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CrossMark
Abstract

We survey elementary features of Lovelock gravity and its maximally sym-
metric vacuum solutions. The latter is solely determined by the real roots
of a dimension-dependent polynomial. We also recover the static spherically
symmetric (black hole) solutions of Lovelock gravity using Palais’ symmetric
criticality principle. We show how to linearize the generic field equations of
Lovelock models about a given maximally symmetric vacuum, which turns
out to factorize into the product of yet another dimension-dependent polyno-
mial and the linearized Einstein tensor about the relevant background. We also
describe how to compute conserved charges using linearized field equations
along with the relevant background Killing isometries. We further describe and
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discuss the special vacua which are defined by the simultaneous vanishing of
the aforementioned polynomials.

Keywords: Lovelock gravity, maximally symmetric vacua,
exact black hole solutions

1. Introduction

General relativity (GR) has passed numerous observational and experimental tests and is essen-
tial for our present (classical) understanding of the Universe. Its quantum formulation is far
less developed, although string theory seems to be highly relevant. It is thus of interest to
investigate extensions and/or modifications of GR to look for novel phenomena and to study
gravity in various dimensions.

In this context, Lovelock models are of great interest since they offer a natural extension
of GR to higher dimensions. Lovelock gravities have this flexibility by seamlessly introdu-
cing additional curvature terms that encode higher-dimensional information, as required by
e.g. superstring theory, without giving up on many of the appealing features of GR. Most not-
ably, they possess field equations that are strikingly similar to those of GR in four dimensions,
yet also have unique features in higher dimensions. (See e.g. [1] and the references therein.)

More specifically, Lovelock gravities form a special class of higher curvature gravity
models since they include at most second order derivatives of the metric tensor and they
only depend on the Riemann tensor but not its derivatives [2]. At the classical level, their
Hamiltonian formulation involves only the canonical gravitational degrees of freedom of GR
[3]. In a completely classical setting, ‘pure Lovelock gravity’ [4, 5], the Lovelock model
L=—=2A~+ayp-1y/2L[(p-1)/2) that is described by the lowest and highest terms in (2.1)
and (2.2), is claimed to be the unique generalization of GR to higher (D > 5) dimensions with
a ‘kinematic’ static vacuum spacetime [5]. At the quantum level, they do not suffer from
ghosts that typically occur in higher curvature theories [6-8].

Perhaps this is a good place to say a few words as to why we have picked this topic as a
contribution to the special issue dedicated to Stanley Deser’s memory. He has been a driving
force in the development of many of the tools used here and he has extensively utilized these
in some of his seminal works that we cite.

The outline of the paper is as follows: in section 2 we briefly describe the key aspects of
Lovelock gravity, its generic action in D dimensions, the source-free field equations that follow
and its maximally symmetric vacua, which are found by determining the real roots of a poly-
nomial of degree [(D — 1)/2]. We then give an outline of how the static spherically symmetric
(black hole) solutions of Lovelock gravity that are already found in [9, 10] can be easily derived
using the so-called Weyl—Palais trick [11, 12] in section 3. Section 4 is devoted to deriving the
source-free linearized field equations about a given maximally symmetric vacuum, which in
fact factorizes into the product of a polynomial of degree [(D — 1)/2] — 1 and the linearized
Einstein tensor about the given background. The latter polynomial turns out to be related to
the derivative of the former. Section 5 briefly presents how conserved gravitational charges
are defined using background Killing isometries for generic Lovelock theories, which turns
out to be proportional to the usual Einstein charges. In section 6 we study in detail the special
vacua, that are defined via the simultaneous vanishing of the aforementioned polynomials,

5 One containing a nontrivial vacuum solution.
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about which nontrivial solutions, such as black holes, black strings or branes, of a generic
Lovelock theory might exist. We then finish up with our conclusions.

In appendix A we present the explicit forms of the Euler densities for D = 6,8, 10 dimen-
sions that are used in Lovelock models. Appendix B gives the explicit expression of the Euler
density L for a generic k > 1 when the D-dimensional metric (3.1) and its relevant curvature
tensors are substituted directly into £;. Appendix C is devoted to the determination of special
vacua for the dimensions 8 < D < 11.

2. Lovelock gravity

The action of Lovelock theories in D > 3 spacetime dimensions is given by®

I= /de Vgl (8 Rabca (8)) 5 .1

with the Lagrangian

[(0-1)/2]
Lo==20+ > Ly, 22)
k=1

where A is the bare cosmological constant, [x] denotes the integer part of a real number x, cy
are properly chosen coupling constants of appropriate dimensions with

L cabr. by perd d d,
Ly = ?65,‘11@‘.’_‘_';’:‘1: R 4 b, R 4y o . . R k>1. (2.3)
Here the generalized Kronecker delta is totally antisymmetric in all up and down indices, and
is defined as

Fela = R = kop (24)

ler-.a]?
and the first few terms’ in the Lagrangian (2.2) are

Ly =R, (2.5)
L>=R>—4R,;,R™ + R R4 . (2.6)

When D is even, Lp; is the Euler density, which gives a topological invariant when integ-
rated over a compact manifold without a boundary. The variation of Lp/, for even D is a
total derivative and does not contribute to the equations of motion. Moreover £; terms vanish
identically for k > D/2. So there is a natural difference between even and odd dimensions:
as seen from (2.2), the Euler density of the even dimension is added each time one moves
up to the next odd dimension, whereas no new term is added when one moves from an odd
dimension to the next even dimension.

6 Intrinsically the treatment here uses the second-order metric formulation and the connection is Levi-Civita. For a
discussion on what happens for the first-order (or Palatini) formulation and other interesting features of Lovelock
theories, see the explicatory review [1].

7 We give the explicit forms of a few others in the appendix A.
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Closely related to Lovelock models is the so-called Chern—Simons (CS) gravity theories
which are defined only in odd dimensions and can be seen as a higher dimensional (D > 5)
generalization of the CS description of three-dimensional Einstein gravity as a gauge theory.
CS gravities are particular cases of Lovelock models that admit a CS-like action with specific
set of coefficients ay depending on the odd dimension D. In complete analogy, there is also
so-called Born-Infeld (BI) gravity theories that exist in even dimensions with a precise set of
coefficients depending on the dimension D [13, 14].

The source-free field equations of a general Lovelock theory (2.1) are

[(D-1)/2]
E%, = Aoy + Z oGy =0, 2.7
k=1
where
1
i = = er7 Opera end R i ROy - Ry, (2.8)

and it is easy to see that G;“, reduces to the ordinary Einstein tensor G%. It is also apparent
that the diffeomorphism invariance of the action (2.1) leads directly to a generalized Bianchi
identity V,E%, = 0.

