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Abstract

The original version of the Standard Model (SM) where only massless left-handed (L) neutrinos
are present, predicts the conservation of lepton flavor. Neutrino oscillations undoubtedly imply
Lepton Flavor Violation (LFV), although, for the charged sector, no lepton flavor violating process
has been observed so far. Consequently, there is a strong experimental program searching for any
kind of charged LFV (cLFV) observation that would lead to New Physics (NP) beyond the SM.

In the first work included in this thesis, we analyzed the flavor violating decays ℓi → ℓjχ,
where χ is a massive gauge boson, which has not been described satisfactorily so far for ultralight
χ. Observables like the decay rate exhibited an unphysical divergence in the limit of massless χ,
associated with its longitudinal polarizations. We first analyze these processes from an Effective
Field Theories (EFTs) framework, exhibiting the possible divergences in the limit mχ → 0 which
are however cancelled in any theory with underlying local gauge invariance. We then present two
explicit models where the LFV is generated either at tree level or at one loop. We show that,
because of gauge symmetry, finiteness of observables is ensured in the massless χ limit. Finally,
we discuss the most salient phenomenological consequences and their relevance in the searches for
this kind of decays.

In the second work, we perform an analysis of the cLFV processes ℓi → ℓjγγ, in an EFT
approach. We build an effective Lagrangian that describes the local interaction of two charged
leptons of different flavors and two photons. We show that in the scenario where only the double
photon emission is allowed at tree level, loop corrections can still induce large branching ratios for
ℓi → ℓjγ. Through the correlation between the two processes, we show that the loop corrections
can induce large rates for ℓi → ℓjγ deriving in indirect upper limits for ℓi → ℓjγγ. We find that
our bounds are orders of magnitude better than the current limits for these processes. Finally, we
demonstrate that searches for these channels are well-motivated from the theoretical point of view,
showing that both these single and double-photon processes have similar probabilities within two
Higgs doublet models, strengthening the case for the ℓi → ℓjγγ searches.
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Resumen

La versión original del Modelo Estándar, donde solo aparecen neutrinos izquierdos no masivos,
predice la conservación del sabor leptónico. Las oscilaciones de neutrinos implican sin lugar a
dudas violación del sabor leptónico, sin embargo, hasta ahora, no se ha observado violación de
sabor leptónico en el sector cargado. En consecuencia, existe un sólido programa experimental
que busca cualquier tipo de observación de violación de sabor leptónico en el sector cargado, que
conduzca a una nueva física más allá del Modelo Estándar.

En el primer trabajo de esta tesis analizamos las desintegraciones que violan sabor ℓi → ℓjχ,
donde χ es un bosón de gauge masivo, el cual, hasta ahora, no ha sido descrito satisfactoriamente
para χ ultraligero. Los observables como la tasa de decaimiento exhibían una divergencia no física
en el límite mχ → 0. Presentamos entonces dos modelos explícitos donde la violación del sabor
leptónico es generada a nivel árbol o a un loop. Mostramos que, gracias a la simetría gauge local,
se asegura la finitud de los observables en el límite de χ sin masa. Finalmente, discutimos las
consecuencias fenomenológicas más destacadas y su relevancia en las búsquedas de este tipo de
desintegraciones.

En el segundo trabajo, realizamos un análisis de los procesos que violan el sabor leptónico
en el sector cargado ℓi → ℓjγγ, en un enfoque de teoría de campos efectiva. Construimos un
Lagrangiano efectivo que describe la interacción local entre dos leptones cargados de diferente
sabor y dos fotones. Mostramos que en el escenario donde solamente la emisión de doble fotón es
permitida a nivel árbol, las correcciones de loop pueden aún inducir probabilidades grandes para
ℓi → ℓjγ derivando en límites superiores indirectos para ℓi → ℓjγγ. Encontramos que nuestros
límites son órdenes de magnitud mejores que los límites actuales para estos procesos. Finalmente,
discutimos que las búsquedas de estos canales están bien motivadas teóricamente, mostrando que
tanto los procesos con un solo fotón como los procesos con dos fotones tienen probabilidades
similares en los modelos de dos dobletes de Higgs, fortaleciendo así las búsquedas de ℓi → ℓjγγ.
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Chapter 1

Introduction

Our understanding of modern elementary particle physics is based on the Standard Model,
whose theoretical formulation was developed in the 1960s and 1970s [1–3]. In the minimal ver-
sion of the SM massless neutrinos are assumed, so lepton flavor conservation is an automatic
consequence of gauge invariance and the renormalizability of the SM Lagrangian.

Our understanding of neutrinos has changed dramatically at the end of the XX century.
Thanks to the observations of neutrino oscillation [4–6] from Super-kamiokande and Sudbury
Neutrino Observatory, which were confirmed later by other experiments, we have learned that
neutrinos produced in a well-defined flavor eigenstate can be detected, after propagating a macro-
scopic distance, as a different flavor eigenstate. The simplest interpretation of this phenomenon
is that the neutrinos have mass and that the neutrinos mix, i.e. the neutrino flavor eigenstates
are different from neutrino mass eigenstates.

The discovery of neutrino oscillations implies that all so-called lepton flavor violating pro-
cesses are also allowed, raising the possibility of the LFV on the charged sector. The rates for
such processes, however, cannot be estimated model-independently and, hence, are expected to
provide non-trivial information regarding the nature of NP. In the minimal extensions of the SM
with massive neutrinos, cLFV processes have rates suppressed by a factor (∆m2

ν/M
2
W )2 due to a

Glashow–Iliopolous–Maiani (GIM)-like mechanism. For a difference of the neutrino mass squared
of ∆m2

ν ∼ 10−3 eV2, the expected branching ratios are as small as ∼ 10−54 ,−55, so experiments
cannot probe these signals. The situation changes drastically in other theoretical scenarios, which
can predict branching ratios close to the present experimental upper bounds, and therefore they
could be accessible and tested by current and future experiments.

The first search for lepton flavor violation with µ+ → e+γ decay was made by Hincks and
Pontecorvo in 1947 using cosmic-ray muons [7]. Its negative result set an upper limit of less
than 10%. The searches were significantly improved when muons became artificially produced at
accelerators, so in 1955, the upper limits of BR(µ → eγ) < 2 × 10−5 and BR(µ−Cu → e−Cu) <

5×10−4 [8] were set at the Columbia University Nevis cyclotron. Nowadays, we count on a strong
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experimental program interested in the search for signals of LFV in charged leptons. The best
upper limits for these types of processes are of the order of 10−13 from radiative muon decay,
10−12 for µ→ e conversion in nuclei, 10−8 in τ decays, 10−5 ,−7 in Z decays, and 10−3 ,−4 in Higgs
decays. These upper bounds will be improved in future experiments, where we can expect the
sensitivity to reach O(10−9)−O(10−10) in Belle-II for tau modes, O(10−14) in muon decays from
the upgrade of MEG, and O(10−16) for the µ− e conversion.

The physics associated with searches for the LFV in charged-lepton processes could be sen-
sitive to new particles and interactions beyond the SM of particle physics. Further, this issue is
intimately related to the understanding of the origin of neutrino masses, which remains unknown.
These processes may also play a key role in our understanding of the seesaw mechanism, grand
unified theories, and the physics behind the matter-antimatter asymmetry of the universe. Fu-
ture studies of LFV in charged leptons phenomena undoubtedly provide unique, complementary
information on the existence of NP, even beyond the discovery of neutrino oscillations.

In this thesis, we are interested in different scenarios of cLFV. In the first work, we analyzed
the LFV decay ℓi → ℓjχ, with χ a spin-one boson. We focused on the ultralight regime, where a
naive EFT approach generates an unphysical divergence in the limit mχ → 0. We show simple and
complementary models that, thanks to the gauge symmetry, ensure the finiteness of observables
in the massless χ limit. In the second work, we perform an analysis of the ℓi → ℓjγγ decay, using
an effective Lagrangian that describes the local interaction between two leptons, ℓi, and ℓj , and
two photons. By means of this effective Lagrangian, the ℓi → ℓjγ decay is induced at one-loop
level. Through the correlations between both processes, we derive an indirect upper bound for
the double photon emission that improves current direct limits. Besides, we discuss an appealing
UV completion -two Higgs doublet models- in which the two-photon processes can indeed provide
more significant NP signatures than the single-photon ones. We hope that this observation triggers
increased experimental efforts in these searches by the MEG-II and Belle-II collaborations.

This thesis is organized as follows. In Chapter 2, we give a short summary of the Electroweak
(EW) sector of the SM, as well as, some generalities of EFT. In Chapter 3, LFV in the charged
sector is discussed, and we present the current status of its searches. Chapters 4 and 5 are the
heart of the thesis. In the former, we developed a detailed analysis of the decay rate ℓi → ℓjχ,
focusing on the light χ case. In the latter, we performed an EFT analysis of the LFV decay
ℓi → ℓjγγ, setting the strongest (indirect) upper limit on its branching ratio. In Chapter 6, future
prospects, and final conclusions are briefly discussed.
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Chapter 2

The Architecture of the Electroweak Theory

2.1 Overview

The Standard Model [1–3] is a gauge quantum field theory, mathematically self-consistent and
renormalizable, which describes strong, weak, and electromagnetic interactions, mediated by the
exchange of gauge bosons: W±, Z, γ and eight gluons, associated with the group generators. The
SM is based on the internal symmetries of the unitary product group SU(3)C ⊗SU(2)L⊗U(1)Y ,
with 8 + 3 + 1 = 12 generators. The subscripts have no group-theoretic significance, but they
denote colour (C), left-chiral nature (L) and weak hypercharge (Y ).

The SU(3)C factor describes the theory of strong interactions or Quantum Chromodynamics
(QCD). It is an unbroken gauge theory, non-chiral, and acts on the color indices of the left-handed
(L)- and right-handed (R)-chiral quarks. In contrast, the EW theory, SU(2)L⊗U(1)Y , is a chiral
theory, in the sense that the L- and R- fermionic fields behave differently under the gauge group.
Then, mass terms for fermions are not allowed in the EW gauge-symmetric limit and their masses
will be generated by means of the Spontaneous Symmetry Breaking (SSB).

The fundamental particles in the SM are organized into fermions and bosons. The fermions
are the building blocks of matter with a half-integral spin. The fermion content is divided into
two groups: quarks and leptons, and they at the same time, are organized in three families with
different masses, where the heavier families are unstable and decay into the lightest. On the other
hand, the bosons have an integral spin and are the mediators of interactions. The gluons, photons,
and the W± and Z are the force-carrying bosons of the SM and are vector fields, while the Higgs
boson is a scalar field. Moreover, the photon and the gluons are massless, while the Z, the W±

and the Higgs are massive. The last particles discovered were the W± and Z bosons at CERN by
the UA1 and UA2 collaborations in 1983 [9,10], the top quark by the CDF and D/0 experiments at
Fermilab in 1995 [11,12], the tau neutrino in 2000 by the DONUT collaboration from Fermilab [13],
and the Higgs boson in 2012 by CMS and ATLAS collaborations from CERN [14,15].

The EW theory is extremely well tested experimentally, to the level of 0.1%, which is possible
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2.2 Electroweak theory

because we have very precise measurements in lepton–lepton collisions, further it can be reliably
calculated in perturbation theory. On the other hand, QCD requires hadronic processes which are
known experimentally with less accuracy and are also theoretically subject to larger uncertainties.
Nonetheless, the SM is the most precise theory in the history of physics and has been enormously
successful. Our confidence in it is well-founded by its ability to accurately describe the bulk of
our present-day data, and of its enormous success in predicting new phenomena.

Despite its impressive phenomenological success, there are well-founded reasons to believe that
the SM is not the end of the story. We do not understand yet, for instance, the existence of dark
matter, the baryon asymmetry of the universe, gravity itself at the quantum level, and the nature
and origin of neutrino masses.

There is then experimental evidence that, although strictly speaking does not contradict the
SM, represents a strong hint for physics beyond the SM. Just to mention one, the convincing
evidence of neutrino oscillations from both solar and atmospheric experiments, showing that
neutrinos have masses and lepton flavor is not a conserved symmetry. The existence of the lepton
flavor violation opens a very interesting window to unknown phenomena which represent the core
of this thesis, so in the next chapter we will discuss about it.

We will focus below on the EW sector of the SM which is the theoretical framework of this
thesis. In Section 2.2, we will present the gauge structure, the SSB mechanism, and the weak
charged and neutral currens. Finally, in Section 2.3, we will also briefly discuss some generalities of
effective field theories, which will be a recurrent technique used to approach the analyses presented
in this work.

2.2 Electroweak theory

As the EW theory is a renormalizable gauge theory, it suffices to specify the gauge symmetry
group, the scalar and fermion fields, the transformations of the fields under the action of the gauge
group and a renormalizable Lagrangian (and finally if the vacuum shares the whole symmetry of
the Lagrangian, or only a subgroup of it). Before presenting the EW Lagrangian, let us point
out that fermions can be described in terms of Dirac spinors, ψ, that combine two independent
components with left and right chirality respectively, ψL = (1 − γ5)ψ/2 and ψR = (1 + γ5)ψ/2.
The EW theory is a chiral theory, where the L- and R-chirality components of fermions transform
under inequivalent representations of the gauge group, then to describe the EW interactions, we
should consider separately the L- and R-fermions fields.

As mentioned previously, the fermionic matter content is given by leptons (ℓ) and quarks
(q), and their corresponding antiparticles, which are organized in a three family structure, and
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Chapter 2. The Architecture of the Electroweak Theory

represented by SU(2)L doublets, for the L-fields; and by singlets for R-fermions:

χℓmL ≡
(
ν0m
ℓ0m

)
L

, ℓ0mR and

χqmL ≡
(
U0
m

D0
m

)
L

, U0
mR , D0

mR .

There is no experimental evidence for the existence of the R neutrinos, ν0mR, and they are not
necessary for the consistency of the SM, so they are not included in the theory. The subscript
m = 1 , 2 , 3 is a label of family, and the superscripts ‘0’ refer to the fact that these fields are weak
eigenstates, and after SSB, these will become mixtures of mass eigenstate fields.

Three of the four gauge bosons are massive. Masses will be implemented in the EW theory by
the Higgs mechanism [16,17], by which the gauge symmetry has been broken by the vacuum, which
triggers the SSB of the EW group SU(2)L⊗U(1)Y to the electromagnetic subgroup U(1)QED. The
boson associated with this subgroup, U(1)QED, remains massless, being the photon (γ). Then,
the minimal formulation of the EW theory requires introducing a complex scalar doublet

ϕ =

(
ϕ+

ϕ0

)
, (2.1)

where ϕ+ is a charged scalar field, and ϕ0 is a neutral scalar field.

The group SU(2)L ⊗ U(1)Y is generated by three isospin operators, I1 ,2 ,3, associated with
a triplet of vector fields, W a

µ , and a hypercharge generator Y , described by the singlet field Bµ,
where:

W a
µν = ∂µW

a
ν − ∂νW

a
µ + gϵabcW

b
µW

c
ν , with a, b, c = 1, 2, 3,

Bµν = ∂µBν − ∂νBµ,

and ϵabc are the structure constants of the SU(2)L group, which coincide with the Levi-Civita ten-
sor, and g is its gauge coupling constant. The abelian U(1)Y gauge boson has no self-interactions
and we will identify its coupling constant as g′. Taking into account the field strength tensors
defined above, the Lagrangian associated to the dynamics of gauge bosons, invariant under gauge
transformations is:

Lgauge = −1

4

3∑
a=1

W a
µνW

µν,a − 1

4
BµνB

µν . (2.2)

The SU(2)L and U(1)Y representations are chiral, so no fermion mass terms are allowed.
Therefore the interaction term for fermionic fields consists entirely of gauge-covariant kinetic
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2.2 Electroweak theory

energy terms

Lf =
3∑

m=1

(
χℓmLiγ

µDµχ
ℓ
mL + χqmLiγ

µDµχ
q
mL+

ℓ
0
mRiγ

µDµℓ
0
mR + U

0
mRiγ

µDµU
0
mR +D

0
mRiγ

µDµD
0
mR

)
,

(2.3)

and the fermion gauge covariant derivatives, Dµ, become:

Dµχ
q
mL =

(
∂µ + i

g

2
τaW

a
µ + i

g′

6
Bµ

)
χqmL , Dµχ

ℓ
mL =

(
∂µ + i

g

2
τaW

a
µ − i

g′

2
Bµ

)
χℓmL ,

DµU
0
mR =

(
∂µ − i

2g′

3
Bµ

)
U0
mR , Dµℓ

0
mR =

(
∂µ − ig′Bµ

)
ℓ0mR ,

DµD
0
mR =

(
∂µ + i

g′

3
Bµ

)
D0
mR ,

where τa are the three Pauli matrices.

