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Abstract: Studying strong interactions at finite temperatures has been a critical topic in
high-energy nuclear collisions. Charmonium, as a clear probe of deconfined matter, is
believed to be predominantly influenced by the coalescence of off-diagonal charm and
anti-charm quarks. The grand canonical ensemble is commonly used to describe the
coalescence of charm and anti-charm quarks. In collisions where only one or two charm
pairs are produced, the contribution from the coalescence of diagonal charm and anti-charm
quarks becomes dominant, a phenomenon known as the canonical effect. This effect is
sensitive to the momentum correlation between the heavy quark and anti-quark. In this
work, we employ the Langevin model to study the evolutions of correlated charm and
anti-charm quarks and their coalescence process. The asymmetry in the momentum of
charm and anti-charm quarks play important roles in their coalescence process. In addition,
we investigate the impact of this effect on the nuclear modification factor of charmonium,
which can be enhanced evidently in semi-central collisions at RHIC Au-Au collisions. The
theoretical calculations with canonical effect explain the experimental data well, which
helps us to understand the production mechanisms of the quarkonium bound state in the
deconfined medium.

Keywords: high energy physics; quark-gluon plasma; heavy quark; langevin equation

1. Introduction

It has been widely accepted that the early universe, shortly after the Big Bang, consisted
of partons with extremely high energy densities. This state of matter, known as Quark—
Gluon Plasma (QGP), can be recreated on Earth through collisions between heavy nuclei at
relativistic speeds, such as those occurring in the Relativistic Heavy-lon Collider (RHIC) [1]
and the Large Hadron Collider (LHC) [2]. In these experiments, the kinetic energy of
colliding nuclei is converted into particles and anti-particles in the collision zone, leading
to the formation of deconfined matter [3]. Understanding the properties of this deconfined
matter, including its coupling strength [4] and viscosity [5], is crucial for both the Standard
Model and the mechanisms of particle production. Such studies also contribute to the
exploration of strong interactions at high temperatures and baryon densities.

Over the past forty years, numerous physical observables have been proposed to
study the properties of hot QCD matter [6-9]. Unlike light partons, which can be easily
thermally produced due to their small masses, the large mass of heavy quarks prevents
their thermal production in the QGP. Instead, heavy quarks are primarily produced in the
initial hard scatterings of partons at the beginning of nuclear collisions. Moreover, the
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dynamical evolution of heavy quarks can be effectively described using the transport and
statistical models [10-13]. These characteristics make heavy-flavor particles ideal probes
of QGP. For heavy quarkonium, which consists of a heavy quark and an anti-quark, the
binding energies can be reduced by the hot medium, making them an ideal “thermometer”
in heavy-ion collisions. In such collisions, quarkonium is more easily dissociated in the
hotter medium.

At LHC collision energies, a hotter QCD matter is expected. Experimental data indicate
a weaker suppression of charmonium yield in this hotter QGP. This yield enhancement is
attributed to the coalescence of charm and anti-charm quarks. In the QGP, the coalescence
probability between charm and anti-charm quarks increases significantly, and the yield
of regenerated charmonium is proportional to the product of the number of charm and
anti-charm quarks, i.e., o (NCC—)2 [14]. Most charm and anti-charm quarks originate from
different pairs, a phenomenon referred to as off-diagonal elements in the charmonium
regeneration matrix [15]. This coalescence follows the grand canonical ensemble when N,z
is large.

However, in nuclear collisions at RHIC energies or in small collision systems like
proton—nucleus (p-Pb) or high-multiplicity proton—proton (pp) collisions, only one or two
charm pairs are produced in each collision event. The coalescence probability between
off-diagonal charm and anti-charm quarks is suppressed due to the small number of charm
pairs in the small QGP. In a c¢ pair, since charm and anti-charm quarks are produced
simultaneously and nearly at the same spatial coordinate, their coalescence probability
may play a more significant role compared to the contribution of off-diagonal charm
and anti-charm quarks. In this scenario, the yield of charmonium from coalescence is
proportional to the number of charm pairs, i.e., & (N.z), and satisfies the canonical ensem-
ble [16-20]. This canonical effect becomes more dominant in the case of bottom quarks and
bottomonium, where the number of bottom pairs becomes smaller [21]. Most theoretical
models employ the grand canonical ensemble to study charmonium coalescence and ne-
glect the momentum correlation between c and ¢ quarks. In this work, we will examine
the momentum correlation of c¢ and its effects on the coalescence of charmonium at RHIC
energies, which is crucial for understanding the experimental data of charmonium nuclear
modification factor.

