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ABSTRACT Self-attention mechanisms have revolutionized machine learning domains. Quantum
self-attention models have emerged as promising extensions, yet they suffer from quadratic computational
complexity like their classical counterparts. To address this, we propose the External Quantum Self-Attention
Model (EQSAM), which integrates external memory modules into quantum self-attention, reducing
complexity from quadratic to linear. In EQSAM, two sets of fully trainable external quantum modules
generate key and value memory states. The model computes similarities only between input queries and
these external states, rather than pairwise among all inputs. This lowers computational demands and boosts
scalability in quantum machine learning. Experiments on MNIST and Fashion MNIST classification tasks
demonstrate that EQSAM achieves comparable or superior performance to pairwise quantum self-attention
models with less computation. The number of external modules serves as a key hyperparameter in EQSAM,
with an optimal value balancing representational capacity and generalization. Performance approaches
saturation near this optimum.

INDEX TERMS Machine learning, quantum computing, external quantum self-attention mechanism.

I. INTRODUCTION
Self-attention is a mechanism that enables models to capture
long-range dependencies by computing attention weights
between all positions in an input sequence [1], [2], [3], [4].
This allows the model to dynamically focus on different parts
of the sequence, selectively weighting the relevance of each
component when generating representations. By adaptively
aggregating information from across the entire sequence,
self-attention provides models with enhanced contextual
understanding. The mechanism’s inherent flexibility and
scalability have made it a foundational technology in natural
language processing [5], [6], computer vision [7], [8], and
other domains requiring sequential data analysis [9], [10].
Currently, with the rapid advances in quantum computing
technologies [11], [12], [13], researchers have begun to
explore the integration of self-attention mechanisms into
quantum machine learning [14], [15], [16], proposing
quantum self-attention models [17]. These models aim
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to leverage quantum properties such as superposition and
entanglement, as well as the mathematical structure of
complex Hilbert spaces, to improve representational capacity
and computational efficiency.

Recent advances in quantum self-attention mechanisms
have introduced several innovative computational approaches
that explore the application of quantum properties to machine
learning architectures. These methods can be broadly cat-
egorized into three distinct paradigms. First, fusion-based
methods, exemplified by reference [18] in their QSANmodel,
which employ CNOT gates and parameterized quantum
circuits to introduce quantum entanglement, modeling com-
plex correlations between query and key states; attention
weights are captured through entanglement mechanisms.
Second, overlap-based methods calculate similarity metrics
between quantum states to determine self-attention weights,
extracting either real-valued scores [19], [20] or complex-
valued scores [21], thereby utilizing quantum state overlaps
to naturally quantify self-attention weights in accordance
with quantum mechanics. Third, implicit-relation methods,
such as the GQHAn model proposed by [22], use trainable
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quantum circuits to directly predict target quantum attention
weights without relying on explicit pairwise similarity
calculations between queries and keys. These approaches,
from varied perspectives, enrich the expressive power of
quantum self-attention mechanisms while demonstrating
unique advantages and potential of quantum computing in
machine learning.

However, like classical self-attention, quantum variants
suffer from quadratic computational complexity O(N 2) due
to pairwise similarity calculations acrossN input tokens, lim-
iting scalability for large inputs. Classical external attention
(EA) addresses this by using fixed-size, learnable memory
units to reduce complexity to linear O(N ) [23], inspiring
optimizations in quantum settings.

Building on this inspiration, this paper innovatively pro-
poses an External Quantum Self-AttentionModel (EQSAM),
integrating the core idea of external attention into quantum
self-attention models. Specifically, we design fixed numbers
of fully trainable external quantum modules for both Keys
and Values to generate their respective stable external
memory units. These units replace the Key and Value
representations in classical quantum self-attention, thereby
shifting the attention calculation from a comprehensive
similarity computation between input token pairs to a
similarity measurement between input tokens and shared
external memory units. This design effectively reduces the
computational complexity of quantum self-attention from
O(N 2) to a linear scale of O(N ), significantly enhancing
the model’s computational efficiency and scalability when
processing large-scale quantum data. The main contributions
of this paper include:

First, we propose a novel External Quantum Self-Attention
mechanism. In this mechanism, the Query quantum states
are generated from N classical input data blocks through
quantum embedding.Meanwhile, theKey andValue quantum
states are produced by a fixed number S of fully trainable
external quantum modules, serving as global memory units
shared across all inputs. This design reduces the self-attention
computational complexity from O(N 2) to O(N ), improving
scalability while maintaining expressive power, where S is
typically much smaller than N .
Second, we integrate the SWAP test, Top-Down

State Preparation (TDSP), and Linear Combination of
Unitaries (LCUs) to compute quantum attention weights and
perform weighted superpositions. Specifically, the Swap Test
measures the overlap | ⟨Ki|Qj⟩ | as attention weights, which
are then encoded into quantum state amplitudes using the
TDSP method. These encoded weights are applied via LCU
to realize the quantum-native operation

∑
i | ⟨Ki|Qj⟩ | |Vi⟩,

enabling scalable and efficient attention mechanisms in
quantum machine learning.

