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Abstract

We investigate how an external driving field can control the amount of extractable work from a
quantum emitter, a two-level quantum system (TLS) interacting with a photonic environment. In
this scenario, the TLS functions as a quantum battery, interacting with the photonic bath that
discharges it while the control field recharges it. Ergotropy serves as our measure of the extractable
work from the quantum system. We systematically analyze how the ergotropy of the system evolves
as it interacts with the photonic bath under the control of either a continuous driving field or a
periodic pulse sequence. The coherent and incoherent contributions to the total ergotropy for
various initial states are calculated. The role of detuning between the driving field and the emission
frequency of the TLS, as well as the initial state of the system in work extraction, are investigated
for continuous and periodic pulse-driving fields. We show that detuning has little impact on work
extraction for a system driven by a periodic sequence of instantaneous pulses. However, for a
continuously driven system, as the system approaches its steady state, ergotropy increases with
detuning increases.

1. Introduction

The ability to precisely control and manipulate quantum systems is paramount in quantum information
processing and computation. The delicate nature of quantum states necessitates sophisticated strategies to
achieve desired outcomes, making the control and tuning of quantum systems a focal point of research.

Ideally, quantum information processing platforms should be isolated from their environment. However,
ideal closed quantum systems are rare in nature. Most quantum systems interact with their surrounding
environment, facilitating the exchange of both matter and energy. These interactions induce significant and
complex alterations in the dynamics of the quantum system, often leading to decoherence and dissipation of
the quantum state. This highlights the necessity of effective control techniques to regulate the environment’s
influence on quantum systems. Thus, successfully implementing diverse quantum architectures relies on
adeptly managing this environmental impact. Various approaches have been developed to mitigate the
decoherence and dissipation that arise from the system’s interaction with its environment [1-3]. In the case
of photon-mediated operations, manipulating the absorption and emission of a quantum system and forcing
it to occur at specific frequencies is a pivotal aspect of quantum control, achieved through exposure to either
a continuous laser field or a sequence of optical pulses [4-9]. Such protocols have been shown to have
potentially dramatic effects on the performance of photon-mediated quantum information processing
operations [9—11], making it important to investigate the impact of such control protocols on quantum
emitters, as a resource for quantum information processing. Quantum batteries focus on enhancing energy
storage and extraction in quantum systems [12, 13], exploiting their quantum properties. In this work, we
cast the problem of controlling quantum emitters as a problem of a quantum battery. By leveraging the tools
and insights from quantum information processing, we explore how the unique quantum properties of
emitters, such as coherence, can be harnessed to enhance energy storage and extraction.

When a control field is applied to a quantum system, it injects additional energy into the system,
consequently modifying its population dynamics and average energy. The nonunitary dynamics of
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dissipation and decoherence, coupled with the control pulse, is conceptually analogous to the processes
involved in the charging and discharging of a quantum battery [14—17]. A quantum battery, functioning as a
quantum thermodynamic system, stores energy at energy levels, and coherence is central to energy storage
and utilization. Significant research has focused on developing various quantum battery models [18-24] and
evaluating their effectiveness. Various methodologies have been employed to maximize the extraction of
work from these batteries, aiming to optimize their performance [25-29].

Quantum control methodologies represent potentially powerful tools for unlocking the full capabilities
of quantum batteries. By precisely regulating the charging and discharging mechanisms through dynamic
modification of control parameters such as pulse duration and frequency, we aim to optimize work
extraction and enhance the overall performance of these systems. Hence, understanding the complexities of
quantum control protocols on two-level quantum systems (TLS) is of great importance from the perspective
of using them as quantum batteries.

