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Abstract

Multi-hop quantum teleportation is a fundamental technique for enabling scalable,
long-distance quantum communication, making it a key building block for future quan-
tum networks. In this paper, we present a generalized multi-hop quantum controlled
teleportation (MQCT) protocol that enables more flexible transfer across complex
network architectures. We perform a detailed analysis of the protocol’s performance
under realistic noise conditions, focusing on the impact of various noise sources on
both the teleportation process and the underlying quantum channels. To assess its
practical performance, we implemented the protocol on an IBM quantum (IBMQ)
computer. The experimental results demonstrate the feasibility of the protocol in near-
term quantum devices and provide valuable insights into its behavior under real-world
quantum noise, paving the way for more reliable quantum communication systems.

Keywords Quantum communication - Quantum teleportation - Multi-hop quantum
controlled teleportation - IBMQ computer - Quantum noise analysis

1 Introduction

Quantum physics introduces novel approaches to creating, transmitting, manipulating,
and storing information by leveraging quantum phenomena. Quantum communication
[1], a burgeoning area within quantum information, is essential for the development
of future quantum networks, including the quantum Internet and quantum wireless
networks [2], regardless of whether the communication occurs over short distances,
such as centimeters, or spans thousands of kilometers.

Extending this perspective, the concept of distributed gate-model quantum comput-
ing [3-5] together with quantum networking is regarded as a pathway to surpass the
inherent limits of isolated devices. By linking multiple processors, such systems could
achieve scalable computation while simultaneously enabling secure communication
channels. The eventual emergence of a quantum internet [6—8] would not only connect
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distant quantum nodes but also facilitate the execution of distributed algorithms and
support cryptographic schemes resistant to classical attacks. In the longer term, these
capabilities are expected to form the basis of a global quantum infrastructure with a
significant impact on areas such as large-scale simulation, complex optimization, and
secure information exchange.

Quantum teleportation (QT) [9] is akey technique that enables such communication.
It relies on a special type of bipartite maximally entangled state known as a Bell pair, in
which two spatially separated quantum systems are linked by a nonlocal correlation,
often referred to by Einstein as “spooky action at a distance.” While long-distance
quantum teleportation has been demonstrated experimentally since its first realization
in 1997, the communication distance remains constrained due to losses in quantum
channels [10]. This limitation can be mitigated through entanglement swapping [11],
a process that establishes entanglement between distant nodes via intermediate nodes.

Quantum teleportation covers a variety of research topics, each addressing dif-
ferent facets and uses of this key quantum phenomenon [12-16]. Notable areas of
study include multi-party teleportation [17-24], where the transfer of quantum states
involves more than two participants, and controlled teleportation, which introduces
the ability for one party to manage the teleportation process. Furthermore, multi-hop
teleportation enables quantum communication over longer distances by using interme-
diate nodes, whereas continuous-variable teleportation focuses on quantum systems
that use continuous variables rather than discrete qubits. These approaches deepen our
understanding of teleportation and open new possibilities for real-world applications
in quantum networks, cryptography, and computing [25].

Recent advances in quantum communication have predominantly focused on two-
party quantum teleportation protocols, leaving network-oriented schemes relatively
underexplored. To bridge this gap, several studies have proposed routing mecha-
nisms that support wireless quantum state transmission across interconnected quantum
devices. Such frameworks have been experimentally and theoretically examined in dis-
tributed wireless quantum networks, particularly through multi-hop communication
schemes involving entangled Bell pairs.

Efforts to enhance state transfer fidelity in these settings have led to the investiga-
tion of partially entangled channels and Werner states as mediators for hop-by-hop
teleportation [25, 26]. These protocols have been implemented in various topolog-
ical configurations, including mesh networks and measurement-device-independent
(MDI) architectures [18, 27, 28]. Diverse classes of entangled resources have been
utilized in these contexts, such as GHZ-Bell hybrid states [19, 20], asymmetric W
states [21], and cluster-type entangled states [22], each offering unique trade-offs in
terms of entanglement distribution, robustness, and network scalability.

Expanding on this foundation, Wu et al. [23] proposed a hierarchical multi-hop
teleportation protocol that employs entanglement swapping with multiple Bell pairs
to extend communication over greater distances. In a related development, Zhang et al.
[24] introduced a deterministic bidirectional teleportation scheme within a multi-hop
network, leveraging GHZ and Bell states as the fundamental shared resources. Their
approach incorporated adaptive channel selection strategies based on the number of
hops along the communication path, highlighting the influence of network topology
on teleportation performance.
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Fig. 1 Schematic representation of the proposed multi-hop quantum controlled teleportation (MQCT)
protocol

In this study, we introduce a generalized protocol for multi-hop quantum controlled
teleportation [17], aimed at developing a comprehensive, validated framework for
multi-hop quantum networks. As depicted in Fig. 1, each hop in the network involves
a controller, Charlie, who manages the flow of information during each teleportation
event between adjacent nodes. A key consideration in this context is the trade-off
between the number of hops m and the impact of quantum noise, such as noisy chan-
nels and operations. To address this, we conduct a thorough noise analysis across
various network architectures, evaluating the reliability of the multi-hop teleportation
concept. Additionally, leveraging the IBMQ platform enables validation of the pro-
posed protocol on a real quantum system. Our findings demonstrate that multi-hop
teleportation is not only feasible and reliable but can also be effectively controlled
with high fidelity across multiple hops.

The paper is organized as follows: Sec. 2 presents the generalized protocol, sup-
ported by mathematical proofs. Section 3 introduces the quantum noise model and
investigates its effects on the transferred state in noisy quantum channels and opera-
tions. In Sec. 4, the results of implementing the protocol on the IBM Quantum computer
are presented for various architectures. Section 5 discusses the results, provides an out-
look for future research, and concludes with a summary of key findings in Sec. 6.