We use the Langevin equation to describe the dynamical evolutions of a pair of heavy
quarks simultaneously, calculate their angular correlation, and determine the probability of
their recombination into a charmonium bound state in the QGP. In Section 2, the details
of the Langevin model are introduced. In Section 3, we present numerical calculations
of the angular correlation between charm and anti-charm quarks when they move out of
QGP, as well as the regeneration probability of the correlated charm and anti-charm quarks
into quarkonium. We also compare the theoretical calculations with the experimental data.
Finally, in Section 4, a summary is provided.

2. Theoretical Model
2.1. Heavy Quark Dynamics and Coalescence

Due to the large mass of heavy quarks, their dynamical evolution in the medium can
be described by a classical equation. Previous studies have shown that the momentum
evolution of heavy quarks is well captured by the Langevin equation [9,22-24]. The effects
of random scatterings between heavy quark and thermal particles are parametrized through
the drag and noise terms in the Langevin equation:

® — a(p)p+ () <1>
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where p denotes the vector of the heavy quark momentum. The parameters a(p) and b(¢)
correspond to the drag and random noise terms, respectively. The drag term is defined
as a(p) = x/(2TEp), where T is the medium temperature and Eq = +/m2 + p? is the
heavy quark energy with the mass m, = 1.5 GeV. The parameter «x = 272/ D;, where D; is
the spatial diffusion coefficient. Extensive studies on the diffusion coefficient have been
conducted, and its value is taken as D;27T = 2.0 according to previous work [25]. The
white noise term b(t) satisfies the relation (b'(t)b/(t')) = d;;0(t — t'), where i, j represent
the indices of the three dimensions.

The initial distribution of heavy quarks is proportional to the density of binary col-
lisions. Due to Lorentz contraction, the initial density of charm quarks in the transverse
plane can be expressed as

chf o d(TCpEp
ddeT = dy TA(XT—b/Z)TB(XT+b/2), (2)

where x7 is the transverse plane, with longitudinal direction defined to be the nuclear
acceleration direction. b is the impact parameter, defined to be the distance between
the centers of two nuclei when they collide with each other. Ty (xr) = [ dzp(r) is the
thickness function which characterizes the nucleon density on the transverse plane. The
nucleon density p(r) is taken as the Woods—Saxon distribution. The charm production
cross section as a function of rapidity y has been measured by experiments, which will be
given below. The initial momentum of heavy quarks is generated by the PYTHIA. With
the initial distributions of charm quarks, one can randomly generate the initial position
and momentum of each charm and anti-charm quark event-by-event, and evolve them
respectively with the Langevin equation.

The temperatures and velocities of the bulk medium are also required in the Langevin
equation. Since the deconfined medium is found to behave like a nearly perfect fluid, which
can be well described with a hydrodynamic model, we employ the MUSIC package to
generate the temperature and velocity profiles of the medium [26,27]. The initial energy
density profiles, which serve as input for the hydrodynamic model, are generated using the
Glauber model [28]. Given that the number of charm pairs is small in RHIC 200 GeV Au-Au
collisions and in smaller collision systems such as pp and p-Pb collisions, we consider the
momentum correlations of diagonal charm and anti-charm quarks produced in the same
partonic hard scattering and their subsequent coalescence into charmonium within the
framework of the canonical ensemble. The momentum correlation between diagonal charm
and anti-charm quarks not only serves as a valuable observable to quantify the effects
of QGP, but is also crucial for the enhancement of charmonium production. Hot QCD
matter interacts with heavy quarks through random scatterings, causing their momentum
to become decoherent [29]. The momentum correlation between ¢ and ¢ after they exit the
hot QCD medium is defined as

cosf — _Pe P )

Ipel - pel”

Hot medium effects are encoded in the angle 6 between the final momenta of the two heavy
quarks. The initial momenta of most diagonal charm and anti-charm quarks are close to
back-to-back correlation. As the quarks propagate through the thermal medium, random
interactions with the bulk medium modify their relative momentum, resulting in a change
in the corresponding angle 6. These will be calculated in the next section.

