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Abstract: Quantum L, algebras are higher loop generalizations of cyclic L, alge-
bras. Motivated by the problem of defining morphisms between such algebras, we con-
struct a linear category of (—1)-shifted symplectic vector spaces and distributional half-
densities, originally proposed by Severa. Morphisms in this category can be given both
by formal half-densities and Lagrangian relations; we prove that the composition of such
morphisms recovers the construction of homotopy transfer of quantum L, algebras. Fi-
nally, using this category, we propose a new notion of a relation between quantum L
algebras.
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1. Introduction

A symplectic vector space (V, wy) is a vector space V equipped with an antisymmet-
ric and non-degenerate pairing wy. A natural notion of a morphism f: (V,wy) —
(W, ww) between symplectic vector spaces is a linear map f: V — W such that
wy (v, v) = ow(f @), f(v')). However, this condition immediately forces f to be
injective.! Thus, the naive notion of a category of symplectic vector spaces is rather
restrictive. A common solution to this issue is to replace morphisms f: V — W by
Lagrangian subspaces of (V, —wy) x (W, ww), famously advocated by Weinstein and
Guillemin-Sternberg [30,31,61,63] and inspired by the work of Hormander [38]. Graphs
of symplectic isomorphisms V — W give examples of such Lagrangian subspaces.

We would like to consider symplectic vector spaces equipped with an additional
algebraic structure, that of a quantum L, algebra. These are homotopy and higher
loop generalizations of graded Lie algebras equipped with a compatible degree —1
symplectic form. They first appeared in string field theory [65], and can be succintly
described using the Batalin-Vilkovisky formalism [7,9,27,47]: a quantum L, algebra
on such (—1)-shifted symplectic vector space (V, w) is given by a formal power series
S € Sym(V*)[[A]] satisfying the quantum master equation

A3/t =0,

where the Batalin-Vilkovisky operator A is defined using the degree —1 symplectic
form.

! Forv € Ker f,wegetwy (v, V) = ow (f(v), f(v)) = 0. Requiring instead that f preserves the inverse
of the pairings, we get that f is surjective.
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To combine Lagrangian relations and quantum L, algebras we need a further en-
largement of the (— 1)-shifted symplectic category, proposed by Severa [56]. Morphisms
from V| to V; in this quantum (—1)-shifted symplectic category are “distributional” half-
densities on Vi x V;, with a Lagrangian relation L C V| x V; seen as é-like half-density
supported on L. The Batalin-Vilkovisky Laplacian A acts naturally on half-densities,
and the composition, given by integration along the common factor, is compatible with
A. In this setting, the quantum L, algebra S can be encoded by a A-closed morphism
from a point * to V, given by the half-density e5/"/dV on % x V = V.

In this paper, we rigorously define a natural class of distributional half-densities on
(—1)-shifted symplectic vector spaces, which we call generalized Lagrangians.” For two
such half-densities on V| x V, and V5 x V3, we define a Batalin-Vilkovisky integration
along V5, giving a partially defined composition® on our version of the quantum (—1)-
shifted symplectic category. Our main application and the original motivation for our
work comes from composing the quantum L., algebra ¢5/"\/dV: %« — V with a
surjective Lagrangianrelation L: V —> W. Asboth of these distributional half-densities
are A-closed, their composition is A-closed as well and defines a quantum L, algebra
on W. This construction goes back to Losev (see e.g. references in [18]) and is known
as the BV pushforward, homotopy transfer, or the effective action; it was later examined
by many authors [8,13,16-18,22,25,28,50].

1.1. Content of the paper. In the second section, we recall some useful facts about La-
grangian relations of (—1)-shifted symplectic vector spaces. The content of this section
is mostly standard, with many results adapted from the book of Guillemin and Stern-
berg [31] to the (—1)-shifted setting. We emphasize the canonical factorization of a
Lagrangian relation into a reduction and a coreduction. Our results on composition of
these factorizations in Sects.2.4, 2.5 appear to be new.

In the third section, we introduce formal half-densities and formal Batalin-Vilkovisky
fiber integrals along surjective Lagrangian relations. The linear (—1)-shifted symplectic
category is a natural setting for these integrals, providing an invariant way to define
fiber BV integration [4,53]. Finally, we relate this version of the BV fiber integral to the
homological perturbation lemma.

In the fourth section, we start by defining linear distributional half-densities, called
generalized Lagrangians, on a (—1)-shifted symplectic vector space V. Roughly, they
are given by a coisotropic subspace C C V and a formal half-density on the coisotropic
reduction C/C®. Using this generalized notion of a Lagrangian relation, we define a ver-
sion of the quantum (—1)-shifted symplectic category LinQSymp_,. The composition
is defined using the fiber BV integral along a reduction constructed from the coisotropic
relations, and we give some examples of such compositions. We finish by interpreting the
construction of the effective action of [28] as a commutative triangle in LiInQSymp_,,
and proposing a more general symmetric relation between quantum L, algebras using
factorization from Sect. 2.

2 See also Remark 4.2, which further explains why it is natural to see (distributional) half-densities as a
generalization of Lagrangian subspaces.

