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Abstract
We survey elementary features of Lovelock gravity and its maximally sym-
metric vacuum solutions. The latter is solely determined by the real roots
of a dimension-dependent polynomial. We also recover the static spherically
symmetric (black hole) solutions of Lovelock gravity using Palais’ symmetric
criticality principle. We show how to linearize the generic field equations of
Lovelock models about a given maximally symmetric vacuum, which turns
out to factorize into the product of yet another dimension-dependent polyno-
mial and the linearized Einstein tensor about the relevant background. We also
describe how to compute conserved charges using linearized field equations
along with the relevant background Killing isometries. We further describe and
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discuss the special vacua which are defined by the simultaneous vanishing of
the aforementioned polynomials.

Keywords: Lovelock gravity, maximally symmetric vacua,
exact black hole solutions

1. Introduction

General relativity (GR) has passed numerous observational and experimental tests and is essen-
tial for our present (classical) understanding of the Universe. Its quantum formulation is far
less developed, although string theory seems to be highly relevant. It is thus of interest to
investigate extensions and/or modifications of GR to look for novel phenomena and to study
gravity in various dimensions.

In this context, Lovelock models are of great interest since they offer a natural extension
of GR to higher dimensions. Lovelock gravities have this flexibility by seamlessly introdu-
cing additional curvature terms that encode higher-dimensional information, as required by
e.g. superstring theory, without giving up on many of the appealing features of GR. Most not-
ably, they possess field equations that are strikingly similar to those of GR in four dimensions,
yet also have unique features in higher dimensions. (See e.g. [1] and the references therein.)

More specifically, Lovelock gravities form a special class of higher curvature gravity
models since they include at most second order derivatives of the metric tensor and they
only depend on the Riemann tensor but not its derivatives [2]. At the classical level, their
Hamiltonian formulation involves only the canonical gravitational degrees of freedom of GR
[3]. In a completely classical setting, ‘pure Lovelock gravity’ [4, 5], the Lovelock model
L=−2Λ+α[(D−1)/2]L[(D−1)/2] that is described by the lowest and highest terms in (2.1)
and (2.2), is claimed to be the unique generalization of GR to higher (D⩾ 5) dimensions with
a ‘kinematic’5 static vacuum spacetime [5]. At the quantum level, they do not suffer from
ghosts that typically occur in higher curvature theories [6–8].

Perhaps this is a good place to say a few words as to why we have picked this topic as a
contribution to the special issue dedicated to Stanley Deser’s memory. He has been a driving
force in the development of many of the tools used here and he has extensively utilized these
in some of his seminal works that we cite.

The outline of the paper is as follows: in section 2 we briefly describe the key aspects of
Lovelock gravity, its generic action inD dimensions, the source-free field equations that follow
and its maximally symmetric vacua, which are found by determining the real roots of a poly-
nomial of degree [(D− 1)/2]. We then give an outline of how the static spherically symmetric
(black hole) solutions of Lovelock gravity that are already found in [9, 10] can be easily derived
using the so-called Weyl–Palais trick [11, 12] in section 3. Section 4 is devoted to deriving the
source-free linearized field equations about a given maximally symmetric vacuum, which in
fact factorizes into the product of a polynomial of degree [(D− 1)/2]− 1 and the linearized
Einstein tensor about the given background. The latter polynomial turns out to be related to
the derivative of the former. Section 5 briefly presents how conserved gravitational charges
are defined using background Killing isometries for generic Lovelock theories, which turns
out to be proportional to the usual Einstein charges. In section 6 we study in detail the special
vacua, that are defined via the simultaneous vanishing of the aforementioned polynomials,

5 One containing a nontrivial vacuum solution.
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about which nontrivial solutions, such as black holes, black strings or branes, of a generic
Lovelock theory might exist. We then finish up with our conclusions.

In appendix A we present the explicit forms of the Euler densities for D= 6,8,10 dimen-
sions that are used in Lovelock models. Appendix B gives the explicit expression of the Euler
density Lk for a generic k⩾ 1 when the D-dimensional metric (3.1) and its relevant curvature
tensors are substituted directly into Lk. Appendix C is devoted to the determination of special
vacua for the dimensions 8⩽ D⩽ 11.

2. Lovelock gravity

The action of Lovelock theories in D⩾ 3 spacetime dimensions is given by6

I=
ˆ
dDx

√
|g|L

(
gab,Rabcd (g)

)
, (2.1)

with the Lagrangian

L :=−2Λ+

[(D−1)/2]∑
k=1

αkLk , (2.2)

where Λ is the bare cosmological constant, [x] denotes the integer part of a real number x, αk
are properly chosen coupling constants of appropriate dimensions with

Lk :=
1
2k

δa1b1...akbkc1d1...ckdk
Rc1d1a1b1 R

c2d2
a2b2 . . .R

ckdk
akbk , k⩾ 1 . (2.3)

Here the generalized Kronecker delta is totally antisymmetric in all up and down indices, and
is defined as

δa1...akc1...ck = k!δ[a1...ak]c1...ck = k!δa1...ak[c1...ck]
, (2.4)

and the first few terms7 in the Lagrangian (2.2) are

L1 = R , (2.5)

L2 = R2 − 4RabR
ab+RcdabRcd

ab . (2.6)

When D is even, LD/2 is the Euler density, which gives a topological invariant when integ-
rated over a compact manifold without a boundary. The variation of LD/2 for even D is a
total derivative and does not contribute to the equations of motion. Moreover Lk terms vanish
identically for k> D/2. So there is a natural difference between even and odd dimensions:
as seen from (2.2), the Euler density of the even dimension is added each time one moves
up to the next odd dimension, whereas no new term is added when one moves from an odd
dimension to the next even dimension.

6 Intrinsically the treatment here uses the second-order metric formulation and the connection is Levi–Civita. For a
discussion on what happens for the first-order (or Palatini) formulation and other interesting features of Lovelock
theories, see the explicatory review [1].
7 We give the explicit forms of a few others in the appendix A.
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Closely related to Lovelock models is the so-called Chern–Simons (CS) gravity theories
which are defined only in odd dimensions and can be seen as a higher dimensional (D⩾ 5)
generalization of the CS description of three-dimensional Einstein gravity as a gauge theory.
CS gravities are particular cases of Lovelock models that admit a CS-like action with specific
set of coefficients αk depending on the odd dimension D. In complete analogy, there is also
so-called Born-Infeld (BI) gravity theories that exist in even dimensions with a precise set of
coefficients depending on the dimension D [13, 14].

