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1 Introduction

Modern cooling and trapping techniques allow for a pre-
cise manipulation of cold boson gases [1]. When the
ultracold temperatures are reached, a Bose gas forms a
macroscopic quantum system known as a Bose–Einstein
condensate (BEC). After its first realization [2,3], the
study of BECs has become a rapidly evolving field of
research, providing new opportunities for both funda-
mental science and technological applications.

One of the most attractive features of a BEC is its
long-range coherence, leading to pronounced interfer-
ence phenomena. This feature makes BECs a promis-
ing basis for quantum sensor devices with huge, yet
only partially explored, potential in gravimetry and
accelerometry [4–6]. There are multiple proposals how
BECs could be used for acceleration measurements,
for instance, atomic Mach–Zehnder type interferom-
eters [7–9], an atomic Michelson interferometer [10],
and a double-well Josephson junction [11,12]. In this
paper, we will focus on the latter one, which also has
been considered to explore quantum coherence phenom-
ena [13,14] and which is closely related to the widely
used setup of a BEC in an optical lattice [15–17]. The
tunneling dynamics of particles in this potential leads
to Josephson oscillations between the wells, which are
highly sensitive to even small accelerations of the trap
[11,12].

Commonly, a Bose gas of many interacting particles
is efficiently described by a single, fully coherent quan-
tum state, which obeys the Gross–Pitaevskii equation
[18,19] and constitutes the ground state of the system.
In addition, up-to-date techniques such as ZNG for-
malism [20] and a stochastic Gross–Pitaevskii equation
[21,22] are capable to describe a small fraction of the
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Bose gas, forming a thermal cloud of excited particles.
These approaches are well suited, as long as the trapped
Bose gas has well-separated energy levels, and most of
the bosons occupy the ground state, as it is the case in
a single well, e.g., in a harmonic potential. However, an
interferometer setup such as a double well has two or
more nearly degenerate energy levels, which are macro-
scopically occupied. In this case, due to decoherence,
the state of system does not stay in a coherent superpo-
sition of the energy eigenstates [15,23]. The theoretical
description of this decoherence poses a challenge to the
commonly used approaches to BEC dynamics.

The aforementioned problem has been previously dis-
cussed in the non-interacting limit for a Bose gas con-
fined in a double-well trap [24]. We have shown that
in the density matrix formalism, the Josephson equa-
tions are modified by the presence of partial incoher-
ence, leading to the observable modifications to Joseph-
son dynamics. In the present paper, we extend this
research to the case of a closed, weakly interacting Bose
gas, investigating how the collisional interaction induces
decoherence in the system. The collisional decoherence
in a Josephson junction has been previously investi-
gated numerically in Refs. [23,25], using a phase fluc-
tuations approach. While in the coherent regime the
phase between the potential wells is clearly determined,
it fluctuates in consequence of the decoherence [25–28].
We relate these phase fluctuations to the density matrix
approach, elucidating the connection between the two
formalisms.

The paper is organized as follows. In Sect.2, we
introduce a double-well geometry and its single-particle
eigenstates and analyze how they are modified by the
presence of external acceleration. Moreover, from these
eigenstates we construct the left and right well states,
which provide a suitable basis to describe the Joseph-
son effect. Then, in Sect.3 we write down the many-
particle Hamiltonian of the Bose gas, which consists
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Fig. 1 Potential geometry and the single-particle energy
eigenstates: the ground state φ0 (solid line) and the excited
state φ1 (dashed line)

of the free single-particle Hamiltonians and collisional
interactions, which we treat as a small perturbation.
With that in hand, we solve the Liouville equation
for the density matrix in Sect.4 and derive the effec-
tive density matrix that contains all information rel-
evant to study Josephson effect. In Sect.5, we inves-
tigate the Josephson dynamics for the particular sce-
nario, where all particles are initially localized in the
left well, and demonstrate the collisional decoherence.
Moreover, we study the influence of external acceler-
ation, causing observable frequency shifts, and discuss
the setup’s suitability as an accelerometer device. In
Sect. 6, we compare the obtained frequency shifts with
the predictions of the pure state model, which is appli-
cable in case of negligible decoherence. In Sect. 7, we
analyze the correspondence between the density matrix
and the phase fluctuations approach. The conclusions
are made in Sect. 8.

2 A single particle in a double well

Since we want to study a Bose gas in the weakly
interacting regime, it is convenient to first investigate
the single-particle solution to the double-well prob-
lem, build up from that the many-particle theory and
treat interactions perturbatively, later. In this section,
therefore, we introduce the trap geometry and give the
single-particle energy spectrum as well as the corre-
sponding eigenstates.

2.1 Two-state model for 3D cubic traps

While our theory can be applied to any double-well
potential shape, in our model we consider two cubic
traps, each of volume L3 and potential depth U0, as
well as a spacing of 2L between them, as shown in
Fig. 1. This geometry is inspired by the recent studies
of BECs confined in box-shaped potentials, see, e.g.,
Refs. [29,30], and is used here to illustrate our ideas by
means of an instructive example.

For simplicity, we want the potential depth U0 to
be tuned such that the trap configuration has only

two bound states φ0(r) and φ1(r), solving the eigen-
value equation ĥ0(r)φ0/1 = E0/1φ0/1 for the Hamilto-
nian ĥ0(r) = p2/2m + U(r). The details on parameters
and solutions for this system are found in Appendix
A. For our further discussion, it is relevant that these
states are symmetric and asymmetric along z direc-
tion, respectively, as shown in Fig. 1. Moreover, their
energies E0 and E1 are nearly degenerate, such that
ΔE = E1 − E0 � |E|, where E = (E0 + E1)/2. For
completeness, the extension of the formalism beyond
the two-state model can be found in Appendix B.

2.2 Two-state model in the presence of external
acceleration

In the following, we assume that the double well is sub-
ject to an external acceleration a, creating the addi-
tional potential δU(r) = ma · r = ma(z cos θ + x sin θ),
where θ is the angle between a and the z-axis.

Applying perturbation theory [31] for the nearly
degenerate states φ0/1, we find that

ψ0 =

√
ΔEa + ΔE

2ΔEa
φ0 − signa

√
ΔEa − ΔE

2ΔEa
φ1 (1a)

ψ1 =

√
ΔEa + ΔE

2ΔEa
φ1 + signa

√
ΔEa − ΔE

2ΔEa
φ0 (1b)

obey the eigenvalue equation [ĥ0(r) + δU(r)]ψ0/1 =
Ea

0/1ψ0/1 to all orders in maL/ΔE and to linear orders
in maL/E and ΔE/E. In Eqs. (1), we introduced
ΔEa =

√
(ΔE)2+(2maχ(θ))2, χ(θ)=

[∫
drφ0φ1z

]
cos θ,

and signa = sign[aχ(θ)]. The corresponding energies are

Ea
0/1 =

1
2

(E0 + E1 + 2maI(θ) ∓ ΔEa) , (2)

where I(θ) =
[∫

drφ2
0x
]
sin θ.

The obtained result has the same structure as the
solution of the slightly asymmetric double-well prob-
lem, given in Ref. [24], where 2maχ(θ) plays role of the
potential step. In this scenario, however, the latter is
caused by the acceleration component parallel to the z-
axis, while the orthogonal acceleration component only
causes a global energy shift maI(θ) in Eq. (2).

In most of all cases, where the two boxes are well
separated (such that φ0 and |φ1| almost resemble each
other), we can approximate

∫
drφ2

0x ≈ ∫
drφ0φ1z ≈

3L/2, i.e., χ(θ) ≈ 3L cos θ/2 and I(θ) ≈ 3L sin θ/2.
Note that the perturbative approach leading to Eqs. (1)
only holds for small accelerations, i.e., for maχ(θ) ≈
3maL cos θ/2 � ΔE. For larger accelerations, the
eigenstates of the Hamiltonian ĥ0 +δU cannot be prop-
erly approximated as superpositions of φ0/1 states.