To explore the potential of quantum control methodologies in optimizing quantum batteries, we
investigate a TLS interacting with a photonic bath and subjected to external driving fields. Our work
examines the potential for work extraction from this non-unitarily evolving system under different
conditions and control strategies. We consider various initial states and employ continuous and periodic
pulse control methods for charging them. In the first protocol, the system is continuously driven by a strong
driving field, while the second protocol involves applying a periodic pulse sequence. In both scenarios, we
examine how the amount of extractable work from the system varies and how it is connected to the
population dynamics of the TLS. In this analysis, we primarily consider two initial states for the quantum
battery: the excited state with zero coherence (incoherent state) and the maximally coherent state. The
(in)coherent contributions to the total ergotropy are calculated for both initial states of the quantum battery.
Additionally, we examine how the detuning between the driving field frequency and the TLS natural emission
frequency influences the ergotropy under the effect of either a continuous field or a periodic pulse sequence
drive. Furthermore, we analyze the dynamics of coherence and its role in shaping the behavior of ergotropy,
providing insights into the interplay between coherence and work extraction in different driving regimes.

This paper is organized as follows: The model of the system of a TLS interacting with a photonic bath
driven by the control field is presented in section 2. In section 3, we present the theoretical formalism,
including a discussion of ergotropy to quantify the amount of extractable work from the system. This section
also presents the calculations of both the coherent and the incoherent contributions to the ergotropy. In
section 4, we present the results for different driving protocols used for charging the quantum battery. We
estimate the ergotropy of various quantum states under different driving pulses and establish its connection
with population dynamics. Finally, we conclude our findings in section 5.

2. Model of a two-level quantum system coupled to the photonic bath

We consider a two-level quantum system (TLS) with the ground state |g) and excited state |e) separated with
an energy wy = wy + A, with A being a static detuning between the pulse carrier frequency and the TLS (as
shown in figure 1). The Hamiltonian of the TLS interacting with a photonic bath, assumming bath initially
in the vacuum state, within the rotating wave approximation (RWA), with all frequencies measured in the
frame rotating at the frequency wy, is given by [7, 30]

A .
H= Zwka}:ak + ?O'Z —1 ng (ak0+ — a}:a_)
k k

Q. (1)
+ 2

(o’++o'_)’ (1)

here ay (a,t) represents the annihilation (creation) operator for the kth photon mode, wy is the frequency of
mode k, gr denotes the kth photon mode coupling strength with the system of consideration; and the Pauli
operators of the form o, = |e) (e| — |¢) (g], o+ = |e){g|, and o_ = |g) (e|]. The TLS is driven by a control laser
field with the control pulse Rabi frequency €2, (¢), applied at appropriate times.

We study the time-dependent dynamics of such a driven TLS by solving the master equations (within the
Markovian regime, employing the RWA) of the form [30, 31]:

p:_;[HOap]+F<U—pU+_;{O+U—ap}> ) (2)

here the first term of the equation (2) represents the unitary part of the dynamics generated by the
Qu(1)
2

Hamiltonian Hy = $ 0, + (04 +0-); {x,y} = xy+ yx is the anticommutator.
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Figure 1. A schematic diagram depicting a two-level quantum system (TLS) with its ground state denoted as |g) and the excited
state as |e). The detuning A signifies the offset between the carrier frequency wy and the transition frequency w of the TLS.

Starting from the initial state of the density-matrix operator with p(t = 0) = p.(0)|e) {e|+
Pee(0)|2) (8] + peg(0)]e) (8] + pee(0)|g) (€] and setting i1 = 1, we obtain the master equations determining the
time evolution of the density matrix operator for the driven quantum emitter in the form [6, 7]:

Pee = isz(t) (Peg = Pee) — T pee

Pog = *iﬂxz(t) (Peg = Pge) + T pec

o= (18- 3 ) =250 (0 )

fog = (—iA - E) Peg + isz(t) (e — ) - (3)

As shown in [6, 7], the above master equations are obtained under a standard set of assumptions typically
satisfied in experiments and calculations. This includes (a) the applicability of the Markov approximation for
the emitter density matrix, implying that the electromagnetic radiation bath is not strongly perturbed by
emission and/or returns to its equilibrium state quickly, and (b) the applicability of the rotating-wave
approximation. The validity of these approximations was rigorously verified in [6] through benchmarking
against a time-dependent density matrix renormalization group (tDMRG) study of an equivalent
semi-infinite chain.

