _]wl\TK Qsmﬁgb p¢cosﬂ¢ KB g
The momentum-part of (27 L& > is
\w M\l
9 9
—_ 771 = e 771
A, : «
ap op
Ao o

This equation applies to any spatial coordinate system. From Eq.

9

N = (.
8p sl
Since ¢, is independent of p
wial Pty
a |8
T = V5 =0
or vl et el
LIEEN
Therefore,
S & 9 9
v - = £ 5 .M =0
e, o€1 BE vl Op  wel
Fiane

and ((1/J) (dJ/dt)] L = 0, whatever the unknown frequency w

independent of p , then

S

- p
4
g
X ;i«xr§ ,31«(] p ft{ed ;\,u U 8 I)
RN o : ‘ 7\

A ™ p
1 ZG{eK - jwM K cos {¢ + chos£¢+(-Qz~—Q>——@sinQ¢>
4 . K

.

-

sin {¢

A

is. (1

(9.11a)

(9. 11b)

k i“O"

} . (9.12)

(9.13)

(9.12) we obtain

fl is not



This result may easily be verified by transforming 4’1 and 771 to refer to
gl

Cartesian coordinates. We may also evaluate the divergencve of the 6-vector 4‘1

directly. The latter is

Zl = ‘e[e K cos fd - sin £¢

e
L xl f*"‘)

?QIN

P
+ 5, (- jeMk cosgo + p, coste - -& £sinto
.f‘§4 K K

=0

+ 5’5<jwM;< sinm)] . (9. 14)

LY

Thus,
1

3',§1=¢'8X<5r> 8";’1"51‘0’

. because the 6-dimensional metric determinant g is unity. Here, we may note
that § ?+a X nloz except in Cartesian coordinates.

The first-order distribution function is given in terms of { and ﬁzl as foliows:

pecgd
o= - 9 </ ) _ 9 . <
wl 5r l*JOA;\J op l"(0771) ?
La F
i.e.,
LY oY
g, = -t . 9 _n5 . 2L . (9.15)
1 el ar wnl P
s 9,

PN

Since dl/JO/dt =0 and V- ;; = (, this L//l sahsfleq the Liouville equation
(dyr/d t)l = 0 which, however, should not be confused with the Boltzmann-Vlasov
equation. When and only when the Lorentz equation is satisfied, will thesetwo equationé

A be identical. Both equations are given by Eg. (8. 13), but they differ inthe coefficient fcz i

} Inthe Boltzmann-Viasov equation this coefficient is givenby Eq. (8.14b}; inthe other
foalz (pa)l - (p)la - f,g ) ,,E»l

and T is given by Eq. (7.13).
W’\l . L



It is quite plausible, though not assuredly, to believe that this l!/l has the
appropriate functional form to enable one to calculate reliably (il’ 01) and (‘El’ E ).
When the latter field intensities are calculated, one may then set up the Lorentz
equation or the Boltzmann-Vlasov equation in order to dete.rmine the yet unknown
frequency w Whether the oscillation will grow or be damped depends on the
imaginary part of this complex frequ'ency.

Using Egs. (9.9), (9.12), and (9.15) we obtain

gblkx, p, t) = ?(eN/27r2a2) f(z —v0t> i) <pz - PZ0> :

2 2
b, - P,
{—X—z—l <cos 2¢ cos (¢ + L sin 2¢ sin qu)
2 .
M :
2p. P g
+ ————2—2— (sin*Zgb cos Lo - 5 COS 2¢ sin !Z(j))

- w(z) <x2 + yz) cos £¢

‘ jo | - 2 si s
+ i [(ypy + pr> cos ¢ + <ypx xpy> g s !qu}}
1] 1 2, 2 1. 2/(2 2 2>
S [ﬂi <pX+ py>+ 5 Mwo <.x +y - a } (9. 16)
1
Here, ¢ [w] = (d/dw)g[w]. Then,