Obviously, Lovelock gravity in D dimensions may have up to [(D — 1) /2] distinct maxim-
ally symmetric vacua g, [15, 16], for which the Riemann curvature tensor is®

Ry =X6%, RWy=A(D—1)6¢, R=AD(D—1), forareal constant \, (2.9

depending on the relevant couplings «;. The maximally symmetric spacetime (2.9) is
Minkowski when A =0, de Sitter (dS) when A\ >0 and Anti de Sitter (AdS) when A <O.
Since (2.9) gives

(D—1)! 5 (2.10)

~a 1 k
9 = =32 (D— (2k+ 1) "

the field equations (2.7) for a maximally symmetric spacetime (2.9) imply

) w-np
E‘y = Aoy + Z o Gy =0, (2.11)
k=1

that reduces to a polynomial equation (of degree [(D — 1)/2]) for A

1 [(D—1)/2]
p(N) =A== (D-1)(D-2) > wA=0. (2.12)
k=1

Here we have defined rescaled versions of the parameters oy in the Lagrangian (2.2)

(D—3)!

(D—(2k+1))" @1

W = O

8 We will put a bar on a curvature tensor when working with maximally symmetric spacetimes, thus e.g. R, :=
R“,;,(g) for the metric g of a maximally symmetric spacetime.

4
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for the sake of additional transparency and clarity in what follows, and to rid the ensuing
calculations of unwieldy numbers. Note in passing that the parameter in front of the usual
Einstein—Hilbert piece (2.5) is a; = w; now.

The real roots of the polynomial equation (2.12) determine physically viable maximally
symmetric vacua. When [(D — 1)/2] is odd, there is at least one maximally symmetric vacua,
but for generic [(D — 1)/2] and wy, there is a wide range of possibilities going from the ‘no
vacuum case’ to ‘the maximum number, i.e. [(D — 1)/2] distinct vacua case’. In general, one
can, at least in principle, study (hyper)surfaces in the parameter space defined by w; for which
the number of maximally symmetric vacua change [16]. In fact, a detailed classification of
vacuum solutions with spherical, planar or hyperbolic spatial geometry can be found in [17],
where the conditions on the coupling constants w; are also examined to further determine
degenerate maximally symmetric vacua.

3. The shortcut to static black hole solutions

An appealing feature of Lovelock gravity models is that they admit explicit static spherically
symmetric (black hole) solutions that allow for deformations of the ‘Schwarzschild geometry’.
Even though such solutions are well-known [9, 10], here we want to recapitulate an alternative
and much shorter way for driving this family using the Weyl—-Palais trick [11, 12, 18] of sub-
stituting in the Lovelock action (2.1) the gauge-fixed Schwarzschild metrics (see (3.1) below)
endowed with the desired spherical symmetries. This trick considerably simplifies the deriva-
tion of the relevant field equations and, implicitly upholding Bianchi identities, guarantees the
determination of all relevant solutions [12].

The most general D-dimensional static spherically symmetric metric in Schwarzschild
coordinates is’

ds® = —a(r) b (r) dtz—&—m—i—rde]z)_z, (.1

where d2,_, is the metric on the unit (D — 2)-dimensional sphere S”~2. The essence of the
‘symmetric criticality principle’ [12] lies in the straightforward substitution of (3.1) and its
relevant curvature tensors (which are calculated relatively easily by making use of the ‘com-
posite structure’ of (3.1)) into the Lagrangian (2.2) and its pieces £; (2.3) that make up the
action (2.1), which gives e.g. via (2.5) and (2.6)0

dr?
,

£ r(b’ (3ra’ +2(D—2)a) +2rab"’) + b (r*a’ + (D —2) (2ra’ + (D —3) (a—1)))
11— ’

r2b
32)

L= (0=3)(D-2) %?D_ 2) (2r{b'[r(5a—3)a’+2(D—4)(a—1)d]

+2r(a—1)ab""} +b{a[2r*a” —2(D—4)(—2ra’ + D —5)]
+2r[a’(ra’ =2(D—4))—ra"'|+ (D —5)(D—4) (a2 + 1) }) , (3.3)
where a prime indicates derivative with respect to the coordinate r.
9 In fact one may take the metric functions a and b to depend also on the #-coordinate, which, however, drops out of
the actions in the ensuing discussion and can be shown to lead to Birkhoff’s theorem 4 1a [19, 20].

10 Tn appendix B, we give the analogous expressions for the Lagrangians listed in appendix A.
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As a nontrivial and illustrative example, consider the D =35 case. Then, the Lovelock
action (2.1) reduces to the simpler form

11— / drr3b (—2A+O¢1£1 +042£2) Des’ (34)
0

by discarding the contributions from the angular integrations. The reduced field equations that
follow from the calculus of variations on the two metric functions a(r) and b(r) decouple, and
immediately lead to the well-known Boulware—Deser solution [15] with two separate branches
of static black holes (3.1)

ay PP 4Aoy m
D=5: b(r)=1 =1 1,14+ —5+— .
5 (r) , ax (r) + 20 ( + 302 + ’4> , (3.5)

for generic values of the parameters o, o, and A, and an integration constant m that is related
to the mass of the black hole(s).

Obviously, the aforementioned static spherically symmetric (black hole) solutions of
Lovelock gravity [9, 10] can be derived readily in a similar fashion. To this end, the analog
of (3.4) is

o [(D—1)/2]
[— / drbP=2 | —2A + Z oLy |, (3.6)
0

k=1
and one finds, using (B.4), that
T C ((—2]«; (1=a) P 24 (P2 (1-a)!) ’) /
(D — 2k)!
— b (1—a)* () ’) . (3.7)
Substituting (3.7) into (3.6) and dropping the total derivative terms, the relevant reduced action
reads

o0 [(D=1)/2]
—/ dr( 206224 (D-2)0" Y w(1-a) P2 (38

0 k=1

after using (2.13). Once again the variation of (3.8) with respect to a(r) sets b(r) = 1, without
loss of generality, whereas the variation of (3.8) with respect to b(r) gives

(0-1)/2) ,
P2 (p=2) 3w ((1-a)ff PR o,

k=1

which is easily integrated to yield

(D-1)/2] k
(1—a)\" 1—D 2A
; wi (r2 ) =Mr T Do) 3.9)
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for an integration constant M. The polynomial for the metric function a(r) (3.9) is precisely
the implicit condition on the relevant metric function in [10] after careful identifications. For
example, the Boulware—Deser solution [ 15] reproduced in the previous paragraph (3.5) follows
from setting D =5 in (3.9), making use of (2.13) and identifying the parameter m in (3.5) with
4w M Jw?.