3 The composition is defined if we can compute the perturbative Gaussian integral, i.e. if a relevant quadratic
form is non-degenerate.
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1.2. Related and future work. We will now explain how our work relates to quantum
field theory, point to other works studying Lagrangian and coisotropic correspondences,
and list some directions of research.

The category of non-linear (or smooth) Lagrangian relations has received consid-
erable attention both from the viewpoint of symplectic geometry and mathematical
physics [14,19,31,63]. Coisotropic relations, which appeared naturally in the present
paper when considering distributional half-densities as in [56], are less studied; see,
however, [36,62] and [18] (see the next subsection for more details about the last ref-
erence). Half-densities in the O-shifted symplectic setting were extensively studied by
Guillemin and Sternberg.*

1.2.1. Physics Lagrangian subspaces and half-densities in this work have their origin in
the Batalin-Vilkovisky approach to quantum field theory. The (—1)-shifted symplectic
vector space V we consider should be seen as the (linear and finite-dimensional approx-
imations of the) space of BRST fields and their antifields. The half-densities relevant to
physics are of the form e5/"\/dV or FeS/"\/dV for an observable F. A Lagrangian
subspace L C V corresponds to choosing a gauge and pairing it with F' computes the
expectation value of F

/Fes/hvdv = (F)/es/h\/dv. (1)
L L

This interpretation can be extended to the category LinQSymp_;. Its objects, (—1)-
shifted symplectic vector spaces, are spaces of field histories, while morphisms V. — W
are “coupled” quantum field theories on V x W. The composition in LinQSymp_, is
given in terms of the BV fiber integral; the expectation value (1) can be seen as the result
of the following composition

S/h
FOIRVAV -y, L . @)

Notably, examples of generalized Lagrangian relations appeared in the works of Cat-
taneo, Mnév and Reshetikhin. In [17, Section 2.2.2, Remark 2.14], the authors explain
that a coisotropic subspace C C F induces “BV pushforward”, a chain map from half-
densities on F to half-densities on the coisotropic reduction C of C. This morphism is
the (infinite-dimensional and non-linear) version of post-composition in LiInQSymp_,
with the Lagrangian relation 7 — C given by the coisotropic reduction.

Remarkably, in an earlier work [18, Section 3.5], Cattaneo and Mnév interpret the
effective action calculated using a propagator constructed from a homotopy operator

4 Let us mention a different way to add half-densities to the linear symplectic category: The enhanced
symplectic category introduced by Guillemin and Sternberg [31], following Hormander [38, Ch. IV], has
objects given by symplectic spaces and morphisms given by half-densities on Lagrangian relations

1
(LCVxW,pelL|2).

One can mimic this construction in the (—1)-shifted symplectic case, but quantum Lo algebras do not
induce any natural half-densities on a Lagrangian subspace, and the resulting Guillemin-Sternberg category
of enhanced relations does not involve the integration theory we are looking for. We wish to describe BV
fiber integration over the fiber I of a coisotropic reduction (in the sense of Lemma 3.5). But in the enhanced
symplectic category, one encounters no natural densities on / and composition is defined using solely the
canonical isomorphisms from Lemmata 3.3, 3.4. For these reasons, we will not use this similarly-looking
construction.
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K such that K? # 0 as a homotopy transfer along “a Gaussian-smeared Lagrangian
subspace” or, in other words, a “thick BV integral”. In our terminology, the homotopy
K should induce a generalized Lagrangian with an underlying surjective coisotropic
relation. We plan to explicitly describe these generalized Lagrangians in future work.

We also expect to find other examples of generalized Lagrangian relations (distri-
butional half-densities) in quantum field theory, for example coming from the AKSZ
formalism [5].

This categorical viewpoint also relates physics with homotopy algebras, see [20,28,
39] and references therein, and [29] for a recent highlight. Let us also mention that
Lagrangian relations between O-shifted symplectic spaces appear in physics in many
places; see e.g. [6,10,19].

1.2.2. Linear logic The category of linear Lagrangian is extensively studied in linear
logic. It has known presentations by generators and relations and is related to quantum
computing, electrical circuits, and others; see [24] and the recent survey in [12].

Recently, the category of coisotropic relations was studied by Lorand and Weinstein
[44], and in the linear logic community by Booth, Carette, and Comfort [12,23], although
their physical motivation is different-coisotropic relations are related to “discarding” in
quantum computing. It would be interesting to extend their approach to the (—1)-shifted
case and graded coisotropic correspondences, as well as half-densities.

1.2.3. Shifted symplectic geometry The work of Gwilliam and Haugseng [33] on linear
BV quantization should be closely related to ours. They consider an co-category Quad,
of vector spaces (V, w) (or more generally modules over a cdga) with a degree 1 pairing,
where 1-morphisms are given by linear maps V. — V’ together with a homotopy between
w and the pullback of @'. The truncation of Quad; to a 1-category, or its image under
the Hu functor, should be compared to our category LinQSymp_; (up to taking duals,
to match conventions). However, at the moment, we do not understand e.g. how to get
a generalized Lagrangian from the data of a 1-morphism in Quad;.

