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Abstract
In this study, we consider FRW universe filled with matter, non-minimally coupling
(NMC) scalar field under V (φ) = V0φ2 potential and holographic vacuum energy.
Dark energy is contributed from both holographic vacuum energy and the NMC scalar
field. NMC effective gravitational constant Geff(φ), is naturally defined at the action
level. Therefore, the gravitational constant in the holographic vacuum density is an
effective one, i.e. ρ� = 3c2/8πGeffL2 .Apparent horizon is chosen as IR holographic
cutoff scale as it is a trapped null surface. There are nine fixed points in this dynamical
system with four independent dimensionless parameters. We consider flat case and
find that viable cosmological evolution follows the sequence: an initial stiff-fluid-
dominated phase, transitioning through a nearly dust-dominated era, and eventually
reaching a stable dark energy-dominating state. Stability analysis requires that ξ < 0
and 0 < c < 1 for the theory to be physically valid. Since zero NMC coupling,
ξ = 0, is not allowed in the autonomous system, the model can not completely recover
canonical scalar field case. That is to say, as ξ → 0− and c → 0+, the model can only
approach the canonical scalar case but can not completely recover it. To approach dust
or stiff fluid dominations, both magnitudes of the NMC coupling and the holographic
parameter must be small. Numerical integration shows that for any allowed values of
ξ and c,weff approaches−1 at late times. Increasing of c does not change shape of the
weff , but larger c increasesweff. As ξ becomes stronger, dust era gradually disappears.
Good behaviors of the dynamics require −1 � ξ < 0 and 0 < c � 1.
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1 Introduction

Over recent decades, numerous theoretical frameworks have emerged to address cos-
mological key puzzles such as the late-time universe acceleration withw � −1 [1–8],
graceful exits and origin of structure from inflationary scenarios which is consistent
with the observed Cosmic Microwave Background (CMB) data [9, 10]. Two predom-
inant strategies to tackle these puzzles is to modify either the matter sector or the
gravitational sector [11–17]. One of the idea is a mixing modification of matter and
gravitation. This is to allow non-minimal coupling between scalar field to Ricci scalar
in form of

√−g f (φ)R as in Jordan–Brans–Dicke models [18, 19]. Non-minimal cou-
pling term is also motivated by re-normalizing term of quantum field in curved space
[20] or supersymmetries, superstrings and induced gravity theories [21–25]. It has been
considered in extended inflation with first-order phase transition and other inflationary
models [26–32] with possibility in describing of the late acceleration [33–38].

Considering 1
2ξφ2R term, this is known as non-minimally coupling theory (NMC),

where ξ is coupling constant. The NMC is realized as a subclass of generalized scalar-
tensor theory, the Horndeski theory with the action [39, 40],

S =
∫

d4x
√−g

[ 5∑
i=2

1

8πG
Li + Lm

]
. (1)

For the NMC theory, L2 = L3 = L5 = 0 and the forth Horndeski Lagrangian,
L4 = G4(φ, X)R + G4,X [(�φ2) − (∇ν∇μφ)(∇ν∇μφ)] takes the form, G4 =
(1/2)

[
(8πG)−1 − ξφ2

]
with G4,X = 0. In this Lagrangian, X ≡ φμφμ and
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� ≡ ∇μ∇μ. Difference between NMC and other simplest scalar-tensor theory such
as Jordan–Brans–Dicke theory, is that the NMC contains non-minimal form ofG4. On
the other hand, the Jordan–Brans–Dicke theory has minimal form G4 = f (φ)/16πG
added withG2 = (ω/φ)φ,μφ,μ [18]. The NMC action in the Jordan framewith matter
and vacuum energy is

S =
∫

d4x
√−g

[
R

16πG
− 1

2
ξφ2R − 1

2
gμν∇μφ∇νφ + Lm + V (φ)

]
+ S� . (2)

In this paper we use metric signature of (− + ++), and � = c = 1. At Lagrangian
level, one can view the theory with effective gravitational constant in the Einstein field
equation as

Geff = G

1 − 8πGξφ2 . (3)

Benefits for having Geff can be seen in many aspects, first of all it is possible to have
a new locally-scale invariant extension of general relativity based on Weyl geome-
try [41]. Secondly, instabilities induced by NMC coupling can cause cosmological
constant damping so that it matches present-day value of cosmological constant [42].
Moreover, there are many studies devoted to obtain viable cosmological models from
the NMC theory [34, 43–47].

Several inflationary models are considered to constrain the NMC coupling param-
eter ξ , such as chaotic inflation [26, 48, 49], Higgs inflation [50, 51], generic potential
V (φ) = αφ+ 1

2mφ2+βφ3+ 1
4λφ4−� [52], monomial potential [53], inverse poten-

tial [54] and quadratic potential [55]. NMC inflationary parameters in Einstein frame
are constrained with WMAP5+SDSS+SNIa data [56]1. In both Einstein and Jordan
frames, it is found that up to the second order of the slow-roll parameters expressed
in spectral index, the coupling is in a range, ξ ≤ −0.0003 and −0.1666 ≤ ξ for
V (φ) ∝ φ p with p = 4 [56] (see also in [57]). It is found also that for p = 4 viable
cosmological models exist even for ξ � −1 [58–62].When considering cosmological
perturbation of the NMCmodel, for p = 2, the constraint is ξ > −7.0×10−3 and for
p = 4, themodel is disfavored for ξ = 0, i.e. minimal coupling case. Having the NMC
term can rescue the p = 4 case but with a observational constraint of ξ < −1.7×10−3

[63]. In our work, we consider the case of p = 2 with ξ > −7.0 × 10−3 constraint.
Apart from the problems in cosmology, quest in unifying gravitational theory to

quantum theory invites us to the holographic principle which is a possible way in
explaining small observed value of present-day vacuum energy. Dark energy models
incorporating the holographic principle applied to late cosmic acceleration are known
as Holographic Dark Energy (HDE) models. Holographic principle, as postulated by
t’Hooft [64], suggests that the information about a volumeof space couldbe encodedon
its corresponding boundary, just like a hologram. Following ’t Hooft’s idea, Susskind
emphasized that in context of string theory, entropy of a volume is proportional to
the area of its surface boundary [65]. Considering a black hole, holographic principle

1 sign of the coupling ξ in [56] is defined opposite from ours.
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becomes a key to understand how information of a three-dimensional black hole is
encoded on its surface of two-dimensional event horizon. Black hole information
and its event horizon are related by the Bekenstein–Hawking entropy, SBH = πL2M2

P
where L is the Schwarzschild radius andMP = (8πG)−1/2 is the reduced Planckmass
[66–70]. A matter volume with entropy exceeding this limit turns into a black hole.
Considering field theory in a box sized L with UV cutoff �, field-theoretic derived
entropy of the volume scales extensively as S ∼ L3�3. The entropy derived with field
theoretic method is hence bounded by the Bekenstein limit, L3�3 � SBH = πL2M2

P.
t’Hooft and Susskind found that field-theoretic derived entropy is larger than it should
due to some over-counting degrees of freedom [64, 65] In 1999 Cohen, Kaplan, and
Nelson proposed a more restrictive limit than the Bekenstein limit. This is, L3�4 �
πLM2

P → ρ� (4/3) πL3 = L/(2G) which is later known as Cohen–Kaplan–Nelson
(CKN) bound [71]. Let ρ� denotes zero-point quantum energy density, sum of zero-
point one-loop correction of energy density in effective field theory is saturated by the
CKN bound as

ρ� = 3c2

8πGL2 , (4)

where L is infrared cutoff scale. One could suggest that infrared cutoff scale could be
as large as the Hubble length L = H−1, resulting that ρ� is comparable to the dark
energy in the present day. Therefore it is considered as dark energy [72]. However this
setting leads to a dust-like equation of state, hence other choices of the infrared cutoff
are considered to get away from this problem. Many alternative cutoffs were proposed
such as future event horizon cutoff [73], conformal time cutoff (dubbed agegraphic
dark energy model) [74], Ricci scalar of FLRW spacetime (dubbed Ricci dark energy
model) [75], Granda-Oliveros cutoff [76] and many others.