The source-free field equations of a general Lovelock theory (2.1) are

Eab := Λδab +

[(D−1)/2]∑
k=1

αkGkab = 0 , (2.7)

where

Gkab :=− 1
2k+1

δaa1b1...akbkbc1d1...ckdk
Rc1d1a1b1 R

c2d2
a2b2 . . .R

ckdk
akbk , (2.8)

and it is easy to see that G1
a
b reduces to the ordinary Einstein tensor Ga

b. It is also apparent
that the diffeomorphism invariance of the action (2.1) leads directly to a generalized Bianchi
identity ∇aEab = 0.

Obviously, Lovelock gravity in D dimensions may have up to [(D− 1)/2] distinct maxim-
ally symmetric vacua ḡab [15, 16], for which the Riemann curvature tensor is8

R̄cdab = λδcdab , R̄ab = λ (D− 1) δab , R̄= λD(D− 1) , for a real constant λ, (2.9)

depending on the relevant couplings αk. The maximally symmetric spacetime (2.9) is
Minkowski when λ= 0, de Sitter (dS) when λ> 0 and Anti de Sitter (AdS) when λ< 0.
Since (2.9) gives

Ḡkab =−1
2
λk

(D− 1)!
(D− (2k+ 1))!

δab , (2.10)

the field equations (2.7) for a maximally symmetric spacetime (2.9) imply

Ēab = Λδab +

[(D−1)/2]∑
k=1

αk Ḡkab = 0 , (2.11)

that reduces to a polynomial equation (of degree [(D− 1)/2]) for λ

p(λ) := Λ− 1
2
(D− 1)(D− 2)

[(D−1)/2]∑
k=1

ωkλ
k = 0 . (2.12)

Here we have defined rescaled versions of the parameters αk in the Lagrangian (2.2)

ωk := αk
(D− 3)!

(D− (2k+ 1))!
, (2.13)

8 We will put a bar on a curvature tensor when working with maximally symmetric spacetimes, thus e.g. R̄cdab :=
Rcdab(ḡ) for the metric ḡ of a maximally symmetric spacetime.
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for the sake of additional transparency and clarity in what follows, and to rid the ensuing
calculations of unwieldy numbers. Note in passing that the parameter in front of the usual
Einstein–Hilbert piece (2.5) is α1 = ω1 now.

The real roots of the polynomial equation (2.12) determine physically viable maximally
symmetric vacua. When [(D− 1)/2] is odd, there is at least one maximally symmetric vacua,
but for generic [(D− 1)/2] and ωk, there is a wide range of possibilities going from the ‘no
vacuum case’ to ‘the maximum number, i.e. [(D− 1)/2] distinct vacua case’. In general, one
can, at least in principle, study (hyper)surfaces in the parameter space defined by ωk for which
the number of maximally symmetric vacua change [16]. In fact, a detailed classification of
vacuum solutions with spherical, planar or hyperbolic spatial geometry can be found in [17],
where the conditions on the coupling constants ωk are also examined to further determine
degenerate maximally symmetric vacua.

3. The shortcut to static black hole solutions

An appealing feature of Lovelock gravity models is that they admit explicit static spherically
symmetric (black hole) solutions that allow for deformations of the ‘Schwarzschild geometry’.
Even though such solutions are well-known [9, 10], here we want to recapitulate an alternative
and much shorter way for driving this family using the Weyl–Palais trick [11, 12, 18] of sub-
stituting in the Lovelock action (2.1) the gauge-fixed Schwarzschild metrics (see (3.1) below)
endowed with the desired spherical symmetries. This trick considerably simplifies the deriva-
tion of the relevant field equations and, implicitly upholding Bianchi identities, guarantees the
determination of all relevant solutions [12].

The most general D-dimensional static spherically symmetric metric in Schwarzschild
coordinates is9

ds2 =−a(r) b2 (r) dt2 + dr2

a(r)
+ r2 dΩ2

D−2 , (3.1)

where dΩ2
D−2 is the metric on the unit (D− 2)-dimensional sphere SD−2. The essence of the

‘symmetric criticality principle’ [12] lies in the straightforward substitution of (3.1) and its
relevant curvature tensors (which are calculated relatively easily by making use of the ‘com-
posite structure’ of (3.1)) into the Lagrangian (2.2) and its pieces Lk (2.3) that make up the
action (2.1), which gives e.g. via (2.5) and (2.6)10

L1 =−
r(b ′ (3ra ′ + 2(D− 2)a)+ 2rab ′ ′)+ b

(
r2a ′ ′ +(D− 2)(2ra ′ +(D− 3)(a− 1))

)
r2b

,

(3.2)

L2 =
(D− 3)(D− 2)

r4b
(2r{b ′ [r(5a− 3)a ′ + 2(D− 4)(a− 1)a]

+ 2r(a− 1)ab ′ ′}+ b
{
a
[
2r2a ′ ′ − 2(D− 4)(−2ra ′ +D− 5)

]
+ 2r [a ′ (ra ′ − 2(D− 4))− ra ′ ′] + (D− 5)(D− 4)

(
a2 + 1

)})
, (3.3)

where a prime indicates derivative with respect to the coordinate r.

9 In fact one may take the metric functions a and b to depend also on the t-coordinate, which, however, drops out of
the actions in the ensuing discussion and can be shown to lead to Birkhoff’s theorem á la [19, 20].
10 In appendix B, we give the analogous expressions for the Lagrangians listed in appendix A.
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As a nontrivial and illustrative example, consider the D= 5 case. Then, the Lovelock
action (2.1) reduces to the simpler form

I→
ˆ ∞

0
drr3 b (−2Λ+α1L1 +α2L2)

∣∣∣
D=5

, (3.4)

by discarding the contributions from the angular integrations. The reduced field equations that
follow from the calculus of variations on the two metric functions a(r) and b(r) decouple, and
immediately lead to the well-known Boulware–Deser solution [15] with two separate branches
of static black holes (3.1)

D= 5 : b(r) = 1 , a± (r) = 1+
α1 r2

4α2

(
1±

√
1+

4Λα2

3α2
1

+
m
r4

)
, (3.5)

for generic values of the parameters α1,α2 and Λ, and an integration constant m that is related
to the mass of the black hole(s).

Obviously, the aforementioned static spherically symmetric (black hole) solutions of
Lovelock gravity [9, 10] can be derived readily in a similar fashion. To this end, the analog
of (3.4) is

I→
ˆ ∞

0
drbrD−2

−2Λ+

[(D−1)/2]∑
k=1

αkLk

 , (3.6)

and one finds, using (B.4), that

brD−2Lk =
(D− 2)!
(D− 2k)!