In the absence of control (£2,() = 0), the system exhibits spontaneous decay and the corresponding
emission rate is I' = 27 [ g2 (wi — w; )dk. For the case of a continuously driven system, the Rabi frequency
remains constant over time €2,(¢f) = €2. In the controlled case, a square-shaped pulse is considered for
Q.(t) = Q during the pulse’s active period and remains zero otherwise.

In the following, the energy and time units are normalized by setting I' = 2, and the corresponding
spontaneous emission line has a simple Lorentzian shape with half-width equal to 1. In this manuscript, all
energies and times are expressed in units of I" and 1/T, respectively.

The assumption of a strong and brief pulse driving (2 > A, T") is adopted, enabling us to treat the pulses
as instantaneous. For instance, the application of 7, pulses inverts the population of excited and ground
states and swaps the values of the coherence terms p,; and pg, as

p(nT+0) = op(nT —0) 0y, (4)

where p(nT — 0) and p(n7 + 0) are density matrices immediately before and after the pulse application; 7 is
the period of the pulse sequence, n is an integer, and o, = |g) (e| + |€) (g], i.e. the pulses interchange p,, with
Pag> ANd g With pe,.

The evolution of the TLS in the presence of a driving field represents a quantum battery-charger
problem. Here, the ‘battery discharge’, represented by the relaxation from the excited state to the ground state
of the TLS, occurs through its interaction with the photonic bath. At the same time, the driving field assumes
the role of the charger, supplying energy to the system. In our analysis, we consider two initial states for the
battery: the excited state with p = |e)(e| and the maximally coherent state with p = 1 (|e)(e| -+ |g) (g| + |e)

(gl + |g) {(e|). The charging-discharging processes for these initial states of the TLS for continuously driven
and instantaneous pulse-driven scenarios (charging protocols) are examined in section 4.
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3. Method: ergotropy as a measure of the extraction of work

Ergotropy is the maximum amount of extractable work from a quantum battery using optimal cyclic
transformation [32-35]. A general Hamiltonian of the quantum battery-charger model can be written as

() =Hp+ I+ 8 (1), (5)

where battery and charger parts are characterised by local Hamiltonians .7 and ¢, respectively. &(¢) is the
charging operator that encompasses all terms responsible for regulating energy input, including interactions
between the battery and the charger or any external driving fields.

Initially, at £ = 0, the state of the battery-charger system is ppc(0), and its evolved state at time 7 is
denoted by ppc(t). The evolved state of the battery is obtained as pp(t) = Tre[ppc(f)]. The maximum
amount of total extractable work (ergotropy) from the state ps(#) can be calculated using the optimal
unitary cyclic transformation [32]

W (ps (1), B) = max [E(ps (1)) — E(Ups (1) UT)], (6)
U, represents a set of all cyclic unitary transformations. A closed-form expression for ergotropy W(pp) of a
state pp can be calculated by identifying the passive state g with zero ergotropy, as follows

W(ps) =E(ps) — E(pB), (7)

where E(pg) = Tr(pp#3) is the average energy of the state pg. The passive state pg =Y, ru|€,) (€] with
PB =, Tultn)(ra| and A5 =, €,]€4) (€4, with eigenvalues of pg and 5 respectively, ro > r; > ....r, and
€0 < €1 < ....€1. The average energy of passive state, given by E(pg) =D, Tu€p.