Now it is time to discuss the scalar sector. As we pointed out before, the masses of the W± and
Z gauge bosons, as well as those of the fermions, are generated by means of the Higgs mechanism,
introducing the scalar doublet, ϕ, defined in Eq. (2.1), and building the following Lagrangian,

Lh = (Dµϕ)
†(Dµϕ)− V (ϕ), (2.4)

where the Higgs potential is given by

V (ϕ) = µ2ϕ†ϕ+ λ(ϕ†ϕ)2 ,

and the gauge covariant derivative is

Dµ = ∂µ + i
g

2
τaW

a
µ + i

g′

2
Bµ . (2.5)

The Higgs potential has been constructed in such a way that its vacuum expectation value is
not null, so the vacuum stability requires λ > 0. On the other side, µ2 < 0 to realize the SSB and
thus generate the masses of the gauge bosons. The vacuum must be electrically neutral so in the
complex scalar doublet, the charged part, ϕ+, must have a zero value in the vacuum, while, the
neutral part, ϕ0, can have a nonzero value in the vacuum. To satisfy that the potential has not a
trivial minimum, we must have the following relation for the vacuum expectation value

⟨ϕ⟩ = 1√
2

(
0

v

)
, with v ≡

√
−µ2
λ

.
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Chapter 2. The Architecture of the Electroweak Theory

The Higgs doublet, ϕ, can be conveniently written in the unitary gauge as

ϕ(x) =
1√
2

(
0

v +H(x)

)
,

where H(x) is a Hermitian scalar field, associated with a scalar and neutral particle, the physical
Higgs boson.

The last piece to build the Lagrangian of the EW theory is the term that gives us the couplings
between the Higgs field and the fermions, necessary to generate the mass of the fermions, through
SSB is the Yukawa Lagrangian, which has the form

Ly = −
3∑

m,n=1

[
Γdmnχ

q
mLϕD

0
nR + Γumnχ

q
mLϕ̃U

0
nR + ΓℓmχℓmLϕℓ

0
nR

]
+ h.c., (2.6)

with ϕ̃ =
( ϕ0†
−ϕ−

)
and Γdmn,Γ

u
mn,Γ

ℓ
mn are 3 × 3 matrices (3 for the number of families), which

will determine the fermions masses and mixings. As we have pointed out before, there are no
R neutrinos in the SM so that we do not have neutrino masses, however neutrino oscillations
[4,5,18] constitute undeniable evidence that neutrinos have mass. The SM should account for that,
therefore, we must extend the SM to include a mechanism for the mass generation of neutrinos,
nevertheless, this is still an open question in particle physics.

Finally, putting all the pieces together, given in the Eqs. (2.2), (2.3), (2.4) and (2.6), we have
that the EW model is described by the following Lagrangian 1

LEW = Lgauge + Lf + Lh + Ly .

2.2.1 The Higgs and the Yukawa sectors

The existence of fermion and vector boson masses is evidence that the SM gauge invariance
should be spontaneously broken. In particular, one has SSB when the ground state of the system
is not symmetric. It is then the system itself that “spontaneously” breaks the symmetry.

One can in principle define the fermionic mass term as m(ψ̄LψR + ψ̄RψL) = mψ̄ψ, but this is
not allowed by the gauge symmetry. Then, in the exact SU(2)L ⊗ U(1)Y symmetry, no gauge-
invariant fermion mass term can be written, consequently the fermions are forced to be massless.
To give rise to a mass term it needs to break the gauge symmetry. In the unitary gauge, after the
SSB, the Yukawa Lagrangian takes the simpler form

Ly = −
(
1 +

H

v

)[
D

0
LMDD

0
R + U

0
LMUU

0
R + ℓ

0
LMℓℓ

0
R

]
+ h.c. , (2.7)

1Gauge fixing and ghosts terms are not discussed here.
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2.2.1 The Higgs and the Yukawa sectors

where D0
L = (d01L d02L d03L)

T and D0
R = (d01R d02R d03R)

T are 3-component column vectors, with
an analogous definition for U0

R, U0
L, ℓ0R and ℓ0L. The fermionic mass term will be defined through

fermion mass matrices, not necessarily diagonal, MD, MU and Mℓ,

MD = Γdmn
v√
2
, MU = Γumn

v√
2
, Mℓ = Γℓmn

v√
2
.

As a consequence of the absence of Yukawa couplings in the neutrinos sector, the SSB does
not generate masses for neutrinos, then, there will no be mixtures in the lepton sector, and Mℓ

will be a diagonal matrix. On the other side, to be able to identify the physical particle content,
the matrices MD and MU will be diagonalized by means of rotations in the flavor eigenspace to
recast the Lagrangian in terms of the mass eigenstates

U0
L,R = V U

L,RUL,R, D0
L,R = V D

L,RDL,R ,

and the diagonal mass matrices for the quark sector, are:

Md
U ≡ diag(mu,mc,mt) = V U†

L MUV
U
R , Md

D ≡ diag(md,ms,mb) = V D†
L MDV

D
R ,

where V U,D
L and V U,D

R are unitary transformations on the L- and R- fermion fields and they are
not unique. UL,R ≡ (uL,R cL,R tL,R)

T and DL,R = (dL,R sL,R bL,R)
T are 3-component column

vectors.

In the SSB, the gauge vector associated with each broken generator gets a longitudinal com-
ponent and a mass. Let us now see the effects on the Higgs Lagrangian after SSB. The vector
boson masses arise from the (Dµϕ)

†(Dµϕ) term in the Higgs Lagrangian. Applying the covariant
derivative on ⟨ϕ⟩

Dµ⟨ϕ⟩ = i
v

2
√
2

(
g
(
W 1
µ − iW 2

µ

)
gW 3

µ − g′Bµ

)
= i

v

2
√
2

( √
2gW+

µ√
g2 + g′2Zµ

)
, (2.8)

where we have defined
W±
µ =

1√
2

(
W 1
µ ∓ iW 2

µ

)
and(

Aµ
Zµ

)
=

(
cos θw sin θw

− sin θw cos θw

)(
Bµ
W 3
µ

)
,

thereby Zµ ≡ cos θwW
3
µ − sin θwBµ and Aµ ≡ cos θwBµ + sin θwW

3
µ , being θw the weak mixing

angle defined by tan θW = g′/g, 0 ≤ θw ≤ π/2. The W± are the charged gauge bosons that will
mediate the charged current interactions and Z is a massive Hermitian vector boson that will
mediate the neutral current interaction.
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In the unitary gauge, the Higgs Lagrangian in eq. (2.4) becomes

Lh =
1

2
(∂µH)2 +

g2v2

4
W †
µW

µ +
g2v2

8 cos2 θw
ZµZ

µ +
g2v

2
W †
µW

µH +
g2v

4 cos2 θw
ZµZ

µH+

g2

4
W †
µW

µH2 +
g2

8 cos2 θw
ZµZ

µH2 − V (ϕ) , (2.9)

where the Higgs potential reads

V (ϕ) = −µ
4

4λ
− µ2H2 + λvH3 +

λ

4
H4 . (2.10)

After the SSB, the Lagrangian (2.9) includes the mass terms of the Higgs, the W±, and the
Z bosons, and also describes the interactions between the Higgs and the gauge bosons. It also
contains the kinematical term and the self-interactions of the Higgs boson. The fourth vector
boson, A, the photon, does not get a mass term, as the corresponding generator is not broken.The
explicit form for the masses of the Higgs, the W±, and the Z bosons are:

MW =
gv

2
, MZ =

gv

2 cos θw
, and MH =

√
−2µ2 .

2.2.2 The Weak Charged Current (WCC) and the Weak Neutral Current
(WNC)

Using the previously obtained expressions, we can recast the fermionic sector on the EW
Lagrangian in terms of the mass eigenstates

Lf + Ly = Lψ − g

2
√
2

(
JµWW

−
µ + Jµ†WW+

µ

)
− gg′√

g2 + g′2
JµQAµ −

√
g2 + g′2

2
JµZZµ,

with Lψ the kinetic energy term for fermions, and the other terms describe the gauge interactions
between the fermions and the vector bosons.

The W± terms are the charged current interaction, JµW , in the weak eigenstate basis is given
by

JµW =
3∑

m=1

[
ℓ
0
mγ

µ
(
1− γ5

)
ν0m +D

0
mγ

µ
(
1− γ5

)
U0
m

]
. (2.11)

Rewriting the charged currents in terms of mass eigenstates

JµW = 2ℓLγ
µV †

ℓ νL + 2DLγ
µV †

q UL , (2.12)

where Vq = V U†
L V D

L ≡ VCKM is the matrix that describes the transitions between quarks of type
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U and D, and is known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [19, 20]. The CKM
matrix involves three mixing angles and one observable Charge-Parity (CP)-violating phase. It
highlights the fact that this phase is the only source of CP-violation in the EW theory which was
first detected in the neutral kaons system, and more sizeable signals of CP-violation have been
recently established at the B factories. Vℓ is the analogous leptonic mixing matrix, since we are
assuming that neutrinos are massless, Vℓ = I with I the identity matrix. Thus, no mixing matrix
is obtained for leptons as it is for quarks. The 3-component column vectors UL and DL were
previously defined, and ℓL ≡ (eL µL τL)

T and νL ≡ (νeL νµL ντL)
T .

The neutral currents in the EW Lagrangian are JµQ and JµZ , with JµQ the usual QED current,
given by

JµQ =
2

3
UγµU − 1

3
DγµD − ℓγµℓ .

We note that UγµU = ULγ
µV U†

L V U
L UL+URγ

µV U†
R V U

R UR = U
0
Lγ

µU0
L+U

0
Rγ

µU0
R = U

0
γµU0 ,

similarly for D and ℓ, then JµQ takes the same form on both bases, the mass eigenstate basis, and
the weak eigenstate basis. Consequently, JµQ is flavor diagonal and family universal.

Finally, the term that accompanies the Z boson, is a new ingredient predicted by the SU(2)⊗
U(1) unification, the weak neutral current

JµZ = ULγ
µUL −DLγ

µDL + νLγ
µνL − ℓLγ

µℓL − 2 sin2 θwJ
µ
Q .

Note that, analogously to the electromagnetic current, the weak neutral current takes the
same form both on the mass eigenstate basis and the weak eigenstate, therefore there are no
flavour-changing neutral currents at tree level in the SM.

2.3 Effective Field Theory (EFT)

A remarkable fact about nature is that interesting physics occurs on all energy scales. In a
first approximation for describing whatever physical process, we can set to infinity (zero) all scales
that are much larger (smaller) than the energy scale of interest. In this limit, physics at scales
much different from the scale of interest becomes irrelevant and can be neglected; if needed, its
effect can be reintroduced in perturbation theory. To this day, this strategy is one of the first
steps when modeling a physical phenomenon.

EFTs are an approximate description of physics at a given energy scale Λ in terms of their
corresponding degrees of freedom, which explicitly implement the strategy outlined above and
turn it into a precise, quantitative framework. The EFTs are the appropriate theoretical tool to
describe low-energy physics, where “low” is defined with respect to Λ. If it is properly formulated,
all physical theories could be effective theories. Next, we will discuss briefly the basic ideas and

20
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methods of EFTs, for a more detailed discussion see [21–25].

The theoretical basis behind the construction of EFTs can be formulated in terms of theorem of
Weinberg [26]: “To any given order in perturbation theory, and for a given set of asymptotic states,
the most general possible Lagrangian containing all terms allowed by the assumed symmetries will
yield the most general S-matrix elements consistent with analyticity, perturbative unitarity, cluster
decomposition, and assumed symmetry principles”.

An EFT is completely specified by three ingredients: degrees of freedom, symmetries, and
expansion parameters. The degrees of freedom and symmetries should include the most relevant
parameters to describe the physical system at the energy scale of interest, where the best option is
to choose the most economical description. Expansion parameters are small quantities controlling
the impact that the physics we choose to neglect could potentially have on the degrees of freedom
we choose to keep. In perturbation theory, the observables are calculated as a series in these small
parameters, then for this strategy to work, the expansion parameters must be chosen carefully.

To construct an EFT implements a Taylor expansion on an expansion parameter E/Λ (E <<

Λ), where each term in the expansion contributes to the effective Lagrangian, Leff . We can
expand Leff as a string of operators with different energy dimensions:

Leff = L≤D + L≤D+1 + L≤D+2 + ... ,

with D the dimension of spacetime. The effective Lagrangian must be constructed taking into
account the symmetries and degrees of freedom adequate to the energy scale of interest. Notewor-
thy, only the first term is renormalizable in the “classical” sense, however, the renormalizability is
not an issue since, at a given order in the energy expansion, the low-energy theory is specified by
a finite number of couplings; this allows for an order-by-order renormalization. Since the EFT has
an infinite number of terms, for the Leff to be useful we must establish a criterion for ignoring
most of them.

The effective Lagrangian can be written as a sum of operators, Leff = L0+
∑

i ciOi, where L0 is
the low energy (classically) renormalizable Lagrangian, the operators constructed Oi are organized
according to their dimensions, di, where [Oi] = di, and the effective couplings ci ∝ Λ−(di−4) hide
the information on any heavy degrees of freedom. At low energy, the behavior of the different
operators is determined by their dimensions, thereby, the relation to the Oi and ci with di, allows
us to classify the operators according to their dimension as: relevant if di < 4, marginal if di = 4,
and irrelevant if di > 4.

The operators called relevant give rise to effects that become large at energies much smaller
than the scale of interest. In a four-dimensional relativistic field theory, the number of possible
relevant operators are the unit operator for d = 0, the boson mass terms for d = 2, the fermion
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mass terms (ψψ) and cubic scalar interactions (ϕ3) for d = 3.
In contrast, the irrelevant operators have dimensions greater than four, and their effects are

suppressed by powers of E/Λ, thus are small at low energies. Here irrelevant does not mean that
they are not important, but rather that these operators are weak at low energies.

Operators of dimension four are called marginal. They should be considered at all energy
scales since due to quantum corrections they are in an insecure position and almost always change
from marginal to either relevant or irrelevant.

If there is a large gap between the energy where one is doing experiments and the energy
scale of NP (i. e. E ≪ Λ), the effects induced by irrelevant operators are always suppressed by
powers of E/Λ, then the EFT will only consist of marginal and relevant operators and is called
(classically) renormalizable.

It is important to highlight that an EFT is a different theory from the full theory. The
full theory must be a renormalizable field theory, while, the EFT could be a (classically) non-
renormalizable field theory2, then it has a different divergence structure from the full theory. An
EFT is constructed to correctly reproduce the low-energy effects and is useful only for computing
results to a certain order in E/Λ.

2The symmetry that enables the organization of the EFT in a power expansion warrants its renormalizability
order by order in this expansion.
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Chapter 3

Charged lepton flavor violation

3.1 Overview

The Standard Model of elementary particle physics describes the fundamental fermions: quarks
and leptons, grouped by mass eigenstates in three generations

First generation u , d , ν1 , e

Second generation c , s , ν2 , µ

Third generation t , b , ν3 , τ .

Individual quarks and leptons are assigned a quantum number called flavor. The electron,
muon, and tau flavors are assigned to the charged leptons. Such as we presented in Section 2.2.2,
flavor is conserved at the tree level by all neutral current interactions, mediated by Z, and γ,
but is violated in the quark sector by charged current weak interactions mediated by W± bosons.
Unlike the quark sector, in the lepton sector the flavor is conserved, as a consequence of assuming
massless neutrinos. However, unlike other conservation laws in the SM, lepton flavor conservation
is not associated with any conserved current.

The discovery of neutrino oscillations [4, 5, 18] qualifies as the first evidence of NP beyond
the SM. Its implication of nonvanishing neutrino masses and the non-conservation of neutrino
flavor, open the door to the search for cLFV processes. Aside for neutrino oscillations, no other
lepton flavor violating process has been observed up to this day, so the question of whether similar
violations occur in the charged lepton sector is still open [27]. The search for LFV in charged
leptons will probably be the most interesting goal of flavor physics during the next few years.

This chapter presents the current status of cLFV searches. In Section 3.2 we describe the
flavor changing in the original version of the SM. In Section 3.3 we present a short summary of
neutrino oscilations and its implications. In Section 3.4 and 3.5 we describe the muon and tau
decay searches, respectively, focusing mainly in the status and the future perspective. Finally, in
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Section 3.6 we present the summary and outlook on cLFV processes.

3.2 Flavor changing in the Standard Model

In the absence of interactions that lead to nonzero neutrino masses, individual lepton-flavor
numbers are expected to be conserved. At the tree level of the SM Lagrangian, the charged
fermions have three gauge interactions, with the photon, the W± and Z bosons, and also the
Higgs interaction, as we described in Section 2.2. So in the SM the flavor is only violated in
charged current weak interactions.