In shifted geometric quantization, it was noted by Safronov [52] that the path integral
pairing (2) of an observable with a Lagrangian should be compared to the (—1)-shifted
geometric quantization for a given prequantization and polarization. Concretely, the
following diagram is compared to (2) [52] in

prequantization

o — PR L Q,(X)

polarization

with the middle object being (w-twisted differential forms, or half-densities on) a (—1)-
shifted symplectic space. It is therefore natural to ask whether there exists a coisotropic
generalization of polarizations.

1.2.4. Homotopy transfer One can also understand the present work as providing an
invariant geometric language for homotopy transfer (of quantum L, algebras). Special
deformation retracts or abstract Hodge decompositions [21], are a basic object in the
theory of homological perturbations’ [26,46], as they can be used to transfer algebraic
structures along homotopy equivalences. We prove in Proposition 3.15 that symplectic
special deformation retracts are in bijection with non-degenerate reductions, an arguably
more natural notion. It would be interesting to see if more of the theory of homotopy
transfer has similar interpretation.

5 See [28, Sec. 1] for an overview of the history of homological perturbation theory.
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1.2.5. Non-linear generalizations A natural generalization of the present category is to
allow non-linear Lagrangian submanifolds of the product as morphisms between (—1)-
shifted symplectic manifolds. This would allow for more general non-strict morphisms
of quantum L, algebras, such as the non-linear symplectic diffeomoprhism constructed
in [28, Sec. 4.3.1] which gives a homotopy to the effective action. Since we work pertur-
batively, it is natural to work with formal or micro Lagrangian relations, as introduced
in the work of Cattaneo, Dhenin and Weinstein [15]; in the BV context these were later
studied by T. Voronov in [59] under the name thick morphisms.

1.2.6. Morphisms of quantum Lo, algebras Finally, there are other notions of mor-
phisms of quantum L, algebras which we can encode using the linear category
LinQSymp_,. For example, the natural notion of an equivalence of quantum L, alge-
bras, introduced by Mnév in [50, Def. 17], is closely related to our Definition 4.16; our
notion allows more general reductions that to homology, while Mnév’s allows equality-
up-to-homotopy of the effective actions. The category LinQSymp_; also provides an
answer to Mnév’s question posed in the remark below [50, Def. 17]: both induction and
(in our setting linear) isomorphims can be seen as commutative triangles as in Eq. (26). In
future work, we would like to examine post-compositions with generalized Lagrangians
not given by Lagrangian relations, as in the beginning of Sect. 4.4, or construct spans as
in Remark 4.20. Moreover, we see a hint of a 2-categorical structure naturally appearing
in Remark 4.5, it would be interesting to extend it further. Some of these constructions
appear to have better properties in the non-linear setting. We plan to address this in a
future work.

2. Linear (—1)-Symplectic Category

We start by recalling some elementary definitions from graded linear algebra over the
field R.

A graded vector space V is a direct sum of real vector spaces V = @, ., Vi; we
will always assume that V is finite-dimesional.® The zero-dimensional vector space will
be denoted by *. Elements v € V; C V are called homogeneous of degree |v| = i.
The degree shift’ is denoted (V[jD; = Visj. The graded dual V* is defined to have
a reflected degree: (V*); = (V_;)*. A linear map f is said to have degree k € Z if
| f(v)| = |v| + k for any homogeneous element v € V. A morphism of graded vector
spaces is a linear map of degree 0. Linear maps V — W of degree k can be thought of
as morphisms in GrVect (V, W[k]). A subspace of a graded vector space W C V is a
linear subspace embedded by a morphism of graded vector spaces. The annihilator of
W C V is a graded subspace Ann(W) C V* with graded components

(Ann(W)); = {a € (V)i | afy, =0}

Note that in the category GrVect, short exact sequences are well-defined and always
split. This is inherited from the category of finite-dimensional real vector spaces Vect
degree-wise.

6 The results in Sect. 2 hold with a weaker condition that V is of finite type, i.e. V; is finite-dimensional for
all i.

7 This means that R[] is concentrated in degree —k and that V @ V*[—k] will have a pairing of degree
—k.
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Definition 2.1. Let V be a finite-dimensional Z-graded vector space. The dimensional
generating function is defined as the Laurent polynomial®

Dy(s) := Y (dim V;)s* € N[s,s™"]. A
keZ
This object caries all the information of V invariant under isomorphisms of graded
vector spaces. Such notation is convenient for manipulations with degree shifts and
degree reflections.

Lemma 2.2. Let V, W be graded vector spaces, k € 7. Then

1. Dyxw(s) =Dy (s) + Dw(s),

2. Dypiy(s) = s* Dy (s),

3. Dy«(s) = Dy (s™1).

4. Given aninvertible linearmap f : V. — W ofdegree k, i.e. equivalently an invertible
morphism in GrVect (V, W[k]), we have

s¥ Dy (s) = Dy (s).
5. For W C V a graded subspace, Dy (s) = Dy (s) — Dw(s).

2.1. (—1)-Shifted symplectic vector spaces. We will focus on linear symplectic struc-
tures of degree —1 (also known as P-structures?).