Early work on application of the holographic dark energy to NMCmodel, in Jordan
frame, was considered by Ito [77] using Hubble horizon cutoff with c = 1 without
any free scalar potential. By assuming power-law scale factor and power-law scalar
solutions, a viable range of ξ is computed. In Jordan frame, as NMC theory naturally
has effective varying G. Hence holographic cosmological dynamics is affected by
the NMC effective varying gravitational constant. This opens up some possibility of
addressing cosmological challenges [78]. This is accompanied by the work of Setare
& Saridakis [79] in NMC-HDE context without V (φ) of which the consideration
includes quintom and phantom extension. Similar scenario is considered by Granda
and Escobar [80] using Granda-Oliveros cutoff. Applications of HDE with Geff in
NMC sister theory, the non-minimal derivative coupling theory (NMDC), are recently
reported in [81–83].

This work is organized as follow. In section 2, NMC field equation and holographic
vacuum energy density are introduced. In section 3, dynamical variables are defined
and dynamical analysis is performed. Phase portraits are shown in section 4.Numerical
integrating solutions are described in section 5. Finally conclusion is made in section
6
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2 NMC Field Equations and Holographic dark energy

Varying the Jordan frame NMC action (2) with respect to metric tensor gμν , we obtain
the Einstein field equations [34],

(
1 − 8πGξφ2

)
Gμν = 8πG

[
∇μφ∇νφ − 1

2
gμν∇ρφ∇ρφ + V (φ)gμν

−ξ
(
∇μ∇νφ

2 − gμν∇ρ∇ρφ2
)

+ T (m)
μν + T (�)

μν

]
. (5)

Matter content in this work includes the NMC scalar field, non-relativistic matter (or
dust), and holographic vacuum energy. By varying the action (2) with respect to the
scalar field φ, we obtain the Klein-Gordon equation for the NMC action as

∇μ∇νφ − ξ Rφ = 0 . (6)

In a spatially curved FLRW universe, (0, 0) and (i, j) components of the field equa-
tions gives the Friedmann equations as follows:

3H2 + 3k

a2
= 8πGeff

(
φ̇2

2
+ V (φ) + 6ξHφφ̇ + ρm + ρ�

)
, (7)

2Ḣ + 3H2 + k

a2
= −8πGeff

[
φ̇2

2
− V (φ) − 2ξ

(
φ̇2 + φφ̈ + 2φH φ̇

)

+Pm + P�] . (8)

Moreover, the Klein-Gordon equation is given by

φ̈ + 3H φ̇ = −V,φ + 6ξ

(
Ḣ + 2H2 + k

a2

)
φ , (9)

where V,φ denotes the derivative with respect to φ. In NMC theory, the gravitational
constant becomes a function of the NMC scalar field, expressed as Geff(φ). Conse-
quently, the holographic vacuum energy density is given by

ρ� = 3c2

8πGeffL2 , (10)

where L is the holographic cutoff and 0 ≤ c < 1. In the holographic scenario, a
cosmological bulk region should be enclosed by a trapped null surface, similar in
concept to a black hole event horizon, where light never reaches the horizon. The
apparent horizon, which is a trapped null surface in an accelerating expansion, is
a natural choice for the holographic cutoff. It has been shown that the first law of
thermodynamics at the apparent horizon can connect to the Friedmann equation [84].
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The cutoff is hence taken to be the apparent horizon:

L = 1√
H2 + k

a2

. (11)

This gives the holographic vacuum density,

ρ� =
3c2

(
1 − 8πGξφ2

) (
H2 + k

a2

)

8πG
. (12)

Next section, we will further investigate its dynamical behavior under power-law
potential.

3 Dynamics of the Holographic NMCmodel

Considering power-law potential given by V (φ) = V0φn in performing dynamical
analysis, we define dimensionless dynamical variables as follows,

x ≡ 8πGeffφ̇
2

6H2 , y ≡ 8πGeffV0φn

3H2 , s ≡ 16πGeffξφφ̇

H
, �m ≡ 8πGeffρm

3H2 ,

�� ≡ 8πGeffρ�

3H2 , �k ≡ − k

a2H2 and A ≡ 8πGeffξφ2 ,

(13)
where �m,��, and �k are the density parameters for the dust matter, holographic
vacuum energy, and spatial curvature, respectively. An additional parameter, A, is
introduced to make the dynamical system autonomous. The parameter x represents
the scalar field kinetic term, y denotes the power-law potential term. Effectively, NMC
effect iswithinGeff in almost all dynamical variables viaGeff. The variable s represents
the NMC coupling term. Notably, s = 0 implies ξ = 0 and this changes Geff back to
G in all dynamical variables, recovering non-NMC limit of the model. On the other
hand c = 0 implies no holographic vacuum energy. The Friedmann equation (7) can
be written in terms of dynamical parameters and expressed as a constraint equation,
normalizing the density parameters of all density components,

1 = �φ + �m + �� + �k . (14)

The density parameter of the scalar field, which is non-minimally coupled to the Ricci
scalar, can be expressed as

�φ = x + y + s . (15)

From equation (14), both the holographic vacuum energy and the scalar field drive the
acceleration such that dark energy density parameter is

�DE ≡ �φ + �� . (16)
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According to the energy density of HDE in equation (12), there is a relationship
between the HDE density parameter and the spatial curvature term. This results in the
constraint

�� = c2(1 − �k) . (17)

This relation is independent of the NMC coupling. Additionally, there is another
constraint arising from the relationship between x , s, and A,

x = s2

24ξ A
, (18)

where ξ �= 0, otherwise indeterminate. Hence, the Friedmann constraint provides an
expression for the dust density parameter in terms of y, s, A and �k , as

�m = 1 − s2

24ξ A
− y − s − c2(1 − �k) − �k . (19)

Equation of state parameter for a NMC scalar field is given by using its energy density
and pressure. According to equations (7) and (8), this gives

ρφ = φ̇2

2
+ V (φ) + 6ξHφφ̇ , (20)

Pφ = φ̇2

2
− V (φ) − 2ξ

(
φ̇2 + φφ̈ + 2φH φ̇

)
, (21)

wφ = Pφ

ρφ

= s + 3[x − 4xξ + y(2nξ − 1) − 4Aξ(ε + �k − 2)]
3(x + y + s)

. (22)

Using equation (12) together with the continuity equation of holographic vacuum
energy, ρ̇� +3Hρ�(1+w�) = 0, equation of state parameter of holographic vacuum
energy equation is

w� = −1 + 2ε/3 + �k/3 + s(1 − �k)/3

1 − �k
. (23)

where ε ≡ −Ḣ/H2. Equation of state parameter for dark energy is defined here,

wDE = wφ�φ + w���

�φ + ��

. (24)

According to equations (13), (17), (18), and (19), we have seven dynamical variables
and three constraint equations. Consequently, we can construct the dynamical system
using only four independent variables: y, s, A, and �k .
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3.1 Autonomous system

The autonomous system is constructed by taking the derivative of the dynamical
parameters with respect to e-folding number, N ≡ ln a. This is

y′ = sy + nsy

2A
+ 2yε ,

s′ = s2 + s2

2A
+ s(ε − 3) − 6nyξ + 12Aξ(ε − 2 + �k) ,

A′ = s(1 + A) ,

�′
k = −2�k(1 − ε) . (25)

Here, “ ′ ′′ denotes derivative with respect to N . The parameter ε ≡ −Ḣ/H2 is
expressed in terms of the dynamical variables to obtain the autonomous system. Using
equation (8) together with the NMC Klein-Gordon equation (9) and equation of state
parameter of holographic vacuum energy equation (23),

ε = s2 (1 − 4ξ) + 8Asξ
[
1 + c2(1 − �k )

] − 8Aξ
[−3 + 3y − 24Aξ − 6nyξ + c2(3 − �k) + �k + 12Aξ�k

]
16Aξ(1 − c2 + 6Aξ)

.