Since ;1 is independent of p in our present case,

- _ 9 '
AR (va£1> (9.18)
= ’g(eN/m)f(z-vot)cos 2¢ 8(a - K). (9.19)
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Noting that in kinetfic phase-space uy
e

- 9 9
S 7 (b st a5) Yo

we obtain the current density

i :‘fﬁfo‘/’l(dp)g fwﬁ [ar ‘lj,ﬁl) 'éE (“/’ojal_lﬂ (dp)”

ol
i f["’ofl 51@ (’*”qfx&.o)](df’)g

i

Since dy./dt = 0, the integrand may be transformed as follows:

io_ 0., -4 9 [y
Yola ~ ot (‘Z’o,,l.fio) dv (¢'of:1) or <"’o ill&O)
e 2N
= -—a-— / __a__ . / )
ot (UO 4H1) Y <Vo & ¢ ‘i.o) " o <VO,=EO£1
vt P
9 ‘
- Y 4‘1 (81’ 0 3p 3;10)
FA #o5
Hence, in view of the relation —8—— cu,. o+ 9. . Foo=0,
- 9r .m0 9D w0
9 3 3
_ o 0. ( .
i 1 ./ [at ('051) pr (Uouog OClu()):] (dp) (9.20)
. A
Thus,
Wi = ("4‘) o (ol ~&udo) (9.21)
- £5%
9,10

This result agrees with the corresponding expression obtained previously.

On substitution of Eq. (9. 9), L becomes

i = E’(eN/Wa)f<Z -V )[ (jw/ay U (a - k) (e K cos Lo

why

V]
N
N

—S@ 2Q~1 sin ﬂ¢>>+£zvo cos L¢ d(a - K):l . (9.



This expression of »il is the same as obtained by direct integration of the

integral ,/-30 u’/l d p)3 , in which l/ll is as given by Eq. (9.16) and u is re-

placed by p/M .
Ny
Both Eq. (9.19) and Eq. (9.22) agree with the corresponding expressions
considered by Lee et 31.22 The guadrupole case is particularly simple. When

’

{ = 2, we have

S1TEEx - Ay, (9.23a)
Jyo=e(a,p, -3ypy) - JwMEl , (9.23b)

— --‘/thv.:_,e, <e,N/27r2a2> f (z —v0t>5 (pz - sz) .

-2 2_2)_2(2_2> -1 ) H
[M (py b, W\ X y |+ joM (xpx ypy

.__Lzz);_,zzzz)]
P {ZM <pX +py) + 5 Moy (x +y° -a , (9. 23¢)
P = € (eN/m) (2 ~v0t> cos 2¢ 6(a - K) (9. 23d)
and
R D ST WA (9. 25¢)

As discussed earlier, from £, and i one obtains E. and B,. The un-
1 wial el posh]
known complex frequency w, which determines the stability of the multipole
oscillation, may then be obtained by two alternative procedures, one using the

Boltzmann-Vlasov equation and the other the Lorentz equation. In most problems

there are some simplifying approximations. For the present example, e(E + uo X Bo)l
(e ey 4
. 2 [ .
ce - ] =-e, K ai = - -
is replaced by ,&L eV 0 fﬁh Mwo and #ﬁl (m'yﬁg‘y myo’go 1 by M;;ﬁl

The two results obtained by these alternative methods should agree with each other
to the desired degree of accuracy. If not, one or the other calculation may be im-
- proved upon, whichever is more convenient,

A
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X. SUMMARY AND DISCUSSION

The perturbed distribution function ¥/(x, p, t) may always be represented by
Qsl'o(x, p, t) in terms of the unperturbed function z,//O and-a 6-dimensional displace-
ment vector ;{(x, p, ) or gi(x, p, t) which defineé the Lagrange operator &
according to Eq. (2. 9). The total time-derivative dl/fo/dt should vanish, because

t//o‘ represents a physically realizable state. When this is true and the displacement

vector satisfies the Liouville theorem, Eq. (5.5), dy/dt will also vanish.