Definition 2.3. A (—1)-shifted symplectic vector space or just (—1)-symplectic vector
space is a graded vector space V equipped with a non-degenerate graded-antisymmetric
bilinear map w : V x V — R of degree |w| = —1. In other words, a bilinear map such
that forall v, w € V,

1. w(v, w) # 0 only if [v] + |w| = 1,

2. 0w, v) = — (=)o, w) = -0, w).
An isomorphism of graded vector spaces f: (V,wy) — (W, ww) is said to be a
symplectic isomorphism if f*oy = wy. A

Remark 2.4. The existence of a symplectic structure with a non-zero degree imposes
conditions on dimensionality of V. Since the map V — V* given by x > w(x, —) is
an isomorphism of degree |w| = —1, by Lemma 2.2 we have

sDy(s™h) =Dy (s).

Example 2.5. Define T*[—1]W := W*[—1]@® W, the shifted cotangent bundle of W €
GrVect, with the cotangent fiber concentrated in degree +1. The canonical symplectic
structure weyy given by

Oean(d B v, 0’ ®V) =a () —a'(v)

is a (—1)-shifted symplectic structure. In case W is purely even, the cotangent fibers are
purely odd. In fact, every (—1)-shifted symplectic vector space V is linearly symplecto-
morphic to such odd cotangent bundle. For example, we can choose W = P, Vi or

8 If we allow V of finite type, Dy (s) is an element of N[[s, s*l]].

9 This is an odd(-shifted) symplectic structure. Note that even(-shifted) symplectic structures have perhaps
analogous but different behaviour; see [51] for their role in generalized geometry.
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W= EBkEz Vi as the base, and x +— w(x, —) is a symplectic isomorphism between
the remaining graded components of V and W*[—1].

Schwarz [53, Thm. 3] proved a more general statement extending the setting to the
category of supermanifolds. The idea is that since the odd directions are de Rham exact, a
Moser path method argument can be carried out to identify all odd symplectic structures
with the canonical one up to symplectomorphism.

Definition 2.6 (see e.g. [48, Sec. 2.1]). We define the symplectic complement of a
subspace W C (V, w) by
We=eV| whw =0 YweW}.

We say a subspace W is

e isotropic if W C W<,

e coisotropic if W® C W,

e Lagrangian if W = W¢,

e symplectic if W N W = 0.
Equivalently, a subspace W is symplectic if w restricts to a non-degenerate pairing on
w. A

Example 2.7. Let V be a graded vector space and W C V a graded subspace. The shifted
conormal bundle of W, given by

N*[—11W = Amm(W)[-1]@ W C T*[-1]V = V*[-1]® V

is a Lagrangian subspace of T*[—1]V from Example 2.5. Note that in the setting of
odd symplectic supermanifolds, Schwarz [53, Thm. 4] proved that any Lagrangian sub-
manifold of 7*[—1]M can be smoothly deformed into the shifted conormal bundle of a
submanifold of M.

Definition 2.8. A coisotropic reduction of a coisotropic subspace C is the quotient
space C/C® together with the symplectic structure wg induced on C/C®,

(V,w) <> C 5 (C/C? wg), suchthat "o = 1*wg. A

We will often omit ¢ and write ¢((c) = ¢ for ¢ € C. Let us record a simple but useful
lemma from [60, Lecture 3] which translates verbatim to the (—1)-shifted setting.

Lemma 2.9. For C C V coisotropic and L C V Lagrangian, the image of L N C in
C/C®, denoted [L]c, is Lagrangian.

Proof. [L]& is the image in C/C® of (LNC)Y?NC =(L+C)NC=LNC+C?,
where the last equality holds since C” C C. |
Example 2.10. Letus consider a (—1)-shifted symplectic vector space (V, ). A compat-
ible'” differential is a differential Q: V — V such that w(Qx, y) + (=D (x, Qy) =
0. Then Im Q is isotropic, as w(Qx, Qy) = +w(x, 0%y) = 0. Elements of the sym-
plectic complement v € (Im Q)® have to satisfy, for any x € V;

w(Qx,v) =0, equivalently w(x, Qv) =0, orequivalently Qv = 0.

This means that (Im Q)® = Ker Q. Thus, the cohomology of Q is also the coisotropic
reduction of Ker Q. In this example, the differential is zero when restricted to the isotropic
subspace Im Q; we will be mostly interested in isotropic subspaces I C V such that
Ker Q N I = {0}, i.e. the opposite situation.

Olew: VeV > R[—1] is a chain map.
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Similarly to the classical case, we can equivalently describe a Lagrangian subspace
as a (co)isotrope with appropriate dimensionality. Note that in the graded case, only the
sums dim Ly + dim L_j, are determined for Lagrangian L.

Lemma 2.11. Let W be a graded subspace of a (—1)-shifted symplectic vector space
(V, w). Then
s Dya(s) =Dy (s~ =Dw(s™) 3)

and in particular, an isotropic (or coisotropic) subspace L C V is Lagrangian if and

only if
sT'Dp(s) =Dy (s~ = Drs™h.