In the case of quarks, flavor mixing is induced, since after the SSB in the Yukawa sector (see
Eq. (2.7)), the unitary matrices for the left-handed up-type quark and the left-handed down-type
quark are generally different. As we see in the second term of the Eqs. (2.11) and (2.12), where
the VCKM represents the flavor mixing matrix for the quark sector.

Conversely, in the lepton sector, the charged lepton mass matrix in Eq. (2.7) is fully diago-
nalised by unitary transformations on the lepton doublet fields and the lepton singlet fields. As
we can observe in the first term in Eqs. (2.11) and (2.12), as a result of having assumed massless
neutrinos, Vℓ is the identity matrix, then the charged current weak interaction for leptons remains
diagonal. In the mass eigenstates, the lepton flavors can be defined for each generation, and are
thus conserved.

Due to mixing among generations of fermions, charged current loop effects can induce flavor
changing neutral current weak interactions at the quantum level. On the quark side, such loop-
induced effects lead to small but observable transitions, for instance, in K0

L → µ+µ− decay
where we have s → d transitions. The rare leptonic decay of the neutral Kaon was extremely
important in unveiling the existence of charm via the GIM-mechanism [28] . More recently, the
measurement of b → sγ transitions in the search for Bs → µ+µ− has been at the forefront of
(low-energy) supersymmetry constraints. Contrarily, on the charged lepton side, searches for
flavor changing neutral current effects have, so far, yielded null results, even so, have important
historical significance. The nonobservation of µ → eγ [7], as well as the tau decays τ → µγ and
τ → eγ, helped establish the muon and tau as elementary leptons. The constrain on BR(µ→ eγ)

below ∼ 10−5, were also used to propose the existence of a second neutrino (the νµ) [29–31].
The introduction of the νµ was needed to suppress flavor changing neutral current charged lepton
interactions, which was completely analogous to the GIM-mechanism introduction of charm to
suppress strangeness changing neutral currents.
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3.3 Neutrino Masses and Mixing

In the last decades, a variety of neutrino oscillation experiments proved beyond any doubt
that neutrino flavors, i.e., individual lepton flavor numbers, are not conserved [4–6]. From these
phenomena it is concluded that: i) neutrino masses are nonzero, and distinct and ii) the weakly
interacting flavor neutrinos νe, νµ, and ντ are nontrivial superpositions of the so-called mass
eigenstate neutrinos ν1, ν2, and ν3, where these superpositions are described by a 3 × 3 unitary
mixing matrix, via νeνµ

ντ

 = UPMNS

ν1ν2
ν3

 , (3.1)

with UPMNS the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) neutrino mixing matrix [31]. The
PMNS matrix is most commonly parameterized by three mixing angles (θ12, θ13 and θ23) and a
single phase angle called δ related to CP violations 1, in which case the matrix can be written as:

UPMNS =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 ,

where cij ≡ cos θij , sij ≡ sin θij , i, j = 1, 2, 3. From a combination of solar, reactor, atmospheric,
and accelerator neutrino oscillation results [32–42], we now know (roughly) the values of all three
mixing angles, as well as the two independent mass-squared differences, and recently, the CP-
phase [41]

|∆m2
32| = |m2

3 −m2
2| ≃ 2.5× 10−3 eV2 ,

∆m2
21 = m2

2 −m2
1 ≃ 7.53× 10−5 eV2 ,

sin2 θ12 ≃ 0.307 ,

sin2 θ23 ≃ 0.546 ,

sin2 θ13 ≃ 0.0220 ,

δ ≃ 1.36π ,

where normal mass ordering was assumed for the limit on the CP-phase. Given the current pre-
cision of neutrino oscillation experiments and the fact that neutrino oscillations are only sensitive
to mass-squared differences, two possible arrangements of the neutrino masses are allowed [43]:

1This is not the only parameterization and is different in the case of neutrinos that have Majorana mass.
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normal ordering, i.e. m1 < m2 ≪ m3 and inverted ordering, i.e. m1 ≃ m2 ≫ m3. Neutrino mass
ordering remains unconstrained.

In the minimal extension of the SM modified by the presence of the neutrino mass term, the
neutrino oscillation induces µ → eγ to one-loop. Assuming that the neutrinos have Dirac mass
terms, νβ =

∑
i Uβiνi, β = e , µ , τ and i = 1 , 2 , 3, as we describe in Eq. (3.1), one finds [44]

BR(µ→ eγ) ∼ 3α

32π

∣∣∣∣∣∣
∑
k=1,3

UµkU
∗
ek

∆m2
νk

M2
W

∣∣∣∣∣∣
2

∼ 10−54 , (3.2)

where Uβk, with β = e , µ , τ , are the elements of the PMNS matrix, α is the fine-structure constant,
andMW is theW -boson mass. Similar small rates are expected for µ→ eee, µ→ e conversion, and
rare processes involving taus, for instance: BR(Z → ℓ±i ℓ

∓
j ) ∼ 10−54 [45], BR(H → ℓ±i ℓ

∓
j ) ∼ 10−55

[46], BR(µ→ 3e) ∼ 10−54, and BR(τ → 3ℓ) ∼ 10−55 [47]. These tiny branching ratios are due to
the cLFV being a flavor-changing neutral current process and such processes being subject to the
GIM-mechanism. As a result of the extremely small mass differences compared to the weak scale
(MW ∼ 80.4 GeV), we have an accidental approximate lepton flavor conservation.

Unlike the charged fermions, where conservation of electric charge allows only Dirac-type
mass terms, one can write two kinds of Lorentz invariant mass terms for the neutrino, Dirac
and Majorana masses. This new state has also raised many other issues [48–50], in addition to
those already mentioned: neutrino mass ordering and Majorana or Dirac fermions nature, they
go together. For instance: i) massive Dirac neutrinos can have nonzero magnetic dipole moments,
and massive Dirac and Majorana neutrinos can have nonzero transition dipole moments; and ii)
the heavier neutrinos decay into lighter ones, like charged fermions.

The newest addition to the standard model paradigm, neutrino oscillations, demands to extend
it to include a mechanism for the mass generation of neutrinos. There are several ways to reconcile
this with the SM, the fact that neutrinos have masses and explain its smallness. One of the
simplest, considering Dirac neutrinos, is to add right-handed neutrinos to the SM, so in the Yukawa
Sector (Eq. (2.6)) we will have analogous terms to the other leptons. The smallness of the neutrino
masses can be possibly understood using the Weinberg gauge-invariant operator [51]. After the
spontaneous symmetry breaking, when the Higgs acquires its vacuum expectation value, that
operator represents the neutrino Majorana mass. The most popular physics model explanation of
the smallness of neutrino mass is the seesaw mechanism [52, 53], which postulates the existence
of heavy νR. There are, however, other possible scenarios to generate mechanisms for neutrino
masses (see e.g. [43, 54]).

26



Chapter 3. Charged lepton flavor violation

3.4 cLVF in muon framework

Searches for µ → eγ date back to the late 1940’s. By the early 1960’s the nonobservation
to BR(µ → eγ) above 10−6 was among the most pressing arguments in favor of the so-called
‘two-neutrino hypothesis’ and the postulate that there were two lepton flavors, each accompanied
by a conserved lepton-flavor number.

Experimentally, a µ→ eγ event is characterized by a simple two-body final state, the electron
and photon, which are emitted back to back in the rest frame of the decaying muon. The main
background in its search comes from two decays µ→ eνν and µ→ eννγ. The first is an accidental
coincidence of a positron from the standard Michel decays of muons, and a relatively high energy γ
ray from radiative muon decays or annihilation of positrons in material. The second from radiative
muon decays is strongly suppressed by reasonably good energy and momentum measurements at
a rate more than an order of magnitude smaller than the accidental background. The present best
upper limit on the BR(µ+ → e+γ) is 4.2 × 10−13 at 90% CL [55], which was established by the
MEG (Mu to E Gamma) experiment at the Paul Scherrer Institute. The upgrade of the MEG
Experiment hopes to reach a sensitivity of 6 × 10−14 [56], which will improve the current upper
limits on µ→ eγ.

Along with µ→ eγ decays, two other rare muon processes provide the most stringent current
bounds on cLFV, and promise the highest near-future sensitivity to these phenomena: µ → 3e

decays, and µ → e conversion in nuclei. The present upper limit on the BR(µ+ → e−e+e+) <

1.0 × 10−12 at 90% CL [57], was obtained by the SINDRUM experiment in 1988. The most
stringent bound for µ → e conversion in nuclei is BR(µAu → eAu) < 7× 10−13 at 90% CL [58],
where the µ → e conversion rate is usually defined as BR(µN → eN) ≡ σ(µN → eN)/σ(µN →
all captures).

In the µ+ → e+e−e+ decay one searches for two positrons and one electron coming from
a common vertex and with a total energy equal to the muon mass Etot ∼ 105.6 MeV. The
backgrounds are very similar to the case of the µ+ → e+γ search [57]. There is a prompt
background due to the allowed muon decay µ+ → e+e−e+νµνe [59], which becomes serious when
the two neutrinos have very little energy. The total energy of the three particles closely resembles
the Michel spectrum due to the fact that the three leptons behave roughly as the single electron
of the ordinary muon decay [60]. In contrast, the spectra of individual lepton energies are quite
different from the normal spectrum [61]. The other background comes from an accidental overlay
from Michel positrons that coincide with e+e− pairs from γ conversions or from other Michel
positrons that undergo Bhabha scattering. The upper limit from SINDRUM collaboration dates
back to 1988, the Mu3e experiment aims to search for the cLFV decay µ+ → e+e−e+ with a final
estimated sensitivity to the signal decay of 2.3× 10−15 [62].
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3.5 cLVF in tau framework

The muon-to-electron conversion, µN → eN , is the spontaneous conversion of a muon to an
electron without the emission of neutrinos, within the Coulomb potential of an atomic nucleus:
it is therefore only possible for negative muons [58, 63, 64]. Experimentally, the signal for µ → e

conversion in nuclei is a monochromatic electron, whose energy lies just beyond the kinematical
end-point of Michel electrons produced by muon decay in orbit, so from an experimental point
of view, this process is very attractive. One of the major backgrounds is muon decay in orbit
from a muonic atom, in which the e− endpoint energy is the same as the energy of the signal.
Another important source of noise is the beam-related background, where the most significant
of these is radiative pion capture. Experimentally, in the long-run, it is widely anticipated that
µ → e conversion in nuclei will provide the ultimate sensitivity to cLFV, with rates below 10−18

or lower [65].
Other cLFV processes involving muons and electrons include rare kaon decays like KL →

µ±e∓, K → πµ±e∓ [66], muonimum–antimuonium oscillations, µ+e− ↔ µ−e+ [67], and recently,
B0 → µ±e∓ [68] among others (see e.g. [69]).

3.5 cLVF in tau framework

Unlike µ, decays which are sensitive only to new leptonic interactions, the τ can decay into
many final states involving hadrons, due to its relatively large mass, mτ ∼ 1777 MeV [41]. These
characteristics make the tau an experimental escenario particularly interesting, playing a special
role in the search for NP.

From an experimental point of view some difficulties arise: the τ lepton has a much shorter
lifetime (2.9× 10−13 s instead of 2.2× 10−6 s for the muon [41]) and is not as copiously produced
as muons are, not to mention the fact that it is impossible to produce tau “beams”. Tau samples
must be obtained at proton or electron accelerators, operating in an energy range where the
production cross section is large, with little background, and their decay must be measured with
large detectors with good particle identification and tracking capabilities, as well as excellent
calorimetry and hermeticity in order to constrain the kinematics. Until now, the best limits
come from the B-flavour factories, whose luminosity and asymmetric beam energy enhance the
capability of reconstructing tau decays.

Experimentally, LFV τ decays can be conveniently classified as τ± → ℓ±γ,τ± → ℓ±1 ℓ
+
2 ℓ

−
3 , and

τ± → ℓ±X0, where ℓ is either an electron or a muon and where X0 represents a hadronic system.
In the searches by B-factories, X0 has been categorized in three ways: i) X0 corresponds to a
pseudoscalar meson, e.g. π0, η, K0

S ; ii)X0 corresponds to a neutral vector meson, e.g. ω, K∗(892),
ϕ; and iii) X0 is a pair of oppositely charged mesons, X0 = X+

1 X
−
2 , where X±

1(2) = π± or K±.
Actually the B-Factories have explored LFV τ decays until O(10−7)−O(10−8) sensitivities [70],
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Figure 3.1: Summary plot for τ LFV decays; projections of the Belle-II bounds were performed by
the Belle-II collaboration assuming 50 ab−1 of integrated luminosity [71].

see Fig. 3.1.
The golden channels for τ modes are τ± → ℓ±γ and τ± → ℓ±1 ℓ

+
2 ℓ

−
3 . The better up-

per limits of the radiative decays τ → ℓγ are BR(τ± → e±γ) < 3.3 × 10−8 at 90% CL
from BaBar [72] and recently, Belle-II Collaboration reported BR(τ± → µ±γ) < 4.2 × 10−8

at 90% CL [73]. Both Belle [74] and BaBar [75] have the strongest results on searches
for τ± → ℓ±1 ℓ

+
2 ℓ

−
3 . Unlike µ, the τ lepton allows for six different leptonic decays τ± →

(e±e+e− , µ±µ+µ− , e±e−µ+ , e±µ−e+ , µ±e−µ+ , µ±µ−e+), where the best upper limit at 90% CL
is BR(τ± → ℓ±1 ℓ

+
2 ℓ

−
3 ) ≲ O(10−8). In the near future, in the end of Belle-II would be able to probe

branching ratios down to O(10−9) [76], for an integrated luminosity of 50 ab−1.
Other cLFV processes involving taus include neutral meson decays like J/ψ → ℓ±τ∓ [77] and

B0 → ℓ±τ∓ [78, 79], among others.
Last but not least, there are also processes in which we have an invisible boson instead of the

X0 above, which is one of the main topics studied in this thesis.

3.6 Summary and outlook

The discovery of neutrino oscillations reveals that charged-lepton flavor violating phenom-
ena must occur. Naive massive-neutrino expectations are that the rates for cLFV processes are
absurdly small thanks to the GIM-mechanism and the fact that neutrino masses are tiny com-
pared to the weak scale. So theoretical predictions on the branching ratio of cLFV processes are
O(10−54)−O(10−55).

BaBar and Belle experiments have set upper bounds for cLFV processes O(10−8) for branching
ratios in tau decays. The B-factories on the horizon will see the experiments reach O(10−9) −
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3.6 Summary and outlook

O(10−10). Meanwhile, for µ sector has probed O(10−12) − O(10−13). Later we can expect the
sensitivity to reach O(10−14), and for the µ− e conversion front, we hope to see O(10−16). Other
cLFV scenarios with experimental activity include neutral boson decays like H → ℓ±i ℓ

∓
j [80, 81]

and Z → ℓ±i ℓ
∓
j [82, 83].

Finally, cLFV phenomena may play a key role in our understanding of the physics behind
neutrino masses, grand unified theories, and the physics behind the matter–antimatter asymmetry
of the universe. So, even if the LHC fails to detect any new degrees of freedom at the TeV scale,
future studies of cLFV phenomena will provide unique, complementary information about new
(or old) physics.

30



Chapter 4

Flavor violating ℓi decay into ℓj and a light gauge boson

4.1 Overview

The observation of neutrino oscillations constitutes undeniable evidence for lepton flavor vi-
olation, although, for the charged sector, no lepton flavor violating process has been observed
so far. The SM predictions for cLFV processes have a strong suppression by a GIM-like mecha-
nism [28,84], then any observation of cLFV would imply the existence of NP.

Recently, interest has been aroused in physics at the low energy frontier (for a review, see [85]).
This possibility may lead to new lepton flavor violating decays, such as ℓi → ℓjχ, with χ an invisible
boson. For the muon sector, the TWIST collaboration [86], set the limit BR(µ→ eχ) < 8.1×10−6

at 90% C.L., and for mχ = 0 the best upper limit is BR(µ+ → e+χ) < 2.5× 10−6 from Jodidio
et al. [87]. For the tau flavor, the ARGUS collaboration obtained BR(τ → eχ) < 2.7× 10−3 and
BR(τ → µχ) < 5 × 10−3 at 95% C.L. [88]. Further, the light boson χ could lead to the three-
body lepton flavor violating decay ℓi → 3ℓj , when χ is off-shell, resulting into complementary
constraints on this scenario. For the muon mode, the best upper limit comes from SINDRUM
Collaboration (1988) [57], and for tau channels the current limits come from Belle and BaBar
Collaborations (2010) [74,75], as show in Table 4.1.