2 Quantum controlled teleportation protocol framework

Quantum teleportation enables the faithful transfer of an unknown single-qubit state
from a sender (Alice) to a distant receiver (Bob) without physically transmitting the
qubit itself. In the standard protocol, Alice and Bob preshare a Bell pair, which is
maximally entangled. Alice performs a joint Bell-state measurement on her half of
the pair and the input qubit, and then forwards the two-bit outcome to Bob via a classical
channel. Bob applies the corresponding Pauli correction to his qubit, recovering the
original state at his location.
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Quantum controlled teleportation (QCT) follows the same fundamental principles
as standard QT, with the addition of a third party, called Charlie, who oversees and
controls the teleportation process. In QCT, the quantum channel is composed of a
Greenberger—Horne—Zeilinger (GHZ) state shared among Alice, Bob, and Charlie.
After receiving Alice’s measurement results, Charlie measures his own qubit and,
based on the combined outcomes, informs Bob of the specific operations required to
reconstruct the unknown input state.

In QCT, Alice intends to transmit an unknown quantum state, denoted |¢4 ), which
is expressed as:

|pa) = 0l0) + a1]1) ()

where state coefficients are required to satisfy the normalization condition ) ; |; > =
1.
The quantum channel is realized as a GHZ state, given by:

1

|pen) = |¢C1h1h’1> = ﬁ

(1000) + [111})) 2)

Accordingly, the initial state of the entire quantum system can be written as

Vo) = [9a) @ |dcn) 3

In the general QCT protocol, it is typically assumed that a single-hop structure
exists, meaning only one teleportation step is required. The mathematical details and
proof for the single-hop QCT case are provided in Appendix A.1.

Considering the overall QCT process as the application of a unitary operator Ugcr,
the final state of the quantum system |y ) after performing QCT on qubits |¢4), |Pc1),
|¢p1), and |¢;,1) can be written as:

1V r) = lopn) = Ugcrlvo) = aol0) + ai]1) “

This result demonstrates that the unknown input state has been successfully transmitted
to Bob within the single-hop QCT framework.

2.1 Multi-hop quantum controlled teleportation protocol

The proposed generalized protocol follows a procedure similar to the QCT protocol.
As illustrated in Fig. 2, Alice can transmit an unknown input state to Bob through
a quantum channel consisting of a m-hop network by sequentially applying multiple
Ugcr operations. Specifically, at each stage, the quantum state is teleported from
one hop to the next, and after an m number of Ugcr operations, the input state is
successfully teleported to the final hop, corresponding to Bob.

The proposed MQCT protocol is formally described in Algorithm 2.1.

Considering Alice’s input state given by Eq. 1, the generalized quantum channel is
composed of m GHZ states, where each hop is associated with a distinct GHZ state
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Fig.2 Quantum circuit diagram of the proposed multi-hop quantum controlled teleportation protocol. The
input quantum state is transmitted from Alice to Bob through an m-hop quantum channel, consisting of m
sequential quantum controlled teleportation operations (Ugcr)

Algorithm 1 Multi-hop Quantum Controlled Teleportation Protocol
Require: Alice holds a qubit on a unknown state |¢4) = a|0) + «1|1). The quantum channel consists of
m entangled GHZ states across nodes CL, hl, 'L, ... C™ n™ h'™  expressed as |¢ep) = |dGHz)®™.
Ensure: The state [¢4) is transferred to Bob’s qubit: [¢4) — |¢pm )
% Initialization process

1: Alice possesses qubit A prepared in the state [¢p4).

2: Charlie establishes the quantum channel: [p1,1,1) ® [P22,2) ® ... @ |pempmpm) = |pGHZ)E™
% Teleportation through the quantum channel consisted of m hops

3: repeat

4:  Apply QCT(Input qubit |@;p) : |¢),i—1), Quantum channel |cp) @ [Pipifi)

50 i<« i+1

6: untili =m

7: Result: Bob’s qubit |¢y,/m ) is now in state [¢p4) — |¢pm ).

% Single qubit quantum controlled teleportation function
8: function QCT(Input qubit |¢;; ), Quantum channel |¢.;) = |g09192))
9:  Change measurement basis: UgiHZ |bin)lqoq1)
10:  Measuring qubits |;,), [¢g0) » g, )
11:  Send classical bits, M;, and My, to Charlie
12:  if M;, == 1 then

13: Applying Z operator on |¢, )
14:  else

15: Applying I operator on |¢g, )
16:  end if

17: if Mgy, == 1 then

18: Applying X operator on |@g, )
19:  else

20: Applying I operator on |¢g, )
21:  endif

22: end function
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as follows:

1 ®m
—(|000) + [111 5
ﬁ(l )+ ))) (5)

By applying m consecutive Ugcr operations, as depicted in Fig. 2, the final state
of the system after teleportation can be expressed as:

|pen) = |¢C1h1h’l) Q- Q |pcmpmpm) = <

W) = lgwm) = Ul .- Ul [Win) = o]0} + crr|1) ©6)

This expression confirms that the unknown input state has been successfully transmit-
ted to Bob through the m-hop quantum network. The mathematical proof and detailed
analysis for the case of m = 2 are provided in Appendix A.2.

2.2 Generalization of the MQCT protocol

In the generalized version of the proposed MQCT protocol, Alice aims to transmit an
unknown n-qubit state, denoted by | 4), to Bob through an m-hop quantum channel.
The n-qubit input state is defined as:

2"—1

D) =16a) @ @ I¢a,) = Y eili) )

i=0

where the normalization condition ), |a; |2 = 1 is satisfied.

