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Abstract
We present a variational theory of integrable differential-difference equations
(semi-discrete integrable systems). This is an extension of the ideas known
by the names ‘Lagrangian multiforms’ and ‘Pluri-Lagrangian systems’, which
have previously been established in both the fully discrete and fully continu-
ous cases. The main feature of these ideas is to capture a hierarchy of com-
muting equations in a single variational principle. Semi-discrete Lagrangian
multiforms provide a new way to relate differential-difference equations and
partial differential equations. We discuss this relation in the context of the
Toda lattice, which is part of an integrable hierarchy of differential-difference
equations, each of which involves a derivative with respect to a continuous
variable and a number of lattice shifts. We use the theory of semi-discrete
Lagrangian multiforms to derive PDEs in the continuous variables of the Toda
hierarchy, which hold as a consequence of the differential-difference equations,
but do not involve any lattice shifts. As a second example, we briefly discuss
the semi-discrete potential Korteweg-de Vries equation, which is related to the
Volterra lattice.
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1. Introduction

Integrable systems can be described in many different ways, but some of the most important
notions of integrability are formulated in the language of Hamiltonian dynamics. These ideas
go back at least as far as Liouville, but a similar Lagrangian description of integrability is
much more recent. It was first proposed in the context of integrable lattice equations, where all
independent variables are discrete (see e.g. [3, 10, 11]). Later it was developed in the fully con-
tinuous case as well, describing families of commuting ordinary differential equations (ODEs)
or partial differential equations (PDEs), see e.g. [21, 22, 27].

In the case of a family of ODEs, each equation is given its own independent variable. The
Euclidean space spanned by all these variables is called multi-time. The assumption that the
ODEs commute means that solutions can be understood as functions of multi-time, rather than
functions of a single time variable. In the case of PDEs, the members of an integrable family
typically share their space variables, but again they are each given their own time variable. In
this case, multi-time is spanned by both the common space-variables and the individual time
variables. In the fully discrete case, multi-time is a lattice Z" instead of a continuous Euclidean
space.

The variational formulation of integrability has been presented in two subtly different ways,
under the names ‘Lagrangian multiforms’ and ‘Pluri-Lagrangian systems’. It involves a dif-
ferential form on multi-time. If we are dealing with ODEs, this is a 1-form. If we are consid-
ering a hierarchy of PDEs, it is a d-form, where d is the number of independent variables of
each individual member of the hierarchy. We can integrate this d-form over any orientable d-
dimensional submanifold of multi-time. The variational principle requires that all such action
integrals are critical. We can recover the usual action of one member of the hierarchy by taking
the submanifold to be a coordinate (hyper)plane, but many other choices are possible. Hence
the complete set of ‘multi-time Euler—Lagrange equations’ is larger than the set of Euler—
Lagrange equations of the actions of each individual equation. The additional equations can
be thought of as compatibility conditions between the coefficients of the Lagrangian d-form,
in a similar sense to how vanishing Poisson brackets are a compatibility condition between the
Hamiltonians of a Liouville integrable system. Hence a suitably chosen Lagrangian d-form
can describe an integrable hierarchy in a consistent way.

Connections have been established between the Lagrangian multiform approach and
classical topics in integrable systems such as Hamiltonian structures [21, 25], variational
symmetries [16, 17, 19], and Lax pairs [18].

In the present work we extend the theory of Lagrangian multiforms to the semi-discrete
case, where some of the independent variables are continuous but others discrete. An applica-
tion to semi-discrete systems was proposed in one of the early works on Lagrangian multiforms
[28], but a systematic development of this case has not been carried out before. Our main
example will be the hierarchy consisting of the Toda lattice and its symmetries, which together
form the Toda hierarchy. The first two equations of this hierarchy are

g1 =exp(q —q) —exp(q —q),
9> =q; +exp(g—q) +exp(g —q),

where subscripts denote derivatives with respect to the continuous independent variables ¢; and
1, and the bar and underline denote lattice shifts in opposite directions. When considering only
these two equations, we can take g to be a function of Z x R2, so our multi-time is described
by one discrete and two continuous variables. When considering additional members of the
hierarchy, with time variables 73, . .., ty, our multi-time will be Z x RN,
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A continuous Lagrangian 1-form for the Toda hierarchy was given in [16]. In that descrip-
tion, the elements of the configuration space are vectors describing the positions of all particles.
In particular, the discrete direction is not treated as an independent variable, so the multi-time
in this case is R". In this work we present a semi-discrete Lagrangian 2-form for the Toda hier-
archy, in which the lattice position is a discrete independent variable, i.e. multi-time is Z x R".
The semi-discrete components of this 2-form are closely related to the aforementioned 1-form,
but the doubly continuous components are a new feature. From these doubly continuous com-
ponents we will derive PDEs that hold on each single lattice site. These PDEs do not involve
any lattice shifts, but hold as a consequence of the lattice equations of the Toda hierarchy.

The task at hand is to introduce Lagrangian 2-form theory in the setting of a semi-discrete
multi-time Z x RY. This will require us to define the notions of a semi-discrete differential
form and of a semi-discrete submanifold of Z x R¥. The central principle of semi-discrete
Lagrangian multiform theory can then be formulated in terms of the action integrals obtained
by integrating a semi-discrete 2-form over an arbitrary semi-discrete surface within Z x R¥.
Although in the example of the Toda hierarchy the discrete direction has the interpretation of
space and the continuous variables can be thought of as times, this interpretation plays no role
on the general theory.

The plan for the paper is as follows. In section 2 we introduce the notions of semi-discrete
manifolds and semi-discrete differential forms. In section 3 the theory of semi-discrete Lag-
rangian multiforms is developed. In section 4 we derive a semi-discrete Lagrangian 2-form for
the Toda lattice and study its implications. In section 5 we briefly present a second example:
the semi-discrete potential Korteweg-de Vries (KdV) hierarchy, which is closely related to the
Volterra lattice. We close the paper with a few concluding thoughts and an appendix containing
the computations required to generalise the theory to higher semi-discrete forms.

