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ABSTRACT

Within the framework of AdS/CFT correspondence, this paper studies the
holographic shadow images of charged Phantom AdS black holes. Using a
Gaussian oscillator source on the AdS boundary, the test waves generated
by this source propagate through the black hole spacetime are detected by
the response function on the other side of the boundary. The results show
that  the  amplitude  of  the  response  function  differs  for  different  wave
sources  and  gravitational  parameters.  From  an  optical  system  with  a
convex  lens,  we  successfully  constructed  the  shadow  image  of  the  black
hole. When the wave source is located at the South Pole and the observation
inclination  is  zero,  a  series  of  axially  symmetric  concentric  circular
patterns are always displayed on the screen. As the observation inclination
increases,  the  brightest  ring  transforms  into  a  ring  with  distorted  bright-
ness,  Eventually  collapsing  to  a  bright  spot.  Additionally,  the  research
finds that the shadow image depends not only on the black hole’s temper-
ature and chemical potential but also on the frequency of the wave source.
Based  on  the  geometric  optics,  the  incidence  angle  of  the  photon  ring  is
also  discussed,  and  finds  that  it  Matches  the  angular  distance  of  the
Einstein ring obtained by the holographic framework, which validates the
effectiveness of studying Einstein rings through AdS/CFT correspondence.

Keywords  holographic Einstein ring, phantom AdS black hole,
the shadow of black hole
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1   Introduction

Since  Einstein  proposed the  theory of  general  relativity
in  1915,  it  has  passed  countless  observational  tests,
demonstrating  its  consistency  with  observational  data.
This  solidifies  its  position  as  the  dominant  theory  for
describing gravity today. The theory predicted the exis-
tence  of  black  holes  and  over  the  years  scientists  have

made great efforts in theoretical analysis and astronomical
observation  to  explore  the  existence  of  black  holes.  To
date,  high-energy  X-ray  fluorescence  radiation  observa-
tions from the Cygnus X-1 binary system [1], the gravi-
tational wave signals produced by the merger of binary
black holes detected by the Laser Interferometer Gravi-
tational-Wave  Observatory  (LIGO)  [2, 3],  and  black
hole  binary  systems  discovered  through  radial  velocity
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M = 6.5± 0.7× 109M⊙

10%

measurements [4], have strongly confirmed the existence
of black holes and marked the astronomical observation
into a new era. Excitingly, the Event Horizon Telescope
(EHT)  collaboration,  using  very  long  baseline  interfer-
ometry  (VLBI)  technology,  successfully  captured  an
image of the supermassive ( ) black
hole at the center of the elliptical galaxy Messier (M)87
[5–10].  Additionally,  in  2022,  the  EHT  conducted  its
first  horizon-scale  radio  observation  of  Sagittarius  A*
(Sgr  A*)  at  the  center  of  the  Milky  Way  [11–16],  and
the  results  showed  that  the  measured  error  of  the  Sgr
A*  ring  size  is  within  of  the  critical  curve  of  the
shadow predicted by general relativity.

By  analyzing  these  black  hole  images,  scientists  can
better  understand  the  accretion  processes,  jet  phenom-
ena,  and  gravitational  field  structures  of  black  holes.
The ring-like structure formed by radiation from matter
captured  by  the  black  hole’s  gravity  is  known  as  the
“photon ring”, while the dark center is the black hole’s
“shadow” [17, 18]. The black hole shadow not only verifies
the correctness of general relativity in strong gravitational
fields but also provides important data for studying the
physical  properties,  activity  mechanisms,  and  the
surrounding environment of black holes.

Motivated  by  the  importance  of  black  hole  shadows,
Hashimoto  utilized  the  AdS/CFT  correspondence  to
successfully  capture  images  of  black  hole  shadows  in
Schwarzschild-AdS  spacetime  [19, 20].  The  work  of
Hashimoto et al. indicates that there is a distinct circular
structure in the obtained shadow images, known as the
Einstein  ring,  which  corresponds  to  the  position  of  the
photon ring. This work not only provides a new method
for studying black hole images but also offers a way for
verifying the AdS/CFT correspondence. Then this work
extended to charged black holes [21], holographic super-
conducting models  [22],  and various  gravitational  back-
grounds [23–31].

f(R)