((
−2ka(1− a)k−1 b ′rD−2k+ b

(
rD−2k (1− a)k

) ′
) ′

− b ′ (1− a)k
(
rD−2k

) ′)
. (3.7)

Substituting (3.7) into (3.6) and dropping the total derivative terms, the relevant reduced action
reads

−
ˆ ∞

0
dr

−2ΛbrD−2 +(D− 2) b ′
[(D−1)/2]∑

k=1

ωk (1− a)k rD−2k−1

 . (3.8)

after using (2.13). Once again the variation of (3.8) with respect to a(r) sets b(r) = 1, without
loss of generality, whereas the variation of (3.8) with respect to b(r) gives

2ΛrD−2 − (D− 2)
[(D−1)/2]∑

k=1

ωk

(
(1− a)k rD−2k−1

) ′
= 0 ,

which is easily integrated to yield

[(D−1)/2]∑
k=1

ωk

(
(1− a)
r2

)k

=Mr1−D+
2Λ

(D− 1)(D− 2)
, (3.9)

6



J. Phys. A: Math. Theor. 58 (2025) 025401 D O Devecioğlu et al

for an integration constant M. The polynomial for the metric function a(r) (3.9) is precisely
the implicit condition on the relevant metric function in [10] after careful identifications. For
example, the Boulware–Deser solution [15] reproduced in the previous paragraph (3.5) follows
from setting D= 5 in (3.9), making use of (2.13) and identifying the parameter m in (3.5) with
4ω2M/ω2

1 .

4. Linearized field equations

We now turn to the linearization of the source-free field equations of Lovelock models about a
generic maximally symmetric background. Let us assume that there exists a well-defined max-
imally symmetric vacuum ḡab for which Eab(ḡ) := Ēab = 0, i.e. that p(λ) = 0 in (2.12) has at
least one real root. Then the source-free field equations Eab(g) = 0 for a more general metric
gab can be linearized about this vacuum (or ‘background’) ḡab using the metric fluctuations
(or ‘deviations’) hab, with hab := gab− ḡab, provided that the deviation hab goes to zero ‘suffi-
ciently fast’ as one approaches the background ḡab that is typically located at ‘the boundary at
infinity’ for λ⩽ 0. Indicating the linearized tensorial quantities with a subscript ‘L’, one finds
using (2.9) that

(Gkab)L :=− 1
2k+1

δaa1b1...akbkbc1d1...ckdk

((
Rc1d1a1b1

)
L
R̄c2d2a2b2 . . . R̄

ckdk
akbk

+R̄c1d1a1b1
(
Rc2d2a2b2

)
L
. . . R̄ckdkakbk + · · ·+ R̄c1d1a1b1 R̄

c2d2
a2b2 . . .

(
Rckdkakbk

)
L

)
,

=− k
2k+1

δaa1b1...akbkbc1d1...ckdk

(
Rc1d1a1b1

)
L
R̄c2d2a2b2 . . . R̄

ckdk
akbk ,

=− k
4

(D− 3)! λk−1

(D− (2k+ 1))!
δaa1b1bc1d1

(
Rc1d1a1b1

)
L
,

= k
(D− 3)! λk−1

(D− (2k+ 1))!
(Ga

b)L , (4.1)

where (
Rcdab

)
L
= R̄abe

[chd]e+ 2∇̄[a∇̄[dhb]
c] , (4.2)

(Rab)L =
1
2

(
∇̄c∇̄ahbc+ ∇̄c∇̄bh

ac−∇̄a∇̄bh− □̄hab
)
− hacR̄bc , (4.3)

RL = ∇̄a∇̄bh
ab− □̄h− habR̄ab , (4.4)

(Ga
b)L : = (Rab)L−

1
2
RL δ

a
b . (4.5)

Here the raising and lowering of all indices are done with respect to the background ḡab, h :=
ḡabhab, ∇̄ indicates the covariant derivative with respect to the background metric and □̄ :=
∇̄a∇̄a. (See e.g. [21] and the references therein for details.) With these preliminaries, it is now
straightforward to arrive at the source-free linearized field equations11

(Eab)L :=
[(D−1)/2]∑

k=1

αk (Gkab)L = q(λ) (Ga
b)L = 0 , (4.6)

11 This is again a verification that source-free Lovelock theories indeed represent a natural generalization of Einstein’s
GR with a unitary massless spin-2 field content.
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where we have defined a polynomial q(λ) (of degree [(D− 1)/2]− 1) as

q(λ) :=
[(D−1)/2]∑

k=1

kωkλ
k−1 . (4.7)

Taking the trace of (4.6), we find(
1− D

2

)
q(λ) RL = 0 , (4.8)

so that RL has to vanish provided q(λ) ̸= 0.
Note in passing that the polynomials p(λ) (2.12) and q(λ) (4.7) are related to each other as

dp
dλ

+
(D− 1)(D− 2)

2
q(λ) = 0 . (4.9)

For the case of CS gravities, when the polynomials p(λ) (2.12) and q(λ) (4.7) simultan-
eously share at least one real root, say λ̃, then the relevant CS theory about the corresponding
maximally symmetric vacuum enjoys a symmetry enhancement from local Lorentz symmetry
to AdS (if λ̃ < 0) with a different number of degrees of freedom and modified dynamics.
Similar arguments hold for CS dS (if λ̃ > 0) and CS Poincaré gravities (if λ̃= 0) [14].

It is natural to expect that nontrivial solutions, such as black holes, black strings or branes,
of a generic Lovelock theory about a special vacuum, defined via the simultaneous vanishing
of the polynomials p(λ) (2.12) and q(λ) (4.7), be special themselves. At the classical level,
they must define peculiar points where the geometric properties of distinct, e.g. black hole,
solution sets merge or bifurcate. It is tempting to speculate that there is a holographic inter-
pretation of Lovelock gravity similar to that of ordinary gravity. Then these peculiar points
should analogously correspond to branching points for the flows of (conformal) field theories
with different characteristics.

5. Conserved charges

A natural question to ask in the context of the linearized theory is about currents and conserved
charges. The present section contains such a discussion and briefly depicts an adaption of the
covariant generalization of the celebrated ADM mass definition [22] to Lovelock gravity.

Through linearization, the generalized Bianchi identity∇aEab = 0 can be utilized for con-
structing a conserved vector current

Ja := (Eab)L ξ̄
b = q(λ) JaEin , where JaEin := (Ga

b)L ξ̄
b , (5.1)

with ∇̄aJa = 0, using a background Killing vector ξ̄a, for which ∇̄(aξ̄b) = 0, via similar argu-
ments as for GR [23]. Since the current JaEin naturally leads to a conserved and background
gauge invariant gravitational charge12

QEin
(
ξ̄
)
:=

˛
∂Σ

dD−2x
√
|q|n[a rb] ℓab , (5.2)

12 See e.g. [21, 23, 24] for details. The charge definition (5.2) implicitly assumes the background to be either
Minkowski or AdS, i.e. λ ⩽ 0, to avoid the pathologies that arise from the cosmological horizons of dS spaces.