4. Linearized field equations

We now turn to the linearization of the source-free field equations of Lovelock models about a
generic maximally symmetric background. Let us assume that there exists a well-defined max-
imally symmetric vacuum g, for which E%(g) := E“, = 0, i.e. that p(\) = 0 in (2.12) has at
least one real root. Then the source-free field equations E%;(g) = 0 for a more general metric
gapb can be linearized about this vacuum (or ‘background’) g, using the metric fluctuations
(or ‘deviations’) hyp, with hyp, 1= g — gap, provided that the deviation h,;, goes to zero ‘suffi-
ciently fast’ as one approaches the background g, that is typically located at ‘the boundary at
infinity’ for A < 0. Indicating the linearized tensorial quantities with a subscript ‘L, one finds
using (2.9) that

1 _ _
a L aa by ...axby c1d cody Crdy
(Gp)y, == Tkt 6bc1d1...ckdk ((R “lbl)L R by - R,

peidy cods pedy pcidi pcads Crdi
+R ayb (R tlzbz)L"'R akbk+'.-+R !llblR azbz"‘(R akbk)L) 3

k _ _
_ aa by ...axby c1di crdr crdy
- 2k+1 5bcld1 ...cxdy (R aiby )L R aby -+ R aby

k (D73)' )‘k71 §aa1b1 (Rcldl

4Dk ) Ot B )y
(D~

3)! pLat
—_ (G 4.1
- (k1) G 1)
where
(RCdab)L = Rabe [Chd]e +2 v[av[dhh] d ’ (42)
1 - — o _ _ _
(R%), = 3 (VCV”th + V. Vph® — VNV h — Dh“b) — h*Ry,, 4.3)
R, =V, V,h®® —Oh — h™Ry, (4.4)
1
(Gab)L L= (Rab)L - ERL (SZ . (45)

Here the raising and lowering of all indices are done with respect to the background g, 1 :=
2% hyy,, V indicates the covariant derivative with respect to the background metric and (] :=
V.V (Seee.g. [21] and the references therein for details.) With these preliminaries, it is now

straightforward to arrive at the source-free linearized field equations'’

(D—1)/2]
E%) = > (), =q()) (G), =0, (4.6)

k=1

11 This is again a verification that source-free Lovelock theories indeed represent a natural generalization of Einstein’s
GR with a unitary massless spin-2 field content.
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where we have defined a polynomial g(\) (of degree [(D —1)/2] — 1) as

[(D=1)/2]
gV = Y kX (4.7)
k=1

Taking the trace of (4.6), we find

D
(1 _ 2) 4\ RL—0, 8)
so that Ry, has to vanish provided g(X) # 0.

Note in passing that the polynomials p(\) (2.12) and g(\) (4.7) are related to each other as

i, (D-1)(D-2)

i > g(A\) =0. (4.9)

For the case of CS gravities, when the polynomials p()) (2.12) and g(\) (4.7) simultan-
eously share at least one real root, say ), then the relevant CS theory about the corresponding
maximally symmetric vacuum enjoys a symmetry enhancement from local Lorentz symmetry
to AdS (if A < 0) with a different number of degrees of freedom and modified dynamics.
Similar arguments hold for CS dS (if A> 0) and CS Poincaré gravities (if A= 0) [14].

It is natural to expect that nontrivial solutions, such as black holes, black strings or branes,
of a generic Lovelock theory about a special vacuum, defined via the simultaneous vanishing
of the polynomials p()) (2.12) and g(\) (4.7), be special themselves. At the classical level,
they must define peculiar points where the geometric properties of distinct, e.g. black hole,
solution sets merge or bifurcate. It is tempting to speculate that there is a holographic inter-
pretation of Lovelock gravity similar to that of ordinary gravity. Then these peculiar points
should analogously correspond to branching points for the flows of (conformal) field theories
with different characteristics.

5. Conserved charges

A natural question to ask in the context of the linearized theory is about currents and conserved
charges. The present section contains such a discussion and briefly depicts an adaption of the
covariant generalization of the celebrated ADM mass definition [22] to Lovelock gravity.

Through linearization, the generalized Bianchi identity V,E“, = 0 can be utilized for con-
structing a conserved vector current

Ji=(E) & =q(N) S, where Jgpi=(G"%), €, (5.1)
with V,J* = 0, using a background Killing vector £¢, for which v(aéb) =0, via similar argu-

ments as for GR [23]. Since the current J§;, naturally leads to a conserved and background
gauge invariant gravitational charge'?

OEin (f) ::yg dP~2x \/Mn[a rp) b (5.2)
b

12 See e.g. [21, 23, 24] for details. The charge definition (5.2) implicitly assumes the background to be either
Minkowski or AdS, i.e. A < 0, to avoid the pathologies that arise from the cosmological horizons of dS spaces.

8
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where ¢, is the potential two-form of the current J& := V,¢?, and (% = (l** is explicitly
(21,23, 25]

(&) = £V bl 4 b ple 4 peP £ 4 gt 4 %W[“éﬂ , (5.3)

_ o _ 1 - _
= 3% hyt 4+ bV £ + 5hv[ag’?] , (5.4)
it immediately follows that the conserved gravitational charge that follows from the current
J%is

(&) =q(\) Qen (§) - (5.5)

This means that when g(A) = 0, all conserved charges Q(&) (5.5), including the mass, vanish.

In this work, we are not interested in the thermodynamics of black holes in Lovelock gravity
theories. Here is a number of papers that discuss this issue [26-28]. (See also the papers that
cite these works.)

6. Solutions at special vacua

So we see that the real roots of the polynomial equation p(\) = 0 (2.12) determine the physic-
ally viable vacua, whereas the polynomial g(\) (4.7) is important for determining the dynam-
ics (4.6) and the conserved charges (5.5) of Lovelock theories. Hence it is natural to ask about
the simultaneous real roots of both p(A) = 0 and g(\) = 0 for each dimension D > 3. If such
a real root exists and is denoted by \,, then one can write p(\) = (A — \,)?r()\), where the
factor r(\) is a polynomial (of degree [(D — 1) /2] — 2) since p()) and g()\) are related to each
other by (4.9). That is, the root ), is at least a double root of p(A). In this case the conserved
charge (5.5) is no longer reliable and one has to resort to other charge definitions, see e.g. [14].

