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Abstract We investigate the thermodynamic, astrophys-
ical, and observational properties of charged nonsingu-
lar black holes within the framework of quantum gravity
and nonlinear electrodynamics. Our study focuses on the
Frolov black hole model, which generalizes the Reissner–
Nordström and Hayward solutions through the inclusion of
a cosmological-type parameter α. By employing the Gauss–
Bonnet theorem (GBT), we derive the Hawking tempera-
ture and heat capacity, identifying phase transition points
that govern black hole stability. We extend this analysis
by incorporating generalized uncertainty principle correc-
tions, revealing modifications to entropy and thermodynamic
behavior. In the context of weak gravitational lensing, we
compute the deflection angle using GBT and analyze its vari-
ations in vacuum and plasma media, emphasizing the role
of charge and quantum effects on light propagation. Fur-
thermore, we examine quasi-periodic oscillations by evalu-
ating epicyclic frequencies in accretion disks, linking them to
astrophysical observables. Lastly, we study the gravitational
time delay of light signals, demonstrating how quantum-
modified spacetime alters light propagation. Our results pro-
vide key insights into quantum-gravitational corrections to
black hole physics, offering potential observational signa-
tures relevant to gravitational wave studies, black hole imag-
ing, and precision tests of strong-field gravity. Throughout
this work, the term quantum gravity is used in an effective
sense, referring to quantum aspects of black hole physics
such as GUP-induced corrections, rather than to a complete
and established quantum theory of gravitation.
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1 Introduction

Black holes have long fascinated physicists due to their
role as natural laboratories where general relativity, quan-
tum mechanics, and thermodynamics converge [1–5]. These
enigmatic objects not only deepen our understanding of grav-
itational physics but also provide insights into high-energy
astrophysical phenomena [6–8]. Among various black hole
models, nonsingular (NS) or regular black holes have gained
attention as they offer a resolution to singularity issues inher-
ent in classical solutions. One particularly compelling exam-
ple is the Frolov black hole [9], a charged NS black hole that
generalizes well-known solutions such as the Schwarzschild
[10], Reissner–Nordström [11], and Hayward models [12].
This model serves as a crucial platform for investigat-
ing quantum-gravitational modifications and their impact
on black hole physics. Another notable class of such NS
black hole solutions arises from nonlinear electrodynamics
(NLED), where the presence of a self-interacting electromag-
netic field modifies the black hole structure. In particular,
the Hayward black hole and magnetically charged solutions
based on rational NLED serve as significant examples of how
NLED influences the near-horizon geometry and regularity
conditions of black holes [13–15].

The presence of charge in NS black hole models intro-
duces unique thermodynamic and dynamic properties [16].
Specifically, the metric function of the Frolov black hole is
characterized by the charge parameter q and a cosmological
type parameter α, which govern the structure and stability of
the event horizon [17]. These parameters encapsulate poten-
tial quantum-gravitational effects, making them an essential
aspect of our study. Our primary objective is to examine how
these corrections influence black hole thermodynamics [18–
37], gravitational lensing [38–46], quasi-periodic oscillations
(QPOs) [47–53], and accretion processes [54,55].
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While our approach involves both the extension of grav-
ity through the Frolov nonsingular model and the imple-
mentation of GUP, the motivation is to explore their com-
bined interplay to address a fundamental question in black
hole physics: how do ultraviolet quantum corrections and
infrared geometric modifications jointly influence observable
phenomena? The GUP encodes high-energy quantum effects
originating from Planck-scale physics [56–58], whereas the
Frolov parameter α represents a geometric modification of
spacetime that regularizes classical singularities [9]. Study-
ing them together allows us to separate contributions from
ultraviolet versus infrared sectors, thereby revealing dis-
tinct physical signatures that cannot be obtained from either
framework alone. For instance, GUP corrections primarily
suppress Hawking temperature peaks and modify entropy
scaling [59,60], while the parameter α alters phase transition
locations, deflection angles, and time-delay effects [61,62].
This separation of effects provides testable predictions for
distinguishing quantum gravity signatures from modified
gravity effects in astrophysical observations, thus clarifying
the respective physical consequences rather than obscuring
the purpose of the work. The combined framework offers
a comprehensive approach to understanding how different
aspects of beyond-standard-model physics manifest in black
hole phenomena, which is essential for interpreting future
high-precision observations from gravitational wave detec-
tors and black hole imaging experiments [55,63].

A major component of our analysis focuses on the ther-
modynamic properties of the Frolov black hole. Black hole
thermodynamics plays a fundamental role in gravitational
physics, revealing deep connections between entropy, energy,
and information theory [1,64]. We employ the GBT [65–
71] as a topological tool to determine the Hawking tem-
perature [72] and heat capacity. Additionally, we incorpo-
rate the Generalized Uncertainty Principle (GUP) [73–81] to
account for quantum corrections, leading to modified entropy
and temperature profiles. These quantum effects provide sig-
nificant insight into the microscopic nature of black hole
entropy [82,83] and the quest for a quantum theory of gravity.
Another key aspect of our investigation is gravitational lens-
ing [84], an observational probe of black hole spacetimes. By
following the study of Gibbons and Werner [65] , we derive
the weak deflection angle [85–87] of light rays around the
Frolov black hole via the GBT. We further extend this analy-
sis by considering the influence of a plasma medium, which
alters the refractive index of spacetime, thereby affecting
the observed deflection angle. Understanding these effects
is crucial for astrophysical observations and for differentiat-
ing between classical and modified black hole solutions.

In addition, we study QPOs, which serve as important
observational signatures of black holes. These oscillations
arise from the motion of particles in accretion disks and
provide valuable constraints on the underlying spacetime

geometry. By computing the epicyclic frequencies [88] of
test particles, we establish a relationship between QPO fre-
quencies and black hole parameters, particularly q and α.