2.3 Left–right states

In this section, we introduce the left-right state basis
ψL/R of the single-particle states (in the case a = 0
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denoted as φL/R) that maximize the probability of the
particle to be in the left or right well, respectively. Fol-
lowing [24], they read ψL = φL = (φ0 + φ1)/

√
2 and

ψR = φR = (φ0 − φ1)/
√

2 in the basis of the unper-
turbed energy eigenstates φ0/1. However, in the pres-
ence of acceleration, we need to express them in the
basis of the proper energy eigenstates ψ0/1, what gives
rise to

ψL =
1

2
√

ΔEa

(
[
√

ΔEa + ΔE − signa

√
ΔEa − ΔE]ψ0

+ [
√

ΔEa + ΔE + signa

√
ΔEa − ΔE]ψ1

)
, (3a)

ψR =
1

2
√

ΔEa

(
[
√

ΔEa + ΔE + sign a

√
ΔEa − ΔE]ψ0

− [
√

ΔEa + ΔE − signa

√
ΔEa − ΔE]ψ1

)
. (3b)

For the sake of brevity, we introduce the angle ξ, deter-
mined by tan ξ=(ΔEa+signa

√
(ΔEa)2 − (ΔE)2)/ΔE,

to write

[|ψL〉
|ψR〉

]
=
[
cos ξ|ψ0〉 + sin ξ|ψ1〉
sin ξ|ψ0〉 − cos ξ|ψ1〉

]
= T̂ (ξ)

[|ψ0〉
|ψ1〉

]
. (4)

The transformation matrix T̂ will be of later use, when
we discuss the Josephson dynamics in the presence of
external acceleration.

3 Many-particle Hamiltonian

Having discussed a single particle in a double-box
trap, in the following we build up a description of a
closed many-particle system, to first consider a non-
interacting Bose gas. Afterward, we treat additional
interparticle interactions perturbatively, applying the
effective density matrix formalism.

3.1 Non-interacting Bose gas

The Hamiltonian Ĥ = Ĥ0 + V̂ is dominated by the
non-interacting part

Ĥ0 =
N∑

i=0

[ĥ0(ri) + δU(ri)] =
1∑

i=0

Ea
i â†

i âi, (5)

where â†
i and âi are creation and annihilation operators

associated with the two energy eigenstates (i = 0, 1) of
the double well. The interaction V̂ is a small perturba-
tion due to the collisional interaction of the particles
that is discussed in Sect. 3.2.

Now we introduce the density matrix for the non-
interacting many-particle system. For that, we need to

construct the basis of many-particle states

|N1〉 =
1√

N1!(N − N1)!

(
â†
0

)N−N1
(
â†
1

)N1 |0〉, (6)

which are labeled by the number N1 of particles in the
excited state ψ1. The states satisfy Ĥ0|N1〉 = [N1E

a
1 +

(N − N1)Ea
0 ]|N1〉 =: EN1 |N1〉 and are normalized such

that 〈N ′
1|N1〉 = δN ′

1N1 . With these states at hand, we
can construct the density matrix

ρ̂ =
∑

N1,N ′
1

ρN1N ′
1
|N1〉〈N ′

1| (7)

that contains the full information about the N -particle
system.

3.2 Collisional interaction

To describe the interparticle interactions, we need to
find the corresponding interaction potential, entering
the Hamiltonian Ĥ = Ĥ0 + V̂.

Commonly, BECs are dilute gases, where the average
distances between particles are large in comparison with
the range of interparticle interactions. Thus, in such a
gas one can consider only 2-particle interactions, while
simultaneous interactions involving more particles are
very rare and can be neglected [26]. This also means
that the interaction is significant only if the particles
closely approach each other, as can be modeled by a
delta-potential

V (r1 − r2) = gδ(r1 − r2) . (8)

This assumption is also supported by the theory for
elastic scattering of slow particles (i.e., low temper-
ature) [20,26], where the interaction constant g =
4π�

2as/m is found to be determined by the scattering
length as. The latter is a crucial parameter, defining
the interaction properties of a Bose gas, and can be
accessed with a few experimental techniques, see, e.g.,
[32].

The two-particle collisions described by the potential
(8) enter our formalism via the operator

V̂ =
1
2

∑
ijrl

Vijrlâ
†
i â

†
j ârâl (9)

with the matrix element

Vijrl =

∫
dr1dr2ψ

�
i (r1)ψ

�
j (r2)V (r1 − r2)ψr(r2)ψl(r1)

= g

∫
drψ�

i (r)ψ�
j (r)ψr(r)ψl(r) , (10)

which characterizes a collision between two ingoing
bosons in the states ψi/j that are found in the states
ψr/l after interaction [33]. Here the ψi(r) with (i = 0, 1)
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Fig. 2 Collisional processes in Bose gas: (a) collisions of

type â†
i â

†
i âiâi, where both ingoing and outgoing bosons

belong to the same energy eigenstate εi (depicted by
same color); (b) Hartree (direct) collisions; and (c) Fock

(exchange) collisions â†
i â

†
j âiâj of bosons in different states

(depicted by different colors)

are given by the wave functions for non-interacting par-
ticles from Eq. (1), as can be done in the considered
approximation of weak interactions [34].

Since we consider the Bose gas as a closed sys-
tem with fixed total energy and particle number, we
will only consider such collisional processes, which are
energy-conserving, leaving us with the interaction oper-
ator

V̂ =
1
2

(
V0000â

†
0â

†
0â0â0 + V1111â

†
1â

†
1â1â1

+ V1010â
†
0â

†
1â0â1 + V0101â

†
0â

†
1â0â1

+ V1001â
†
0â

†
1â0â1 + V0110â

†
0â

†
1â0â1

)
. (11)

The corresponding collisional processes are illustrated
in Fig. 2. They are analogous to the direct (Hartree)
and exchange (Fock) collisions discussed in the BEC
theory [33,35]. We mention that, other than in our case,
in open systems, beyond the weakly interacting regime
the terms in the interaction operator are accompanied
by also those of the energy non-conserving processes,
see, e.g., [20,35,36].

Performing the integrals (10) for the double-box trap
geometry and the corresponding single-particle states
ψ0/1 from Sect. 2, we obtain the matrix elements

V0000 =

(
2 −

[
ΔE

ΔEa

]2)
V + O(ΔE/E) (12a)

V1111 =

(
2 −

[
ΔE

ΔEa

]2)
V + O(ΔE/E) (12b)

V1010 =
[

ΔE

ΔEa

]2
V + O(ΔE/E)

= V0101 = V1001 = V0110, (12c)

which are ingredient to Eq. (11). Here we neglect all
terms of order ΔE/E, i.e., the overlap of the left and

right box wave functions. While this overlap is cru-
cial for the Josephson dynamics, later discussed in this
paper, it merely contributes quantitatively to the inter-
particle interaction, as we show in Appendix C.

In Eqs. (12) we see that the matrix elements are
characterized by the ratio 0 ≤ ΔE/ΔEa ≤ 1 of the
energy gaps with and without acceleration a and a sin-
gle parameter

V =
g

2

(
LmE + �

√
2mE/3(2 + 1/3 × E/U0)

(L
√

2mE/3 + 2�)2

)3

(13)
determined by the trap geometry, the interaction
strength g, as well as the single particle’s mass m and
energy E. Note that the quantities entering Eq. (13) are
not independent. That is, the energy E = E(L,U0,m)
is fixed by the other quantities and can be obtained
numerically, as we do in Appendix A.