Proof. The map x — w(x, —) restricts to an isomorphism W® S Ann(W) of degree
—1, thus by Lemma 2.2 we have

Dannw)(s) = s~ Dy (s).

Finally, from W* = V*/ Ann(W), we have Dy (s™') = Dy (s™!) + Dann(w)(s) and
Eq. (3) follows. For the second part of the lemma, L € L® (or L C L) and Dy (s) =
Do (s) together imply L = L®. |

Lemma 2.12. (W®)® = W

Proof. Clearly, W C (W®)“. By double application of Lemma 2.11 and Remark 2.4,
Dyeye (s) = Dw (s). Together, these observations yield the statement. |

2.1.1. Coisotropes and non-canonical decompositions Given a coisotropic subspace
C C V, the quotient C/C has again a natural degree —1 symplectic form as in Defini-
tion 2.8. We will now show that V is isomorphic to C/C*@®T*[—1]C® in anon-canonical
way. For C Lagrangian, this implies that Lagrangian complements always exist.

Proposition 2.13. Let C C (V, w) be a coisotropic subspace. Denote I :== C® C C its
isotropic complement. Then, there exist complements,"! B C V of C and R C C of I
such that

1. R and R® = I & B are symplectic subspaces of V,
2. I, B are Lagrangian subspaces of I ® B.

In other words, we have a (non-canonical) direct sum decomposition

WR 0 0
V=R®I®B with w=|0 0 o],
0 - 0

where wg is the induced symplectic form on R = C/I and o" is the natural pairing of
Iand B=V/C.

1 R stands for reduced B stands for boundaries. This is motivated by the canonical decomposition from
Sect.3.3.1; the subspace B will consist of (co)boundaries of a differential.
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Proof.

e Choice of R: The projection C 5 c /1 gives the classical coisotropic reduction
from Definition 2.8. An arbitrary graded linear complement R of I C C is a sym-
plectic subspace of V, as (R, w| R) = (C/1, wcyr) and thus |, is nondegenerate.
Moreover, by Lemma 2.12, R® is symplectic as well, since

R°NR=0, so R°N(R?)”=0.

R

e Choice of B: Using Lemma A.1 of “Appendix A.1”, we construct B, an isotropic
linear complement of C satisfying

s'D;(s) = Dg(s ). “4)

To check that / and B are Lagrangian subspaces of / @ B = R®, we check the
condition from Lemma 2.11,

,
s7'Dy(s) =Drep(s™) —Ds(s™H =Dp(s™),
?
sT'Dp(s) =Dygp(s™') —Dp(s™") =Dy ).
These equalities follow from Eq. (4). ]

2.2. Linear and lagrangian relations. Recall that a linear relation between vector spaces
U and V is alinear subspace L C U x V. This defines the category LinRel of real finite-
dimensional vector spaces and linear relations. Identity is given by the diagonal diag(—)
and composition as the set-theoretic composition,

LroLy:={(u,w)eU x W |3Jve Vsuchthat (u,v) € L1 and (v, w) € Lp}. (5)
The image and kernel of a linear relation L C U x V are defined by

ImL:={veV|uelU: (u,v) € L},
KerL:={ueU| (u,0) € L}.

A transpose of a linear relation L C U x V is
LT :={(v,u) e VxU|@u,v)eLCUxV}.

L is called injective if Ker L = 0, surjective if Im L = V, coinjective if Ker LT = 0
and cosurjective if Im L7 = U. The relation L is a graph of a linear map U — V if
and only if L is cosurjective and coinjective. If this condition is not satisfied, one should
view L as a partially defined, multi-valued map; the domain of definition is Im LT , and
the indeterminacy is Ker LT (see e.g. [43]).

For a (—1)-shifted symplectic vector space (V, w), define V as the same graded
vector space with an opposite symplectic form —w.

Definition 2.14. The objects of the linear (—1)-symplectic category LinSymp_, are
(—1)-shifted symplectic vector spaces and morphisms from V to W are Lagrangian
relations, i.e. Lagrangian subspaces of V x W. The identity morphism is given by the
diagonal diag(V) € V x V. Composition of

Ly

L
U— 2

Vv — W

is defined as a composition of relations of sets from Eq. (5). A
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Example 2.15. The basic example of a Lagrangian relation is the graph Gry €V x W
of a symplectic isomorphism ¢: V — W, In fact, all isomorpisms in LinSymp_; are
obtained as such graphs, and the functor Gr () identifies the category of symplectomor-
phisms with the maximal subgroupoid (the core) of LinSymp_;. We will often denote
these isomorphisms by a decorated arrow (see also Definition 2.20)

Gr¢
V —» W.

Lemma 2.16. The category LinSymp_ is well-defined.

Proof. The diagonal relation is Lagrangian and satisfies the identity axiom. Composition
of set-theoretic relations is associative, and composing two linear relations gives again
a linear relation.