This analysis not only offers a theoretical framework for
interpreting observational data but also contributes to tests
of GR in the strong-field regime. We also explore gravita-
tional time delay [89–94], a relativistic effect wherein light
experiences a delay while propagating through curved space-
time. By calculating the time delay in the Frolov black hole
background, we examine how charge and quantum correc-
tions influence light propagation. Time-delay measurements
have historically played a crucial role in validating GR and
could be instrumental in distinguishing between classical
and quantum-modified black hole models [95]. This anal-
ysis enhances our understanding of how modified spacetime
geometry affects observable emission profiles. Such studies
are relevant to ongoing efforts in black hole imaging, par-
ticularly those conducted by the Event Horizon Telescope
(EHT) [96], which seeks to resolve black hole shadows [63]
and accretion flows at unprecedented resolutions. Our moti-
vation for this study stems from the necessity of bridging
classical GR with quantum-gravitational corrections. In this
regard, the Frolov black hole provides a well-suited model
for investigating how charge, quantum effects, and modified
gravity influence black hole behavior. By addressing fun-
damental questions in black hole physics, we aim to con-
tribute to understanding of gravity and its possible extensions
beyond Einstein’s theory. Moreover, throughout this study,
we emphasize that our use of the term “quantum gravity”
refers to effective quantum corrections and phenomenologi-
cal modifications inspired by various approaches to quantum
gravity, rather than a complete quantum theory of gravitation.
Our framework incorporates well-established quantum field
theory effects in curved spacetime and GUP-motivated cor-
rections that capture expected features of a future quantum
gravity theory, while remaining within the realm of semiclas-
sical physics [97,98].

This paper is structured as follows: In Sect. 2, we revisit the
dynamics of the charged NS black hole framework, focusing
on its metric properties and event horizon structure. We dis-
cuss how the parameters q (electric charge) and α (cosmolog-
ical parameter) govern the black hole’s horizon topology and
influence gravitational interactions. Section 3 explores the
thermodynamic properties of NS black holes using GBT. We
derive the Hawking temperature and heat capacity, provid-
ing insight into the thermodynamic stability. Additionally, we
incorporate quantum gravitational corrections via the GUP
to modify entropy and temperature. In Sect. 4, we analyze the
Hawking temperature of NS black holes with GUP effects,
incorporating quantum corrections to examine their impact
on black hole thermodynamics. In Sect. 5 applies the GBT to
compute the weak deflection angle. Section 6 investigates the
weak deflection angle of light in the plasma medium, demon-
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strating how variations in the refractive index influence gravi-
tational lensing. Section 7 explores the QPOs around charged
NS black holes, analyzing the impact of radial distance on
the test particle’s angular velocity. In Sect. 8, we examine
the gravitational time delay of light signals in NS black hole
spacetime. By solving the null geodesic equations, we deter-
mine the time delay for light propagating from a source to
an observer, incorporating charge and cosmological correc-
tions. Finally, in Sect. 9, we summarize our findings and
discuss their broader implications for black hole physics,
astrophysics, and quantum gravity. We also outline future
directions for extending this study, particularly in the con-
text of multi-messenger astrophysics and observational tests
of modified gravity theories.

2 Revisiting the dynamics of NS black hole framework

The NS black hole is an extension of the Hayward black
hole, incorporating electric charge as an extra parameter, as
detailed in [9]. Its spacetime metric is given by:

ds2 = − f (r)dt2 + 1

f (r)
dr2 + r2d�2, (1)

where d�2 = dθ2 + sin2 θdφ2and metric function f (r) is
explicitly given by:

f (r) = 1 − r2(2Mr − q2)

r4 + (2Mr + q2)α2 . (2)

Here, M represents the black hole mass, while α corre-
sponds to the Hubble length that governs the effective cos-
mological constant � = 3/α2. The choice of the Hubble
length α as a governing scale is motivated by Frolov’s con-
struction of nonsingular black holes [9], where α acts as
a cosmological-type parameter that reflects the large-scale
structure of spacetime. Physically, α encapsulates the contri-
bution of quantum vacuum energy and provides an effective
cosmological constant within the black hole interior, rep-
resenting infrared modifications to the spacetime geometry.
This connection emerges from quantum gravity considera-
tions where the vacuum energy density creates a repulsive
effect that regularizes the central singularity [12,99]. The
parameter α thus bridges microscopic quantum effects with
macroscopic gravitational phenomena, making the metric
function (2) not merely phenomenological but connected to
the broader program of regular black hole models that resolve
classical singularities through quantum-gravitational correc-
tions [61,100]. This approach is consistent with other nonsin-
gular black hole constructions where a fundamental length
scale, often associated with quantum gravity effects, regular-
izes the spacetime curvature at small radii [101,102]. This
parameter contributes a “universal hair” to the black hole,
bounded by the inequality [16]:

Fig. 1 Plot of f (r) versus the horizon radius for different values of α

and q. Here, M is set to 1

α ≤ 27M

16
. (3)

Such constraints emphasize the critical role of quantum grav-
ity in influencing the black hole structure. Throughout this
section, we normalize M = 1 for simplicity. Furthermore, the
electric charge q characterizes an additional “specific hair”
with the constraint 0 ≤ q ≤ 1. In specific limits, this model
recovers established black hole solutions: the Hayward black
hole when q = 0, the Reissner–Nordström black hole when
α = 0, and the Schwarzschild black hole when both q = 0
and α = 0.

Figure 1 illustrates the metric function f (r) for varying
parameters q and α. When q = 0, increasing α transforms
the black hole from a Schwarzschild-type to a structure with
multiple horizons, eventually leading to a single-horizon con-
figuration or horizonless spacetime as α approaches its upper
limit.

2.1 Kretschmann scalar and singularity

We calculate the Kretschmann scalar, which measures the
spacetime curvature, to further examine the singularities and
curvature characteristics of this black hole. The following
gives the Kretschmann scalar:

K = Rμνρσ R
μνρσ , (4)

in which the Riemann curvature tensor is denoted by Rμνρσ .

The Kretschmann scalar related to the NS black hole (1) can
be computed as follows

K = −144M2α4q2

r10 + 36M2α2q2

r8 + 40M2α2

r6

+3M2 + 3q2

r4 − 6M q2

r5
− 2M

r3 . (5)

At r = 0, the Kretschmann scalar proves to be divergent,
indicating a curvature singularity at the black hole’s core.
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This result supports the well-established notion that black
hole solutions must feature a central singularity where space-
time curvature becomes infinite.

