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The existing transformation from a relativistic real scalar field to a complex nonrelativistic scalar field by
Namjoo, Guth, and Kaiser is generalized from Minkowski space to a more general background metric. In
that case the transformation is not purely algebraic any more but determined by a differential equation. We
apply the generalized transformation to a real scalar with ϕ4 interaction on an Friedmann-Lemaître-
Robertson-Walker cosmologically expanding background and calculate the resulting nonrelativistic action
up to second order in small parameters. We also show that the transformation can be interpreted as a
Bogoliubov transformation between relativistic and nonrelativistic creation and annihilation operators and
comment on emerging symmetries in the nonrelativistic theory.
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I. INTRODUCTION

The exact nature of dark matter is an open problem that
reaches across multiple areas of physics from cosmology to
particle physics. Compared to baryonic matter, the energy
density of dark matter is about five times as large.
Observational data implies that models of cold and colli-
sionless dark matter are good candidates for a cosmological
description [1]. From the side of particle physics, a well-
motivated candidate for dark matter particles are axions [2].
Axions arise as the Goldstone bosons of a spontaneously
broken Uð1Þ symmetry which is introduced to solve the
strong CP problem and behave as pseudoscalars under
Lorentz-transformations [3–5]. In the later universe we can
expect such axions to have nonrelativistic momenta [6].
Thus, a nonrelativistic effective approach is appropriate. A
nonrelativistic limit of scalar field theories is needed in
other contexts such as Bose-Einstein condensates and
condensed-matter systems.
The precise relation between the relativistic theory and

an effective nonrelativistic description is important for
interesting phenomenological questions, such as whether
scalar field dark matter resembles a Bose-Einstein con-
densate or whether it could show superfluid behavior
[6–19].

Moreover, this question is important to understand the
infrared regime in of relativistic quantum field theories and
the corresponding universality classes. Specifically, rela-
tivistic scalar field theories can show condensation phe-
nomena and one would like to understand in detail how
they are related to various types of condensate in a
nonrelativistic field theoretic description [20–24].
Several different methods have been developed to arrive

at an effective nonrelativistic description for real scalars. In
ref. [25], Ruffini and Bonazzola developed a description for
gravitationally bound, noninteracting bosons in Bose
stars which was later generalized by Eby, Suranyi, and
Wijewardhana in Ref. [26]. Mukaida, Takimoto and
Yamada calculated an effective Lagrangian for the non-
relativistic field by integrating out regions of the phase
space not close to the mass pole in [27]. Their ansatz was
shown in Ref. [28] to be equivalent up to a field redefinition
by Braaten, Mohapatra and Zhang to their effective
Lagrangian from Ref. [13]. Namjoo, Guth, and Kaiser
discovered an exact transformation between a relativistic
real scalar field ϕ and a nonrelativistic complex scalar field
ψ which has a Schroedinger-like equation of motion [29].
This paper expands on their ideas by generalising
their transformation to systems in curved space-time. For
cosmological applications we are specifically interested in
real scalars on a Friedmann-Lemaître-Robertson-Walker
(FLRW) metric. We managed to find a general class of
transformations for a free real scalar which is minimally
coupled to a classical background metric. The formalism
preserves the invariance under coordinate transformations
until the nonrelativistic limit is taken and can naturally be
extended to complex scalar fields. In FLRW space-time,
introducing a potential term in the relativistic theory

introduces a term proportional to Imðψ�∇⃗2
ψÞ in the
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effective potential for the nonrelativistic field which not is
not present on a time-independent background.
A kinetic description for real scalar fields in an expand-

ing geometry has also been developed in Refs. [30,31]
while Ref. [32] discusses a field theoretic approach and
connects it to a kinetic description through the two-particle
irreducible effective action formalism.
In Sec. II, we give a quick overview over methods

applied in order to obtain nonrelativistic limits of theories
in Minkowski space-time and point out problems that arise
when applying this to real scalar fields on a non-
Minkowskian background metric. In Sec. III A, we intro-
duce a generalization of the transformation proposed by
Namjoo, Guth, and Kaiser in Ref. [29] to general
Hamiltonian systems with linear equations of motion.
Section III B covers a way to formulate this transformation
in a covariant fashion which allows us to maintain
invariance under coordinate transformations. In Sec. III C,
this method is applied to a free real scalar on a Friedman-
Lemaître-Robertson-Walker background. Section III D
contains the derivation of an effective nonrelativistic
potential for the same system with an added λϕ4 inter-
action in the relativistic theory. The natural extension of
the formalism to complex scalar fields is discussed in
Sec. III E. Section III F deals with the symmetries that
emerge in the transformed theory and their breaking under
the addition of interaction terms. In Sec. IV, we interpret
the nonrelativistic limit as a Bogoliubov transformation
between the annihilation and creation operators of rela-
tivistic and nonrelativistic particles.
In this paper we choose units such that ℏ ¼ 1 and c ¼ 1

in all sections except for Sec. II A in which the factors of c
are explicitly written out and eventually taken to the
limit c → ∞.

II. PREVIOUS WORKS

A. The c → ∞ limit

A simple way to take the nonrelativistic limit in a
classical field theory for a complex relativistic scalar field
ϕ is to take the limit c → ∞ in the equations of motion.
One may start from the equations of motion for a free field
in the form

1

c2
∂2
tϕ − ∇⃗2

ϕþm2c2ϕ ¼ 0: ð1Þ

One splits off an oscillation with frequency mc2 to define
the nonrelativistic field ψ through the relation

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p e−imc2tψ : ð2Þ

Substituting this into the Eq. (1) leads to

1

2mc2
∂2
tψ − i∂tψ −

1

2m
∇⃗2

ψ ¼ 0: ð3Þ

In the limit c → ∞ one can drop the first term and ends up
with the Schrödinger equation for a free particle,

−i∂tψ −
1

2m
∇⃗2

ψ ¼ 0: ð4Þ

Note that we now have a first order differential equation in
time so that the Cauchy initial data consist only of the field
itself. In contrast, for the Klein-Gordon equation one must
also specify the time derivative ∂tϕ at some initial time or
on an appropriate Cauchy surface. This shows that the
Schroedinger equation propagates less information than the
complex Klein-Gordon equation. In terms of the quantized
theory, during the transition from Eq. (3) to Eq. (4), we
have dropped the information about possible antiparticle
excitations.
Similarly, we can start with a free complex scalar field in

a Friedmann-Lemaître-Robertson-Walker (FLRW) space-
time described by a scale factor aðtÞ. The equation of
motion is

1

c2
∂2
tϕþ 3H

c2
∂tϕ − a−2∇⃗2

ϕþm2c2ϕ ¼ 0 ð5Þ

where H ¼ _a=a is the Hubble rate. Using the same relation
(2) we are first led to

1

2mc2
∂2
tψ − i

�
1þ i

3H
2mc2

�
∂tψ − i

3H
2
ψ −

1

2a2m
∇⃗2

ψ ¼ 0:

ð6Þ

The formal limit c → ∞ yields then a Schrödinger equation
with additional Hubble damping or dilution term,

−i∂tψ −
1

2a2m
∇⃗2

ψ −
3

2
iHψ ¼ 0: ð7Þ

While the method above works fine for some applications,
we encounter problems if we try to use it for real scalar
fields. A common ansatz to transform between the real
scalar ϕ and the complex nonrelativistic field ψ is

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p Reðe−imc2tψÞ: ð8Þ

This leads to an equation of motion for ψ which contains
terms proportional to ψ�. These terms contain fast oscil-
lations proportional to e�2imc2t and are usually neglected
because at macroscopic time scales they are expected to
average to zero. To avoid these terms altogether, at least in
the noninteracting theory, we turn to a modified trans-
formation proposed in Ref. [29].
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B. Exact transformations