4 Density matrix and single-particle
observables

4.1 Density matrix evolution

In this section, we discuss the evolution of the density
matrix (7), following Ref. [37]. Considering the density
matrix in the interaction picture

ρ̂I(t) = eiĤ0t/�ρ̂(t)e−iĤ0t/�, (14)

its evolution
˙̂ρI(t) = − i

�
[V̂, ρ̂I(t)] (15)

is determined by the interaction operator V̂ = eiĤ0t/�

V̂e−iĤ0t/�. The latter preserves its form in the interac-
tion picture, since it is energy conserving as discussed
in Sect. 3.2. Describing the density matrix in the many-
particle basis (6), its matrix elements are

ρI
N1,N ′

1
(t) = ρ0

N1,N ′
1
e
−it/�VN1,N′

1 , (16)

where ρ0
N1,N ′

1
= ρN1,N ′

1
(t = 0) is the initial state of the

system, and

VN1,N ′
1

=
V1111

2
[N1(N1 − 1) − N ′

1(N
′
1 − 1)]

+
V0000

2
[N1(N1 − 2N + 1) − N ′

1(N
′
1 − 2N + 1)]

+ (V0101 + V1010)[(N − N1)N1 − (N − N ′
1)N

′
1]

(17)

governs its evolution. Transforming this solution of
Eq. (15) back to the Schrödinger picture, we get

ρN1,N ′
1
(t) = ρ0

N1,N ′
1
e
−i(EN1−EN′

1
+VN1,N′

1
)t/�

. (18)
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Thus, we see that the collisional interaction shifts the
energy levels of the system by VN1,N ′

1
. Note, due to

VN1,N1 = 0, the diagonal density matrix elements
remain constant in time ρN1,N1(t) = ρN1,N1(0), as is
evident from the energy and particle number conserva-
tion in a closed system. The off-diagonal elements of
the density matrix evolve with

�ωN1,N ′
1

= EN ′
1
− EN1 − VN1,N ′

1

= (N ′
1 − N1)[ΔEa + V a(N − N1 − N ′

1)],
(19)

where the interaction now enters via the single param-
eter

V a =

(
3
[

ΔE

ΔEa

]2
− 2

)
V , (20)

emerging from using the explicit form of the matrix
elements (12) in the expression (17). Note that we fulfill
ωN ′

1,N1 = −ωN1,N ′
1
, as immediately stems from the fact

that the density matrix is Hermitian.

4.2 Effective density matrix

In the last section, we derived the density matrix ρ̂(t)
that contains complete information about the many-
particle system and its evolution. Our ultimate goal,
however, is to describe Josephson dynamics and, in par-
ticular the observable oscillations of particle popula-
tions between the wells of a double-well potential.

These populations are expectation values of the num-
ber operators

N̂L/R = P̂L/R ⊕ I ⊕ · · · ⊕ I︸ ︷︷ ︸
N-times

+ · · · + I ⊕ I ⊕ · · · ⊕ P̂L/R , (21)

which are constructed from the projectors P̂L/R =
|ψL/R〉〈ψL/R|, projecting on the state of a single parti-
cle in the left or right well, respectively.

As we discuss in detail in Ref. [24], the expectation
value

〈N̂L/R〉ρ = tr(ρ̂N̂L/R) = tr(ρ̂eP̂L/R)

can be evaluated when only the effective density matrix
ρ̂e is known. In our case, having that only two single-
particle energy eigenstates ψ0/1 are considered, ρ̂e is
a 2 × 2 matrix. It coincides with the reduced density
matrix of a single particle in a bath of all the other
N − 1 bosons [38] and can therefore be interpreted as a
description of the many-particle system by an average
boson.

Using the solution (18) for ρ̂(t), we obtain the effec-
tive density matrix

ρ̂e =
∑
ij

αij |ψi〉〈ψj | (22)

in the ψ0/1 basis with the elements

α00 =
N∑

N1=0

ρ0
N1,N1

(N − N1) (23a)

α11 =
N∑

N1=0

ρ0
N1,N1

N1 (23b)

α10(t) =
N−1∑
N1=0

√
(N − N1)(N1 + 1)

×ρ0
N1,N1+1e

iω(N1)t (23c)

α01(t) = α�
01(t), (23d)

which are determined by the diagonal elements ρ0
N1,N1

and the nearest off-diagonal elements ρ0
N1,N1+1 of the

initial density matrix. Note, that in the case of a fully
coherent configuration |α10| =

√
α00α11, while in the

general case we have |α10| ∈ [0,
√

α00α11] [24]. More-
over, the evolution is governed by the frequency

ω(N1) : = ωN1,N1+1 (24)

=
1
�

[ΔEa + V a(N − 2N1 − 1)] (25)

of transitions between the many-particle states |N1〉
and |N1 ± 1〉, cf. Eq. (19). Other transitions |N1〉 →
|N1 ± 2〉, or higher, do not appear, since we only con-
sider projectors P̂L/R acting on a state of each single
boson independently, cf. Eq. (21).

To discuss Josephson dynamics, we need to transform
the effective density matrix ρ̂eLR = T̂ (ξ)ρ̂eT̂ (ξ)−1 from
the ψ0/1-basis to the basis of left and right states, using
the transformation matrix T̂ (ξ) from Eq. (4). After this
transformation, we can identify the diagonal elements
of

ρ̂eLR(t) =
[
NL(t) A(t)
A∗(t) NR(t)

]
(26)

with the time-dependent occupation numbers

NL(t) = α00 cos2 ξ + α11 sin2 ξ (27a)
+Re[α10(t)] sin(2ξ)

NR(t) = α00 sin2 ξ + α11 cos2 ξ

−Re[α10(t)] sin(2ξ) (27b)

of the wells. The also introduced off-diagonal element

A(t) =
α00 − α11

2
sin(2ξ)

−Re[α10(t)] cos(2ξ) + iIm[α10(t)], (28)

and its conjugated will allow us to quantify the coher-
ence between the two spatially separated subsystems,
constituting the left and the right well states. These two
subsystems now can be seen as two coupled BECs—a
picture, that is often stressed in literature [13].
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4.3 Population imbalance and degree of coherence

Having found the explicit form (27) for the population
numbers NL/R(t) of each well, we now can construct
the observable population imbalance

Z(t) = (NL(t) − NR(t))/N

=
cos(2ξ)

N

N∑
N1=0

ρ0
N1,N1

(N − 2N1)

+
sin(2ξ)

N

N−1∑
N1=0

√
(N1 + 1)(N − N1)

×
(
ρ0

N1,N1+1e
iω(N1)t + ρ0

N1+1,N1
e−iω(N1)t

)
,

(29)

which for our closed system is the only degree of free-
dom since NL(t) + NR(t) = N gives the total particle
number. The first term in Eq. (29) is the average popu-
lation imbalance, which gives a contribution in the pres-
ence of acceleration a �= 0 and vanishes for a = 0. The
second, time-dependent, term gives rise to the Joseph-
son oscillations.