3 Hawking temperature and heat capacity of NS
BLACK HOLES via GBT

GBT provides an elegant and topological approach to deter-
mining the Hawking temperature of black holes. This method
leverages the 2D Euler characteristic in conjunction with the
GBT. To outline the process, we consider a general static and
spherically symmetric black hole, whose spacetime geome-
try can be described by a 4D metric like Eq. (1). Through a
Wick rotation (τ = i t) and a fixation θ = π/2, this metric
reduces to a 2D Euclidean Schwarzschild-like form:

ds2 = f (r)dτ 2 + 1

f (r)
dr2. (6)

The Ricci scalar R for this 2D metric is obtained as:

R = −d2 f (r)

dr2 . (7)

By employing the GBT, the expression for the Hawking tem-
perature of 2D black holes is obtained as [69,72]:

TH = h̄c

4πχkB

∑

j≤χ

∫

rh j

√
gRdr, (8)

in which h̄ is the reduced Planck constant, c is the speed
of light, kB denotes the Boltzmann constant, R is the Ricci
scalar, g is the determinant of the 2D Euclidean metric, rhj
identifies the j-th Killing horizon, and χ represents the Euler
characteristic of the manifold.

In the context of a Frolov black hole, the Hawking tem-
perature (8) is expressed, in natural units, as follows:

TH = −Mr6
h + q2r5

h + 4M2r3
hα2 + 2Mq2r2

hα2 − q4rhα
2

2π
(
r4
h + (2Mrh + q2)α2

)2 .

(9)

With distinct curves that signify different values of the Hub-
ble parameter α, Fig. 2 shows the relationship between the
variables Th and rh . Th first rises to a maximum point before
falling as rh increases. This suggests that the two variables
have a complicated relationship that is impacted by the
parameter α. The value of α determines the precise form
of the curves and the location of the maximum point. This
implies that α has a major influence on how the system
behaves as a whole.

The Hawking–Bekenstein entropy is famously defined by
[103] as

S = πr2
h . (10)

Fig. 2 Plot of TH versus the horizon radius for different values of α

and q. Here, M = 10,000 and q is set to 1

To provide a comprehensive thermodynamic analysis, the
heat capacity of the black hole system is derived as follows:

C = TH
∂S

∂TH
. (11)

Whence, the explicit expression for C can be found as

C = �

�
, (12)

in which

� = 2πr2
h

(
8M3α4r3

h + 8M2α4q2r2
h + 2M2α2r6

h

+3Mα2q2r5
h − Mr9

h − α4q6 + q2r8
h

)
, (13)

and

� = 8M3α4r3
h + 12M2α4q2r2

h − 28M2α2r6
h

+6Mα4q4rh − 12Mα2q2r5
h + 2Mr9

h

−α4q6 + 12α2q4r4
h − 3q2r8

h . (14)

In Fig. 3 for varying values of the Hubble length parameter
α, the graphic shows the heat capacity C as a function of
the horizon radius rh, exposing phase transitions through its
divergences. Since these divergences correlate to locations
where the heat capacity becomes infinite, signifying a shift
in thermodynamic stability, they imply second-order phase
transitions. Stable configurations are shown by positive C
regions, while unstable configurations are indicated by neg-
ative C regions. The locations of these phase-transition sites
change with α, demonstrating how the coupling parameter
affects the thermodynamic behavior of the system.

4 HAWKING temperature of NS black holes with GUP
effect

GUP, an extension of Heisenberg’s uncertainty concept, inte-
grates the effects of quantum gravity and posits a basic min-
imum length scale. This modification revises the traditional
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Fig. 3 The relationship between C and the horizon radius for different
values of α: M and q are set to 1

uncertainty principles for position and momentum [104].
Such GUP-based modifications have been thoroughly inves-
tigated in black hole thermodynamics, proving their impact
on entropy and other properties in charged or rotating black
hole topologies.

Subsequently, we investigate the influence of GUP mod-
ifications on the thermal profile of an NS black hole. This
involves using the metric provided in (1) within the modified
Klein–Gordon equation (15), associated with a scalar field
affected by GUP corrections [74].

− (i�)2∂ t∂t� = [
(i�)2∂ i∂i + m2

p

]

× [
1 − 2βGU P (i�)2∂ i∂i + m2

p

]
�, (15)

where mp denotes the mass of the particle being studied
and βGU P quantifies the magnitude of the GUP effects. To
employ the Wentzel–Kramers–Brillouin (WKB) approxima-
tion [105], one can choose

�(t, r, θ, ψ) = exp

(
i

�
S(t, r, θ, ψ)

)
, (16)

where S(t, r, θ, ψ) denotes the tunneling action. Using the
Hamilton–Jacobi approach [74], the action is simplified to:

S(t, r, θ, ψ) = −εt + W (r) + jψ + c, (17)

where E and j represent the energy and angular momentum
of the particle. In accordance with [106,107], the particle
tunneling probability for escape from black hole is:

� ≈ exp(−4 ImW (rh)) = exp

(
ε

TGU P

)
. (18)

Although the WKB-based tunneling method has been widely
applied in black hole thermodynamics [108,109], our nov-
elty lies in applying it to the Frolov nonsingular black hole
where the interplay of the cosmological-type parameter α

and GUP corrections leads to qualitatively distinct thermo-
dynamic behavior. In particular, the simultaneous presence
of both modifications creates unique signatures: the shift of

critical radii due to geometric regularization effects, the sup-
pression of Hawking temperature peaks through quantum
corrections, and the modification of phase transition struc-
tures that cannot be obtained from standard general relativis-
tic black holes [60,110]. This combined framework allows us
to separate the contributions of infrared geometric modifica-
tions (through α) from ultraviolet quantum effects (through
βGU P ), providing distinct observational signatures for test-
ing different aspects of quantum gravity theories. The result-
ing temperature profiles and stability conditions offer new
insights into how nonsingular spacetime geometry and quan-
tum corrections jointly influence black hole evaporation pro-
cesses [56]. By substituting the findings into the modified
Klein–Gordon equation, we solve for W (r) and get these
results: Although the WKB-based tunneling method has been
widely applied in black hole thermodynamics [108,109], our
novelty lies in applying it to the Frolov nonsingular black
hole where the interplay of the cosmological-type parameter
α and GUP corrections leads to qualitatively distinct thermo-
dynamic behavior. In particular, the simultaneous presence
of both modifications creates unique signatures: the shift of
critical radii due to geometric regularization effects, the sup-
pression of Hawking temperature peaks through quantum
corrections, and the modification of phase transition struc-
tures that cannot be obtained from standard general relativis-
tic black holes [60,110]. This combined framework allows us
to separate the contributions of infrared geometric modifica-
tions (through α) from ultraviolet quantum effects (through
βGU P ), providing distinct observational signatures for test-
ing different aspects of quantum gravity theories. The result-
ing temperature profiles and stability conditions offer new
insights into how nonsingular spacetime geometry and quan-
tum corrections jointly influence black hole evaporation pro-
cesses [56].