The ;;)lutiér;réfr an electrodynamical problem must not only satisfy the Liouville
equation di/dt =0, but also be consistent with the Lorentz equation. If E is such
that the latter eguation is satisfied, then Y = Q !//0 will satisfy the fqrr:;r, but
not conversely. On the other hand, the Boltzmann~Vlasov equatibn is a combination

of the two; it may be used instead of the Lorentz equation, and vice versa.

Using vector notation we may write the 6-dimensional displacement in several

equivalent forms. In the Cartesian system (55 LL, Eu) ,

,«.é: T A ¢ = ﬁaf + R Ry n, (10, 11a)
Here, the base vectors A, are orthogonal unit vectors('i. :El, a. - E,, = (51.{>;
xnl wl a7 ol ank i
- — o B
Ua = CSJFO'} . In the curvilinear coordinate system (xa, poz)’ X = on(xp,) ,
——“ —_—
b= Po(X"5p))
a
F =S d= %3 o "u> 9P, H OPy ~ >
T o= e, = e + € — + —= 7N . (lo.lb
S A 9% ¢ It H ¢ oD 7 )
Here, e, - Ek = (51\‘ and P ?51 =3 El = J It may further be noted that
s Ao L P wa ]l rek Ay
N ax" X 8D,
ea - o ol 1o + o w54y
AR 8X 2 BX }‘*:r‘d x BTie) t'L



and

ox ! oD
Y = —0 37 = K 37 .
m3+a 8 Ml 8 MS‘H.,L
Py Py
These yield:
ea . a)\ = _—67 = - = e -» a}\ s (10.28.)
M A»x‘ 9% Bp)\ wall
9D ap
“~~ ~ A _ 67
wo &3 T Ta T T T o (10. 2b)
0X ox
| wsra An - 0 (10. 2¢)
and _ o .
w3re " ARSI T ST T LA (10.2d)
op ox
o
Corresponding to the two parts of E are the 3-vectors C. and 7 .
At : A Vsdel
T o’
= = . 10. 3a
L7 A T ¢ (10. 32)
o= faY
N = a = e 7 . 10. 3b
Py Pivete na Ko ]0[ ( )

These two vectors must satisfy a consistency relation given by Eq. (8.10) in the
case of kinetic phase-space and by Eq. (6.15) or Eq. (6.16) in the case of
canonical phase-space.

The canoﬁical space is conceptually simpler because x% and p, are conjugate
variables used in the Hamilton equations. On the other hand, the kinetic space is

algebraically simpler, because in this space u = . Here, the vector potential
o 3

u
. Yo ‘f‘n’alo
A does not appear in the Hamiltonian expression; one of the canonical equations
i
must be modified to account for the presence of A [See Eq. (8.52)].
PaihY
Lagrange and Taylor operators are most convenient to use for perturbation

calculations. They give rise to the desired series expansions, the first few terms
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of which may be obtained easily. In kinetic phase-space the Lorentz equation
satisfied by { and n is, according to Eqs. (7.2b)and (8. 6),
- A

e(E +u,XB_ )+ 77 =y e(E+u ><]é.),
a0 ‘

5y 0 # O A [ S ) £y

or, alternatively,

'

u. X = ) X i
e(£ + u ;}?-\) QJ[@(/E‘O +.4'§41=,O AEO) +.ﬂ]

ren0

where J is the AJacobian given by Eq. (2.4)and QJ = Z -1 . From either of these
two forms, it may easily be proved that the first-order part of the Lorentz equation
is as given by Eq. (7.10) ..

When the relativistic mass m7y may be assumed constant for the x‘vhole system
of particles, as assumed in the last section, the kinetic phase-space (xa, pa) is
essentially a velocity phase-space (xa , oz)' When v is not a constant, the veloc-

. ity space must be bounded because ] 4 |<c. The displacement vector ¢ in the latter
: ) ut R

phase-~space may be discussed in the same manner as that in the kinetic phase-gpace.