Third, we validate the effectiveness of EQSAM onMNIST
and Fashion MNIST datasets for binary (2C) and ternary
(3C) classification tasks. In 2C, with two external quantum
modules (2S) for Key and Value, it achieves test accuracies
of 99.84% on MNIST and 98.05% on Fashion MNIST,

comparable to the pairwise quantum self-attention model’s
99.84% and 98.59%, respectively, while reducing complexity
from quadratic to linear. Scaling to four modules boosts
performance to 99.92% and 98.36%. In 3C, 2S yields
96.46% and 93.75%, improving to 98.28% and 95.78% with
four modules, outperforming the pairwise model’s 97.81%
and 95.26%.

The remainder of this paper is structured as follows:
Section II provides foundational preliminaries on quantum
states and their evolution essential for quantum machine
learning. Section III details the methods, including the
general framework, quantum embedding modules, atten-
tion weight computation, encoding, linear combination of
unitaries, and quantum feed-forward network. Section IV
introduces the loss function used for binary classification
tasks. Section V presents numerical simulations, covering
datasets, experimental setup, and performance analysis on
MNIST and Fashion MNIST. Finally, Section VI concludes
with key findings.

II. PRELIMINARIES
This section briefly reviews key concepts of quantum
states and their evolution, which underpin quantum machine
learning models.

The fundamental unit in quantum computing is the qubit,
which, unlike a classical bit, can be in a superposition of |0⟩
and |1⟩ [24]:

|ψ⟩ = α |0⟩ + β |1⟩ , (1)

where α, β ∈ C satisfy |α|
2

+ |β|
2

= 1. These squared
amplitudes represent the probabilities of measuring the qubit
in states |0⟩ or |1⟩.
For n qubits, the state lives in a 2n-dimensional Hilbert

space:

|ψ⟩ =

2n−1∑
i=0

ci |i⟩ , (2)

where the |i⟩ are computational basis states and
∑

|ci|2 = 1.
This exponential space allows simultaneous representation of
many classical states.
Quantum computation proceeds via unitary operators U ,

which are reversible linear transformations preserving
normalization:

U†U = UU†
= I . (3)

An initial state |ψ⟩ evolves as

|ψ ′
⟩ = U |ψ⟩ . (4)

III. METHODS
A. GENERAL FRAMEWORK
Figure 1 illustrates the framework of the External Quantum
Self-Attention Model (EQSAM). The workflow starts with
classical input data, divided into multiple blocks and
dimensionally reduced via Principal Component Analysis
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FIGURE 1. The framework of the external quantum self-attention model. aj,i denotes the real value obtained from the SWAP test between |Qj ⟩ and |Ki ⟩.
UQ,j represents UE(xj , θQ), UK ,i represents UE (θK ,i ), UV ,i represents UE (θV ,i ).

(PCA) [25] to match the quantum circuit’s qubit count.
These reduced data blocks are embedded into query quantum
states using the UQ module. Meanwhile, S fully train-
able external quantum modules independently generate key
quantum states. The model computes attention weights by
pairing each of the N query states with the S key states
through the Swap Test. These weights are encoded into
amplitudes via a preparation module and integrated with
S external value quantum states using Linear Combination
of Unitaries (LCUs) to produce a weighted superposition
|Lj⟩ =

1
NLj

∑S−1
i=0 | ⟨Ki|Qj⟩ | |Vi⟩. A set of trainable scalar

coefficients further combines these outputs via LCUs for
global context integration, yielding |G⟩ =

1
NG

∑N−1
j=0 bj |Lj⟩.

The resulting quantum state is processed by a Parameterized
Quantum Feed-Forward Network (QFFN) to boost expres-
siveness, followed by measurement to yield probabilities for
downstream binary classification.

To enhance scalability in quantum self-attention for
large inputs, EQSAM employs S fixed, fully trainable
external quantum modules for key and value states, reducing
complexity from O(N 2) to O(N ). These modules create
globally sharedmemory units, independent of specific inputs,
that capture universal features and cross-sample relationships
during training. This shifts attention from pairwise input simi-
larities to query-memory overlaps, minimizing computations
while enabling semantic integration across the dataset, akin
to an external knowledge base.

B. QUANTUM EMBEDDING MODULE
In the proposed model, the quantum embedding module for
queries plays a pivotal role in mapping classical input data
into quantum states, while the key and value quantum states
are generated by separate fully trainable external quantum
modules independent of the classical inputs.We design two
categories of quantum state embedding strategies, adapted
based on the methods proposed in reference [26], to handle

FIGURE 2. Quantum circuit architecture for the quantum embedding
module.

the different functional roles within the external quantum
self-attention mechanism.