(26)
Using the Friedmann equation (7), expressed in the form 3H2 + 3k/a2 =

8πGeffρtot, and equation (8), expressed as 2Ḣ + 3H2 + k/a2 = −8πGeffPtot, the
effective equation of state parameter is hence,

weff = Ptot
ρtot

= −2Ḣ + 3H2 + k/a2

3H2 + 3k/a2
= −1 + 2ε/3 + �k/3

1 − �k
. (27)

Fixed points of the autonomous system are found by setting equation (25) to zero. A
list of the fixed points for all dynamical variables is shown in TABLE 1. To determine
stability of each fixed point, we analyze the system using linear perturbations about
each fixed point, i.e. y = yc + δy, s = sc + δs, A = Ac + δA, �k = �kc + δ�k ,
and examine the eigenvalues of the resulting Jacobian matrix M,

d

dN

⎛
⎜⎜⎝

δy
δs
δA
δ�k

⎞
⎟⎟⎠ = M

⎛
⎜⎜⎝

δy
δs
δA
δ�k

⎞
⎟⎟⎠ , (28)

where yc, sc, Ac,�kc denote fixed points and δy, δs, δA, δ�k represent linear pertur-
bations. The Jacobian matrixM is defined as

M =

⎛
⎜⎜⎝

∂y y′ ∂s y′ ∂Ay′ ∂�k y
′

∂ys′ ∂ss′ ∂As′ ∂�k s
′

∂y A′ ∂s A′ ∂A A′ ∂�k A
′

∂y�
′
k ∂s�

′
k ∂A�′

k ∂�k�
′
k

⎞
⎟⎟⎠

at fixed points

(29)
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where, for example, ∂y y′, ∂s y′, ∂Ay′, ∂�k y
′ denote partial derivative of y′ with respect

to y, s, A, and �k, respectively. The eigenvalues of the Jacobian matrix reveal the
stability characteristics of the fixed points. Since the autonomous system has four
degrees of freedom, the Jacobian matrix has four eigenvalues.

A fixed point is stable if all eigenvalues are negative, unstable if all eigenvalues
are positive, and a saddle point if at least one eigenvalue is positive. When some
eigenvalues are zero, linear stability method is not applicable. In such cases, numerical
integration is performed using various initial conditions about the fixed point. Late
evolution of the dynamical variables then indicates stability of the fixed point.

3.2 Fixed points and stability

3.2.1 Fixed point 1

Fixed point 1 corresponds to a completely spatial curvature-dominated point,�kc = 1.
The effective equation of state parameter at this point is indeterminate due to the zero
denominator in equation (27). The eigenvalues of the Jacobian matrix M (equation
(29)) are given by,

λ1 = 0, λ2 = 2, λ3 = −1, λ4 = −2. (30)

Since the eigenvalues include both positive and negative values, the stability of this
point forms a saddle line for all ξ and 0 ≤ c < 1, where the parameter Ac ∈ (−∞,∞).
However, due to the indeterminate value of weff , this fixed point is considered non-
physical.

3.2.2 Fixed point 2

Fixed point 2 corresponds to a spatial curvature-dominated state, where the effective
equation of state parameter is weff = −1/3. The eigenvalues of the Jacobian matrix
are given by,

λ1 = 1, λ2 = 2,

λ3=
−

[
4ξ

(
c2−4

)
+c2+96ξ2

]
−

√
c4[8ξ(194ξ − 23)+1]+32c2ξ(6ξ − 1)(116ξ − 13)+256ξ(9ξ − 1)(1 − 6ξ)2

32ξ(−1 + c2 + 6ξ)
,

λ4=
−

[
4ξ

(
c2−4

)
+c2+96ξ2

]
+

√
c4 [8ξ(194ξ − 23)+1]+32c2ξ(6ξ−1)(116ξ − 13)+256ξ(9ξ − 1)(1−6ξ)2

32ξ(−1 + c2+6ξ)

(31)

For ξ < 0 and ξ > (4− 3c2)/24, eigenvalues are mixed with positive and negative
values hence it is a saddle point. The point is unstable for 0 < ξ < (4 − 3c2)/24
which gives all positive eigenvalues. Singularity is at ξ = 0 and ξ = (1− c2)/6. The
requirement for positivity of holographic density parameter is ξ > 0 however this
makes xc < 0 which is not physical. On the other hand, having ξ < 0 makes xc > 0,
but this makes ��c < 0 which is also not physical. Hence this fixed point exists but
it is non-physical for all range of ξ .
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Table 3 Effective equation of state of all fixed points for n = 2 and B = −1+ c2 + 6ξ . This is found from
the equation (27) with the values of dynamical variables at the fixed points

Fixed points equation of state parameter, weff

1 Indeterminate

2 − 1

3

3 − 1

3
4 −1

5
4ξ

−3 + 12ξ

6 −1

7
c2(3 − 24ξ + 2

√
6ξ B) + (−1 + 6ξ)(3 − 24ξ + 4

√
6ξ B)

3B

8
c2(3 − 24ξ − 2

√
6ξ B) + (−1 + 6ξ)(3 − 24ξ − 4

√
6ξ B)

3B
9 −1

3.2.3 Fixed point 3

Fixed point 3 corresponds to a spatial curvature-dominated epoch, �kc = 1, when
ξ = (1 − c2)/6. The equation of state parameter for this point is weff = −1/3 for all
ξ . The eigenvalues for this point are given by

λ1 = 2, λ2 = 4(−1 + c2 + 6ξ)

c2
, λ3 = 3c2 + 24ξ − 4

c2
,

λ4 = 6c4ξ + 4c2(6ξ − 1) + 4(1 − 6ξ)2

3c4ξ
, (32)

where c �= 0 and ξ �= 0 that is 0 < c < 1. According to the eigenvalues, for
ξ < (8 − c4 − 4c2 + c3

√
8 + c2)/48, the fixed point is a saddle point. For ξ ≥

(8 − c4 − 4c2 + c3
√
8 + c2)/48, the fixed point is unstable point.

3.2.4 Fixed point 4

Fixed point 4 corresponds to weff = −1. The eigenvalues are given by,

λ1 = −2, λ2 = 3,

λ3 =
3c2(4ξ − 1) −

√
3ξ

[
c4ξ

(
48ξ2 + 104ξ − 21

) + 6c2
(
128ξ3 + 40ξ2 − 28ξ + 3

) + 2(6ξ − 1)(3 − 16ξ)2
]

4(−1 + c2 + 6ξ)

λ4 =
3c2(4ξ − 1) +

√
3ξ

[
c4ξ

(
48ξ2 + 104ξ − 21

) + 6c2
(
128ξ3 + 40ξ2 − 28ξ + 3

) + 2(6ξ − 1)(3 − 16ξ)2
]

4(−1 + c2 + 6ξ)
.