When the relative momentum and distance between the charm and anti-charm quarks
become sufficiently small, they can combine to form a charmonium bound state via the
reaction ¢ + ¢ — J/¢ + g in regions of the medium with low temperature. The coalescence
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probability is determined by the Wigner function, which is related to the wave function of
the resulting hadrons. The Wigner function W(x;, p,) can be approximated as a Gaussian
function [30]:

2
xr
W(x, pr) = 8exp(—=3) exp(—p;o?), (4)

ECm pcm — ESM pCm . L. .
= par e represent the relative position and relative
¢ c

momentum in the center-of-mass frame of the charm and anti-charm quarks, respec-

where x; = x{" — x¢" and p, =

tively. The width of the Wigner function is related to the root-mean-square radius of the
formed state, given by 02 = %<r2> M [31]. For the ground state of charmonium, the value

\/ (r?)j/y = 0.5 fm is used, based on studies with the potential model [14].

According to the in-medium properties of charmonium, the coalescence process hap-
pens in the medium with the local temperature T, to be close to the critical tempera-
ture [32]. By utilizing the distribution of heavy quarks in phase space and their coalescence
probabilities, one can calculate the production of charmonium through coalescence [23,33]
and investigate the modification of the canonical effect:

dpydxy

dN dp.dx. dpsdxs
/ (gcn)?f (Iz,;z)scf(xc'Pc'xc‘/Pc')W(xr,pr)

Xc + X¢
X 8(py = Pe = Pe)d(xy — =),

)
In the grand canonical ensemble, the distributions of charm and anti-charm quarks are
independent of each other, such that f(x., pc, Xz, Pc) = fe(Xc, pe) fe(Xe, pe)- In this case,
the distribution of dN/dpy is proportional to the square of the charm number, & (N¢)2.
However, in the canonical ensemble, the charmonium yield becomes proportional to Ncc.
The canonical effect can enhance the charmonium yield when the number of charm pairs
is expected to be smaller than one in heavy-ion collisions. There are two key differences
between the grand canonical and canonical ensembles in this model: the yield correlation
and the momentum correlation between charm and anti-charm quarks. In the case of
the canonical ensemble, a constraint requires that an anti-charm quark must be produced
whenever a charm quark is produced. This means that charmonium production depends on
oy, rather than the square (o5,
enhance charmonium production, particularly when the charm pair production cross

)2 as previously mentioned. This difference can significantly

section is small. Another important factor is that in the canonical ensemble, charm and
anti-charm quarks are produced at the same position with correlated momenta. This can
also increase their coalescence during the evolution. These correlations in both yield and
momentum distribution are not taken into account in the grand canonical ensemble case.

2.2. Quarkonium Primordial Production

Quarkonium can also be produced in the initial partonic hard scatterings. Due to
the large binding energies of [/, their dissociation temperatures are above the critical
temperature, T¢, of the phase transition. Some of the charmonium produced primordially
can survive in the hot QCD medium, particularly in semi-central and peripheral collisions,
where the energy densities of the bulk medium are not excessively high. The suppression
of primordial charmonium production in the hot medium can be effectively described by
the transport equation [34,35]:

Otfy + V- Uxfyp = —apfy (6)
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where fy is the distribution of charmonium in phase space, and v is the velocity. The term
involving v represents the diffusion of charmonium in the medium with a constant velocity.
ay is the decay rate of charmonium, which reduces the distribution fy. It is written as

3
%= 57 | Grepag, oot P T (b K fy e T) ?)
Here, E7 is the transverse energy of charmonium, while k and E¢ represent the momentum
and energy of the gluon, respectively. The thermal distribution of the gluon is taken as
the Bose distribution. The inelastic scattering cross section between charmonium and
the gluon is calculated in previous references [34,36]. A color-screened binding energy
of J/¢ is employed in the collision cross section. The decay rate of the |/ at different
temperatures is plotted in the figure below. For the excited states ()., lp(ZS)), their decay
rates can be obtained through a geometric scaling with the ground state [35]. The decay
width of charmonium eigenstates (1S, 1P, 25) as a function of temperature are plotted in
Figure 1. It is consistent with other models [37,38].

700 ; 7
—_— N /
600 == x.(1P) v /

w(25) 3 /

w H wn

o o o

o o o
T T T

Decay width (MeV)
S
=

200 300 400 500
Temperature (MeV)

Figure 1. The decay width of charmonium states (1S, 1P, 25) as a function of the medium temperature.