1. Minkowski space

For a free, real scalar field in Minkowski space-time we
have the Lagrangian density (we choose now units with
c ¼ 1)

L ¼ 1

2
ημνð∂μϕÞð∂νϕÞ −

1

2
m2ϕ2; ð9Þ

the Hamiltonian density

H ¼ 1

2
π2 þ 1

2
ð∇⃗ϕÞ · ð∇⃗ϕÞ þ 1

2
m2ϕ2; ð10Þ

and equations of motion

_ϕ ¼ π; _π ¼ ð∇⃗2 −m2Þϕ: ð11Þ

To bring this problem into a form where the non-
relativistic limit is more apparent, Ref. [29] proposed the
transformation to a new complex field ψ ,

ψ ¼
ffiffiffiffi
m
2

r
eþimt

�
P

1
2ϕþ i

m
P−1

2 _ϕ

�
;

ψ� ¼
ffiffiffiffi
m
2

r
e−imt

�
P

1
2ϕ −

i
m
P−1

2 _ϕ

�
: ð12Þ

This uses the nonlocal derivative operator

P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

∇⃗2

m2

s
¼ 1 −

∇⃗2

2m2
−
ð∇⃗2Þ2
8m4

þ…; ð13Þ

where the right-hand side is actually a low energy expan-
sion. It can often be truncated after the second term, which
yields then the standard nonrelativistic limit.
With the identification π ¼ _ϕ, Eq. (12) can be under-

stood as a canonical transformation (see also Sec. III A and
Appendix A). The two real first order equations of motion
(11) are now combined into a single first order complex
equation

−i _ψ þmðP − 1Þψ ¼ 0: ð14Þ

Note that to leading order in the expansion on the right-
hand side of Eq. (13) one recovers Schrödinger’s equation
from (14). Also, the equations of motion for ψ do not have
any fast oscillating terms like e2imtψ� for this derivation
based on the transformation (12). For completeness, we
note also the inverse relation to (12),

ϕ ¼ 1ffiffiffiffiffiffiffi
2m

p P−1
2ðe−imtψ þ eþimtψ�Þ;

_ϕ ¼ −i
ffiffiffiffi
m
2

r
P

1
2ðe−imtψ − eþimtψ�Þ: ð15Þ

Note that the transformation (12) and its inverse (15) are,
as a consequence of the definition (13), nonlocal in space
but local with respect to time. Mathematically, the operator
P it is defined through an eigenvalue decomposition of the

Laplace-Beltrami operator ∇⃗2. Under many circumstances,
the latter has real and negative (or vanishing) eigenvalues.
We will refer to (12) as the Namjoo-Guth-Kaiser (NGK)

transformation.

2. Expanding space-time

For some applications such as the description of axions as
a dark matter candidate it is interesting to consider an
expanding Friedmann-Lemaître-Robertson-Walker (FLRW)
geometry. The equation of motion for a real scalar field
becomes Eq. (5). One may attempt to use a similar trans-
formation as previously in Eq. (12) with the operator in (13)
replaced by

Pa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

∇⃗2

a2m2

s
: ð16Þ

However, this does not lead to an equation of motion
involving ϕ only, but to one which still contains fastly
oscillating terms. Essentially the reason is that (16) has an
explicit time dependence because _a ≠ 0. This motivates the
more general approach to the problem towhich we turn next.

III. MORE GENERAL ANSATZ

A. Time dependent formalism

Our goal in this section is to find a linear transformation
from the original real scalar field and its time derivative or
conjugate momentum to a complex scalar field and its
complex conjugate which allow for an easy interpretation
of the nonrelativistic limit. This means that the transformed
field ψ should have a Schrödinger-like equation of motion

i _ψ ¼ Ôψ ; ð17Þ

where Ô is a linear operator. From the NGK trans-
formation we can expect this transformation to be non-
local in space. However, we want it to be local in time
even in more complex geometries than just Minkowski
space-time. Furthermore, the transformation between the
original scalar field and its conjugate momentum and the
real and imaginary part of the transformed field should
preserve the Poisson-brackets (or commutators in a
quantized theory).
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As a first step, we restrict ourselves to systems with
Hamiltonians which lead to linear equations of motion and
do not depend on the direction of spatial momenta. Without
loss of generality we can assume that there are no mixed
terms between fields and their conjugate momenta as we
could otherwise get rid of such terms via a canonical
transformation. The most general Hamiltonian under these
conditions then has the form

H ¼
Z

d3x

�
1

2
πAðt;−∇⃗2Þπ þ 1

2
ϕBðt;−∇⃗2Þϕ

�
; ð18Þ

where ϕ and π are the scalar field and its conjugate
momentum and Aðt; p⃗2Þ and Bðt; p⃗2Þ are two operators

which are analytical expressions of the operator p⃗2 ¼ −∇⃗2.
(Note that A and B commute.) The equations of motion
are now

_ϕ ¼ Aðt;−∇⃗2Þπ; _π ¼ −Bðt;−∇⃗2Þϕ: ð19Þ

As an example, for an expanding FLRW geometry one

would have A ¼ a−3 and B ¼ a3ðm2 − ∇⃗2=a2Þ.
Let us now make the ansatz for a new, complex field ψ as

a linear combination of the real field ϕ and its conjugate
momentum,

ψ ¼ αðt;−∇⃗2Þϕþ iβðt;−∇⃗2Þπ; ð20Þ

where α and β are also functions of time and of p⃗2 in
momentum space. We further assume that they are invert-
ible. Because all appearing operators commute we can be
ignorant about their ordering and express them all as

functions of the eigenvalues p⃗2 of −∇⃗2. The time derivative
of (20) follows with (19) as

_ψ ¼ ð _αα−1 − iβBα−1Þαϕþ ð _ββ−1 − iαAβ−1Þiβπ: ð21Þ

We demand that (21) can be written as _ψ ∼ ψ to avoid fast-
oscillating terms that appear together with ψ�. It is
convenient to define

γ ¼ α−1β; ð22Þ

which is also a function of p⃗2 and time t. From this
definition and the Hamiltonian equations of motion, the
proportionality we ask for becomes equivalent to the
differential equation for time- and p⃗2-dependent functions

_γðt; p⃗2Þ þ iBðt; p⃗2Þγðt; p⃗2Þ2 − iAðt; p⃗2Þ ¼ 0: ð23Þ

Note that this equation is fully fixed by the Hamiltonian
(18) although the solution needs in addition also an initial
condition γðt0; p⃗2Þ. To determine the specific solution
which allows for an easy interpretation as nonrelativistic

limit, we demand that the resulting transformation becomes
the NGK transformation in the limit of Minkowski space.
For a γ that solves Eq. (23) and ψ ¼ αðϕþ iγπÞ, the

equation of motion is then

_ψ ¼ ðα−1 _α − iBγÞψ : ð24Þ

In the Minkowski space case we can read off from (10) that

A ¼ 1 and B ¼ ðm2 − ∇⃗2Þ. This is indeed solved by γ ¼
m−1P−1 ¼ B−1=2 so that _γ ¼ 0, as was used in Ref. [29].
The second important property that the transformation is

supposed to have is that it should preserve the Poisson
brackets (or equal time commutation relations). To discuss
this, we split ψ into its real and imaginary parts with
standard normalization as

