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The prabSlm af diaqonAli.1nq th. hamiltanian far quantum 

inteorabl. model. in the cont.Kb af th. CQ-ardlnate t11 or 

alQabra1c C~] aethe an.at. 1. reduced ta .olvinQ the .4.tem 

of the Dathe-an.at. equation•• For the .i~pl •• t ca.e of the 

X~X Hai.unbarQ antifurromaqnet and it. intuqrable Qunerali­

.ation [J] to arbitrary apin • the uQuation. have the form 

( >.ti·1N. _", >'(>'k+i 
j-1 ••• M. (1) 

>'j-i. k-1 >'J->'k- i 

Here. N i. the number of aite. of the .pin rinq, and the 

number M of complew parameter. >. j ma4 be 0 ••• sN. The ener­

qie. E - eiQenvalue. of the hamiltontan 

N 2a-1 2. 2. x-x mH - Eh(~ ~ +1)' h(x)- - E l2: 11k) n__-__ 
n-l n n j-0 ~-j+1 m-~ Mj-Xm

,mp:.J 
'2 .
 

wm- m(m+1)/2 -.(a+1), fln-·(·+U, gN+1 ~ ~1' ­

momenta P, and .pin. B ol the .tatea are aNpre••ed throuQh 

tha ao1 uti on. (>.'~) M to .lj.tem ,(1) 

M 2n 1 M >.. t i • 
E - .. L • . po - rEIn>.. -i. , S-.N-M. (2) 

j-1 >'~+1i2 )"1 j .. 

AccordinQ to the ".trinQ:' h4Poth•• l .. t1,4,~5J, all N+oo, all 

the parameter. >. should a.~.Rlble into n...trlnq. 

~ - M + i[(n+1)/~ -m]. m-l ••• n. (3) 

-where a poai·tiv. lnteger n specUia.tlle len~th of the 

.trinQ. and a real )( it. centre positlon. The anttferromaq'" 

netic vacuu~ compri ••• a 8.a ~f M-.N 2.-.trin9. [~~. The 

.trinq ,hypoth••i. qive. a rather accurate qeneral quallta" 

tiva cl •••ifieation of .tat••• their tot.l number beinQin 

.Qre.m.n~ tbJ With the •••umptlon of campletene••• How.ver. 
.. 
I 

the assertion about an expo~ential (in N) accuracy of 

strings proves wrong in a number of cases. Even for 5=1/2. 

on the backqround of the sea of real roots (l-strinQs). non­

atring ~onfiguration5 - Quartets and wide pairs - have been 

predicted [7]. For 5)1/2, quartets are chanqed to multiplets 

and narrow pairs may appear [8J. Deformations of the sea 

strinqs become also possible. The numeri:cal computations' [93 

have shown that the minimal deviations from formula (3) for 

the vacuum and two-hole states pehave as OCI/N) while the 

maximum is 0(1); however, these c on s i der-ab Le 'iitrinq de'forma­

ti6ns weak14 affect the enerq4. T~e'object of the present 

letter Is to find out multiplet-t~pe solutions explicitl~ 

and to 8iud4 finite-size corrections for them. 

At lar~e N. one can describe the sea of 2s-strinQ5 with a 

densit4 function. The Bethe-ansatz equations for the sea ar~ 

rewritten as an inteQral equatio~ for the densitq. which ma4 

be solved b~ the Fourier transformation. The stud4 of the 

equations for complex~roo~ confiQurations on the sea back­

qr-ound shows that there are on l u thrlie p c s s t b i Lt t.Les (8]1 

free narrow pairg 11m ~1~a~1/2. wide pair$ 11m ~1)~+1/2, and 

multiplets 

~ • x ± i(4+s-m), m=0••• 2~, 0<4<1/2. (4), 

Real parameters x an~ 4 determine the positions of all the 

pairs of the multiplet, 2s-1 narrow and two intermediate 

ones I 11m ~1-sl<1/2. As well as in strinqs, for each complex 

root of a multiplet ~ (except lower ,members of ita interme~ 

diate pairs) there is a quccessor ~' 14inq an imaQinsr4 unit 

below it. The deviations ~~+i64 = ~-~'-i should be exponen­

ti all y small [8] 