8
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where ℓab is the potential two-form of the current JaEin := ∇̄bℓ
ab, and ℓab = ℓ[ab] is explicitly

[21, 23, 25]

ℓab(ξ̄) = ξ̄c∇̄[ahb]c+ ξ̄[b∇̄ch
a]c+ hc[b∇̄cξ̄

a] + ξ̄[a∇̄b]h+
1
2
h∇̄[aξ̄b] , (5.3)

=−3δabdeci ξ̄
e ∇̄i hd

c+ hc[b∇̄cξ̄
a] +

1
2
h∇̄[aξ̄b] , (5.4)

it immediately follows that the conserved gravitational charge that follows from the current
Ja is

Q
(
ξ̄
)
= q(λ) QEin

(
ξ̄
)
. (5.5)

This means that when q(λ) = 0, all conserved charges Q(ξ̄) (5.5), including the mass, vanish.
In this work, we are not interested in the thermodynamics of black holes in Lovelock gravity

theories. Here is a number of papers that discuss this issue [26–28]. (See also the papers that
cite these works.)

6. Solutions at special vacua

So we see that the real roots of the polynomial equation p(λ) = 0 (2.12) determine the physic-
ally viable vacua, whereas the polynomial q(λ) (4.7) is important for determining the dynam-
ics (4.6) and the conserved charges (5.5) of Lovelock theories. Hence it is natural to ask about
the simultaneous real roots of both p(λ) = 0 and q(λ) = 0 for each dimension D⩾ 3. If such
a real root exists and is denoted by λr, then one can write p(λ) = (λ−λr)

2 r(λ), where the
factor r(λ) is a polynomial (of degree [(D− 1)/2]− 2) since p(λ) and q(λ) are related to each
other by (4.9). That is, the root λr is at least a double root of p(λ). In this case the conserved
charge (5.5) is no longer reliable and one has to resort to other charge definitions, see e.g. [14].

With the ideas presented in the last paragraph of section 4 as an extra motivation, we hereby
set out to determine the simultaneous roots of p(λ) (2.12) and q(λ) (4.7) explicitly to identify
the special vacua first. We next find out the static spherically black hole solutions of Lovelock
models about these special vacua. Even though static spherically symmetric solutions of Eab =
0 (2.7) in higher dimensions with generic αk was originally given in [9] and later refined in
[10], the static spherically symmetric black hole solutions13 we explicitly find here are only
implicitly contained in these works and do not follow easily. Hence we examine carefully some
of these special black hole solutions.

• The simplest examples are the D= 3 and D= 4 cases, for which

D= 3 : p(λ) = Λ−ω1λ= 0 , q(λ) = ω1 = 0 , (6.1)

D= 4 : p(λ) = Λ− 3ω1λ= 0 , q(λ) = ω1 = 0 . (6.2)

For either dimension, both p(λ) = 0 and q(λ) = 0 cannot be solved nontrivially. The vacuum
is simply given by λ= Λ/ω1 whenD= 3, and by λ= Λ/(3ω1)whenD= 4, both with ω1 ̸= 0.

• The first non-trivial, but simple and illustrative, example occurs when D= 5, for which

13 See [29] for the asymptotic large r limit of these black hole solutions, and [30] for the behavior of the entropy going
as the square of the horizon radius.
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D= 5 : p(λ) = Λ− 6ω1λ− 6ω2λ
2 , q(λ) = ω1 + 2ω2λ= 0 . (6.3)

The first thing to note is that p(λ) has real roots only if 3ω2
1 + 2ω2Λ⩾ 0. As already men-

tioned and rediscovered at the end of section 3, there are two separate branches of static black
holes (3.5) in D= 5. If one sets the ‘mass parameter’ m= 0 in (3.5), one ends up with two
maximally symmetric (background) spaces with14

a± (r)
∣∣∣
m=0

= 1−λ±r
2 , λ± =− ω1

2ω2

(
1±

√
1+

2ω2Λ

3ω2
1

)
, (6.4)

and λ± are the two generic roots of the polynomial p(λ) = 0 (6.3), provided 3ω2
1 + 2ω2Λ⩾ 0,

as already mentioned. Note that the two roots λ± merge precisely at the common root of
p(λ) and q(λ), located at λ̄=−ω1/(2ω2), provided ω2 ̸= 0 and Λ =−3ω2

1/(2ω2). On the
other hand, if one sets Λ =−3ω2

1/(2ω2) at the very beginning, one ends up with two different
spacetimes (3.1), for both of which b(r) = 1, but

a1 = 1+
ω1

2ω2
r2 , a2 = c+

ω1

2ω2
r2 , (6.5)

for an arbitrary integration constant c. The choice of a1 (6.5) in (3.1) clearly corresponds to
a maximally symmetric spacetime (2.9) with λ=−ω1/(2ω2). However, a2 (6.5) with c ̸= 1
represents a geometry given by a direct product M× S3, where M is a two-dimensional max-
imally symmetric spacetime (2.9) with λ=−ω1/(2ω2) and c ̸= 1 is a scale that sets the radius
of the sphere S3. So in D= 5, the simultaneous real root of p(λ) and q(λ) (6.3) is a bifurcation
point in the solution space where a maximally symmetric vacuum and a product spaceM× S3

emerge together.
• The discussion for D= 6 resembles the one for D= 5. To start with, one now has

p(λ) = Λ− 10ω1λ− 10ω2λ
2 = 0 , q(λ) = ω1 + 2ω2λ= 0 , (6.6)

and p(λ) has real roots only if 5ω2
1 + 2ω2Λ⩾ 0. In analogy to the D= 5 case, there are again

two separate branches of static black holes (3.1)15

D= 6 : b(r) = 1 , a± (r) = 1+
ω1 r2

2ω2

(
1±

√
1+

2Λω2

5ω2
1

+
m̃
r5

)
, (6.7)

for generic values of the parameters ω1,ω2 and Λ, and an integration constant m̃ that is related
to the mass of the black hole(s). When one sets the parameter m̃= 0 in (6.7), one again finds
two maximally symmetric (background) spaces with

a± (r)
∣∣∣
m̃=0

= 1−λ±r
2 , λ± =− ω1

2ω2

(
1±

√
1+

2ω2Λ

5ω2
1

)
, (6.8)

where λ± are the two generic roots of the polynomial p(λ) = 0 (6.6), provided 5ω2
1 + 2ω2Λ⩾

0, of course. Once again the two roots λ± merge at the common root of p(λ) and q(λ), located