(33)
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Since there is one positive eigenvalue, this fixed point is saddle for 0 ≤ c < 1.
Requirement of 0 ≤ �mc ≤ 1 imposes a condition, 3/(20 + 4c2) ≤ ξ ≤
3/(16 + 4c2) which implies positive value of ξ in the range. For it to be physically
valid, the condition xc > 0 and yc > 0 is required and these lead to ξ < 0. The
conditions are in conflict with each other, hence this point is non-physical.

3.2.5 Fixed point 5

The eigenvalues of this fixed point depend on ξ only when ξ �= 0. These are given by

λ1 = 4ξ

1 − 4ξ
, λ2 = 1 − 8ξ

1 − 4ξ
, λ3 = 3 − 16ξ

1 − 4ξ
,

λ4 = 3c2(1 − 4ξ)2 − 96ξ2 + 34ξ − 3

2(4ξ − 1)(−1 + c2 + 6ξ)
, (34)

where ξ �= 1/4 and ξ �= (1 − c2)/6. Since xc must be positive and this corresponds
to ξ < 0, the eigenvalues are either positive or negative. Therefore this fixed point is
a saddle point. This fixed point corresponds to

weff = 4ξ

−3 + 12ξ
(35)

which is independent of c. Acceleration condition weff < −1/3 permits a range of
the NMC coupling, 1/8 < ξ < 1/4. The dust-like equation of state, weff = 0,
requires ξ → 0. The equation of state, weff = −1, requires ξ = 3/16. Condition
of xc < 0 requires ξ ≤ 0, hence this fixed point does not result in acceleration nor
dust-like expansion and nor (effectively) de-Sitter expansion. As seen in TABLE 1,
the condition 0 ≤ �m0 ≤ 1, implies

17 − 12c2 + √
1 + 24c2

96 − 48c2
≤ ξ ≤ 5 − 12c2 + √

25 + 24c2

48 − 48c2
, (36)

and
−5 + 12c2 + √

25 + 24c2

−48 + 48c2
≤ ξ ≤ −17 + 12c2 + √

1 + 24c2

−96 + 48c2
. (37)

Both conditions depend on c. The condition xc > 0 requires that ξ < 0, allowing only
the condition (37). Parametric plot of the condition (37) is shown in Fig. 1 where the
allowed region for ξ to be valid is the shaded area above the blue curve and under the
line ξ = 0. As in TABLE 1, for dust matter to be completely dominating,

�mc = −c2 + 3 − 34ξ + 96ξ2

3(1 − 4ξ)2
= 1 , (38)

it follows that as ξ → 0 with�mc → 1 directly gives c → 0. Canonical scalar field in
GR limit is approached when ξ → 0 and c → 0. This fixed point does not completely
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Fig. 1 Parametric plot between c
and ξ for the fixed point 5 shows
the allowed region of ξ . In
addition, the condition xc ≥ 0
requires ξ < 0 corresponding to
the region above the blue curve
but below ξ = 0

recover the Canonical scalar GR limit as ξ must be negative. Approaching the limit,
ξ → 0− and c → 0− results in�mc → 1−. This point approaches matter-domination
limit as ξ → 0 and it is a saddle point transition.

3.2.6 Fixed point 6

Eigenvalues of the Jacobian matrix at this point are given by

λ1 = −4ξ(1 + c2)

4ξ − 1
, λ2 = −2, λ3 = 3 − 4ξ(4 + c2)

4ξ − 1
,

λ4 = 3c2 − 2c2ξ(8 + c2) − 96ξ2 + 34ξ − 3

(4ξ − 1)(−1 + c2 + 6ξ)
, (39)

where ξ �= 1/4 and ξ �= (1 − c2)/6. The stability therefore depends only on ξ and
this can be considered in three cases. First, for 0 < ξ < 1/4, the fixed point is saddle.
Second, for ξ < 0 or 1/4 < ξ , the fixed point is stable. Third, for ξ = 0, the system
becomes indeterminate due to zero denominators in equations (18), (19), (25). To
study this model in the canonical scalar holographic limit (ξ = 0), one must redefine
the dynamical variables such that it is a completely new autonomous system and there
is no indeterminate term. Here, this case is considered as approaching limit only.
Generally, the kinetic term must not be negative and the condition xc ≥ 0 must hold.
As a result, this requires ξ < 0 for validity. This fixed point corresponds to weff = −1
for all ξ and 0 ≤ c < 1. NMC scalar field and the holographic vacuum energy
contribute to the dark energy with �DEc = �φc + ��c = xc + yc + sc + ��c = 1,
implying dark energy domination. Considering the canonical scalar limit of the GR
theory, ξ → 0, (ξ �= 0) and c → 0, the potential term is dominant at late time, i.e.
xc → 0, yc → 1 (the potential acts solely as dark energy). For ξ → 0 and c �= 0, we
have xc → 0, yc → 1 − c2 and ��c = c2. For ξ �= 0 and c = 0, the results agree
with the results previously reported by Sami et al. [46] for the non-holographic NMC
theory.
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3.2.7 Fixed point 7

Eigenvalues of this fixed point are given by

λ1 = 12ξ − 2
√
6ξ(−1 + c2 + 6ξ),

λ2 =
c2(3 − 12ξ) + (6ξ − 1)

[
2
√
6ξ(−1 + c2 + 6ξ) − 12ξ + 3

]

−1 + c2 + 6ξ
,

λ3 =
2c2

[√
6ξ(−1 + c2 + 6ξ) − 12ξ + 2

]
+ 2(6ξ − 1)

[
2
√
6ξ(−1 + c2 + 6ξ) − 12ξ + 2

]

−1 + c2 + 6ξ
,

λ4 =
2c2

[√
6ξ(−1 + c2 + 6ξ) − 12ξ + 3

]
+ 2(6ξ − 1)

[
2
√
6ξ(−1 + c2 + 6ξ) − 12ξ + 3

]

−1 + c2 + 6ξ
. (40)

To avoid divergence in the eigenvalues, the coupling parameter must satisfy ξ �=
(1 − c2)/6. As in TABLE 3, the equation of state for this point is,

weff =
c2

[
3 − 24ξ + 2

√
6ξ(−1 + c2 + 6ξ)

]
+ (−1 + 6ξ)

[
3 − 24ξ + 4

√
6ξ(−1 + c2 + 6ξ)

]

3(−1 + c2 + 6ξ)
. (41)

For ξ < 0, and 0 ≤ c < 1, the fixed point exhibits saddle point stability. For
ξ → 0− and 0 ≤ c < 1, the fixed point approached canonical scalar holographic
case (without the NMC effect). This gives weff → 1− which effectively is the stiff
fluid. For ξ > 0, the stability depends on the range of ξ as follows: if 0 < ξ <

(−17+ 12c2 − √
1 + 24c2)/[48(c2 − 2)], the eigenvalues are unstable spiral; if ξ >

(−17+12c2 −√
1 + 24c2)/[48(c2 −2)], the point is unstable point. This is however,

condition of the kinetic term, xc ≥ 0 with a condition 0 ≤ c < 1, implies ξ < 0 (see
TABLE 1) so that the point can be physical.