I',t-~~., '*'" .,... %4' '" ~:l _ ~ ,.~ .... " 
~{')'~~' ·r.,· .: ·~,~J;l5},{I 

, t'!., "; "~l." -"". '")1'1 ')-.Jr'~:ill•• """'" • • •• , I . 
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K '" In coshCnx)+cos(w~) •&2+~..?= exp (-KN> , cosh (wx)-cos(n4) 
(~) 

The sea contributions to the equations for the allowed 

configurations can be evaluated. Thereafter, the equations 

are reduced to the higher-level Bethe-ansatz form, where the 

N factors of equations (1) are cancelled. Contributions of 

the complex roots to ~he energy and momentum are exactly 

compensated b4 the backflow reaction of the sea. Thus, the 

energy and momentum are completely determined by physical 

excitations, holes in the sea. In the limit of an infinite 

size of the rinQ their positions may be arbitrary. However, 

at finite N the4 are discrete and correspond to hal~-inteQer 

values of the inteqral of the dens£ty ior 2.-strings toge­

ther with hole&. This can alBo be written [9] a. hiqher­

-level Bethe-ansatz equations. 

In the present letter the simple&t multiplet-t4pe solu­

tions are considered, with one quar·tet (.-1/2) or sextet 

(8-1) at even N and the minimal number of holes, four, the 

total spin being S=0. For this case the higher-level Bethe­

-ansatz equations C8] are reduced to the form 

4 x-x 
j+t(y+l/:2) ~j!1 X-K 2y-l ' 

(61 

j+i(y-1/2) 

x-x X-It 

nQ - N [n/4-atan sxp(-wx )] +atan~ +.tan~
j j 1/2+y 1/2-1,1: 

00 d 4 
+ J. sa , 8in[ h(j-Kk)P] (7) 

o p k-1 . 

* 2expC(6-1/2)pl-expC-(s-t/2)pJ-exp[-(s+1/2)pJ j 1 4 
2cosh(p/2) 2sinh(sp) ., = ••• , 

where Q ~re (half-)inteqer numbers - acccrdinq to Qma K j 

"'N/4+1/2-(2.~1,- which specif4 the hole position•• IQ jl~Qma){' 

Equation (6) for the parameters of the multiplet can be 

.olved exactly. After,eliminatinq the denominator and takinQ 

the imaginary part, one gets Y(4y2_l)r~.1+x2+)(;:s+x4-4)()::l1ll. 

It follows.then that for the mUlti-plet so l ut.t on (4) 

1 
x = 4(x 1+x 2+x;:s+x 4). (8) 

The real part, aiter formUla (8) is substituted. !gives abi~ 

quadratic equation for y. Its solution can be represented as 

1 1 2 1 4 nY m {6[-2 -2A~±(1+4A +28A -12A 
,,,- 2 2 4

) 1/2J}1/2' An"'4 1.:(x j-X). (9) 
j=l ­

Equations (7) have to be solved numer*cally~ One iterates 

the hole co-ordinates~ usinq formUlae (8) and (9) at every 

step. The re~ult allows one to compute the leading approxi­

mation in N+oo for the enerqy arid momentum of the state 

iii -1 
1.: (2n-1) , D. integer,'

4 1 
E - 1.: 2 ~ ICODh(nx ) n-l 

(H!I)
00 j-l j - N s-1/2 1 

{ 
In 2 + 1.: (2n). • '!" hAlf-inteQlirr 

, n=l 
2n 4 

p- naN -2 E atan exp(-wx j)' (11) 
j~l 

The difference between the primary values (2) derived from 

the solutions to equations (1), on the one hand, and the 

higher-level approximation (5)-(11>, on the other. i~ due to 

finite-size corrections. As a consequence of equations (6) 

and (7), formula (11) for the momentum proves to be exact 

because its values are multiples of 2w/N. Numerical data 

presented below demonstrate that the energy correction E-E 
oo 

behaves as O(l/N), that is in the same way as for the vacuum 

and simplest excitations [9,10,11J. 