ψ ¼ 1ffiffiffi
2

p ðφ1 þ iφ2Þ: ð25Þ

We want φ1 and its conjugate momentum to have the same
Poisson brackets as the original real scalar and its conjugate
momentum. For a complex nonrelativistic field with first
order time derivative in the Lagrangian one expects that
the conjugate momentum of the real part is proportional
to the imaginary part and vice versa. With our normaliza-
tion the conjugate momentum of φ1 is φ2 and the one of φ2

is −φ1.
One way to ensure that the Poisson brackets are

preserved is to demand that the transformation be canoni-
cal. Here this means that it can be derived from a generating
function F2 via

πðϕ;φ2Þ¼
∂F2ðϕ;φ2Þ

∂ϕ ; φ1ðϕ;φ2Þ¼
∂F2ðϕ;φ2Þ

∂φ2

: ð26Þ

The Hamiltonian for the transformed field is then

Hnewðφ1;φ2Þ ¼ Holdðϕðφ1;φ2Þ; πðφ1;φ2ÞÞ þ
∂F2

∂t : ð27Þ

We now start with the transformation we already have
and search for a generating function that matches it in order
to confirm that the transformation is canonical. From
Eqs. (20) and (25) we find

�
ϕ

π

�
¼ 1ffiffiffi

2
p jαj2ReðγÞ

�
ReðαγÞ ImðαγÞ
−ImðαÞ ReðαÞ

��
φ1

φ2

�
: ð28Þ

In order to find a generating function F2ðϕ;φ2Þ that
fulfills Eq. (26) we need to first invert ϕðφ1;φ2Þ for φ1.
Rearranging (28) we get

φ1 ¼
ffiffiffi
2

p
ReðαγÞ−1

�
−

1ffiffiffi
2

p ImðαγÞφ2þjαj2ReðγÞϕ
�
: ð29Þ

Second, we need to express π in terms of ϕ and φ2,
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π ¼ ReðαγÞ−1
�

1ffiffiffi
2

p φ2 − ImðαÞϕ
�
: ð30Þ

Integration of these expressions to get F2 yields the
condition for the transformation to be canonical,

jαj2 ¼ ð2ReðγÞÞ−1: ð31Þ

In other words, once Eq. (23) has been solved, this fixes
immediately also jαj. The complex phase of α is still left
undetermined, however. As we will see later, this phase is
related to a constant offset in the potential energy. Our
choice in this paper will be argðαÞ ¼ ðm − V0Þt. A shift of
the chemical potential is then realized as a phase shift of the
nonrelativistic field ψ as (expected). The transformation
then takes the form

ψ ¼ eiðm−V0ÞtðReðγÞÞ−1=2ðϕþ iγπÞ;
ψ� ¼ e−iðm−V0ÞtðReðγÞÞ−1=2ðϕ − iγ�πÞ: ð32Þ

The Poisson brackets / commutation relations are now
related through

½ϕ; π� ¼ ½φ1;φ2� ¼ i½ψ ;ψ��: ð33Þ

Now let us look at the influence of this condition on the
equation of motion _ψ ¼ ð _α=α − iBγÞψ . We can decompose
α ¼ jαjeiðm−V0Þt, then

_α

α
¼ ∂tjαj

jαj þ iðm − V0Þ; ð34Þ

such that

Re

�
_α

α

�
¼ ∂tjαj

jαj ¼ −
1

2

∂tReðγÞ
ReðγÞ : ð35Þ

If we now assume that the eigenvalues of AðtÞ and BðtÞ
are real, the real part of (23) gives

BImðγÞ ¼ 1

2

∂tReðγÞ
ReðγÞ : ð36Þ

Thus, the real parts of −iBγ and _α=α exactly cancel which
leaves us with the linear equation of motion

i _ψ ¼ ½BReðγÞ − ðm − V0Þ�ψ : ð37Þ

This result is also in agreement with Eq. (27) (see also
Appendix A).
The action corresponding to (37) is

S¼
Z
t;x⃗

�
i
2
ð _ψψ�−ψ _ψ�Þ−ψ�½BReðγÞ− ðmV0Þ�ψ

�
: ð38Þ

Note that this is still an exact rewriting and equivalent to the
Hamiltonian (18). Given A and B one needs to solve
Eq. (23) to determine γ which in turn gives the trans-
formation (32). The real nonrelativistic limit involves in
addition also an expansion in orders of the Laplace-
Beltrami operator.
As mentioned, for the Minkowski case we have B ¼

ðmPÞ2 and γ ¼ ReðγÞ ¼ ðmPÞ−1 with P as defined in (13).

The lowest nontrivial order of the expansion in ∇⃗2=m2 is the

Schroedinger equationwithHamiltonianH ¼ −∇⃗2=ð2mÞ þ
V0, higher orders add relativistic corrections. Here we see
that V0 is indeed only a constant offset in the energy which
can be changed at will, V0 → V0 þ ΔV0, by shifting the
phase of the nonrelativistic field, ψ → e−iΔV0tψ .

B. Covariant formalism

While the above transformation works well in
Minkowski space-time or an expanding cosmological
space, time is somewhat singled out in the formalism
and we would like to generalize this somewhat. We start
from the action of a free massive real scalar field in a
general space-time (using a mostly plus convention for the
metric),

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
−
1

2
gμνð∇μϕÞð∇νϕÞ −

1

2
m2ϕ2

�
: ð39Þ

Then the Euler-Lagrange equation for ϕ is

−gμν∇μ∂νϕþm2ϕ ¼ 0: ð40Þ

We now use a real, timelike vector field uμ (normalized to
gμνuμuν ¼ −1) to define ψ as a linear combination of ϕ and
its derivative uμ∂μϕ,

ψ ¼ αϕþ iβuμ∂μϕ: ð41Þ

We further define the projector perpendicular to uμ as

Δμν ¼ gμν þ uμuν: ð42Þ

The vector “frame” field uμ can be used to define those
velocities as nonrelativistic that are mostly parallel to it, i.e.,
the velocity vμ is called nonrelativistic if

Δμνvμvν=ðu · vÞ2 ≪ 1: ð43Þ

Note that the frame field uμ resembles somewhat a
(relativistic) fluid velocity.
From the equation of motion (40) we get

uμ∂μψ ¼ ½uμ∂μαþ iβð−m2 þ∇μΔμν∂νÞ�ϕ
þ ½αþ iuν∂νβ − iβ∇μuμ�ðuμ∂μϕÞ: ð44Þ
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Demanding that this be proportional to ψ and introducing
γ ¼ α−1β, we end up with a differential equation for γ
which is very similar to (23),

uν∂νγ þ iBγ2 − ð∇μuμÞγ − i ¼ 0; ð45Þ

where we have here

B ¼ m2 −∇μΔμν∂ν: ð46Þ

If we want ðψ ;ψ�Þ to have the same commutation relations
as ðϕ; uμ∂μϕÞ up to a factor i, we end up with the same
condition for α, Eq. (31), and we can infer

BImðγÞ ¼ 1

2

uμ∂μReðγÞ
ReðγÞ −

1

2
∇μuμ: ð47Þ

The resulting equation of motion for the complex field
is now

i

�
uμ∂μψ þ 1

2
ð∇μuμÞψ

�
¼ −½uμ∂μ argðαÞ − BReðγÞ�ψ :

ð48Þ

With the choice argðαÞ ¼ ðm − V0Þt this equation of
motion corresponds to a Lagrangian very similar to the
usual one for nonrelativistic scalars,

L ¼ i
2
½ðuμ∂μψÞψ� − ψðuμ∂μψ

�Þ�
þ ψ�½uμ∂μ argðαÞ − BReðγÞ�ψ : ð49Þ

Going back to Minkowski space-time gμν ¼ ημν, we can
choose uμ ¼ ð1; 0; 0; 0Þ and argðαÞ ¼ ðm − V0Þt which
leads to the same differential equation for γ as in the
previous section and the action reduces to (38).