W (rh) = iπε

f ′(rh)
√

1 − 2βGU Pm2
p

, (19)

which results in the GUP-influenced Hawking temperature:

TGU P = f ′(rh)
4π

√
1 − 2m2

pβGU P . (20)

The specific square-root form of the correction in Eq. (20)
arises naturally in several well-established approaches to
quantum gravity, rather than being an ad hoc phenomenolog-
ical choice. In string theory, the fundamental string length ls
introduces a minimal length scale that modifies the canoni-
cal commutation relations, leading to corrections of the form√

1 − βl2p p
2 in the energy–momentum dispersion relation

[111,112]. Similarly, in loop quantum gravity, the discrete
structure of spacetime at the Planck scale generates analo-
gous modifications through the polymer quantization proce-
dure [113,114]. Doubly special relativity frameworks, which
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Fig. 4 This graph illustrates the relationship between GUP tempera-
ture and event horizon, varying with βGU P . Parameters are set as fol-
lows: M = 10,000, q = 1, and α = mp = 0.5

incorporate both a maximal energy (Planck energy) and min-
imal length (Planck length), also yield square-root correc-
tions to thermodynamic quantities [115,116]. These diverse
approaches converge on the same functional form because
they all implement a fundamental length scale that regular-
izes ultraviolet divergences through modified phase space
geometry. Thus, the phenomenological expression employed
here represents a universal low-energy manifestation of these
fundamental models, reflecting the common feature that
quantum gravity effects introduce a minimal length scale
that modifies the standard uncertainty principle [117,118].
The universality of this correction across different quantum
gravity approaches provides strong theoretical justification
for its application to black hole thermodynamics.

In the limit ofβGU P → 0, the equation reduces to the clas-
sical Hawking temperature (9). Figure 4 demonstrates that for
larger black hole masses, GUP modifications become signif-
icant, causing a temperature decrease. In fact, Fig. 4 depicts
the influence of quantum gravity by plotting the Hawking
temperature modification TGU P against the event horizon rh
for different values of the GUP parameters βGU P . Increasing
βGU P lowers and shifts the temperature peak to a smaller rh,
as TGU P initially rises to a peak before dropping with larger
rh . βGU P = 0 corresponds to the classical Hawking tem-
perature, while greater βGU P diminishes thermal intensity
and temperature peaks, highlighting the GUP’s influence on
black hole thermodynamics.

Furthermore, we analyze the effect of the GUP modifica-
tion on the entropy and heat capacity of the NS black hole. As
per the standard black hole thermodynamics, the entropy is
given by Eq. (10). Using the corrected Hawking temperature
TGU P from Eq. (20), the heat capacity at constant charge is
derived as:

Cq = TGU P
∂S

∂TGU P
. (21)

This expression indicates that the introduction of the GUP
correction reduces the overall heat capacity, affecting the
thermodynamic stability of the black hole. Notably, as βGU P

increases, the heat capacity decreases, revealing the profound
impact of quantum gravitational effects on black hole ther-
modynamics. Figure 5 illustrates the variation of Cq with
respect to rh for different values of βGU P , showing that
quantum gravity effects influence the black hole’s thermal
behavior by modifying its stability conditions.

5 Weak deflection angle of charged NS black hole via
GBT

This section examines the deflection angle in the NS black
hole with the GBT using an optical metric, as introduced
by Gibbons and Werner formalism [65]. We emphasize that
our application follows directly from the foundational work
of Gibbons and Werner [65], where the global topologi-
cal nature of lensing emerges from the Euler characteristic
through the Gauss–Bonnet theorem. Their seminal approach
established that gravitational deflection can be understood
as a topological phenomenon, with the global nature aris-
ing from contour integration in the asymptotic region that
captures the essential geometric properties of the space-
time [119,120]. While their framework provides the gen-
eral theoretical foundation, our analysis extends this estab-
lished method to the Frolov model with charge and Hubble
length corrections, thus highlighting how these specific mod-
ifications alter the asymptotic contributions and provide new
insights into realistic astrophysical scenarios involving non-
singular black holes. The topological insight remains univer-
sal, but the specific geometric contributions reveal distinct
signatures of quantum-corrected spacetimes [9].

For null geodesics, where ds2 = 0, the metric in Eq. (1)
simplifies to:

dt2 = γi j dx
i dx j = 1

f 2 dr
2 + r2

f
(dθ2 + sin2 θdφ2), (22)

where i, j ∈ {1, 2, 3} and γi j is the optical metric. By impos-
ing the condition θ = π/2, the motion is effectively confined
to the (r, φ) plane.

The Ricci scalar assesses the Gaussian curvature K of the
optical metric within this plane:

K = R

2
= −144M2α4q2

r10 + 36M2α2q2

r8 + 40M2α2

r6

+3M2 + 3q2

r4 − 6M q2

r5
− 2M

r3 . (23)
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Fig. 5 Heat capacity Cq is related to the event horizon radius rh for
various values of the GUP parameter βGU P . The parameters are fixed at
M = 1, q = 0.5, α = 1, and mp = 1. The plot shows that an increase
in βGU P lowers the heat capacity, which means that thermal fluctuations
are suppressed by the influence of quantum gravity. Also, the existence
of βGU P modifies the black hole stability condition, thereby changing
the critical points at which phase transitions can or cannot take place

GBT is applied by considering a domain D with boundary
∂D, Euler characteristic χ, and Riemannian metric g leading
to Gaussian curvature K . The theorem is stated as:

∫∫

D
KdS +

∫

∂D
κdt +

∑

i

αi = 2πχ(D). (24)

Here, S represents the source and O represents the observer,
with D being the region bounded by a geodesic C and a
boundary C1 perpendicular to C at S and O. For such a
configuration, the sum of exterior angles

∑
i αi = αS +

αO = π and the Euler characteristic χ(D) = 1, as D is
topologically a 2-disk.