To solve the transport equation, the initial distribution of charmonium is also needed
as an input. The initial momentum distribution of charmonium has been parametrized [39]
based on experimental measurements in pp collisions. The charmonium production in
nucleus—nucleus collisions can be treated as a superposition of pp collisions. Therefore,
the initial spatial distribution of charmonium in a given rapidity bin can be obtained as

]/
fo(x,T=0) = d‘;”y” Ta(x —b/2)Tp(xT + b/2). The rapidity differential cross section is

]/
written as d‘;’;” = 2 pb for central rapidity pp collisions at ,/syn = 200 GeV according to
Pythia simulations [40].

3. Numerical Results in Heavy-Ion Collisions

The hot deconfined medium dissociates heavy quarkonium and suppresses its yield
due to the color screening effect and parton inelastic scatterings [41,42]. At the same time,
the deconfined medium provides an environment in which heavy quarks and anti-quarks
can diffuse and combine into new quarkonium. This regeneration occurs when the in-
medium heavy quark potential is restored at low temperatures, allowing the bound states to
survive in the medium. Experimental and theoretical studies have shown that regeneration
plays a significant role in nuclear collisions at RHIC energies. In the grand canonical
ensemble, it is assumed that charm and anti-charm quarks participating in the coalescence
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are produced in different initial parton hard scatterings, with their initial positions and
momenta being uncorrelated. However, in nuclear collisions at RHIC energy, the number
of heavy quarks in a given rapidity bin is small, suggesting that the canonical ensemble
should be used instead.

In Figure 2, the number of charm quark pairs per rapidity is shown as a function
of the impact parameter b. The production cross section for charm pairs is taken as
o
As shown in the figure, the number of charm pairs is approximately 3.5 in the most central

/dy = 120 ub [43] in the central rapidity region of 200 GeV proton-proton collisions.

Au-Au collisions within a unit rapidity and decreases to less than 2 in semi-central collisions.
This indicates that the coalescence of charm and anti-charm quarks should occur within
the same pair, and the correlation between their positions and momenta must be taken into
account. The relative position and relative momentum between the charm and anti-charm
quarks are crucial factors for determining their coalescence probability.

4
S
\\
3l \.\ 200 GeV Au-Au
~
‘e ly|<0.35
> “
Ke] N
) heS
S 2 AN
= ‘e
ko] N
\
\.
1 S
-
\\\
*\
\‘§~
% 2 4 6 8 10 12

impact parameter b(fm)

Figure 2. The number of charm pairs per rapidity as a function of the impact parameter b in 200 GeV
Au-Au collisions.

The momentum correlation is considered and plotted in Figure 3. In the upper panel,
heavy quarks from the entire pr region are considered. The angle distribution of the initial
momenta of charm and anti-charm quarks is plotted with a thin black dashed line. As the
heavy quarks move out of the hot QCD medium, the angle distribution between their final
momenta is shown with thick lines in Figure 3. Different bulk media are considered by
taking the impact parameter to be b = 0 (central collisions) and b = 8.4 fm (semi-central
collisions), respectively. As shown in the figure, the initial back-to-back correlation between
heavy quarks’ momenta is washed out by the hot medium due to random collisions with
thermal particles, as seen in the thick red line. The spatial diffusion coefficient, which
characterizes the coupling strength between heavy quarks and the medium, is taken as
Dg2nT = 2. To better illustrate the medium effects on heavy quarks with different momenta,
the lower panel of Figure 3 shows the initial momenta of the charm quarks selected to be
pr > 1 GeV/c. Due to the higher initial momenta of the charm quarks, their motion is less
affected by random collisions in the thermal medium. As a result, after the heavy quark
evolution, their angular correlation retains part of its initial structure.
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Figure 3. (Upper panel) The angle distribution between the momenta of charm and anti-charm
quarks in 200 GeV Au-Au collisions. The transverse momentum of heavy quarks is selected to be
pr > 0. The thin dashed line is for their initial momentum. The thick red and thick blue lines are for
the final angle correlation between charm and anti-charm quarks in central (b = 0) and semi-central
(b = 8.4 fm) collisions, respectively. The spatial diffusion coefficient in the Langevin equation is taken
to be D;:2nT = 2.0. (Lower panel) Same as the upper panel except that the momentum of charm
quarks is selected in pr > 1 GeV/c to show the correlation of charm quarks in a higher pr region.