2. Semi-discrete geometry

In this section we present the necessary concepts of semi-discrete geometry. For ease of
presentation we assume throughout the main text that there is only one discrete dimension.
However, all concepts can be extended to a context with several discrete directions, as is dis-
cussed in the appendix.

A semi-discrete surface in Z x RY is a collection of surfaces and curves in RY, which are
each assigned a value of Z. A possible intuition is that the curves represent the locations where
the surface ‘jumps’ to a different value of Z. An example is shown in figure 1. This intuition
is limited, however, because the semi-discrete surfaces that have the most obvious dynamical
meaning consist entirely of lines. If Z x R¥ is the space of independent variables (k, 1, ... ,ty)
of the Toda hierarchy, then the nth Toda equation can be considered on the subspace with
H,yoosty—1,tht1,- - ., ty fixed, which is a semi-discrete surface consisting of a line in the #,-
direction at each lattice site. Furthermore, this is the semi-discrete surface which we would
integrate over in the variational principle for the nth Toda equation by itself. To obtain a vari-
ational description of the hierarchy as a whole, i.e. a semi-discrete Lagrangian 2-form, more
general semi-discrete surfaces will be needed.

To be precise, we have the following definition:

Definition 1. (a) A d-dimensional semi-discrete submanifold S of Z x R is pair of disjoint

unions
S= <|_| schL S;j)

kEZ kEZ
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Figure 1. Visualisation of the space Z x R? and a semi-discrete surface inside of it.
The two-dimensional elements of the semi-discrete surface are shown in black and the
one-dimensional elements in white. Note that we have oriented the one-dimensional ele-
ments opposite to the boundaries of the two-dimensional elements, so that these cancel
each other when taking the boundary of the semi-discrete surface.

where S¢ ! is a disjoint union of oriented (d — 1)-dimensional submanifolds of RY and $¢
is a disjoint union of oriented d-dimensional submanifolds of RY.
The disjoint unions $¢~' and S¢ represent the continuous and semi-discrete elements of
the semi-discrete surface at discrete position k € Z. They are defined as disjoint unions of
submanifolds, rather than submanifolds themselves, to allow for overlapping elements and
count their multiplicity.

(b) If d =2 we speak of a semi-discrete surface and if d =3 of a semi-discrete volume.

(c) The boundary OS of the d-dimensional semi-discrete submanifold S is a (d—1)-
dimensional semi-discrete submanifold given by

d—1 d) | ed—1 d—1
os= (| |-os{" | | (osiusitu—si) |,
kEZ kez
where the minus sign denotes a change of orientation.
Note that the sign conventions are chosen to ensure that the boundary of a boundary is
empty (modulo disjoint unions of two copies of the same manifold with opposite orienta-
tions).

Remark 2. To make sure a semi-discrete surface looks like a discretization of a smooth sur-
face, we could require that the 5271 and S¢ do not contain overlapping elements and that the
corresponding subset
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(U{k} X Si) U <U[k,k+ 1] x S@“) CRxRY

k k

is a topological manifold. However, this restriction is not needed in any of the following. A
related, but more useful, restriction would be to consider only semi-discrete submanifolds
without boundary. Just like in the classical calculus of variations, we will impose that vari-
ations vanish on the boundary of the submanifold on which the action is defined. Considering
submanifolds without boundary would remove this condition. Examples of semi-discrete sub-
manifolds without boundary include:

e An unbounded continuous manifold at one lattice site: S{ ' = 0, §¢ = () for k # ko, and S{,
a d-dimensional manifold without boundary.

e Copies of the same (d — 1)-dimensional manifold in all lattice locations: SZ_I independent
of k and S¢ = 0.

e The semi-discrete surface shown in figure 1, assuming it is continued in a suitable way
beyond the edges of the image.

At the other extreme, a simple example of a semi-discrete submanifold in Z x R? with a
very large boundary can be constructed by intersecting the inclined plane {(o,1,1) | to,t1 €
R} C R? with Z x R?. We get:

o S ={(t1,k) | 1, € R} and S¢ = . It consists only of lines, and it is contained within its
boundary, which is given by

d—1 d—1

88 = ((2), | ] (s u—skﬂ)) :
kEZ

This surface will not be of interest in the variational principle, since any variation that van-

ishes on the boundary vanishes on the whole surface.

The semi-discrete space Z x R" will be our space of independent variables, which we call
multi-time. We consider semi-discrete fields g : Z x RY s Q, taking values in some configur-
ation space Q. Often we will have Q =R or Q = C. When there is no risk of confusion we

will write ¢! or simply g for g(n,ty,...,ty). To denote partial derivatives of ¢ we will use a
multi-index notation. A multi-index is an N-tuple I = (iy,...,iy) of non-negative integers. We
define
8[] 8[N
[ = — ... —(,
1 orl oy 1

so that each entry of [ states the number of derivatives to be taken with respect to the corres-
ponding time variable. We will use the notations It; and I \ #; to raise or lower an entry of 7, i.e.

Il}:(il,...,ij—f—l,...,iN),
I\fj:(il,...,ij—l,...,iN) lflj>0

We write I # t; if i; = 0. By T we denote the shift operator: Tl = gl"*1 i.e.
Tq(nty,...ty) =qgn+1L,t,... ty).

We denote by Q the set of all semi-discrete fields. We are interested in functions of the semi-
discrete fields that are autonomous (only depend on Z x RY through ¢ € Q) and local in the
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sense that f[¢!"] depends on ¢"+*) = g(n + k,11,.. ., ty) and its derivatives for a finite number
of k € Z. Since f is assumed to be autonomous, the shift operator acts on it as 7 flg] =f[Tq].

Definition 3. (a) A Q-dependent semi-discrete d-form on Z x R" is a pair

Llgl = (£ '[q], £L'[q))

consisting of a (d — 1)-form and a d-form, with coefficients that are functions of Q in the
sense explained above.

(b) The semi-discrete integral of £ over a d-dimensional semi-discrete submanifold S is given
by

/c[q} => e 4] +Z/d£“ [44],
s [ K 7Sk

where the integral over a disjoint union of submanifolds is understood as the sum of the
integrals over each of the submanifolds.