C. Application to the FLRW case

Nowwe can go back to the problem of an explicitly time-
dependent space-time geometry. In FLRW space-time the
metric is gμν ¼ diagð−1; a2; a2; a2Þ We now choose our
frame fields as uμ ¼ ð1; 0; 0; 0Þ which fulfils the conditions
from the previous section. The the differential operator
uμ∇μ reduces to the time derivative in this frame (when
acting on a scalar),

uμ∂μψ ¼ ∂tψ ; ð50Þ

and similarly

∇μΔμν∂νψ ¼ a−2∇⃗2
ψ : ð51Þ

The next step is to solve differential equation (45)
using that ∇μuμ ¼ 3H. This can be done by making

the assumption that γ can be written as a power series
in H,

γ ¼
X∞
n¼0

fnðPaÞHn; ð52Þ

where the coefficients fn are analytical functions of the
operator in (16). The form of the fn is determined by a
recursive formula discussed in Appendix B. There is an
interplay of two frequency scales, one is given by the rest
energy m the other by the expansion of the universe or
Hubble rate _a=a ¼ H. While not strictly necessary, for
simplicity we are going to make the assumption H=m ≪ 1
corresponding to late times. The coefficient functions up to
linear order in H are

f0ðPaÞ ¼ m−1P−1
a ;

f1ðPaÞ ¼ −
iH
2m2

ðP−4
a þ 2P−2

a Þ: ð53Þ

For the choice V0 ¼ 0 this gives us the transformation

α ¼
ffiffiffiffi
m
2

r
P1=2

a eimt; γ ¼ 1

m

�
P−1

a −
iH
2m

ðP−4
a þ 2P−2

a Þ
�
;

ð54Þ

such that

ψ ¼
ffiffiffiffi
m
2

r
P1=2

a eimtϕ

þ i
1ffiffiffiffiffiffiffi
2m

p P1=2
a eimt

�
P−1

a −
iH
2m

ðP−4
a þ 2P−2

a Þ
�
π: ð55Þ

The particular choice V0 ¼ 0 then leads to the equation of
motion

i
�
_ψ þ 3

2
Hψ

�
¼ mðPa − 1Þψ : ð56Þ

This is a Schrödinger equation with a dilution term due to
the expansion, sometimes called Hubble damping.

D. Effective Lagrangian for a λϕ4 theory

The following derivation of an effective Lagrangian and
equation of motion for ψ in an interacting theory follows
closely the procedure used by Namjoo, Guth, and Kaiser
[29]. For the relativistic theory we take the action as
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S ¼
Z

d4xa3
�
1

2
ð∂tϕÞ2 −

1

2
a−3ð∇⃗ϕÞ · ð∇⃗ϕÞ

−
1

2
m2ϕ2 −

λ

4!
ϕ4

�
: ð57Þ

The equation of motion for ψ is

i
�
_ψ þ 3

2
Hψ

�
¼ mðPa − 1Þψ þ λ

3!
αγðα�γ�ψ þ αγψ�Þ3

¼ mðPa − 1Þψ þ λ

4!m2
G̃; ð58Þ

where we define

G̃ ¼ eimt

�
P−1=2

a −
iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�

× ðΨe−imt þΨ�eimtÞ3; ð59Þ

and use

Ψ ¼
�
P−1=2

a þ iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�
ψ : ð60Þ

We split now the field ψ into oscillations with different
multiples of argðαÞ ¼ mt,

ψ ¼
X∞
ν¼−∞

eiνmtψν: ð61Þ

We also work with Ψν which is related to ψν linearly
completely analogous to (60). We also expand G̃ into a
similar Fourier series,

G̃ ¼
X∞
ν¼−∞

eiνmtG̃ν; ð62Þ

and find then for the components

G̃ν ¼
�
P−1=2

a −
iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�

×
X∞

μ;μ0¼−∞

fΨμΨμ0Ψ2þν−μ−μ0 þ Ψ�
μΨ�

μ0Ψ
�
4−ν−μ−μ0

þ 3ΨμΨμ0Ψ�
μþμ0−ν þ 3Ψ�

μΨ�
μ0Ψν−2þμþμ0 g: ð63Þ

This lets us write equations of motion for each individual
Fourier component ψν

i

�
_ψν þ

3

2
Hψν

�
¼ mðPa − 1þ νÞψ þ λ

4!m2
G̃ν; ð64Þ

or similarly

i

�
_Ψν − KΨþ 3

2
HΨν

�
¼ mðPa − 1þ νÞΨ

þ λ

4!m2

�
P−1=2

a þ iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�
G̃ν; ð65Þ

where

K ¼ ∂t ln

�
P−1=2

a þ iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�
; ð66Þ

is proportional to the Hubble rate H.
This can be rewritten to give an expression for Ψν,

Ψν ¼ −iΓν

�
_Ψν − KΨν þ

3

2
HΨν

�
þ λGν; ð67Þ

with the abbreviation

Γν ¼ −ðmðPa − 1þ νÞÞ−1; ð68Þ

and

Gν ¼
1

4!m2
Γν

�
P−1=2

a þ iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�
G̃ν: ð69Þ

For the nonrelativistic limit we want to end up with an
effective equation of motion for the slow field ψ s ¼ ψν¼0

and assume that all other ψν and their time derivatives
(corrected to account for the spatial expansion) are small.
For this purpose we expand Ψν and Gν in orders of several
small parameters namely λ, ( _Ψν − KΨν þ ð3=2ÞHΨνÞ=Ψν,

and eventually also ∇⃗2=m2.
We write formally the Fourier components of the field as

a perturbative series

Ψν ¼
X∞
n¼0

ΨðnÞ
ν ; ð70Þ

where at leading order only the slow field Ψs is non-

vanishing, Ψð0Þ
ν ¼ δν;0Ψs. Moreover, the slow field has no

contributions from higher orders in the perturbative expan-

sion, Ψðn>0Þ
0 ¼ 0. The first order in the perturbative expan-

sion gives for ν ≠ 0 the relation

Ψð1Þ
ν ¼ λGð0Þ

ν ; ð71Þ

Higher orders are then governed by a recursive formula,

Ψðn>1Þ
ν ¼−iΓν

�
_Ψν−KΨνþ

3

2
HΨν

�ðn−1Þ
þ λGðn−1Þ

ν : ð72Þ

REAL SCALAR FIELD, THE NONRELATIVISTIC LIMIT, AND … PHYS. REV. D 102, 036024 (2020)

036024-7



While it might seem problematic that there is _Ψν on the
right-hand side, a term like this also arises in the
Minkowski space-time case and was discussed in [29]
(and shown to be unproblematic in the Appendix). We use