As depicted in Fig. 3, the quantum channel is structured such that each hop contains
n GHZ states. Consequently, the complete quantum channel consists of a total of n x m
GHZ states, which can be expressed as:

®n

1 ®m
| D) = |pen)®" = ((E(IOOO) + |111>)> ) (8)

The teleportation process follows the same principles as the MQCT protocol, with
the distinction that it is generalized to n-qubit systems. To transmit the input state to
Bob, the QCT protocol must be applied m times, once per hop. The generalized QCT
operation Ugcr, capable of teleporting n-qubit states. After completing this sequence
of m Ugcr operations, the final state of the quantum system can be written as:

(Ws) = Igpm) ® - ® Igpr) = Uply ... Ugtplo) = Y aili) (9
i=0

This result confirms that the unknown r-qubit input state is successfully transmitted
to Bob over the m-hop quantum network.

In the subsequent sections, the proposed protocol is evaluated and validated for
different values of m, representing the number of hops in the quantum network. To
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Fig.3 Generalized schematic of the multi-hop quantum controlled teleportation protocol. An n-qubit input
state (A1, ..., Ap) is transmitted from Alice to Bob over an m-hop quantum channel. Each hop utilizes an
n-qubit GHZ state as the entangled quantum resource

gain insight into the behavior of higher-dimensional quantum systems (n > 1), we
only analyze the protocol for the case where n = 1, corresponding to a single-qubit
input state. This is justified by the fact that, in the generalized MQCT protocol, each
input qubit is treated independently. Consequently, the teleportation of an n-qubit state
can be viewed as n parallel single-qubit MQCT processes, collectively forming the
generalized MQCT protocol.

3 Modeling and analysis of quantum noise effects

The formalism of quantum operations provides a versatile framework for describing the
evolution of quantum systems under various conditions, including stochastic changes
to quantum states, much as Markov processes describe stochastic changes in classical
systems. A natural approach to modeling the dynamics of an open quantum system
is to consider it as the result of an interaction between the system of interest and its
surrounding environment [29]. Consequently, we assume that the quantum system in
state p = |¢)(¢| interacts with the environment, so the final state of the system, £(p),
may not be related to the initial state p by a unitary transformation.

Consider the input state as an arbitrary Bloch state vector, represented as follows:

lpa) = cosB |0) + €' sin6 |1) (10)

where the angles 8 € [0, 7] and ¢ € [0, 2] correspond to rotations of the state vector
around the y-axis and z-axis, respectively.

In the following, we outline the mathematical framework for noise analysis by con-
sidering two scenarios for noisy quantum systems: (1) when the quantum teleportation
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process itself is affected by noise (Sec. 3.1) and (2) when the quantum channel is noisy
(Sec. 3.2).

3.1 Impact of noise on quantum teleportation

In the first scenario, we analyze the quantum teleportation protocol under the influence
of various noise types. For simplicity, we assume that all operations are affected by
noise with equal probability, enabling a more tractable study of its impact on the
transmitted quantum state. To examine the influence of noise, we adopt the framework
of master equations, which provide a systematic approach for describing open quantum
systems.

In particular, the master equation captures the continuous-time evolution of quan-
tum noise through a differential equation governing the system’s density matrix. The
general Lindblad form is

—=——[H pHZ( LipL} - {LTLJ p}) an

Here, {A, B} = AB + BA denotes the anticommutator, H represents the system
Hamiltonian that governs the coherent part of the dynamics, and L ; denotes the Lind-
blad operator encoding the system—environment interaction. Specifically, in the case
of a two-level atomic system coupled to the vacuum, the Hamiltonian is given by
H = —hwo, /2, which corresponds to the coherent component of the atom’s evolu-
tion.

The Lindblad operators corresponding to different types of noise are defined as
follows:

e Bit-flip noise corresponds to the flipping of computational basis states. The asso-
ciated Lindblad operator is given by ,/ygF oy, where ygr denotes the probability
per unit time that a qubit state |0) flips to |1) (and vice versa).

e Phase-flip noise arises from a phase inversion of the quantum state, which induces
errors in the encoded information. Its Lindblad operator is ,/ypF o, with ypp
representing the probability per unit time that the relative phase of the qubit state
changes sign.

e Amplitude-damping noise describes the loss of energy from the system. It is
characterized by the Lindblad operator ,/yap o—, where o = %(ax —ioy) and
yap denote the probability per unit time that an excited state |1) decays to the
ground state |0).

e Phase-damping noise results from decoherence processes that affect the phase
information of the quantum state due to environmental interactions. The corre-
sponding Lindblad operator is ,/¥pp oA, Where o = %(1 —0;), and ypp denote
the probability per unit time that quantum coherence (off-diagonal elements of the
density matrix) is lost, while populations remain unchanged.

Quantum operations can be elegantly represented using the operator-sum repre-
sentation, which explicitly expresses £(p) in terms of operators acting solely on the
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Hilbert space of the principal system. Based on the solution presented in Appendix B,
by employing the Lindblad operator together with the input density matrix, the oper-
ator £(p) can be expressed in the general operator-sum representation. Therefore, the
operator-sum representation for a quantum system in state p after interacting with the
environment can be written as follows [29]:

Ep)=) EipE/, E=E"® - @E" (12)
i

where E; are operators on the state space of the principal system. The operators are
referred to as the operation elements, or Kraus operators, for the quantum operation
{E;}, which must satisfy the normalization condition ), Ej E,I =1.

In the first scenario, we analyze the influence of four different noise channels: 1.
bit-flip (BF), 2. phase-flip (PF), 3. amplitude-damping (AD), and 4. phase-damping
(PD). Hence, the operational elements for different types of quantum noise can be
defined as follows [29] (see Appendix B):

E¢f =1—psrl, EP" = psrF o (13)

ESF =1 —pprl, EIF = /ppro. (14)
Ap _ |1 0 AD _ 01

E() = [0 m ’ E1 = A/ PAD 00 (15)
pp _ |1 0 PD _ 00

E() = [0 m s E1 =JPpPD 01 (16)

where p represents the noise probabilities.