The numerical computations are performed by the Newton 

mathod for the loqarithms of equations (1) [9J. Since mUlti­

plats should have exponentially small deviations from formu­

la (4), quantities of essentially different scales may QE 

(; 
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present in the problem. And because the computer pre~ision to equations .(1). ,The quanti ty 0= (E-Eoo)N controls the accu­

is limited, one has to store for each complex root, be9ides racy of the approximati9n (10)J the ~v values correspond to 

its absolute position, the value of ~+i~. Furthermore, to t~e vacuum solutions. 

improve the linear system solved at every step of the itera­

tion for a member of a string-like chain tne equations for 

tiona, the equations are modified as follows. To each equa­ ): 
For s-l the information about the sea-gtring deformations 

is ·presented in addt,tiona AmaH and ,Ame .. n , the maKimum and 

average lly over all the st.ring-like chains. It should be 

all its successors are auded. This eli~inates wingularities noted that at the points x 
j 

the sign of the deformations 

in internal deformations of the chains from the equations alters, like i~ two-hol9 states [9]. This is reflected on 

for their higher members. the average and maximum v~lue•• 

IIDltJ.a. Qu~rt..t-typ. solutions (s-112,S-011 N dependence. I!!!JJLb.. Sextet-type solutions (.-l,S,",," .N dependllnce. 

N Q 
1 K, 00 x 00' 'JoG' )"max Koo,K 

N 
'P 21T ' E, 0, 8 v 

50 -12 
10 
11 
12 

-1.2528320 
.65310112 
.86233372 

1.36:52448 

.4069619 

.4310766 
.415359:545 
.929075272 

.223 

.305 
-3 
-33.9652960767 
-.890181 
-.824879465969 

80 -19.:5 
17. :5 
18.5 
19.5 

-1.40391672 
.8033:57612 

1.012484691 
1.519:539278 

.4828662 

.3823154 
.491795306 
.878948890 

.305 

.342 
37 
-55.0177:558735 
-.895606 
-.824136394052 

128 -31.5 
28.5 
29.5 
31.5 

-1.5559310 
.82630748 
.95286674 

1.64224731 

.4663726 

.3651575 
.473087495 
.861554593 

.364 

.388 
59 
-88.2980643647 
-.893067 
-.823697869135 

200 -48.5 
44.5 
46.5 
48.5 

-1.23532167 
.805860239 
.963748648 
1.26921169 

.4508747 

.3947886 
.456742522 
.894007428 

.300 

.313 
92 
-138.110673055 
-.865510­
-.823428050508 

300 -72.:5 
67.5 
70.5 
72.5 

-1.18403224 
.82859734 

1.00230524 
1.20566462 

.4631337 

.3948913, 
.468814566 
.894719545 

.289 

.296 
139 
-207.433923708 
-.B5~9531 

-.823254238795 

N -Q
j Xi 00 xoo'~oo' ).maK K-oo,K 

' N 
P2w ' E, .t, .tv Amax,Amean 

30 -7.:5 
5.5 
6.5 
7.5 

-1.2662 
.58747 
.'87213 

1.57761 

.4428 
.45935 

• 46t383788 
1.46389221 

.120 

.296 
13 
-29.2420778022 
-.273 

-1.24359396024' 

-.0528279 
-.0124799 

50 -12.5 
10.5 
11. :5 
12~5 

-1.4273916 
.7508006 

1.Q1358171 
1. 7504168 

.527411 

.417459 
.54812139600 
1.42389289 

.189 

.236 
23 
-49.5404404411 

-.21263 
-1.24008319675 

-.0557867 
-.0129662 

80 -20 
17 
19 
20 

-1.581445 
.740698 

1.176765 
1.884152 

.555043 
.413279 

.:57865091121 
1.42377551 

.183 

.198 
37 
-79.:5904903094 
-.18748 

-1.23829584077 

-.057111210 
-.00991790 

128 -31 
28 
30 
31 

-1.1257839 
.7739528 

t.0066"041 
1.2172837 

.468014 

.414146 
• 47882793J. 
1.41526422 

.234 

.253 
59 
-127.435220911 

-.24'932 
-1.23718650132 

~Ql769850 

-.0012470:5 

150 -36.5 
32.:5 
3:5.5 
36.:5 

-1.17646748 
.7475171-2 

1.1215462039 
1.2638121619 

.472369 

.413384 
.48336336,1 
1. 4151210Q10:5 

.2~3 

.246 
69 
-149.4:52818318 

-.237879 
-1.23690487880 

.0771949 
-.00126993 

2/12=-.822467033424-1T -n2/B--l.2337005~014 

The results of computing multiplet-type states with dif- Another projection, different multiplet-type statea at 

ferent N but about the same hole positions are presented in the same N, is preaented'in tables 3 and 4. One can observe 

tables and 2. The indeK 00 relates to the higher-lever how the parAmeters of the multiplets vary with shifting the 