(71) to expand the equation of motion for ψ s up to second
order in small parameters (except for the spatial deriva-
tives). For simplicity, we consider only terms up to linear
order in (H=m). This yields

i

�
_ψ s þ

3

2
Hψ s

�
¼ mðPa − 1Þψ s þ λΓ−1

0

�
P−1=2

a þ iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�

−1
G0

≈mðPa − 1Þψ s þ
λ

8m2

�
P−1=2

a −
iH
2m

ðP−7=2
a þ 2P−3=2

a Þ
�
jΨsj2Ψs

þ λ2

192m4
ð3Γ2 þ 6Γ�

2 þ Γ�
4 þ Γ−2Þjψ sj4ψ s: ð73Þ

Expanding also in the spatial derivatives then yields

i

�
_ψ s þ

3

2
Hψ s

�
≈ −

1

2a2m
∇⃗2

ψ s þ
λ

8m2
jψ sj2ψ s −

1

8a4m3
∇4ψ s þ

λ

32a2m4
½ψ2

s∇⃗2
ψ�
s þ 2jψ sj2∇⃗2

ψ s þ ∇⃗2ðjψ sj2ψ sÞ�

þ i
7λH

32a2m5
½−ψ2

s∇⃗2
ψ�
s þ 2jψ sj2∇⃗2

ψ s − ∇⃗2ðjψ sj2ψ sÞ� −
17λ2

768m5
jψ sj4ψ s: ð74Þ

This equation of motion then corresponds to an effective Lagrangian

Leff ¼
i
2
ð _ψ sψ

�
s − ψ s _ψ

�
sÞ −

1

2a2m
ð∇⃗ψ sÞð∇⃗ψ�

sÞ −
λ

16m2
jψ sj4 þ

1

8a4m3
ð∇⃗2

ψ sÞð∇⃗2
ψ�
sÞ

−
λ

32a2m4
jψ sj2ðψ�

s∇⃗2
ψ s þ ψ s∇⃗2

ψ�
sÞ − i

7λH
32a2m5

jψ sj2ðψ�
s∇⃗2

ψ s − ψ s∇⃗2
ψ�
sÞ þ

17λ2

9 · 28m5
jψ sj6: ð75Þ

Notably, we have a term with an imaginary coefficient in the
effective Lagrangian. This term is proportional to
both coupling strength λ and the Hubble rate H. It does

however not break unitarity because ðψ�
s∇⃗2

ψ s − ψ s∇⃗2
ψ�
sÞ ¼

2iImðψ�
s∇⃗2

ψ sÞ is purely imaginary.
Let us note that while the last term in (75) seems to imply

an instability (because the coefficient of jψ sj6 is positive
and therefore contributes negatively to the effective poten-
tial), this is not necessarily a problem. In a relativistic
context the effective potential needs to be bounded from
below because otherwise the theory would become unsta-
ble and energy could be gained by making the spatially
homogeneous part of the field grow. In the nonrelativistic
setup, fast oscillating modes have been integrated out and
the contribution of particles rest masses ∼mc2 × N has
already been subtracted from the Hamiltonian. The residual
energy is not always bounded. However, as a consequence
of the global Uð1Þ symmetry in the nonrelativistic theory,
particle number is strictly conserved. This forbids a growth
of the homogeneous part of ψ .
One can also understand this phenomenon from another

point of view. The analytic structure of the nonrelativistic
propagator (related to nonrelativistic causality) leads to a
decoupling between different sectors of the theory familiar

from quantum mechanics. The single particle problem can
be solved independent of the two particle problem, the
two particle problem can be solved independent of the
three particle problem and so on [33]. This decoupling
also excludes the possibility that energy is gained from an
instability of the vacuum.
Despite these arguments, the positive sign in front of the

jψ sj6 term in (75) is still interesting, specifically in the
context of a many body calculation at nonvanishing density
and temperature. A more detailed calculation must show
how it influences the form of the full quantum effective
potential and the (quantum) phase diagram.

E. Complex scalar fields

Let us now turn to complex relativistic fields and study
their nonrelativistic limit, as well. We may decompose a
complex scalar field in terms of two real fields,

Φ ¼ 1ffiffiffi
2

p ðϕ1 þ iϕ2Þ: ð76Þ

The behaviour of the real scalar fields ϕ1 and ϕ2 is given by
the Hamiltonian dynamics in Eq. (19). For simplicity, let us
discuss two noninteracting real scalars in Minkowski
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space-time such that the Lagrangian can be written in terms
of the complex field,

L ¼ −ημνð∂μΦ�Þð∂νΦÞ −m2Φ�Φ: ð77Þ

The conjugate momenta for the complex scalar and its
complex conjugate are

Π ¼ ∂L
∂ _Φ

¼ _Φ�; Π� ¼ ∂L
∂ _Φ� ¼ _Φ: ð78Þ

The Hamiltonian assumes the form

H ¼ Π�Πþ ð∇⃗ϕ�Þð∇⃗ϕÞ þm2Φ�Φ: ð79Þ

We now transform the real scalars ϕ1 and ϕ2 into (non-
relativistic) complex fields ψ1 and ψ2 respectively, follow-
ing the same steps as previously. The Lagrangian becomes

L¼
X2
n¼1

i
2
ð _ψnψ

�
n−ψn _ψ

�
nÞ−ψ�

nðmðP−1ÞþV0Þψn: ð80Þ

Similarly to the transformation for the real scalars we define

Ψ1 ¼ αðΦþ iγΠ�Þ ¼ 1ffiffiffi
2

p ðψ1 þ iψ2Þ;

Ψ2 ¼ αðΦ� þ iγΠÞ ¼ 1ffiffiffi
2

p ðψ1 − iψ2Þ: ð81Þ

These two fields are for particles and antiparticles, respec-
tively. The Lagrangian can be rewritten in terms these
fields as

L ¼
X2
n¼1

�
i
2
ð _ΨnΨ�

n −Ψn
_Ψ�
nÞ −Ψ�

nðmðP − 1Þ þ V0ÞΨn

�
:

ð82Þ

While we used Minkowski space-time as an example, the
transformation and resulting Lagrangian holds in general
for systems in which the transformation of the real scalars
can be performed.
In covariant notation,

Ψ1 ¼ αðΦþ iγuμ∇μΦÞ ¼ 1ffiffiffi
2

p ðψ1 þ iψ2Þ;

Ψ2 ¼ αðΦ� þ iγuμ∇μΦ�Þ ¼ 1ffiffiffi
2

p ðψ1 − iψ2Þ: ð83Þ

The Lagrangian becomes

L ¼
X2
n¼1

�
i
2
ððuμ∂μΨnÞΨ�

n − Ψnðuμ∂μΨ�
nÞÞ

þΨ�
nðuμ∂μ argðαÞ − BReðγÞÞΨn

�
: ð84Þ

While a noninteracting relativistic theory will always lead
to a Lagrangian that decomposes into separate Ψ1 and Ψ2

parts for particles and antiparticles respectively, interactions
in the relativistic theory will introduce mixed terms into the
nonrelativistic Lagrangian.

To lowest order in ∇⃗2 the equation of motion matches
with the simpler limit from the introduction for Minkowski
and FLRW space-time if we make the choices argðαÞ ¼ mt,
uμ ¼ ð1; 0; 0; 0Þ and set Ψ2ðxÞ ¼ 0. This last choice is the
point at which we decide to neglect any possible anti-
particle excitations which are not present in the simpler
limit. For Minkowski space-time in lowest order approxi-
mation the equation of motion becomes the one obtained
from the naive formalism (4),

F. Symmetries

The Lagrangian of the free real scalar field has for a
general space-time metric a Z2 symmetry. In the trans-
formed Lagrangian (38) this symmetry is upgraded to a
global Uð1Þ symmetry. The associated Noether charge is

Q ¼
Z

d3x
ffiffiffiffiffiffi
−g

p jψ j2; _Q ¼ 0: ð85Þ

For Minkowski space-time we have something that resem-
bles the conservation of the particle number in quantum
mechanics. In FLRW space-time the determinant of the
metric introduces a factor that accounts for the spatial
expansion over time which implies

R
d3xjψ j2 ∝ a−3ðtÞ.