In the calculation of charmonium regeneration from diagonal charm pairs, it is es-
sential to exclude primordial production and focus on the effects of the hot medium on
charmonium regeneration. Since the typical formation time for primordially produced
charmonium ground states is approximately t¢,,, = 0.6 fm/c [44], we assume that the
regeneration process occurs only for ¢ > t¢.,. The coalescence process takes place when
charm quarks move to the edge of the hot QCD medium. In the grand canonical ensemble,
the initial positions and momenta of ¢ and ¢ quarks are independent of each other. In
the canonical ensemble, however, the ¢ and ¢ quarks involved in coalescence originate
from the same position, and the angle between their initial momenta follows the correla-
tion described above. As shown in Figure 4, charmonium regeneration is approximately
1.2 times greater in the canonical ensemble compared to the grand canonical ensemble.
This enhancement becomes more pronounced in semi-central and peripheral collisions,
where fewer charm pairs are produced, as illustrated in the lower panel of Figure 4.
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Figure 4. (Upper panel) Charmonium regeneration as a function of the impact parameter in 200 GeV
Au-Au collisions is shown. The black line with circle markers represents the canonical ensemble,
accounting for correlations between charm and anti-charm quarks. The red line with triangle markers
corresponds to the grand canonical ensemble. (Lower panel) The ratio of charmonium regeneration
in the canonical and grand canonical ensembles.

To better illustrate the effect of the canonical ensemble on the physical observable, we
also calculate the charmonium nuclear modification factor, R4 4, defined as follows:

NY
Raa = —544—, (8)
ppmcoll
where N;p pncoll 18 the charmonium production in pp collisions scaled by the number of

binary collisions. It represents charmonium production without the effects of hot QCD
matter in nuclear collisions. In the numerator, Nﬁ 4 includes both primordial production
at the beginning of the medium evolution (formed at t < t¢,) and production from
coalescence in the later stage (formed at ¢ > ty,yy,). In Figure 5, the primordial production is
plotted with the dotted line. The regeneration from canonical ensemble and grand canonical
ensemble are plotted with the thick black dashed line and thin red dashed line, respectively.
The prompt R 44 is plotted with solid lines: thick solid lines consider the correlations of
diagonal charm and anti-charm quarks, while the thin red line does not. As one can see,
the canonical ensemble effect can enhance the regeneration and make the prompt R4 4
explain the experimental data well. This behavior also helps explain the experimental data
of charmonium R4 4 in semi-central Pb-Pb collisions at 5.02 TeV [45]. When considering
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the canonical ensemble, the regeneration of R 4 4 is enhanced. The trend of the regenerated
Raa with Ny is consistent with other theoretical models [37]. Therefore, it is necessary to
include the canonical ensemble in the interpretation of the experimental data.

1.2
200 GeV Au-Au === RJM(cano)
1.0 ly|<0.35 = = RIE9¢(cano)
m— REOTPY c2N0)
0.8 --- Ru°(grand)

< o —— REP™PY(grand)
So.
0.46
0'2; / “, oy =TT
/ ______________ ........l.......
0.09 100 200 300 400
Np

Figure 5. The charmonium nuclear modification factor R 4 4 as a function of the number of participants
in 200 GeV Au-Au collisions is shown. Prompt, primordial, and regenerated yields are plotted with
the solid, dotted, and dashed lines, respectively. Thick lines are for the canonical ensemble, while the
thin lines are for the grand canonical ensemble. The experimental data are cited from [46].

4. Summary

This work studies the momentum correlation between diagonal charm and anti-charm
quarks and their coalescence into charmonium. In nuclear collisions at RHIC energy, the
charm pair number is relatively small, making the grand canonical ensemble unsuitable
for calculating charmonium regeneration. Instead, the charm and anti-charm quarks
produced in the same reaction can combine to form charmonium during their evolution in
the medium. The energy loss of heavy quarks is described using the Langevin equation,
while the hadronization process is modeled using the coalescence model. Our calculations
explain well the experimental data of charmonium at RHIC energies, suggesting that
the canonical ensemble effect is important at RHIC energies and dominates charmonium
regeneration. Thus, studying the momentum correlation between diagonal charm and
anti-charm quarks helps to understand charmonium regeneration and offers insights into
detecting the deconfined medium in nuclear collisions.
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