14 Recall the redefinition (2.13) we made earlier. So α1 = ω1 and α2 = ω2/2 now.
15 Recall that the static black hole solutions of generic Lovelock models in various dimensions can be found in [10].
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at λ̃=−ω1/(2ω2), provided ω2 ̸= 0 and Λ =−5ω2
1/(2ω2). However, the discussion is more

interesting than the one forD= 5 when one seeks out solutions of the form (3.1) by settingΛ =
−5ω2

1/(2ω2) in the first place. In that case, apart from the maximally symmetric metric (3.1)
with b(r) = 1 and a(r) = 1− λ̃r2, there is also the static black hole (3.1), with b(r) = 1 again,
but now16

a(r) = 1− λ̃r2 +
M̃√
r
. (6.9)

Since q(λ) = 0 precisely for λ̃, this black hole has vanishing conserved charges as argued in
section 5 and one must resort to other means to determine e.g. its mass. To this end, a more
careful discussion which uses the full Lovelock action (2.1), rather than the linearized field
equations (Eab)L as in section 5, that also carefully accounts for the boundary terms emerging
during the variation of the action is needed. However, that in itself is quite a different enterprise
which we leave aside.

• The D= 7 case is much more involved. Now the polynomials read

p(λ) = Λ− 15ω1λ− 15ω2λ
2 − 15ω3λ

3 = 0 , q(λ) = ω1 + 2ω2λ+ 3ω3λ
2 = 0 .

(6.10)

The generic roots of q(λ) are

λ± =
−ω2 ±

√
ω2
2 − 3ω1ω3

3ω3
, (6.11)

and these are real when ω3 ⩽ ω2
2/(3ω1). Each one of these is also a simultaneous root of

p(λ) if

Λ(λ±) =
5

9ω2
3

(
2ω3

2 − 9ω1ω2ω3 ∓ 2
(
ω2
2 − 3ω1ω3

)3/2)
. (6.12)

Using the generic ωk (k= 1,2,3) and either a generic Λ or one of these specially tuned Λ(λ±)
values, one can indeed find black hole solutions of the form (3.1) (again with b(r) = 1) but
neither of the corresponding triplets of a(r) are worthy of displaying here given their bulky
form.

Sadly, the discussion does not simplify much with ω2 = 0, for which the roots of q(λ) read

λ± =±
√
− ω1

3ω3
, provided ω1/ω3 < 0 . (6.13)

These are also roots of p(λ) if the cosmological constant is tuned to

Λ(λ±) =±10ω1

√
− ω1

3ω3
. (6.14)

However, the unwieldiness of the relevant triplets of a(r) persists and we refrain from display-
ing them here for the sake of readability.

16 Setting Λ =−5ω2
1/(2ω2) in the solutions of [10] is misleading, since it does not recover the two distinct classes

we find here.
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• For completeness sake, we also carefully study the simultaneous real roots of the polyno-
mials p(λ) (2.12) and q(λ) (4.7) for the dimensions 8⩽ D⩽ 11. However, the relevant analysis
for these cases are rather elaborate so we relegate it to appendix C.

• Finally we would like to examine Lovelock gravities in generic D⩾ 5 dimensions with
the additional requirement that all ωk = 0 for k> 2. This particular choice coincides with the
cosmological Einstein-Gauss–Bonnet theory in D⩾ 5. In that case, p(λ) (2.12) is quadratic
and q(λ) (4.7) is linear in λ:

D⩾ 5 : p(λ) = Λ− 1
2
(D− 1)(D− 2)

(
ω1λ+ω2λ

2
)

q(λ) = ω1 + 2ω2λ, (6.15)

and this generalizes the arguments we gave for D= 5 and D= 6 above. The polynomial p(λ)
has real roots only if (D− 1)(D− 2)ω2

1 + 8ω2Λ⩾ 0. The first thing to note is that there are
two separate branches of static black holes [31]

D⩾ 5 : b(r) = 1 , a± (r) = 1+
ω1 r2

2ω2

(
1±

√
1+

8Λω2

(D− 2)(D− 1)ω2
1

+ M̃r1−D

)
,

(6.16)

for generic values of the parameters ω1,ω2 and Λ, and an integration constant M̃ that is related
to the mass of the black hole(s). The two maximally symmetric (background) spaces follow
when M̃= 0 in (6.16)

a± (r)
∣∣∣
M̃=0

= 1−λ±r
2 , λ± =− ω1

2ω2

(
1±

√
1+

8ω2Λ

(D− 2)(D− 1)ω2
1

)
, (6.17)

provided (D− 1)(D− 2)ω2
1 + 8ω2Λ⩾ 0. The two roots λ± merge at λ̃=−ω1/(2ω2), if ω2 ̸=

0 and

Λ =− ω2
1

8ω2
(D− 1)(D− 2) .

The discussion follows the one we gave for D= 6 now: apart from the maximally symmetric
metric (3.1) with b(r) = 1 and a(r) = 1− λ̃r2, there is also the static black hole (3.1) with

D⩾ 6 : b(r) = 1 , a(r) = 1− λ̃r2 + M̂ r(5−D)/2 . (6.18)

where M̂ is again an integration constant. Just like its six-dimensional counterpart (6.9), since
q(λ̃) = 0, all conserved charges of this black hole vanish as per the prescription of section 5.
This case shows that the special loci of simultaneous real roots of p(λ) (2.12) and q(λ) (4.7)
may provide room for ‘massless’ black hole solutions that deserve to be further studied.

7. Summary and discussion

We have studied the basic features of Lovelock gravity, including its generic D-dimensional
action, the source-free field equations and its maximally symmetric vacuum solutions.We have
recapitulated that such vacua are determined by the real roots of the polynomial p(λ) (2.12)
which in general is of degree [(D− 1)/2]. We have also rederived the generic static spherically
symmetric black hole solutions of Lovelock gravity using the symmetric criticality principle

12
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of Palais. We have also sketched how the generic field equations of Lovelock gravity can be
linearized about a given maximally symmetric vacuum, and shown that the outcome is the
product of the linearized Einstein tensor about the relevant background with a second poly-
nomial q(λ) (4.7), which is of degree [(D− 1)/2]− 1 and is related to the derivative of p(λ).
We have also outlined how conserved gravitational charges can be calculated using linearized
field equations and background Killing isometries for a generic Lovelock model. We have
shown that the charges are always equal to the product of the usual Einstein charges with the
polynomial q(λ) (4.7).