In recent years, astronomical observations have indicated
that our universe is in a state of accelerated expansion.
To explain this phenomenon, physicists have proposed a
variety  of  models.  One  possible  candidate  is  to  modify
the theory of gravity without introducing other matter,
such as  gravity.  Another approach is  to introduce
an effective field that can produce repulsive gravity. The
Phantom  field  [32–37]  is  among  the  latter  solution.
Studying the properties of black holes within the Phantom
field framework can also reveal some novel and interesting
phenomena, such as gravitational lensing effects [38, 39],
thermodynamics  and phase transition behavior  [40, 41],
holographic thermalization [42], and the motion of spinning
particles around black holes [43]. Inspired by these stud-
ies,  it  would  be  an  interesting  task  to  explore  whether
the  holographic  shadow  images  of  phantom  AdS  black
holes can be constructed using wave optics methods. In
principle,  different  geometric  structures  of  spacetime
naturally  lead  to  different  characteristics  in  the  corre-

sponding  shadow  images.  Therefore,  to  gain  a  deeper
understanding of this relationship, we aim to analyze the
effects  of  changes  in  temperature,  chemical  potential,
and  spacetime  structure-related  parameters  on  the
features of holographic shadow images.

Our  paper  is  organized  as  follows.  In  Section  2,  we
introduce the construction of the holographic shadow. In
Section  3,  we  briefly  review  the  charged  phantom AdS
black  hole  solution  and  derive  its  response  function.  In
Section  4,  we  obtain  the  holographic  Einstein  ring  and
compare  the  derived  results  with  those  obtained  in
geometric  optics  in  Section  5,  which  demonstrates  that
the position of the photon ring obtained from geometric
optics  is  in full  agreement with that of  the holographic
ring. 

2   The construction of holographic shadow
images

4

Due to the existence of gravitational lensing, light from
distant  galaxies  becomes  distorted  when  it  passes
through  an  intervening  galaxy,  resulting  in  arc-shaped
or  multiple  separated  images  in  the  observer’s  field  of
view.  Such  a  spectacular  astronomical  phenomenon  is
known  as  the  Einstein  ring.  The  Einstein  ring  is  not
only  a  direct  verification  of  general  relativity  on  a
cosmic scale but also an important tool for studying the
mass distribution of giant galaxies, the characteristics of
gravitational  fields,  and  the  existence  of  dark  matter.
Hashimoto et  al. [19, 20]  applied  the  AdS/CFT  corre-
spondence  to  construct  holographic  shadow  of  black
holes  in  Schwarzschild-AdS  spacetime.  Although  this
study does not directly observe the Einstein ring, it indi-
rectly provides a theoretical framework for understanding
complex gravitational phenomena in the universe.

4

(2 + 1)

Here we will provide a detailed holographic construction
of shadow in the Phantom AdS black hole spacetime. It
is important to note that in the global AdS  spacetime,
there  is  a  duality  between  the -dimensional
conformal  field  theory  (CFT)  on  the  boundary  and  a
black hole,  or  a  massless  scalar  field  in  that  spacetime.
Driven  by  the  time-periodic  boundary  conditions,  the
scalar  waves  generated  by  this  source  can  propagate
from  the  AdS  boundary  into  the  black  hole  spacetime,
as shown in Fig. 1.

θ = π

We choose an axial symmetric monochromatic oscillating
Gaussian source with its position fixed at the South Pole
of  the  AdS  boundary .  The  specific  form  is  as
follows: 

GO(X , θ) = e−iϖXM(θ), (1)

M(θ) = 1
2πσ2 exp

[
− (π−θ)2

2σ2

]
X θ

σ

where . Here,  and  represent
coordinates,  and  is  the  width  of  the  scalar  wave.
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σ ≪ 1When , the above Gaussian function is decomposed
into  a  scalar  spherical  harmonics  which  is  expressed  as
follows:
 

M(θ) ≃
∞∑
ς=0

Cς0Yς0(θ). (2)

Cς0

Yς0

Here the coefficient  of the spherical harmonics function
 can be written as

 

Cς0 ≡ (−1)ς

√
ς + 1

2

2π
exp

[
−1

2

(
ς +

1

2

)2

σ2

]
, (3)

ς

⟨O(x)⟩
⟨O(x)⟩

L

⟨O(x)⟩
ΨS(x̄S)

where  in  Eq.  (3)  represents  the  magnetic  quantum
number.  When  probe  waves  propagate  through  the
spacetime  structure  of  a  black  hole,  they  undergo
diffraction due to the strong gravitational effects of the
black  hole  and  eventually  reach  other  locations  on  the
AdS  boundary,  producing  the  corresponding  response
function  shown  in Fig.  2.  We  transform  the
obtained  response  function  into  an  intuitive
image, a virtual optical system located in three-dimensional
space  is  needed.  This  system  consists  of  an  extremely
thin  convex  lens  and  a  spherical  screen,  as  shown  in
Fig. 3. From Fig. 2, we extract the local response function
indicated by the red circle with a radius of  and then
map it  onto  this  virtual  imaging system for  processing.
In  this  process,  the  response  function  and  the
image  presented  on  the  spherical  screen  satisfy
the following relationship [19, 20]:
 