It has been shown in [33, 34] that the quantum ergotropy of the battery can be divided into two
fundamentally separate components: Wic, the incoherent ergotropy and W, the coherent component of the
ergotropy so that

W (ps) =Wic(ps) +Wc(ps)- (8)

The incoherent ergotropy Wic(pp) presents the maximum work that can be extracted from the pg without
changing its coherence and is given as

Wic (ps) = Tr[(ps — ) 5], (9)

here 7 is the coherence-invariant state of pg with a lesser average energy such that
Te [r 5] = minTr | Ui pUf 45 10
rm Ap] = minTr | Ui pU; 5 | , (10)

where U is the set of unitary operators on pp that preserves the coherence but lessens the average energy.
Another approach to determine the incoherent contribution to ergotropy [33] is to define W as the
utmost work retrievable from pp after eliminating all its coherences using the dephasing map M such that

Wic (p5) =W (Ma(ps)) =W (o) = Tr (5 (0% — ) (11)

here p‘é has the same population as pg but zero coherence. p‘ép is the passive state corresponding to de, and
is obtained from pfg after rearranging the population in the descending order. The coherent contribution to
entropy is obtained as follows

We(ps) =W (ps) —Wic(ps) - (12)

4, Results

This section presents our results for the coherent and incoherent contributions to the total ergotropy
obtained for the TLS model. We analyze the ergotropy dynamics for different initial states under both
continuous and pulse-driven charging protocols. Specifically, we consider two distinct initial states of the
TLS during the charging-discharging cycles: (i) the system is initially excited, |e), which possesses maximum
initial energy, and (ii) the system is initially in the maximally coherent state, %(|e> +|g)), characterized by
maximum coherence. These states serve as representative cases for two important classes of TLS states. We
estimate both coherent and incoherent contributions to the total ergotropy for each initial state. To achieve
this, we explore the dynamics of work extraction under continuous and periodically driven charging
strategies, providing insight into the role of initial conditions and how control fields influence the efficiency
of energy extraction.
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Figure 2. Variation of total ergotropy (W), incoherent and coherent ergotropy (Wic, W¢), and population dynamics (pe.) for two
initial states: the excited state (left panels: (a) and (b) and the maximally coherent state (right panels: (c) and (d). The system
interacts with a photonic bath driven by a field with Rabi frequency £2 = 30 in the resonance regime (A = 0). Insets display the
corresponding quantities without the external control field (2 = 0). All energies and times are expressed in units of I' and 1 /T,
respectively.

4.1. Work extraction from a continuously driven TLS

We begin our analysis by exploring the behaviour of a continuously driven quantum emitter under finite
Rabi oscillation (€2 = 30) in the resonance regime (A = 0). Figure 2 displays the time evolution of total
ergotropy (W), coherent ergotropy (W¢), incoherent ergotropy (Wic), and the excited state population (pe.).
The left panel illustrates these dynamics for the fully excited initial state (|e)), while the right panel shows the
behaviour for the maximally coherent initial state ( % (le) +1g)))- The insets show the corresponding results
for the non-driven case ({2 = 0).

When the control field is applied (2 # 0), energy is injected into the TLS, akin to a charging process in a
quantum battery. Dissipation and decoherence of the system result from its interaction with the photonic
bath, leading to energy discharge from the system. The variation in the work extraction of a continuously
driven TLS illustrates the charging-discharging process of a quantum battery. For the excited initial state
shown in figures 2(a) and (b), such a charging-discharging cycle of the quantum battery follows the
population dynamics, this is seen by the oscillating behaviour of the ergotropy (W) which resembles the
dynamics of the excited state population p,.. As seen in figure 2(a), both coherent and incoherent
components contribute significantly to the total ergotropy. The incoherent part Wic shows oscillatory
behaviour, vanishes for some time, as its excited-state population decreases below the steady-state
population, then revives back, and gradually diminishes as the system approaches the steady state. The
coherent ergotropy Wc initially exhibits large amplitudes, but these amplitudes diminish as the state
approaches the steady state, with fluctuations occurring around lower values.