Firstly, the generation of the query quantum state |Q⟩

primarily relies on embeddings of the classical data. Specif-
ically, the classical input features x, after dimensionality
reduction via PCA, are fed into quantum embedding
module UQ. This module consists of an initial layer of
single-qubit rotation gates Rx , with rotation angles propor-
tional to the input features, thereby achieving preliminary
data encoding. Subsequently, trainable two-qubit ZZ gates
together with parameterized single-qubit Ry rotation gates are
incorporated to simultaneously enhance entanglement among
qubits and improve the circuit’s variational expressiveness.
This structure, which is repeated over multiple layers where
each layer sequentially executes a composition of a data
encoding sublayer and a parameterized gate sublayer. Finally,
to further reinforce data encoding, the module adds an
additional layer of single-qubit Rx gates at the end of the
last layer. The overall embedding unitary, as illustrated in
Figure 2, can be expressed as:

UE(x, θ) = E(x)
L−1∏
l=0

(
Wl(θl)E(x)

)
, (5)
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where E(x) denotes the classical data encoding layer:

E(xj) =

n−1⊗
i=0

Rx(xj,i), (6)

and Wl(θl) represents the parameterized quantum gate set of
the l-th layer. This quantum embedding module effectively
embeds the input features into the Hilbert space, producing
the query quantum state:

|Qj⟩ = UE(xj, θQ) |0⟩⊗n . (7)

In contrast to the query quantum state, the key |K ⟩

and value |V ⟩ quantum states are generated independently
without direct dependence on classical data inputs. Instead,
they are instantiated via fully parameterized quantum circuits
sharing the same circuit architecture as the query encoder.In
this key and value quantum embedding module, which are
external quantum modules, the classical data encoding layers
are replaced by layers composing rotation angles entirely
controllable by trainable parameters, as formulated by:

UE(θ) = E(θe)
L−1∏
l=0

(
Wl(θw,l)E(θe)

)
, (8)

where

E(θe) =

n−1⊗
i=0

Rx(θe,i), (9)

which θe,i and θw,l are all trainable variables fully indepen-
dent from the query parameters θQ. The resulting key and
value quantum states are then given by:

|Ki⟩ = UE(θK ,i) |0⟩⊗n , |Vi⟩ = UE(θV ,i) |0⟩⊗n . (10)

In our model, the quantum embedding module for the
Query is designed to encode classical input data into quantum
states, enabling dynamic and input-dependent representa-
tions. In contrast, the embedding modules for the Key and
Value are fully parameterized and independent of the input
data. They generate a fixed set of trainable quantum states
that serve as stable external memory units. These external
memory units store and accumulate global features and
semantic information.

C. QUANTUM ATTENTION WEIGHT COMPUTATION
MODULE
In the quantum self-attention mechanism, the Query quantum
state |Q⟩ is generated by encoding classical input data, while
the Key quantum state |K ⟩ is produced independently through
a trainable quantum circuit, serving as an external memory
unit. To compute the External Quantum Attention Weight,
we measure the similarity between these two states using
the overlap | ⟨K |Q⟩ |. This measure naturally reflects how
much attention the model should assign to each external
memory unit for a given input. We implement this similarity
calculation via the Swap Test [27], [28], [29], a well-
established quantum algorithm that efficiently estimates the

FIGURE 3. Quantum circuit architecture for the SWAP test.

overlap between two quantum states. This section details the
Swap Test procedure.

The Swap Test utilizes a simple quantum circuit to estimate
the similarity between two quantum states by measuring the
state of an auxiliary qubit as shown in Figure 3. Its circuit
involves three qubits: one auxiliary qubit (initially in |0⟩) and
two quantum states to be compared, |ψ⟩ and |φ⟩. The step-
by-step derivation of the Swap Test is as follows:

The initial state of the system is: |0⟩ ⊗ |ψ⟩ ⊗ |φ⟩. Apply
a Hadamard gate to the auxiliary qubit, transforming |0⟩
into a uniform superposition. Thus, the entire system’s state
becomes:

1
√
2
(|0⟩ + |1⟩) |ψ⟩ |φ⟩ . (11)

Next, apply a controlled-SWAP gate, with the auxiliary
qubit as the control qubit. When the auxiliary qubit is |0⟩,
|ψ⟩ and |φ⟩ remain unchanged; when it is |1⟩, |ψ⟩ and |φ⟩

swap positions. The state evolves to:

1
√
2
(|0⟩ |ψ⟩ |φ⟩ + |1⟩ |φ⟩ |ψ⟩) . (12)

Apply the Hadamard gate to the auxiliary qubit again. The
total state transforms into:

1
√
2

[
1

√
2
(|0⟩ + |1⟩) |ψ⟩ |φ⟩ +

1
√
2
(|0⟩ − |1⟩) |φ⟩ |ψ⟩

]
=

1
2
[|0⟩ (|ψ⟩ |φ⟩ + |φ⟩ |ψ⟩) + |1⟩ (|ψ⟩ |φ⟩ − |φ⟩ |ψ⟩)] .

(13)

Measure the auxiliary qubit and calculate the probability
of it being in the |0⟩ state:

P(|0⟩) =

∥∥∥∥12(|ψ⟩ |φ⟩ + |φ⟩ |ψ⟩)

∥∥∥∥2 .
=

1
4

(
1 + | ⟨ψ |φ⟩ |

2
+ | ⟨φ|ψ⟩ |

2
+ 1

)
=

1
2

(
1 + | ⟨ψ |φ⟩ |

2
)
. (14)

Therefore, the similarity is:

| ⟨Ki|Qj⟩ | = | ⟨ψi|φj⟩ | =
√
2P(|0⟩) − 1. (15)

By repeatedly running the circuit and statistically analyz-
ing the measurement results, one can estimate P(|0⟩) and
subsequently obtain the similarity between |Ki⟩ and |Qj⟩.
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FIGURE 4. State tree representations of amplitude encoding.