ΨS(x̄S) =

∫
|x̄|<d

d2xWf ⟨O(x̄)⟩e−
iϖ
f x̄·x̄S . (4)

x̄ = (x, y, z) x̄S = (XS , YS , ZS)

Wf

In  the  above  formula,  and 
represent the Cartesian-like coordinates on the boundary
and  on  the  spherical  screen,  respectively.  refers  to
the window function which is as follows:
 

Wf ≡
{
1, 0 ≤| x̄ |≤ d,

0, | x̄ |> d.
(5)

d

f

In  this  process,  the  convex  lens  can  be  regarded  as  a
converter  that  transforms  plane  waves  into  spherical
waves  and  projects  them  onto  the  curved  screen,  as
illustrated  in Fig.  3.  The  imaging  system  is  located
within the observation area and the size  of the lens is
much smaller than the focal length . Adjust the imaging
system to meet the conditions: 

(xS , yS , zS) ≡ (x, y, z)|x2 + y2 + z2 = f2. (6)

Next,  we  will  construct  the  shadow  image  of  the
Phantom  AdS  black  hole  within  the  framework  of
general relativity, based on Eq. (4). 

3   Charged phantom AdS black hole
response function

As previously mentioned, extracting the response function
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Fig. 1  The schematic of imaging a dual black hole, where
the black ball represents the black hole, and the outer edge is
the location of the AdS boundary.
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Fig. 2  Construct  a  schematic  of  the  black  hole  image
through  the  response  function.  The  black  disk  in  the  figure
represents  the  black  hole,  and  the  red  area  on  the  AdS
boundary represents the observation area.
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Fig. 3  The  role  of  virtual  optical  systems  in  constructing
holographic images.
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is  a  key  step  in  constructing  the  holographic  shadow
images.  In  this  section,  we  will  obtain  the  required
response function effectively in the context of  Phantom
AdS black hole spacetime. The Phantom AdS black hole
can be solved through the following action [40]: 

S =

∫
d4x

√
−g (R+ 2ηFµνF

µν + 2Λ) . (7)

Λ = − 3
L2 L

η

η = 1

η = −1

the  cosmological  constant ,  where  is  the
radius of the AdS spacetime. The parameter  characterizes
the  properties  of  the  electromagnetic  field.  Specifically,
when ,  it  corresponds  to  the  Maxwell  field,  and
when ,  it  corresponds to  a  spin-1  Phantom field.
Solving  the  equations  of  motion  derived  from  Eq.  (7)
yields a solution 

ds2 = −f(r)dt2 + dr2

f(r)
+ r2(dθ2 + sin2 θdψ2), (8)

and 

F = − q

r2
dr ∧ dt, (9)

 

f(r) = 1− 2M
r

+
ηq2

r2
+
r2

L2
. (10)

M q

Λ < 0

η = 1

f(r) = 0

η = 1

η = −1

M Th
At

Here  represents  the  mass  of  the  black  hole,  and 
represents the charge of the source. When all parameters
are  zero,  the  solution  will  degenerate  into  Minkowski
spacetime.  When ,  the  solution  is  asymptotically
anti-de  Sitter  spacetime,  and  when ,  it  reverts  to
the  Reissner–Nordström-AdS  (RN-AdS)  black  hole.
Solving  the  equation  yields  two  positive  real
roots for  (corresponding to the event horizon and
inner  horizon),  while  has  only  one  positive  real
root  (corresponding  to  the  event  horizon)  [40].  In  this
spacetime background, we can obtain the specific forms
of  the  mass ,  Hawking  temperature ,  and  electric
potential  as follows: 

M =
1

2
rh

(
1 +

ηq2

r2h
+
r2h
L2

)
. (11)

 

Th =
r4h − ηq2 + r2hL

2

4πL2r3h
. (12)

 

At =
q

rh
. (13)

χ = 1/r

f(r) = 1
χ2 f(χ)

Introduce  an  affine  parameter ,  which  makes
, Eq. (8) can be re-expressed as

 

ds2 =
1

χ2
[−f(χ)dt2 + f−1(χ)dχ2 + dθ2 + sin θ2dψ2].

(14)

χh = 1/rh

Φc

The parameter  represents the event horizon of
the black hole. We consider a complex scalar field  as
the  probe  field.  The  dynamics  of  the  particles  in  the
scalar field satisfy the Klein–Gordon equation:
 

DaD
aΦc −m2Φc = 0, (15)

where
 

Da = ∇a − iēAa. (16)

ē represents the charge of the complex scalar field.  For
simplicity,  the  infalling  Eddington  coordinates  are  used
to solve the above Klein–Gordon equation:
 

v ≡ t+ χ∗ = t−
∫

1

f(χ)
dχ. (17)

Thus the metric function (14) can be rewritten as
 

ds2 =
1

χ2

(
−f(χ)dv2 − 2dvdχ+ dθ2 + sin2 θdψ2

)
.