To examine the influence of noise on a quantum system during the teleportation
process, we consider that every operation within the quantum controlled teleportation
procedure Ugcr is affected by quantum noise with uniform sampling (see Fig. 4a).

In a multi-hop quantum communication scenario with m successive teleportation
steps, this procedure must be repeated m times, resulting in the cumulative application
of m noisy teleportation channels. Consequently, as the number of hops m increases,
the quantum noise is expected to have a more pronounced detrimental effect on the
fidelity of the final output state. In the discussion, we treat noise from teleportation
operations as less significant than channel noise. Still, analyzing these effects is useful,
since even with a lower probability, operational noise remains relevant compared to
long-distance channel noise.

3.2 Characterization of noisy quantum channels

In the second scenario, we consider the case in which quantum noise acts directly on the
quantum channel. Specifically, this implies that each GHZ state pgnz = |¢cHz) (Pcuz|
within the channel is no longer in its ideal maximally entangled form. Based on the
operator-sum representation and the specific type of noise, the noisy GHZ state can
be modeled as shown in Eq. 11, corresponding to depolarizing and dephasing noise,
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respectively [29].

I®n

TR a7

Eaep(pGHz) = (1 = Pdep) PGHZ + Pdep - o

and

Pdeph
Eaeph (PGHZ) = (1 — Pdehp) PGHZ + % (J0)B 018" + 1) (112" (18)

where pdep and pgepn represent the probabilities of noise effects for depolarizing and
dephasing noise, respectively.

For analyzing the impact of noise in this case, it suffices to substitute each ideal
GHZ state in quantum channel Eq. 5 with its noisy counterpart, effectively defining a
noisy quantum channel. The teleportation process can then proceed as usual, following
the subsequent steps outlined in the proposed protocol.

3.3 Quantitative analysis of noise effects

In quantum information theory, fidelity is a standard measure of the similarity between
two quantum states [29]. It represents the likelihood that one state will be identified as
another through an ideal measurement process. In this study, fidelity is employed as
the primary metric to assess the effect of noise on the state transmitted through a noisy
quantum system. Accordingly, the fidelity between the output state oy = |V 7) (7]
and the target (ideal) state |¢4) is defined as

F ={palprlda), (19)

where the fidelity value F ranges from O to 1. A fidelity value approaching 1 indicates
a high degree of similarity between the two quantum states.

In Eq. 10, the input state |¢4) is considered to be an arbitrary pure state on the
Bloch sphere. To generalize the analysis and evaluate the system’s performance inde-
pendently of a specific input, we introduce the concept of average fidelity Fyyg. This
allows us to study the behavior of the output state as a function of the noise intensity
and its type. The average fidelity is defined in Eq. 20, where the integration over the
input state parameters effectively reduces it to a function of the noise probability alone.

1

Favg:E

2 pm
f F(¢a, py)sinf dfde (20)
0 0

In both noisy system scenarios, it is expected that increasing the number of hops m,
in conjunction with the noise probability, will lead to a notable decline in the fidelity of
the transmitted quantum state. As shown in Figs. 4 and 5, the average fidelity decreases
significantly across all noise types in both scenarios. This behavior is anticipated, as a
greater number of hops corresponds to the cumulative application of noise, amplifying
its overall impact on the quantum system.
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Fig.4 a Quantum circuit representation of controlled quantum teleportation, highlighting the noisy regions.
b—e Output state average fidelity of the m-hop quantum controlled teleportation protocol under different
noise types on the teleportation process: b bit-flip noise; ¢ phase-flip noise; d amplitude-damping noise; e
phase-damping noise. The variable p represents the probability of noise

A comparison of the two scenarios—noisy quantum channels and noisy quantum
teleportation—reveals that the latter imposes a more substantial degradation on the
output state. This is primarily because, in the noisy teleportation scenario, noise is
introduced at each step of the teleportation sequence, causing the quantum state to
progressively deviate from its original form. In contrast, the noisy channel scenario
transforms entangled GHZ states into mixed states; however, it does not directly per-
turb the initial input state. In the teleportation-based scenario, each hop introduces
additional noise to the state already affected by the previous step, resulting in greater
information loss as the state propagates through the system. However, quantum oper-
ations typically exhibit lower noise than quantum channels [10].

4 Simulation studies and experimental validation

To experimentally validate the proposed multi-hop quantum controlled teleportation
protocol across varying numbers of hops, we implemented it using IBM’s supercon-
ducting quantum hardware. Specifically, we utilized the 127-qubit quantum processor
named ibm_brisbane, accessible via the IBM Quantum cloud platform [30]. This
device is built upon a fixed-frequency transmon architecture arranged in a heavy-hex
lattice configuration, as depicted in Fig. 6a. The processor features coherence times
ranging from approximately 100 to 300 ws, with single- and two-qubit gate fidelities
surpassing 99.9% and 99%, respectively, and a median readout error rate of roughly
1.7%.
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Noisy quantum channel
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Fig. 5 Output state average fidelity of the multi-hop quantum controlled teleportation protocol under dif-
ferent noise types and hop counts. a Depolarizing noise on the quantum channel; b dephasing noise on the
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Fig. 6 a Schematic representation of the IBM quantum processor architecture (1bm_brisbane), high-
lighting its heavy-hex lattice structure and fixed-frequency transmon qubits. The proposed multi-hop
quantum controlled teleportation protocol is mapped onto this hardware architecture. b—d Experimental
results showing the fidelity of the teleported output state for different numbers of hops,bm = 1,¢m = 2,
and d m = 3. Each surface plot illustrates the fidelity as a function of the input state parameters 6 € [0, 7]
and ¢ € [0, 2], demonstrating the degradation of fidelity with increasing number of hops
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For benchmarking and validation, we also employed IBM’s high-performance sim-
ulators, available through Qiskit [31]. These simulators incorporate detailed noise
models that realistically capture the imperfections of actual IBM quantum devices,
including gate infidelities, qubit connectivity constraints, measurement errors, and
decoherence effects.