The geodesic curvature κ along a path γ is defined as
k(γ ) = |∇γ̇ γ̇ |. Along C, κ = 0, leaving only κ(C1) to be
considered. The radial component of κ(C1) is given by:

κ(C1)r = γ̇ φ∂φγ̇ r + �r
φφγ̇ φγ̇ φ. (25)

Over cosmological distances, where γ ∼ r = constant, the
first term vanishes, and the second term evaluates to 1

r . By
substituting dt → rdφ, the boundary integral becomes the
sum of the exterior angles plus the deflection angle δᾱ:

δᾱ = −
∫∫

D
KdS. (26)

Using the weak deflection limit, the integration bounds are
r : b/ sin φ < r < ∞ and φ : 0 < φ < π, where b denotes
the impact parameter. Evaluating the integral yields:

δᾱ = −3q2π

4b2 + 4M

b
− 4M q2

3b3 + 315M2α4q2π

64b8

−15M2α2π

4b4 − 15M2α2q2π

8b6 + 3M2π

4b2 + 27M2q2π

16b4 .

(27)

The resulting expression for the deflection angle shows how
it varies with charge, mass, and the Hubble parameter α.

Large values of α significantly increase the lensing angle,
indicating modified shooting effects.

The deflection angle δα̃ is plotted against the impact
parameter b over a range of values of the Hubble parameter α

in Fig. 6. The effects of gravitational lensing become weaker
with increased impact parameters, which is consistent with
the behavior of weaker gravitational fields farther from the
source, since the deflection angle decreases monotonically
as b increases. Stronger coupling parameter-induced alter-
ations in gravitational lensing are implied by the deflection
angle being substantially improved for smaller b for bigger
α. At greater impact parameters, the influence of α appears
to decrease, since the curves for all δᾱ values converge as
b increases. In the strong-field regime, this behavior empha-
sizes how important α is to alter lensing phenomena.
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Fig. 6 Variation of δᾱ with b for different α values. The graph high-
lights how changes in α influence the behavior of δᾱ, revealing distinct
patterns for each α. Here, M=1 and q is set to 0.9

6 Weak deflection angle in the plasma medium

In this section, we analyze the influence of the plasma
medium on weak gravitational lensing for the NS black hole.
The refractive index corresponding to this NS black hole is
given as:

n(r) =
√

1 − ω2
e

ω2∞
, (28)

where ωe is the plasma frequency of an electron, and ω∞
represents the photon frequency as observed at infinity. Con-
sequently, the optical metric is expressed as:

dσ 2 = n2(r)
[
f (r)dr2 + r2dφ2

]
, (29)

where the refractive index n(r) is given by [69,121]:

n(r) =
√

1 − ω2
e

ω2∞
f (r). (30)

The Gaussian optical curvature can then be evaluated using:

K = − 1√
det ḡ

[
∂

∂r

(√
det ḡ

ḡrr
�r

φφ

)
+ ∂

∂φ

(√
det ḡ

ḡφφ
�

φ
rφ

)]
,

(31)

where ḡ denotes the optical metric. For NS black hole, the
Gaussian optical curvature results in

K ≈ − 3Mw2
e

r11w2∞
− 2M

r3 + 5q2w2
e

r4w2∞
+ 3

r4w2∞

−26Mq2w2
e

r5w2∞
− 6

r5w2∞
+ 10q4w2

e

w2∞r6 + 2q4

r6

−23Mq4w2
e

r7w2∞
− 39α2q4w2

e

r8w2∞
+ 21α2q4

r8w2∞

+162α2Mq4w2
e

w2∞r9 + 38Mq4

r9 + 171α4Mq4w2
e

w2∞r11

+90α4q4M

r11 . (32)

For simplicity, we consider the optical curvature up to the
first-order terms in M to align with the results obtained in
the absence of a plasma medium.

The infinitesimal surface element for the NS black hole is
given by

ds2 = √
det ḡ dr dφ = n(r)r dr dφ. (33)

To determine the deflection angle in the plasma medium, we
apply the GBT. Considering that the light ray starts from
infinity and extends to a large distance while remaining
nearly straight under weak field approximations, we adopt
the straight-line approximation r = b/ sin φ, where b is the
impact parameter. The GBT is then formulated as:

ᾱ = −
∫ ∫

D∞
K dS. (34)

Under this condition, the deflection angle for the NS black
hole becomes:

ᾱ = −1248α2q4σ

35b7 + 4q2

b3 + 32q4

15b5
− 96α2q4

5b7

+20q2σ

3b3 + 32q4σ

3b5
+ 2835Mα4q4π

128b10

−875Mα2q4π

128b8 − 33Mq2σπ

8b4 + 35Mq4σπ

16b6

−3Mσπ

2b2 + 9Mq2π

8b4 + 15Mq4π

8b6 − Mπ

b2

+10773Mα4q4σπ

256b10 + 1575Mα2q4σπ

128b8 . (35)

where σ = w2
e

w2∞
. The aforementioned outcome demonstrates

that light rays are traveling through the plasma medium. This
angle is going to be the non-plasma medium (σ goes to zero)
if the plasma effects are eliminated.

The graph in Fig. 7 shows how the deflection angle ᾱ,

the impact parameter b, and the plasma parameter σ relate
to each other in a specific physical system. For all values of
the plasma parameter σ, the deflection angle ᾱ decreases as
the impact parameter b rises from 1.0 to 1.5. This inverse
connection implies that the resulting deflection lessens with
increasing distance of closest approach between two inter-
acting particles. Additionally, the graph shows that a drop
in the deflection angle occurs when the plasma parameter is
increased for a certain value of the impact parameter. This
suggests that smaller deflections are produced by a weaker
particle-to-particle interaction, which is correlated with a
higher plasma parameter. The curves for various values of
σ converge as b increases, suggesting that the effect of the
plasma parameter on the deflection angle diminishes with
large impact parameters. Overall, by showing the interaction
between the impact parameter, plasma parameter, and the
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Fig. 7 Variation of ᾱ with b for different values of σ. The plot demon-
strates how σ influences the behavior of ᾱ as a function of b, highlight-
ing distinct trends for each σ value. Here, M, q and α are set to 1

consequent deflection angle, this graph might offer insightful
information about the scattering process in a plasma environ-
ment.