D. QUANTUM ATTENTION WEIGHTS ENCODING MODULE
In the previous section, we utilized the swap test to compute
the similarity | ⟨K |Q⟩ | between quantum states |Q⟩ and
|K ⟩. This similarity serves as the quantum attention weight,
quantifying the correlation between the query and the key.
These weights are classical data. To leverage them in
subsequent quantum computations, particularly through the
Linear Combination of Unitaries (LCUs) circuit to implement
the weighted operations of the attention mechanism, we need
to re-encode these classical attention weights into the
amplitudes of a quantum state. This section details the
encoding process, employing an efficient amplitude encoding
method as described in the [30].
We first normalize the weights | ⟨Ki|Qj⟩ | to obtain a

set of probability values {
√aj,0,

√aj,1, . . . ,
√aj,S−1}, where∑S−1

i=0 aj,i = 1. Here, each √aj,i is defined by √aj,i =√
|⟨Ki|Qj⟩
Na

, with Na being the normalization constant. Our
objective is to construct a quantum state:

|ψj⟩ =

S−1∑
i=0

√
aj,i |i⟩ , (16)

where |i⟩ represents the computational basis states, and √aj,i
are the amplitudes corresponding to these basis states. This
process is known as amplitude encoding, which aims to
efficiently generate the target state |ψ⟩ from an initial state
using a quantum circuit. The encoded quantum state |ψ⟩

can then be directly used in the LCUs circuit, where the
ai serve as coefficients to control the linear combination of
subsequent unitary operators, thus realizing the quantized
attention weighting operation.

To encode the classical attention weights into amplitudes,
we use the Top-Down State Preparation (TDSP) method [30].
TDSP applies a small set of (controlled) Ry rotations on an
n-qubit address register so that basis state |i⟩ receives
amplitude √aj,i. Given the SWAP-test overlaps, normalize

aj,i =
| ⟨Ki|Qj⟩ |

Na
, Na =

S−1∑
i=0

| ⟨Ki|Qj⟩ |,
∑
i

aj,i = 1,

(17)

FIGURE 5. Quantum circuit architecture for top-down amplitude encoding
of an eight-dimensional real vector.

and target

|ψ1⟩ =

S−1∑
i=0

√
aj,i |i⟩ =

S−1∑
i=0

√
| ⟨Ki|Qj⟩ |

Na
|i⟩ . (18)

Let n = ⌈log2 S⌉ be the number of address qubits (if S is
not a power of two, pad with aj,i = 0 up to 2n leaves). For
readability we drop the index j below. Build the binary tree in
Fig. 4 bottom-up:

ηc,k =

√√√√2k−1∑
l=0

∣∣a(c−1)·2k+l
∣∣2. (19)

From these, compute mixing ratios and angles

βd,v =
η2d,v−1

ηd,v
, αd,v = 2 arcsin(βd,v). (20)

Apply the rotations top-down on the address register:
At the root, apply Ry(α0,n) to the most significant address
qubit. For each level v = n−1, . . . , 1 and each node d , apply
a controlled-Ry(αd,v) to the v-th qubit.

After these gates, the address register is prepared as

|ψ1⟩ =

S−1∑
i=0

ri |i⟩ =

S−1∑
i=0

√
ai |i⟩ , (21)

which is exactly the coefficient state required by the LCUs
block to realize the attention-weighted superposition over
value states. An example quantum circuit illustrating the
encoding of an eight-dimensional vector using the TDSP
method is shown in Figure 5.

E. LINEAR COMBINATION OF UNITARIES
The Linear Combination of Unitaries (LCUs) method [31],
[32] serves as the core component of our external quantum
self-attention model. It enables the integration of the pre-
viously computed quantum self-attention weights with the
corresponding value quantum states, allowing for an efficient
weighted transformation of these states. By leveraging LCUs,
the model constructs a global quantum state that encodes the
self-attention weighted combination of value states, thereby
facilitating effective feature representation in the quantum
domain.

In quantum computing, the LCUs method is designed to
implement a linear combination of a set of unitary operations.
Given a collection of unitary operations {Ui}

S−1
i=0 and their

associated real coefficients {ai}
S−1
i=0 , the objective of LCUs is
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FIGURE 6. Quantum circuit architecture for the linear combination of
unitaries.

to construct a quantum state transformation of the form:

A |ψ⟩ =
1
N ′

S−1∑
i=0

aiUi |ψ⟩ , (22)

where |ψ⟩ denotes the target quantum state, ai are the
weighting coefficients for each unitary operation Ui, and
N ′ is a normalization constant that ensures the probability
amplitudes of the transformed quantum state satisfy the
normalization condition.