(18)

ΦcNear the AdS boundary, the scalar field  behaves as
 

Φc(v, χ, θ, ψ) = JO(v, θ, ψ) + χ∂vJO(v, θ, ψ)

+
1

2
χ2D2

SJO(v, θ, ψ) + χ3⟨O⟩. (19)

D2
S

S2

JO ⟨O⟩
JO

⟨O⟩JO

In Eq. (19),  represents the scalar Laplacian on the
unit  sphere.  According  to  the  AdS/CFT dictionary,

 and  in Eq. (19) are independent functions of the
boundary  coordinates.  Taking  as  the  source,  the
expectation  value  of  the  corresponding  dual  operator  is
the response function  which is written as
 

⟨O⟩JO = ⟨O⟩ − (∂v − iu)JO. (20)

u

u = q/rh

Φc

The parameter  represents the chemical potential with
the specific form . Considering the symmetry of
the spacetime background, we expand  as
 

Φc(v, χ, θ, ψ) = e−iωv

∞∑
ς=0

cς0Zς(χ)Yς0(θ), (21)

Zςwhere  satisfies
 

0 = χ2f(χ)Z ′′
ς + χ2 [f ′(χ) + 2i(ω − ēA)]Z ′

ς

+
[
(2− 2f(χ)) + χf ′(χ)− χ2ς(ς + 1)− iēχ2A′]Zς .

(22)

f ′(χ) = ∂
∂χf(χ) ZςHere  and  the  asymptotic  behavior  of 

at the AdS boundary is defined as
 

Zς = 1 + χ⟨O⟩ς +O(χ2). (23)

Therefore the corresponding response function is
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⟨O⟩JO = e−iωv

∞∑
ς=0

Cς0⟨O⟩JOςYς0(θ), (24)

and 

⟨O⟩JOς = ⟨O⟩ς + iω̄, (25)

ω̄ = ω + u

Zς(0) = 1

where .  Then Eq.  (22)  is  solved with the help
of two key boundary conditions. The first is at the AdS
boundary . The second condition is the regular
boundary condition at the event horizon  [
χ2
hf

′(χh) + 2iωχ2
h

]
Z ′
ς −

[
2iωχh + ς(ς + 1)χ2

h

]
Zς = 0.

(26)

Zς

⟨O⟩ς

Based on the above analysis, the pseudo-spectral method
can be employed to obtain the numerical results for ,
and  subsequently  extract  the  required  [21].  And

⟨O⟩JOς

ω

u η

η = 1 η = −1

ω = 30, 50, 70 η

η = −1

η = 1

u

η = 1

η = −1

then we can further obtain the response function .
Next, we examined the changes in the response function
when the Gaussian source frequency , chemical potential
,  and  parameter  take  different  values.  When  the

parameters  and , Fig. 4 shows the response
functions  with  different  values  for  the  related  parame-
ters.  In Fig.  4(a),  the  source  frequencies  are  taken  as

,  regardless  of  whether  the  parameter 
takes  the  value  of  1  or –1.  It  is  worth  noting  that  the
amplitude  peaks  of  the  response  function  for 
are  larger  than  those  of ,  and  their  oscillation
periods are higher than the latter. In Fig. 4(b), we show
the  chemical  potential  continues  to  increase,  the
amplitude  of  the  response  function  decreases  for 
while  the  amplitude  of  the  response  function  increases
for .

Additionally, we discuss the effect of the temperature
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Fig. 4  (a) The absolute amplitude change of the total response function when the source frequency  is different and the
chemical potential  is fixed at . (b) The absolute amplitude change of the total response function when the chemical
potential  takes a different value and the source frequency  is fixed at . (c) The absolute amplitude change of the
total  response  function  when  the  boundary  temperature  takes  different  values  and  the  source  frequency  is  fixed  as

. Here, the left panel shows the parameter , while the right panel illustrates .
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 on the response function which is shown in Fig. 4(c).
For different black hole event horizon radii 

,  the  corresponding  boundary  temperatures  are
 respectively for  and

.  And  for  and ,  the  boundary
temperatures  are  for
the  same  radii.  In  both  cases  of  and ,  the
increase of the temperature  leads to a decrease in the
response function amplitude. For , the amplitude of
the response function changes significantly with temper-
ature . For example, when , the amplitude
reaches  its  peak  and  moves  downward  well  at

 and ,  which  means  an  increase  in
temperature  will  lead  to  a  decrease  in  the  response
function.  When ,  the  amplitude  of  the  response
function  still  maintains  a  decreasing  trend  with  the
increase of temperature , which is similar to the case of

. Although the black hole has the same event horizon
, due to the different values of the parameter , there

is  a  difference  in  the  boundary  system  temperature,  so
the decrease in the amplitude peak of the response function
is more obvious in the case of . 