For a specific scenario, i.e., a given initial condition
ρ0

N1,N ′
1
, the imbalance Z(t) encodes the entire observ-

able dynamics of the system. However, further quanti-
ties can be introduced to characterize the behavior of
Z(t). In particular, we are interested in a parameter to
quantify the decoherence of the system due to interpar-
ticle collisions, causing the oscillations to die off after
a certain time. To obtain this parameter, we bring the
density matrix (26) into a diagonal form

Sρ̂eLR(t)S−1 =
N

2

[
1 + f(t) 0

0 1 − f(t)

]
, (30)

where f(t) ranges from 0 to 1 and is given by

f(t) =

√
Z2(t) +

(
2|A(t)|

N

)2

. (31)

While here, we don’t want to specify the transformation
S(t) or the resulting time-dependent basis states |s1(t)〉
and |s2(t)〉 implied by Eq. (30), we see that for f = 1
we obtain Sρ̂eLR(t)S−1 = diag(N, 0) = N |s1〉〈s1|. This
means that the system is in a single state |s1(t)〉 =
c1(t)|ψL〉 + c2(t)|ψR〉 that can be written as a superpo-
sition of the |ψL/R〉 states. Thus, for f = 1 the system
is described by a fully coherent state. In the opposite
case, f = 0, the system is in an incoherent mixture
N
2 |s1〉〈s1| + N

2 |s2〉〈s2|.
Based on this discussion, it is apparent that the

parameter f ∈ [0, 1] has the meaning of a degree of
coherence. In our previous work [24], we discussed this
parameter as constant in time for non-interacting sys-
tems. In what follows, the analysis of f(t) together with

Z(t) will allow us to investigate the process of deco-
herence during Josephson oscillations in an interacting
Bose gas.

5 Josephson effect

In the last section, we have obtained the population
imbalance Z(t) and the degree of coherence f(t) that
can be utilized to describe Josephson oscillations of a
weakly self-interacting BEC in a double-well potential.
We now take this general result and apply it to a specific
case, where all N particles initially occupy just a sin-
gle (e.g., the left) well of the potential. This describes
a standard experimental scenario, where the BEC is
initially loaded into a single well, using modern trap
manipulation techniques [39]. In our model, this gives
rise to the initial state of the system

|L〉 =
1√
N !

(cos ξâ†
0 + sin ξâ†

1)
N |0〉 , (32)

where the operators â†
0/1 create particles in the ground

or excited state, respectively. Thus, according to Eq. (4)
the superposition cos ξâ†

0+sin ξâ†
1 creates a boson in the

left well state ψL. The corresponding initial condition
for the density matrix reads

ρ̂0 = |L〉〈L|

= N !

N∑

N1=0

N∑

N′
1=0

(cos ξ)2N−N1−N′
1 (sin ξ)N1+N′

1
√

N1!N ′
1!(N − N1)!(N − N ′

1)!
|N1〉〈N ′

1|,

(33)

where we sum over all many-particle energy eigenstates
|N1〉 and |N ′

1〉, which are defined in Eq. (6).

5.1 Josephson dynamics without external
acceleration

In what follows, we want to focus on the effect of deco-
herence due to collisional interactions. Therefore, here
we first consider Josephson oscillations in the absence
of external acceleration.

To find the fractional population imbalance and the
degree of coherence, we revisit Eqs. (29) and (31) using
the ρ0

N1,N ′
1

that can be read of Eq. (33). In both equa-
tions, the case of a = 0 is parameterized by ξ = π/4.
This yields

Z(t) =
(

cos
[
V

�
t

])N−1

cos
[
ΔE

�
t

]
, (34)

f(t) =
∣∣∣∣ cos

[
V

�
t

] ∣∣∣∣
N−1

. (35)

Starting at Z(0) = 1 (NL(0) = N), Eq. (34) shows
harmonic oscillations with frequency ΔE/�, as would
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Fig. 3 Population imbalance Z (top) and degree of coher-
ence f (bottom) as functions of time t. Here the number of
bosons is N = 104 and g0 = 6.86 × 10−55 J×m3

be expected in the non-interacting case. In the pres-
ence of collisional interactions, which enter our formal-
ism via the parameter V from Eq. (13), these oscilla-
tions are modified by an additional, periodic function
cosN−1(V t/�). The absolute value of this function coin-
cides with the degree of coherence (35).

In the considered regime of weak interactions (V �
ΔE), the period ∼ �/V is much longer than the time
scale �/ΔE of Josephson dynamics in Eq. (34). Thus,
for times t � �/V the degree of coherence appears as
a damping factor for the Josephson oscillations. The
decrease of f(t) with time is a signature of the decoher-
ence of the initially coherent state (33), c.f. Ref. [26].
Moreover, we find that after some time t � �/V
the amplitude of Josephson oscillations in Eq. (34) is
revived to its initial value, implying that the coherence
is periodically restored. This stems from the fact that in
a closed system with conserved energy and entropy the
initial system state is never forgotten. On a technical
level, this can be understood from the density matrix
elements ρN1,N ′

1
(t), each evolving with its own phase,

as displayed in Eq. (18). These matrix elements inter-
fere destructively, until some time, given by the largest
period ∼ �/V involved, is reached. Hence, the revival
of the coherence is a consequence of the discrete, finite
energy spectrum (19), see also Refs. [26,27,40].

In experiment, however, the assumption that a BEC
is a closed system typically does not hold over time
scales ∼ �/V , due to the significant exchange of par-
ticles and energy with the environment. This provides
an additional channel for decoherence, leads to a finite
BEC lifetime [20], and prevents the revival of the oscil-
lations.

To illustrate the Josephson dynamics and its deco-
herence, described by Eqs. (34) and (35) for a realis-
tic experimental scenario, we consider a BEC of 39K

atoms with a small scattering wavelength in the range
as = 0.006 a0−0.18 a0, as realized in Refs. [15,41]. Here
a0 is the Bohr radius. The interaction constant g =
4π�

2as/m of such a gas varies from g0 = 6.86 × 10−55

kg×m5/s2 to 30g0 = 2.06×10−53 kg×m5/s2. Moreover,
we assume a typical BEC of N = 104 bosons in our trap
geometry (revisit Fig. 1) of size L = 3.68μm (concen-
tration 1014 cm−3) and a depth U0 = 3.16 × 10−32 J
of the potential. For such a setup, we obtain Josephson
oscillations in a time scale of �/ΔE = 0.14 s, while the
collisional decoherence time scale �/V ∼ g−1 ranges
from 7.66 × 104 s to 2.55 × 103 s.

In Fig. 3, we show the decay of Josephson oscillations
(34) for different interaction strengths g. For larger g
(see g = 15g0 or 30g0 in the Figure), we observe a signif-
icant decay of the oscillation amplitude, in agreement
with the findings of Ref. [15], where the collisional inter-
action was observed to be the main source of decoher-
ence, and Ref. [23], where similar decoherence patterns
were obtained numerically from Bose-Hubbard model.
In contrast, for g = g0, as given in Ref. [41], the effect of
collisional interactions is very small and leads to a 10−5

decrease in the amplitude on the time scale of 10 oscilla-
tion periods. Thus, this case is almost indistinguishable
from the Josephson dynamics of a non-interacting BEC.

5.2 Impact of acceleration

Having discussed the collisional decoherence in the
absence of acceleration, we now analyze the interplay of
both effects. Considering again the scenario (33) where
all bosons initially occupy the left well, the population
imbalance (29) in the presence of external acceleration
a reads

Z(t) = cos
2
(2ξ) + 4 cos

2N
ξ sin

2
ξ

× Re
[
e

i(ΔEa+V a(N−1))t/�
(1 + e

−2iV at/�
tan

2
ξ)

N−1
]

.

(36)

Note that for ξ = π/4 the population imbalance (34) in
the absence of acceleration is reproduced. Equation (36)
covers the more general case, where ξ for a given acceler-
ation can be determined from the double-well geometry
as described in Sect. 2.

As an example, we consider an acceleration of a =
10−5a⊕ (where aoplus = 9.81m/s2) applied to a BEC
of 39K atoms as considered in Sect. 5.1 (L = 3.68μm,
U0 = 3.16× 10−32 J). For the acceleration aligned with
(θ = 0, π) or perpendicular to (θ = π/2) the trap, we
obtain

ξ(θ = 0) = π/4 + π/68 ,

ξ(θ = π/2) = π/4 ,

ξ(θ = π) = π/4 − π/68.