(c) The exterior derivative of L[g] = (£/~'[g], £/[g]) is a Q-dependent semi-discrete (d +
1)-form defined by

dC = (A(LY) —dc !, de?), 2.1)

where A = id — 7! is the backward difference operator.

The signs in equation (2.1) are chosen such that we get the usual alternating expressions in
terms of the coefficients of L. Indeed, if we write

L= Z L(),'] m,'d_]dl,']/\.../\dlid_], Z L,‘l __,,'ddl,‘]/\.../\dl,'d
i1<...<ig—1 i1<...<ig
then we find
d
dl = ( Z <AL1'1 g T Z(_])aDial‘Oil ...i;...i[/> dri, A...Adf,,
n<...<ig a=1
d+1
—1
Z Z(—l)a Di, Ly i, d AAdly, ]
i1<...<igy1 a=l1
where

0 0
D; = aftl_‘Fz[:CIIt,-afql

is the total derivative with respect to ;.
Our definition of the exterior derivative is justified by the following semi-discrete version
of Stokes’ theorem.

Theorem 4. Let S be a (d+ 1)-dimensional semi-discrete submanifold of 7. x RN and L a
Q-dependent semi-discrete d-form. There holds

/dﬁ =/ L
s as
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Proof. Using our definitions and the smooth Stokes theorem we find

/dL‘ Z/ (ac!|q¥] —act[gH]) +Z// dz[q
d +1

-5l [l /asgc“w)

#3 [ els]
x [

+Zk:</as;’+‘£ [ [k]] +/Sg/:d[q[’“]} /Sz+1£d[q[kq>
= L.

a8

O

We close this section with an important lemma about commuting the shift operator and the
total derivative with partial derivatives.

Lemma 5. There holds

oTYf 4 O
o0 =T g 2.2)
oOf) _ o O 03

9q; B 3(]1\5. j%

where I\ t; is the multi-index obtained from I be reducing the jth entry by one, and the term
containing it is taken to be zero if I Z ;.

Proof. Equation (2.2) is a direct consequence of the fact that 7 acts on all instances of ¢ in
the expression to the right of it. To derive equation (2.3) we calculate

O(Dyf of of o of
- L —p L S
3611 5’611 Z s ; 9400 " Dqny 041" Oan,

3. Semi-discrete Lagrangian multiforms

In the continuous Lagrangian multiform theory, the central object is a Lagrangian d-from,
which is integrated over arbitrary d-dimensional submanifolds of multi-time. In the following,
this role will be played by a Q-dependent semi-discrete 2-form L[g] = (£'[q], £*[g]) with

= Z Loj[q] dt;
>0
and

= Z Llj[q] di; A dl‘j.

j>i>0
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If j<i we define L;j = —Lj;.

Definition 6. We say that a semi-discrete field ¢ : Z x RN — Q is critical for £[q] if for every
semi-discrete surface S it satisfies

/ﬁ[q—i—sv] =0 (3.1
e=0YS

9
Oe
for any field v that vanishes (along with all of its derivatives) at the boundary of S.

Equation (3.1) can also be written as

5 [ cta = [ 5cal =0

where ¢ is the Gateaux derivative in a direction to be specified (the arbitrary v in Definition 6).
This 0 can also be understood as the vertical exterior derivative in the variational bicomplex
(see for example [2] or [22, appendix]).

Definition 7. The 1- and 2-dimensional continuous variational derivatives of a function P,
with respect to g;, are defined as

SP S (- 1yepp opP

dar D
041 o,BEN ‘ 8q”i“’,'5

where N=1{0,1,2,...}.
The semi-discrete variational derivatives of a function P, with respect to g;, are defined

as
6o P 0
= N7, (3.2q)
dqr Oq; ,;\,
b _ O~ (3.2b)
;ql 6(?1 neN 7 .
0P 0jj “n
97 TN np, 3.2¢
d0qr  Oqr % (3:20)

To give a few examples, denoting g = T ¢ and g = T g, we have

doid;

- _2Diq1/ = _qu[l;a

2
L= 72Dl‘qli = 72qtiti7

LS

+q,

g.

The last example highlights the fact that there are no positive shifts in the right hand sides
of equation (3.2).

Remark. The familiar variational derivative % is part of an exact complex, satisfying g—é] o
D; = 0. This property fails for some of the variational derivatives of Definition 7. For example,

8
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i
8q;

A)q =1 0. We still use the term ‘variational derivative’ because these are the expressions
that we encounter in the calculus of variations in multi-time.

we have ($-o0D;)g=1 0. The analogous discrete property also fails, for example (g—z o

Proposition 9. The following are equivalent:

(a) The field q is critical.

(b) 6dL =0.
(c) For all multi-indices I and all n there holds
017[;])] = and IL [n]]k =0. (3.3)
dq; oq;

Proof. Assume that ¢ is critical. Consider an arbitrary semi-discrete volume V and integrate
L over its boundary. By Theorem 4 we have

| e= e
v v

Since q is critical, infinitesimal variations of the left hand side must vanish. It follows that

/5d£:5/d£:O.
% %

Since V is an arbitrary volume, it follows that dL = 0.

Following the above steps in reverse, we can see that if ddL = 0, then the variational prin-
ciple is satisfied on all semi-discrete surfaces that are the boundary of some semi-discrete
volume. One can show that this implies that the variational principle is satisfied on all semi-
discrete surfaces. To do this, it is sufficient to observe that the variational principle can be
restricted without loss of generality to variations with an arbitrarily small support, and that
every discrete surface is locally the boundary of some semi-discrete volume.