With the ideas presented in the last paragraph of section 4 as an extra motivation, we hereby
set out to determine the simultaneous roots of p(A) (2.12) and g(\) (4.7) explicitly to identify
the special vacua first. We next find out the static spherically black hole solutions of Lovelock
models about these special vacua. Even though static spherically symmetric solutions of £, =
0 (2.7) in higher dimensions with generic oy was originally given in [9] and later refined in
[10], the static spherically symmetric black hole solutions'? we explicitly find here are only
implicitly contained in these works and do not follow easily. Hence we examine carefully some
of these special black hole solutions.

e The simplest examples are the D =3 and D =4 cases, for which

D=3: pA)=A—wA=0, g(A)=w; =0, 6.1)
D=4: p(A)=A-3wA=0, g(A) =w; =0. (6.2)

For either dimension, both p(A) = 0 and g(A) = 0 cannot be solved nontrivially. The vacuum
is simply given by A = A/w; when D =3, and by A = A/(3w;) when D =4, both with w; # 0.

e The first non-trivial, but simple and illustrative, example occurs when D = 5, for which

13 See [29] for the asymptotic large r limit of these black hole solutions, and [30] for the behavior of the entropy going
as the square of the horizon radius.
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D=5:  p(\)=A—6w\—6w\?, g(\) =w; + 2w =0. (6.3)

The first thing to note is that p()) has real roots only if 3w? + 2wy A > 0. As already men-
tioned and rediscovered at the end of section 3, there are two separate branches of static black
holes (3.5) in D=5. If one sets the ‘mass parameter’ m =0 in (3.5), one ends up with two
maximally symmetric (background) spaces with'*

2wr A
ax (r) =1-Xp/7, /\iz—;l<1i 1+ ;22>’ (6.4)

m=0 wo Wi

and )\ are the two generic roots of the polynomial p()\) = 0 (6.3), provided 3w? + 2w, A > 0,
as already mentioned. Note that the two roots A+ merge precisely at the common root of
p(A) and g()), located at A\ = —w; /(2ws), provided wy # 0 and A = —3w?/(2w;). On the
other hand, if one sets A = —3w?/(2w;) at the very beginning, one ends up with two different
spacetimes (3.1), for both of which b(r) = 1, but

alzl—l-ﬂrz, agzc—&—ﬂrz7 (6.5)

2LU2 2&]2
for an arbitrary integration constant c. The choice of a; (6.5) in (3.1) clearly corresponds to
a maximally symmetric spacetime (2.9) with A = —w; /(2w,). However, a; (6.5) with ¢ # 1
represents a geometry given by a direct product M x S, where M is a two-dimensional max-
imally symmetric spacetime (2.9) with A = —w; /(2w,) and ¢ # 1 is a scale that sets the radius
of the sphere S°. So in D = 5, the simultaneous real root of p(\) and g(\) (6.3) is a bifurcation
point in the solution space where a maximally symmetric vacuum and a product space M x S°
emerge together.
e The discussion for D = 6 resembles the one for D = 5. To start with, one now has

p(A) =A— 10w A— 10w \> =0, g(\) =wi +2wmA=0,  (6.6)
and p(\) has real roots only if 5w? + 2w, A > 0. In analogy to the D =5 case, there are again

two separate branches of static black holes 3B.DHB

L. - - wlrz 2AOJ2 m
D=6: b(r)=1, as()=1+ 5 <1i 1+ 57 +r5>,(6.7)

for generic values of the parameters w;,w, and A, and an integration constant 7 that is related
to the mass of the black hole(s). When one sets the parameter /2 = 0 in (6.7), one again finds
two maximally symmetric (background) spaces with

2u,A
ax() _ =1-Aer de=—5 <1i 1"";‘32)’ ©8)
m= 1

where A are the two generic roots of the polynomial p()\) = 0 (6.6), provided 5w? + 2w, A >
0, of course. Once again the two roots A merge at the common root of p(\) and g(A), located

14 Recall the redefinition (2.13) we made earlier. So a; = wy and o, = w»/2 now.
15 Recall that the static black hole solutions of generic Lovelock models in various dimensions can be found in [10].

10
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at A = —w; /(2w,), provided wy # 0 and A = —5w?/(2w,). However, the discussion is more
interesting than the one for D = 5 when one seeks out solutions of the form (3.1) by setting A =
—5w?/(2w,) in the first place. In that case, apart from the maximally symmetric metric (3.1)
with b(r) = 1 and a(r) = 1 — A2, there is also the static black hole (3.1), with b(r) = 1 again,
but now'®

a(r)zl—;\rz—l—\—ﬁ. (6.9)

Since g(\) = 0 precisely for A, this black hole has vanishing conserved charges as argued in
section 5 and one must resort to other means to determine e.g. its mass. To this end, a more
careful discussion which uses the full Lovelock action (2.1), rather than the linearized field
equations (E%),, as in section 5, that also carefully accounts for the boundary terms emerging
during the variation of the action is needed. However, that in itself is quite a different enterprise
which we leave aside.

e The D =7 case is much more involved. Now the polynomials read

P(A) = A — 15w\ — 15w\ — 15w30° =0, g(\) = wy + 2w\ +3wsAr = 0.
(6.10)

The generic roots of g(\) are

—wy £ /Wi -3
Ay = 2 VT OWIRS 6.11)

3LU3

and these are real when w; < w3 /(3wi). Each one of these is also a simultaneous root of
p(A) if

5 3/2
AAy) = o7 (ng — Qwiwrws F2 (w% — 3w1w3) / ) . (6.12)
3

Using the generic wy (k = 1,2,3) and either a generic A or one of these specially tuned A(\1)
values, one can indeed find black hole solutions of the form (3.1) (again with b(r) = 1) but
neither of the corresponding triplets of a(r) are worthy of displaying here given their bulky
form.

Sadly, the discussion does not simplify much with w, = 0, for which the roots of ¢(\) read

A= 2L provided wi/ws < 0. (6.13)
30.)3

These are also roots of p()\) if the cosmological constant is tuned to

_ _w
AAg) = +10w, / o (6.14)

However, the unwieldiness of the relevant triplets of a(r) persists and we refrain from display-
ing them here for the sake of readability.

16 Setting A = —5w?/(2w,) in the solutions of [10] is misleading, since it does not recover the two distinct classes
we find here.

1
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e For completeness sake, we also carefully study the simultaneous real roots of the polyno-
mials p(\) (2.12) and g(X) (4.7) for the dimensions 8 < D < 11. However, the relevant analysis
for these cases are rather elaborate so we relegate it to appendix C.

e Finally we would like to examine Lovelock gravities in generic D > 5 dimensions with
the additional requirement that all wy, = 0 for k > 2. This particular choice coincides with the
cosmological Einstein-Gauss—Bonnet theory in D > 5. In that case, p()\) (2.12) is quadratic
and g(A) (4.7) is linear in \:

D>5: p(A):A—%(D—l)(D—Z)(wl)\-i-ng)\z) qg(A) =wi + 2w, (6.15)

and this generalizes the arguments we gave for D =35 and D = 6 above. The polynomial p(\)
has real roots only if (D — 1)(D — 2)w? + 8wy A > 0. The first thing to note is that there are
two separate branches of static black holes [31]

w1r2 8AW2 ~
D>5: b(r)=1, =1 1+,/1 Mr-D |,
(r) as (r) +2w2< ¢+(D_2)(D_l)w%+ r )