Evaluating Eq. (36) for those particular values gives rise
to Josephson dynamics, as shown in Fig. 4. We see that
the result for θ = π/2 parametrically coincides with the
case of a = 0, such that perpendicular acceleration has
no effect on the Josephson junction.
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Fig. 4 Top: the pairs of cubes depict the trap geome-
try (1), while the blue cloud illustrates the initial condi-
tion (33). The arrows show the three cases of the direc-
tion of the applied acceleration a. Middle and bottom: Pop-
ulation imbalance Z as a function of t for different time
scales. Here the number of bosons is N = 104 and self-
interaction strength g = 15g0 = 1.03 × 10−53 J×m3 is the
same for all graphs. The purple (solid), green (dashed), and
red (dot-dashed) lines correspond to the cases of accelera-
tion a directed along θ = 0, π/2, π, respectively, cf. upper
figure

As seen from Fig. 4, the dominating effect of acceler-
ation is the change of the oscillation period, while the
decay of the oscillation amplitude is nearly unaffected.
As discussed in Sect. 5.1, the latter is determined by
the degree of coherence, which in the presence of accel-
eration is given by

f(t) =
√

cos2(2ξ) + sin2(2ξ)(R(t) cos4 ξ)N−1 (37)

R(t) = 1 + 2 cos
(

2V a

�
t

)
tan2 ξ + tan4 ξ.

Expanding this expression for small values of a, we find

f(t) =
∣∣∣∣ cos

[
V

�
t

] ∣∣∣∣
N−1

+ O
[(

mLa

ΔE

)2
]

, (38)

which indeed, up to linear order, coincides with the
result (35) obtained for a = 0.

In what follows, we investigate how the change of
Josephson dynamics due to acceleration can be used as
a basis for a BEC double-well accelerometer [11,12,42].

5.3 Sensitivity of a BEC double-well accelerometer

We want to investigate the feasibility of the setup to
sense small accelerations a � ΔE/(Lm) by evaluating
the period of the first few Josephson oscillations (t �
�/V ). In this regime, Eq. (36) simplifies to

Z(t) ≈
(

cos
[
V

�
t

])N−1

(39)

× cos
[(

ΔE − 2(N − 1)
V

ΔE

χ(θ)
L

Lma

)
t

�

]
,

where χ(θ) ≈ 3L cos θ/2. Based on Eq. (39), we can
make a general conclusion about the sensitivity of the
system to the external acceleration. For that purpose,
we derive the change of oscillation period δT = ∂T

∂a δa
with acceleration, giving

δT = 6π�
NV Lm

ΔE3
| cos θ|δa , (40)

where we accounted for N − 1 ≈ N . The currently
achievable precision of period measurement in exper-
iments [39,43] is δT/T = ΔE

2π�
δT ∼ 10−2. Thus, for

the example setup introduced in Sect. 5.1, and g = g0,
we obtain a potential resolution of δa ∼ 5 × 10−4a
for acceleration measurements, which was achieved
in experiments with non-interacting BECs, e.g., in
Ref. [41]. Equation (40) tells us how this sensitivity
can be improved, for instance, by increasing the depth
U0 of the trap, which would rapidly decrease ΔE and
increase V , as shown in Appendix A and Appendix C,
respectively. With that, already considering U0 → 2U0,
provides a potential way to reach δa ∼ 10−6a⊕ while
keeping the relative precision δT/T = 10−2 of period
measurement fixed. Such manipulations of the bar-
rier height have been implemented to explore different
regimes of the tunneling dynamics [44,45].

Sensitivities of δa = 3 × 10−6a⊕ have been recently
achieved experimentally with BEC Mach–Zender type
interferometers [8,9]. This is comparable to our sensi-
tivity estimate for the proposed double-well accelerom-
eter. On the way to implement such a device, our ana-
lytical results can be used to predict the optimal system
parameters without performing computationally inten-
sive numerical simulations in which the boson number
N is a limiting factor [23,46].

The discussed acceleration measurement scheme rel-
ies on the linearity of the relation (40), which only holds
up to a certain energy scale of interactions NV . Beyond
that, the Josephson oscillations are expected to become
anharmonic, or even reach other dynamical regimes in
which the relation between δT and δa may tremen-
dously differ from Eq. (40). For instance, macroscopic
quantum self-trapping becomes possible when the inter-
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actions are strong enough [42,47,48]. In what follows,
we investigate the limits, which the energy scale NV
sets on the applicability of our model.

6 Comparison with the standard two-state
model

For the considered scenario of a BEC with weak inter-
particle interactions, the decoherence is a slow process
compared to the time scale of Josephson dynamics, see
Figs. 3-4. Therefore, within the timescale of the first
few Josephson oscillations, the degree of coherence can
be approximately set to f(t) = 1. While this approx-
imation does not account for the decoherence effects,
we can test our prediction (40) for the shift of the oscil-
lation period in a simpler framework, which accounts
for the interactions non-perturbatively. The assump-
tion f(t) = 1 leads to the pure state model, suggested
in Refs. [13,14], where the whole many-particle system
is described by a single state wave function Ψ, which
obeys a Gross–Pitaevskii equation

i�
∂Ψ
∂t

=
[
− �

2

2m
∇2 + U(r) + δU(r) + g|Ψ|2

]
Ψ . (41)

In our case, U(r) stands for the double-well trap geom-
etry and δU(r) = maz cos θ + max sin θ for the addi-
tional potential due to acceleration a, as introduced in
Sect. 2. Following Refs. [13,14], the pure state for the
double-well geometry can be approximated by

Ψ =
√

NL(t)eiϕLψL +
√

NR(t)eiϕRψR , (42)

where ψL/R are the left/right well states from Eq. (3).
Plugging this ansatz in Eq. (41) and integrating the
result with the left and right state

∫
drψL/R× lead to

a system of two coupled differential equations

Ż =
ΔE

�

√
1 − Z2 sinϕ (43a)

ϕ̇ = −ΔE

�

(
Ξ + ΛZ +

Z√
1 − Z2

cos φ

)
, (43b)

which were introduced as Josephson equations for the
population imbalance Z(t) = (NL(t) − NR(t))/N and
the phase difference ϕ(t) = ϕR(t) − ϕL(t) in Refs. [13,
14]. In our case, the parameters Ξ = −3aLm cos θ/ΔE
and Λ = −2V N/ΔE characterize the impact of the
acceleration and the interaction strength, respectively.
For more details on the derivation, see Appendix D. In
the regime of weak interactions (|Λ| < 1), the solu-
tion of Eqs. (43) can be well approximated by har-
monic oscillations with the frequency ΔE(1−ΛΞ/2)/�,
as we show in Appendix D. The shift ΔEΛΞ/(2�) =
3NV Lma cos θ/(�ΔE) is the same as in Eq. (39). For
larger interaction strengths |Λ| � 1, nonlinear effects

become significant and the solution of (43) exhibits non-
harmonic dynamics as discussed in Ref. [14]. Hence,
|Λ| � 1, i.e., 2V N < ΔE, sets an important con-
straint for the applicability of our model. For the exam-
ple setup considered in this paper, this corresponds to
g < 30g0.

7 Comparison with the phase fluctuations
approach

The density matrix approach, discussed in the previ-
ous sections, is not the only way to theoretically pre-
dict and describe decoherence in a Josephson junction.
For instance, in Refs. [23,25] a quantized version of the
Josephson equations (43), where the variables Z(t) and
ϕ(t) were replaced by the corresponding operators, was
used. In that formalism, the phase of the entire conden-
sate can be measured sharp, if the gas is in an eigen-
state of the phase operator. This means that the Bose
gas is in a fully coherent state [23]. Otherwise, if the
expectation value of the phase operator with respect to
the state is not sharp, its fluctuations are a measure of
decoherence [26–28].