If we again use { and 7 to correspond to the two partsof {, { = r'-r and
| A s W oam AWM A

n = u' -u, then the consistency relation has the very simple form n = ¢
Moy AR Pt it A

In the velocity phase—space‘, the equations of motion are the Euler-Lagrange

equations derived from the Lagrangian expression,

- 7 K 9
oe(x,u,t) = m02 +p-u —c\»)“/(x,p,t) = mc2 [1 - (1 - u-u/cz)l/“}r eA-u -eV.
) et ’ A A . LS A

(10.4)
The equations are as follows:
84 o oL
poz = " or p = — ’
ou |x% gu | x°
a
i.e.,
o> :
= 1 A= == ; 10.5a
;‘)\ n‘yg&a» e;&ﬁ au A ' {190 )
Fust



_ _ B B)
p = — = + T (p u” + u,p ,
@ ax  ju? axa Uy ap A A
i.e.,
= ———— — I‘ u
(p)a aka Ny af p}\ s
i.e.,
p = -VeV + (VeA) - u . (10. 5b)
A o R AR A

Here, the Lagrangian expression plays a role similar to that piayed by the
Hamiltonian expression in the canonical phase-space.

Any one of the different phase spaces may be derived from any other one by an
appropriate transformation of coordinates. The charge distribution function is a
scalar density; it transforms as a relative scalar of weight one. 20 Let l//*(x,u,t)

be this function in velocity phase-space,

p(r,t) :fw* (x,u,t)(du)3 , (10. 6)
Ao
then .
Fexu,t) = lap /au b (%,D,,5 t) (10.7a)
lfj H H) . KOZ O- lpj 3 {{3 H - Ve

where the Jacobian of coordinate transformation is

3 5
lapKa/audl = m vy . A(lO. 7b)

While dy/dt = 0 for a physically realizable system, dy*/at ¥ 0 unless y is

a constant. The Liouville equation becomes, in velocity phase-space,

d W . dy*
at <‘-*3‘"5“> =0 |, Le., g7 - 5%(/1* =0 . (10. 8)
m vy
Since % = of Wé, of being the corresponding Lagrange operator, and
/¥ X
dlrj() = Yo oo
T T e T oy T ’
dt Yo
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we obtain from Eq. (10.8) and the equation corresponding to Eq. (5.3) :

. .
. " % . dJ

5-Y Ql//:; = o520 v —L[—’Q* — . (10. 9)
Y Yo J*odt

Here J° is the Jacobian of transformation from the unperturbed to the perturbed

coordinates in velocity phase spaces,

# = ol ) /56

Operating on both sides of Eq. (10.9) from the left with J* 2

* and recalling that

Jo*9" = 1, we obtain, after canceling out the factor lJ/‘B s

, .
14y Yo -7 o
> or = 5<~—- - —] . | (10. 10)

Yo Y

This equation implies that J* = (yo/y'>5
As shown in Appendix B, Eq. (10.10) agrees with the general formula Eq. (5.10).
In a velocity phase-space, the first-order displacement vector El should, therefore,

satisfy
a (57 1 sl 2 J _
dtL\Z [SER 1og70 1) =0
in order that the Liouville equation (10. 8) may be satisfied to the first order. This

equation- may further be transformed, thus,

LG (yF)-28.7]-
dt[vg e <’0§31 5',5;:&,‘?:{1}"0- (10.11)

The spatial and non-spatial variables in different phase spacesrhave, so far, been’
considered tacitly to be the genuine spatial and momentum or velocity coordinates.
When canonical transformations are applied as in the Hamiltonian treatment of
dynamics, the new variables x% and Pd ’are functions of both the spatial (xa)
and the non-gpatial (pa) variables., No new coordinate, x% or Poz’ is a pure
spatial or a pure non-spatial one. To call X% or Poz a spatial or noﬁ—-spatial
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coordinate is a matter of nomenclature. 19 Let-the new kind of phase gpaces be
called non-separable and the other kind separable. The 6-dimensional analyses
discussed in this paper are applicable, without restriction, to both kinds of phase
spaces. On the other hand, the 3-dimensional formulas are; applicable only in sep-

arable phase spaces. Even in the latter spaces, any vector and any tensor must

obey the law of 6-dimensional point transformation of coordinates. According to

e e

Eq.é.;(‘ilo‘ 21;)§the non-spatial components of a 6-vector in a separable curvilinear

phase-space are not the same as those obtained from the non-spatial Cartesian
components by a 3-dimensional transformation of spatial coordinates.
In separable phase spaces the momentum part of the displacement vector 7} ddes
R [