On an EFT framework, the first description for the cLFV decay ℓi → ℓjχ is through the
Lagrangian Leff = gℓiγ

ρχρℓj + h.c., with χρ the 4-potential associated to the U(1)χ symmetry 1.
Due to the emission of the longitudinal component of the gauge boson, we have terms proportional
to g2/m2

χ into the rate for ℓi → ℓjχ. At first sight, observables diverge as mχ → 0, preventing
the matching of the effective theory to the well studied ℓi → ℓjγ decay. Moreover, the decays
into several gauge bosons ℓi → ℓjχ · · ·χ, could also contribute overwhelmingly to the total decay
width, reminding the “hyperphoton catastrophe” for the electron decay into a neutrino and an
ultralight photon [91–93]. Exhaustive studies have been developed, if χ is a scalar or pseudoscalar

1The general case for either spin 0 or 1 was studied preliminary in my Master Thesis [89], see also [90]. Therein,
however, our approach did not yield a physical mχ → 0 limit.
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4.2 Effective theory

boson, see e.g. [94–109], then we will focus on the scenario where χ is a gauge boson.

In this Chapter we are going to present a detailed analysis of the decay rate ℓi → ℓjχ, focusing
on the light χ case [110–112]. We will show that in the limit mχ → 0, the decay rate for ℓi → ℓjχ

is finite and well matched to its analogous ℓi → ℓjγ decay channel. In Section 4.2 we present
the most general effective interaction leading to the decay ℓi → ℓjχ in terms of form factors. In
Sections 4.3 and 4.4 we present two gauge invariant and renormalizable models where the process
µ→ eχ is generated, respectively, at tree level and at the one-loop level. We calculate the decay
rate for µ→ eχ and µ→ 3e. In Section 4.5 we extend to three flavors the two models presented in
Sections 4.3 and 4.4. Finally, we conclude in Section 4.6. Sections are based on our article [113]
and Section 4.5 in our proceedings contribution to the TAU 2021 Conference.

4.2 Effective theory

In a first approximation, we developed the description of ℓi → ℓjχ decay, in an EFT framework.
Here i , j are lepton flavor indices and χ is a light gauge boson with mχ ≪ mi. Under this
framework, the most general transition amplitude is given by:

M = u(pj)Γ
α(pi, pj)u(pi)ϵ

∗
α(pχ) ,

where the four-momenta pi, pj and pχ are associated to ℓi, ℓj , and χ, respectively. The function
Γα(pi, pj) is a linear combination of the possible vector forms, parameterized as a function of six

Decay Mode BR (90%CL)

µ+ → e+e−e+ 1.0× 10−12

τ− → e−e+e− 2.7× 10−8

τ− → e−µ+µ− 2.7× 10−8

τ− → µ−e+µ− 1.7× 10−8

τ− → µ−e+e− 1.8× 10−8

τ− → e−µ+e− 1.5× 10−8

τ− → µ−µ+µ− 2.1× 10−8

Table 4.1: Current experimental upper limits on BR (90%CL) for the ℓi → 3ℓj cLFV decays.
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

dimensionless scalar form factors Fk(p2χ), Gk(p2χ), k = 1, 2, 3, as:

Γα =

(
γα −

/pχp
α
χ

p2χ

)
F1(p

2
χ) + i

σαβpχβ
mi +mj

F2(p
2
χ) +

2pαχ
mi +mj

F3(p
2
χ)+(

γα −
/pχp

α
χ

p2χ

)
γ5G1(p

2
χ) + i

σαβγ5pχβ
mi +mj

G2(p
2
χ) +

2pαχ
mi +mj

γ5G3(p
2
χ) , (4.1)

where σαβ = i
2 [γ

α, γβ]. If the gauge boson was a photon and the fermions were identical, some
physical insight into these form factors can be obtained by considering their non-relativistic limits.
The form factor F1(p

2
χ) appears with the bilinear involving γα and it is associated with the charge

of the fermion, so F1(0) ≡ Qf . The forms factors F2(0) and G2(0) are known as the magnetic
dipole and electric dipole moments. The magnetic dipole moment is defined as:

µ ≡ 1

2m
(Qf + F2(0)) ,

where the contribution that is proportional to the charge of the particle, Qf , is called the Dirac
contribution to the magnetic moment, and the other contribution involving F2(0) is called the
anomalous magnetic moment. The electric dipole moment can be identified as d ≡ −G2(0)/2m.
The form factor G1(0) is a pure (unobservable) quantum effect, called the anapole moment of the
fermion [114].

Before presenting the decay rate, we should explain how some of the terms in Eq. (4.1) will
vanish. The conservation of the U(1)χ charge requires the form factor F3(p

2
χ) to vanish. Moreover,

the Ward identities imply that pαχ · ϵ∗α(pχ) = 0, so the contributions proportional to pαχ vanish for
all p2χ. Finally, the decay rate can be written as a function of four form factors and reads

Γ(ℓi → ℓjχ) =
λ1/2[m2

i ,m
2
j ,m

2
χ]

16πmi

[(
1− mj

mi

)2
(
1−

m2
χ

(mi −mj)2

)(
2
∣∣∣F1(m

2
χ)− F2(m

2
χ)
∣∣∣2

+

∣∣∣∣F1(m
2
χ)

(mi +mj)

mχ
− F2(m

2
χ)

mχ

(mi +mj)

∣∣∣2)+

(
1 +

mi

mj

)2
(
1−

m2
χ

(mi +mj)2

)
(
2
∣∣∣G1(m

2
χ)−G2(m

2
χ)

(mi −mj)

(mi +mj

∣∣∣2 + ∣∣∣G1(m
2
χ)

(mi −mj)

mχ
+G2(m

2
χ)

mχ

(mi +mj)

∣∣∣2)] ,

(4.2)

where λ[m2
i ,m

2
j ,m

2
χ] is the usual Källén function, and mi, mj , and mχ denote the masses of the

leptons ℓi and ℓj , and the gauge boson χ, respectively.

Note that the decay rate does not have interference terms between the form factors Fk(p2χ) and
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4.3 µ → eχ at tree level

Gk(p
2
χ), because in a one-to-two-body process like this, all kinematic is fixed and V-A interferences

cancel out. We highlight also the fact that the terms proportional to 1/mχ associated with the
emission of the longitudinal component of the vector boson are accompanied just by the form
factors F1 and G1.

To all appearances the rate has an unphysical divergence in the limit mχ → 0 on account of
the term coming from the emission of the longitudinal component of the vector boson. Therefore,
in an EFT approach, great care should be taken when considering decays into ultralight gauge
bosons, since in a gauge invariant and renormalizable theory, the ℓi → ℓjχ rate must be finite and
continuously matched to the result from ℓi → ℓjγ [44, 115,116].

We present below two specific models in which the cLFV interaction is generated either at
tree level or at the one-loop level. We will show explicitly that, as a result of gauge invariance,
the decay rate is finite and well behaved in the limit mχ → 0. For the sake of the discussion, we
have restricted the analysis to the two-generation case, although for completeness, we will present
the extension to three generations in Section 4.5.

4.3 µ → eχ at tree level

We present first a model that generates the µ → eχ decay at tree level. In this model, the
cLFV interaction will be generated by means of the bases change mechanism where we rotate the
fields from the flavor eigenstate basis to the mass eigenstate basis. With the aim of generating this
interaction, we need to allow for generation dependent charges under U(1)χ. Once the ingredients
of the model have been presented, we will develop this mechanism in detail.

The particle content of the model, and the corresponding spins and charges under SU(2)L ⊗
U(1)Y ⊗ U(1)χ, are summarized in Table 4.2. Here ϕjk, i, j = 1, 2 denote complex scalar fields,
doublets under SU(2)L, with hypercharge Yjk and charge under U(1)χ equal to qϕjk . We denote
the SM SU(2)L lepton doublets and singlets, as:

LLi =

(
νLi

ℓLi

)
, and eRi , i = 1 , 2 ,

respectively. Further, they have a generation independent hypercharge, YL and Ye. It should be
noted that the model is anomalous at it stands, but it can be made anomaly-free by adding heavy
particles with suitable charges, without modifying the discussion that follows.

The kinetic Lagrangian of the model is written as

Lkin =
2∑
j=1

i
(
Lj /DLj + eRj

/DeRj

)
+

2∑
j,k=1

(Dµϕjk)
†(Dµϕjk) , (4.3)
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

L1 L2 eR1 eR2 ϕ11 ϕ12 ϕ21 ϕ22
spin 1/2 1/2 1/2 1/2 0 0 0 0

SU(2)L 2 2 1 1 2 2 2 2
U(1)Y −1/2 −1/2 −1 −1 Y11 Y12 Y21 Y22
U(1)χ qL1 qL2 qe1 qe2 qϕ11 qϕ12 qϕ21 qϕ22

Table 4.2: Spins and charges under SU(2)L⊗U(1)Y ⊗U(1)χ of the particles of the model described
in Section 4.3, leading to the decay µ→ eχ at tree level. All fields are assumed to be singlets under
SU(3)C .

where Dµ denotes the covariant derivative, given by

Dµ = ∂µ + igW a
µTa + ig′Y Bµ + igχqχµ for the SU(2)L doublets ,

Dµ = ∂µ + ig′Y Bµ + igχqχµ for the SU(2)L singlets , (4.4)

with g, g′ and gχ the coupling constants of SU(2)L, U(1)Y and U(1)χ respectively.

We also assume Yjk = 1/2. Then, for j, k such that qϕjk = qLj − qek the following Yukawa
couplings arise in the Lagrangian:

−LYuk =

2∑
j,k=1

yjkLjϕjkeRk
+ h.c. (4.5)

We also assume that the doublet scalars acquire a vacuum expectation value for some i, j, ⟨ϕjk⟩ =
vjk. To keep the discussion general, we consider that the charges of the particles allow all Yukawa
couplings, and that all ϕjk acquire a vacuum expectation value; the different subcases follow
straightforwardly by setting the corresponding yjk and/or vjk to zero.

Applying the covariant derivative over the scalar field and considering that ⟨ϕjk⟩ ≠ 0, mass
terms for the bosons arise, thus

m2
χ = g2χ(q

2
ϕ11v

2
11 + q2ϕ12v

2
12 + q2ϕ21v

2
21 + q2ϕ22v

2
22) . (4.6)

Furthermore, since ϕjk have charge under SU(2)L ⊗ U(1)Y , their expectation value would also
contribute to the Z and W masses. Since we are assuming mχ ≪ mµ, this contribution can be
safely neglected.

The expectation value of the doublet scalars generates a mass term for the charged leptons,
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4.3 µ → eχ at tree level

−Lmass ⊃ eLjMjkeRk
+ h.c., with

M =

(
y11v11 y12v12

y21v21 y22v22

)
. (4.7)

We now rotate the fields to express the Lagrangian in the mass eigenstate basis:(
eL

µL

)
=

(
cos θL sin θL

− sin θL cos θL

)(
eL1

eL2

)
,

(
eR

µR

)
=

(
cos θR sin θR

− sin θR cos θR

)(
eR1

eR2

)
, (4.8)

so that −Lmass ⊃ eLmeeR+µLmµµR+ h.c.. Here θL and θR are the mixing angles and the 2× 2

matrices are unitary transformations on the L- and R- leptons, and we are going to refer to them
as VL and VR, respectively. It should be noted that MM † = VLM

2
ℓ V

†
L and M †M = VRM

2
ℓ V

†
R,

with Mℓ ≡ diag(me,mµ) = V †
LMVR. Using these relations, we can find the mixing angles and the

lepton masses as a function of vjk and yjk, as follow

MM † =

(
y211v

2
11 + y212v

2
12 y11v11y21v21 + y22v22y12v12

y11v11y21v21 + y22v22y12v12 y222v
2
22 + y221v

2
21

)

=

(
m2
e cos

2 θL +m2
µ sin

2 θL (−m2
µ +m2

e) sin θL cos θL

(−m2
µ +m2

e) sin θL cos θL m2
µ cos

2 θL +m2
e sin

2 θL

)
,

Tr[MM †] = m2
e +m2

µ = y211v
2
11 + y212v

2
12 + y221v

2
21 + y222v

2
22 ,

Det[MM †] = m2
em

2
µ = (y11v11y22v22 − y12v12y21v21)

2 , (4.9)

similar expressions are found usingM †M = VRM
2
ℓ V

†
R. From the off diagonal inputs of the matrices

in Eq. (4.9) we can find sin 2θL and assuming that mµ ≫ me, it follows that

m2
µ ≃ y211v

2
11 + y212v

2
12 + y221v

2
21 + y222v

2
22 ,

m2
e ≃

(y11v11y22v22 − y12v12y21v21)
2

y211v
2
11 + y212v

2
12 + y221v

2
21 + y222v

2
22

,

sin 2θL ≃ −2
y11v11y21v21 + y12v12y22v22

y211v
2
11 + y212v

2
12 + y221v

2
21 + y222v

2
22

,

sin 2θR ≃ −2
y11v11y12v12 + y21v21y22v22

y211v
2
11 + y212v

2
12 + y221v

2
21 + y222v

2
22

. (4.10)

Finally, we recast the kinetic Lagrangian Eq. (4.3) in terms of the mass eigenstates. We find
flavor violating terms of the form

−L ⊃ eRig
RR
eµ γ

ρχρµR + eLig
LL
eµ γ

ρχρµL + h.c. , (4.11)
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

with

gRReµ = gχ(qe1 − qe2) sin θR cos θR ,

gLLeµ = gχ(qL1 − qL2) sin θL cos θL . (4.12)

Clearly, if the U(1)χ charges are generation independent, the flavor violation is absent at tree-
level (as is the case for the photon and Z flavor violating couplings). Further, if the interaction
eigenstates are aligned to the mass eigenstates, the tree-level flavor violation is also absent. This
happens in particular for some choices of the expectation values of the fields ϕij , for example,
when vii = 0, but v12, v21 ̸= 0.

Comparing to the general form of the lepton flavor violating interaction vertex, Eq. (4.1), one
can identify

F1 =
1

2
(gRReµ + gLLeµ ) ,

G1 =
1

2
(gRReµ − gLLeµ ) , (4.13)

while all other form factors vanish at tree-level. The rate for µ→ eχ then reads:

Γ(µ→ eχ) =
mµ

32π

(∣∣gLLeµ ∣∣2 + ∣∣gRReµ ∣∣2)
(
2 +

m2
µ

m2
χ

)(
1−

m2
χ

m2
µ

)2

, (4.14)

where we have neglected the electron mass against the muon mass. In a naive analysis, the term
proportional to 1/m2

χ could lead to an unphysical divergence in the limit mχ → 0. However, if
the gauge and fermion masses arise as a consequence of the spontaneous breaking of the U(1)χ

symmetry, the limit mχ → 0 requires vjk → 0 for all i, j (which in turn implies mµ → 0), or
gχ → 0 (which in turn implies gLLeµ , gRReµ → 0). One can explicitly check from Eqs. (4.6), (4.10)
and (4.12) that indeed when mχ → 0 the term (|gLLeµ |2+ |gRReµ |2)m2

µ/m
2
χ is finite (as expected from

the Goldstone boson equivalence theorem [117–120]), and depends on a function of the Yukawa
couplings, the gauge coupling, and the charges and vacuum expectation values of the fields ϕjk. 2

We consider a particular case, where it is exhibited that in the limit of an ultralight boson,
the decay rate is finite and well-behaved. We assume that the Yukawa couplings satisfy y22 ≫
y11 ≫ y12, y21 and all vjk = v, so that the mass matrix M is almost diagonal, and qϕjk = Q. The

2An analogous behaviour occurs in the top decay t → bW+. The decay rate is Γ(t → bW+) ∼ m3
t/M

2
W

and naively diverges when MW → 0. However, since both masses arise as a consequence of the SSB of the EW
symmetry, Γ(t → bW+) ∼ mty

2
t /g

2 and is finite.
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4.3 µ → eχ at tree level

relevant parameters of the model after the spontaneous breaking of the gauge symmetries are:

m2
µ ≃ y222v

2, m2
e ≃ y211v

2, m2
χ ≃ 4g2χQ

2v2 ,

sin 2θL ≃ −2
y12
y22

, sin 2θR ≃ −2
y21
y22

.
(4.15)

From Eq. (4.14) it follows that the rate for µ→ eχ in the limit mχ → 0 is finite, just as expected,
and it is given by

Γ(µ→ eχ)
∣∣∣
mχ→0

≃ mµ

32π

g2χ
y222

(
2 +

y222
4g2χQ

2

)(
1−

4g2χQ
2

y222

)2 [
y212(qL1 − qL2)

2 + y221(qe1 − qe2)
2
]
.