Bethe-ansatz approximation (5)-(10). On the other hand, the holea. 

real and imaginary parts of the highest multi'plet member The follOWing general conclusion CAn be made from the 

)" "(1m::: y +s), the coefficient K.-ln(AH2+~2) IN charac- : computations: As well as strings, multiplets are perfectly
mal< 00 , max ]


I ~terising its deviation from the succe6sor, the momentum and reliable configuration. for sufficiently large N. They may 

energy of the state (2) are computed through the solutions degenerate into strings onl.y when y approaches 1/2 or 0. 
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I~ Qu.rtet-type solutions (s-I/2,N=300,S=011 a dependence. 
. , 

Q 
j 

-73.:5 
71.5 
72.5 
73.5 

-73.5 
62.5 
63.5 
64.5 

-73.5 
44.5 
45.5 
46.5 

-73.5 
17.5 
18.5 
19.5 

-73.5 
-36.5 
-35.5 
-34.5 

>.x 1 C» 
x00' Yool max 

-1.36482157 .5879376 
1.09433226 • 2911l6191' 
1.21614273 .595746011 
1.40609720 .789259871 

-1.36364014 .172312106 
.65594717 .4011303 
.68345220 .168892334 

,.71344296 .8')'6267176 
-1.363811211215 -.0647769 

.3,5668617 .4431056 

.36811928 -.0716452l2l9 

. 379897121_~ ~938997428 

-1.3648121479 -.2441374 
.12222059 . .465156121 
.12939748 -.252869538 
.13663694 • 9619121l2l751 

-1,,36962506 -.5362784 
-.26748256 .4873218 
-.25843997 -.547265385 
-.24956619 • 98549l2l076 

'\0' K 
N 

p 2rr ' ~, IS 

.38~8 145 

.3799 -207.696353473 
-.86834 

.5446 118 

.5862 -21216.817631923 
-.85231 

.3519 64 

.3905 -21215.20612189162 
-.83273 

.1673 -17 

.1973 -203.556189286 
-.81217541 

.0286 121 

.121558 -2l2l4.41219235838 
-.787864 

~ SeKtet-type 6Qlutionli hi:o:l,N=1:50,S:01 I Ii dependence. 

Q, 
--.l..­
-37.5 
35.5 
36.5 
37.5 

)( 1 00 x 00' Yool ,>'ma:< KIlO, K P ..,N , E, 8 
...rr 

73 
-149.846266281 

-.13287 

ama )(, ~me.n 
-1.784453 

1.1121121561 
1.387729 
2.119174 

.705753 

.231061 
.72912161176 

1.24848121914 

.325 

.295 
-.121584750 
-.0l2l895129 

-37.5 -1. 77l2l1893 .372~12I61 1.l2l06 7121 .0708430 
34.5 .9243322 .1932501 1. 117 -149.648265432 -.00595921 
35.5 1.121610943 .368102324 -.14313 
36'.5 1.2759871 1.154708082 

-37.5 -1. 76501546 .1721583 1.247 64 .0840352 
32.:5 .7389429121 .2803942 1.474 -149.2561591"11 -.00412634 
33.~ .81152492 .160400989 -.26679 
34.:5 .90318069 1.250735093 

-37.:5 -1.7623307"7 -.0067414 1.020 52 .0909902 
28.5 .:53843698 .3441881 1.205 -148.490623758 - .. 00257904 
29.:5 .:57687237 -.023845271 -.20709 
3121.5 • 62121l2l5585 1.320130172 

-37.5 -1.76195649 -.1492694 .669 34 .0941040 
22.5 .36444698 .3832854 .784 -147.427735359 -.00145736 
23.5 .38779568 -.170197903 -.27493 
24.5 • 41263609 1.362607767 

-37.5 -1.76478369 -.318320121 .330 -2 • 095862a 
10.5 .14892474 .4188086 .399 -145.842065398 -.000275055 
11 ..5 .16372558 -.343302354 -.45789 
12.5 .17885336 1.401552230 

-37.5 -1.77047569 -.4448982 .177 -38 .0963235 
-1.5 -.1211623679' .4391816 .231 --145.283023731 • 1211210500191 
-.5 -.00303683 -.472627654 -.68493 
.5 .121112115657 1.424216927 

Moreover, ~he deviations from the multiplet structure (4) 

are in fact exponentially smalll K behaves like 0(1) and 

agrees reasonably wtth the predicted values (5). At the same 

time, deformations of the sea strinqs (at s=l) are more con­

sfderable. They may probably be diminished, in the average,.1' 
~ 

j. only owinq to chanqes of their stqns at the hole positions. 