We have further studied in detail the determination of the special vacua, that are defined
as the common real roots of the polynomials p(λ) and q(λ). The discussion was relatively
easy for 3⩽ D⩽ 5. D= 6 was the simplest interesting case since we were able to identify a
nontrivial black hole with vanishing conserved charges at the unique special vacuum, which
has a slightly different nature than the analogous Boulware–Deser-like bifurcating black holes
already present there. Thus we expect that there exist nontrivial and perhaps unusual solutions
at those special vacua with possibly interesting features on the holography side in D⩾ 7 as
well. Even though we were able to analytically determine the special vacua at D= 7, the
corresponding black hole solutions were hardly encouraging and we have not been able to
consolidate our hunch. Unfortunately the discussion gets even more sharply complicated with
D> 7. It may pay off to resort to numerical methods on top of the analytical approach we have
employed so far.
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Appendix A. Other terms in the Lagrangian (2.2)

Here we list the explicit forms of a few other terms in the Lagrangian (2.2):

L3 = 16Ra
cRabRbc− 12RabR

abR+R3 + 24RabRcdRacbd+ 3RRabcdR
abcd

− 24RabRa
cdeRbcde− 8Ra

e
c
fRabcdRbfde+ 2Rab

efRabcdRcdef , (A.1)

L4 = − 96Ra
cRabRb

dRcd+ 48RabR
abRcdR

cd+ 64Ra
cRabRbcR− 24RabR

abR2 +R4

+ 96RabRcdRRacbd+ 6R2RabcdR
abcd− 96RabRRa

cdeRbcde− 384Ra
cRabRdeRbdce

+ 96RabRcdRac
efRbdef+ 192RabRcdRa

e
c
fRbedf− 32RRa

e
c
fRabcdRbfde+ 8RRab

efRabcdRcdef

+ 192Ra
cRabRb

defRcdef− 192RabRcdRa
e
b
fRcedf+ 384RabRa

cdeRb
f
d
hRchef
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− 24RabR
abRcdefR

cdef− 96RabRa
cdeRbc

fhRdefh+ 192RabRa
c
b
dRc

efhRdefh

− 96Ra
e
c
fRabcdRb

h
e
iRdhfi− 96Rab

efRabcdRc
h
e
iRdifh+ 6Rab

efRabcdRcd
hiRefhi

− 48Rabc
eRabcdRd

fhiRefhi+ 48Ra
e
c
fRabcdRb

h
d
iRehfi+ 3RabcdR

abcdRefhiR
efhi . (A.2)

L5 = 768Ra
cRabRb

dRc
eRde− 640RabR

abRc
eRcdRde− 480Ra

cRabRb
dRcdR+ 240RabR

abRcdR
cdR

+ 160Ra
cRabRbcR

2 − 40RabR
abR3 +R5 + 240RabRcdR2Racbd+ 10R3RabcdR

abcd

− 240RabR2Ra
cdeRbcde− 1920Ra

cRabRdeRRbdce + 480RabRcdRRac
efRbdef

− 1920RabRcdRefRace
hRbdfh+ 1920Ra

cRabRd
fRdeRbecf+ 960RabRcdRRa

e
c
fRbedf

− 80R2Ra
e
c
fRabcdRbfde+ 20R2Rab

efRabcdRcdef+ 960Ra
cRabRRb

defRcdef

+ 3840Ra
cRabRb

dRefRcedf− 960RabR
abRcdRefRcedf− 960RabRcdRRa

e
b
fRcedf

− 1920Ra
cRabRdeRbd

fhRcefh− 3840Ra
cRabRdeRb

f
d
hRcfeh+ 1920RabRRa

cdeRb
f
d
hRchef

− 120RabR
abRRcdefR

cdef− 3840RabRcdRefRacb
hRdefh− 480RabRRa

cdeRbc
fhRdefh

− 1920Ra
cRabRb

dRc
efhRdefh+ 960RabR

abRcdRc
efhRdefh+ 960RabRRa

c
b
dRc

efhRdefh

+ 3840RabRa
cdeRb

fhiRchf
jRdeij+ 3840Ra

cRabRdeRb
f
c
hRdfeh+ 1920RabRcdRa

e
c
fRbe

hiRdfhi

− 1920RabRcdRa
e
b
fRce

hiRdfhi+ 3840RabRcdRa
e
c
fRb

h
f
iRdhei− 480RRa

e
c
fRabcdRb

h
e
iRdhfi

− 3840RabRcdRa
e
b
fRc

h
e
iRdhfi− 3840RabRcdRac

efRb
h
e
iRdifh− 480RRab

efRabcdRc
h
e
iRdifh

− 3840Ra
cRabRb

defRc
h
e
iRdifh+ 320RabR

abRc
h
e
iRcdefRdifh

− 768Ra
efhRabcdRbf

ijRcei
kRdkhj+ 160Ra

cRabRbcRdefhR
defh+ 480RabRcdRac

efRbd
hiRefhi

+ 30RRab
efRabcdRcd

hiRefhi+ 960Ra
cRabRb

defRcd
hiRefhi− 80RabR

abRcd
hiRcdefRefhi

− 3840RabRcdRacb
eRd

fhiRefhi− 240RRabc
eRabcdRd

fhiRefhi− 1920Ra
cRabRb

d
c
eRd

fhiRefhi

+ 3840RabRa
cdeRb

fhiRchd
jRefij+ 1920RabRa

cdeRb
f
d
hRch

ijRefij

+ 240RRa
e
c
fRabcdRb

h
d
iRehfi+ 1920RabRcdRa

e
b
fRc

h
d
iRehfi− 1920RabRcdRa

e
c
fRb

h
d
iReifh

+ 3840RabRa
cdeRb

f
d
hRc

i
f
jReihj+ 1920RabRa

cdeRbc
fhRd

i
f
jRejhi

− 3840RabRa
c
b
dRc

efhRd
i
f
jRejhi + 1920Ra

e
c
fRabcdRbf

hiRd
j
h
kRekij

+ 240RabRcdRacbdRefhiR
efhi+ 15RRabcdR

abcdRefhiR
efhi+ 960RabRa

cdeRb
f
deRc

hijRfhij

− 480RabRa
cdeRbc

fhRde
ijRfhij+ 960RabRa

c
b
dRc

efhRde
ijRfhij

+ 1920RabRa
cdeRbcd

fRe
hijRfhij− 1920RabRa

c
b
dRc

e
d
fRe

hijRfhij

− 480Rab
efRabcdRc

h
e
iRdi

jkRfhjk− 3840RabRa
cdeRb

f
d
hRc

i
e
jRfihj

+ 960RabRa
cdeRb

fhiRc
j
deRfjhi− 1920Ra

e
c
fRabcdRb

h
e
iRd

j
i
kRfjhk

+ 1920Ra
e
c
fRabcdRb

h
d
iRe

j
i
kRfjhk− 1920Rab

efRabcdRc
h
e
iRd

j
h
kRfjik

− 480Rab
efRabcdRcd

hiRe
j
h
kRfkij+ 1920Rabc

eRabcdRd
fhiRe

j
h
kRfkij

− 80RabcdR
abcdRe

j
h
kRefhiRfkij− 240RabRa

cdeRbcdeRfhijR
fhij

+ 24Rab
efRabcdRcd

hiRef
jkRhijk− 480Rabc

eRabcdRd
fhiRef

jkRhijk

+ 20RabcdR
abcdRef

jkRefhiRhijk+ 480Rabc
eRabcdRd

f
e
hRf

ijkRhijk

+ 960Rab
efRabcdRc

h
e
iRd

j
f
kRhjik− 384Ra

e
c
fRabcdRb

h
d
iRe

j
f
kRhkij . (A.3)
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Appendix B. Explicit form of Lk⩾1 for the metric (3.1)