To implement the weighted sum of unitaries, the LCUs
method uses an ancilla register to control and apply the
desired operations. The process begins with a preparation
unitary UPREP, which encodes the coefficients ai into the
amplitudes of the ancilla qubits, creating a superposition state
from the initial |0⟩⊗m ⊗|ψ⟩, wherem is the number of ancilla
qubits needed to index the S unitaries.
Next, a selection unitary USELECT conditionally applies

each Ui to the target register based on the ancilla state |i⟩.
Finally, the adjoint U†

PREP is applied, followed by mea-
surement and post-selection on the ancilla returning to
|0⟩⊗m, which projects the target register to the normalized
linear combination 1

N ′

∑S−1
i=0 aiUi |ψ⟩, with orthogonal terms

discarded. As shown in Figure 6, the circuit takes the input
state and outputs the weighted sum after post-selection.

Within the external quantum self-attention model, the
LCUs method is employed to manage attention weights and
produce weighted quantum state representations. The essence
of the attention mechanism lies in computing weights based
on the similarity between keys (|Ki⟩) and queries (|Qj⟩), and
integrating theseweights with value states (|Vi⟩). Specifically,
the coefficients aj,i in the LCUs framework are defined as the
magnitude of the quantum inner product: aj,i = | ⟨Ki|Qj⟩ |.
This weight quantifies the similarity between |Ki⟩ and |Qj⟩.
The unitary operations Ui in LCUs are implemented

via parameterized quantum circuits UE (θV ,i), where θV ,i
represents adjustable parameters that transform the initial
state |0⟩⊗n into the value state |Vi⟩. Combining the weights
and operations, the resulting transformation is expressed as:

| ⟨Ki|Qj⟩ |UE (θV ,i) |0⟩⊗n = | ⟨Ki|Qj⟩ | |Vi⟩ . (23)

In this formulation, n denotes the number of qubits consti-
tuting the quantum state |Vi⟩. | ⟨Ki|Qj⟩ | governs the amplitude
of the contribution from |Vi⟩. This approach preserves the
weighted structure of self-attention mechanisms.

FIGURE 7. Circuit architecture for quantum feed-forward network.

Our model is to generate the following weighted state:

|Lj⟩ =
1
NLj

S−1∑
i=0

| ⟨Ki|Qj⟩ |UE (θV ,i) |0⟩⊗n

=
1
NLj

S−1∑
i=0

| ⟨Ki|Qj⟩ | |Vi⟩ , (24)

where UE (θV ,i) denotes the quantum circuit associated with
the value state |Vi⟩, and |Lj⟩ represents the local weighted
representation derived from the query |Qj⟩.

After generating the local weighted states {|Lj⟩}
N−1
j=0 , the

model further consolidates these states through independent
LCUs operations to form a global quantum state |G⟩:

|G⟩ =
1
NG

N−1∑
j=0

bj |Lj⟩ , (25)

where the input image is divided into N patches, and bj are
trainable real coefficients, with their amplitudes dynamically
adjustable via parameterized controlled Ry(θj) gates. This
design not only aggregates information from each local
representation but also enhances the model’s expressive
capacity and adaptability to specific tasks through parameter
optimization.

F. QUANTUM FEED-FORWARD NETWORK
In our quantum self-attention model, we introduce the
Quantum Feed-Forward Network (QFFN) to enhance the
expressive power of the quantum self-attention mechanism
by incorporating additional quantum circuit layers. By intro-
ducing increased entanglement and circuit complexity in the
QFFN, the model gains enhanced capability to represent and
manipulate quantum information

To ensure practical applicability on near-term quantum
devices, we adopt a hardware-efficient implementation
strategy, as detailed in [33]. The mathematical expression for
its quantum circuit layer is given by:

Ul(θ) =

n−1⊗
i=0

(
Rz(θ (l,i,0))Ry(θ (l,i,1))Rz(θ (l,i,2))

)
Uent, (26)

where Uent denotes the entanglement layer, composed of
CNOT gates, which introduces entanglement between qubits.
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n is the number of qubits. The parameters θ are trainable, with
l indicating the layer index and i representing the qubit index.
To further enhance the model’s expressive power, multiple
QFFN layers can be stacked, with a total of L layers. Each
layer l implements an independent quantum circuit Ul(θ).
This multi-layer architecture allows the model to capture
intricate data patterns through deeper quantum circuits,
thereby enhancing the expressive power of the quantum self-
attention mechanism.

IV. LOSS FUNCTION
In this paper, our classification tasks include both binary
(2 classes) and ternary (3 classes) classification. After pro-
cessing the input data through the quantum circuit, we extract
probabilities for each class by measuring the expectation
values of specific Pauli operators on the first qubit. These
measurements map the quantum state’s information onto a
probability distribution over the classes.

To generalize the probability extraction, we define a set
of observables Mj for j ∈ {0, 1, . . . ,C − 1}, where C is the
number of classes:

Mj =

 (−1)jσz if C = 2, j ∈ {0, 1}

σp(j) if C = 3, j ∈ {0, 1, 2}
(27)

where σp denotes the Pauli operator acting on the first qubit.
Here, p(j) is a function mapping the index j ∈ {0, 1, 2} to a
Pauli basis: p(0) = x, p(1) = y, p(2) = z. Thus, σp(0) = σx ,
σp(1) = σy, and σp(2) = σz.
The predicted probability for class k is then given by:

ŷk =
1 + ⟨ψ |Mk |ψ⟩∑C−1

j=0 (1 + ⟨ψ |Mj|ψ⟩)
, k ∈ {0, 1, . . . ,C − 1},

(28)

where |ψ⟩ is the output quantum state from the circuit. This
formulation ensures the probabilities are normalized.