The higher-level Bethe ansatz (6)-(11) provides a rather 

good approximation. One sees from tables 1 and 2 that th~ 

quantit.y 8 .t larqe N approachea a constant (fluctuations 

are due to some drift of the holes). Hence, the finite-size 

energy correction i. O(l/N). The leadi~q asymptotic& coeffi­

ctent for the vacuum (previoua numeric~} result•• [10],.-1/ 2 t 

[111,.-11 [9J,s up to 9/2) well aqrees with the value of the 

centbal charq~ in the conformal field theory [121 

I 

1 2 
c m3./(a+l). '12)8v-(E-Eoo)v~ ~ - 12 n c, 

For the excited states, 8 differs from formula (12) and de­

pends on the hole positions (table. 3 and 4). The compari'son 

with the anomalous dimensions o~ the scalinq operators [131 

is~ however, difficult because the considered states are too 

biqh-excited. The low-l~ing two-hole excitations [91 would 

be more appropriate, but there are problems for them either, 

due to the presence of logarithmic corrections [8',9,14] be­

sides O(l/N). These corrections may f-urthermore depend on 

the sea-string deformations, to describe which there are 

still no eff lci ent. exact methods • 
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Asneea n.B. E17-88-825 
L{HCJleHHbIH aHaJlM3 HeeTPyHHb~ pemeHHH ypaBHeHHH 
aH3aTu;a BeTe 

~JlH HHTerpHpyeMoro XXX-aHTH~eppoMarHeTHKa feH3eHoepra 
CHHHa -s= 1/2 H 1 Ha~eHbI -qHCJleHHbIe peureaaa ypaBHeHHH ausa 1'­
IJ;a Be're (sN .0;0 150), COAep)KaW;He ne c epyausre KOH~HrypaIJ;HH - ­
MyJlbTHrrneTW. Pe3YJlbTaTW cpaBHHBaWTcfl C npH6Jl~eHHeM BTO­
pWIHoro aH3aTIJ;a Be-re , OTJlHqHe TOqHb~ 3HeprHH qeTblpex­
AMPOqHb~ MYJlbTHnJleTHb~ COCTOHHHH nOJlHOrO CITHHa 0 01' npH­
OJl~eHHb~ COC'TaBJlHeT O( liN); K03qxpHIJ;HeHT He TaKOH, KaK 
P;JlH BaKYYMa, 11 3aBHCHT 01' IIOJlO)KeHHH .o;bIpOK. KaK H O)KH,D;a­
JlOCb, MyJlbTHllJIeTbI. HMelOT 3KCnOHeHIJ;HaJlhHYlO TOqHOCTb, B TO 
BpeMH KaK CTpyHW MOpH Ae~opMHPYlO'T~H 3HaqHTeJlbHO CRJlbHee. 

Pa60Ta BblITOJlHeHa B na60paTOPHH TeOpeTHqeCKOH ~H3HKH 

OI15II1. 

FlperrpaarOfi'senaaeaaoro HHCTHTYT8 JUlepHbIX HCCJ1enOB8HHH . .uy6Ha 1988 

Avdeev L.V. E17-88-825 
Bethe-Ansatz Solutions of a Non-String Type: 
Numerical R~sults 

For the integrable XXX antiferromagnetic ring of N 
spins s=l or s=I/2, the numerical solutions to the Rethe­
ansatz equations are found, which involve non-string con­
figurations, multiplets. The r~sults up to sN=150 are com 
pared with higher-level Bethe-ansatz predictions. The dif 
ference between the predicted and tinit €-N energies of 
the spin-zero states with a multiplet and four holes com­
prises O(l/N). The coefficient is not the same as for the 
vacuum and depends on positions of the holes. As has been 
expected, the multiplets are of an exponential accuracy 
in	 N, while sea strings ar€ deformed much stronger. 

The investigation bas been performed at the Laboratory 
of Theoretical Physics, JINR. . 

Preprint of the Joint Institute for Nuclear Research. Dubna 1988 

http:Nuc1.Phys.B