Similarly, in figures 2(c) and (d), we show the ergotropy (W) and population dynamics (p,.) for the
maximally coherent initial state. As can be seen from figure 2(c), there is a little incoherent contribution
(Wc) to the total work extraction in the early stages of the dynamics, and the incoherent ergotropy vanishes
as the excited state population decreases below its steady state, and revives back, Wic later vanishes as the
system approaches the steady state. In such a maximally coherent state, coherence is the main contributor to
total ergotropy, evident by the dominant contribution of W¢ to the total ergotropy. We also observe that
unlike in the excited initial state, for the coherent case, the oscillatory nature of ergotropy W is less
pronounced, which is also reflected in the population dynamics (figure 2(d)) oscillating with smaller
amplitude.

To highlight the influence of the driving field on the system’s evolution, the insets present the
corresponding results for the non-driven case (2 = 0). In the absence of an external control field, the excited
state population evolves as p,.(0)e~!". For our initial excited and coherent states, p.(0) takes the values 1
and %, respectively, which decay exponentially with time, as shown in figures 2(b)—(d) insets. Unlike the
driven case with the oscillating behavior, the work extraction dynamics of an initial TLS state without any
control field resembles the discharging process of a quantum battery without any intermediate charging
methods (figures 2(a) and (c) insets). For the fully excited state, the coherent ergotropy (W¢) contribution to
the total ergotropy W is zero. In contrast, for the maximally coherent initial state, the incoherent part Wic
does not contribute to the total ergotropy.
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Figure 3. Time-dependent dynamics of the total ergotropy (W) and the excited state population (p,.) for different initial
conditions and values of detuning (A). The left panels (a) and (b) show the dynamics for an initial excited state, while the right
panels (c) and (d) represent the dynamics for a maximally coherent initial state. The system is driven by a field with Rabi
frequency Q2 = 30.

Next, we consider the influence of detuning A on the variation of ergotropy W. Our results for the total
ergotropy W and the corresponding excited state population dynamics p,, for different values of detuning
A =0,3,5,8 for the fully excited initial state (left panel) and maximally coherent initial states (right panel)
are shown in figure 3. We show that ergotropy from the continuously driven TLS increases as the value of A
increases for both excited and coherent states (figures 3(a) and (c)) as the system approaches steady-state
dynamics. For the system initially in the excited state, from figure 3(a), it is evident that the ergotropy as a
function of time increases as the detuning increases. However, this is different in the case of the maximally
coherent state. For the maximally coherent state (figure 3(a), the dependence of ergotropy on detuning
follows a reverse order at the early stage of the dynamics due to the difference in the (in)coherent ergotropy
contribution to the total ergotropy. However, this changes as the system approaches steady state dynamics,
where the ergotropy increases as A increases. In the left panel (a), the system initially in the excited state
exhibits more pronounced oscillations, which diminish in amplitude as the steady state approaches. For the
system initially in the coherent state (right panel (c)), the ergotropy in the early stage shows oscillatory
behaviour for higher values of detuning A. As the system approaches its steady state, the oscillation of
ergotropy decreases in amplitude, revealing a more pronounced dependence on A. Panels (b) and (d) show
the corresponding population dynamics of the excited state, where similar oscillations are observed for both
initial states. However, the population dynamics of the maximally coherent state (panel (d)) fluctuate
between lower values, and the oscillations are less prominent compared to those of the excited state (panel
(b)). The effect of detuning A is evident in all panels, with higher detuning (A) leading to a slower decay in
ergotropy and a shift in population dynamics. Overall, the figure highlights that detuning A can be used to
manipulate the ergotropy one can extract from the TLS battery over time.

To further explore the behavior of ergotropy, we investigate how coherence influences its dynamics. For a
given reference basis 7, a density matrix can be expressed as p = >, . pjj|i) (j|, while the incoherent density
matrix-diagonal in the basis i-is written as p = ) . p;[i) (i|. We use the ], measure of quantum coherence
(Cy, (p)), defined as the sum of the absolute values of the off-diagonal elements [36]:

Ci () = _lpil- (13)

i#]