In the canonical scalar GR limit, ξ → 0− and c → 0+, this point is a purely
kinetic-dominated fixed point with xc = 1 and

lim
c→0+,ξ→0− weff = 1 , (42)

which corresponds to a stiff fluid-dominated epoch.

3.2.8 Fixed point 8

Eigenvalues of this fixed point are given by

λ1 = 12ξ + 2
√
6ξ(−1 + c2 + 6ξ),

λ2 =
c2(3 − 12ξ) + (6ξ − 1)

[
−2

√
6ξ(−1 + c2 + 6ξ) − 12ξ + 3

]

−1 + c2 + 6ξ
,

λ3 =
2c2

[
−√

6ξ(−1 + c2 + 6ξ) − 12ξ + 2
]

+ 2(6ξ − 1)
[
−2

√
6ξ(−1 + c2 + 6ξ) − 12ξ + 2

]

−1 + c2 + 6ξ
,

λ4 =
2c2

[
−√

6ξ(−1 + c2 + 6ξ) − 12ξ + 3
]

+ 2(6ξ − 1)
[
−2

√
6ξ(−1 + c2 + 6ξ) − 12ξ + 3

]

−1 + c2 + 6ξ
. (43)
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and the equation of state is

weff =
c2

(
3 − 24ξ − 2

√
6ξ(−1 + c2 + 6ξ)

)
+ (−1 + 6ξ)

(
3 − 24ξ − 4

√
6ξ(−1 + c2 + 6ξ)

)

3(−1 + c2 + 6ξ)
. (44)

Under the limit ξ → 0− and 0 ≤ c < 1, this fixed point is similar to the fixed point
7, where there are only kinetic term and constant vacuum energy in the universe. This
results in stiff-fluid equation of state parameter weff = 1. Stiff fluid can also appear
in the canonical scalar GR limit, ξ → 0− and c → 0+, as limc→0+,ξ→0− weff = 1 .

The stability can be analyzed in three cases as follows: For ξ < 0, the fixed point
is a unstable point for 0 ≤ c < 1. For ξ > 0, stability depends on the range of ξ :
if 0 < ξ < (−17 + 12c2 − √

1 + 24c2)/[48(c2 − 2)], the point is saddle spiral; if
ξ > (−17 + 12c2 − √

1 + 24c2)/[48(c2 − 2)], the stability is a saddle point. The
condition xc ≥ 0 with 0 ≤ c < 1 forces that ξ < 0 for it to be physically valid.

3.2.9 Fixed point 9

Fixed point 9 corresponds to constant vacuum energy and potential domination with
weff = −1. The eigenvalues for this fixed point are

λ1 = −3, λ2 = −2,

λ3 = 3 + 3
(
c2 − 3

)
ξ −

√
9
(
c2 + 5

)2
ξ2 − 6

(
5c2 + 17

)
ξ + 9

6ξ − 2
,

λ4 = 3 + 3
(
c2 − 3

)
ξ +

√
9
(
c2 + 5

)2
ξ2 − 6

(
5c2 + 17

)
ξ + 9

6ξ − 2

For ξ < 0 or 1/3 < ξ , the point is saddle and for 0 < ξ < 1/3 the point is stable.
The NMC coupling must not be 0 nor 1/3, (ξ �= 0, 1/3). This point is potential and
vacuum energy dominated as seen in TABLE 1. It corresponds to weff = −1.

4 Phase portrait

Observational data of the current curvature density parameter from DESI + CMB +
Union3 [85] indicates a small value of about �k0 = −0.0004 ± 0.0019. Hence the
present universe is very close to flatness, and we assume flat space here. According
to TABLE 2, dynamical system analysis identifies three fixed points (points 1, 2 and
3) corresponding to non-flat cases and six fixed points (points 4, 5, 6, 7, 8 and 9)
corresponding to flat cases. Here we discuss the flat cases which are of points 4 to 9.

One can think of a universe, omitting a radiation-dominated epoch, that begins
with an almost stiff fluid-domination corresponding to the fixed point 7 or 82. The
physical condition xc ≥ 0 requires that ξ < 0 and it is required that ξ �= 0 for the

2 For the point 7 and 8, according to TABLE 3, as ξ → 0−, the effective equation of state approaches
stiff-fluid condition, weff → 1−.
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Fig. 2 Phase portrait illustrates the evolution of a flat universe (�k = 0) with fixed parameters c = 0.1
and ξ = −0.01. The upper figure shows a three-dimensional phase portrait of variables: y, s and A. The
bottom-left panel presents the phase plot on the ys−plane at A = −1, while the bottom-right panel presents
the phase plot on As−plane at y = 0. Shading areas are allowed valid regions of the model

theory to be valid. In addition, condition ξ → 0− is required for, first, to satisfy
the dust domination condition approaching the saddle fixed point 5, and second, to
achieve the kinetic dominated (stiff fluid) condition of the fixed points 7 and 8. We
can conclude that this model requires ξ → 0− to be physically valid. With these
conditions, the dynamical variable, s = 16πGeffξφφ̇/H , must be negative for an
expanding universe (H > 0). According to TABLE 2, for ξ → 0−, the fixed point 7
is a saddle, while the fixed point 8 is an unstable point. For ξ → 0−, the fixed point 8
locates in s > 0 region which does not match the expanding universe, since it needs
H < 0 (considering positive field value). In addition, for the condition ξ → 0−, the
variables y = 8πGeffV0φ2/3H2 and A = 8πGeffξφ2 need to take condition 0 < y
and A < 0. Our interest is therefore to choose the fixed point 7 which locates in the
allowed region (s < 0, A < 0 and y > 0) as the beginning of the cosmic evolution.
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Fig. 3 The figure shows evolution of the effective equation of state parameter weff by ln a. In this plot,
consistent initial conditions are s0 = −10−7, A0 = −0.7, �k0 = −0.0004, �m0 = 0.3233 and
y0 = 1 − s0 − �m0 − s20/(24A0ξ) − c2(1 − �k0) − �k0. Larger magnitude of negative NMC coupling
results in less and less effect of dust matter domination. Holographic effect c increases the value of EoS

This represents a universe beginning with scalar kinetic term and holographic vacuum
energy domination (almost stiff-fluid equation of state: the saddle point 7) transiting
into an almost-dust dominate universe (the saddle point 5)3. After leaving the saddle
point 5, the universe evolves to the stable point 6 which is a dark energy dominated
universe at late time. The path of evolution are concluded as 7 → 5 → 6. FIG 2 shows
three-dimensional phase portrait of a space (s, y, A). Bottom panels of the figure are
two plane slices. The left one is ys−plane with ξ = −0.01, c = 0.1 and A = −1
and the right one is As−plane with ξ = −0.01, c = 0.1 and y = 0. Fixed points are
labeled in the figures. Regions in shading are the allowed regions. In these figures,
trajectories from 7 → 5 can be seen and at last the phase portraits evolve to the stable
fixed point 6. This approximately corresponds to yc → 1.02, sc → −0.038. The
fixed point 6 represents a stable cosmological constant-dominated epoch weff = −1,
which is consistent with current observations. Although fixed points 4 and 9 also
correspond to dark energy domination, they are excluded from our analysis as they
are not stable under the condition ξ < 0.

Here the dark energy is effective contribution of both scalar field and holographic
vacuum energy. From the Friedmann constraint, (14), the stable fixed point 6 satisfies
1 = xc+yc+sc+�mc+�kc+��c,with�DEc = xc+yc+sc+��c = �φc+��c = 1.