To enhance the quality of experimental results, we applied two error mitigation
techniques: twirled readout error extinction (TREX) [32] and dynamical decoupling
(DD) [33, 34]. TREX improves measurement accuracy by reducing readout errors
through probabilistic averaging over symmetrized measurement outcomes [35]. DD,
on the other hand, helps maintain quantum coherence during idle periods by applying
tailored pulse sequences that dynamically refocus qubit states.

The experimental validation of the protocol included fidelity analysis of the output
state for hop numbers m = 1, 2, and 3, using an arbitrary input state defined in Eq. 10.
As illustrated in Fig. 6b—d, the input state parameters 6 and ¢ were sampled across the
full ranges [0, 7] and [0, 2], respectively, to assess the influence of the initial state
on teleportation fidelity.

The results demonstrate a clear trend: as the number of hops increases, the fidelity
between the output and target states degrades significantly. While the impact of the
input parameters € and ¢ is less discernible at lower hop counts, for larger m, a
pronounced sensitivity emerges—particularly around ¢ =~ 7, where the output fidelity
shows increased susceptibility to system noise and operational errors.

5 Discussion and outlook

In the preceding sections, both numerical simulations and experimental observations
demonstrated that increasing the number of hops in the teleportation process leads
to a noticeable reduction in the fidelity of the teleported state. At first glance, this
might suggest that multi-hop quantum networks offer no clear advantage over conven-
tional single-link teleportation protocols. However, an important consideration must
be made. In practice, the probability of noise within a quantum channel increases
dramatically with the physical distance of transmission. Consequently, when telepor-
tation is performed over very long distances through a direct channel, the fidelity of
the transmitted state deteriorates far more severely than in a multi-hop configuration.
In the following discussion, we highlight how multi-hop protocols can, despite their
local fidelity losses at each hop, provide a significant advantage in maintaining higher
overall fidelity for long-distance quantum teleportation.

In long-distance quantum communication, attenuation and environmental dis-
turbances during transmission play a crucial role in shaping the channel’s noise
characteristics. Accordingly, two fundamental models of noise are typically employed
to describe quantum channels: dephasing noise and depolarizing noise.

For optical fiber links, the channel transmissivity decreases exponentially with the
transmission distance D, expressed as

n(D) = 107*P/10, 1)
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Fig.7 Noise probability versus transmission distance (km) in quantum channels for attenuation coefficients
a =0.16,0.17, and 0.18 for a depolarizing and b dephasing channels. Output state average fidelity versus
distance (km) for hop numbers m = 1, 2, and 3 for ¢ depolarizing and d dephasing channels

where o (dB/km) is the attenuation coefficient and D denotes the fiber length [2]. As
the distance increases, the relative impact of background contributions and detector
dark counts grows compared to the photon flux, thereby enhancing the effective noise
probability per detection event. The interference visibility observed in the system can

be modeled as oD
V(D) = 0n(D)

=", (22)
Son(D) + N

where Sy is the zero-distance signal rate and N represents a distance-independent
noise term. Consequently, the noise probability associated with detection in an optical
link can be expressed in terms of visibility as ppoise = f(V(D)). This relation has
been extensively applied in entanglement distribution and teleportation experiments
across long distances [36, 37].

From the perspective of a quantum channel, the visibility can be directly mapped
onto the noise parameters of standard channel models. Specifically, the depolarizing
noise probability is given by pgep = 1 — V (D), while the dephasing noise probability
is expressed as pdeph = % [29]. Figure 7 illustrates the dependence of the noise
probability on the quantum channel distance for two distinct types of noise.

In the preceding section, the noise analysis of the quantum channel (Fig. 6) revealed
that the fidelity of the proposed multi-hop protocol decreases significantly as the
number of hops increases. However, examining the relationship between channel noise
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and distance, as illustrated in Fig. 7, offers an important complementary viewpoint. For
instance, consider the task of teleporting a quantum state over a distance of D & 300
km. As shown in Fig. 7a, b, the noise probability approaches its maximum for such
long-distance channels, which, according to Fig. 6, reduces the protocol fidelity to
below 0.5—the threshold corresponding to a classical guess. In contrast, if the proposed
protocol is implemented with m = 3 hops, the total distance is divided into three
segments of approximately 100 km each. At D’ ~ 100 km, Fig. 7a, b indicates that the
noise probability is nearly zero, yielding an almost ideal fidelity in the corresponding
noise analysis, as depicted in Fig. 7c, d.

Although practical systems will not achieve such ideal performance, this example
highlights the fundamental advantage of quantum repeaters in suppressing channel-
induced errors [10, 38]. In realistic settings, however, numerous additional parameters
must be considered when designing the optimal structure of a quantum communication
network, which makes the problem inherently a trade-off. To illustrate the trade-off
between the number of hops and the fidelity of the transmitted quantum state, we
assume that the noise probability per hop can be approximated as a linear combination
of channel noise and operation noise, denoted by p.; and p,p, respectively:

Phop = Pch + Pop- (23)

Since the operation noise is independent of transmission distance, we set it to
zero for this analysis. In this case, the channel noise probability can be described
as a combination of two types of quantum noise—depolarizing and dephasing—that
simultaneously affect the channel:

1—-V(D), depolarizing noise,
Pch = (24)

%(1 - V(D)), dephasing noise.
According to the generalized MQCT protocol, the required quantum and classical
resources per hop are O = 3nm qubits and C = 2nm bits, respectively. By defining

the output state average fidelity as a function of distance and hop count, F,,(D, m),
the optimal network configuration must satisfy the following constraints:

Foo(D,m) > Fyin, 0 < Omax, C < Chax, (25)
where Fin, Omax, and Cy, 4y represent the fidelity and resource constraints imposed
by the network.