7 QPOs around charged NS black holes

QPOs are characterized by frequencies that are not perfectly
periodic, but exhibit near-constant behavior. These phenom-
ena are predominantly observed in astrophysical systems
such as accretion disks surrounding black holes, neutron
stars, and other compact objects under strong gravitational
influence.

The oscillatory behavior of QPOs is intricately linked to
the fundamental or epicyclic frequencies of test particles in
circular orbits within the accretion disk. To calculate these
frequencies, the dynamics of a test particle are modeled using
the following Lagrangian:

L = 1

2
mgμν ẋ

μ ẋν, (36)

where m represents the mass of the particle, xμ its four coor-
dinates, and ẋμ = dxμ

dτ
are the components of the four-

velocity. The metric components gμν are functions of the
geometry of spacetime. Since the spacetime under consider-
ation is static and spherically symmetric, conserved quanti-
ties such as the energy E = −gtt ṫ and angular momentum
L = gφφφ̇ arise from the associated Killing vectors. Further-
more, the normalization condition gμν ẋμ ẋν = −1 governs
the motion of massive test particles.

From the above, the radial component of the four-velocity
satisfies the equation:

1

f (r)
ṙ2 + r2θ̇2 = Veff, (37)

where the effective potential Veff is expressed as:

Veff = −1 − E2gφφ + L2 f (r)

f (r)gφφ

. (38)

For particles in circular orbits within the equatorial plane
(ṙ = θ̇ = 0), the orbital parameters are determined by the
following equations:

• The angular velocity of a test particle in a stable circular
orbit is given by:

�φ =
√

−∂r gtt
∂r gφφ

=
√

f ′(r)
2r

. (39)

This quantity describes the rate at which a test particle
moves around the black hole in terms of coordinate time
t.

• The time component of the four-velocity, denoted as ut =
ṫ, is:

ṫ = ut = 1√
−gtt − gφφ�2

φ

= 1√
f (r) − r f ′(r)

2

. (40)

This describes how the coordinate time t evolves with
respect to the proper time τ of the particle.

• The conserved energy of a test particle (per unit mass) in
a circular orbit is:

E = −gtt√
−gtt − gφφ�2

φ

= f (r)√
f (r) − r f ′(r)

2

. (41)

This represents the total energy of the particle due to its
motion in the gravitational field.

• The conserved angular momentum of the test particle (per
unit mass) is:

L = gφφ�φ√
−gtt − gφφ�2

φ

=
r
√

r f ′(r)
2√

f (r) − r f ′(r)
2

. (42)

This represents the orbital angular momentum of the
particle, which is conserved in the absence of external
torques.

7.1 The small oscillations approximation

In the regime of small perturbations around equilibrium,
radial and angular displacements are denoted as r ≈ r0 + δr
and θ ≈ π/2+δθ. The perturbative equations take the form:

d2δr

dt2 + �2
r δr = 0,

d2δθ

dt2 + �2
θ δθ = 0, (43)
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Fig. 8 Plots of angular frequency as a function of r for different values
of α, with fixed parameters M = 1 and q = 1

where the epicyclic frequencies �r and �θ are derived as
[122,123]:

�2
r = − 1

2grr (ut )2

∂2Veff

∂r2

∣∣∣∣
θ=π/2

, (44)

�2
θ = − 1

2gθθ (ut )2

∂2Veff

∂θ2

∣∣∣∣
θ=π/2

. (45)

From these frequencies, the Keplerian frequency is defined as
fφ = �φ/(2π) and the radial epicyclic frequency becomes
fr = �r/(2π). Within the relativistic precession model, the
lower QPO frequency fL is associated with periastron pre-
cession fL = fφ − fr , while the upper QPO frequency fU
corresponds to the Keplerian frequency fU = fφ [122].

Figure 8 illustrates the dependence of the test particle’s
angular velocity �φ on radial distance r for coupling con-
stants α = 0.1, 0.5, and 1. In each scenario, �φ starts high
at small r and declines, approaching zero with increasing
r. Smaller α leads to pronounced peaks and greater oscilla-
tions in angular velocity, while larger α results in a smoother
response with reduced peak values, indicating a stabiliz-
ing effect on particle movement. The graph exhibits multi-
ple local extrema, indicating unstable regions in the angular
velocity profile. This analysis is pertinent to studying test par-
ticle orbits in astrophysical settings such as near black holes
or compact stars, where α could represent gravitational cor-
rection terms or influences from other fields.

8 Gravitational time delay of light in charged NS black
holes

This section outlines the theoretical basis for analyzing the
time delay of light traveling through a gravitational field. The
time delay is determined by solving the null geodesic equa-
tions, an approach extensively validated through numerous
observations over decades [94]. This method is now standard

in physics and astronomy for studying phenomena such as
gravitational deflection and time-delay effects [124–126].

In a spherically symmetrical spacetime, the metric is
denoted by Eq. (1). Key conserved quantities essential for
particle motion are:

J = r2 sin2 θ
dφ

dλ
, E = f (r)

dt

dλ
, ε = gμν

dxμ

dλ

dxν

dλ
.

(46)

Here, J represents the conserved angular momentum, E is
the energy, and ε characterizes the nature of the geodesic
(null for photons, ε = 0).