5 Numerical solutions

The autonomous system (25) can be integrated numerically. The effective equation of
state parameter, weff(N ), dust density parameter, �m(N ), dark energy density param-
eter, �DE(N ), and spatial curvature density parameter, �k(ln a), are plotted with
N = ln a. With quadratic potential V (φ) = V0φ2, FIG. 3 shows the effective equa-
tion of state parameter with varying holographic parameter c = 0.1, c = 0.6, c = 0.8

3 For the fixed point 5, according to TABLE 3, there is no completely dust-dominated epoch (weff = 0)
however as ξ → 0−, this approach dust-dominated condition.
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Fig. 4 The figure shows evolution of the NMC scalar field density parameter �φ , holographic vacuum
energy density parameter �� and spatial curvature density parameter �k by ln a. In this plot, consistent
initial conditions are s0 = −10−7, A0 = −0.7, �k0 = −0.0004, �m0 = 0.3233 and y0 = 1 − s0 −
�m0 − s20/(24A0ξ) − c2(1 − �k0) − �k0

Fig. 5 The figure shows evolution of variables x, s, y. In this plot, consistent initial conditions are s0 =
−10−7, A0 = −0.7, �k0 = −0.0004, �m0 = 0.3233 and y0 = 1− s0 −�m0 − s20/(24A0ξ)− c2(1−
�k0) − �k0

(right panel) and coupling parameter ξ = −10−6, ξ = −10−5, ξ = −10−4, ξ =
−10−3, ξ = −10−2 (left panel). We choose consistent initial conditions as fol-
lows: s0 = −10−7, A0 = −0.7. The initial condition for parameter y0 is given
by Friedmann constraint equation (19) with observational value, �m0 = 0.3233
and �k0 = −0.0004 (DESI+CMB+Union3 (w0waCDM+�k model) [85]). Hence
y0 = 1 − s0 − �m0 − s20/(24A0ξ) − c2(1 − �k0) − �k0 where the values of s0
and A0 are chosen by hand. According to TABLE 3, no fixed points are completely
dominated by dust or stiff fluids. For the cosmic evolution to approach dust or stiff
fluid dominations, the coupling parameter must be small and negative (ξ → 0−), and
the holographic parameter must also be small (c → 0). FIG. 3 shows that, for any
values of ξ and c, the equation of state parameter weff approaches −1 at late times,
corresponding to a cosmological constant-like behavior. As the coupling parameter
approaches a small negative value (e.g. ξ = −10−6), the evolution of weff follows
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the phase portrait path 7 → 5 → 6. When the coupling parameter decreases fur-
ther (i.e. its negative magnitude is larger, e.g. ξ = −10−2), the dust-dominated EoS
gradually disappears. This corresponds to increasing weff values at the fixed points 5
and decreasing of weff values at the fixed point 7 as seen in FIG. 3 and TABLE 3. In
the right column of FIG. 3, increasing of the parameter c does not change the overall
shape of the weff evolution. However, larger c increases values of the equation of state
parameter. For ξ = −10−5 and c = 0.8 the current universe does not undergo accel-
erated expansion, as weff > −1/3. In conclusion, very small negative magnitude of ξ

and very small 0 < c � 1 are preferred in this model where late-time acceleration is
driven by both scalar field and holographic vacuum energy.

FIG. 4 illustrates the density parameters of the scalar field and holographic vacuum
energy and the spatial curvature density parameter for the phase portrait path 7 →
5 → 6. Top row of FIG. 4 shows evolution of these parameters with varying ξ and
bottom row presents evolution of these parameters with varying c. As seen in FIG. 4,
the coupling parameter ξ does not significantly affect ��, whereas the parameter c
increases the value of ��, keeping it nearly constant. This occurs because �k is very
small, which, according to equation (17), leads to a nearly constant ��. Evolution of
�k is in the right column of this figure.

Density parameter of the NMC scalar field is given by �φ = x + y + s, and its
evolution is shown in the first column of FIG. 4. As themagnitude of negative coupling
constant is larger, the value of �φ is pushed up in the past. However larger c reduces
the value of�φ . Three terms x, y, s that contribute to�φ are plotted in FIG. 5. Kinetic
term x , NMC term s and potential term y are weaken for larger c. The variable s has
small effect during this period, as seen in the middle column of FIG. 5. In the right
column of FIG. 5, the potential term y becomes dominant at late times.

6 Conclusions

In this work, we consider non-minimally coupling theory (NMC) which is a subclass
of the Horndeski theory. Previous study shows that the NMC theory with quadratic
potential is viable for ξ > −7.0 × 10−3 [63]. Ideas of Holographic Dark Energy
(HDE) are also incorporated in our consideration. In HDE ideas, vacuum energy
density is sum of zero-point one-loop correction of energy density and this is given
by the CKN bound as ρ� = 3c2/8πGL2 where L is infrared cutoff scale and 0 ≤
c < 1. We consider FRW universe containing NMC scalar field, dust matter and
holographic vacuum energy. In this model, effective gravitational constant is function
of NMC scalar field, expressed asGeff(φ)which is defined naturally at the action level.
Therefore, with effective gravitational constant, the universe is filled with canonical
scalar field, dust matter, and the holographic vacuum energy density. Therefore, in
the definition of holographic vacuum density, we use effective gravitational constant,
i.e. ρ� = 3c2/8πGeffL2 . The cutoff scale is chosen to be apparent horizon since it
corresponds to a trapped null surface in similar sense to blackhole’s interior surface.
Therefore it is a natural choice for the holographic cutoff. We consider quadratic
power-law scalar potential, V (φ) = V0φ2 here. Our dynamical system analysis of
the four independent dimensionless parameters reveals nine fixed points as shown in
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TABLE 1. In the definition of dynamical variables, there are directly NMC effects via
Geff in all dynamical variables except in �k . The holographic effect appears in ��

only. Both holographic vacuum energy and the scalar field are added up to dark energy
density driving the acceleration. As in TABLE 2, three non-physical fixed points are
the points 1, 2 and 4. The fixed point 3 corresponds to curvature term dominationwhich
can be either saddle or unstable. Fixed point 5 requires ξ < 0 and it is a saddle point.
As ξ → 0 and c → 0, it approaches canonical scalar field theory in GR limit. Hence it
is not a complete matter-domination but only a transient event in the evolution and this
happens as ξ → 0−. Fixed point 6 corresponds to weff = −1 for all ξ and 0 ≤ c < 1.
The value range of ξ affects its stability directly. For 0 < ξ < 1/4, the point is saddle.
For ξ < 0 or 1/4 < ξ , the point is stable. The case ξ = 0 is not allowed since the
system becomes indeterminate. We can not say that ξ = 0 is the canonical scalar
holographic limit. This is because the dynamical variables must be re-defined from
the beginning as such the system becomes completely different autonomous system
and it is not our interest here. Generally, the condition ξ < 0 is favored and in the
non-holographic limit, we recover the NMC results reported previously by Sami et al.
[46]. Fixed point 7 requires ξ < 0 and 0 ≤ c < 1 and it is a saddle point. In the limit
ξ → 0− and 0 ≤ c < 1, then weff → 1−, i.e. the fixed point 7 corresponds to stiff-
fluid domination. The fixed point 8 also corresponds to stiff-fluid domination in the
canonical scalar GR limit, ξ → 0− and c → 0+. Stability of the fixed point 8 comes
in three cases. For ξ < 0, it is unstable otherwise they are either saddle spiral or saddle
point. Nevertheless, it is only physically valid when ξ < 0. Fixed point 9, depending
on value of c, corresponds to constant vacuum energy and potential domination with
weff = −1. The point is saddle for ξ < 0 or 1/3 < ξ and is stable for 0 < ξ < 1/3.
Singularities are at ξ = 0, 1/3.