A simple approach to determine the optimal number of hops is to introduce a cost
function defined over these parameters:

cost = —Fyyg + A0 + AcC, (26)

where Ap and Ac are weighting parameters that reflect the relative importance of
different resource types. The optimal hop count m* is then obtained by minimizing

@ Springer



400 Page 16 of 26 M. M. Farimani et al.

the cost function:
m* = arg min cost . 27
meN

Our numerical and experimental investigations reveal a clear trade-off between the
number of hops and the resulting fidelity of the transmitted quantum state. While multi-
hop controlled teleportation extends communication distance, each additional hop
introduces accumulated noise and decoherence, ultimately degrading the final fidelity.
The experimental implementation of the proposed protocol demonstrates its practi-
cality on current hardware and underscores the need to incorporate post-processing
techniques to ensure reliable state transfer. These findings further emphasize the impor-
tance of evaluating quantum performance metrics alongside classical network design
parameters, particularly when balancing communication distance, resource expendi-
ture, and noise sensitivity in quantum communication systems.

This study contributes to narrowing the gap between theoretical models and exper-
imental realizations by presenting one of the few empirical assessments of multi-hop
quantum teleportation under realistic noise conditions. Beyond hardware advance-
ments, several theoretical and experimental strategies can be employed to improve
fidelity. Error mitigation techniques can reduce noise at each hop, quantum error
correction can reinforce the teleportation process, and entanglement purification (or
distillation) [39] can be used to establish higher-quality quantum channels. Integrat-
ing these methods with improvements in device-level performance—such as longer
coherence times, higher gate fidelities, and lower readout errors—will be essential for
enabling reliable long-distance quantum networks [38].

6 Conclusion

In this study, we proposed a generalized protocol for multi-hop quantum controlled
teleportation, explicitly accounting for the effects of different types and levels of
quantum noise. The reliable transmission of quantum information over long distances
remains a central challenge in quantum communication. Developments such as quan-
tum repeaters and multi-hop quantum networks have enabled improvements in the
fidelity and robustness of quantum teleportation over noisy channels.

Our protocol addresses the trade-off between resource efficiency and noise impact,
enabling the construction of flexible multi-hop quantum networks based on system
constraints. The protocol was experimentally validated on the IBM quantum platform,
enabling us to evaluate its practical performance on a real quantum device.

Furthermore, we analyzed the influence of different common types of quantum
noise on the performance of the protocol. This analysis enhanced the interpretability
of our approach under realistic noise conditions. The results demonstrated that per-
forming noisy quantum teleportation at each hop results in cumulative degradation of
the output state’s fidelity, making it increasingly vulnerable to noise as the number of
hops increases.

However, our findings also highlight the potential of post-processing techniques—
such as quantum error correction, error mitigation, and entanglement distillation—to
significantly reduce the adverse effects of noise. By applying these methods, it is pos-
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sible to maintain acceptable fidelity levels even in multi-hop scenarios. Experimental
results incorporating error mitigation techniques further confirmed the effectiveness
of post-processing in improving the final output state.

Appendix A Multi-hop quantum controlled teleportation
A.1 Single-hop QCT protocol

In a single-hop QCT, Alice intends to transmit a quantum state |¢4) to Bob via a
single-hop quantum channel. The quantum state prepared by Alice is given as:

lpa) = a0l0) + a11) (AL)

subject to the normalization condition ) ; |e; |* = 1, which ensures the state is properly
normalized.
The initial state of the composite quantum system can be expressed as:

Vo) = |da) & |dcn) (A2)

In this expression, |¢.) represents the entangled quantum channel, which involves
Charlie and the qubits corresponding to the first hop, denoted by |¢;,) and |¢y). The
shared quantum channel is assumed to be a GHZ state, defined as:

1
E(IOOO) + L) cp (A3)

For clarity and to facilitate subsequent analysis, the GHZ state given in Eq. A2 can be
equivalently reformulated in an extended form as:

|pen) = |pc) ® |pnn) =

1
[¥0) =(x0[0) +1[1)a ® (EOOOO) + 11D cnn
1
:E(amooom + 0p|0111) 4 11000) + o1 [1111)) gcpn-

In the single-hop QCT, only one teleportation process is performed. Consequently,
in the first step, qubits |¢4), |¢c), and |¢y) must be transformed into the GHZ basis.
To achieve this, a unitary operation U is applied to these qubits as follows:

(A4)

1
[¥r1) ZE(UI & I)(p|0000) 4 0¢p|O111) + o1 [1000) + a1 [1111)) achp

1 (A5)
=5 (@010000) + | 1000) + x0|0101) + arg|1101)

+ @1]0100) — 01[1100) + &1]0001) — o1 [1001)) 4+
where the operator U; corresponds to the inverse GHZ operation, denoted as UéHZ.

@ Springer



400 Page 18 of 26 M. M. Farimani et al.

Table 1 Required correction operators for reconstructing the shared quantum state based on measurement
outcomes in the quantum controlled teleportation (QCT) protocol

Measurement out- Measurement out- Measurement out- Required Operator
come of [¢4) come of |¢p) come of |¢pc)

0 0 0 1

0 0 1 X

0 1 0 Invalid!