(4.16)

We point out that the rate is maximal when Qgχ/y22 → 0, and zero when Qgχ/y22 ≃ 1/2,
which corresponds to mχ/mµ ≃ 1, i.e. when the phase space available for the decay closes. For
most values of gχ/y22, the prefactor is ∼ 10−3, and therefore the rate can only be suppressed
by invoking small couplings y12, y21, or by postulating intergenerational universality of the U(1)χ

charges. In the latter case, the process µ → eχ could be generated at the one loop level, as we
will discuss in the next section.

A complementary probe of the e-µ flavor violation is the three-body decay µ− → e−e+e−,
which is generated in this model at tree-level via the exchange of a virtual χ. This process
is generated through a flavor violating interaction vertex described in Eq. (4.11) and a flavor
conserving interaction vertex of the form:

−L ⊃ eRig
RR
ee γ

ρχρeR + eLig
LL
ee γ

ρχρeL , (4.17)

where

gRRee = gχ
(
qe2 sin

2 θR + qe1 cos
2 θR

)
,

gLLee = gχ
(
qL2 sin

2 θL + qL1 cos
2 θL

)
. (4.18)

Note that, if the U(1)χ charges are generation independent, the flavor conserving interaction is
still present, just as it must be. Using the interaction Lagrangians in Eqs. (4.17) and (4.11), we
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

Figure 4.1: Ratio of rates of µ → eχ and µ → 3e as a function of mχ for the tree-level model
presented in Section 4.3, for the cases described in the text qLi = 0, qe2 = 0, gχqe1 = 2, and
tan θR = 1 (magenta line); and qei = 0, qL2 = 0, gχqL1 = 2, and tan θL = 1 (blue line).

find that the corresponding differential decay rate reads:

d2Γ(µ→ 3e)

ds dt
=

1

128π3m3
µ

[
(|gLL

ee |2|gRR
eµ |2 + |gRR

ee |2|gLL
eµ |2)

(
t(m2

µ − t)

(m2
χ − s)2 +m2

χΓ
2
χ

+
s(m2

µ − s)

(m2
χ − t)2 +m2

χΓ
2
χ

)

+
(
|gLL

ee |2|gLL
eµ |2 + |gRR

ee |2|gRR
eµ |2

)( (s+ t)
(
m2

µ − s− t
) (

4Γ2
χm

2
χ + (s+ t− 2m2

χ)
2
)

((m2
χ − s)2 +m2

χΓ
2
χ)((m

2
χ − t)2 +m2

χΓ
2
χ)

)]
,

(4.19)

where Γχ is the total width of the χ-boson, and the Mandelstam variables s ≡ (pµ − pe1)
2 and

t ≡ (pµ− pe2)
2, with pe1 and pe2 the electron momenta, and which are kinematically restricted to

be in the range:
0 ≤ t ≤ (m2

µ − s) and 0 ≤ s ≤ m2
µ . (4.20)

We focus in what follows in a scenario where 1 MeV ≲ mχ ≲ mµ. In this mass range, the
dominant decay channels are χ → e−e+ , νL1νL1 , νL2νL2 . Using the electron interaction vertex
from Eq. (4.17) and the neutrino interaction vertex from Eq. (4.3), we find that the total decay
width is:

Γχ =
mχ

24π

(
|gLLee |2 + |gRRee |2 + |gχqL1 |2 + |gχqL2 |2

)
. (4.21)

We show in Fig. 4.1 the ratio between Γ(µ → eχ) and Γ(µ → 3e) as a function of mχ, for a
representative case where χ couples only to the right-handed leptons (i.e. qL1 = qL2 = 0; and
qe2 = 0, gχqe1 = 2, and tan θR = 1) or when χ couples only to the left-handed leptons (i.e.
qe1 = qe2 = 0; and qL2 = 0, gχqL1 = 2, and tan θL = 1). In the former case, the ratio is ≃ 1, and
in the latter it is ≃ 5; with a mild sensitivity to the concrete choices of the charges and mixing
angles. This result can be understood using the narrow width approximation (NWA), which holds
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4.4 µ → eχ at the one loop level

when χ is produced close to the mass shell. Under this approximation, one can replace in the
propagators:

1

(x−m2
χ)

2 +m2
χΓ

2
χ

→ π

mχΓχ
δ(x−m2

χ) , (4.22)

where x is any Mandelstam variable. Under this approximation, the decay rate for µ→ 3e reads:

Γ(µ→ 3e) ≃ mµ

32π

(
|gLLeµ |2 + |gRReµ |2

) (
|gLLee |2 + |gRRee |2

)
|gLLee |2 + |gRRee |2 + |gχqL1 |2 + |gχqL2 |2

(
2 +

m2
µ

m2
χ

)(
1−

m2
χ

m2
µ

)2

+
mχ

64π

(
|gLLee |2|gLLeµ |2 + |gRRee |2|gRReµ |2

)mχ

mµ

(
1− 2

m2
χ

m2
µ

)
. (4.23)

It should be noted that the term in the second row is subdominant for the light boson, but
as mχ becomes larger, the ratio becomes sensitive to the underlying model parameters, although
this sensitivity is suppressed by a factor m2

χ/m
2
µ, and is hence typically weak, in agreement with

the numerical results of Fig. 4.1. Using Eqs. (4.14) and (4.23) for the two representative scenarios
analyzed, we can reproduce the result Γ(µ→ eχ)/Γ(µ→ 3e) ≃ 1 or ≃ 5. Further, like the decay
rate for µ→ eχ the Eq. (4.23) apparently diverges, but is in fact finite since mµ and mχ are both
generated after the breaking of the U(1)χ symmetry.

Given the current experimental limits on BR(µ → eχ) and BR(µ → 3e), the most stringent
constraints on the model will stem from the latter process 3. For the case mχ ≪ mµ, and using
the upper limit BR(µ→ 3e) from SINDRUM, one finds very stringent constraints on the strength
of the effective couplings. Concretely, when qLi = 0, one finds |gRReµ |/mχ ≲ 1.6×10−16/MeV. This
limit on the effective parameters can in turn be translated into limits on the Yukawa couplings,
U(1)χ-charges and gauge coupling, and expectation values of the scalar doublets ϕij , with the
restriction of reproducing the correct muon mass mµ ≃ 105 MeV. Let us finish this section noting
that the rare muon decay µ → eγ could occur in this model at the one loop level. However, the
strong constraints from the tree-level decay µ→ 3e preclude the observation of this process.

4.4 µ → eχ at the one loop level

Now we turn to a renormalizable model with generation-independent U(1)χ charges, where the
process µ→ eχ is generated at one-loop level. Lepton flavor is now violated through a new Dirac
fermion, ψ, and a new complex scalar, η, which does not acquires a vacuum expectation value.
The particle content of the model and its spins and charges under SU(2)L ⊗ U(1)Y ⊗ U(1)χ,
are listed in Table 4.3. Here Li and eRi , with i = 1 , 2 are SM SU(2)L lepton doublets and

3We note that the on-shell χ decays into e+e− with a decay length Lχ ≃ 7.9× 10−10m(mχ/MeV)−2g−2, where
g is a combination of couplings, cf. Eq. (4.21), and therefore the decay occurs inside the detector.
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

L1 L2 eR1 eR2 ϕ ψ η

spin 1/2 1/2 1/2 1/2 0 1/2 0
SU(2)L 2 2 1 1 2 1 1
U(1)Y −1/2 −1/2 −1 −1 +1/2 Yψ Yη
U(1)χ qL qL qe qe qϕ qψ qη

Table 4.3: Spins and charges under SU(2)L⊗U(1)Y ⊗U(1)χ of the particles of the model described
in Section 4.4, leading to the decay µ → eχ at the one loop level. All fields are assumed to be
singlets under SU(3)C .

singlets, respectively. The doublet scalar ϕ has hypercharge +1/2 and its U(1)χ-charge satisfies
that qϕ = qL − qe, such that the Yukawa coupling yjkLjeRk

ϕ + h.c. is allowed. The new fields
ψ and η are singlets under SU(2)L, with hypercharges Yψ and Yη, and U(1)χ-charges qψ and qη,
respectively.

As required by U(1)χ-charge conservation, qe = qψ + qη . We assume Ye = Yψ + Yη, for the
Yukawa couplings yieRiψη to be allowed. We also assume that ϕ acquires a non-zero vacuum
expectation value, generating so mass for the boson χ: mχ = gχqϕ⟨ϕ⟩ 4. Further, a mass matrix
for the charged leptons is generated, of the form Eq. (4.7). Let us note that if η acquires an
expectation value, a mixing between eRi and ψ is generated, and the mass matrix becomes instead
3 × 3. The analysis in that case would be analogous, although we disregard that possibility for
simplicity and assume that ⟨η⟩ = 0.

The Lagrangian in terms of the mass eigenstates, eL,R and µL,R, that describes the interaction
with the massive gauge boson χ has the form

L ⊃ −igχqL (eLγνeL + µLγ
νµL + νL1γ

ννL1 + νL2γ
ννL2)χν − igχqe (eRγ

νeR + µRγ
νµR)χν

−igχqψψγνψχν − iqηgχ [η
∗(∂νη)− (∂νη∗)η]χν , (4.24)

as well as a Yukawa coupling to the right-handed leptons:

L ⊃ heeRηψ + hµµRηψ + h.c. (4.25)

The process µ → eχ is generated in this model at the one-loop level, with ψ and η into the

4In this simple model, mµ, me and mχ are all proportional to ⟨ϕ⟩. However, one can completely uncorrelate
the fermion masses and the gauge boson masses by imposing qϕ = 0 and by postulating the existence of another
scalar field, whose expectation value contributes to mχ, but not to the fermion masses.
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4.4 µ → eχ at the one loop level

Figure 4.2: One loop diagrams contributing to the decay µ→ eχ.

loop, as we shown in Fig. 4.2. For this specific model, the form factors are finite and read:

F1(m
2
χ) = G1(m

2
χ) =

gχhehµ
384π2

m2
χ

M2
η

[
qηF1η

(M2
ψ

M2
η

)
+ qψF1ψ

(M2
ψ

M2
η

)]
,

F2(m
2
χ) = −G2(m

2
χ) =

gχhehµ
384π2

m2
µ

M2
η

[
qηF2η

(M2
ψ

M2
η

)
+ qψF2ψ

(M2
ψ

M2
η

)]
, (4.26)

from where the form factors satisfy that F1 = G1 and F2 = −G2. We also find that the form factor
F1 (and G1) is proportional to m2

χ/M
2
η , while F2 (and G2) is proportional to m2

µ/M
2
η . Further,

one finds that F1mµ/mχ ∝ mχmµ/M
2
η , and F2mχ/mµ ∝ mχmµ/M

2
η .

The functions F1η(ψ) and F2η(ψ) in Eq. (4.26) are given by

F1η(x) =
−2 + 9x− 18x2 + x3 (11− 6 lnx)

3 (1− x)4
,

F1ψ(x) =
16− 45x+ 36x2 − 7x3 + 6 (2− 3x) lnx

3 (1− x)4
,

F2η(x) =
1− 6x+ 3x2(1− 2 lnx) + 2x3

(1− x)4
,

F2ψ(x) =
−2− 3x(1 + 2 lnx) + 6x2 − x3

(1− x)4
, (4.27)

which are regular at x = 1 as we show in Fig. 4.3, where we represent the absolute value as a
function of x.

Using the relation found between the form factors, the decay rate in Eq. (4.2), neglecting the
electron mass, can be recast as

Γ(µ→ eχ) ≃ mµ

8π

(
1−

m2
χ

m2
µ

)2 [∣∣∣F1(m
2
χ)
mµ

mχ
− F2(m

2
χ)
mχ

mµ

∣∣∣2 + 2
∣∣∣F1(m

2
χ)− F2(m

2
χ)
∣∣∣2] . (4.28)
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

In this decay rate, the term proportional to 1/m2
χ from the emission of the longitudinal po-

larization cancels with the factors m2
χ implicit in the form factors F1 and G1, thus the rate for

µ → eχ is finite and well-behaved in the limit mχ → 0. As Mη,Mψ ≫ mµ, it follows that the
rate in the limit mχ → 0 will depend mostly on the form factors F2 and G2, and can be well
approximated by:

Γ(µ→ eχ)
∣∣∣
mχ→0

≃
g2χ |he|2|hµ|2

(768)2 π5
m5
µ

M4
η

[
qηF2η

(
M2
ψ

M2
η

)
+ qψF2ψ

(
M2
ψ

M2
η

)]2
. (4.29)

Nevertheless, the form factors F1 and G1 generate a sizable contribution to the rate when
mχ/mµ ≳ 0.1.

We show in Fig 4.4 the branching ratio for µ → eχ for two representative choices of charges,
qη = 1 and qψ = 0 (left panel) and qη = 0 and qψ = 1 (right panel), and three choices of the
masses of the particles in the loop: Mψ = 750 GeV and Mη = 500 GeV (blue line), Mψ = Mη =

500 GeV (purple line), and Mψ = 500 GeV and Mη = 750 GeV (red line). These values are
compatible with the current searches for exotic charged particles [121, 122]. We have also taken
for concreteness hehµ = 1 and gχ = 1, although the scaling of the rates with the Yukawa couplings
is straightforward. The solid lines show the full result calculated using Eq. (4.28), while the dashed
lines assume F1 = G1 = 0. As apparent for the plot, while for mχ ≪ mµ the form factors F1 and
G1 can be neglected, they modify the rate when mχ/mµ ≳ 0.1, especially close to the threshold.
We also show the current upper limit BR(µ→ eχ) from the TWIST collaboration [86].

The process µ → 3e is generated in this toy model also at the one-loop level, through χ-
penguin and box diagrams. The χ-penguins are similar to the diagrams shown in Fig. 4.2, plus
a fermionic line e−e+ coupled to the off-shell χ-boson, while the box diagrams have the fields ψ
and η into the loop, and the leptons in the external legs. It should be noted that the χ-penguin

Figure 4.3: Moduli of the functions Fiα(x), with i = 1, 2 and α = η, ψ, as defined in Eq. (4.27).
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4.4 µ → eχ at the one loop level

Figure 4.4: Branching ratio of the process µ → eχ as a function of mχ for the one loop model
presented in Section 4.4, assuming qη = 1 and qψ = 0 (left plot), and qη = 0 and qψ = 1 (right
plot); in both cases it was assumed hehµ = 1 and gχ = 1. The solid lines show the full result
obtained from Eq. (4.28), while the dashed lines neglect the contribution from F1. The grey dotted
line indicates the current upper limit on BR(µ→ eχ) from the TWIST collaboration.

diagrams are proportional to h2eh
2
µg

4
χ and the box diagramas to h6eh

2
µ. Assuming he ≪ gχ, the

decay will be dominated by the χ-penguin diagrams 5, with doubly differential rate given by:

d2Γ(µ→ 3e)

ds dt
≃

g2χ
32π3m5

µ
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m2
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+m2
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χ(Γ
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χ +m2
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)((
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)2
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)((
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)2
+m2
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)
(
m2
µ(s+ t)(|F1(m

2
χ)|2 − F1(m

2
χ)F2(m

2
χ)) + |F2(m

2
χ)|2s t

)]
, (4.30)

where s ≡ (pµ − pe1)
2 and t ≡ (pµ − pe2)

2, with kinematic limits given in eq. (4.20), and
Γχ the total decay width of χ. Similarly to Section 4.3, the dominant decay modes are
χ→ e−e+, νL1νL1 , νL2νL2 , with width:

Γχ =
g2χ mχ

24π

(
|qe|2 + 3|qL|2

)
. (4.31)

5Unless there is a strong hierarchy between the loop particles box contributions are subleading [123].
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

Figure 4.5: Same as Fig. 4.4, but for the process µ→ 3e, assuming qL = 1 + qe.

Figure 4.6: Same as Fig. 4.4, but for the ratio of rates Γ(µ → eχ)/Γ(µ → 3e), assuming qL =
1 + qe.

We show in Fig. 4.5, the branching ratio for µ → 3e for the same choices of qη and qψ as in
Fig. 4.4, and adopting qL = 1+ qe (with qe = qψ+ qη), using the full result Eq. (4.30) (solid lines)
or setting the form factors F1 = G1 = 0 (dashed lines). As for µ → eχ, the form factors can be
neglected when mχ ≪ mµ, and only contribute to the rate when mχ/mµ ≳ 0.1. In Fig. 4.6 we
show the ratio of rates Γ(µ→ eχ)/Γ(µ→ 3e) as a function of mχ for each of the cases analyzed.
We find that the ratio is ∼ 1. As in Section 4.3, this result can be understood analytically
employing the narrow width approximation. Using the NWA, close to the mass shell, the decay
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4.5 Extension to three flavors

rate for χ-penguin contribution for µ→ 3e reads

Γ(µ→ 3e) ≃mµ

4π
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(4.32)

As well as in the analogous expression in the tree level model in Eq. (4.23), the term in
the second row is subdominant for the light boson, but the ratio becomes most sensitive to the
model parameters as the mass of the χ-boson grows. Also in this scenario one finds an apparent
divergence when mχ → 0, however the factor 1/mχ in the rate is cancelled by the factor mχ

implicitly contained in the form factor F1. As a result, in the limit mχ → 0 the rate for µ → 3e

is finite and comparable to the rate for µ→ eχ, quite independently of the masses and charges of
the particles in the loop.