To prove that (b) and (c) are equivalent, we will show that equation (3.3) holds for all multi-
indices I if and only if

W0 wa Ho
0q; 0q;

(3.4)

for all multi-indices I and all n. This establishes the claimed equivalence, because the left
hand sides of equation (3.4) are the coefficients of ddL. The implication from equation (3.4) to
equation (3.3) follows immediately from the definition of the variational derivatives. To prove
the opposite implication, observe that we can write a partial derivative in terms of variational
derivatives:

0ij _ Z D;XDJB 0ij OJ*TilDiaD@ 0ij L 0ij

1] [n] J [n+1]
9q; a,Be{0,1} Iff‘tjﬂ 0 It,?‘zf3
and
OPji arBryr OiikPiik
P ] — Z DiDjDk5 -
4qi a,B,v€{0,1} qltiarft;’
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Property (i) of proposition 9 will be useful later on, because it is satisfied if the coefficients
of d are products of two factors that vanish on the equations of motion (or are sums of such
products). Hence, if we construct a semi-discrete 2-form such that d£ attains such a ‘double
zero’ on solutions to a set of equations, then it is guaranteed that this set of equations implies
the multi-time Euler-Lagrange equations. The equivalence between (i) and (iii) will be used
in the proof of the following theorem.

Theorem 10. A field is critical if and only if all of the following multi-time Euler-Lagrange
equations hold for all n € Z:

Ol _ W ETN (3.50)
6q£”l] ]

OjLij  dulax _ VI#n, (3.5b)
Sqy Oy

Ol | Opljx | Oilai _ VI, (3.5¢)
Odlyy Sy, Ol

oLy SoiLoi 0 ESS (3.5d)

Sqiy  dg)"

6,,[1;3, B 50jl[;3j n 501‘%31‘ ~0 V1. (3.5¢)
56]11,-1,- 5q[t_,v 66]1!;

If n is such that L;; does not depend on qy’] for any /, then it follows from (3.5d) and (3.5¢) that
doiLo;
5q;"
doiLoj  doiLoi _
oq  od;

=0 Vi, (3.5)

VI (3.59)

Proof of Theorem 10. We write ¢ for ¢/}, hence 7"g = g +". Using lemma 5 we find, for
any multi-index J,

8P0,-j 8L,»j i 8L,»j

OLy 0Ly, OLoi | OLy;

dq;  Oqs Tq; ~'0q; Oqp, ' Oqr  Oan,

Hence

Dol _ 5~ (pyeopgpp 2T 0

J
0qs m,c,BEN 66]1’?“’,-5

_ _1\etBnansd —m ij _g—m—1 ij

- Z ( 1> D; Dj T (31L T m(—?-[ll

m,o, BEN oT’ q]thtjﬁ oT’ q'h[alj[i

OT "Ly . OT "Ly

_ Z (_l)oHrﬁDjﬁ D[q—i—l T 0j +D¢ T Loj

m,e,BEN aqjt;*tf aqjtj‘"zf

—my . —mj .
+ > (—1)“+/3D?<D@“8T 0’+D68T °’>

J o 3 i 0 B—1
m,o, BEN qu?tj[ qui(vtj[
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= > (-nyeopp)

J
a,BeN aqfff‘l,-ﬁ
OT "Ly OT "Ly,
= 2 (DD 3 (1)
m,BEN qffflljﬁ m,a€N qJ’:QZfI

. 51]sz _ 5()jL()j 50,'L0,-

= , (3.6)
(5qj (5q]ti—1 (5quj—l

where Jt;” =i \ ; denotes the multi-index obtained for J by reducing the ith entry by one
if it is positive, and any term containing Jt;” !is taken to be zero if the ith entry of J is zero.
Similarly, we find

OjkPye — OyLy Ol | Oilai
- + :
0qy (5qhk_1 6qjti_1 (5th_1

3.7)

By proposition 9 it follows that the semi-discrete field is critical if and only if the expres-
sions (3.6) and (3.7) equal zero for all J. Considering these equations for different types of
multi-indices, we find equations (3.5a)—(3.5¢):

e from equation (3.6), with J = I # t;,¢;, we obtain equation (3.5a). It J = It; with I Z ¢; we find
equation (3.5d), and if J = It;t; we find equation (3.5¢)

e from equation (3.7) with J = I, I # t;,;, we obtain once again equation (3.5q). If J = It;;
with 1 # t; we find equation (3.5b), and if J = I;t;t; we find equation (3.5¢). If J Z t;, 4,1,
then (3.7) vanishes identically.

O

Remark 11. A semi-discrete Lagrangian 2-form £ on Z x R" can be reduced to a continuous
Lagrangian 1-form M on R" by summing over the lattice sites. Let us illustrate this for the
case of a periodic lattice, 7"q = g. A continuous 1-form is obtained from the 1-form part of
the semi-discrete 2-form £ = (L', £?):

n—1
M=Y"Lg").
a=0
Fix a curve v in RY and consider the semi-discrete surface of integration S = (S},S?) with
S}( = and S,% = (). The semi-discrete integral of £ over S is
n—1

QZ_O/WL[QM] :[/M.

Hence every action integral of the continuous 1-form M is also an action for the semi-discrete
2-form L, so every solution to the variational problem for the 2-form £ is also a solution to
the variational problem for the 1-form M.

1
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4. Toda lattice

The Toda lattice [23] is an integrable model consisting of k particles on a line, with nearest-
neighbour interaction. The deviation from equilibrium of one of the particles is given by g =
gl = gq(n,t,,12,...). We use a bar-notation for shifts:

Gg=Tqg=qn+1,n,t,...), g:T_lqzq(n— L,t1,6,...).

For derivatives of g we use the subscript notations:

g, = g 4
q4i =4y, = al‘i’ qij = qu; = 3tiatj .
The Toda lattice and the next two members of its hierarchy are given by
qu =exp(q —q) —exp(q —q), (4.1a)
2 = 41 +exp(G — ) +exp(q — g), (4.1b)
a3 = q1 + (2q1 +q,)exp(q — q) + (2q1 + ;) exp(q — q), (4.1¢)

where either open-ended or periodic boundary conditions can be used. In section 4.1 we will
sketch a systematic construction of this hierarchy. A continuous Lagrangian 1-form for this
hierarchy is known, where the configuration is represented by a vector in R* containing the
positions of all particles. This ignores the physical intuition behind the system, where we think
of the particles on a discrete lattice in space. To capture this, along with the continuous time
evolution, we develop a semi-discrete 2-form for the Toda lattice.