0 1 1 Invalid

1 0 0 V4

1 0 1 zZX

1 1 0 Invalid

1 1 1 Invalid

Entries marked as “Invalid” indicate measurement outcomes excluded due to protocol errors

In the second step, qubits |¢4), |¢c), and |¢;) are measured, and the measurement
outcome, represented by k € {0, 1}, is obtained according to:

M,
Y1) = __Mdvi) (A6)

(V1M Mi|y1)

Based on the measurement results and following the correction operations specified
in Table 1, the appropriate unitary transformations are applied to qubit |¢;/) in order
to reconstruct the original input state at the output. The corresponding quantum state
of the system can be expressed as:

1
V2) = 5 (@o(Maci @ 1)[0000) + ao(Mach ®  Z)|1000)

+ag(Macr ® X)|0101) + ap(Macr ® ZX)|1101) (A7)
+a1(Macn ® X)[0100) — a1 (Macyp ® ZX)|1100)
+a1(Macr ® 1)]0001) — a1 (Macr ® Z)[1001)) achi

where M 4, means measurement over |¢4), |¢c), and |¢y,) states.
Finally, considering the normalization condition, the final teleported state of the
quantum system is given by:

_ 1 (40|0) + 41 ]1))
2 2 (A8)
=a9[0) + a1]1)

V)
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A.2 Two-hop protocol

In the two-hop QCT, the quantum system utilizes two GHZ states as the quantum
channel, which can be represented as:

1
V2

1
®E(|ooo> + 111 2y (A9)

|pcn) = |Pcipipn) S |Pc2p2nr) = (1000) 4+ [111)) c1p1pn

As in the single-hop protocol, Alice aims to transmit the quantum state defined in
Eq. Al through the quantum channel described by Eq. A9. Consequently, the initial
state of the entire quantum system is expressed as:

[¥0) =(a0l0) +1]1))a ® %(IOOO) + L) c1pipn

1
® EGOOO) + |111>)C2h2h/2

(A10)
1
=5 (@]0000000) + a9 00001 11) + erg 0111000} + xg|O111111)

+ &11000000) + o [1000111) + a;|1111000)
+ O{l|1111111))Aclhlh/lczh2h/2

In the first step, the unitary operator U is applied to qubits |¢4), |¢c1), and |¢@,1)
in order to prepare the system for measurement in the GHZ basis:

1
[¥1) =§(U1 ® 1%%)(p]0000000) + ap[0000111)
+ 0p|0111000) + p|0111111)
=+ o1[1000000) + «1|1000111) 4 cr1[1111000)
+ o [1111111)) gctptpt c22 2

1

=57
+ag| + 101111)
+ | — 100000) 4+ «1] — 100111) 4 a1]| — 001000)
+ a1 = 001111)) gcrpipt c2i2i2

(Al1)
(cto] + 000000) + crg| + 000111) + arg| + 101000)

where the operator U] corresponds to the inverse GHZ operation, denoted as UéHZ.
Based on the measurement outcomes of qubits |p4), |¢c1), and |¢p1), appropri-
ate correction operators—determined by Table 1—are applied to qubit |¢;,1). The
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quantum system then evolves to the following state:

) = i(oﬂo(l ® 19%)0000) + ao(Z ® 12%)0000)

+ao(I ® 1%%)|0111) + ag(Z ® 19%)|0111)

+ ap(X ® 1%%)[1000) + ap(ZX @ 1%3)]1000)

+ao(X @ IF)|1111) + ao(ZX ® I1¥)[1111) (A12)
+ a1 (X ® 1%%)]0000) — o1 (ZX ® 1%%)]0000)

+ a1 (X ®I®H)[0111) — a1 (ZX @ I%%)|0111)

+ a1 (I @ I®%)]1000) — a1 (I ® Z%3)[1000)

+ a1 (I @ I®)|1111) — a1 (Z ® IZ)|1111)) 1 c2j2p2

This state can be equivalently rewritten as:

1
[3) = 5 (@0]0000) + gl0T11) + 1 [1000) + @t [ T111)1¢2422 (A13)

Subsequently, a second unitary operation Us is applied to qubits |¢;,1), |¢2), and
|¢;,2) to prepare them for GHZ measurement. The quantum system is then transformed
into:

1
Iv4) =%(U2 ® 1)(ct0]0000) + 0o|0111) + a1 [1000) + ety [1111)) 1 024252

1
=E(ao|0000) + a0 1000) 4 c¢p|0101) 4 orp|1101)

+ a1|0100) — a|1100) + «1]0001) — oty |1001)) 1 24252
(A14)
where the operator U, corresponds to the inverse GHZ operation, denoted as UCT}HZ‘
Finally, using the correction operators specified in Table 1, suitable operations are
applied to qubit |¢;,2) based on the measurement outcomes of qubits |@;,1), |¢2), and
|¢y,2). The resulting quantum system state can be written as:

1
— (o |0) + a9 Z|0) + o X|1) + apZ X1
ﬁol) 0Z10) + oo X|[1) + @0 ZX|1) (AL5)

+a1X10) — 1 ZX|0) + a1 I]1) — a1 Z[1));2

1Vs) =

This final state can also be expressed in the following equivalent form:

gy =L (00l0) + a1
=2 22 (A16)
= a]0) + 1|1
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Appendix B Quantum noise representation

To solve the Lindblad master equation Eq. 11, it is helpful to move the interaction
picture to make change of variables

p(t) = p)e ', (B17)

where the p(¢) can be represent in density matrix representation as follows,

_ .« | poo(®) po1(®)
Pl = [Plo(l) Pll(l):| (B18)

Hence, in the next step we only need to solve the Lindblas equation in Eq. 11 using
density matrix representation in Eq. B18 for different noise types (corresponding
Lindblad operators).