4   Holographic Einstein rings of a phantom
AdS black hole

The  response  function  contains  a  wealth  of  spacetime

σ = 0.05 d = 0.6

information.  With  the  above  response  function  and  the
virtual optical system shown in Fig. 3, we can transform
the  obtained  response  function  into  an  intuitive  image
form. By appropriately selecting the specific parameters,
we  numerically  simulated  the  holographic  image  of  the
Phantom AdS black hole and plotted the corresponding
brightness curves. Here we set  and .

ω

ω = 25, 55, 80

η = 1

ω

η = −1 ω

η = 1

η = 1 ω

We  present  the  holographic  images  of  the  Phantom
AdS black hole when the wave source frequency  takes
values  of ,  as  shown  in Figs.  5(a,  b).  A
series  of  bright  concentric  circular  structures  are
observed,  among  which  this  brightest  ring  is  known  as
the holographic Einstein ring. When , as the wave
source  frequency  increases,  the  width  of  the  ring
decreases  while  the  radius  of  the  ring  increases.  When

, the changes in the wave source frequency  have
a  similar  effect  on  the  ring  as  when ,  but  in  this
case, the increase in the ring radius of the ring is more
obvious.  In Figs.  6(a,  b),  we  plotted  the  brightness
curves similar to Figs. 5(a, b). The horizontal axis repre-
sents  the  position  of  the  brightness  curve,  while  the
vertical  axis  indicates  its  intensity.  We  find  that  the
changes  in  the  wave  source  frequency  affect  both  the
magnitude  and  the  position  of  the  peak.  Specifically,
when ,  as  the  wave  source  frequency  increases,
the highest peak value in the brightness curve significantly
decreases,  and  its  position  gradually  moves  away  from
the center of the screen, which implies that the radius of
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Fig. 5  (a) The density maps of the lensed response on the screen for different  at the observational angle  with
, , and . (b) The density maps of the lensed response on the screen for different  at the observational

angle  with ,  and .  The  values  of  frequency  from  the  left  panel  to  the  right  panel  are
, respectively.
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η = −1

η = 1

η = 1

the  brightest  ring  is  gradually  increasing.  Conversely,
when , although the overall trend of the brightness
curve  with  frequency  changes  is  similar  to  when ,
there  are  some  differences.  The  highest  peak  value  is
slightly higher than the case in , and the peak position
moves  slowly  away  from  the  center  of  the  screen.
Furthermore,  as  the  frequency  is  gradually  increased,
the brightness  curve exhibits  increasingly sharp charac-
teristics,  which  matches  the  phenomenon  shown  in
Figs. 5(a, b). The reason behind this is that within the
framework of geometric optics approximation, the high-
frequency conditions can be accurately captured.

η = 1 −1 rh = 0.8

ω = 80 u = 0.125, 0.625

1.125 η = 1

u

η = −1

η = 1

u

η = 1

Figures 7(a, b) present the holographic shadow of the
Phantom  AdS  black  hole  with  the  different  chemical
potential  u  for  and .  We  fix  at  and

 and  the  chemical  potential ,  and
.  For ,  the  image  still  exhibits  a  bright  ring

structure.  As  the  chemical  potential  increases,  the
brightness of the brightest ring gradually decays and its
radius  also  shows  decreases,  although  this  decrease  is
not very obvious. For the case , the change in the
brightness  of  the  brightest  ring  is  the  opposite  of  the
case for . It significantly increases with the increase
of the chemical potential . Similarly, the radius of the
brightest  ring  also  shows  a  decreasing  trend,  which  is
consistent with the behavior observed when .

η = 1

The corresponding  brightness  curves  are  displayed  in
Figs.  8(a)  and  (b).  The  results  show  that,  under  the
condition  of ,  the  maximum  peak  value  of  the

u

η = −1

q

brightness  curve  decreases  with  the  increase  of  the
chemical potential ,  while its position exhibits a trend
of gradually moving away from the center of the screen.
However,  this  trend  is  not  easily  observable  by  the
naked  eye,  indicating  that  although  the  radius  of  the
bright  ring  is  affected  by  the  chemical  potential,  the
change is quite minimal. In contrast, under the condition
of ,  the  maximum  peak  value  of  the  brightness
curve  significantly  increases  with  the  increase  of  the
charge , and its position still shows a trend of moving
away from the center of the screen.