We consider only flat case here. In TABLE 2, three fixed points (points 1, 2 and
3) are non-flat cases and six fixed points (points 4, 5, 6, 7, 8 and 9) are flat cases.
A possible scenario is the picture of the universe beginning with almost completely
stiff-fluid domination (fixed point 7 or 8). In fact, the condition ξ → 0− is required for
almost completely dust domination condition (saddle fixed point 5) and kinetic term
domination (stiff fluid fixed points 7 and 8). Therefore the requirement is ξ → 0− for
it to be physically valid. As ξ → 0−, the dynamical variable s must be negative for
an expanding universe, The fixed point 8 locates in s > 0 region while the fixed point
7 locates in s < 0 region. Hence the point 8 is not allowed. In addition, as ξ → 0−,
it is necessary that 0 < y and A < 0. The fixed point 7 locates in the allowed region
(s < 0, A < 0 and y > 0) and it is considered as beginning of the evolution. The
universe begins with scalar kinetic term and holographic vacuum energy domination
with an almost stiff-fluid EoS. After that it evolves to pass the saddle point 5 with
almost-dust dominating EoS. At late time, the evolution goes to the stable point 6 with
dark energy dominating EoS. The path is therefore 7 → 5 → 6. The fixed points
4 and 9 are not interested as they are not stable for ξ < 0. The stable fixed point 6
corresponds to �φc + ��c = 1. as dark energy is contributed from both scalar field
and holographic vacuum energy.

Numerical integration can be performed for the autonomous system (25). We plot
weff(N ), �m(N ), �DE(N ) and �k(ln a) versus e-folding number, N = ln a. To
approach dust or stiff fluid dominations, the NMC coupling must be small and neg-
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ative, and the holographic parameter must also be small (c → 0+). For any allowed
values of ξ and c, weff approaches −1 at late times. As NMC coupling becomes more
and more negative, dust-dominated EoS gradually disappears. This increasesweff val-
ues at the fixed points 5 and decreases weff at the fixed point 7 (FIG. 3). Increasing of
c does not change shape of the weff but larger c increases weff. In FIG. 4, the NMC
coupling ξ does not significantly affect ��, but larger c increases the value of ��

which is nearly constant due to small value of�k . As seen in FIG. 4, for larger negative
magnitude of the NMC coupling,�φ is larger in the past. Larger c reduces the value of
�φ . For larger c, kinetic part x , NMC part s and potential part y are smaller. At latest
stage of evolution, the potential term finally dominates. Very small negativemagnitude
of ξ and very small 0 < c � 1 are preferable in this model. Both scalar field and
holographic vacuum energy drives the late-time acceleration. It will be of our interest
to investigate further with exponential potential and to perform both kinematical and
perturbation analysis against observational data.

Recent observational analyses [85–90] report some deviations from what is
expected in the �CDM model. This findings suggest that dark energy may not be
a true cosmological constant but may evolve over cosmic time. Such studies have led
to the possibility that a dynamical dark energy model could provide a better fit to
current data. Our model shows that the non-minimally coupled scalar field and holo-
graphic effect can dynamically cause the evolution ofweff with time. In particular, the
late-time attractors (fixed point 6), where the scalar field dominates, exhibits behavior
consistent with evolving dark energy, depending on the parameter choices. Although
we have not fitted our model directly to current observational data in this work, it
would be interesting in future studies to compare the model with data to evaluate how
well it matches observations.

Acknowledgements BurinGumjudpai thanks Shinji Tsujikawa andAntonioDe Felice for hospitality while
visiting Department of Physics of Waseda University and visiting Yukawa Institute for Theoretical Physics
of Kyoto University where the work is partially completed.

Funding Open access funding provided by Mahidol University This research project has been funded by
Mahidol University (Fundamental Fund: fiscal year 2025 by National Science Research and Innovation
Fund (NSRF)). Amornthep Tita is supported by the Royal Golden Jubilee Ph.D. Programme (RGJ-PhD)
scholarship under contact no. PHD/0083/2561.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Perlmutter, S., et al.: Supernova cosmology project collaboration. Nature 391, 51 (1998)
2. Perlmutter, S., et al.: Supernova cosmology project collaboration. Astrophys. J. 517, 565 (1999)
3. Riess, A.G., et al.: Supernova search team collaboration. Astron. J. 116, 1009 (1998)

123

http://creativecommons.org/licenses/by/4.0/


  106 Page 24 of 25 A. Tita et al.

4. Goldhaber, G., et al.: The Supernova cosmology project collaboration. Astrophys. J. 558, 359 (2001)
5. Scranton, R., et al. (SDSS Collaboration), arXiv:astro-ph/0307335
6. Tegmark, M., et al.: SDSS Collaboration. Phys. Rev. D 69, 103501 (2004)
7. Astier, P., et al.: SNLS Collaboration. Astron. Astrophys. 447, 31 (2006)
8. Amanullah, R., et al.: Astrophys. J. 716, 712 (2010)
9. Hinshaw, G., et al.: WMAP. Astrophys. J. Supp. Ser. 208, 19 (2013)

10. Aghanim, N., et al.: (Planck Collaboration), arXiv:1907.12875 [astro-ph.CO]
11. Fujii, Y., Maeda, K.-i: Scalar-Tensor Theory of Gravitation. Cambridge University Press, Cambridge

(2003)
12. Faraoni, V.: Cosmology in Scalar-Tensor Gravity. Kluwer Academic Publisher, Dordrecht (2004)
13. Capozziello, S., de Laurentis, M.: Phys. Rep. 509, 167 (2011)
14. Clifton, T., Ferreira, P., Padilla, A., Skordis, C.: Phys. Rep. 513, 1 (2012)
15. Nojiri, S., Odintsov, S.: Int. J. Geom. Meth. Mod. Phys. 11, 1460006 (2014)
16. Tsujikawa, S.: The Encyclopedia of Cosmology, Vol. 3, Fazio, G. (ed.), World Scientific (2018)
17. Ishak, M.: Living Rev. Rel. 22(1), 1 (2019)
18. Brans, C., Dicke, R.H.: Phys. Rev. 124, 925 (1961)
19. Dirac, P.A.M.: Proc. Roy. Soc. A338, 439 (1974)
20. Birrel, N.D., Davies, P.C.W.: Quantum Fields in Curved Spaces. Cambridge University Press, Cam-