Given that the current limits on the processes µ → 3e and µ → eχ, we expect the former to
yield the strongest limits on this scenario. This is apparent from Fig. 4.5: the three choices of
parameters are allowed by the current constraints on µ → eχ, but several orders of magnitude
above the SINDRUM limit BR(µ→ 3e) < 1.0× 10−12.

4.5 Extension to three flavors

In this Section we present the extension to three generations of the models discussed in Sections
4.3 and 4.4 [124]. The conclusions obtained remain valid, and the discussion will not modify
in the three generation case. However, we will perform an analysis of the tau modes and so
complete the picture. The tau decays case is specially interesting given the Belle(-II) efforts (see
for instance [125,126]) in this direction 6.

4.5.1 ℓi → ℓjχ at tree level

First we perform the extension to three-generation the model described in Section 4.3, which
generates the cLFV interaction at tree level. Table 4.4 summarizes the model’s particle content
and corresponding spins and charges under SU(2)L ⊗ U(1)Y ⊗ U(1)χ.

The kinetic Lagrangian in Eq. (4.3) and the Yukawa interaction in Eq. (4.5) are still valid with
the obvious extension to three generations. Further, the boson mass that arises after the breaking

6Private discussions with the Belle-II group at Cinvestav and with Denis Epifanov are acknowledged.
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

Li eRi ϕij
spin 1/2 1/2 0

SU(2)L 2 1 2
U(1)Y −1/2 −1 Yij
U(1)χ qLi qei qϕij

Table 4.4: Spins and charges under SU(2)L⊗U(1)Y ⊗U(1)χ of the particles of the model described
in Section 4.3, extended to three generations in Section 4.5.1. All fields are assumed to be singlets
under SU(3)C and the subscripts i, j = 1 , 2 , 3.

of the U(1)χ symmetry reads
m2
χ = g2χ

∑
i,j

q2ϕijv
2
ij . (4.33)

As we previously explained, we need to rotate the fields in flavor eigenstate basis to the mass
eigenstate basis in order to find the flavor violating contributions. So, for the three generation
case

M =

y11v11 y12v12 y13v13

y21v21 y22v22 y23v23

y31v31 y32v32 y33v33

 , (4.34)

and the unitary transformations now are written as

VR =

 c12Rc13R s12Rc13R s13Re
−iδ13R

−s12Rc23R − c12Rs23Rs13Re
−iδ13R c12Rc23R − s12Rs23Rs13Re

−iδ13R s23Rc13R
s12Rs23R − c12Rc23Rs13Re

−iδ13R −c12Rs23R − s12Rc23Rs13Re
−iδ13R c23Rc13R

 ,

(4.35)

where we have defined sjkR ≡ sin θjkR and cjkR ≡ cos θjkR . The unitary transformation VL is
defined analogously to VR in eq. (4.35), substituting θjkR → θjkL . Finally, following an analogous
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4.5.1 ℓi → ℓjχ at tree level

procedure to that described in Section 4.3, and using Mℓ ≡ diag(me,mµ,mτ ), it follows that

m2
τ ≃yv211 + yv212 + yv213 + yv221 + yv222 + yv223 + yv231 + yv232 + yv233 ,

m2
µ ≃ 1

m2
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(
yv221

(
yv212 + yv213 + yv232 + yv233

)
+ yv231

(
yv212 + yv213 + yv222 + yv223

)
+

yv211
(
yv222 + yv223 + yv232 + yv233

)
+ yv223

(
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)
+ yv213

(
yv222 + yv232

)
+

yv233
(
yv212 + yv222

)
− 2yv21yv22yv31yv32 − 2yv21yv23yv31yv33 − 2yv22yv23yv32yv33−

2yv12yv13
(
yv22yv23 + yv32yv33

)
− 2yv11

(
yv12yv21yv22 + yv12yv31yv32+

yv13yv21yv23 + yv13yv31yv33
))

,

m2
e ≃

1

m2
τm

2
µ

(
yv31(yv13yv22 − yv12yv23) + yv32(yv11yv23 − yv13yv21)+

yv33(yv12yv21 − yv11yv22)
)2
, (4.36)

where yvjk ≡ yjkvjk, and we have assumed without loss of generality in the considered phe-
nomenology that the CP-violating phase δ13R(L)

= 0 and employed that mτ ≫ mµ ≫ me. So,
after rotating Eq. (4.3) to the mass eigenstate basis the flavor violating terms have the form

−L ⊃ ℓiRig
RR
ij γρχρℓjR + ℓiLig

LL
ij γ

ρχρℓjL + h.c. , (4.37)

with

gRReµ =gχ
(
c12Rs12R

(
c213Rqe1 + c223R(qe3s

2
13R

− qe2) + s223R(qe2s
2
13R

− qe3)
)
+

c23Rs23R(qe3 − qe2)s13R cos(2θ12R)) ,

gRReτ =gχc13R
(
c23Rs23R(qe3 − qe2)s12R + c12Rs13R

(
qe1 − c223Rqe3 − s223Rqe2

))
,

gRRµτ =gχ
(
c23Rs23R(qe2 − qe3)c12R + s12Rs13R

(
qe1 − c223Rqe3 − s223Rqe2

))
. (4.38)

The effective couplings gLLeτ , gLLeµ , and gLLµτ , are defined analogously to the right couplings in
Eq. (4.38), substituting θjkR → θjkL and qej → qLj . Here θjkR and θjkL are mixing angles which
can be written as a function of vacuum expectation values, vjk, and Yukawa couplings, yjk, as in
the two-generation case. We note that all gLL/RRij vanish for intergenerational universality of the
U(1)χ charges, thus forbiding the ℓi → ℓjχ decays in this tree-level model.

In the three-generation case, in addition to decays of type ℓ−i → ℓ−j ℓ
+
j ℓ

−
j , we can generate

processes of type ℓ−i → ℓ−j ℓ
+
k ℓ

−
j and ℓ−i → ℓ−j ℓ

+
j ℓ

−
k . For concreteness we will only analyze here

the decay ℓ−i → ℓ−j ℓ
+
j ℓ

−
j (results are similar for the other charge channels). This process is gener-

ated through a flavor violating interaction vertex described in eq. (4.37) and a flavor conserving
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

Figure 4.7: Γ(µ → eχ)/Γ(µ → 3e) (left plot) and Γ(τ → ℓχ)/Γ(τ → 3ℓ) with ℓ = e , µ (right
plot) as a function of mχ for the tree-level model, for the cases described in the text qLj = 0,
qe2 = qe3 = 0, gχqe1 = 2, and tan θjkR = 1 (magenta line); and qej = 0, qL2 = qL3 = 0, gχqL1 = 2,
and tan θjkL = 1 (blue line).

interaction vertex of the form:

− L ⊃ ℓiRig
RR
ii γρχρℓiR + ℓiLig

LL
ii γ

ρχρℓiL , (4.39)

where

gRRee = gχ

(
c212Rc

2
13R

qe1 + (c23Rs12R + c12Rs13Rs23R)
2 qe2 + (c12Rc23Rs13R − s12Rs23R)

2 qe3

)
,

gRRµµ = gχ

(
c213Rs

2
12R

qe1 + (c12Rc23R − s12Rs13Rs23R)
2 qe2 + (c23Rs12Rs13R + c12Rs23R)

2 qe3

)
,

gRRττ = gχ
(
s213Rqe1 + c213R

(
s223Rqe2 + c223Rqe3

))
, (4.40)

and the left couplings, gLLee , gLLµµ , and gLLττ , are obtained with obvious substitutions in eq. (4.40).

We focus again in the scenario where 1 MeV ≲ mχ ≲ mi. For mi = mµ, the dominant decay
channels are χ→ e−e+, νL1νL1 , νL2νL2 , νL3νL3 . Then, the total decay width of the χ-boson is:

Γχ =
mχ

24π

(
|gLLee |2 + |gRRee |2 + |gχqL1 |2 + |gχqL2 |2 + |gχqL3 |2

)
, (4.41)

and for mi = mτ the decays χ → µ−µ+, µ−e+ + h.c. can also be generated, with widths: Γ(χ →
µ−µ+) = mχ

(
|gLLµµ |2 + |gRRµµ |2

)
/(24π) and Γ(χ→ µe) = mχ

(
|gLLeµ |2 + |gRReµ |2

)
/(24π).

We show in Fig. 4.7 the ratio between Γ(ℓi → ℓjχ) and Γ(ℓi → 3ℓj) as a function of mχ, for a
representative case where χ couples only to the R leptons (i.e. qLj = 0, qe2 = qe3 = 0, gχqe1 = 2,
and tan θjkR = 1) or when χ couples only to the L leptons (i.e. qej = 0, qL2 = qL3 = 0, gχqL1 = 2,
and tan θjkL = 1). Again, this result can be understood using the narrow width approximation.
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4.5.2 ℓi → ℓjχ at the one loop level

Li eRi ϕ ψ η

spin 1/2 1/2 0 1/2 0
SU(2)L 2 1 2 1 1
U(1)Y −1/2 −1 +1/2 Yψ Yη
U(1)χ qL qe qϕ qψ qη

Table 4.5: Spins and charges under SU(2)L⊗U(1)Y ⊗U(1)χ of the particles of the model described
in Section 4.4, extended to three generations in Section 4.5.2. All fields are assumed to be singlets
under SU(3)C and the subscript i = 1 , 2 , 3.

Under it, the decay rate for ℓi → 3ℓj reads:

Γ(ℓi → 3ℓj)
∣∣∣
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=
mimχ

768π2Γχ

(
|gLLji |2 + |gRRji |2

) (
|gLLjj |2 + |gRRjj |2

)(
2 +

m2
i

m2
χ

)(
1−

m2
χ

m2
i

)2

+

mχ

64π

(
|gLLjj |2|gLLji |2 + |gRRjj |2|gRRji |2

)mχ

mi

(
1− 2

m2
χ

m2
i

)
. (4.42)

Making trivial changes to Eq. (4.14), one reproduces the result Γ(µ → eχ)/Γ(µ → 3e) ≃ 1

or ≃ 17, and Γ(τ → ℓχ)/Γ(τ → 3ℓ) ≃ 3 or ≃ 19, that we obtained numerically for our two
representative scenarios.

4.5.2 ℓi → ℓjχ at the one loop level

Now we are going to present the model developed in Section 4.4 extended to the three-
generation scenario. Table 4.5 summarizes the model’s particle content and corresponding spins
and charges under SU(2)L ⊗ U(1)Y ⊗ U(1)χ.

For three-generation case, the Lagrangian that describes the interaction with the massive
gauge boson χ has the form:

L ⊃− igχqL (eLγ
νeL + µLγ

νµL + τLγ
ντL + νL1γ

ννL1 + νL2γ
ννL2 + νL3γ

ννL3)χν−

igχqe (eRγ
νeR + µRγ

νµR + τRγ
ντR)χν − igχqΨΨγ

νΨχν − iqηgχ [η
∗(∂νη)− (∂νη∗)η]χν ,

(4.43)

and there also arises a Yukawa coupling to the right-handed leptons L ⊃ hkℓkRηψ + h.c. with
ℓk = e , µ , τ .

The form factors in Eq. (4.26), as well as, the decay rate in Eq.(4.28), now for the process
ℓi → ℓjχ, are still valid making trivial changes to go from the two-generation case to the three-
generation one.
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

Figure 4.8: Ratio of rates Γ(ℓi → ℓjχ)/Γ(ℓi → 3ℓj) as a function of mχ for the one-loop model
presented in Section 4.5.2, assuming qL = 1 + qe, hihj = 1 and gχ = 1. The solid lines show the
full result obtained from Eq. (4.28), while the dashed ones neglect the contribution from F1. The
left panel corresponds to the muon channel, and the right panel corresponds to the tau channel.

As we have pointed out in Section 4.4, in this toy model, ℓ−i → ℓ−j ℓ
+
j ℓ

−
j arises at one-loop

level, through χ-penguin and box diagrams. However, for the three-generation case the wrong-sign
decays ℓ−i → ℓ−j ℓ

+
k ℓ

−
j are also generated, as well as, the decays ℓ−i → ℓ−k ℓ

+
j ℓ

−
j . For the wrong-

sign decays, we need two cLFV vertices, so they arise at the one-loop level through χ-penguin
topologies and box diagrams. In the χ-penguin-type diagram, each cLFV vertex is similar to those
shown in Fig. 4.2 with χ off-shell. The other type of processes is generated through diagrams with
a flavor violating interaction vertex and a flavor conserving interaction vertex, plus diagrams with
two cLFV vertices, so they arise at the one-loop level through χ-penguin topologies and box
diagrams. For simplicity7, we will only analyze the decays ℓ−i → ℓ−j ℓ

+
j ℓ

−
j here.

Focusing on the region 1 MeV ≲ mχ ≲ mi, in the case when mi = mµ, the dominant decay
modes are χ→ e−e+ , νL1νL1 , νL2νL2 , νL3νL3 , with width:

Γχ =
g2χ mχ

24π

(
|qe|2 + 4|qL|2

)
, (4.44)

and for the mi = mτ case, in addition to the above modes, we must consider the decay mode
χ→ µ−µ+ 8, with width: Γ(χ→ µ−µ+) = g2χ mχ

(
|qe|2 + |qL|2

)
/(24π).

We show in Fig. 4.8 the ratio of rates Γ(ℓi → ℓjχ)/Γ(ℓi → 3ℓj) as a function of mχ for two
representative choices of charges, qη = 1 while qψ = 0, and qη = 0 while qψ = 1, and a mass choice
of 500 GeV for the particles in the loop, Mη and Mψ. For cases where Mη > Mψ or Mψ > Mη

7We note that the wrong-sign decays are not suppressed generally, see for instance [127,128].
8The one-loop decay, χ → µ−e+ +h.c., could also be generated in this mass range, however, it is negligible with

respect to tree level decays.
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(as we analyzed in Section 4.4) the results are analogous. We find that the ratio is ∼ 2, for both
muon and tau decays. Agains, this result can be understood analytically employing the narrow
width approximation. Under it, the decay rate for ℓi → 3ℓj reads

Γ(ℓi → 3ℓj)
∣∣∣
mj→0

=
g2χ|qe|2

16π

m2
χ

mi

(
1− 2

m2
χ

m2
i

)(
2
(
|F1(m

2
χ)|2 − F1(m

2
χ)F2(m

2
χ)
)
+ |F2(m

2
χ)|2

m2
χ

m2
i

)

+
mimχg

2
χ

96π2Γχ
(|qe|2 + |qL|2)

(
1−

m2
χ

m2
i

)2 [∣∣∣F1(m
2
χ)
mi

mχ
− F2(m

2
χ)
mχ

mi

∣∣∣2 + 2|F1(m
2
χ)− F2(m

2
χ)|2

]
,

(4.45)

where the term in the second row is dominant for the light boson. Using the Eq. (4.45) and the
decay rate in Eq.(4.28) (adapted to the three-generation case), we can obtain the ratio for the
cases shown in Fig. 4.8. Also in this scenario, one finds in the limit mχ → 0 the rate for ℓi → 3ℓj

is finite and comparable to the rate for ℓi → ℓjχ, quite independently of the masses and charges
of the particles in the loop.

4.6 Discussion and Conclusions

In previous literature on this topic, in an EFT approach, we find a wrong description of the
LFV process ℓi → ℓjχ when the gauge boson has an ultralight mass. As a result, the decay
rate has an unphysical divergence in the limit mχ → 0 on account of the term coming from the
emission of the longitudinal component of the vector boson.

We have studied in detail the lepton flavor violating process ℓi → ℓjχ, with χ a massive gauge
boson arising from the spontaneous breaking of a local U(1)χ symmetry. We have constructed
the most general effective interaction between two charged leptons with different flavor and a
massive gauge boson, and we have calculated the decay rate in terms of the corresponding form
factors. The decay rate presents terms inversely proportional to the inverse of the χ-boson mass,
corresponding to the decay into the longitudinal component of the χ-boson, which naively lead to
an enhancement of the rate when χ is very light.