When considering equatorial motion (θ = π/2), the
geodesic equation reduces to:

1

2

(
dr

dλ

)2

+ 1

2
f (r)

(
J 2

r2 + ε

)
= 1

2
E2. (47)

The dynamics are governed by the effective potential

Veff(r) = 1
2 f (r)

(
J 2

r2 + ε
)

, where b = |J/E | represents

the impact parameter. For photons where ε = 0, the radial
velocity’s correlation to time is:

dr

dt
= ± f (r)

√

1 − b2 f (r)

r2 , (48)

where the ± symbols denote inward or outward motion. In
gravitational lensing, light originating from a source at rS
passes a turning point r0 before proceeding to an observer at
rO . The condition for the turning point is given by

dr

dλ

∣∣∣∣
r=r0

= 0 �⇒ b2 = r2
0

f (r0)
. (49)

The total time delay is calculated as:

�T =
∫ r0

rS

dr

f (r)
√

1 − b2 f (r)
r2

+
∫ rO

r0

dr

f (r)
√

1 − b2 f (r)
r2

−
√
r2
S − r2

0 −
√
r2
O − r2

0 . (50)

Table 1 illustrates the gravitational time delay (�T ) of
light as influenced by variations in the coupling constant α,

charge q, and the radial position of the source rS, with fixed
values for M, rO , r0 and b. It reveals key trends, increasing α

or q amplifies the time delay, reflecting stronger gravitational
effects or spacetime curvature modifications, while larger rS
also increases �T due to the longer light path through the
gravitational field. Physically, this demonstrates how param-
eters like charge and coupling constants in modified gravity
or dark matter models shape spacetime geometry and influ-
ence photon trajectories. The nonlinear relationships, partic-
ularly at high q and α, suggest complex interdependencies
between these parameters and the gravitational field. This
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Table 1 Gravitational time delay �T for different values of the cou-
pling parameter α, charge q, and source position rS . The observer and
turning point are fixed at rO = r0 = 1, and the mass and impact param-
eter are also set to one: b = M = 1. The results highlight how variations
in α and q influence the gravitational time delay experienced by light
propagating through the black hole spacetime

α q rS �T

0.1 0.5 1.5 0.032

0.1 0.5 1.6 0.444

0.1 0.5 1.7 1.1897

0.3 0.5 1.4 0.142

0.3 0.5 1.5 0.528

0.3 0.5 1.6 1.173

0.5 0.5 1.4 2.217

0.5 0.5 1.5 3.52

0.5 0.5 1.6 6.411

0.5 0.1 1.4 0.36

0.5 0.1 1.5 0.757

0.5 0.1 1.6 1.363

0.5 0.1 1.7 2.394

0.5 0.3 1.4 0.698

0.5 0.3 1.5 1.241

0.5 0.3 1.6 2.098

0.5 0.3 1.7 3.757

complexity makes the results significant for probing alterna-
tive theories of gravity and dark matter effects in contexts of
strong gravitational lensing.

9 Conclusion

In this study, we investigated the properties of a charged
NS black hole within the framework of quantum gravity and
NLED. Our primary goal was to analyze the modifications
introduced by these corrections on black hole thermodynam-
ics, gravitational lensing, and astrophysical observables such
as QPOs and time-delay effects. The metric under considera-
tion, given by Eq. (1), incorporates a charge parameter q and
a cosmological-type NLED parameter α, which significantly
influence the event horizon structure and thermodynamic sta-
bility of the black hole. By examining these effects in detail,
we provided a comprehensive analysis of how such modifi-
cations impact both theoretical and observational aspects of
black hole physics.

One of the key aspects of our study was the analysis of
the thermodynamic properties of the charged NS black hole.
Using the GBT, we derived the Hawking temperature, given
in Eq. (9), which exhibits a non-trivial dependence on the
parameters q and α. Our analysis revealed that increasing
the charge parameter q generally suppresses the tempera-

ture, leading to a prolonged evaporation time. Moreover, the
presence of the universal hair parameter α affects the peak
temperature and shifts the thermodynamic equilibrium, as
demonstrated in Fig. 2. This suggests that quantum grav-
ity effects play a significant role in black hole thermody-
namics by introducing deviations from classical predictions.
We extended our thermodynamic analysis by incorporating
the GUP, which accounts for quantum gravitational correc-
tions. The GUP-modified Hawking temperature, expressed
in Eq. (20), highlights how quantum effects suppress the
temperature, effectively delaying the evaporation process of
the black hole. Figure 4 illustrates this suppression, indicat-
ing that stronger GUP corrections lead to lower temperature
peaks and enhanced stability of the black hole. Addition-
ally, we computed the heat capacity C, given by Eq. (3), and
demonstrated that its divergence marks the onset of phase
transitions. As shown in Fig. 3, these phase transitions are
influenced by both q and α, reinforcing the idea that modified
gravity plays a crucial role in black hole thermodynamics.

Another essential part of our investigation was the study
of gravitational lensing. By employing the GBT in the weak-
field approximation, we derived the deflection angle δᾱ for
the charged NS black hole. Our results, presented in Eq. (27),
indicate that the deflection angle increases for smaller impact
parameters b, confirming the influence of black hole charge
and quantum corrections. Figure 6 provides a visualiza-
tion of how the deflection angle varies with b for different
values of α, demonstrating that increasing α enhances the
bending of light rays. Thus, the latter remarks suggest that
modified gravity corrections could have observational signa-
tures detectable in future lensing studies. Additionally, we
extended our gravitational lensing analysis to include the
effects of a plasma medium, which modifies the refractive
index of the surrounding spacetime. The modified deflection
angle in the presence of plasma, which is given by Eq. (35),
exhibits notable deviations compared to the vacuum case. As
shown in Fig. 7, the plasma parameter σ significantly affects
the bending of light, implying that the properties of astro-
physical environments must be carefully considered when
interpreting gravitational lensing observations.