T

q = 0.5 ω = 80

η = 1 T

T = 0.119366

T = 0.211378 T = 0.514767

η = −1 T

η = 1 η = 1 η = −1

T

T

T T = 0.119366

Next, we discuss the impact of boundary temperature
 on  the  holographic  images  of  black  holes  shown  in

Figs.  9(a,  b).  We  set  and .  In Fig.  9(a),
when ,  the  temperature  takes  a  smaller  value

, the produced ring is closer to the center of
the  screen.  When  the  temperature  increases  to

 and ,  the  corresponding  bright
ring moves towards the screen’s edge, but not very obvi-
ous.  In Fig.  9(b)  with ,  as  the  temperature 
increases,  the  produced  ring  also  moves  towards  the
screen’s edge and this behavior is more obvious than the
case . That is to say, for both  and , the
radius of the brightest ring increases with the increase of
temperature , but the increase is different. This effect
can  also  be  observed  in Figs.  10(a,  b),  where  the  peak
brightness curves gradually move towards the boundary
with the increase of  temperature .  Additionally,  when
the temperature  is  low ( ),  there is  also a
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Fig. 6  (a) Changes  in  brightness  of  the  lensed  response  on  the  screen  for  different  with , ,  and .
(b) Changes in brightness of the lensed response on the screen for different  with , , and . The values
of frequency  from the left panel to the right panel are , respectively.
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peak in the brightness curve at the center of the screen,
which corresponds to a bright spot on the screen shown

in Fig. 9(a).
All the previous discussions focus on the wave source

 

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

(a)

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

1.0

1.0

0.5

0.5

0.0

0.0
xs/f

ys
/f

−0.5

−0.5
−1.0

−1.0

(b)

 
u

θO = 0 η = 1 ω = 80 rh = 0.8

u θO = 0 η = −1 ω = 80 rh = 0.8 u

u = 0.125, 0.625, 1.125

Fig. 7  (a) The density maps of the lensed response on the screen for different chemical potential  at the observational
angle  with ,  and . (b) The density maps of the lensed response on the screen for different chemical
potential  at the observational angle  with ,  and . The values of chemical potential  from the
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at the fixed position. By carefully comparing the image
features at different observation positions,  we can more
accurately  identify  the  specific  impact  of  the  relevant
parameters on the spacetime geometry.

η = 1

q

θO = π/6

q = 0.5

q = 0.1

θO = π/3

θO = π/2

First,  we  consider  with  different  charges.  and
the system charge  varies. In Fig. 11, the results indicate
that  when  the  observation  angle ,  the  original
axial  symmetric  structure  is  broken,  replaced  by  light
arcs located on the left and right sides of the image. The
brightness  of  the  right  light  arc  is  higher  than  that  of
the  left  light  arc.  Additionally,  as  the  charge  increases,
the  brightness  of  the  left  light  arc  gradually  increases,
especially  when .  The  brightness  of  the  left  light
arc is brighter than that of . When the observation
angle changes to , the left light arc area of the
image almost disappears, and the right light arc changes
into a smaller arc structure. When the observation angle
increases  to ,  only  an  isolated  bright  spot
appears on the right side of the image.

η = −1

η = 1

A similar  lens  response  image for  is  shown in
Fig.  12.  It  is  not  difficult  to  observe  that  the  axial
symmetric  circular  structure  gradually  transforms  into
light arcs, and eventually evolves into an isolated bright
spot  on  the  right  side  of  the  screen  as  the  observer
changes  its  position,  which  is  similar  to  the  case  for

. 

5   Comparison between photon rings and
einstein rings

In this section, we will use geometrical optics to analyze
the  brightest  ring  in  the  shadow image.  The  motion  of
photons near a charged AdS black hole can be precisely
described by the Lagrangian shown as follows: 

L =
1

2
gµν (ẋ

µ − egµνAν) (ẋ
ν − egµνAµ) . (27)

ẋµ

λ

θ = π/2 θ̇ = 0

t

ψ

In the above equation,  represents the four-velocity of
the  photon,  and  the  dot  denotes  the  derivative  with
respect to the affine parameter  along the geodesic. To
maintain  generality,  the  photon  trajectories  are  still
restricted to the equatorial plane of the black hole, i.e.,

 and .  Furthermore,  the  Lagrangian  is
explicitly independent of time  and the azimuthal angle

,  thus  yielding  two  conserved  quantities,  energy  and
angular momentum: 

E =
∂L
∂ṫ

= f(r)ṫ+ eAt, L =
∂L
∂ψ̇

= r2φ̇. (28)