To optimize the parameters of the external quantum self-
attention model, we employ the cross-entropy loss function,
which is suitable for multi-class classification tasks. Over the
training dataset, the loss is defined as:

L = −
1
N

N−1∑
i=0

C−1∑
c=0

yi,c log(ŷi,c), (29)

whereN is the total number of samples in the training dataset,
yi,c is the true label (one-hot encoded) for sample i and class c,
and ŷi,c is the predicted probability that sample i belongs to
class c.

V. NUMERICAL SIMULATIONS
In this section, we validate the effectiveness of the external
quantum self-attention model in both binary and ternary clas-
sification tasks through numerical simulations. The experi-
ments are conducted using two classic datasets, MNIST and
Fashion MNIST, from which we select two or three classes
for classification depending on the task. We compare the

performance of the pairwise quantum self-attention model
with that of the external quantum attention model equipped
with 1 to 4 external quantum modules. The following
subsections provide a detailed description of the experimental
setup, results, and analysis.

A. DATASETS
The experiments use two standard datasets: MNIST [34] and
Fashion MNIST [35], each with 60,000 training and 10,000
test images of 28 × 28 grayscale pixels. For each dataset,
we randomly select 512 samples per class from the training
set and 128 per class from the test set.

For binary classification (2C), we select classes ‘‘0’’ and
‘‘1’’ fromMNIST, and ‘‘T-shirt/top’’ (label 0) and ‘‘Trouser’’
(label 1) from Fashion MNIST. For ternary classification
(3C), we add class ‘‘2’’ toMNIST and ‘‘Pullover’’ (label 2) to
Fashion MNIST. This setup evaluates the model’s scalability
and expressiveness in quantum machine learning across
different classification complexities.

B. EXPERIMENTAL SETUP
In the data preprocessing stage, each original image is first
divided into four equal blocks. To align the feature dimen-
sions with the quantummodel’s qubit count, we apply a fixed,
non-trainable Principal Component Analysis (PCA) [36] to
reduce each block’s feature dimensions. This simple linear
transformation excludes learnable parameters, ensuring that
preprocessing does not bias the final model performance.
Notably, for the Q, K, and V quantum states in the self-
attention mechanism, we consistently use 4 qubits each.
Quantum circuits are simulated via the TensorCircuit frame-
work [37], integrated with TensorFlow [38] for parameter
optimization. We train using the Adam optimizer [39] with a
batch size of 32, over 200 epochs. The hyperparameters of our
external quantum self-attention model are shown in Table 1.

TABLE 1. Hyperparameters of our external quantum self-attention model.

C. EXPERIMENTS AND ANALYSIS
This section presents a comprehensive evaluation and
detailed analysis of the proposed external quantum
self-attention model on binary and ternary classification tasks
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using the MNIST and Fashion MNIST datasets. We start
by experimenting with the model configured to use one
to four fully trainable external quantum modules each
for key and value quantum state generation. The query
quantum states are obtained by encoding classical input
data via a quantum embedding module. In contrast, the
key and value quantum states are generated by multiple
fully trainable quantum embedding modules, each producing
distinct sets of states. This modular design enriches the
external attention mechanism with more expressive and
flexible representations. Finally, we compare these results
against a baseline pairwise quantum self-attention model,
where query, key, and value quantum states are independently
generated from the same classical input data using separate
embedding modules. This comparison helps us understand
the impact of different quantum embedding strategies on
classification performance and training stability.

1) ABLATION STUDIES
First, we analyze the performance of the external quantum
self-attention model configured with a single external mod-
ule, which consists of one pair of key and value quantum
embedding modules, on both datasets under binary (2C) and
ternary (3C) classification settings. As shown in Table 2,
in the 2C setting on the MNIST dataset, this configuration
achieves a maximum average test accuracy of 53.83%, while
on Fashion MNIST, it reaches 55.70%. In the 3C setting,
performance drops further, with test accuracies of 34.95%
on MNIST and 35.42% on Fashion MNIST. These limited
results are illustrated in Figures 8 and 9, where training and
testing accuracies remain around 50% or below, indicating
underfitting. This indicates the model struggles to capture
meaningful patterns and is prone to underfitting. These results
suggest that using only one external module results in an
overly simplistic external attention mechanism that lacks the
representational capacity necessary to effectively model the
complexities of the MNIST and Fashion MNIST datasets.

Next, we conduct a comprehensive comparison of the
external quantum self-attention model’s performance by
varying the number of fully trainable external quantum
modules for generating key and value quantum states, ranging
from two to four modules each. On both the MNIST and
Fashion MNIST datasets, increasing the number of these
external quantum modules significantly boosts classification
accuracy and model expressiveness in both 2C and 3C
settings. In the 2C setting on MNIST, the model with two
external modules achieves a test accuracy of 99.84%, rising
slightly to 99.92% with three or four modules. On Fashion
MNIST (2C), it reaches 98.05% with two modules and
98.36% with three or four. For the 3C setting, starting from
the low baseline with one module, two modules yield 96.46%
on MNIST and 93.75% on Fashion MNIST, improving to
98.23%-98.28% on MNIST and 95.36%-95.78% on Fashion
MNIST with three or four modules. These improvements
demonstrate that multiple external quantum modules enable
richer quantum state representations, enhancing global

FIGURE 8. Training and testing performance of the external quantum
self-attention model on MNIST with one to four External Modules.
(a) One external module. (b) Two external modules. (c) Three external
modules. (d) Four external modules.

feature extraction and cross-sample correlations in the exter-
nal quantum self-attention mechanism. A modest number
of external quantum modules effectively leverages the core
benefits of external attention. Additional modules provide
fine-tuned enhancements, which are particularly valuable
in multi-class quantum machine learning scenarios where
greater representational capacity is required.