To check that the composition of two Lagrangian relations is Lagrangian, we can use
Lemma 2.9 as in Weinstein [60, Lecture 3]. The subspace C = U x diag(V) x W C U x
V x V x W is coisotropic, and its coisotropic reductionis U xdiag (V) x W/ (x x diag (V) x
*) = U x W. The image [L| x Ly]c of the Lagrangian L1 x L, CU x V x V x W
is L o L1, which is therefore Lagrangian by Lemma 2.9. ]

Remark 2.17. (Dagger compact closed category) The transpose L +— L7 defines a
dagger on the symmetric monoidal category (LinSymp_,, x) [55, Def 2.2]. Moreover,
with V as the dual object of V, LinSymp_, is a compact closed category, i.e. the internal

hom [V, V2] can be computed as Vi x V, [40]. Finally, these are compatible as in [55,
Def. 2.6], i.e. LinSymp_, is dagger compact closed. Dagger compact closed categories
(originally introduced as strongly compact closed categories) are a natural setting for
(finite-dimensional) quantum mechanics, as proposed by Abramsky and Coecke [1,2].

Example 2.18. (Odd version of [31, Thm. 4.8.1]) There is a shifted cotangent functor
T*[—1]: GrVect — LinSymp_,,

defined on objects by V - (T*[—1]V, @can) and on morphisms by sending f: V — W
to the Lagrangian

T*[-11f ={Bo fiv.B, f() [veV.BeW"} C VI-llaVe W -1l W

=T*[-1]V & T*[-1]W.

We end this section by showing that each Lagrangian relation has a coisotropic image,
with the corresponding isotrope being the kernel of the transposed relation (see e.g. [30,
p. 945)).

Lemma 2.19. Let L: (U, wy) — (V, wy) be a Lagrangian relation. Then
T T\“V
Ker LT = Im L)Y and KerL = (ImL )

In particular, for a Lagrangian relation, surjectivity is equivalent to coinjectivity and
injectivity is equivalent to cosurjectivity.
Proof. By definition, v € Ker LT if and only if (0, v) € L = L®. Equivalently, for all
W' v)eL,

0=—wy oy (0,v), (1)) =-oy (0,u) +oy (v,v) =y (v,V).

Therefore, v € Ker LT if and only if v € (Im L)®V. The second equation is proven from
the first by considering L7 in place of L. [ |
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2.3. Reductions and coreductions.

Definition 2.20. Let L € U — V be a Lagrangian relation. We say L is

e a reduction, if Ker LT =0 (equivalently Im L = V') and we denote U £>-> Vv,
e a coreduction, if Ker L = 0 (equivalently Im LT = V) and we denote U L v
A
Some useful properties follow from the definition:

e A composition of (co)reductions is a (co)reduction.

e A Lagrangian relation is both a reduction and a coreduction U »Ls% V ifand only
if it is an isomorphism in LinSymp_; (i.e. a graph of a symplectic isomorphism).

e A Lagrangian relation L: U — V is a reduction if and only if L o LT = 1y, and
a coreduction if and only if LT o L = 1. Moreover, reductions are epimorphisms,
and coreductions are monomorphisms in LinSymp_; (see Remark 2.24). We will
denote the subcategory of reductions (epimorphisms) by Red_;.

The following proposition shows that every reduction is equal to coisotropic reduction
redc from Definition 2.8 up to a post-composition by a symplectic isomorphism

d
v Ly R =(V%Ier/KerL>—»R>.

This is a straightforward modification of [31, Prop. 3.4.2].

Proposition 2.21 (Reductions are coisotropic reductions). Let V, R € LinSymp_,, L <
V X R a graded subspace. Then the following two conditions are equivalent.

1. L € LinSymp_,(V, R) and it is a reduction.

2. There exists C C V coisotropic and a symplectic isomorphism ¢ : C/C? = R such
that
L={(c,r)eVxR|ceC,r=¢(())}.

where w: C — C/C® is the quotient map.

Proof. First, we suppose that condition 2 holds. The relation L is surjective by definition;
let us prove that L is indeed a Lagrangian relation. Denote g = ¢ o 7. Since ¢ is a
symplectomorphism, we have a)| ¢ = Trwg. From this, the isotropy of L follows:

—w ® wg ((C, TRC) , (c/, ch/)) = —w (c, c’) + TROR (c, c/) =0, forallc,c €C.

To show that L is coisotropic, let us take arbitrary (v, mg(d)) € L® withv € V,d € C.
This element satisifes, for any ¢ € C,

0=—-w(,c)+wr(rd), r(c)) = w(d —v,0).
In other words, v —d € C® and since d € C, then v € C as well and 7 (v) = 7 (d),

which means that L C L.

Now let condition 1 hold and V i>-> R be areduction, denote C = Im LT . By Lemma
2.19, C is coisotropic:
(ImLT)? =KerL CImL”.
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By coinjectivity of L, there exists a map 7g: C — R such that L = {(c, 7r(c) eV
xR | ¢ € C}. The projection wg uniquely factors through m, since Kerm = C® =
Ker L = Ker mg; the induced symplectic isomorphism ¢p: C/Ker rg — Im g

C
NG ©6)
c
v 5 R
is uniquely determined by ¢ (7 (c)) = mwr(c). |

In other words, given a reduction V. —> R, the coisotrope C is unique since it is
determined by Im L7, and the symplectic isomorphism ¢: C/C® = R is unique, as
Gry is necessarily equal to the composition

redg L
Gry = C/CY —V —» R |, @)

since Gry oredc = L implies Gry oredc o redg =Lo redg and redc o redg =1 fora
reduction redc.