In  the  context  of  a  charged  Phantom  AdS  black  hole,
the Klein–Gordon equation is simplified to the following
Hamilton–Jacobi equation [21, 28]: 
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Fig. 9  (a) The density maps of the lensed response on the screen for different temperatures  at the observational angle
 with , ,  and .  The  values  of  temperature  from  the  left  panel  to  the  right  panel  are

. (b) The density maps of the lensed response on the screen for different temperatures  at
the observational angle  with , , and . The values of temperature  from the left panel to the right
panel are , respectively.
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1

2
m2 = −1

2
gµν

(
∂S

∂xµ
− eAµ

)(
∂S

∂xν
− eAν

)
, (29)

Swhere  represents  the  action.  The  Hamilton–Jacobi
equation is separable, and its solutions take the form 

S = −Et+ Lψ +

∫ √
R(r)
f(r)

dr. (30)

t ψ

R(r)

Here  is the timelike coordinate and  is the parameteri-
zation  of  the  orbits  of  the  spacelike  Killing  field.  And

 is defined as 

R(r) = (E − eAt)
2 − f(r)(

L2

r2
− 2). (31)

S

t ψ r

Considering the partial derivatives of  with respect to
, ,  and ,  the  geodesic  trajectories  can  be  further

obtained as 

E = −∂S
∂t
, L =

∂S

∂ψ
,

√
R(r)
f(r)

=
∂S

∂r
. (32)

ni = ( ∂
∂ri )

θin

It  should  be  noted  that  for  the  light  rays  on  the
boundary with  as the normal vector, the incident
angle  is given by [20] 

cos θin =
gijυ

iϑj

|υ||ϑ|
|r=∞ =

√
ṙ2/f(r)

ṙ2/f(r) + L2/r2
|∞. (33)

ϑ gij
t |ϑ| |υ|

ϑi υj gij

Here  represents the 4-velocity of a geodesic,  is the
induced  metric  when  is  constant,  and  and  are
the  norms  of  and  with  respect  to .  Therefore,
the equivalent relation of Eq. (33) is 

sin θ2in = 1− cos θ2in =
L2

E2
. (34)

θinThe incident angle  of the photon orbit at the boundary
is 

sin θin =
L

E
. (35)

Lp

At  the  circular  photon  orbit  of  the  photon  sphere,  the
above  formula  remains  valid,  as  shown  in Fig.  13.  We
denote  the  angular  momentum  of  photons  in  a  critical
state as , which can be determined by the condition of
the circular photon orbit, that is 

R(r) = 0,
dR
dr

= 0. (36)

Furthermore, we can calculate the angle of the Einstein
ring, which is the so-called angular distance, as shown in
Fig.  14.  This  angle  is  displayed  on  the  screen,  and  its
geometric relationship can be expressed as 

sin θR =
rR
f
. (37)

When  the  angular  momentum  is  sufficiently  large,
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Fig. 10  (a) Changes in brightness of the lensed response on the screen for different temperatures  with , , and
. (b) Changes in brightness of the lensed response on the screen for different temperatures  with , , and
. The values of temperature  from the left panel to the right panel are , respectively.
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sin θin = sin θR , we have [19, 20] 

Lp

E
=
rR
f
. (38)

η = ±1 rR/f

f

r

rP

4.5%

To  further  verify  this  relationship,  we  employed
numerical  methods  for  analysis.  In Fig.  15,  we  present
the numerical results for the radius of the Einstein ring
when .  Specifically,  the blue discrete points 
(in  units  of )  represent  the  numerical  results  of  the
holographic  Einstein  ring  radius  as  a  function  of  the
radial  coordinate ,  while  the  orange  curve  indicates
the radial position of the photon ring . By comparing
the  results  in Fig.  15,  the  black  data  points  closely
surround the orange curve, with the maximum numerical
difference . Therefore, the Einstein ring angle calcu-

lated in the holographic context is highly consistent with
the  photon  incidence  angle  derived  from  the  geometric
optics. 

6   Conclusion and discussion

η = 1 ω

Based on the AdS/CFT correspondence, this paper studies
the  lensing  response  generated  by  the  propagation  of  a
complex  scalar  field  as  a  probing  wave  in  a  charged
Phantom AdS black hole. Figure 4 displays the absolute
amplitude of the response function under different wave
sources and gravitational parameters. When the parameter

 and  the  wave  source  frequency  are  relatively
low,  the  corresponding  peak  amplitude  of  the  response
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Fig. 11  When the parameter , event horizon radius , and source frequency , the lens response image is
observed  on  the  screen  at  different  viewing  angles.  Among  them,  the  observed  inclination  angles  of  the  first,  second,  and
third columns are , and the charge values of the first, second, and third rows are , respec-
tively.
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η = −1