(6.16)
for generic values of the parameters wy ,w, and A, and an integration constant M that is related

to the mass of the black hole(s). The two maximally symmetric (background) spaces follow
when M = 0 in (6.16)

as(r)| =1-Ar, )\:I::—;l(l:t\/l—‘r(D_ZSWZA > (6.17)

=0 wy )(D—1)w?

provided (D — 1)(D — 2)w? 4 8wy A > 0. The two roots Ax merge at A = —w; /(2w,), if wy #
0 and

A:—w—lz(D—l)(D—Z).
8(4)2

The discussion follows the one we gave for D = 6 now: apart from the maximally symmetric
metric (3.1) with b(r) = 1 and a(r) = 1 — A\, there is also the static black hole (3.1) with

D>6: b(r)=1, a(r):l—j\rz—i—]\A/Ir(S_D)/z. (6.18)

where M is again an integration constant. Just like its six-dimensional counterpart (6.9), since
q(\) =0, all conserved charges of this black hole vanish as per the prescription of section 3.
This case shows that the special loci of simultaneous real roots of p(\) (2.12) and g(\) (4.7)

may provide room for ‘massless’ black hole solutions that deserve to be further studied.

7. Summary and discussion

We have studied the basic features of Lovelock gravity, including its generic D-dimensional
action, the source-free field equations and its maximally symmetric vacuum solutions. We have
recapitulated that such vacua are determined by the real roots of the polynomial p(\) (2.12)
which in general is of degree [(D — 1)/2]. We have also rederived the generic static spherically
symmetric black hole solutions of Lovelock gravity using the symmetric criticality principle

12
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of Palais. We have also sketched how the generic field equations of Lovelock gravity can be
linearized about a given maximally symmetric vacuum, and shown that the outcome is the
product of the linearized Einstein tensor about the relevant background with a second poly-
nomial g(\) (4.7), which is of degree [(D — 1)/2] — 1 and is related to the derivative of p(X).
We have also outlined how conserved gravitational charges can be calculated using linearized
field equations and background Killing isometries for a generic Lovelock model. We have
shown that the charges are always equal to the product of the usual Einstein charges with the
polynomial g(\) (4.7).

We have further studied in detail the determination of the special vacua, that are defined
as the common real roots of the polynomials p(A) and g(\). The discussion was relatively
easy for 3 < D < 5. D=6 was the simplest interesting case since we were able to identify a
nontrivial black hole with vanishing conserved charges at the unique special vacuum, which
has a slightly different nature than the analogous Boulware—Deser-like bifurcating black holes
already present there. Thus we expect that there exist nontrivial and perhaps unusual solutions
at those special vacua with possibly interesting features on the holography side in D > 7 as
well. Even though we were able to analytically determine the special vacua at D =17, the
corresponding black hole solutions were hardly encouraging and we have not been able to
consolidate our hunch. Unfortunately the discussion gets even more sharply complicated with
D > 7. It may pay off to resort to numerical methods on top of the analytical approach we have
employed so far.
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Appendix A. Other terms in the Lagrangian (2.2)
Here we list the explicit forms of a few other terms in the Lagrangian (2.2):

L3 = 16R,R®Ry. — 12RpRR + R® 4 24RPRR yopg + 3RR apca R
- 24RabRaCdeRbcde - 8RagchadeRbfde + 2RabefRadeRcd¢f 5 (A 1)

L4 = —96R,‘RPRy'R.y + 48R R R 4R + 64R,‘R°Ry.R — 24R , R’ R> + R*
+96RPRRR yepg + O6R* R apcaR — 96RPRR,““Rpeqe — 384R, R R¥ R e
+ 96RRR 1 Rper + 192RRR I Roeay — 32RR,* I R Rygte + 8RR "R Regey
+192R,“RRy™Reor — 192RRR, ' Recar + 384RR, Ry Roner

13
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— 24R bR R cgetR™ — 96R™ R, ““ Ry Rgen + 192R R, 1 R R
_ 96RaechadeRbheiRdhﬁ _ 96RabefRadeRcheiRd1_'fh 4 6Rab9fRadeRcdhiRgfhi
— 48Ry RR M Ropri + 48R, IRRY"  Rupgi + 3RupcaR™ ™ Ropi R (A.2)

Ls = T68R"RRy'Re Rae — 640R R RR* Ry — 480R."RR,'ReaR + 240R R R.aRR
+ 160R.“RRpcR* — 40RpRR® + R® + 240RR“R*Rucpa + 10R* RapcaR?
— 240R°R*R“* Ryede — 1920R,“R°R*RRpgce + 480RR“RR1c Ryuey
— 1920RR“RY Race" Ry + 1920Ra“ R R/ R* Roecy + 960RRRR* I Rieay
— 80R* R 'R Rugte + 20R*Rup "R R e + 960R, R RRy™ R ey
+ 3840R“ R Ry "R/ Recty — 960R 1R RRY Recar — 960RRRR " 5/ Recar
— 1920R,“R™R¥ Ry Reopty — 3840R,“RR¥ Ry " Rofor, + 1920RRR,““ Ry 4 Roper
— 120R R RR R — 3840R™ R°RY R e R — 480RRR,““ Ry R
— 1920R,“R™ Ry Re” Raeg + 960R 1RV R R Raop + 960R™ RR. 1 R R
+ 3840R™ R,““ Ry Ro1f Raeij + 3840R,‘RRU Ry’ " Ruper + 1920RRR,* ' Rye" R
— 1920RRR, 1 Ree" Rupi + 3840RRRo* IRy / Ranei — 480RR. IR Ry 'Ry
— 3840RRR,5'R." . Ransi — 3840RR“RcRy" o' Raigr, — 480RR 1 R*““R. 'R
— 3840R, ‘R’ Ry™R." ' Ruyp + 320R R R." ' R* Ry
— 768R, " R Ry R oi* Ratnj + 160R, R Ry RaenR*™ + 480R’ R R e Ry Ropii
+ 30RRw7 R Red Roi + 960R R Ry ™ Red" Roni — 80RwR Red R Ry
— 3840R" R Ryt Rd™ Reni — 240RR e R R™ Ropi — 1920R,“ R Ry R Ropi
+ 3840R“’ Ry ““ Ry Repd Regiy + 1920R°R,““ Ry " Ren " Rogi
+ 240RR.* 'R Ry ' Rengi + 1920RR“ R, 'R i Reni — 1920RR“R. IRy o' Reig
+ 3840R“ Ra““ Ry " Re’{ Reinj + 1920R“ Ry““ Ry R’ { Rejui
— 3840R™Ra‘ b R Ra'f Rejni + 1920R." 'R Ry/" R * Rery
+ 240R R R cpaRepiR"™ + 15RRapeaR*“RopiR™™ + 960R R, R 4o R Ry
— 480R™ Ry Ry Rae " Rpij + 960R R 1 R R " Ry
+ 1920RRy““ Ryed R Ry — 1920RR, " Re* / R Ry
— 480R 5 R“R. ' Ra!* Rajx — 3840RR,““Ry "Re' / Ry
+ 960RRa““ Ry R 4o Ryni — 1920R.* /R™“Ry" 'R * Ry
+1920R.* 'R “Ry" ' RS * R — 1920R 1 R““R." 'R i R
— 480R 5 R Red" RS 1 Ras + 1920R e R“UR™ R 1 Ry
— 80RuwpeaR™“ R 1 R Ry — 240R™ R, Rycac R R™
+ 24R i R Red Rof* Ruiji. — 480R e R R™ Rof* R
+ 20RacaR"Ref* R R + 480R ' R R " R R
+ 960R 7R “R." 'R Rijir — 384Ro R Ry" 4/ RS F Ry . (A.3)
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Appendix B. Explicit form of £;; for the metric (3.1)