Before we get started, let us think about whether lattice shifts could be eliminated form
the system (4.1a) and (4.1b). By considering these equations as a linear system for the two
exponential terms, we find an equivalent system

. 1

exp(q—q) = 5 (@2 +aqn —q1), (4.2a)
1

exp(q —q) = 5(42 —qu —q1). (4.2b)

This shows that we can eliminate one of the lattice shifts from equation (4.1). In fact,
equation (4.2) can be understood as a nonlinear Schrédinger-type system

U, = Uy +2U%V, Vo =—Vy —2 UV?,

with variables U = exp(g) and V = exp(q) [1]. This observation relates the Toda lattice to a
system of integrable PDEs by promoting a lattice shift to an additional dependent variable. It
is far from obvious if this additional variable can be eliminated to obtain one scalar PDE. As
we will see below, the Lagrangian multiform will provide a solution to this problem.

Our construction is inspired on the known continuous 1-form, which can be obtained for
example from the discrete-time Toda lattice using a continuum limit [24], or from the vari-
ational symmetries of the system [16]. Alternatively, it could be obtained from the Hamilto-
nian formulation of the hierarchy (see e.g. [20]) using the methods of [25]. Here we adapt the
latter approach to yield a semi-discrete 2-form.

4.1 Hamiltonian formulation
The geometric structure of the Toda lattice is usually presented in Flaschka variables [4]

a:exp(Z]—q), b:qla
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with the Poisson brackets
{a,b} =a, {a’B} = —a.
We consider Hamilton functions

Hi=>Y Thi=..+h+h+h+..,

«€EZ
where

1

hy = Eb2 +a, (4.3q)
1 _

hy = §b3 +a(b+b), (4.3b)
1y 2, 72 A 1,

h3=1b +a(b —&—b)—&-abb—i—aa—i—ia,... (4.3¢)

Note that the subscripts on 4 and H are labels, not derivatives. These Hamilton functions
can be obtained from the usual Lax formulation of the Toda lattice, g—fl = [B,L], by taking
H; = %trL" (see [4], also [20, Chapter 3]). We choose to write them as a sum H; = ZaEZ Th;
in such a way that /; does not contain any negative shifts of a or b.

The corresponding equations of motion are

OH; OH;
ai = {Hiaa} = < aB —_ ab > a) (4.4a)
OH;
b;={H;,b} = A . 4.4b
(0} = (Ga) (@4t
In the original coordinates, the equations of motion are
OH;
gi=0;:= b (4.5a)
H;
q1i:Bi A(a a) 5 (45b)
Oa
where the subscripts on Q and B are labels, not derivatives.
An elementary calculation shows that
{Hi,H}} = T*(BiQ;— 0:B)). (4.6)

a€Z

It is well-known that the H; are in Poisson involution, so this sum must be zero. It follows that
the summand can be written as a difference:

B;Q; — 0:B; = AFj; 4.7)

for some F;.

4.2. Semi-discrete 2-form

Following the construction of Lagrangian 1-forms from Hamiltonians in involution [25], we
find a continuous Lagrangian 1-form for the Toda lattice with coefficients

Li=> T"qq—h),
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where the first few h; are given in equation (4.3). We now look for a semi-discrete 2-form that
reduces to this 1-form by the method of remark 11. This motivates the choice

Loj = q19; — hj, (4.3)

but does not guide our choice of coefficients L;;.
We want to construct coefficients L; such that the exterior derivative of the semi-discrete
2-form

ZLOJdtJ LY Lydi Ady

ily

vanishes on solutions. Furthermore, in light of proposition 9, we would like it to attain a
double zero on solutions. The following fact, which can be thought of as a local version of
equation (4.6), will come in useful.

Lemma 12. On the equations of motion (4.5), there holds

OH, (0T ) AT
Difyj = — jqi+qu1i+A<a;aTQf+ZZTﬂ( T )y, 4 2 ’)bi))

S Oa ob

Proof. Since /; does not contain any negative shifts, we can write

on; ., o
D,-h,-—Z(aT;T chvbT )

a>0

(oTn T,
—ZT < Cli+ b b)

az0

. Z 8T7ahja' n oT @ b
N da ob
a>0

- OT ~%h; OT ~“h;
*ZZA(T% 5 o b))

a>18=1

Using once more that 4; does not contain any negative shifts, it follows that

OH; OH,;
Dlh] 67“(7-% 1) aquli
oT—°h;  OT M,
B . .
#2308 (77 (T e ) ).
a>1p=1

To finish the proof, observe that the first term in the right hand side is equal to

o —arv— A2 o a(igr,
0aa(qu %) = A(@aa>ql+A<8aaT%)

and use equation (4.5). O
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The computation in the proof of theorem 13 below, which uses lemma 12, shows that the
exterior derivative d/£ attains a double zero on solutions to the Toda hierarchy if we set

%R o(T —%h;
aTq,+ZZTﬁ< ),-+ (% )b,)

a>1p=1 49)
OH; (T “hy) (T *hy)

- SHaTq - Tﬁ( ai+ b;) - Fy,
da O;;:l ob

where Fj; is as in equation (4.7).

Theorem 13. Let L be the semi-discrete 2-form with coefficients given by equations (4.8)
and (4.9). There holds §dL = 0 on solutions to the Toda hierarchy, hence the Toda hierarchy
implies the multi-time Euler—Lagrange equations.