Here we first give the explicit expressions of the Lagrangians listed in appendix A when (3.1)
and its relevant curvature tensors are substituted into them:

L3 =
(D− 2)! (1− a)
(D− 6)!r6 b

(
3r
{
b ′ [r(7a− 3)a ′ + 2(D− 6)(a− 1)a] + 2r(a− 1)ab ′ ′}

+ b
{
a
[
3r2a ′ ′ − 2(D− 6)(−3ra ′ +D− 7)

]
+ 3r [a ′ (2ra ′ − 2(D− 6))− ra ′ ′]

+ (D− 7)(D− 6)(a2 + 1)
})

, (B.1)

L4 =
(D− 2)! (1− a)2

(D− 8)!r8 b

(
4r
{
b ′ [r(9a− 3)a ′ + 2(D− 8)(a− 1)a] + 2r(a− 1)ab ′ ′}

+ b
{
a
[
4r2a ′ ′ − 2(D− 8)(−4ra ′ +D− 9)

]
+ 4r [a ′ (3ra ′ − 2(D− 8))− ra ′ ′]

+ (D− 9)(D− 8)(a2 + 1)
})

, (B.2)

L5 =
(D− 2)! (1− a)3

(D− 10)!r10 b

(
5r
{
b ′ [r(11a− 3)a ′ + 2(D− 10)(a− 1)a] + 2r(a− 1)ab ′ ′}

+ b
{
a
[
5r2a ′ ′ − 2(D− 10)(−5ra ′ +D− 11)

]
+ 5r [a ′ (4ra ′ − 2(D− 10))− ra ′ ′]

+ (D− 11)(D− 10)(a2 + 1)
})

. (B.3)

A quick glance at (3.3), (B.1)–(B.3) reveals the structure of generic17 Lk for theD-dimensional
metric (3.1):

Lk⩾1 =
(D− 2)! (1− a)k−2

(D− 2k)!r2k b

(
kr
{
b ′ [r((2k+ 1)a− 3)a ′ + 2(D− 2k)(a− 1)a

]
+ 2r(a− 1)ab ′ ′}

+ b
{
a
[
kr2a ′ ′ − 2(D− 2k)

(
−kra ′ +D− 2k− 1

)]
+ kr

[
a ′ ((k− 1)ra ′ − 2(D− 2k)

)
− ra ′ ′]

+ (D− 2k− 1)(D− 2k)(a2 + 1)
})

. (B.4)

Appendix C. Simultaneous roots of p(λ) (2.12) and q(λ) (4.7)

In this appendix we carefully study the simultaneous real roots of p(λ) (2.12) and q(λ) (4.7)
for the dimensions 8⩽ D⩽ 11, given a Lovelock theory (2.2) (with (2.3)) containing the para-
metersΛ andαk, or equivalentlyωk (2.13), (1⩽ k⩽ [(D− 1)/2]). Our strategy is to first figure
out the conditions that guarantee the reality of the roots of the smaller-degree polynomial q(λ),
assuming that the coefficient α[(D−1)/2] ̸= 0, and to later tune up the bare cosmological con-
stant Λ so that the real roots of q(λ) are also roots of p(λ). Throughout we also assume that
α1, or identically ω1, is always strictly positive, i.e. ω1 > 0.

After the discussion of the most general case, we also examine the simpler example of the
vanishing of all αk, hence ωk (2.13), except for ω1 and the highest relevant k, i.e. the case with

17 It is not obvious at all but in fact (B.4) also reduces to (3.2) when k= 1, hence the subscript k ⩾ 1.

15



J. Phys. A: Math. Theor. 58 (2025) 025401 D O Devecioğlu et al

ω1 > 0, ω[(D−1)/2] ̸= 0 and ωk = 0 for 1< k< [(D− 1)/2] for the relevant dimensions 8⩽
D⩽ 11. Note that the latter model corresponds to the cosmological Einstein theory coupled
with the highest order Euler density for 8⩽ D⩽ 11.

C.1. D=8

The relevant polynomials are

p(λ) = Λ− 21ω1λ− 21ω2λ
2 − 21ω3λ

3 = 0 , q(λ) = ω1 + 2ω2λ+ 3ω3λ
2 = 0 ,

(C.1)

with the same q(λ) (6.10) as inD= 7. The generic roots of q(λ) are identical to those (6.11) of
the D= 7 case, which are real for ω3 ⩽ ω2

2/(3ω1). These are also simultaneous roots of p(λ)
provided

Λ(λ±) =
7

9ω2
3

(
2ω3

2 − 9ω1ω2ω3 ∓ 2
(
ω2
2 − 3ω1ω3

)3/2)
,

7/5 times those (6.12) of the D= 7 case. The analogous discussion for what happens when
ω2 = 0 leads to λ± identical to those (6.13) of the D= 7 case again. These are also roots of
p(λ) if

Λ(λ±) =±14ω1

√
− ω1

3ω3
,

which is again 7/5 times those (6.14) of the D= 7 case.

C.2. D=9

Now

p(λ) = Λ− 28ω1λ− 28ω2λ
2 − 28ω3λ

3 − 28ω4λ
4 = 0 ,

q(λ) = ω1 + 2ω2λ+ 3ω3λ
2 + 4ω4λ

3 = 0 . (C.2)

The procedure for determining the roots of the cubic polynomial q(λ) (C.2) is a well-known,
e.g. [32], but onerous task. Let us keep the discussion succinct and state the most relevant
points. First define the following auxiliary variables:

Q : =
ω2

6ω4
− ω2

3

16ω2
4

,

P : =− ω1

8ω4
+

ω2ω3

16ω2
4

− ω3
3

64ω3
4

,

∆ : = Q3 +P2 =
ω2
1

64ω2
4

− ω1ω2ω3

64ω3
4

+
ω1ω

3
3

256ω4
4

+
ω3
2

216ω3
4

− ω2
2ω

2
3

768ω4
4

.