Here we first give the explicit expressions of the Lagrangians listed in appendix A when (3.1)
and its relevant curvature tensors are substituted into them:

L3 = W <3r{b' [r(7Ta—3)a’ +2(D —6)(a— 1)a] +2r(a — 1)ab"’}
+ b{a[3r’a"" —2(D—6)(=3ra’+D—17)| +3r[a’ 2ra’ —2(D —6)) —ra"’]
+(D=7)(D=6)@+1)}), (B.1)
V(] —a)?
L4= (D(Dz_)'g()llrigb) <4r{b’ [r(9a—3)a’ +2(D—8)(a—1)a] +2r(a—1)ab""}
+b{a [4r2a” —2(D—8)(—4ra’ +D—9)| +4rla’ (3ra’ —2(D—8)) —ra’’]
+(D—9)(D—8)(a2+1)}), (B.2)
V(1 — )
Ls= W(Sr{b’ [r(11a—3)a’ +2(D—10)(a — 1)a] + 2r(a — 1)ab""}
+ b{a[57%a’" —2(D—10)(=5ra’ + D — 11)] 4+ 5r[a’ (4ra" —2(D — 10)) — ra’’]
+(D-11)(D-10)(@+1)}). (B.3)

A quick glance at (3.3), (B.1)—~(B.3) reveals the structure of generic'” £ for the D-dimensional
metric (3.1):

(D—-2)I(1 —a)*?
(D —2k)!'r?kb

+ b{a[ka" = 2D —2K) (~kra' +D =2k = 1)) +kr[a’ (k= 1)ra’ = 2(D —24)) —ra”’

Liz1 = (kr{b' [r((2k+1)a—3)a’ +2(D —2k)(a—1)a] +2r(a—1)ab""}

n (D—2k—1)(D—2k)(a2+l)}). (B.4)

Appendix C. Simultaneous roots of p(\) (2.12) and ¢(\) (4.7)

In this appendix we carefully study the simultaneous real roots of p(\) (2.12) and g(\) (4.7)
for the dimensions 8 < D < 11, given a Lovelock theory (2.2) (with (2.3)) containing the para-
meters A and oy, or equivalently wy (2.13), (1 < k < [(D — 1)/2]). Our strategy is to first figure
out the conditions that guarantee the reality of the roots of the smaller-degree polynomial (),
assuming that the coefficient o(p_1)/2) # 0, and to later tune up the bare cosmological con-
stant A so that the real roots of g(\) are also roots of p(A). Throughout we also assume that
o, or identically wy, is always strictly positive, i.e. w; > 0.

After the discussion of the most general case, we also examine the simpler example of the
vanishing of all oy, hence wy (2.13), except for w; and the highest relevant £, i.e. the case with

17 1t is not obvious at all but in fact (B.4) also reduces to (3.2) when k = 1, hence the subscript k > 1.
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wi >0, wyp—1)/2) #0 and w = 0 for 1 <k < [(D —1)/2] for the relevant dimensions 8 <
D < 11. Note that the latter model corresponds to the cosmological Einstein theory coupled
with the highest order Euler density for 8 < D < 11.

C.1. D=8

The relevant polynomials are

P\ =A = 21w A — 21w\ —21ws\? =0, g(\) = w + 2w +3w3A? =0,
(C.1)

with the same g(\) (6.10) as in D = 7. The generic roots of g() are identical to those (6.11) of
the D =7 case, which are real for w3 < w3/(3w;). These are also simultaneous roots of p(\)
provided

7
AQL) =5+ (ng — 9wiwaws F 2 (w) — 3“’”’3)3/2) :
3

7/5 times those (6.12) of the D =7 case. The analogous discussion for what happens when
wy = 0 leads to A+ identical to those (6.13) of the D =7 case again. These are also roots of

p(\) if
wi
Ay = 14w, |- 21
( :t) w1 3&]3’

which is again 7/5 times those (6.14) of the D =7 case.

C.2. D=9
Now

p(A) = A —28wi A — 28wy A? — 28ws A — 28w A* =0,
q(N) = w1 + 2wrA + 3wsA + 4w X’ = 0. (C2)
The procedure for determining the roots of the cubic polynomial g(A) (C.2) is a well-known,

e.g. [32], but onerous task. Let us keep the discussion succinct and state the most relevant
points. First define the following auxiliary variables:

Q Wy w%
C 6wy 16w3]
P w1 W3 w;
’ 8wy  16wi 64w’
2 3 3 2,2
w W1Wrws wiw W, W5 W
A:— Q3 —|—P2 — | 3 2 2%3

64wl 64wl | 256wi | 216w]  T68wi

::\3/P+\/Z, T::\z/P—\/Z.

(1]
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Then the formal roots of the polynomial g(\) (C.2) are given by

M=—1r+(E+T),

4CU4

w3 1_ \/g_
=B C(E4T)+iE-T
R V3

and it follows [32] that when

i) A > 0, there exist one real and a pair of complex conjugate roots of g(\) (C.2);
ii) A =0, all roots of g(\) (C.2) are real and at least two of them are equal;
iii) A <0, all roots of g(A) (C.2) are real and unequal.

Depending on each separate case, the real roots \;, (i = 1,2,3), can be used in the polynomial
p(A) (C.2) to tune up the bare cosmological constant A.
The analysis simplifies considerably when one sets w, = w3 = 0, for which

0=0, P:f;—l, A=P*>0, E==v2P, T=0,
Wy

and there is only one real root of g(\) at

wi
A=) —— C3
2o0s (C.3)

regardless of the sign of wy. This is also a root of p(A) if

AN = 21w113/—;%4. (C4)

C.3. D=10

Now
PN = A = 36w\ — 36wy A\? — 36w3\> — 36wsA* =0, (C.5)

and g(\) is identical to the one (C.2) in D =09, so the discussion closely follows that of the
D =9 case, with identical expressions for Q, P, A, =, T and the formal roots \;, (i = 1,2,3),
as in the previous subsection C.2. Once again the real ); can be used in the polynomial p(\)
(C.5) to tune up the bare cosmological constant A.