2.3.1. Factorization Crucially, it turns out that any Lagrangian relation can be factored
into a reduction followed by a coreduction, with coisotropics given by Im L7 and Im L
respectively. This is a (—1)-shifted symplectic version of the usual claim for linear
relations [43, p. 1045] or Lagrangian relations [30, p. 946].

Proposition 2.22. Let L € LinSymp_, (U, V). Let Ly and Ly be the coisotropic reduc-
tions with respect tolm LT C U andIm L C V, respectively. Then Ly oL o LLT/ =: Gry
is an isomorphism and the following diagram commutes.

L 1%

P T ®)

ImLT/Ker L v Im L/Ker LT
¢

U

Moreover; this factorization is unique in the following sense. For every factorization
L = LZT oLy where L1: U —> R, Ly: V. —> R are reductions, there are unique
isomorphisms 1, Yo making the following diagram commute.

L
U \%4
~_ T/{
Ly ~ L2
Ly “RT 1% ©)
3! Gry, 3! Gry,

ImLT /Ker L — ImL/Ker LT
[



143 Page 14 of 46 B. Jur” co, J. Pulmann, M. Zika

Proof. By Lemma 2.19, Im L7 is coisotropic in U and Im L in V. Thus, the quotients
Ry :=Im LT /Ker L and Ry :=Im L/ Ker LT are (—1)-shifted symplectic and define
reductions Ly and Ly by Proposition 2.21. Denote the quotient maps by 7y : Im LT —
Ry,my: Im L — Ry and the composition by ® := Ly o Lo L], C Ry x Ry. In this
notation,

®={(r,s) € Ry x Ry |3, v) e L: r =nyu),s =my(v)}.

To show that & is an isomorphism, it suffices to notice that & is both surjective and
cosurjective, and hence ® = Gry for a symplectic isomorphism ¢: Ry — Ry. To
check that diagram (8) commutes, it is easy to see that L C L‘T, o ® o Ly, which implies
equality of these two Lagrangian subspaces of U x V.

Turning to (9), for any such factorization L = LI o Ly, we have Im (L o L;) =
Im LZT , since L is surjective. Thus, the coisotrope giving the reduction L is necessarily
equal to Im L, and similarly Im LIT = Im L”. By Proposition 2.21, we get unique ¥/ »
making the left and right triangles in (9) commute. The bottom triangle commutes since
the whole square commutes and we have (7). |

Example 2.23. Continuing Example 2.18, we can interpret Proposition 2.22 for linear
maps. If L = T*[—1]f for f: U — V, we get

KerL=0®Ker f C U[-1]1®U, ImL=V*®Imf C Vi -11®V,
Ker LT =Ker f'@0C V*[-11@V, ImLT =Imf'® U Cc U*[-1] & U.

Then, Lemma 2.19 says that Ker f' = Ann(Im f), while Proposition 2.22 gives the
isomorphism U/ Ker f = Im f.

Remark 2.24 (Epimorphisms are reductions). We can now show that not only a re-
duction L satisfies L o LT = 1 and is therefore an epimorphism, but the other impli-
cation is also true. We can decompose any epimorphism L € LinSymp_,(U, V) as

L= L‘T, oLy = L‘T, oLyo L‘T, o Ly where Ly and Ly are reductions. Since L is epic,
we have L‘T, o Ly = 1y and thus Ly is an isomorphism and L is a reduction.

Definition 2.25. Given a Lagrangian relation L: U — V, we define its factorization
cospan to be a pair of reductions (L, Ly)

LN R dv {10

such that
L=LloLy. A

Proposition 2.22 shows that a factorization cospan always exists and moreover, for
a fixed relation L, all factorization cospans are uniquely isomorphic in the sense of
diagram (9); we will speak of the factorization cospan of a Lagrangian relation. Note
that since Ly o L‘T, = 1y, the diagram (10) is commutative in LinSymp_.
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. . L L
2.4. Spans of reductions. If we have two Lagrangian relations U =5 vV 25 W, wecan
form their factorization cospans and get the following diagram in LinSymp_,.

L L
U ‘ v —=2 14
\ i/ \Lg / (11)
R R
Let us now investigate two natural questions connected with diagram (11): whether we
can complete the span of reductions R «— V —> R to a commutative square, and
how this square relates to the usual definition of a composition of cospans in terms of
pushouts [11, Sec. 1.2.6]. We will answer these questions in Corollary 2.30.

Let us therefore consider an arbitrary span of reductions, i.e. is a pair of reductions
(L, L) with a common source.

R R

Transposing L, we get a relation LoLT: R — R, which can be easily described as
LoL” = {(mgr(c), m5(c)) [c € CNCYC R xR, (13)

where C := ImL” and ng: C — R are the coisotrope and projections such that

L = {(wr(c),c) | ¢ € C} using the notation from diagram (6) (and analogously for C
and 7 3).
R

2.4.1. Orthogonal spans of reductions There is a natural choice of the completion of
diagram (12) to a square, namely the factorization cospan R —> Sy <«— R of the
composite L o LT : R — R. However, the resulting square of reductions is not always
commutative.'> We will now completely characterize the class of spans of reductions
for which this happens.