Furthermore, we examined QPOs around the charged NS
black hole by computing the fundamental frequencies asso-
ciated with particle motion in the accretion disk. Using the
radial and epicyclic frequencies derived in Eqs. (44) and (45),
we determined the characteristic frequencies governing the
QPOs. Figure 8 illustrates the angular frequency �φ as a
function of the radial coordinate r, highlighting the impact
of α on the stability and oscillation modes of the accretion
of matter. These results provide a potential avenue for test-
ing modified gravity models through X-ray observations of
black hole candidates. We also investigated the gravitational
time delay effect, which serves as a key observational probe
of strong-field gravity. The time delay expression, given by
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Eq. (50), quantifies the influence of charge and quantum cor-
rections on photon travel times. The numerical values pre-
sented in Table 1 illustrate how varying the parameters q
and α affects the observed time delay. Our findings sug-
gest that future high-precision gravitational time-delay mea-
surements could serve as an independent test of quantum-
modified black hole models.More broadly, our results pro-
vide fundamental insights into the interplay between high-
energy quantum effects and gravitational phenomena in black
hole physics. The GUP corrections, representing Planck-
scale modifications to the uncertainty principle, manifest as
suppressed evaporation rates and enhanced thermodynamic
stability through reduced heat capacity. This suggests that
quantum gravity naturally prevents thermal runaway in black
holes, potentially resolving aspects of the information para-
dox by ensuring the existence of stable black hole rem-
nants [56,127]. The geometric modifications encoded in the
parameter α demonstrate how quantum vacuum energy and
infrared modifications can fundamentally alter causal struc-
ture, phase transitions, and observable signatures such as
deflection angles and time delays. The separability of ultravi-
olet (βGU P ) and infrared (α) effects provides a novel frame-
work for distinguishing different quantum gravity scenarios
in observational data [128,129]. Together, these effects pro-
vide a bridge between Planck-scale physics and astrophysical
observations, offering a test bed for the interplay between
quantum mechanics and gravitation. The combined frame-
work reveals that high-energy quantum corrections primar-
ily affect thermodynamic stability and evaporation dynamics,
while geometric modifications influence causal propagation
and lensing phenomena [130,131]. This separation of phys-
ical effects enables targeted observational tests: GUP signa-
tures could be detected through precision measurements of
black hole evaporation in primordial black holes, while α-
induced modifications could be observable in gravitational
lensing surveys and black hole shadow measurements. The
universality of these corrections across different black hole
parameters suggests fundamental principles that could guide
the development of complete quantum theories of gravity
[132–134].

Looking ahead, several promising directions could emerge
from our study. One immediate extension would be to explore
the strong-field lensing regime [135], where higher-order cor-
rections could yield observationally testable deviations from
general relativity [136]. Another study might involve extend-
ing our thermodynamic analysis by incorporating alternative
quantum gravity models, such as string-inspired modifica-
tions [137] or noncommutative geometry effects [138]. Addi-
tionally, the study of black hole shadows and their interplay
with NLED could provide further insight into the nature of
singularity-free black holes. Future work could also investi-
gate how the presence of dark matter halos [139] surround-
ing black holes influences the observed astrophysical signa-

tures of such modified spacetimes. Finally, the development
of numerical simulations that incorporate charged NS black
holes in hydrodynamical accretion models [140,141] could
enhance our understanding of observational constraints in
modified gravity theories.
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86. E. Sucu, İ Sakallı, Probing starobinsky-bel-robinson gravity: grav-
itational lensing, thermodynamics, and orbital dynamics. Nucl.
Phys. B 1018, 116982 (2025)

87. M.A. Troxel, M. Ishak, The intrinsic alignment of galaxies and its
impact on weak gravitational lensing in an era of precision cos-
mology. Phys. Rept. 558, 1–59 (2014). https://doi.org/10.1016/j.
physrep.2014.11.001. arXiv:1407.6990 [astro-ph.CO]

88. A. Ashraf, A. Ditta, S.K. Abdelmalek Bouzenada, A.A.-E. Mau-
rya, N.A.A. Suoliman, P. Channuie, Plasma lensing, epicyclic
oscillations, particle collision, and thermal fluctuations around
a short-hairy black hole. Phys. Dark Univ. 48, 101836 (2025).
https://doi.org/10.1016/j.dark.2025.101836

89. E. Elizalde, S. Nojiri, S.D. Odintsov, Late-time cosmology in
(phantom) scalar-tensor theory: dark energy and the cosmic speed-
up. Phys. Rev. D 70, 043539 (2004). https://doi.org/10.1103/
PhysRevD.70.043539. arXiv:hep-th/0405034

90. C.A.A. de Carvalho, H.M. Nussenzveig, Time delay. Phys. Rep.
364, 83–174 (2002)

91. V. Bozza, L. Mancini, Time delay in black hole gravitational lens-
ing as a distance estimator. Gen. Relativ. Gravit. 36, 435–450
(2004)

92. K.S. Virbhadra, C.R. Keeton, Time delay and magnification cen-
troid due to gravitational lensing by<? format?> black holes and
naked singularities, physical review d–particles. Fields, Gravita-
tion, and Cosmology 77, 124014 (2008)

93. T. Hsieh, D.-S. Lee, C.-Y. Lin, Gravitational time delay effects by
kerr and kerr-newman black holes in strong field limits. Physical
Review D 104, 104013 (2021)

94. C.-K. Qiao, S. Ping, Time delay of light in the gravitational lensing
of supermassive black holes in dark matter halos. The European
Physical Journal C 84, 1032 (2024)

95. G. Wang, SATDI: Simulation and Analysis for Time-
Delay Interferometry, (2024), http://arxiv.org/abs/2403.01726
arXiv:2403.01726 [gr-qc]

96. D. Psaltis, Testing general relativity with the event horizon tele-
scope. Gen. Relativ. Gravit. 51, 137 (2019)

97. Nicholas David Birrell and Paul Charles William Davies, Quan-
tum fields in curved space, (1984)

98. R.M Wald, Quantum field theory in curved spacetime and black
hole thermodynamics ( University of Chicago press, 1994)

99. C. Bambi, D. Malafarina, L. Modesto, Non-singular quantum-
inspired gravitational collapse. Phys. Rev. D 88, 044009 (2013).
https://doi.org/10.1103/PhysRevD.88.044009. arXiv:1305.4790
[gr-qc]

100. A. Simpson, M. Visser, Black-bounce to traversable wormhole.
JCAP 02, 042 (2019). https://doi.org/10.1088/1475-7516/2019/
02/042. arXiv:1812.07114 [gr-qc]

101. P. Nicolini, A. Smailagic, E. Spallucci, Noncommutative geom-
etry inspired schwarzschild black hole. Phys. Lett. B 632,
547–551 (2006). https://doi.org/10.1016/j.physletb.2005.11.004.
arXiv:gr-qc/0510112

102. A. Smailagic, E. Spallucci, Feynman path integral on the non-
commutative plane. J. Phys. A 36, L467 (2003). https://doi.org/
10.1088/0305-4470/36/33/101. arXiv:hep-th/0307217

103. J.D. Bekenstein, Black holes and entropy. Physical Review D 7,
2333 (1973)

104. Abdel Nasser Tawfik and Abdel Magied Diab, Generalized uncer-
tainty principle and recent cosmic inflation observations. Electron.
J. Theor. Phys. 12, 9–30 (2015). arXiv:1410.7966 [gr-qc]
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