The analogous discussion for what happens when one sets w, = w3 = 0 is also identical to
the one in the D =9 case, having the same special root A\, (C.3) as in D=9, with only the
specially tuned-up A given by

AN = 27&;“3/74“"714 (C.6)

instead of (C.4).
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C4. D=11

Finally
P(A) = A — 450\ — 450y A2 — 45w NP — 45w\ — 45ws A\’ =0,
q(N) = wi + 2w\ + 3w A + dws N’ + SwsA* = 0. (C.7)

It is important to understand the nature of the roots of g(\) (C.7). To this end, we follow the
discussion in [33] and first define the following parameters with rather unwieldy coefficients

A1 =16 (2000wiw3 — 2400wiwswsws — 1800wiwiws + 2160wiwswiws — 432wiwy

+ 2700w1w§w3w§ — 120w1w§w§w5 — 1800w1w2w§w4w5 + 432w1w2w3w2 + 405w1w§w5

— 108w wiw? — 675wiw? + 540w3wswaws — 128wiw; — 135w3wiws + 36w§w§wi) ,

P:=24 (SW3W5 — 2wf) ,
R:=16 (25w2w§ — 15w3waws + 4wz) ,
Ag : = 60w;ws — 24wy + 9w§ ,
S: =16 (500w w3 — 200w waw; — 225wiw; + 240wswiws — 48w}) .

Then the nature of the roots are as follows'®:

i) A < 0: there are two (distinct) real and a pair of complex conjugate roots.

ii) A > 0: when P < 0 and S < 0, all four roots are real and distinct.

When P >0 or S > 0, there are two pairs of complex conjugate roots.

iii) A = 0: when P <0 and S < 0 and A # 0, there are one real double and two real simple
roots.

When S > 0or (P > 0and (S # 0 or R #0)), there are a real double root and a pair of complex
conjugate roots.

When Ay = 0 and S # 0, there are a triple root and a simple root, all real.

When S =0 and P < 0, there are two real double roots.

When S =0 and P >0 and R =0, there are two complex conjugate double roots.

When S =0 and A, = 0, all four roots are equal to —w,/(5ws).

Further defining [33]
P= 25w?
) Sszwg — 30w3waws + 8w2
o 125w3

A :=54 (—ZOwlmws + Swlwi + IOw%ws — dwrwiws —|—w§) ,

3 A1+\/A%—4A8

0:= : :

T2\ T3P 150, 0)

(5w3w5 — 2wi) ,

)

18 Even though there seems to be uncovered cases, these cannot occur as explained in [33].
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where any one of the three cube roots of Q can be used in T [33], the generic roots of the
quartic polynomial p(\) (C.7) are [33]

W4 1 q
Mp=————T+—=/—-4T> -2 =
1,2 Sws 2 P+T7

1
b4 T[4 - L

)\ =
34 50J5 2

Finally the real roots A;, (i = 1,2,3,4), can be used in the polynomial p(\) (C.7) to tune up
the bare cosmological constant A.

When one sets w, = w3 =wy =0, it follows by examining A = 32000w;w? and §=
8000w1wg that ¢(\) has no real roots when wjws > 0, i.e. when ws > 0. When ws < 0, there
are two distinct real roots given by

w1
Ay =4/ ——.
+ 50.)5

These are also roots of p()\) if

w1
A == M=
(/\i) 36w, 5i0s

ORCID iDs

Deniz Olgu Devecioglu @ https://orcid.org/0000-0002-5176-9798
Ulf G Lindstrom @ https://orcid.org/0000-0001-7149-5045
Ozgiir Sarioglu @ https://orcid.org/0000-0003-2282-3510

References

[1] Padmanabhan T and Kothawala D 2013 Lanczos-Lovelock models of gravity Phys. Rep.
531 115-71
[2] Lovelock D 1971 The Einstein tensor and its generalizations J. Math. Phys. 12 498-501
[3] Teitelboim C and Zanelli J 1987 Dimensionally continued topological gravitation theory in
Hamiltonian form Class. Quantum Grav. 4 L125
[4] Kastor D 2012 The Riemann-Lovelock curvature tensor Class. Quantum Grav. 29 155007
[5] Dadhich N 2016 A distinguishing gravitational property for gravitational equation in higher dimen-
sions Eur. Phys. J. C 76 104
[6] Stelle K S 1977 Renormalization of higher derivative quantum gravity Phys. Rev. D 16 953—-69
[7] Zwiebach B 1985 Curvature squared terms and string theories Phys. Lett. B 156 315-7
[8] Zumino B 1986 Gravity theories in more than four-dimensions Phys. Rep. 137 109
[9] Wheeler J T 1986 Symmetric solutions to the Gauss-Bonnet extended Einstein equations Nucl.
Phys. B 268 737-46
Wheeler J T 1986 Symmetric solutions to the maximally Gauss-Bonnet extended Einstein equations
Nucl. Phys. B 273 732-48
[10] Whitt B 1988 Spherically symmetric solutions of general second order gravity Phys. Rev. D 38 3000
[11] Weyl H 1951 Space-Time-Matter (Dover)
[12] Palais R S 1979 The principle of symmetric criticality Commun. Math. Phys. 69 19-30
[13] Garraffo C and Giribet G 2008 The Lovelock black holes Mod. Phys. Lett. A 23 1801-18
[14] Arenas-Henriquez G, Mann R B, Miskovic O and Olea R 2019 Mass in Lovelock unique vacuum
gravity theories Phys. Rev. D 100 064038
[15] Boulware D G and Deser S 1985 String generated gravity models Phys. Rev. Lett. 55 2656
[16] Kastor D and Sentiirk C 2015 Symmetry breaking vacua in Lovelock gravity Class. Quantum Grav.
32 185004