*

not enter into the expression of the charge density p(r, t), nor of the current
AR

density i(r,t). The Lorentz equation (7.7) is also independent of 7. As long as
[ %Y A

no collision between particles is contemplated, one may, perhaps, question the

~advisability of using the Boltzmann—Vlasov. equation of seven independent variables

(on P, t) instead of the Lorentz equation of four space-time variables. This
question can hardly be answered because each method has its merits and shortcomings.
We may, however, note that tbe Boltzmann-Vlasov equation is a scalar equation which
may represent an easier approach for certain problems than to solve the vector
Lorentz equation directly. A deeper insight into the physical aspects of a certain
problem may always be gained by cons idering'the charge distribution function and
the various equations based on it. Such knowledge would be very helpful in justifying
the use of certain simplifying approximations wl_uch may be needed.

Strictly speaking, the spatial part of the displacement vector :,; in a separabl e
phase-space may depend on both the spatial and the momentum variables (xa and pa).

In Section IX, is taken to bhe independent of pa. This assumption is, perhaps,

e ]

generally possible if the randorm part of the unperturbed velocity (\uO - (un >)is
. st e

Sl

!
O
~1



at most a first-order small quantity. Then, it is permissible to substitute
(‘30> EA»XO(,};’ ty for N in Egs. (7.10)and (7.11). Then Aéd which is determined
by these equations must be a function of (r, t). Infact, ] = L(r, t) if the velocity
function Uy of the system of particles may properly be described by an Eulerian

. A

velocity-field r,t).

ol

~ The usual equation of continuity (4. 8) is shown to be the limiting form of a general

+

formula', Eq. (4.7). The latter formula bears some resemblance in form to the

Fokker-Planck equation .6’ 23, 24 This is not surprisihé. In fact, we believe

that the Fokker~Planck equation may be derived by statistically averaging the gen- “

‘eral equation of continuity (4. 7).

In the absence of collisions Eq. (4.8) is valid, as long as ¢ represents the den-

sity distribution of something which is conserved. No other dynamical principle is
‘involved. About two decades ago, V}lasov2 noted the generality and the flexibility

of this equation and applied it in his well-known work to varied subjects, such as
the theory of crystals, electron plasma, striations in metals, and high frequer;cy
electron-beam tubes. He took the equation of continuity in 6-space as an obvious
extension of the one in 3-space, and has even indicated the feasibility of further

‘o o

extending it to 9- and higher 3{-dimensional spaces (Xa , X, X

s ).

In tﬁeréré’éér}lcé of cdliiéioné caused by 'S'harply varying inter-particle forces, the

‘homogeneous Liouville equation equation becomes invalid., One must then use the
celebrated Boltzmann equation, or the Fokker-Plauck equation, or some newer gener-
ifi;j;

alized version of the Boltzmann equation. They may be written in one abbreviated

form, namely

- 48 ~




1, 25,26 e .
e serves as a source term to maintain the conservation

The collision term
vlawa With stochastic processes such as particle collisions, the development of
eac;h individual state which may occur should still obey a basic conservation law
besides satisfying the appropriate relation governing the pr;)bability of its occur-
rence. It seems clear that, when the displacements gi in Eq. (4.3) contain both

the determinate and the random parts, Eq¢. (4.7) may remain valid subject to some

restrictions. We shall proceed no further here; we hope to discuss this question

subsequently.
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APPENDIX A

CONCERNING THE EQUATION OF CONTINUITY

In the unperturbed state, the equation of continuity satisfied by l/JO(Xl, t) is
given by
9y, 3