Proof. Equation (2.1) states that d£ has coefficients Pj = D;Ljy — D;Ly + DyL;; and
Po;j = ALjj — DiLo; + D;Lo;
= —quiqj + q1j9; + Dihj — Djh; + ALy
Using emma 12 we find
Poij = —quq; + q1j9: — Bjgi + Qjq1i + Bigj — Qiqij — AF,
=—(q1i —Bi)(q; — Qj) + (91, — B)) (9 — Qi). (4.10)

Hence Py; attains a double zero on solutions.
In addition, we have

AP = DALy — D;ALy + Dy ALy,
= D;Pojx — D;jPoix + DiPoyj,
which also attains a double zero on solutions. Therefore, on solutions,
APy 0Py OT 'Py

= — = O
8q£n] aqgn] aqgn]

for all i,j,k,1, and n. Using emma 5, this becomes
8P,~jk 1 8P,-jk
dq;’” 9q;"""

=0. 4.11)

For every I such that, for some n, qﬁ"} appears in Py, we let npy,, be the maximum 7 such that

[ ] appears in Pyi. Then (4.11) tells us that, on solutions,

aﬁ 75 =0,
aql max
It then follows inductively from (4.11) that
8P,]k
E) q; ["]

for all / and n, or equivalently that 0P; = O on solutions. Hence, on solutions to the Toda
hierarchy, dd£ = 0. Finally, by proposition 9 this means that the multi-time Euler-Lagrange
equations are consequences of the Toda hierarchy. O

15
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4.3. Explicit calculations
Using the Hamiltonians A, h, from equation (4.3), we find
1 _
Loy = 541 —exp(q — q)
1 _ _
Loy = q192— 54 — (1 +,)exp(g — q)

3
theorem 13 gives us the coefficient

L= —(b —l—B)aﬁl — ClEl +aq, — Fia,
where F'|, should satisfy

AFp =B, — 018,
= (Aa)(b* +a+a) — bA((b+b)a)
=a* — a* — bba + bba
= A(d® — bba).

Hence for L, we could take

L =ag, — (q1 +4,)aq, — gy — @’ +Giq1a
= —a(qi +4y, ~ 9, +a)
1 2

=- (2(q%+cm —q2>+a> + 2@+ - )"
From equation (4.2b) we see that the first term attains a double zero on solutions, hence we
obtain an equivalent semi-discrete 2-form if we leave it out and take

1, _
1= Z(CI% +q —5)

Note that the factorisation (4.10) is valid for L;,. With L{, we would get a different expression
for Pyi2, which also attains a double zero on solutions.

Theorem 13 now implies that ¢ satisfies the Toda equation (4.1) if and only if it is critical
for the semi-discrete 2-form £ = (Lo; dt; + Loz dty, L{, dt; Adt, ). Indeed we can recover the
first Toda equation from the variational principle by integrating £ over the semi-discrete sur-
face spanned by #; and the discrete direction (i.e. consisting of copies at each lattice site of a
line in the #;-direction). Similarly, the second Toda equation can be obtained using the semi-
discrete surface spanned by #, and the discrete direction. There are many other semi-discrete
surfaces we could consider. Of particular interest are those that consist only of the (11, #,)-plane
at one single lattice site. The resulting Euler—Lagrange equation is the subject of the following
corollary.

Corollary 14. The Toda hierarchy (4.1) implies the PDE

1 1
56]22*61116]2*261126]1 — 54 +347q11 = 0. (4.12)
Proof. The PDE is obtained as the shifted multi-time Euler-Lagrange equation
T—l 612[‘/12 =0
dq ’

Hence, by virtue of Theorem 13, it is implied by the Toda hierarchy. O

16
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This result indicates that PDE (4.12) is integrable in its own right, since equation (4.2) provides
an auto-Bicklund transformation for it. Indeed, equation (4.12) can be identified as an integ-
rable Boussinesq-type equation. In particular, it is equivalent to equation (66) of [14] viau = ¢
and v = ¢, and to equation (1.2) of [7] viau = 2q; and h = 2¢, — Zq%.

While it is not entirely surprising that a higher-order PDE can be obtained by eliminat-
ing lattice shifts form equation (4.1), doing this by direct computation would be tedious. It is
remarkable that from our semi-discrete Lagrangian 2-form it follows immediately. This sheds
a new light on the observation that integrable PDEs are connected to differential-difference
equations [8, 9]. It is yet another indication that Lagrangian multiform theory captures integ-
rable hierarchies in a fundamental way.

Using the same methods as above we obtain

1 . _ 1
Loy =qi195— 791 —alqi + 41 + 91 4)) —aa+ 5,
Lis=—a(q} +2ag, +ag, +2q, ;1 +q1 4y, — s +aq1 —aq, ) ,

and
Ln=—a(7, (4 +7 + 0% +a+0) +5a+27G1+ 1T
3 (@1+3)) ~ @3 — 0} 7\ — a7} +2a01q, —aq} —aa—aa—aa—a’ ).
Again we can use the multi-time Euler—Lagrange equations to obtain a PDE at a single lattice
site:
Corollary 15. the Toda hierarchy (4.1) implies the PDE
a3 = —2q; +3q192 +qun.- (4.13)

013L13

= 0 we obtain

Proof. From the Euler-Lagrange equation

4 — 30191 +6q1a+q111 — g3 =0,
which we can write using equation (4.2a) as
=243 +3q192 + q111 — g3 = 0.
O

At this stage, it is unclear whether equation (4.13) by itself is integrable. However, the
system of equations (4.12) and (4.13) is integrable in the sense of existence of an auto-
Bicklund transformation, given by equation (4.2): if ¢ solves both PDEs , then so does
- 1 2 . .
q=q+log (§(q2 +q11 — ‘11))» as can be verified by a long but elementary calculation. A
detailed investigation of equation (4.13), as part of the hierarchy of higher equations which
can presumably be obtained in an analogous way, is left for future work.