https://orcid.org/0000-0002-5176-9798
https://orcid.org/0000-0002-5176-9798
https://orcid.org/0000-0001-7149-5045
https://orcid.org/0000-0001-7149-5045
https://orcid.org/0000-0003-2282-3510
https://orcid.org/0000-0003-2282-3510
https://doi.org/10.1016/j.physrep.2013.05.007
https://doi.org/10.1016/j.physrep.2013.05.007
https://doi.org/10.1063/1.1665613
https://doi.org/10.1063/1.1665613
https://doi.org/10.1088/0264-9381/4/4/010
https://doi.org/10.1088/0264-9381/4/4/010
https://doi.org/10.1088/0264-9381/29/15/155007
https://doi.org/10.1088/0264-9381/29/15/155007
https://doi.org/10.1140/epjc/s10052-016-3933-z
https://doi.org/10.1140/epjc/s10052-016-3933-z
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1016/0370-2693(85)91616-8
https://doi.org/10.1016/0370-2693(85)91616-8
https://doi.org/10.1016/0370-1573(86)90076-1
https://doi.org/10.1016/0370-1573(86)90076-1
https://doi.org/10.1016/0550-3213(86)90268-3
https://doi.org/10.1016/0550-3213(86)90268-3
https://doi.org/10.1016/0550-3213(86)90388-3
https://doi.org/10.1016/0550-3213(86)90388-3
https://doi.org/10.1103/PhysRevD.38.3000
https://doi.org/10.1103/PhysRevD.38.3000
https://doi.org/10.1007/BF01941322
https://doi.org/10.1007/BF01941322
https://doi.org/10.1142/S0217732308027497
https://doi.org/10.1142/S0217732308027497
https://doi.org/10.1103/PhysRevD.100.064038
https://doi.org/10.1103/PhysRevD.100.064038
https://doi.org/10.1103/PhysRevLett.55.2656
https://doi.org/10.1103/PhysRevLett.55.2656
https://doi.org/10.1088/0264-9381/32/18/185004
https://doi.org/10.1088/0264-9381/32/18/185004

J. Phys. A: Math. Theor. 58 (2025) 025401 D O Devecioglu et al

[17] Maeda H, Willison S and Ray S 2011 Lovelock black holes with maximally symmetric horizons
Class. Quantum Grav. 28 165005
[18] Deser S and Tekin B 2003 Shortcuts to high symmetry solutions in gravitational theories Class.
Quantum Grav. 20 4877-84
[19] Deser S and Franklin J 2005 Schwarzschild and Birkhoff a la Weyl Am. J. Phys. 73 261-4
[20] Deser S, Sarioglu O and Tekin B 2008 Spherically symmetric solutions of Einstein + non-
polynomial gravities Gen. Relativ. Grav. 40 1-7
[21] Lindstrém U and Sarioglu O 2021 New currents with Killing-Yano tensors Class. Quantum Grav.
38 195011
[22] Arnowitt R L, Deser S and Misner C W 2008 Republication of: the dynamics of general relativity
Gen. Relativ. Grav. 40 1997-2027
[23] Abbott L F and Deser S 1982 Stability of gravity with a cosmological constant Nucl. Phys. B
195 76-96
Deser S and Tekin B 2002 Gravitational energy in quadratic curvature gravities Phys. Rev. Lett.
89 101101
Deser S and Tekin B 2003 Energy in generic higher curvature gravity theories Phys. Rev. D
67 084009
[24] Giinel O and Sarioglu O 2023 Conserved charges of the Kerr black hole revisited Eur. Phys. J. C
83 787
[25] Kastor D and Traschen J 2004 Conserved gravitational charges from Yano tensors J. High Energy
Phys. JTHEP08(2004)045
[26] Cai R G 2002 Gauss-Bonnet black holes in AdS spaces Phys. Rev. D 65 084014
Cai R G and Guo Q 2004 Gauss-Bonnet black holes in dS spaces Phys. Rev. D 69 104025
Cai R G 2004 A Note on thermodynamics of black holes in Lovelock gravity Phys. Lett. B
582 23742
[27] Dadhich N, Pons J M and Prabhu K 2013 On the static Lovelock black holes Gen. Relativ. Grav.
45113144
[28] Ghosh R and Sarkar S 2020 Black hole Zeroth law in higher curvature gravity Phys. Rev. D
102 101503
[29] Dadhich N 2011 On Lovelock vacuum solution Math. Today 26 37
[30] Dadhich N, Pons J] M and Prabhu K 2012 Thermodynamical universality of the Lovelock black
holes Gen. Relativ. Grav. 44 2595-601
[31] Wiltshire D L 1988 Black holes in string generated gravity models Phys. Rev. D 38 2445
[32] Abramowitz M and Stegun I A 1964 Handbook of Mathematical Functions with Formulas, Graphs
and Mathematical Tables (Dover) 9th printing p 17
[33] Wikipedia entry: ‘Quartic function’ (Accessed 27 June 2024)

20


https://doi.org/10.1088/0264-9381/28/16/165005
https://doi.org/10.1088/0264-9381/28/16/165005
https://doi.org/10.1088/0264-9381/20/22/011
https://doi.org/10.1088/0264-9381/20/22/011
https://doi.org/10.1119/1.1830505
https://doi.org/10.1119/1.1830505
https://doi.org/10.1007/s10714-007-0508-1
https://doi.org/10.1007/s10714-007-0508-1
https://doi.org/10.1088/1361-6382/ac1871
https://doi.org/10.1088/1361-6382/ac1871
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1007/s10714-008-0661-1
https://doi.org/10.1016/0550-3213(82)90049-9
https://doi.org/10.1016/0550-3213(82)90049-9
https://doi.org/10.1103/PhysRevLett.89.101101
https://doi.org/10.1103/PhysRevLett.89.101101
https://doi.org/10.1103/PhysRevD.67.084009
https://doi.org/10.1103/PhysRevD.67.084009
https://doi.org/10.1140/epjc/s10052-023-11916-x
https://doi.org/10.1140/epjc/s10052-023-11916-x
https://doi.org/10.1088/1126-6708/2004/08/045
https://doi.org/10.1103/PhysRevD.65.084014
https://doi.org/10.1103/PhysRevD.65.084014
https://doi.org/10.1103/PhysRevD.69.104025
https://doi.org/10.1103/PhysRevD.69.104025
https://doi.org/10.1016/j.physletb.2004.01.015
https://doi.org/10.1016/j.physletb.2004.01.015
https://doi.org/10.1007/s10714-013-1514-0
https://doi.org/10.1007/s10714-013-1514-0
https://doi.org/10.1103/PhysRevD.102.101503
https://doi.org/10.1103/PhysRevD.102.101503
https://doi.org/10.48550/arXiv.1006.0337
https://doi.org/10.48550/arXiv.1006.0337
https://doi.org/10.1007/s10714-012-1416-6
https://doi.org/10.1007/s10714-012-1416-6
https://doi.org/10.1103/PhysRevD.38.2445
https://doi.org/10.1103/PhysRevD.38.2445

	On the maximally symmetric vacua of generic Lovelock gravities
	1. Introduction
	2. Lovelock gravity
	3. The shortcut to static black hole solutions
	4. Linearized field equations
	5. Conserved charges
	6. Solutions at special vacua
	7. Summary and discussion
	Appendix A. Other terms in the Lagrangian (2.2)
	Appendix B. Explicit form of Lk1 for the metric (3.1)
	Appendix C. Simultaneous roots of p(λ) (2.12) and q(λ) (4.7)
	C.1.  D=8
	C.2.  D=9
	C.3.  D=10
	C.4.  D=11

	References