Note that this emergent Uð1Þ symmetry is in principle
broken by any interaction term ϕn in the original
Lagrangian. However, the low energy perturbative expan-
sion we have made in Sec. III D enforces it even in the
approximation to the interacting theory. Beyond this
approximation, inelastic processes such as 2 → 4 and 4 →
2 should be possible that also break the emergent Uð1Þ
symmetry.
In the case of the complex scalar field, the Lagrangian

has a global Uð1Þ symmetry already before the trans-
formation. After the transformation there are two indepen-
dentUð1Þ symmetries forΨ1 andΨ2 each as well as aUð2Þ
symmetry for the duplet ðΨ1;Ψ2Þ. The Uð1Þ symmetries
again correspond to something akin to conserved individual
particle numbers. If there is an interaction term present in
the original action that preserves the Uð1Þ symmetry of Φ,
the individual Uð1Þ symmetries for Ψ1 and Ψ2 as well
as the Uð2Þ symmetry break down to a single global Uð1Þ
symmetry realized by
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Ψ1 → eiαΨ1; Ψ2 → e−iαΨ2: ð86Þ

The corresponding Noether charge then is

Q ¼
Z

d3xðjΨ1j2 − jΨ2j2Þ; _Q ¼ 0; ð87Þ

which resembles charge conservation. Notably, this sym-
metry does not have to be explicitly enforced in the
approximation to be maintained in the nonrelativistic limit.

G. Transformation of the functional integral

We start from the Hamiltonian form of the path integral
for the relativistic scalar theory in Minkowski space,

Z ¼
Z

DϕDπ exp

�
i
Z

d4x½π _ϕ −Hðϕ; πÞ�
�
: ð88Þ

This form of the functional integral is most directly related
to a nonrelativistic functional integral

Z ¼
Z

DψDψ� exp fiS½ψ ;ψ��g: ð89Þ

Indeed, the complex field ψ is just a linear combination of
ϕ and the conjugate momentum field π as displayed by
Eq. (20), cf. also Ref. [34]. We use Fujikawa’s method
(cf. [35]) to identify potential anomalies. In order for the
transformation to possibly be free of anomalies, we must
show that the transformation of the integral measure does
not add further terms. For this purpose we decompose both
relativistic and nonrelativistic fields into orthonormal

eigenfunctions λ̂n of the Laplace-Beltrami operator −∇⃗2

with eigenvalues λn as

ϕ ¼
X
n

anðtÞλ̂n; π ¼
X
n

bnðtÞλ̂n;

ψ ¼
X
n

a0nðtÞλ̂n; ψ� ¼
X
n

b0nðtÞλ̂i: ð90Þ

The transformation of the path integral measure is given by
the Jacobian of the transformation between primed and
unprimed coefficients. The connection between the rela-
tivistic and nonrelativistic coefficients is given by

a0nðtÞ ¼ λ̂†n · ψ ¼ αðλnÞ½anðtÞ þ iγðλnÞbnðtÞ�;
b0nðtÞ ¼ λ̂†n · ψ� ¼ α�ðλnÞ½anðtÞ − iγ�ðλnÞbnðtÞ�: ð91Þ

The Jacobian of the transformation is now the determinant
of a block matrix

J ¼
				 det

 ∂a0m∂an
∂a0m∂bn

∂b0m∂an
∂b0m∂bn

!				
¼
				 det

�
δmnαðλnÞ iδmnαðλnÞγðλnÞ
δmnα

�ðλnÞ −iδmnα
�ðλnÞγ�ðλnÞ

�				
¼ j detð−iδmnjαðλnÞj2ðγ�ðλnÞ þ γðλnÞÞÞj
¼ j detð−iδmnÞj ¼ 1: ð92Þ

We infer that the measure of the path integral seems to have
no obvious anomalies under the NGK transformation, at
least for the charge neutral fields we have investigated.

IV. INTERPRETATION AS BOGOLIUBOV
TRANSFORMATION

In Minkowski space-time it is possible to decompose the
scalar field operator into annihilation and creation operator as

ϕ ¼
Z

d3k

ð2πÞ3 ffiffiffiffiffiffiffiffi
2Ek⃗

p ðak⃗eik⃗ x⃗ þ a†
k⃗
e−ik⃗ x⃗Þ: ð93Þ

In a time-dependent situation such as a cosmological
expansion one can write similarly

ϕ ¼
Z

d3k
ð2πÞ3 ðak⃗fk⃗ðtÞe

ik⃗ x⃗ þ a†
k⃗
f�
k⃗
ðtÞe−ik⃗ x⃗Þ; ð94Þ

but there is an additional freedom in the choice of the mode
functions fk⃗. The latter are only restricted by a differential
equation and a normalization condition. Different choices of
mode functions correspond to different choices of annihila-
tion and creation operators and also have different vacua.
This change between operators can be expressed as a

linear transformation

bk⃗ ¼ uk⃗ak⃗ þ v�
−k⃗
a†
−k⃗
; b†

k⃗
¼ u�

k⃗
a†
k⃗
þ v−k⃗a−k⃗: ð95Þ

If the new set of operators ðbk⃗; b†k⃗Þ can be written in this
way in terms of the old ones ðak⃗; a†k⃗Þ and the condition

juk⃗j2 − jv−k⃗j2 ¼ 1 holds, this is called a Bogoliubov trans-
formation. This type of transformation leaves the commu-
tation relations invariant, ½bk⃗; b†k⃗� ¼ ½ak⃗; a†k⃗�.
However, a vacuum state with respect to a certain choice

of operators might not be vacuum state with respect to the
transformed ones. The density of b-particles in the a-
vacuum is given by jvk⃗j2. As we are working in the context
of quantum fields on curved backgrounds, it is interesting
to express our transformation between relativistic and
nonrelativistic fields as a Bogoliubov transformation.
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A. Minkowski space-time

The canonical transformation introduced can also be
interpreted as a Bogoliubov transformation between two
sets of annihilation and creation operators ðap⃗; a†p⃗Þ and
ðbp⃗; b†p⃗Þ. To see this we start with the standard definition of
these operators for a real scalar in Minkowski space-time,

ϕ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffi
2Ep⃗

p ðap⃗eip⃗ x⃗ þ a†p⃗e
−ip⃗ x⃗Þ;

π ¼ −i
Z

d3p
ð2πÞ3

ffiffiffiffiffiffi
Ep⃗

2

r
ðap⃗eip⃗ x⃗ − a†p⃗e

−ip⃗ x⃗Þ; ð96Þ

with Ep⃗ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þm2

p
. We then define the creation and

annihilation operators for the transformed fields through

ψ ¼
Z

d3p
ð2πÞ3 bp⃗e

ip⃗ x⃗; ψ� ¼
Z

d3p
ð2πÞ3 b

†
p⃗e

−ip⃗ x⃗: ð97Þ

Using the transformation ψ ¼ αðϕþ iγπÞ and comparing
yields relation (95) between operators with the mode
functions

up⃗ ¼ 1ffiffiffiffiffiffiffiffi
2Ep⃗

p ðαþ iαγEp⃗Þ;

vp⃗ ¼ 1ffiffiffiffiffiffiffiffi
2Ep⃗

p ðα� þ iα�γ�Ep⃗Þ ¼ v−p⃗; ð98Þ

where α and γ are now no longer differential operators, but

each ∇⃗2 is replaced by −p2. To confirm that the trans-
formation indeed leads to the correct commutation relations
for the new operators we have to check

jup⃗j2 − jvp⃗j2 ¼ jαj2ðγ� þ γÞ ¼ 1; ð99Þ

which is equivalent to condition (31). A consequence of the
Bogoliubov transformation is that a vacuum state defined
with respect to ðap⃗; a†p⃗Þ is not in general a vacuum state

with respect to ðbp⃗; b†p⃗Þ. The number density of b-particles
in the a-vacuum is

h0ajnbj0ai ¼
Z

d3p
ð2πÞ3 jvp⃗j

2; ð100Þ

with

jvp⃗j2 ¼
				 1ffiffiffiffiffiffiffiffi

2Ep⃗
p ðα� þ iα�γ�Ep⃗Þ

				2

¼ −
1

2
jαj2ðγ þ γ�Þ þ jαj2

2Ep⃗
ð1þ jγj2E2

p⃗Þ: ð101Þ

After applying condition (31), the first term becomes −1=2.
The second term requires us to substitute the actual

transformation we chose. In the case of the real scalar in
Minkowski space-time that means

jαj2 ¼ 1

2
Ep⃗; jγj2 ¼ 1=E2

p⃗: ð102Þ

With this we find vp ¼ 0which implies also that relativistic
and nonrelativistic theory have the same vacuum state,
j0ai ¼ j0bi, This result is very intuitive since it confirms
that, even on the level of a quantum theory, the free theory
before and after the transformation describe the same
particle excitations.