Ξ : =
3

√
P+

√
∆ , Υ :=

3

√
P−

√
∆ .
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Then the formal roots of the polynomial q(λ) (C.2) are given by

λ1 =− ω3

4ω4
+(Ξ +Υ) ,

λ2 =− ω3

4ω4
− 1

2
(Ξ +Υ)+ i

√
3
2

(Ξ −Υ) ,

λ3 =− ω3

4ω4
− 1

2
(Ξ +Υ)− i

√
3
2

(Ξ −Υ) ,

and it follows [32] that when

i) ∆> 0, there exist one real and a pair of complex conjugate roots of q(λ) (C.2);
ii) ∆= 0, all roots of q(λ) (C.2) are real and at least two of them are equal;
iii) ∆< 0, all roots of q(λ) (C.2) are real and unequal.

Depending on each separate case, the real roots λi, (i = 1,2,3), can be used in the polynomial
p(λ) (C.2) to tune up the bare cosmological constant Λ.

The analysis simplifies considerably when one sets ω2 = ω3 = 0, for which

Q= 0 , P=− ω1

8ω4
, ∆= P2 > 0 , Ξ =

3
√
2P , Υ= 0 ,

and there is only one real root of q(λ) at

λr = 3

√
− ω1

4ω4
, (C.3)

regardless of the sign of ω4. This is also a root of p(λ) if

Λ(λr) = 21ω1
3

√
− ω1

4ω4
. (C.4)

C.3. D=10

Now

p(λ) = Λ− 36ω1λ− 36ω2λ
2 − 36ω3λ

3 − 36ω4λ
4 = 0 , (C.5)

and q(λ) is identical to the one (C.2) in D= 9, so the discussion closely follows that of the
D= 9 case, with identical expressions for Q, P,∆, Ξ, Υ and the formal roots λi, (i = 1,2,3),
as in the previous subsection C.2. Once again the real λi can be used in the polynomial p(λ)
(C.5) to tune up the bare cosmological constant Λ.

The analogous discussion for what happens when one sets ω2 = ω3 = 0 is also identical to
the one in the D= 9 case, having the same special root λr (C.3) as in D= 9, with only the
specially tuned-up Λ given by

Λ(λr) = 27ω1
3

√
− ω1

4ω4
(C.6)

instead of (C.4).
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C.4. D=11

Finally

p(λ) = Λ− 45ω1λ− 45ω2λ
2 − 45ω3λ

3 − 45ω4λ
4 − 45ω5λ

5 = 0 ,

q(λ) = ω1 + 2ω2λ+ 3ω3λ
2 + 4ω4λ

3 + 5ω5λ
4 = 0 . (C.7)

It is important to understand the nature of the roots of q(λ) (C.7). To this end, we follow the
discussion in [33] and first define the following parameters with rather unwieldy coefficients

∆ : = 16
(
2000ω3

1ω
3
5 − 2400ω2

1ω2ω4ω
2
5 − 1800ω2

1ω
2
3ω

2
5 + 2160ω2

1ω3ω
2
4ω5 − 432ω2

1ω
4
4

+ 2700ω1ω
2
2ω3ω

2
5 − 120ω1ω

2
2ω

2
4ω5 − 1800ω1ω2ω

2
3ω4ω5 + 432ω1ω2ω3ω

3
4 + 405ω1ω

4
3ω5

−108ω1ω
3
3ω

2
4 − 675ω4

2ω
2
5 + 540ω3

2ω3ω4ω5 − 128ω3
2ω

3
4 − 135ω2

2ω
3
3ω5 + 36ω2

2ω
2
3ω

2
4

)
,

P : = 24
(
5ω3ω5 − 2ω2

4

)
,

R : = 16
(
25ω2ω

2
5 − 15ω3ω4ω5 + 4ω3

4

)
,

∆0 : = 60ω1ω5 − 24ω2ω4 + 9ω2
3 ,

S : = 16
(
500ω1ω

3
5 − 200ω2ω4ω

2
5 − 225ω2

3ω
2
5 + 240ω3ω

2
4ω5 − 48ω4

4

)
.

Then the nature of the roots are as follows18:
i) ∆< 0: there are two (distinct) real and a pair of complex conjugate roots.
ii) ∆> 0: when P< 0 and S< 0, all four roots are real and distinct.
When P> 0 or S> 0, there are two pairs of complex conjugate roots.
iii) ∆= 0: when P< 0 and S< 0 and∆0 ̸= 0, there are one real double and two real simple

roots.
When S> 0 or (P> 0 and (S ̸= 0 orR ̸= 0)), there are a real double root and a pair of complex

conjugate roots.
When ∆0 = 0 and S ̸= 0, there are a triple root and a simple root, all real.
When S= 0 and P< 0, there are two real double roots.
When S= 0 and P> 0 and R= 0, there are two complex conjugate double roots.
When S= 0 and ∆0 = 0, all four roots are equal to −ω4/(5ω5).
Further defining [33]

p :=
3

25ω2
5

(
5ω3ω5 − 2ω2

4

)
,

q :=
50ω2ω

2
5 − 30ω3ω4ω5 + 8ω3

4

125ω3
5

,

∆1 := 54
(
−20ω1ω3ω5 + 8ω1ω

2
4 + 10ω2

2ω5 − 4ω2ω3ω4 +ω3
3

)
,

Q :=
3

√√√√∆1 +
√
∆2

1 − 4∆3
0

2
,

T :=
1
2

√
−2
3
p+

1
15ω5

(
Q+

∆0

Q

)
,

18 Even though there seems to be uncovered cases, these cannot occur as explained in [33].
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where any one of the three cube roots of Q can be used in T [33], the generic roots of the
quartic polynomial p(λ) (C.7) are [33]

λ1,2 =− ω4

5ω5
−T± 1

2

√
−4T2 − 2p+

q
T
,

λ3,4 =− ω4

5ω5
+T± 1

2

√
−4T2 − 2p− q

T
.

Finally the real roots λi, (i = 1,2,3,4), can be used in the polynomial p(λ) (C.7) to tune up
the bare cosmological constant Λ.

When one sets ω2 = ω3 = ω4 = 0, it follows by examining ∆= 32000ω3
1ω

3
5 and S=

8000ω1ω
3
5 that q(λ) has no real roots when ω1ω5 > 0, i.e. when ω5 > 0. When ω5 < 0, there

are two distinct real roots given by

λ± =± 4

√
− ω1

5ω5
.

These are also roots of p(λ) if

Λ(λ±) =±36ω1
4

√
− ω1

5ω5
.
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