Our results for the calculated coherence are shown in figure 4, which depicts the coherence dynamics for
the initially excited state (left panel) and the maximally coherent state (right panel) under varying detuning
values, A. The initial coherence of the excited state is zero, whereas the maximally coherent state starts with
the maximum possible coherence value of 1. As shown in the figure, the measure of coherence increases with
detuning A, becoming particularly pronounced as the system approaches the steady state. These coherence
dynamics provide valuable insights into the behavior of ergotropy during this process. Specifically, the
increase in ergotropy at higher detuning values is closely related to elevated coherence levels, as observed in
figures 3(a) and (c).
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The left panel shows the dynamics for an initial excited state, while the right panel represents the dynamics for a maximally
coherent initial state. The system is driven by a field with Rabi frequency Q2 = 30.
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Figure 5. Variation of total ergotropy W, incoherent Wc, and coherent ergotropy W, along with the population dynamics (pe.)
for the initially excited state (left panels) and the maximally coherent state (right panels). The system interacts with a photonic
bath driven by instantaneous 7, pulses with a 7 = 0.3 period. Number of pulses Npyjsc = 10, A = 0.

4.2. Work extraction from a periodically-driven TLS

In this section, we analyze the work extraction from a quantum emitter driven by a periodic sequence of 7,
pulses, which act as a control mechanism applied instantaneously-similar to the instantaneous charging of a
quantum battery. Following each pulse, the battery discharges according to Markovian dynamics. Each 7,
pulse swaps the populations of the excited and ground states while exchanging their coherence values,
repeating at intervals of 7.

Figure 5 shows the discharge dynamics of the quantum battery for two initial states in the resonance
regime (A = 0), highlighting how the ergotropy and population dynamics evolve under the influence of a
periodic sequence of 7, pulses and emphasizing the differences between the initial excited or maximally
coherent states. For the initial excited state (left panel, figure 5(a) and (b), the 7, pulses applied periodically
at a time interval 7 = 0.3 result in the total ergotropy decaying monotonically for one inter-pulse time
interval and then vanishing for the following one. Here, the total ergotropy W consists solely of the
incoherent part Wic, with no contribution from coherence, as shown by the zero value of W¢. The
population dynamics of the excited state (p,.) exhibit a sharp, step-like decrease with each pulse, inverting
the population between the excited and ground states. The total ergotropy vanishes as the excited-state
population decreases below the steady-state population. For the maximally coherent initial state (figures 5(c)
and (d), both the coherent W and incoherent Wic components contribute to the total ergotropy W. The
coherent ergotropy plays a significant role alongside the incoherent ergotropy, which diminishes as the
excited state population decreases below the steady state population, resulting in oscillatory behaviour in the
total extractable work. The interplay between these contributions is evident from the population dynamics in
(figure 5(d))), where the periodic 7, pulses drive oscillations between the excited and ground states. The
dynamics of the incoherent ergotropy are closely tied to these population oscillations, offering insight into
how the population inversion impacts the extractable work from the system.
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Figure 6. Variation of total ergotropy W and the population dynamics pe. of the initially excited state (left panels) and the
maximally coherent state (right panels), interacting with a photonic bath driven by instantaneous 7 pulses with a period of
7 = 0.3. Number of pulses Npyise = 10, values of detuning A =0, 3,5,8.
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interacting with a photonic bath driven by instantaneous 7, pulses with a period of 7 = 0.3. Number of pulses Npy1sc = 10, values
of detuning A =0, 3,5,8.

In figure 6, we investigate the effect of detuning on work extraction in a TLS driven by a periodic
sequence of instantaneous 7, pulses. Unlike the case for a continuously driven system in the previous
section, the detuning does not significantly alter the charging-discharging behaviour for either initial state.
Each 7, pulse injects energy into the system instantaneously, acting like a rapid charge to a quantum battery,
followed by a discharge phase before the next pulse is applied. We also examined the case of a finite-duration
pulse (results not shown) and observed behaviour similar to that of a continuously driven system. When a
finite-duration 7 pulse is applied for time &, the effect of detuning on ergotropy is noticeable for smaller
Rabi frequencies, especially in the near-resonant regime.