Furthermore, as the number of external quantummodules S
increases, the model’s complexity rises accordingly, leading
to enhanced representational power but with diminishing
returns beyond a certain saturation point, where performance
improvements plateau. This phenomenon aligns with the
findings in [33], which demonstrate that the expected risk in
quantum neural networks initially decreases with increasing
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FIGURE 9. Training and testing performance of the external quantum
self-attention model on fashion MNIST with one to four external
modules. (a) One external module. (b) Two external modules. (c) Three
external modules. (d) Four external modules.

model complexity due to improved fitting capabilities,
eventually stabilizing as further complexity yields marginal
gains without substantial additional benefits. Consequently,
S serves as a key hyperparameter in EQSAM, whose optimal
value is problem-dependent and should be empirically
validated for datasets of varying complexity to balance
expressiveness, generalization, and resource constraints in
quantum machine learning applications.

To evaluate the contribution of the external quantum
self-attention mechanism, we conducted ablation studies by
comparing it against the pairwise quantum self-attention
model. In these experiments, all other components, such as
quantum embedding for queries, the SWAP test for overlap
computation, TDSP for weight encoding, LCUs for weighted

superpositions, and the quantum feed-forward network,
remained identical across both models. The key difference
lies in how key and value states are generated: the pairwise
quantum self-attention model computes pairwise similarities
between all input tokens (resulting in quadratic complexity
O(N 2)), while our external model uses a fixed set of S fully
trainable external quantum modules to produce shared key
and value memory states, independent of individual inputs,
reducing complexity to linearO(N ). Regarding the parameter
count: The embedding circuits encode the Q/K/V states and
constitute the primary source of trainable parameters. For n
qubits per Q/K/V state, the total parameter count in these
embeddings is L(2S(n(n− 1)/2+ 2n)+ (n(n− 1)/2+ n)) for
S key/value pairs plus one query module. This count exceeds
that of the pairwise baseline, which is 3L(n(n − 1)/2 + n).
As a result, the external quantum self-attention mechanism
leads to higher memory usage during simulation or demands
more quantum gates in real quantum circuits compared to the
pairwise model.

As shown in Table 2, in the 2C setting on the MNIST
dataset, the ablated external model with two external modules
achieves a test accuracy of 99.84%, matching the pairwise
model’s performance. Scaling to three or four modules yields
amodest gain, surpassing the pairwisemodel by about 0.08%.
On Fashion MNIST (2C), the two-module external variant
reaches 98.05% test accuracy, approaching the pairwise
model’s 98.59%, with further modules closing the gap even
more. In the 3C setting, the external model with two modules
attains 96.46% on MNIST (versus the pairwise model’s
97.81%) and 93.75% on Fashion MNIST (versus 95.26%),
but with three or four modules, it improves to 98.23%–
98.28% on MNIST (exceeding the pairwise) and 95.36%–
95.78%on FashionMNIST (matching or slightly surpassing).
These results demonstrate that replacing pairwise token inter-
actions with external memory-based similarities maintains
or slightly improves accuracy across class settings, while
leveraging global, dataset-shared representations to enhance
generalization.

The ablation highlights the external mechanism’s effi-
ciency: by treating the modules as ‘knowledge containers’
that capture cross-sample semantics without input depen-
dency, it fosters better feature integration across the dataset.
With S ≪ N , this approach drastically cuts computational
demands, making it ideal for resource-constrained quantum
settings. Even with just two modules, performance rivals the
pairwise model in both binary and ternary tasks, suggesting
scalability benefits for larger datasets in quantum machine
learning.

2) COMPARATIVE EXPERIMENTS WITH BASELINE QUANTUM
MODELS
To further assess the efficacy of our External Quantum
Self-Attention Model (EQSAM), we compare its perfor-
mance against several established baseline quantum models
on the MNIST and Fashion MNIST binary classification
tasks. Specifically, we evaluate our 3S configuration (using
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TABLE 2. Ablation results: Performance of external and pairwise quantum self-attention models on MNIST and fashion-MNIST.

TABLE 3. Comparative performance of EQSAM and baseline quantum ML models on MNIST and fashion-MNIST.

three external quantum modules for keys and values) along-
side SQNN [41], TRVQC [42], QCNN [40], QSAN [18], and
QKSAN [19].