In the following, we will show how these phase fluc-
tuations are connected to the density matrix (7) of a
many-particle bosonic system. Following Ref. [26], we
start with a fully coherent N -particle configuration,
described by

|Φ〉 =
1√
N !

(
â†)N |0〉 , (44)

where each boson is in the same single-particle state
|ψ〉 = â†|0〉. In our model, this single-particle state is
constructed from the lowest two energy eigenstates ψ0/1

of a double well, see Eq. (1). In the non-interacting
case, when the collisions and collisional decoherence are
absent, this single-particle wave function is described
by

|ψ〉 =
√

α00

N
e−iE0t/�|ψ0〉 +

√
α11

N
e−iE1t/�|ψ1〉

∼
√

α00

N
|ψ0〉 +

√
α11

N
e−iωt|ψ1〉, (45)

where we adopted the notation α00/11 from Eq. (23) to
denote the constant populations of ground and exited
state, respectively. All time dependence is governed
by the relative phase of the energy eigenstates, which
grows linearly with time and is determined by the fre-
quency ω = (E1 − E0)/�. The effective density matrix
corresponding to the state |ψ〉 reads

ρ̂pure
e (ω) = N |ψ〉〈ψ|

=
[

α00
√

α00α11e
iωt

√
α00α11e

−iωt α11

]
(46)
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and for fixed ω describes a pure state configuration for
all times t.

In order to investigate the fluctuations of the phase ϕ
between the potential wells, it is sufficient to first con-
sider this problem in the basis of energy eigenstates in
which Eqs. (45-46) are given. For that, we assume that
ω ∈ (−∞,+∞) is not fixed but follows a probability
distribution P (ω) that characterizes a mixture of pure
states. As we will show, the average

ρ̂e =
∫ +∞

−∞
dω ρ̂pure

e (ω)P (ω) (47)

for a particular P (ω) coincides with our effective den-
sity matrix ρ̂e of the (partially) incoherent system from
Eq. (22). Considering the off-diagonal element α01(t) of
ρ̂e from the stated equality (47), we obtain

α01(t)√
α00α11

=
∫ +∞

−∞
dω eiωtP (ω) . (48)

That is, the elements αij of the effective density matrix
coincide with the Fourier transform of P (ω). Consis-
tently, in the fully coherent case (46), where P (ω) is
a delta distribution, the relation |α01(t)| =

√
α00α11

holds. In the general case of (partially) incoherent sys-
tems with |α01(t)| <

√
α00α11, Eq. (48) gives the

link between the density matrix approach and the
phase fluctuations approach. We, therefore, can use the
inverse Fourier transform to determine

P (ω) =
1

2π
√

α00α11

∫ +∞

−∞
dt e−iωt α01(t) . (49)

Let us illustrate this idea for the weakly interacting
BEC accelerometer, discussed in Sect. 5.2. Using the
elements αij from Eq. (23), together with the initial
condition (33), we obtain

P (ω) = � (sin ξ)2(N−1)
N−1∑
k=0

Ck
N−1 cot2k ξ (50)

× δ(�ω − ΔEa − V a(2k − N + 1)).

With this distribution, observables for the many-
particle state described by ρ̂ can be obtained by
weighting their pure state expectation values, instead.
In particular, by averaging the population imbalance
Zpure(ωt), we find

Z(t) =
1
N

tr[ρ̂(N̂L − N̂R)] =
∫

dω P (ω)Zpure(ωt) ,

(51)
which recovers the population imbalance (36) for the
partially incoherent system. The explicit calculation is
found in Appendix E, where we also calculate the vari-

ance of ω = (E1 − E0)/�, which reads

〈Δω2〉 = (N − 1)
(

V a

�

)2

sin2 (2ξ) (52)

= (N − 1)
(

V

�

)2

+ O
[(

mLa

ΔE

)2
]

.

This is related to the degree of coherence (38), which
was calculated as

f =
∣∣∣∣cosN−1

(
V t

�

)∣∣∣∣ = 1 − 〈Δω2〉
2

t2 + O
[(

V t

�

)2
]

(53)
using the density matrix approach in Sect. 5.2. By that,
1/
√〈Δω2〉 determines the decoherence time scale [26],

which in our case is �/(V
√

N − 1).
So far, we have discussed the problem of decoherence

in terms of the pure state frequency ω. In most of the
cases, however, the decoherence is described as a fluctu-
ation of the phase difference ϕ = ϕR − ϕL between the
right and left wells [23,25]. Both can be linked, com-
paring the expressions (45) and (42) for the pure state
in the energy eigenbasis and the left-right basis, respec-
tively. From this equality, we obtain

ϕ(ω) = arctan
[
cot(ωt/2)
cos(2ξ)

]

= − arctan
[
ΔE cot(ωt/2)

3maL

]
+ O

[(
mLa

ΔE

)2
]

,

(54)

determining the evolution of the relative phase in a
pure state case as a function of ω. In the case of
vanishing acceleration a → 0, the phase becomes
ϕ(ω) → −π

2 sign[sin (ωt)]. As for the population imbal-
ance (51), the expectation value of ϕ(ω) and its fluctua-
tions can be obtained by weighted integration together
with P (ω).

8 Conclusions

In the present study, we investigated the dynamics of
a Bose gas with weak collisional interactions, confined
in a double-well potential. We built up our theoretical
model from the two-state description of a single parti-
cle, which allowed us to construct the basis of many-
particle energy eigenstates for the Bose gas. The latter
were used to formulate the density matrix, whose evo-
lution describes the dynamics of the double-well sys-
tem. The considered energy-preserving two-particle col-
lisions give rise to a small perturbation in the equation
of motion for the density matrix [37].

Having found the evolution of the full N -particle den-
sity matrix, we derived the population imbalance and
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the degree of coherence to characterize the Josephson
dynamics. We quantitatively described how the colli-
sions cause the system to decohere and the Joseph-
son oscillations to die off. These prominent features of
collisional decoherence are illustrated with a calcula-
tion example, considering recent experiments with 39K
atoms [15,41].

We further analyzed the influence of an external
acceleration on the Josephson dynamics and decoher-
ence. In particular, we studied the effect of small accel-
erations a � 10−4a⊕, which have been previously
accessed using BEC accelerometers [8,9,41]. We found
that the dominant effect is the shift of the period of
Josephson oscillations, while the collisional decoherence
does not notably depend on the acceleration. Hence, by
measuring the shift of the oscillation period, one can
deduce the acceleration applied alongside the Joseph-
son junction. This idea of a BEC double-well accelerom-
eter was also previously investigated in Refs. [11,12]
assuming a pure state, described by a fully coherent
many-particle wave function. For small accelerations,
their numerical simulations show a linear change of the
oscillation period with acceleration. This is in agree-
ment with our analytical results, which furthermore
provide the relation between oscillation period, inter-
action strength, and acceleration for a Bose gas in a
given double-well geometry. In the limit of vanishing
decoherence, our findings agree with the predictions of
the pure state model of standard Josephson equations
[13,14].

We have shown how our results, which we obtained
from density matrix ρ̂ of the many-particle ensemble,
can be reformulated in terms of phase fluctuations. By
the established link between the two approaches, we put
our results in the broader context of previous research
on the decoherence in the Josephson junction [23,25–
28].