To investigate the effect of coherence on ergotropy in the case of an instantaneous pulse-driven system,
we again examine the /; norm of coherence for the two initial states. Our results are shown in figure 7, where
we present the behavior of coherence for the initial excited and maximally coherent states. For the system
initially in the excited state, coherence remains zero throughout the evolution, and so does the coherent
ergotropy (figure 5(a)). In contrast, for the system initially in the maximally coherent state (C;, (p) = 1), the
instantaneous pulse modifies the off-diagonal elements by swapping them but does not alter the overall
coherence. As we can see, unlike continuously driven systems (figure 4), the detuning A does not influence
the dynamics of coherence or ergotropy in an instantaneous pulse-driven system.
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5. Conclusion

In this work, we explored how a controlled two-level quantum system can serve as a model for a quantum
battery when interacting with a photonic bath. We systematically analyzed work extraction under continuous
field and pulse protocols, using ergotropy to quantify the extractable work. Our investigation considered two
initial states of the TLS—a fully excited and a maximally coherent initial state—to explore their respective
influences on the charging dynamics. We also examined the coherent and incoherent contributions to the
ergotropy, finding that the nature of these contributions depends on the initial state.

For a continuously driven quantum emitter, our results demonstrate that total ergotropy increases with
detuning, particularly in the near-resonant regime, where higher detuning yields greater extractable work.
This behavior is closely related to the underlying dynamics of coherence. Our results remain valid across
different parametric regimes. In the case of periodic 7, pulse-driven charging, we find that detuning has a
negligible effect on ergotropy dynamics, in contrast to the continuous driving scenario. Instead, work
extraction is primarily governed by the inter-pulse delay 7, with a change in pulse delay defining the peaks in
ergotropy.

Opverall, our findings underscore the importance of both the control strategy and the initial state in
maximizing work extraction from a quantum battery. By systematically analyzing how various parameters
affect ergotropy dynamics, our work provides insights into the operation of efficient quantum batteries and
highlights the role of control protocols in optimizing energy storage and retrieval in quantum systems.

This relevance is further emphasized by recent experimental work reported in [13], which investigated
the extraction of work in a single spin system. Using a solid-state qubit formed by the single electron spin of a
nitrogen-vacancy center in a diamond crystal, the authors demonstrated how coherence enhances the work
extraction of a quantum system. This experimental realization of coherent ergotropy in a single spin system
aligns with our findings, as it highlights the capacity to extract work from various quantum battery states
under different charging protocols. Moreover, the role of detuning in work extraction, as explored in our
study, underscores the significance of coherence in energy storage and retrieval, offering valuable insights for
nanodevice engineering and the development of quantum technologies.
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Appendix. Ergotropy calculation for a single qubit state

Consider the qubit’s state,

1
P:E(Uo+710x+f20y+r30z), (A1)
where gj—, , 3 are the Pauli’s spin matrix and o, the identity matrix. Consider the the Hamiltonian of the
form H = %! (0 + o) on the qubit state. We calculate the ergotropy of the state using equation (7)

W(p) = (r+73), (A2)

and r = /r} + 13 + r3. Using equation (11), we calculate the incoherent ergotropy. We have the diagonal
density matrix p? = w|l><1| + @\OMO\, |1) = (1,0)" and |0) = (0,1)T. The Eigenvalues of p? in
decreasing order are 1_2“ > H;—“ for —1 <r; <0,and H'T“ > 1_2—'3 for 0 < r; < 1. We calculate the passive
state pl‘f as %|1><1| + %m (0] and %H)(H + (“57’3)|0> (0] for the intervals —1 < r; < 0 and

0 < r3 < 1, respectively. The incoherent ergotropy for the quantum state p are 0 and r3wy, for —1 < 73 <0,
and 0 < r3 < 1, respectively. The coherent contribution to the ergotropy for the two previously considered

intervals of r3 is calculated as % (r +73) and < (r —r3).
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