In an SQNN system, several quantum devices are used as
quantum feature extractors, extracting local features from an
input instance in parallel. Then a separate quantum predictor
then collects extracted local quantum features from quantum
feature extractors via classical communication channels,
learns from them, and makes prediction on them with a
VQC. The TRVQC method simulates VQCs classically by
representing the quantum state as a tensor ring, applying
parametrized gates with low-rank via truncated SVD to
maintain efficiency, and optimizing parameters for tasks
like classification. QCNN employs a tree-like architecture
with convolutional filters and pooling layers using identical
two-qubit parameterized gates in a translationally invariant
manner, reducing qubits progressively via partial traces. The
final prediction is obtained bymeasuring the remaining single
qubit in the Z-basis. Both QSAN and QKSAN exemplify
traditional quantum self-attention architectures that rely on
pairwise similarity computations between query and key
quantum states to derive attention weights, resulting in
quadratic computational complexity with respect to the input
sequence length.

As shown in Table 3, compared to SQNN, TRVQC,
and QCNN, our 3S EQSAM achieves superior performance
while utilizing fewer qubits. SQNN, which employs multiple
quantum devices as parallel feature extractors followed by
a variational quantum circuit (VQC) predictor, requires
16 qubits and yields test accuracies of 98.90% onMNIST and

94.30% on Fashion MNIST. TRVQC [42], a tree-structured
variational quantum classifier using reservoir computing
principles, operates on 4 qubits with 83.73% on MNIST.
QCNN, inspired by classical convolutional networks, uses a
hierarchical structure with convolutional and pooling layers
to progressively reduce qubits, operating on 8 qubits with
test accuracies of 98.90% on MNIST and 94.30% on Fashion
MNIST. In contrast, our 3S model operates on only 6 qubits
yet attains higher test accuracies of 99.92% on MNIST
and 98.36% on Fashion MNIST. This improvement under-
scores the advantages of quantum self-attention mechanisms
over convolutional approaches or direct VQC-based feature
extraction, particularly when sufficient data is available.
Attention allows the model to dynamically weigh global
dependencies across input patches, capturing more nuanced
patterns and long-range correlations that convolution or
simple VQC extraction might overlook, leading to better
generalization with reduced quantum resources.

When benchmarked against other quantum self-attention
models like QSAN and QKSAN, our 3S EQSAM demon-
strates comparable or competitive results. QSAN, which
fuses quantum states via entanglement to compute attention
weights, uses 8 qubits and achieves perfect accuracies of
100% on MNIST and 96.8% on Fashion MNIST. QKSAN,
employing a quantum kernel for similarity measurement in
attention weights, operates on 4 qubits with accuracies of
99.00% on MNIST and 98.05% on Fashion MNIST. Our
model, with its external memory-based approach, matches
or slightly exceeds these on Fashion MNIST (98.36% vs.
96.8% for QSAN and 98.05% for QKSAN) and approaches
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TABLE 4. Robustness of external quantum self-attention models to simulated noise on MNIST and fashion-MNIST.

perfection on MNIST (99.92% vs. 100% for QSAN and
99.00% for QKSAN). This parity in performance validates
the effectiveness of the external quantum self-attention
mechanism, which shifts from pairwise input similarities to
query-memory overlaps, reducing computational complexity
to linear while maintaining strong representational power
through trainable, dataset-shared memory units.

3) NOISY EXPERIMENTAL RESULTS
To assess the noise robustness of our External Quantum
Self-Attention Model (EQSAM), we simulated noisy con-
ditions by adding depolarizing noise channels to each qubit
at the circuit’s end. Depolarizing noise, a prevalent error in
NISQ devices, randomly applies Pauli X, Y, or Z operators,
mixing the state toward the maximally mixed state. We used
a noise level of p = 0.1, which is typical for current quantum
hardware.

As shown in Table 4, EQSAM demonstrates strong
resilience in binary (2C) and ternary (3C) classification
on MNIST and Fashion MNIST. In the 2C setting with
p = 0.1, test accuracies remain stable, with the largest
drop being 0.16% (e.g., 3S on Fashion MNIST, from 98.36%
to 98.20%). For 3C, the maximum test drop is 0.42%
(4S on Fashion MNIST, from 95.78% to 95.36%), and train-
ing accuracies show no degradation exceeding 0.84% overall,
with variations within the model’s statistical uncertainty.

The observed resilience to single-qubit depolarizing noise
in EQSAM can be traced back to the integration of variational
quantum algorithms (VQAs) within the framework. As high-
lighted in [43] and [44], VQAs alleviate noise interference
through the dynamic adjustment of their parameters during
the optimization process. Due to this adaptive characteristic,
the quantum circuit can recalibrate its variables even under
noisy conditions during training, which helps to suppress
error propagation effectively.

VI. CONCLUSION
In this work, we introduced the External Quantum
Self-Attention Model (EQSAM), which leverages fully
trainable external quantum memory units to replace classical
pairwise attention computations, effectively reducing the
computational complexity from quadratic to linear scale.
Our design not only enhances computational efficiency but
also enables capturing global semantic features shared across
samples via stable external key and value states. Numerical

experiments on MNIST and Fashion MNIST binary clas-
sification tasks validate that EQSAM achieves competitive
or improved accuracy compared to pairwise quantum self-
attention models. These results highlight the potential of
external attention paradigms in advancing scalable and
expressive quantum machine learning architectures.
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