bridge (1982)
21. Zee, A.: Phys. Rev. Lett. 42, 417 (1979)
22. Applequist, T., Chodos, A.: Phys. Rev. Lett. 50, 141 (1983)
23. Randjbar-Daemi, S., Salam, A., Strathdee, J.: Phys. Lett. B 135, 388 (1984)
24. Accetta, F.S., Zoller, D.J., Turner, M.S.: Phys. Rev. D 31, 3046 (1985)
25. Maeda, K.: Class. Quant. Grav. 3, 233 (1986)
26. Futamase, T., Maeda, K.: Phys. Rev. D 39, 399 (1989)
27. Kasper, U.: Nuovo Cimento 103, 291 (1989)
28. La, D., Steinhardt, P.J.: Phys. Rev. Lett. 62, 376 (1989)
29. Accetta, F.S., Trester, J.J.: Phys. Rev. D 39, 2854 (1989)
30. Wang, Y.: Phys. Rev. D 42, 2541 (1990)
31. Amendola, L., Capozziello, S., Litterio, M., Occhionero, F.: Phys. Rev. D 45, 417 (1992)
32. Amendola, L., Bellisai, D., Occhionero, F.: Phys. Rev. D 47, 4267 (1993)
33. Chiba, T.: Phys. Rev. D 60, 083508 (1999)
34. Uzan, J.P.: Phys. Rev. D 59, 123510 (1999)
35. Holden, D.J., Wands, D.: Phys. Rev. D 61, 043506 (2000)
36. Easson, D.A.: JCAP 0702, 004 (2007)
37. Amendola, L.: Phys. Rev. D 60, 043501 (1999)
38. Capozziello, S., de Ritis, R.: Gen. Rel. Grav. 29, 1425 (1997)
39. Horndeski, G.W.: Int. J. Theor. Phys. 10, 363 (1974)
40. Kobayashi, T., Yamaguchi, M., Yokoyama, J.: Prog. Theor. Phys. 126, 511 (2011)
41. Smolin, L.: Nucl. Phys. B 160, 253 (1979)
42. Ford, L.H.: Phys. Rev. D 35, 2339 (1987)
43. de Ritis, R., Platania, G., Scudellaro, P., Stornaiolo, C.: Phys. Lett. A 138, 95 (1989)
44. Perrotta, F., Baccigalupi, C., Matarrese, S.: Phys. Rev. D 61, 023507 (1999)
45. Gupta, G., Saridakis, E.N., Sen, A.A.: Phys. Rev. D 79, 123013 (2009)
46. Sami, M., Shahalam, M., Skugoreva, M., Toporensky, A.: Phys. Rev. D 86, 103532 (2012)
47. Yi, Z., Gong, Y.: Phys. Rev. D 94(10), 103527 (2016)
48. Fakir, R., Unruh, W.G.: Phys. Rev. D 41, 1783 (1990)
49. Makino, N., Sasaki, M.: Prog. Theor. Phys. 86, 103 (1991)
50. Bezrukov, F.L., Shaposhnikov, M.: Phys. Lett. B 659, 703 (2008)
51. Hertzberg, M.P.: JHEP 11, 023 (2010)
52. Bertolami, O.: Phys. Lett. B 186, 161 (1987)
53. Hrycyna, O.: Eur. Phys. J. C 80(9), 817 (2020)
54. Shahalam, M., Myrzakul, S.: Gen. Rel. Grav. 53(4), 45 (2021)
55. Eshaghi, M., Zarei, M., Riazi, N., Kiasatpour, A.: JCAP 11, 037 (2015)
56. Nozari, K., Shafizadeh, S.: Phys. Scripta 82, 015901 (2010)
57. Nozari, K., Sadatian, S.D.: Mod. Phys. Lett. A 23, 2933 (2008)
58. Barvinsky, A.O., Kamenshchik, A Yu., Starobinsky, A.A.: JCAP 0811, 021 (2008)

123

http://arxiv.org/abs/astro-ph/0307335
http://arxiv.org/abs/1907.12875


Cosmological dynamics of holographic dark energy... Page 25 of 25   106 

59. Bezrukov, F.L., Magnin, A., Shaposhnikov, M.: Phys. Lett. B 675, 88 (2009)
60. De Simone, A., Hertzberg, M.P., Wilczek, F.: Phys. Lett. B 678, 1 (2009)
61. Bezrukov, F.L., Shaposhnikov, M.: JHEP 0907, 089 (2009)
62. Barvinsky, A.O., Kamenshchik, A.Y., Kiefer, C., Starobinsky, A.A., Steinwachs, C.: arXiv:0904.1698

[hep-ph]
63. Tsujikawa, S., Gumjudpai, B.: Phys. Rev. D 69, 123523 (2004)
64. ’t Hooft, G.: Conf. Proc. C 930308, 284 (1993)
65. Susskind, L.: J. Math. Phys. 36, 6377 (1995)
66. Hawking, S.W.: Phys. Rev. Lett. 26, 1344 (1971)
67. Bekenstein, J.D.: Phys. Rev. D 7, 2333 (1973)
68. Bekenstein, J.D.: Phys. Rev. D 9, 3292 (1974)
69. Hawking, S.W.: Nature 248, 30 (1974)
70. Hawking, S.W.: Commun.Math. Phys. 43, 199 (1975) [erratum: Commun.Math. Phys. 46, 206 (1976)]
71. Cohen, A.G., Kaplan, D.B., Nelson, A.E.: Phys. Rev. Lett. 82, 4971 (1999)
72. Hsu, S.D.H.: Phys. Lett. B 594, 13 (2004)
73. Li, M.: Phys. Lett. B 603, 1 (2004)
74. Cai, R.G.: Phys. Lett. B 657, 228 (2007)
75. Gao, C., Wu, F., Chen, X., Shen, Y.G.: Phys. Rev. D 79, 043511 (2009)
76. Granda, L.N., Oliveros, A.: Phys. Lett. B 671, 199 (2009)
77. Ito, M.: Europhys. Lett. 71, 712 (2005)
78. Jamil, M., Saridakis, E.N., Setare, M.R.: Phys. Lett. B 679, 172–176 (2009)
79. Setare, M.R., Saridakis, E.N.: Phys. Lett. B 671, 331 (2009)
80. Granda, L.N., Escobar, L.D.: arXiv:0910.0515 [hep-th]
81. Kritpetch, C., Muhammad, C., Gumjudpai, B.: Phys. Dark Univ. 30, 100712 (2020)
82. Baisri, P., Gumjudpai, B., Kritpetch, C., Vanichchapongjaroen, P.: Phys. Dark Univ. 41, 101251 (2023)
83. Tita, A., Gumjudpai, B., Srisawad, P.: Phys. Dark Univ. 45, 101542 (2024)
84. Cai, R.G., Kim, S.P.: JHEP 02, 050 (2005)
85. Adame, A.G., et al.: DESI collaboration. JCAP 02, 021 (2025)
86. Calderon, R., et al.: DESI collaboration. JCAP 10, 048 (2024)
87. Abdul Karim, M., et al.: (DESI collaboration), arXiv:2503.14738 [astro-ph.CO]
88. Park, C.G., de Cruz Pérez, J., Ratra, B.: arXiv:2410.13627 [astro-ph.CO]
89. Notari, A., Redi, M., Tesi, A.: JCAP 04, 048 (2025)
90. Odintsov, S.D., Sáez-Chillón Gómez, D., Sharov, G.S.: Eur. Phys. J. C 85(3), 298 (2025)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

123

http://arxiv.org/abs/0904.1698
http://arxiv.org/abs/0910.0515
http://arxiv.org/abs/2503.14738
http://arxiv.org/abs/2410.13627

	Cosmological dynamics of holographic dark energy with non-minimally coupled scalar field
	Abstract
	1 Introduction
	2 NMC Field Equations and Holographic dark energy
	3 Dynamics of the Holographic NMC model
	3.1 Autonomous system
	3.2 Fixed points and stability
	3.2.1 Fixed point 1
	3.2.2 Fixed point 2
	3.2.3 Fixed point 3
	3.2.4 Fixed point 4
	3.2.5 Fixed point 5
	3.2.6 Fixed point 6
	3.2.7 Fixed point 7
	3.2.8 Fixed point 8
	3.2.9 Fixed point 9


	4 Phase portrait
	5 Numerical solutions
	6 Conclusions
	Acknowledgements
	References