5. Semi-discrete potential KdV

As another example of a system of interacting particles on a line, we consider the semi-discrete
potential KdV equation. It belongs to the class of equations studied by direct linearisation in
[15] and appears as a semi-continuous limit of the lattice potential KdV equation [26]. The

17
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semi-discrete potential KdV equation and the second member of its hierarchy can be written
as

q = -5, (5.1

a+g—q

—o? 1 1
p=— — : (5.2)
(@+q—-¢? \a+q-q atqg—g
for constants « and S. In [26] we find this hierarchy with =1, and with a different

second equation which is a linear combination of our equations (5.1) and (5.2). Solutions of
equations (5.1) and (5.2) give critical points of the actions associated to the Lagrangians

Loy = q1 ¢ — alog(a+g—q),

az

(a+7-q)(atq—q)

Notice that Ly; does not depend on . Indeed, its Euler-Lagrange equation is
! !

at+g—q atqg—q’

Lpo=q>q—

qi _Ql =

which is implied by equation (5.1) (regardless of the value of 3) but not equivalent to it.
To find a semi-discrete Lagrangian two-form we calculate D; Ly, — D, Ly; and write it as
a discrete derivative. To keep the length of our expressions under control we will write

1

V= —"—".
a+qg—q

An elementary calculation shows that with
Lpo=a?V (vg, +vq1 ) +a” B9 (3+v) —a’ W v+ avgr + 5,
there holds
ALj, =Dy Ly +Dy Loy = (g, + & 7 (v+V)) (g1 — av+ )
—(@2+a™ (7+v) (@ —av+ ),

so the exterior derivative of the semi-discrete 2-form £ = (Ly; dt; + Lo dty,L1odsy Adty )
attains a double zero on solutions to the semi-discrete potential KdV hierarchy. We can check
that its Euler—Lagrange equations are equivalent to this hierarchy. For example, we have

o2liz _ doiLor
0q, oq

= g =av—_

and
012L12  doaLoz
5g, o9
Note that these equations are stronger than the Euler—Lagrange equations of Ly; and Ly, indi-
vidually.

= q=-ah (v+v).

Remark. The semi-discrete potential KdV hierarchy is closely related to the Volterra hier-
archy. Its leading equation is given by

ay =ala—a) (5.3)
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and can be obtained from the semi-discrete potential KdV hierarchy by defining
a=avy,

see [5, Exercise 5.4]. The Volterra lattice (5.3) can be viewed as a generalisation of the Lotka—
Volterra predator—prey model to a chain of n species, each of which is preyed upon by the next.
As an integrable system it first appeared in [6, 12]. It is part of a hierarchy that can be obtained
by restricting the even-numbered flows of the Toda hierarchy to the manifold defined by b = 0.
Alternatively, it can be obtained from the Toda lattice by a Miura transformation [20, Chapter
4]. To our knowledge, no direct Lagrangian description of the Volterra hierarchy is known.

6. Conclusions

We have presented the semi-discrete theory of Lagrangian multiforms, with the Toda lattice
as our leading example. While the main text considers only the case of a single discrete inde-
pendent variable, the general theory is analogous and outlined in the appendix.

The ideas of this paper closely follow the multiform theory in the fully discrete and continu-
ous cases. Nevertheless, it led to an unexpected result: the semi-discrete multiform formulation
of the Toda hierarchy produces PDEs which hold at a single lattice site as a consequence of the
differential-difference equations of the Toda hierarchy. This phenomenon showcases the util-
ity of the Lagrangian multiform approach in this context, and is a strong motivation to develop
the multiform formulation of other semi-discrete hierarchies.
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Appendix. General semi-discrete multi-time EL equations

We consider a semi-discrete space ZM x RV~M of independent coordinates n,...,ny,
tM+1,---,tN, and dependent variable g. We define the shift operator 7; such that

7;(](1’[1,...,111'7...,nM,tM+1,...,tN) :q(nl,...,n,-—i-1,...,nM,tM+1,...,tN).

We will use the notation D; for difference operator or the total derivative, depending on whether
i represents a discrete or continuous direction. For 1 < i < M we define

D, =7, —id,
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where id represents the identity operator. This differs from the definition of the discrete deriv-
ative A = id — 7 ! given in section 2. The reasons for this difference are discussed at the end
of this appendix. For M < i < N we define

0 0
Di=—+> qn-
i 8[,' + - qr; aqla

where I is an N-component multi-index (ij,...,iy) representing shifts with respect to
ny,...,ny and derivatives with respect to fy11,...,ty. We shall also use the notation /a to
mean (iy,...,io+ 1,...,iy) and I\ « to mean (iy,... 0o — 1,...,iy).

We introduce symbols dr;, which are the discrete analogue of the dz;. They are the same as
the A; from [13]. In the exterior algebra spanned by the dn; and dt; we consider a k-form

L= > L. dny A Adn Adh, AL AdE,, (6.1)

1< <...<ix<N

where j is the largest integer such that i; < M. We assume that each L;,. ;) depends on g
and shifts of ¢ in the n,...,ny coordinates (without loss of generality, we shall assume that
there are no backward shifts), derivatives of g in the #y/4 1, . . . , #y coordinates and combinations
thereof. Even though £ is formally a k-form, only the dz; have an interpretation as differentials.
The dn; are formal symbols, so the geometric interpretation of dn;, A ... Adn; Adt AL A
dt;, is a (k — j)-form. Hence, geometrically, equation (6.1) is a differential form of mixed type
(a special case of which was considered in Definition 3), but computationally it is treated in
very close analogy to a proper differential k-form. Using the definitions of [13] we find

dc= Y AvRidm AAdm Ads AL A,

1<[1<...<[1‘+]<N

where the A”-#+1 are given by

k41
T 1
Al = Z(_l)(a+ )DiaL(il’~~,ia—1,ia+1,m,ik+1)'
a=1
For a fixed iy, ..., ix+1, we shall write L4) to denote L, i, inii,....is1)- A multi-index
denoted by J is such that component j; = 0 whenever i # iy,...,ix1, i.e. J represents shifts
with respect to n;,, ..., m, b, - -+ Ly, - We define the variational derivative with respect to gy

acting on L) and A"*+1 respectively as

= T71 e —D Jt y
oqr XJ: ( ) ( ) dqu
Jia =0
5Ail-~~ik+] 8Ai1mik+1
—_— = T71 Jn -D N -
oqr ZJ:( )(=D) Oquy

where [ is again an N component multi-index (iy,...,iy) representing shifts with respect to
ni,...,ny and derivatives with respect to fy41,...,ty. We use the notation /" to denote only

the first M components of I that relate to shifts in the n; coordinates, and I' to denote the last
N — M components of [ that relate to derivatives with respect to the ¢;. Therefore,

qr = 7;11D[rq = 7—1i1 e mMD%_tll .. Dx,vq

We define that a variational derivative with respect to ¢g; is zero in the case where any compon-
ent of the multi-index / is negative (we are only able to do this because we have assumed that
there are no backward shifts in our Lagrangians). We note that in contrast to the variational

20
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derivative operators defined in section 3, for brevity of notation, we now omit an index on the

. . . . OLj - 8;iLi;
operator. For example, in this appendix we write 5q; instead of ﬁ.