B.1 Bit-flip noise

Considering the Lindblad operator L; = ,/yproy for the bit-flip noise, the corre-
sponding master equation Eq. 11 can be written as

dr 2°F
= ypF (0xpOx — P),

—— = VBF \ 0xp0, — -0 )

I
OxpP — —,O(TJO'X) (B19)

where o, = crxT denotes the Pauli-X operator.
Solving Eq. B19 for the density matrix elements (Eq. B18) yields

1
poo(t) =3 (500(0) + p11(0) + (oo 0) — 11 O)e™77"),

po1(t) =R[po1 (0)] + i I[po1(0)]e VBF!,
p10(t) =N[po1(0)] — i J[po1(0)]e VEF!,

_ 1/ _ _ _ o
P (1) =3 (Poo(0) + 511(0) = (Boo(0) = 511 (0)e """ ).

(B20)

Thus, the density matrix can be expressed as

) = 5(P00(0) + 5110 + (oo (0) — 11 (0)e VBFY) Mot (O)] + i 3po1 (0)]e™VBF!
Rpo1 (O] — i Jpo1 (M)e™VBF! 5(P00(0) + 511(0) = (oo (0) = p11(0)e VBF") |

B21)

Introducing the noise probability ppr = %(1 — e VBF!) the density matrix takes
the form
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A1) = |:(1 — pBFr)poo(0) + perp11(0) (1 — ppr)po1(0) + PBFﬁlo(O)] (B22)
(I = pBFr)P10(0) + proo1(0) (1 — ppr)p11(0) + prooo(0) |

Finally, the channel can be expressed in operator-sum (Kraus) form as
p(1) =EPO) = 150" + Xp0) X", (B23)
which corresponds to the Kraus representation of the bit-flip noise (Eq. 13).
B.2 Phase-flip noise

Considering the Lindblad operator L; = ,/ypFo; for the phase-flip noise, the corre-
sponding master equation Eq. 11 can be written as

dp D U T B
—_— = o,p0, — — [oF — — PO, O,
dt yPF ZIO z 2 z ZIO 2p z 7% (B24)
= ypF (0:p0; — p)
where o, = a; denotes the Pauli-Z operator.
Solving Eq. B24 for the density matrix elements (Eq. B19) yields
£00(t) =poo(0)
on1 (1) =001 (0)e VPF!
/fm() /f01( ) o (B25)
p10(t) =p10(0)e” 77"
p11(t) =p11(0)
Thus, the density matrix can be expressed as
- £00(0)  po1(0)e 7P
=\ - _ — B26
P [mom)e e () (B20)

Introducing the noise probability ppr = %(1 — e 7PF!) the density matrix takes
the form
. £00(0) (1 =2ppFr)poi1(0)
1) = _ ~ B27
pl) [(1 —2ppP)i0©)  pn(0) B27)

Finally, the channel can be expressed in operator-sum (Kraus) form as
A1) = EBO) =150 +Zp(0)Z" (B28)
which corresponds to the Kraus representation of the phase-flip noise (Eq. 14).
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B.3 Amplitude-damping noise

Considering the Lindblad operator L; = ,/yYapo+ for the amplitude-damping noise,
the corresponding master equation Eq. 11 can be written as

dp _ 1 _ 1
@ YAD \ 0—p0+ — §U+0—P - EPU+U— ) (B29)

where o = el represents the atomic raising operator.
Solving Eq. B29 for the density matrix elements (Eq. B19) yields

poo(t) =1 — pi1(2)
po1(t) =po1(0)evAP!/2

(B30)
pro(t) =pro(0)e 742!/
P11 (1) =p11(0)e 74Pt
Thus, the density matrix can be expressed as
_ [ 1= p11(0)evapt gy (0)e~vart/2
pe= [ Pro)e 7402 By (0)e a0 B3

Introducing the noise probability pap = 1 — e~ 240" ~ 1 — ¢~!/T1 (T} is energy
relaxation time), the density matrix takes the form

5(t) = [,500(0) + Papp11(0) /1 = pappor (0)] (B32)
J1 = PAD,510(0) (1 - PAD)/BH(O)

Finally, the channel can be expressed in operator-sum (Kraus) form as
_ _ - T - T
p() =EpO) = EgPpOEFP" + E{P5(0)EFP (B33)

which corresponds to the Kraus representation of the amplitude-damping noise
(Eq. 15).

B.4 Phase-damping noise

Considering the Lindblad operator L; = ,/Yppoa for the phase-damping noise, the
corresponding master equation Eq. 11 can be written as

dp

_ 1 -1
5 = VPD (oApUI — —olonp — —pO'AO’/\> (B34)

2 2

where o = aAk.
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Solving Eq. B34 for the density matrix elements (Eq. B19) yields

poo(t) =p11(0)
po1 (1) =po1(0)e 7*P!

(B35)
pro(t) =p1o(0)e 772!
p11(t) =p11(0)
Thus, the density matrix can be expressed as
S p00(0)  po1(0)e~rPP!
P = [p‘m(O)eVPD’ 711(0) (B30

In quantum system, the pure dephasing time T, satisfies the following expression

L_ 1, (B37)
T, 2Ty Ty

where 77 and 7> are energy relaxation time and dephasing time, respectively.
Introducing the noise probability ppp = 1 — e~/T6, the density matrix takes the

form
. £00(0) (- PPD),EOI(O)i|
1) = _ - B38
pE) [(1 — ppp)0©)  p11(0) (B38)
Finally, the channel can be expressed in operator-sum (Kraus) form as
- - - il - T
p(1) =EpO) = EgPpO)E P + EfPo(O)EfP (B39)

which corresponds to the Kraus representation of the phase-damping noise (Eq. 16).
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