_-t-+-i_l/fo>'<1>:’o , (i =1,2,..., 6). (A.1)
0 9x )

This may be written as

C iy .
1 (‘.”ouo)‘ ° (1

1

1,2, e, 1), . (A.2)

where x7 = t, . 1, and u(l) = X' . As noted in Section IV, ¥ 0. isa
00
i

vector density and 9 ((//O UB)/BX a density divergence. The equation of continuity
(A.2) states that the density divergenee of ,’[/O'L:{O in 7-space must vanish.
#V

In the perturbed state, the corresponding scalar is a((//ul)/ax1 . This may be

transformed by using the perturbation representation = Qt/fo, 2 being the,

Lagrange operator defined by Eq. (2.9) with $7~ =0.

9 ( : - / ou’
—_— t,/lu> = u — (Qt//) + (Qu —
ax1 axl 0 0) 8X1

4 -1 Bu'l

- 9 = I
= gt (w'o) * <Q‘/’o> i
ax

The last term is equal to

au” ' a§<'i )
olv ~ )= olv ____
0 ax'l ¢ L‘jO 51

o0X

in view of the adjoint property of the inverse Taylor operator [Eq. (6.8a) in Ref.9} .

The total time-derivative of Q{ﬁo may be transformed according to Eq, (5, 3) and
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Eq. (5.10), thus

/ .|].. .i
& (o) = 0|0 g (T )
dt \'" 0 dt 0 i i

Using these relations we obtain

i("/jul> B Q[%(‘/’oué)} o - B9

This proves that the density divergence indeed transforms like a'scalar density
from the unperturbed to the perturbed state, If 1/10 satisfies the equation of contin-
uity, so must ¢ = Qn[ro satisfy the corresponding equation a(x,//ul)/ax1 =0

regardless of the vanishing or non-vanishing of dJ/dt.
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APPENDIX B

LIOUVILLE'S THEOREM IN VELOCITY PHASE-SPACE

In canonical and kinetic phase spaces, Liouville's theorem states that dj/dt =0,
T =0 (x', p')/8(x,p) being the Jacobian of transformation from the unperturbed
to the perturbed coordinates. In the velocity phase-space, dJ*/dt is given by

Eq. (10.10) and, in generaih, does not vanish. Here J* = 9(x', u‘)/a(x,u). 1t
seems instructive to derive Eq. (10.10) from Eq. (5.10) in curvilinear coordinates.

The latter equation gives the general expression of dJ/dt in any phase-space.

In the velocity phase-space, X% = ¢'? and xWTY = u'a . Thus
6}'{11 aula 8;1;,
. = + — . (B' 1)
1] X'Ol ! 8\-1' X'a
ax ox * |ul 5

The last term in this eguation may be evaluated by using the following relation:

‘y _ RN ERTENEY S |B> AR

(P )y my <ua TaB e Tmyu, o
i.e.,

L Y 5 s LI A BT v

u, oy [(p )oz my ua} + Foe[)’ g W . (B.2)
This equation is based on the definition pCL = my'uo'l . Differentiating {1& with

respect to u('j and contracting, we obtain from Eq. (B.2)

- '
Bua 1 3y

R =T Ty T [(b') - m’y’u'}
BH'O ¢ my"  guy g ¢
1 9 , _
e XAy
my' gu} g g
9
T '>\ -1137- — L. a
L - <u>\u7_) s (B.3)
aug