Theorem 17. Multi-time Euler—Lagrange equations The function q is a critical point of the
k-form L as defined in (6.1) if and only if for all iy, .. .ip1 such that 1 <ij <... <41 <N,
and for all I,

4]

— Al = ), (6.2)
dq;
or equivalently,
J k+1
5L(a) 5L(&)
(_1)0&+17:17+ (_1)0‘+17 :0’ (63)
azzzl oqn,, a;rl oqn,,

where j is the largest integer such that i; < M.

In order to prove that these are the multi-time EL equations, we will require the following
lemma:

Lemma18. Let 1 <ij < ... <ixy) < N be fixed. For all multi-indices I,

8Ail~~»ik+l 5Ail~»»ik+l
—_— = T YDy ——r, (6.4)
oqr z]:( D dqu
Ji<l
where the summation is over all multi-indices J such that j; = 0 whenever i # iy, ..., i+ and

the non-zero j; are equal to 1.

Proof. We first notice that the partial derivative on the left hand side of (6.4) appears only once
in the sum on the right hand side. We now need to show that all other terms that appear on the
right hand side of (6.4), sum to zero. We note that all terms on the right hand side of (6.4) are
of the form

aAil ...ik+1

—1

WDyt ————— 6.5
(T )xDg da (6.5)
for some multi-index K = (ky,...,ky) which satisfies k; = 0 wheneveri #iy,...,ixy. Let r be

the number of non-zero entries in K. We notice that the term (6.5) appears exactly once when
|J| = 0, exactly (1) times with a factor of —1 when |J| = 1, exactly (}) times when |J| = 2 etc.
In total, this term appears with a factor of E;ZO(—l)i (f) It can easily be seen that this sum is
zero by considering the binomial expansion of (1 —1)". O

Proof of Theorem 17. The first part of the proof of proposition 9 of section 3, showing that
criticality is equivalent to JdL = 0, immediately extends to the present case. We note that the
equations given by ddL = 0 are equivalent to

iAl']...iH.] — O

Oqi
forall/andalll <i; <... <ipy; < N.Usinglemma 18, we see that this is the case if and only
if equation (6.2) holds for all / and all 1 < i} < ... < x4 < N. It remains to show that (6.3)
and (6.2) are equivalent expressions.

The identities

O 9
0qr l laCII\i
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for1 <i<Mand

D0 9

Oqr B 341\1‘

iaiql
for M < i < N tell us that

O yiviver _ zj: a+1< OL(a) 5L<a>>
561 o “Oqni, O
k+1
OL4 OL4
N _ a+1< @ |, p, (a))
a_zj;rl( ) dqni, * Oqr
SO
5 o . .
7All.“lk+l — T—l " _D " colk41
50 ZJ:( ) (=D),s an
/ 0Ly OLs
1. (D). a+1( (@) <a>>
ij )J J ; af]u\za 9qu
k+1
OL4 OL4
ST (D), . a+1< @ | p, (a))_
ZJ:( ) (D) Q;l( ) i, D" Dgy
(6.6)
For 1 <
then

o < j, whenever j; # 0 in this sum, so J is of the form Ki,, for some multi-index X,

i(Tfl),”(_D),,T,-@a @) — (T g (—D) g )
GINio

will appear in this sum. When J = K, the term

OLs
—1 D)@
F(T7 )k (—D)x ik

will appear, so these two terms cancel. Similarly, for j+ 1 < a < k, whenever j;, # 0 in this
sum, so J is of the form Ki,, for some multi-index K, then

OL (4 oL
(T (—D)p L — (T oDy, (—D) g L
(T (D) g S = 2D, (D) 5
will appear in this sum. When J =K, the term

oL,
+(T g (=D) gD, —)
(T (D), 5

22
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will appear, so these two terms cancel. As a result, (6.6) simplifies to

sl — i Z a+l )Jﬂ(*D)JzT 8L(6¢)
o 6511,\[0
k+1
OL(4
+ E Z DOt (T, (~D)y 5 (a')
a—jt1 7 qINio
Jia =0
J k+1
:Z(_ a+177a6 ) Z (_1) Jrl(S ( )
ot ELAU - ANio

This shows that ddL = 0 is equivalent to

J (SL @ k+1 5L(a)
D D G
QZ::I 0dni Q:ZHJ oqn i,

O

In this appendix, we deﬁned the discrete derivative D; = 7; — id. Alternatively, we could have
defined D; = id — ’7: (as we did in section 2) which would have led to the equivalent multi-
time EL equations

/ §L a) A (5L(a)

Z( 1 a+l Z a+1

a=1 a=j+1

=0. (6.7)

We use L to denote the Lagrangians because they are not the same as the ones in (6.3). They
are related by

J
H ch_w
B=1
B
i.e. by a shift in all discrete directions except the direction labelled by i, (if it is discrete). The
equivalence of (6.3) and (6.7) can then be seen by applying Hjﬁzl 7;;1 to (6.3) and re-labelling
the multi-index [ to obtain (6.7).

We choose to present the general semi-discrete multi-time EL equations in the form given
in (6.3) in order to highlight the close connection between the semi-discrete and continuous
multi-time EL equations, with I\ i,, appearing in both. Also, when the equations are presented
in this way, it is clear that they include the usual EL equations for each L (obtained by setting
I=1i,). On the other hand, the multi-time EL equations that we presented in section 3 are in
the form given in (6.7) in order to avoid the presence of shift operators in the multi-time EL
equations.
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