Even though a more detailed numerical description
may be required, when realistic experiments are con-
sidered, our analytical results serve as a benchmark
point for numerical methods. While our results are
formulated in general analytical expressions and can
be applied to a wide range of physical scenarios, they
are obtained under the assumption of weak interpar-
ticle interactions and small accelerations. It would be
an intriguing perspective to investigate the regimes of
strong acceleration (a ∼ 10−3a⊕) and strong inter-
action (as ∼ 102a0), where the Josephson dynam-
ics is expected to differ significantly, as implied by
recent BEC experiments [9,41,43]. In these regimes,
the applied acceleration not only shifts the period of
the Josephson oscillations but also affects their aver-
age and amplitude, providing other possible sensitive
observables for the accelerometer setup. Moreover, to
extend the formalism toward open systems would allow
to take into account heating due to external influences
that may be a dominant channel of decoherence in a
weakly interacting system.
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Appendix A Potential geometry and
single-particle states

The single-particle Hamiltonian reads

ĥ0(r) = − �
2

2m

(
∂2

x + ∂2
y + ∂2

z

)
+ Ux(x) + Uy(y) + Uz(z) ,

(A.1)
where the expressions for the potential components
Ux(x), Uy(y) and Uz(z) are illustrated in Fig. 1.

For Uz(z), we have

Uz(z) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 z ∈ [−∞,−2L]
−U0 z ∈ [−2L,−L]
0 z ∈ [−L,L]
−U0 z ∈ [L, 2L]
0 z ∈ [2L,+∞] ,

(A.2)

which is a double-well potential, while in the other two
dimensions we have trivial confinement

Ux(x) =

{0 x ∈ [−∞,−L/2]
−U0 x ∈ [−L/2, L/2]
0 x ∈ [L/2,+∞] ,

(A.3)

Uy(y) =

{0 y ∈ [−∞,−L/2]
−U0 y ∈ [−L/2, L/2]
0 y ∈ [L/2,+∞] .

(A.4)
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Fig. 5 Energies Ẽz
0 and Ẽz

1 depending on the depth of a
double-well Ũ0

Thus, we end up with the two cubic potential traps,
separated by the space of width 2L. For such a choice
of Hamiltonian, the single-particle state wave func-
tion factorizes φ(x, y, z) = φx(x)φy(y)φz(z) and has
the energy E = Ex + Ey + Ez. For convenience, we
introduce dimensionless units of distance x = Lx̃,
y = Lỹ and z = Lz̃, dimensionless wave function com-
ponents φ̃x,y,z =

√
Lφx,y,z (so that it is normalized as∫ |φ̃x|2dx̃ = 1). The dimensionless energy then reads

Ẽx,y,z = 2mL2/�
2×Ex,y,z, and dimensionless potential

is Ũ0 = 2mL2/�
2 × U0. This gives us the dimensionless

form of Schrodinger equation

Ẽx,y,zφ̃x,y,z =
(
−∂2

x̃,ỹ,z̃ + Ũx,y,z

)
φ̃x,y,z , (A.5)

which for bound states gives negative energies Ẽx,y,z =
−k̃2

x,y,z < 0 (k̃ = Lk is the dimensionless wavevector).
Let’s for brevity denote φ̃x,y = φ̃⊥ and Ẽx,y = Ẽ⊥.

In transverse direction, Eq. (A.5) yields solution

φ̃⊥(x) =

⎧⎪⎪⎨
⎪⎪⎩

Cek̃xx̃ x ∈ [−∞,−L/2]

D cos
(√

Ũ0 − k̃2
xx̃

)
x ∈ [−L/2, L/2]

Ce−k̃xx̃ x ∈ [L/2,+∞] .

Here the dimensionless momentum k̃x can be found
numerically as a solution of transcendental equation
[31], while the coefficients C and D are found from
the continuity relations and normalization condition.
In z−direction, solution of Eq. (A.5) reads

φ̃z(z)=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A1e
k̃z z̃

A2 cos

(√
Ũ0 − k̃2

z z̃

)
+B2 sin

(√
Ũ0 − k̃2

z z̃

)

A3e
k̃z z̃ + B3e

−k̃z z̃

A4 cos

(√
Ũ0 − k̃2

z z̃

)
+B4 sin

(√
Ũ0 − k̃2

z z̃

)

B5e
−k̃z z̃ ,

where the solution is given in a region z ∈ [−∞,−2L],
[−2L,−L], [−L,L], [L, 2L], [2L,+∞] from top to bot-
tom, respectively. This gives the two ground and excited
states φ̃z

0/1. The corresponding values of k̃z are derived
numerically as solutions of the transcendental equa-
tion, while all the coefficients A1/2/3/4 and B2/3/4/5 are
defined by the continuity relations together with nor-
malization condition.

Staying within the two-state model, we will consider
the choice Ũ0 = 5 of the dimensionless potential depth.
In this case, in longitudinal z direction two bound states
exist with the dimensionless wavevectors k̃0 = 1.6034,
k̃1 = 1.5664 and energies Ẽz

0 = −2.5709, Ẽz
1 = −2.4536.

In transverse x − y directions, only one bound state
exists with the dimensionless wavevector k̃⊥ = 1.5857
and energy Ẽ⊥ = −2.514. Thus, for the specific trap
geometry we have two states with the energy gap ΔẼ =
0.117 between them. The energies Ẽz

0/1 for other choices
of Ũ0 are illustrated in Fig. 5.

Appendix B Beyond two-state model

One can generalize the two-state model to a many-
state case. Assume, we have k > 2 single-particle
energy eigenstates φi in a double-well trap. In the non-
interacting limit, this gas is described by the Hamilto-
nian

Ĥ0 =
k∑

i=0

Eiâ
†
i âi , (B.6)

where Ei are the eigenenergies corresponding to the φi

states. The state of the system is then described by

ρ̂ =
∑

{Ni},{N ′
i}

ρ{Ni},{N ′
i}|{Ni}〉〈{N ′

i}|

|{Ni}〉 =
1√

N0!N1!...Nk!

(
â†
0

)N0

...
(
â†

k

)Nk |0〉 ,

where each many-particle state |{Ni}〉 is characterized
by a set of occupations {Ni} = {N0, ..., Nk} of all
energy eigenstates. The interaction operator in this case
reads

V̂I = V̂ =
1
2

∑
ijkl

Vijklâ
†
i â

†
j âkâl =

1
2

∑
i

Viiiiâ
†
i â

†
i âiâi

+
1
2

∑
i	=j

[Vijij + Vijji + Vjiij + Vjiji] â
†
i â

†
j âiâj ,

where we assumed that the energy-level scheme Ei is
such that the energy conservation is satisfied only if
the two outgoing bosons have the same energies as the
ingoing bosons or if they ’exchange’ their energies (anal-
ogous to Fig. 2).

Solving Liouville equation (15), we find the solu-
tion ρ{Ni},{N ′

i} = ρ0
{Ni},{N ′

i} exp[iω{Ni},{N ′
i}t], where

123
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ω{Ni},{N ′
i} = (E{N ′

i} − E{Ni} − V{Ni},{N ′
i})/� reads

Eb − Ea =
∑

i

(N ′
i − Ni)Ei (B.7)

Vab =
1
2

∑
i

Viiii (Ni(Ni − 1) − N ′
i(N

′
i − 1))

+
∑
i	=j

Vijij

(
NiNj − N ′

iN
′
j

)
. (B.8)

In analogy with the two-state case, we introduce the
optimal left/right well basis, which allows us to define
population imbalance in a symmetric double well

Z(t) =
4
N

∑
κ,η

〈φ2(κ−1)|φ2η−1〉L

× Re
[
α0

2(κ−1),2η−1e
iω2(κ−1),2η−1t

]

in the non-interacting case. Here 〈φi|φj〉L =
∫

dx+∞
−∞

dy+∞
∞ dz0

−∞φi(r)φj(r) is the left well overlap of the two
single-particle states. This result illustrates that the
role of the mixing ρ0

i,j between an even i = 2(κ − 1)
and an odd j = 2η − 1 states is weighted by the left
overlap between them.