We have constructed two gauge invariant and renormalizable models where the decay µ→ eχ

is generated either at tree level or at one-loop level. We have analyzed the behavior of the rate
in the limit mχ ≪ mµ, and we have explicitly checked that the rate remains finite. We have also
calculated the expected rate for the process µ→ 3e, mediated by an off-shell χ.

We have found that for these two models, the ratio of rates of µ→ eχ and µ→ 3e is O(1) in the
range of χ-masses considered. Further, for the tree-level model we find that the decay is dominated
by coupling terms proportional to γµ and γ5γµ. On the other hand, for the one-loop model the
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Chapter 4. Flavor violating ℓi decay into ℓj and a light gauge boson

decay is mediated by interaction vertices proportional to γµ, γ5γµ, σµνpχν and γ5σµνpχν , although
the latter two give the dominant contributions for mχ → 0. We have also performed the extension
to the three-generation scenario, where the tau channels are generated. This extension does
not modify the previous discussion, but rather completes the picture. Correspondingly, and in
view of the current limits on µ → 3e from the SINDRUM collaboration, it would be necessary
an improvement of experiments searching for µ → eχ [129] of at least 5-6 orders of magnitude
compared to the TWIST sensitivity in order to observe a signal. Analogous comments apply to
τ → (µ/e)χ in view of the bounds on the τ → 3e, 3µ, ... processes.

A model-independent phenomenological analysis according to the general features found in this
chapter (for either tree or loop generated cLFV) is in progress and will be presented elsewhere.
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Chapter 5

Indirect upper limits on ℓi → ℓjγγ from ℓi → ℓjγ

5.1 Overview

As we discussed in Chapter 3, the experimental observation of any kind of cLFV would imply
the existence of NP even beyond the discovery of neutrino oscillations . The cLFV process
ℓi → ℓjγγ [130–132] has been less explored than its analogous process with a single photon
ℓi → ℓjγ. For the muon case, the stronger upper limit for µ → eγγ comes from the Crystal Box
detector [133]. This limit is however two orders of magnitude weaker than present µ→ eγ limits,
see Table 5.1, since the MEG experiment was optimized for back-to-back topologies and no new
dedicated experiment for µ→ eγγ has been carried out since Crystal Box. On the other hand, the
tau case, i.e. τ → ℓγγ [134–138] has rarely being searched for. The stronger direct experimental
limit we have found in the literature comes from ATLAS after the LHC run-I [139], but there are
no direct experimental search exists for its brother channel τ → eγγ. This limit is three orders of
magnitude weaker than the current upper limit for τ → µγ, as shown in Table 5.1.

Reanalyzing data produced by the BaBar Collaboration for searches of τ → ℓγ [72], Bryman
et al. [138] found upper bounds on the branching ratios BR(τ → µγγ) < 5.8× 10−4 and BR(τ →
eγγ) < 2.5×10−4 at 90%CL. For this analysis, the authors applied the idea developed by Bowman
et al. [131], where data from experiments searching ℓi → ℓjγ can be used to derive indirect upper
limit for ℓi → ℓjγγ, as some of the events with a single photon would fall into the signal region
defined for the double photon channel.

In this chapter, we will develop an analysis on EFT framework of the charged lepton flavor
violating processes ℓi → ℓjγγ and ℓi → ℓjγ. Using a low-energy effective Lagrangian we will
generate at tree level the local interaction ℓiℓjγγ, which induces to one-loop the ℓi → ℓjγ decay.
By means of the correlation between the two processes, we will show that the loop corrections
can induce large ratios for ℓi → ℓjγ deriving in indirect upper limits for ℓi → ℓjγγ. We will find
bounds one order of magnitude stronger than current experimental direct limits for µ→ eγγ, and
almost three orders of magnitude better than previous considerations for τ → ℓγγ, although the
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5.1 Overview

Decay Mode Current upper limit on BR (90%CL)

µ→ eγ 4.2× 10−13 MEG (2016) [55]

µ→ eγγ 7.2× 10−11 Crystal Box (1986) [133]

τ → eγ 3.3× 10−8 BaBar (2010) [72]

τ → µγ 4.2× 10−8 Belle (2021) [73]

τ → µγγ 1.5× 10−4 ATLAS (2017) [139]

Table 5.1: Experimental upper bounds for the ℓi → ℓjγ(γ) cLFV decays.

direct searches for these processes at Belle II could improve these results.

At the lowest order in the EFT, the single photon cLFV decay is induced by a five-dimensional
dipole operator, which will also generate ℓi → ℓjγγ by radiating an additional photon from either
lepton. Nevertheless, being an O(α) suppressed contribution, we do not expect to learn new
information from the latter channel.

In this work, we will not consider flavor conserving interactions, since its effects on NP would
be very suppressed with respect to the contributions of QED, known to high precision [140]. We
will focus on the correlation between the single-photon channel and the double photon channel
in the scenario when the dim-5 operators are suppressed and the main contribution comes from
the dim-7 operators. The aim is, through a model-independent EFT analysis, to derive new
indirect limits on the double photon channel due to the current experimental bounds on the
single-photon channel. In Section 5.2, we present the effective Lagrangian built with seven- and
eight-dimensional operators, that describe tree-level interactions ℓiℓjγγ. In Section 5.3, we study
the possible EW invariant extensions of the effective Lagrangian. In Section 5.4, we present the
indirect upper limits for ℓi → ℓjγγ decay from the correlation with ℓi → ℓjγ. We end in Section
5.6 with the final discussion and conclusions 1.

1Note added: This chapter is the basis of [141].
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5.2 EFT analysis of ℓi → ℓjγγ

The most general low-energy effective Lagrangian (QED-invariant) that describes the local
interaction of two charged leptons of different flavor and two photons, is given by [131]

LInt =
(
G ij
SRℓ̄LiℓRj +G ij

SLℓ̄RiℓLj

)
FµνF

µν

+
(
G̃ ij
SRℓ̄LiℓRj + G̃ ij

SLℓ̄RiℓLj

)
F̃µνF

µν

+
(
G ij
V Lℓ̄Liγ

σℓLj +G ij
V Rℓ̄Riγ

σℓRj

)
Fµν∂νFµσ

+
(
G̃ ij
V Lℓ̄Liγ

σℓLj + G̃ ij
V Rℓ̄Riγ

σℓRj

)
Fµν∂νF̃µσ + h.c. , (5.1)

where the dual tensor is defined by F̃µν = 1
2ϵµνσλF

σλ and i, j are generation indices. We note
that in this effective Lagrangian we have scalar operators and vector operators. The first are con-
tributions of dimension seven and the second are eight-dimensional, then at low-energy, the vector
contributions will be suppressed by a factor O(mi/Λ) with respect to the scalar operators. Here
mi is the mass of the decaying lepton, Λ the scale of new physics responsible for these interac-
tions and GSR(L), G̃SR(L), GV R(L), G̃V R(L) are effective couplings, which have energy dimensions
[GSR(L)] = [G̃SR(L)] = E−3 and [GV R(L)] = [G̃V R(L)] = E−4.

In the charged lepton sector it is satisfied that me ≪ mµ ≪ mτ , then mj will be neglected in
the remaining chapter. In the rest frame of the decaying particle, the differential decay rate for
ℓi → ℓjγγ is given by

d2Γ(ℓi → ℓjγγ)

dEγdEγ′
=

∣∣Gij∣∣2
16π3

m2
i

(
mi − Eγ − Eγ′

)(
mi − 2(Eγ + Eγ′)

)2
, (5.2)

where Eγ and Eγ′ are the energies associated with the photons, and we define

∣∣Gij∣∣2 ≡ ∣∣∣G ij
SL +

imiG
ij
V R

4

∣∣∣2 + ∣∣∣G ij
SR +

imiG
ij
V L

4

∣∣∣2
+
∣∣∣G̃ ij

SL +
imiG̃

ij
V R

4

∣∣∣2 + ∣∣∣G̃ ij
SR +

imiG̃
ij
V L

4

∣∣∣2 . (5.3)

We could also generate the process of interest by means of an effective five-dimensional dipole
operator [142]

Ldim-5 = D ij
R ℓ̄LiσµνℓRjF

µν +D ij
L ℓ̄RiσµνℓLjF

µν + h.c. , (5.4)

plus a photon radiated from either lepton. Here σµν = i
2 [γ

µ, γν ] and D ij
R(L) are effective couplings

with energy dimensions [D ij
R(L)] = E−1. The corresponding differential decay rate for ℓi → ℓjγγ
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Figure 5.1: Normalized Dalitz plot distributions for µ → eγγ for the local interaction case (left
plot), the radiative dipole interaction case (middle plot) and the interference term between the two
previous interactions (right plot).

is given by

d2Γ(ℓi → ℓjγγ)

dEγdEγ′

∣∣∣∣∣
dim-5

=
α
(
|D ij

R |2 + |D ij
L |2

)
4EγEγ′ +m2

i − 2mi(Eγ + Eγ′)

mi − 2(Eγ + Eγ′)

4π2E2
γE

2
γ′

[
48E3

γE
3
γ′ −m4

i (Eγ − Eγ′)2

+ 2EγEγ′m2
i

(
E2

γ + 6EγEγ′ + E2
γ′

)
− EγEγ′mi(Eγ + Eγ′)

(
24EγEγ′ +m2

i

) ]
,

(5.5)

and the differential decay rate for ℓi → ℓjγγ from the interference between the effective local
operator and the effective dipole operator contributions reads

d2Γ(ℓi → ℓjγγ)

dEγdEγ′

∣∣∣∣∣
I

=
em2

i

(
mi − 2(Eγ + Eγ′)

)2
32π3

[
D ij
R

(
G̃ ij
V R +

8G ij
SR

mi

)
−D ij

L

(
G̃ ij
V L −

8G ij
SL

mi

)]
.

(5.6)

We have described the decay ℓi → ℓjγγ using local interaction with the Lagrangian in eq. (5.1)
and radiative dipole interaction by Lagrangian in Eq. (5.4). In Fig. 5.1 we show the normalized
Dalitz plot distributions for µ→ eγγ for the local interaction case, the radiative dipole interaction
case and the interference term between both Lagrangians. Comparing the three figures, we observe
clear differences between the local interaction, the dipole interaction with a radiated photon and
the interference term between them. The normalized Dalitz plot distributions in Fig. 5.1 show
that by means of this observable one could differentiate experimentally the local interaction ℓiℓjγγ
(LInt), from the dipole operator with one-photon radiation (Ldim−5).

As we pointed out before, the relevant contributions in the effective Lagrangian for the low-
energy cLFV observables, are the seven-dimension scalar operators. Consequently, we will neglect
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the contribution of the vector operators in the remaining work. In this limit, the effective coupling
defined in Eq. (5.3) corresponds to |Gij |2 ≡ |G ij

SL|2+ |G ij
SR|2+ |G̃ ij

SL|2+ |G̃ ij
SR|2. Finally, the partial

decay rate for ℓi → ℓjγγ reads

Γ(ℓi → ℓjγγ) =
|Gij |2

3840π3
m7
i . (5.7)

Using the U.L. for the different channels of the ℓi → ℓjγγ decay: BR(µ→ eγγ) < 7.2× 10−11

[133], BR(τ → µγγ) < 1.5 × 10−4 [139] and BR(τ → eγγ) < 2.5 × 10−4 [143], we can put the
following constraints on the effective couplings:

|Gµe| ≤ 4.2× 10−9 GeV−3 ,

|Gτe| ≤ 1.1× 10−6 GeV−3 ,

|Gτµ| ≤ 8.5× 10−7 GeV−3 ,

where the constraint on |Gµe| is in accordance with the limit obtained by S. Davidson et. al. [132].

Unlike the Lagrangian in Eq. (5.1), the effective dipole Lagrangian in Eq. (5.4), contributes
to ℓi → ℓjγ at the tree level,

Γ(ℓi → ℓjγ)dim−5 =
m3
i

4π

(
|D ij

R |2 + |D ij
L |2
)
, (5.8)

and therefore their O(α) suppressed contribution to ℓi → ℓjγγ is expected to lay beyond experi-
mental sensitivities, as we will see in the next section.

5.3 Invariance under the electroweak group

The Lagrangian in Eq. (5.1) is obviously not invariant under the Standard Model (SM) gauge
symmetry. However, it is possible to write a Lagrangian for the considered interactions with
photons and charged leptons which is manifestly SU(2)L⊗U(1)Y invariant above the EW energy
scale. It reads 2

L′
Int =

(
g ijSR
Λ4

LLiΦℓRj +
g ijSL
Λ4

ℓRiΦ
†LLj

)
BµνB

µν

+

(
g ijV L
Λ4

LLiγ
σLLj +

g ijV R
Λ4

ℓRiγ
σℓRj

)
BµνDνBµσ , (5.9)

2For simplicity we do not write the terms with dual fields but they must be considered.
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whereBµν is the hypercharge field, Dν is the covariant derivative, and Φ is the SM Higgs isodoublet
(see chapter 2). Here LLi stands for the leptonic L isodoublet, the effective couplings g ijSR(L) and

g ijV R(L) are dimensionless, and, as we had previously pointed, Λ is the scale of new physics. Working
in the unitary gauge, such that

ϕ =
1√
2

(
0

v +H

)
, and LLi =

(
νLi

ℓLi

)
,

one finds after spontaneous electroweak symmetry breaking, in addition to the interest interaction,
terms that generate new interactions between the Higgs boson, two charged leptons, and two
photons

L′
Int =

1√
2

(
g ijSR
Λ4

ℓLiℓRj +
g ijSL
Λ4

ℓRiℓLj

)
(v +H) cos2 θwFµνF

µν

+

(
g ijV L
Λ4

ℓLiγ
σℓLj +

g ijV R
Λ4

ℓRiγ
σℓRj

)
cos2 θwF

µν∂νFµσ + · · · . (5.10)

Noteworthy, additional processes will also be generated between the Higgs, two charged leptons
and two Z bosons, or one Z and one photon, as well as interactions with neutrinos, which are not
shown in the Lagrangian in Eq. (5.10).

If we identify

G ij
SR ≡

g ijSR
Λ4

√
2
v cos2 θw ,

G ij
V R ≡

g ijV R
Λ4

cos2 θw ,

and analogously for L coefficients, we may then recover the Lagrangian in Eq. (5.1).

Notice that in Eq. (5.10), if the scale of the process is smaller than the Higgs vacuum expec-
tation value, the operator in the second row, which involves a derivative of the electromagnetic
tensor, would be suppressed concerning the operator in the first row. Then, we will only use the
dominant operator below.

Particularly interesting could be to analyze the cLFV interactions Hℓiℓjγγ generated after
the SSM, as we present in Eq. (5.10). Using our best upper limits for the coefficients |Gij | in
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Eq. (5.14), we can put constrain on the Br(H → ℓiℓjγγ)
3, as follows 4

Br(H → µeγγ) ≤ 1.4× 10−11 ,

Br(H → τeγγ) ≤ 2.2× 10−8 ,

Br(H → τµγγ) ≤ 2.9× 10−8 .

5.4 Upper limits from ℓi → ℓjγ

The effective operators in Eq. (5.1) were built with the aim of generating a local interaction
involving two leptons and two photons. As a result they will not contribute to ℓi → ℓjγ at the tree
level, and therefore the ℓi → ℓjγγ decays can provide new information about these independent
operators. Nevertheless, ℓi → ℓjγ can be generated at one loop from the same operators, as shown
in Fig. 5.2. Notice that there are two additional diagrams where the loop is composed of the two
photons in the effective vertex, known as tadpole diagrams, and the photon in the final state is
coupled to either lepton. Nonetheless, the integration scale of the tadpole would be the mass of
the particles in the loop, and thus these loops vanish for photons.