B. Cosmologically expanding space-time

In FLRW space-time the expansion of the relativistic
fields is usually done with a mode function fk⃗. We assume
fk⃗ ¼ f−k⃗ and write

ϕ¼ 1ffiffiffi
2

p
Z

d3k
ð2πÞ3 ½fk⃗ðtÞak⃗e

ik⃗ x⃗þf�
k⃗
ðtÞa†

k⃗
e−ik⃗ x⃗�;

π¼ _ϕ¼ 1ffiffiffi
2

p
Z

d3k
ð2πÞ3 ½

_fk⃗ðtÞak⃗eik⃗ x⃗þ _f�
k⃗
ðtÞa†

k⃗
e−ik⃗ x⃗�: ð103Þ

If we demand that both ðϕ; π ¼ uμ∇μϕ ¼ _ϕÞ and ðak⃗; a†k⃗Þ
fulfill the usual commutation relations

½ϕðt; x⃗Þ;πðt; y⃗Þ� ¼ iδðx⃗− y⃗Þ; ½ak⃗;a†p⃗� ¼ δðk⃗− p⃗Þ; ð104Þ

we get the condition for the mode function

Imðf�
k⃗
ðtÞ _fk⃗ðtÞÞ ¼ −1: ð105Þ

Let now Uk⃗ ∈ GLð2;CÞ be an invertible linear trans-
formation on which we will impose further conditions later
and ζk⃗ a function of time and momentum. We define bk⃗ and

b†
k⃗
through

�
ψ

ψ�

�
¼ 1ffiffiffi

2
p
Z

d3k
ð2πÞ3Uk⃗

0
B@ ζk⃗ðtÞfk⃗ðtÞbk⃗eik⃗ x⃗

ζ�
k⃗
ðtÞf�

k⃗
ðtÞb†

k⃗
e−ik⃗ x⃗

1
CA: ð106Þ

Again, we demand that the standard equal time commu-
tation relations hold,

½ψðt; x⃗Þ;ψ�ðt; y⃗Þ� ¼ δðx⃗− y⃗Þ; ½bk⃗;b†p⃗� ¼ δðk⃗− p⃗Þ: ð107Þ

This imposes a constraint on the modulus of ζk⃗,

jfk⃗j2 detðUk⃗Þ
2

jζk⃗j2 ¼ 1: ð108Þ

After substituting ψ ¼ αðϕþ iγπÞ and inverting uk⃗, we

identify transformation coefficients between ðak⃗; a†k⃗Þ and
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ðbk⃗; b†k⃗Þ as in the Minkowski space-time case (95). In order

for this to possibly be a Bogoliubov transformation, the
matrix Uk⃗ has to obey

ðU−1
k⃗
Þ12 ¼ ðU−1

k⃗
Þ�21 ¼ ν�;

ðU−1
k⃗
Þ11 ¼ ðU−1

k⃗
Þ�22 ¼ μ: ð109Þ

With this the transformation coefficients can be
expressed as

uk⃗ ¼ ðζk⃗fk⃗Þ−1½μαðfk⃗ þ iγ _fk⃗Þ þ ν�α�ðfk⃗ − iγ� _fk⃗Þ�;
vk⃗ ¼ ðζ�

k⃗
f�
k⃗
Þ−1½ναðfk⃗ þ iγ _fk⃗Þ þ μ�α�ðfk⃗ − iγ� _fk⃗Þ�: ð110Þ

The last requirement for this to be a Bogoliubov trans-
formation is juk⃗j2 − jvk⃗j2 ¼ 1. One may check that this is
indeed fulfilled. For an appropriate choice of Uk⃗ and ζk⃗ the

transformation from ðak⃗; a†k⃗Þ to ðbk⃗; b
†
k⃗
Þ can be interpreted as

a Bogoliubov transformation, indeed. Notably, the condi-
tions imposed onUk⃗ when combined with the normalization
detðUÞ ¼ 1 constrainUk⃗ exactly to the group of Bogoliubov
transformations.

V. CONCLUSIONS

In this paper, we have extended the methods for taking
the nonrelativistic limit of a field theory developed by
Namjoo, Guth, and Kaiser [29] to more general space-time
metric. This requires introducing a normalized timelike
vector that defines nonrelativistic velocities as being
parallel to it except for small deviations. One is then led
to a differential equation, the solution of which fixes the
precise form of the canonical transformation between (real)
relativistic and (complex) nonrelativistic fields.
The method we developed allows the Lagrangian of the

nonrelativistic field to still be invariant under general
coordinate transformations at an intermediate step. This
invariance is then lost later in the actual low energy
approximation. The formalism extends naturally to com-
plex scalar fields and leads to a nonrelativistic description
of both particles and antiparticles. Neglecting either one
and expanding only to lowest nontrivial order in momenta
however agrees with the more naive c → ∞ limit; this is a
good check of consistency.
We applied the generalized transformation to a real scalar

field in FLRW space-time. This introduces a nonvanishing
imaginary part in the prefactor γ of the momentum field that
is not present in Minkowski space-time. The mechanism
for obtaining an effective theory for the nonrelativistic field
still works very similar in an expanding FLRW space-time.
In this geometry we calculated the effective nonrelativistic
action corresponding to a ϕ4-interaction in the relativistic
theory up to second order in small parameters. The main
differences compared to Minkowski space-time are the
scale factors accompanying each spatial derivative and a

term proportional to Imðψ�∇⃗2
ψÞ in the effective non-

relativistic action which is caused by the imaginary part
of the transformation parameter γ.
For free theories the transformation from relativistic to

nonrelativistic description causes symmetries to emerge or
to extend. For real scalars, a global Uð1Þ symmetry of the
nonrelativistic field emerges while for complex scalars the
Uð1Þ symmetry is extended to a Uð2Þ symmetry. These
emergent symmetries are in general broken by interaction
terms. The most direct low energy approximation scheme
for obtaining the effective nonrelativistic action however
preserves the Uð1Þ symmetry of the nonrelativistic field
corresponding to a relativistic real scalar. The associated
conserved charge is the spatial integral over the particle
density ρ ¼ jψ sj2 in Minkowski space-time. The density of
nonrelativistic particles in expanding space-time behaves as
expected, scaling as ρ ∼ a−3. The Uð1Þ symmetry of a
complex relativistic scalar translates into a conservation of
the difference of particle and antiparticles numbers jΨ1j2 −
jΨ2j2 which resembles charge conservation, independent of
low energy approximations.
Furthermore, we showed that, provided the transforma-