Appendix C Matrix elements of collisions

For the wave functions φ0/1(x, y, z) discussed in
Appendix A, we consider a matrix element of two-
particle collision

Vijrl =
∫

dr1dr2φ
�
i (r1)φ�

j (r2)V (r1 − r2)φr(r2)φl(r1)

= g

∫
drφ�

i (r)φ
�
j (r)φr(r)φl(r)

with two ingoing φ�
i/j and two outgoing φr/l bosons.

For convenience, we rewrite it in dimensionless units as

Vijrl = gL3

(
1√
L

)12 ∫
dx̃dỹdz̃φ̃�

i φ̃
�
j φ̃rφ̃l =

g

L3
Ṽijrl.

For a deep double well, i.e., large Ũ0, in the absence of
acceleration we have Ṽ0000 = Ṽ1111 = Ṽ0101 = Ṽ1010 =
Ṽ . In the currently suggested geometry (see Sect. 2.1),
the matrix elements depend on the finite height of
potential well Ũ0 and can be calculated numerically or
using approximate expression

Ṽ =
1
2

⎛
⎝
√

3Ẽ
(
4Ũ0 + Ũ0

√
3Ẽ + 2Ẽ/3

)

2Ũ0(2
√

3 +
√

Ẽ)2

⎞
⎠

3

, (C.9)

Fig. 6 Dimensionless matrix elements Ṽijrl depending on

the depth Ũ0 of the potential. The approximate average
value Ṽ is calculated using (C.9)

where the energy Ẽ = |Ẽ0 + Ẽ1|/2 has to be found
numerically. This dependency on Ũ0 for nonzero Ṽijrl

is illustrated in Fig. 6.
When the potential depth Ũ0 increases, the wave

functions φ̃0/1 are more localized and have more pro-
nounce peaks within the wells of the double well. This
leads to the increase in the matrix elements Ṽijrl, as
shown in Fig. 6. The approximate equality Ṽ0000 =
Ṽ1111 = Ṽ0101 holds true with accuracy 1.6% for a deep
double-well Ũ0 = 10 and 6% for a shallow double well
with Ũ0 = 2. For the particular value Ũ0 = 5 that
we use to illustrate our results, we have Ṽ0000 = 0.1051,
Ṽ1111 = 0.1148, and Ṽ0101 = 0.1094; in our calculations,
we use an approximate same value of Ṽ = 0.1 for all
those.

Appendix D Pure state Josephson effect

In Appendix, we discuss the standard two-state model
of Josephson effect in more detail. We plug the ansatz
Ψ = aL(t)ψL(r) + aR(t)ψR(r) into Eq. (41) and
integrate the resulting equation with

∫
drψL× and∫

drψR×. Then, neglecting all integrals that contain
the overlap of ψL and ψR states we obtain

i�ȧL = [εL + vNL] aL − KaR (D.10)
i� ˙aR = [εR + vNR] aR − KaL , (D.11)

where the parameters read

εL = Ea
0 cos2 ξ + Ea

1 sin2 ξ

εR = Ea
0 sin2 ξ + Ea

1 cos2 ξ

v = g

∫
dr|ψL|4 = g

∫
dr|ψR|4

K = (Ea
0 − Ea

1 ) sin ξ cos ξ

123
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Fig. 7 Numerical solution of Josephson equations (D.12-
D.13) for ΔE/� = 7.06 s−1 and Λ = −0.605. The purple,
green, and red lines correspond to the cases with acceler-
ation a directed along θ = 0, θ = π/2 and θ = π with
Ξ = −0.094, Ξ = 0 and Ξ = 0.094, respectively. This case
corresponds to a 39K setup discussed in Sect. 5.1 with inter-
action strength g = 15g0

and we used the fact that ψL/R are related to the
energy eigenstates ψ0/1 via transformation (4). Defining
aL/R(t) =

√
NL/R(t)eiϕL/R(t) and introducing popula-

tion imbalance Z(t) = (NL(t) − NR(t))/N and phase
difference ϕ(t) = ϕR(t) − ϕL(t), we rewrite equations
(D.10) and (D.11) as

�

2K
Ż = −

√
1 − Z2 sinϕ (D.12)

�

2K
ϕ̇ = Ξ + ΛZ +

Z√
1 − Z2

cos ϕ . (D.13)

The latter equations are well known as standard
Josephson equations [13] and contain the two param-
eters Ξ = (εL − εR)/(2K) and Λ = vN/(2K). For small
accelerations, we keep only linear order corrections in
maL/ΔE, which allows us to simplify

εL − εR = (Ea
0 − Ea

1 ) cos(2ξ) ≈ 3aLm cos θ

K =
1
2
(Ea

0 − Ea
1 ) sin(2ξ) ≈ −ΔE

2
,

giving Ξ ≈ − 3aLm
ΔE cos θ. For the Λ parameter, char-

acterizing the strength of interparticle interactions we
find Λ ≈ V N/K = −2V N/ΔE. This gives us Eqs. (43),
whose numerical solution is illustrated in Fig. 7. In the
figure, we see that Z(t) exhibits harmonic oscillations
with the frequency of these oscillations being increased
or decreased, depending on the direction of a. This
frequency shift with respect to its unperturbed value
ΔE/� (green dashed line in Fig. 7) can be well approx-
imated by ±ΔEΛΞ/(2�).

Appendix E Density matrix and phase
fluctuations

Following the discussion in Sect. 5, we first find the
number of bosons occupying ground and excited energy
states α11 = N sin2 ξ and α00 = N cos2 ξ as well as the
nondiagonal element of ρ̂e

α01(t) = N !(cos ξ)2NeiΔEat/� ×
N−1∑
N1=0

(tan ξ)2N1+1

N1!(N − N1 − 1)!
eiV a(N−2N1−1)t/�

=
N

2
sin(2ξ)eiΔEat/�ei(N−1)Vat/� ×

(cos2 ξ + e−2iV at/� sin2 ξ)N−1 .

Using Eq. (48), we obtain

α01(t)√
α00α11

=
2

N sin(2ξ)
α01(t)

= eiΔEat/�ei(N−1)Vat/�(cos2 ξ

+ e−2iV at/� sin2 ξ)N−1 ,

and applying inverse Fourier transform we find

P (ω) =
1
2π

∫ +∞

−∞
dte−iωt α01(t)√

α00α11
=� (sin ξ)2(N−1)

×
N−1∑
k=0

Ck
N−1 cot2k ξδ(�ω−ΔEa−V a(2k−N+1)) .

The average frequency of this distribution reads

ωav =
∫ +∞

−∞
dωP (ω)ω =

ΔEa

�
+

V a

�
(N − 1) cos(2ξ)

=
ΔE

�
− 3Lma cos θ

ΔE

V

�
(N − 1) + O

[(
mLa

ΔE

)2
]

,

(E.14)

where the latter formula is an approximate expression
in the regime a � ΔE/(Lm).

The fluctuation of the P (ω) distribution can be char-
acterized by its variance

〈Δω2〉 =
∫ +∞

−∞
dωP (ω) (ω − ωav)

2

= (N − 1)
(

V a

�

)2

sin2 (2ξ)

= (N − 1)
(

V

�

)2

+ O
[(

mLa

ΔE

)2
]

,

where the latter expression is the approximation in the
regime of small accelerations.
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Averaging the pure state population imbalance (i.e.,
in the absence of interactions, V a = 0 and ω = ΔEa/�)

Zpure(ω, t) = cos2(2ξ) + sin2(2ξ) cos (ωt)

with the distribution P (ω) we find 〈Z(t)〉
=
∫

dωP (ω)Zpure(ω, t), which coincides with our result
(36). In the regime a � ΔE/(Lm), we can directly
see that Zpure(ωav, t) ≈ cos(ωavt), with the average fre-
quency given by (E.14), recovers our result (39) up to
the decoherence factor cosN−1(V t/�).
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