The amplitudes generated by these diagrams have UV divergent terms, and thus we need to
introduce dim-5 and 6 counterterms to absorb them. These are given by

LCT = CL ℓ̄Lγ
α∂βℓLFαβ + CR ℓ̄Rγ

α∂βℓRFαβ

+DR ℓ̄LσαβℓRF
αβ +DL ℓ̄RσαβℓLF

αβ , (5.11)

where for simplicity, we have omitted generation indices.
Notice that in Eq. (5.11), the first row are six-dimensional operators and the second row are

five-dimensional operators. It also highlights the fact that the last row is precisely Eq. (5.4),
meaning that quantum corrections generate the dipole operator even if they were suppressed at
first. The coefficients of these operators take the values

CL =
2 e

3ϵ
mi (G̃SR − iGSR) ,

CR = −2 e

3ϵ
mi (G̃SL − iGSL) ,

DR =
2 e

3ϵ
m2
i (2iG̃SR −GSR) ,

DL = −2 e

3ϵ
m2
i (2iG̃SL −GSL) , (5.12)

3As usual, both charge conjugate channels are included.
4We are not considering possible contributions due to operators that generate interactions of the dipolar type.
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Figure 5.2: One-loop diagrams contributing to ℓi → ℓjγ from the effective operators in eq. (5.1).

with D = 4− 2ϵ. Then, in the MS scheme, the decay rate for ℓi → ℓjγ is given by

Γ(ℓi → ℓjγ) ≃
α |Gij |2

144π4
m7
i

[
1 +

3

4
log

(
µ2

m2
i

)]2
≃80α

3π

[
1 +

3

4
log

(
µ2

m2
i

)]2
Γ(ℓi → ℓjγγ) . (5.13)

Following this relation and the U.L. on the BR(ℓi → ℓjγ) in table 5.1, we obtained stronger
limits for the effective couplings |Gij | (for µ = mi, which yields the most conservative upper
bounds):

|Gµe| ≤ 1.3× 10−9 GeV−3 ,

|Gτe| ≤ 5.9× 10−8 GeV−3 ,

|Gτµ| ≤ 5.1× 10−8 GeV−3 , (5.14)

where, these constraints lead to indirect upper limits for ℓi → ℓjγγ,

BR(µ→ eγγ) ≤ 6.8× 10−12 , (5.15)

BR(τ → eγγ) ≤ 5.3× 10−7 , (5.16)

BR(τ → µγγ) ≤ 6.8× 10−7 . (5.17)

The prediction for BR(µ → eγγ) is almost one order of magnitude more restrictive than the
experimental constraint from the Crystal Box Detector. Using the expected sensitivity for the
µ→ eγ decay in MEG II [144], we would obtain an indirect constraint on BR(µ→ eγγ) of around
one order of magnitude stronger than that shown in Eq. (5.15). Similarly, the prediction for τ
decays is around three orders of magnitude more restrictive than the constraint from Bryman
et. al. [143] and ATLAS [139]. Notice that these upper limits were obtained under the extreme
hypothesis of suppressed dim-5 dipole operators with respect dim-7 ones, i.e. the most interesting
scenario for the double photon channel, and yet they are stronger than current limits, especially
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for τ decays. It is also important to mention that, if the main contribution in the Lagrangian
of Eq. (5.1) comes from the eight-dimensional operators, for instance in a model where LFV is
restricted to the L sector, the limits on the Branching fractions in Eqs. (5.15)-(5.17) are reduced
by a factor ∼ [3.5, 4].

On the other hand, if the dipole contributions are not suppressed by symmetries in the UV,
then they naturally dominate over those in Eq. (5.1) in the IR. However they are strongly con-
strained by ℓi → ℓjγ, which they induce already at the tree level, and moreover their contribution
to ℓi → ℓjγγ has an additional O(α) suppression. From the description at tree level of ℓi → ℓjγ

in Eq. (5.8), and using the U.L. for these processes, we obtain√
|D µe

R |2 + |D µe
L |2 ≤ 3.7× 10−14 GeV−1 ,√

|D τe
R |2 + |D τe

L |2 ≤ 4.1× 10−10 GeV−1 ,√
|D τµ

R |2 + |D τµ
L |2 ≤ 4.7× 10−10 GeV−1 .

Consequently, if the dipole is the only source of cLFV, the allowed rates for the double photon
emission will be even more constrained:5

BR(µ→ eγγ)dim−5 ≤ 2.4× 10−14 , (5.18)

BR(τ → eγγ)dim−5 ≤ 3.1× 10−9 , (5.19)

BR(τ → µγγ)dim−5 ≤ 4.2× 10−9 . (5.20)

These results follow our discussion above, since we do not expect to learn any new information
from the double photon channels if they originate from the same source inducing the single photon
one.

Finally, it is worth mentioning that we also considered the processes ℓi → ℓjℓjℓj and ℓi →
ℓjℓkℓk, which can be generated at one-loop from the Lagrangian in Eq. (5.1). However these
decays are O(α) suppressed compared with the ℓi → ℓjγ decays and, since the experimental
constraints [55,57,72–74] on both types of processes are of the same order, the former restrictions
are trivially satisfied when the limits of the latter have been imposed.

5.5 ℓi → ℓjγ vs ℓi → ℓjγγ in specific model realizations

Whatever NP generates ℓi → ℓjγ at measurable rates will also induce the double photon process
trivially, by radiation off either charged lepton. This, however, will not be very interesting, since

5Here we imposed Eγ > 7 (50) MeV in µ (τ) decays in order to avoid collinear singularities from bremsstrahlung.
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the two-photon process will be O(α) suppressed with respect to the single-photon one and the
experimental upper limit on the former can be, at most, of the same order of magnitude than the
bound on the latter.

Situations where the two-photon process really provide an independent handle on the physics
underlying cLFV correspond, in the EFT viewpoint, to the case where both decay modes are
primarily generated by different operators. For the double photon process to be phenomenologi-
cally relevant, one would also need that the dipole operators generating ℓi → ℓjγ at lowest order
in the low-energy EFT (dimension five) are suppressed, so that the corresponding ones inducing
ℓi → ℓjγγ (starting at dimension seven) matter. Ultimately, only the experiment will tell what
is the process where cLFV is finally discovered. Nonetheless, it seems adequate to motivate ex-
perimental searches of the two-photon process by showing a realistic NP model where actually
ℓi → ℓjγγ can be as relevant as ℓi → ℓjγ, a question which we study next.

This was pioneered in Ref. [131], finding that charged heavy lepton mediation of the cLFV
would GIM-suppress stronger ℓi → ℓjγ than ℓi → ℓjγγ. We examined three different well-
motivated scenarios for cLFV: Higgs mediation, axion-like particles (ALPs) and two Higgs doublet
models (2HDMs), findind that also within 2HDMs the two-photon decay is relevant phenomeno-
logically. Some more details on each model are given in the following.

Before the improved CMS [145] and ATLAS [81] bounds on H → ℓiℓ̄j , there was enough room
to allow for interesting Higgs-mediated LFV signatures, as it was shown in Ref. [146]. Therein,
the only source of LFV was the Yukawa couplings, which were severely constrained by the most
recent LHC measurements. As a result of that, the decay rates with a single photon turns out to
be always considerably larger than that of the double photon process.

In the case of ALPs, their cLFV interactions (and also the flavor-conserving ones) were exam-
ined in Refs. [106,147]. ALPs were an interesting candidate to study, as they naturally couple to a
photon pair. Although ALPs are searched for in a wide range of masses, our interest was restricted
here to the case where its mass is larger than the decaying lepton’s (otherwise the low-energy EFT
needs to be modified to include this ALP, a, as an active degree of freedom; in any case, searches
for ℓi → ℓja would be more interesting, see e.g. Ref. [148]). Applying the known bounds on ALP
couplings, again the two-photon process is quite suppressed compared to the single photon one.

Finally, results are much more promising within 2HDMs. In this case, the ℓi → ℓjγ decays
are allowed at one loop, but thrice helicity suppressed, which makes the two loop Barr-Zee type
of diagram the dominant contribution. As the one-loop ℓi → ℓjγγ process is not suppressed, it
seems a priori possible that the two-photon channel be relevant. In the heavy Higgs limit, both
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decays are related by

BR(ℓi → ℓjγ) ⋍
15α

π

[
log

(
m2
i

m2
H

)]2
BR(ℓi → ℓjγγ) , (5.21)

where H stands for the heaviest neutral scalar (the contribution from h, with mh ∼ 125 GeV,
vanishes in the alignment limit, which is favored by data [41]; and that of the pseudoscalar boson,
A, is suppressed for the two photon mode as it does not couple to W bosons at tree level). As
a result of eq. (5.21), BR(ℓi → ℓjγ) ∼ BR(ℓi → ℓjγγ) for both i = µ, τ , enhancing the case for
searches of the di-photon mode at MEG II and Belle-II.

5.6 Discussion and Conclusions

We have studied in an EFT framework the local cLFV interaction ℓiℓjγγ and its correla-
tion with the ℓi → ℓjγ decay. In the scenario where seven-dimensional dominate over five-
dimensional operators, we derived model-independent upper limits for ℓi → ℓjγγ decay, presented
in Eqs. (5.15)-(5.17). These limits have been obtained indirectly from the ℓi → ℓjγ decay induced
at one-loop for the effective Lagrangian in Eq. (5.1). In the situation where these processes are
generated through the dipole operator, we obtained stronger upper bounds than the constraints
shown in Eqs. (5.15)-(5.17), whereby these upper bounds could be considered as the most conser-
vative limits.

The upper limits found are stronger than the current limits on these decays. For the muon
case, the limit found here improves by one order of magnitude the direct search by the Crystal
Box detector. While the limits for the less explored channel τ → ℓγγ are almost three orders
of magnitude stronger than previous analyses. Future searches of the single-photon channel in
experiments like MEG II [56] and Belle II [76] will improve these upper limits in one order of
magnitude, approximately.

Naively assuming that Belle II could achieve the same sensitivity for double photon process
as for single photon process, the experiment could probe the ℓi → ℓjγγ decays up to O(10−9),
thus improving our indirect limits in Eqs. (5.16) and (5.17). Moreover, Belle II could even access
the bounds induced by the dipole operators, Eqs. (5.19) and (5.20), however, we stress that it is
better to prove the dipole operators through single-photon decays.

The cLFV decays ℓi → ℓjγγ are not the golden channels for LFV searches, consequently
having been less explored than analogous processes such as the single-photon channel or ℓi →
3ℓj . A motivation to be interested in these processes comes from an EFT point of view, where
these channels allow to probe new independent effective operators, and thus they will help cover
directions in the NP space. On the other side, the model building point of view is less trivial.
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5.6 Discussion and Conclusions

Naively, we could expect that any UV complete theory leading to ℓi → ℓjγγ would first induce
the single-photon channel, however, there could be models where the opposite occurs. We have
seen that within two Higgs double models it is possible that both decay channels have similar
probabilities. This would be a well-motivated scenario that illustrates the potential of ℓi → ℓjγγ

decays in the search for NP. We are currently refining our work in this direction 6.

6A more detailed account will be given in Fabiola Fortuna’s Ph. D. Thesis, next year. Therein, the relevance of
the LFV two-photon vertex in LFV conversions in nuclei will also be discussed.
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Chapter 6

Conclusions and Perspectives

The motivation behind the studies performed in this thesis is the possible existence of physics
beyond the Standard Model in experimental searches for charged lepton flavor violation. Besides
that and their intrinsic interest, we were motivated by the possibility to contribute from a phe-
nomenological point of view in the experimental search for these signals. In this thesis, we report
our results and phenomenological analysis on the analysis of some selected cLFV processes, which
may be useful in experimental searches for NP. In this Chapter, we summarized the main conclu-
sions and results presented in this work, developed in the central chapters of this thesis: Chapters
4 and 5. We also present the perspectives and works in progress which are extensions of the main
material covered in this thesis.

Experimental searches for cLFV decays, including, or mediated by, invisible states (χ) have
been developed since the mid-1980s. In ℓi → ℓjχ decays, the strongest upper limit for muon to
electron transition comes from the TWIST collaboration in 2015, while for tau modes comes from
the ARGUS collaboration in 1995. The best limits for these processes are orders of magnitude
poorer than current limits from cLFV decays where all final state particles are detected. This fact
has triggered studies in the BaBar and Belle(-II) collaborations to search for these processes and
also MEG-II intends to improve TWIST limits.

One of the possible scenarios for cLFV decay including invisible states, is when the invisible
state has spin one, which admits a rigorous QFT understanding when χ is a gauge boson. In the
simplest EFT description, using an effective Lagrangian Leff = gℓiγ

ρχρℓj + h.c., an unphysical
divergence in the limit mχ → 0 is found. This divergence corresponds to the emission of the
longitudinal component of the vector boson.

In Chapter 4, we show that the divergence in the limit mχ → 0 for the ℓi → ℓjχ decay,
arises as a consequence of a naive first EFT approach. We presented two gauge invariant and
renormalizable models where the decay ℓi → ℓjχ is generated either at tree- or at one-loop level.
After a detailed analysis of the behavior of the rate in the limit mχ ≪ mi, we find that, as a
result of gauge invariance, the decay rate is finite and well behaved in the limit mχ → 0, so that,
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Type of model fM gM fD gD

Tree level c1 c2 0 0

One loop c3
m2

χ

Λ2 fM c4
mµ

Λ2 −fD

Table 6.1: Dominant behaviour of the monopole and dipole couplings in eq. (6.1) according to the
LFV µ− e−χ transition being generated at tree level or one loop, as found in Chapter 4. Generic
dimensionless couplings are represented as ci and Λ stands for the heavy NP scale suppressing
these effective interactions. Analogous couplings for the LFV τ − e/µ−χ transitions are found in
the same chapter.

the decay ℓi → ℓjχ matches the well studied ℓi → ℓjγ decay. As well, we analyzed the ℓi → 3ℓj

decay mediated by an off-shell χ, also getting a finite decay rate in the limit mχ → 0.

From the analysis developed, we learned that great care should be taken in the study on cLFV
decay including a spin-one boson χ, on an EFT framework, for ensuring the finiteness of observ-
ables in the massless χ limit. As a perspective of this work, we are developing a model-independent
phenomenological analysis for cLFV transitions including a gauge boson. The realizations to tree-
level and one-loop level are summarized in the following effective Lagrangian with monopole (M)
and dipole (D) operators

Leff = fMeµ ēγ
αχαµ+ gMeµ ēγ

αγ5χαµ+ fDeµēσ
αβχαβµ+ gDeµēσ

αβγ5χαβµ+ h.c. , (6.1)

where χαβ is the abelian field-strength tensor including the Proca field χα, and the τ → e/µ

transitions can be obtained by trivial modifications. Tree level generated LFV transitions only
include renormalizable monopolar interactions, while LFV transitions arising at one loop include
both monopolar and dipolar interactions. Couplings {f/g}D/M differ among the tree and one-loop
cases as shown in table 6.1 (the flavour indices are omitted). Using this effective Lagrangian we
will analyze the phenomenological consequences of the cLFV interactions, focusing on the two-
body decays ℓi → ℓjχ, as well as, processes mediated by a virtual χ. We will also study the
implications of our results in the experimental searches at MEG -II and Belle -II.

One of the golden channels in the experimental search for cLFV is the ℓi → ℓjγ decay, but
its analogous process ℓi → ℓjγγ has been much less explored. The best upper limits found in the
literature on the BR(ℓi → ℓjγγ) are two orders of magnitude weaker than the present limits for
muon to electron and photon decay, and four orders of magnitude weaker for tau modes, τ → ℓγ.

In Chapter 5, we present an EFT analysis of the cLFV processes ℓi → ℓjγγ and ℓi → ℓjγ

through a low-energy effective Lagrangian that describes the local interaction of two charged
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leptons of different flavor and two photons. Using the correlation between the ℓi → ℓjγγ and the
ℓi → ℓjγ decays, we derive new indirect limits on the double photon channel. We find that our
bounds are one order of magnitude stronger than current experimental direct limits for µ→ eγγ,
and almost three orders of magnitude better than previous considerations for τ → ℓγγ.

Searches for ℓi → ℓjγγ decays are well-motivated from an EFT and a model-building point
of view. The former due to the fact that these channels allow probing new independent effective
operators, thus covering a wider parameter space in the search for NP. The latter because there
could exist some UV complete theories where the double-photon channel has a branching ratio
higher or similar than the single-photon channel. One of these scenarios is the two Higgs doublet
model, where it is possible that both decay channels have similar probabilities, as we have shown.

S. Davidson et al. [132] discussed the contributions of LFV two-photon vertex on the µ → e

conversions in nuclei. They found that the constraints obtained from µ → e conversion in nuclei
are one order of magnitude stronger than the ones stemming from BR(µ → eγγ). One of the
perspectives of this work is to analyze the contributions of the local interaction of two charged
leptons of different flavors and two photons on the ℓ→ τ conversion processes. Using our limits on
the effective couplings of the LFV two-photon vertex we shall bind the ℓ→ τ conversion processes
and compare these with the expected sensitivity of the NA-64 experiment [149].

Summarizing, in this thesis, we presented our contributions made on the charged lepton flavor
violation topic. In the first work, we corrected earlier descriptions, using in our case an EFT
approach and two complementary UV complete realizations, for the behavior at ultralight gauge
boson mass in the ℓi → ℓjχ decays. We presented two gauge invariant and renormalizable models,
either at tree or loop level, where we have explicitly checked that the decay rate remains finite
in the limit mχ → 0. In the second work, we analyzed the local interaction of two charged
leptons of different flavors and two photons and found, indirectly, the strongest upper limits on
BR(ℓi → ℓjγγ). We also motivated from an EFT and model-building point of views, the possible
relevance of the search for these decay channels.
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