η = 1

ω

ω

η = 1 u

η = −1

u

η = 1

T

function increases. The case for  is similar, except
that  the  peak  amplitude  of  the  corresponding  response
function  is  greater  than  that  for  when  other
parameters  are  the  same.  Additionally,  when  the  wave
source frequency  is low, the period of the scalar wave
is  larger,  and  as  increases,  the  period  of  the  scalar
wave gradually decreases. We then examined the impact
of changes in chemical potential on the response function
; when  and the chemical potential  approaches a
smaller  value,  the  corresponding  response  function
amplitude  gradually  increases.  However,  when ,
the  amplitude  of  the  response  function  increases  with
the increase of the chemical potential , which is opposite
to  the  case  when .  Furthermore,  we  investigated
the  response  function  under  different  temperatures ;

η = 1

T = 0.514767

T η = −1

T

when  and with a relatively high boundary temper-
ature  (e.g., ),  the  amplitude  reaches  its
minimum value and sharply increases as the temperature

 decreases.  For  the  case  of ,  larger  amplitude
peaks are also observed at lower temperatures .

θO = 0

To better understand the spacetime of Phantom AdS
black  holes,  we  further  constructed  a  virtual  optical
system  in  three-dimensional  space  using  a  thin  convex
lens and a hemispherical screen, as shown in Fig. 3. We
replicated the response function into the virtual  optical
system as the incident wave on the lens and established
its  image  on  the  screen,  as  shown  in Figs.  5(b)–10(b).
We observed that when , regardless of the values
of the relevant state parameters, the image of the Phantom
AdS black hole always presents a bright annular structure
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Fig. 12  When the parameter , event horizon radius , and source frequency , the lens response image is
observed  on  the  screen  at  different  viewing  angles.  Among  them,  the  observed  inclination  angles  of  the  first,  second,  and
third columns are , and the charge values of the first, second, and third rows are , respec-
tively.
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ω u

T

on  the  screen,  accompanied  by  a  series  of  concentric
circular  stripes,  which  corresponds  to  the  diffraction  of
the response function. We further studied the impact of
relevant  state  parameters,  such  as  the  wave  source
frequency ,  chemical  potential ,  and  boundary
temperature , on the Einstein ring image.

η = 1 ω T

u

ω T u

η = −1

η = 1

η q θO

When the parameter , as the values of  and 
increase,  the  corresponding  ring  gradually  moves
outward,  which  means  the  radius  of  the  corresponding
ring increases, but an increase in  leads to a decrease in
the  ring’s  radius.  The  brightness  curve  of  the  lens
response supports this conclusion, as the maximum peak
of  the  brightness  curve  tends  to  move  away  from  the
center with the increase of  and , the decrease of ,
and the maximum peak of the curve corresponds exactly
to the position of the Einstein ring on the screen. When
the  parameter ,  the  impact  of  the  relevant  state
parameters on the Einstein ring radius is similar to the
case  of ,  but  the  degree  of  change  is  greater,  and
the  corresponding  brightness  curve  also  verifies  this
result.  On  this  basis,  we  illustrated  in Figs.  11 and 12
the  optical  appearance  of  the  Einstein  ring  when  the
parameters ,  charge ,  and  observation  angle  take
different  values.  When  the  observation  tilt  angle  is

θO = π/6

θO θO = π/3

θO π/2

η = −1, θO = π/2

,  the  circular  structure  in  the  image  is  broken,
and bright arcs appear on both the left  and right sides
of  the  screen,  with  the  observed  intensity  of  the  right
bright  arc  being  significantly  greater  than  that  of  the
left arc. As  increases, such as , the arc structure
on  the  left  side  becomes  very  dark  or  even  disappears.
When  approaches ,  only  an  isolated  bright  spot
exists on the right side of the screen, and there is essentially
no  observable  intensity  on  the  left  side.  Interestingly,
when ,  two  bright  spots  appear  on  the
screen, one on each side, but the spot on the left is very
dim.

r

η

To verify the reliability of these conclusions, we used
geometric  optics  methods  to  measure  the  radius  of  the
photon  ring  and  its  corresponding  incident  angle.  In
Fig.  15,  we  presented  the  numerical  results  of  the
photon  ring  position  (represented  by  the  orange  curve)
and the Einstein ring radius (presented by discrete blue
points)  as  a  function  of  the  radial  coordinate  under
different parameter  values. In all the results shown, we
observed  that  the  discrete  blue  points  closely  surround
or  exactly  fall  on  the  orange  curve,  which  strongly
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Fig. 13  The  ingoing  angle  and  outgoing  angle  of  a  ray
trajectory in a critical state.
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Fig. 14  The  correspondence  between  radius  and  angle
 of the holographic Einstein ring.
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supports  the  consistency  of  our  conclusions  with  the
predictions of geometric optics.
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