tion does not introduce an anomaly, in a quantum theory the
creation and annihilation operators of relativistic and non-
relativistic fields can be expressed in terms of each other
through a Bogoliubov transformation. In Minkowski space-
time this transformation consists only of a multiplication by
a time-dependent phase factor and thus leads to the same
vacuum for relativistic and nonrelativistic particles. While
the representation as a Bogoliubov transformation still
works in FLRW space-time, the freedom of choice of
the mode function does not allow for a similarly general
statement about the vacuum state.
The effective low energy theory for the nonrelativistic

fields does at leading orders not account for any particle
number changing processes (e.g., a 4 to 2 scattering in a ϕ4

theory). Such processes would introduce further imaginary
terms into the effective potential to account for the loss of
slow nonrelativistic particles to higher velocities. One way
these terms can be included is by matching T-matrix
elements of relativistic and nonrelativistic theory in the
limit of vanishing ingoing 3-momenta as done by Braaten,
Mohapatra, and Zhang [36].
In the present paper we have considered the trans-

formation from relativistic to nonrelativistic fields as a
rewriting of the microscopic action S½ϕ� → S½ψ �. However,
because it is a linear transformation, one may equally well
relate the one-particle irreducible or quantum effective
actions Γ½ϕ� → Γ½ψ � which are now functions of field
expectation values.
What we have not addressed fully here is the question of

anomalies. Because the transformation between real rela-
tivistic and complex nonrelativistic fields is linear it is
plausible that it remains anomaly free, but this may need a
more detailed investigation in the future.
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Finally, it would also be interesting to extend the
discussion presented here to fermionic fields, and specifi-
cally to study the nonrelativistic limit of Majorana fermions
by similar means.
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Note added.—While preparing the present manuscript,
we became aware of a recent preprint by Salehian,
Namjoo and Kaiser [37] with a similar aim. More specifi-
cally, the relation between a real relativistic scalar field and
a complex, nonrelativistic scalar field in the context of
a cosmologically expanding space-time is discussed there,
as well. However, Ref. [37] differs from ours in several
aspects. While the authors of Ref. [37] agree with us that
the nonlocal field transformation proposed in Ref. [29] is
not directly applicable for an expanding space-time, they
do not generalize it in the way we will describe below, but
instead work with an approximate local transformation with
the problem that rapidly oscillating terms still appear in the
equations of motion. A more detailed comparison between
the approaches is left for future work.

APPENDIX A: CANONICAL TRANSFORMATION
OF THE HAMILTONIAN

From the condition (19) we find that the Hamiltonian has
to be of the form

Hold ¼
1

2
πAπ þ 1

2
ϕBϕ: ðA1Þ

The Hamiltonian of the new fields after canonical trans-
formation is given as

Hnewðφ1;φ2Þ ¼ Holdðϕ; πÞ þ
∂F2

∂t : ðA2Þ

From (29) and (30) we can read off the generating function
of the transformation

F2ðϕ;φ2; tÞ ¼ −
1

2
φ2

�
ImðαγÞ
ReðαγÞ

�
φ2 −

1

2
ϕ

�
ImðαÞ
ReðαγÞ

�
ϕ

þ 1ffiffiffi
2

p φ2

�
1

ReðαγÞ
�
ϕ: ðA3Þ

Substituting the new variables into the old Hamiltonian
gives

Hold ¼
1

2
φ1½BReðγÞ − 2ImðαÞReðα_γÞ�φ1

þ 1

2
φ2½BImðγÞ þ 2ReðαÞImðα_γÞ�φ2

þ φ2½Reðα2 _γÞ�φ1; ðA4Þ

and doing so for ∂tF2 yields

∂tF2 ¼ φ2

�
−
1

2
∂t

�
ImðαγÞ
ReðαγÞ

�
− Im2ðαγÞ∂t

�
ImðαÞ
ReðαγÞ

�

þImðαγÞ∂t

�
1

ReðαγÞ
��

φ2

þ φ2

�
−2ImðαγÞReðαγÞ∂t

�
ImðαÞ
ReðαγÞ

�

þReðαγÞ∂t

�
1

ReðαγÞ
��

φ1

þ φ1

�
−Re2ðαγÞ∂t

�
ImðαÞ
ReðαγÞ

��
φ1: ðA5Þ

Adding these gives us the Hamiltonian for the new
variables which assumes the form

Hnew ¼ 1

2
φ2ð−∂t argðαÞ þ BReðγÞÞφ2

þ 1

2
φ1ð−∂t argðαÞ þ BReðγÞÞφ1; ðA6Þ

or written in terms of ψ and ψ�,

H ¼ −ψ�ð∂t argðαÞ − BReðγÞÞψ : ðA7Þ

This agrees nicely with Eq. (37).

APPENDIX B: ANALYTICAL SOLUTION
FOR γ IN FLRW SPACE-TIME

In FLRW space-time Eq. (45) takes the form

∂tγ þ im2P2
aγ

2 − 3Hγ − i ¼ 0: ðB1Þ

We now assume there is a solution for gamma which is
analytical inH and hence can be expressed as a power series

γ ¼
X∞
n¼0

fnðPaÞHn: ðB2Þ

We further assume that the ratio

Ξ ¼ −
_H
H2

ðB3Þ

(directly related to the deceleration parameter, q ¼ Ξ − 1) is
constant. Now we can look at the individual terms of the
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differential equation at each order in H. The constant term
only contributes at order H0. The linear term shifts the
coefficient functions fn by one order,

−3Hγ ¼ −3
X∞
n¼1

fn−1ðPaÞHn: ðB4Þ

The quadratic term contains all coefficient functions up to the
order we are looking at,

im2P2
aγ

2

¼ im2P2
a

X∞
n¼0

Xn
k¼0

fkðPaÞfn−kðPaÞHn;

¼ im2P2
a

X∞
n¼0

Hn

×

�
ð2 − δn0Þf0ðPaÞfnðPaÞ þ

Xn−1
k¼1

fkðPaÞfn−kðPaÞ
�
:

ðB5Þ

To calculate the time derivative of the fnðPaÞ we use

∂tPa ¼ HðP−1
a − PaÞ; ðB6Þ

which we can then write as

∂tfnðPaÞ ¼ HðP−1
a − PaÞf0nðPaÞ; ðB7Þ

where f0n is to be understood as the derivative ∂xfnðxÞ
evaluated at the given argument. With assumption (B3)
we get

∂tHn ¼ −nΞHnþ1: ðB8Þ

This means that a time derivative always increases the order
inH by one. Thus the time derivative term in the differential
equation can be written as

∂tγ ¼
X∞
n¼1

Hn½ðP−1
a − PaÞf0n−1ðPaÞ − ðn − 1ÞΞfn−1ðPaÞ�:

ðB9Þ

At zeroth order in H only the constant and quadratic terms
contribute and we get

im2P2
af0ðPaÞ2 − i ¼ 0; ðB10Þ

which is solved by

f0ðPaÞ ¼ m−1P−1
a : ðB11Þ

The negative solution does not lead to a valid transformation
as it makes it impossible for α to fulfill condition (31). At
order Hn, n ≥ 1, we have a recursive solution for the fn,

fn ¼
i

2mPa

�
ðP−1

a − PaÞf0n−1 − ð3þ ðn − 1ÞΞÞfn−1

þ im2P2
a

Xn−1
k¼1

fkfn−k

�
: ðB12Þ

By induction one can prove using the above formula that for
n ∈ N

Imðf2nðPaÞÞ ¼ 0; Reðf2nþ1ðPaÞÞ ¼ 0: ðB13Þ

As the Lagrangian for the free nonrelativistic field only
depends on ReðγÞ, this implies that it is an even function of
the Hubble rate H.
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