Since

we have

and

We also have

and

Thus,

-1/2
' . T 1
Y —(1-gB u; T/Cz)
3,2
87'/8ué = <y' /c > a'?
2 ’ .
"= (1/mc”) u'% (p' .
Y (/m ) w'? (p')
] 0
(®') = eE' - u™ eA' - eA;\>
g BXY g aXY
. .
a(p"),/oul = 0
- On substitution of these relations Eq. (B. 3) becomes:
8;1;_ :Y' ) ' g 1 f3 ¢4 5o
— =-5-S +ad (T g7+ T, 8 :
811' Q¢ v g ap © ap s
o|x
=1 g
ou 1 0
____.q = e 5 —:)ir - u' -—.__—a-_.—
ou' | Y g ) !
1 8‘11&
= - 5_3% - —
1 1
9x"" |ul
ox"/ox" = - 5y!/y

(B.4a)

(B.4b)

(B.4c)

(B.52)

(B. 5b)

(B. 6)



Similarly, the corresponding equation for the unperturhed state is
- i i . '
8ax /ax = - 5 'yO/'yO . (B.7)

Hence, from Eq. (5.10), i.e.,

et
o
[
!
o
[we]

CJF dt ' i
X

we obtain Eq. (10.10),
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LIST OF SYMBOLS

(for the use of the printer)

Author: E. L. Chu

First Appeared

Symbol on Page Description

Y iii lower case Greek alphabet psi

’Z‘ iii lower case bold Greek alphabet zeta with a

'~'“ tilde

E iii bold gradient vector with a tilde

i 1 lower case bold English alphabet i

p 1 lower case Greelf alphabet rho

E 1 bold upper caée English alphabet E

g 1 , bold upper case English alphabet B

$ 2 lower case Greek alphabet delta

.l'q 2 bold lower case English alphabet r with
lower case subscript q

Pk 3 bold lower case English alphabet p with
upper case subscript K

Pro 4 bold lower case English alphabet p with
subscripts upper case K and zero

Px1 . 4 bold lower case English alphabet p with
subscripts upper case K and Arabic number
one

52 4 bold lower case Greek alphabet zeta with
subscript Arabic number two

T 5 upper case English alphabet J with‘a bar
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First Appeared

Symbol on Page Description

pO 5 llower case Greek alphabet rho with subscript
Zero

i 5 upper case Greek alphabet sigma with a bar

o 5 upper case Greek alphabet omega with a bar

4'- 5 bold lower case Greek alphabet zeta with a

=X
dot

Si 8 lower case Greek alphabet xi with super-
script lower case English alphabet i

oV 13 lower case Greek alphabet delvtav with upper
case English alphabef A%

sv' 13 lower case Greek alphabet delta with upper
case English alphabet V and a prime

T 14 upper case script English alphabet T

gkﬂ 17 lower case English alphabet g with caret
and with subséripts lower case English
alphabet k and script English alphabet 1

g 17 lower case English alphabet g with tilde

_s': 18 . bold low‘er case English alphabet s with a
tilde |

Hy | 18 upper case script English alphabet H with
subscript zero

;Z 21 bold upper case script English alphabet I

Xa 23 lower case Greek alphabet chi with subscript

lower case, alpha
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First Appeared

Symbol on Page Description
n 23 bold lower case Greek alphabet eta
réo- 24 uppef case Greek alphabet gamma with
superscript lower case lambda and sub-
scripts lower case alpha and sigma
r"; 8 29 upper case Greek alphabet gamma with
prime and superscript lower case mu and
subscripts lower case alpha and beta
K 34 lower case Greek alphabet kappa
€ 36 lower case Greek alphabet epéilon with tilde
8 36 bold lower case English alphabet e with
subscript lower case Greek alphabet kappa
e é 36 bold lower case English alphabet e with
subscript lower case Greek alphabet phi
_g\K 36 bold lower case English alphabet e with
superscript lower case Greek alphabet kappa
g¢ 36 bold lower case English alphabet e with
superscript lowljer case Greek alphabet phi
' 39 lower case Greek delta with primé
-YL 41 bold gradient vector with subscript 1 (the
perpendicular sign)
< 44 upper case script English alphabet L
y* 45 lower case Greek alphabet psi with super-
scrip;: single asterisk
(go) 47 bold lower case English alphabet u with

subscript zero all enclosed in "average-
value" brackets
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