Definition 2.26. We say a span of reductions R L vE Ris orthogonal if Ker L |
KerL,i.e.ifforalli € KerL,i € Ker L,

w(i, i) =0. A
Denote / := Ker L and I := Ker L. Observe that 1 L I is equivalent to / + I being
isotropic, which is in turn equivalent to C N C being coisotropic, since CNC = (I +1)“.
Theorem 2.27. Consider a span of reductions R .1 Vv L, R. Then the factorization
cospan
LoLT 1“{’

PN

So 0

R

12 Asa counter-example, consider a decomposition V.= R @ I @ B from Proposition 2.13 let R and R

be reductions along R @ I and R & B, respectively. Then LoLT = 1r and So = R, but L # L unless
I =B = .
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makes the square of reductions (14) commute if and only if (L, Z) is an orthogonal
span of reductions.

Ri/ \iﬁ
s ¥,

So

(14)

Moreover, any cone of reductions under an orthogonal span of reductions (L, L) uniquely
factors through the cone (14). In other words, the pushout of (12) in the category of re-
ductions exists if and only if the span of reductions is orthogonal, and it is given by the
factorization cospan of L o LT .

A cone of reductions R —> S «— Runder (L, L) isequivalently given by areduction
M : V —> § which factors through both L and L. We will thus first study the problem
of factoring one reduction through another; Theorem 2.27 will follow by applying the
following proposition twice.

Proposition 2.28. Consider a pair of reductions L: V —> Rand M: V —> S.

Then the following are equivalent:

(1) M factors through L, i.e. there is a reduction K : R —> S such that K o L = M,
2)MoLT oL =M,

)M oMoLT oL =MT oM,

(4) ImMT cImLT.

Moreover; if any of these conditions holds, one has K = M o LT and thus K is unique
if it exists.

Proof. If K exists, then K o L = M implies that K = M o LT and thus K is unique.
Moreover, any relation K making the diagram above commute is necessarily a reduction,
since K o L = M is surjective.

Let us now show the equivalence of the four statements. The equivalence of (1) and (2)
is clear since we just need to check that K o L = M for our only candidate K = Mo LT,
The equivalence of (2) and (3) is due to M o M7 = 1, as M is a reduction. Finally, let
Cr:=ImLT and Cp; :=Im M7, then MT o M is the relation.'3

MT oM ={(c,d)eCyxCuylc—c € (Cy)®I <V xV.

13 1n fact, the assignemt Cpy +— MT oM gives a bijection between coisotropic subspaces M C V and
symmetric idempotent endomorphisms of V in LinSymp_; [30, Eq. 9.14] The present proposition can be
understood as saying that this bijection is order-preserving, with respect to the partial order on idempotents
from [49]. See also [35, §29] for an analogous statement for Hilbert spaces.



Lagrangian Relations and Quantum L, Algebras Page 17 of 46 143

Similarly, the composition M o M o LT o L is equal to

Ml oMoLT oL ={(c+ir,c+iy)|ce€CLNCy,iL € (CL)?, im € (Cy)®)
CVxV.

The statement (3) is equivalent to the inclusion M ToMoLT o L € MT o M, as both
are Lagrangian subspaces of V x V. This is in turn equivalent to the following three
conditions for allc € C, N Cyy, ip € (Cp)®, iy € (Cpp)®:

c+ip € Cy,
c+iy ECM,
. . w
ir —iy € (Cy)®.

The last condition is equivalent to (Cp)® € (Cp)®, i.e. Cyy S Cr, and this implies
the first condition as ¢ +iy € Cyy N Cp + (Cp)® C Cyy N CL + (Cp)® € Cyy. The
middle condition is always satisfied. Thus, the inclusion M o M o LT o L ¢ MT o M
is equivalent to Cy; € Cp, i.e. the statement (4). |

Proof (Proof of Theorem 2.27). Consider an arbitrary cone of reductions, and denote

M=KoL=KolL.
V ~
7N
R M R
DA

The reduction M is given (up to a unique isomorphism of §) by the coisotrope D :=
Im M7 . From Proposition 2.28 we see that necessarily D € Im LT N Im LT, and vice
versa choosing coisotropic D C Im LTNIm LT gives K and K suchthat KoL = M =
KoL (again from Proposition 2.28). Thus, commutative squares of the form (15) (up
to an isomorphism in S) are in bijection with coisotropic subspaces of Im LT N Im LT.
In particular such commutative squares exist if and only if Im L N Im L7 is itself
coisotropic,'* i.e. if (L, L) isan orthogonal span of reductions.

Next, we show that the case Dy = Im LTNImL” corresponds to (Ko, Ko) being the
factorization cospan of L o LT By un1queness of factorization from Proposition 2.22,
it is enough to check that LolL= KO o K. The relation L o L is given by (13),

5)

LoLT = {(mr(c), m5(c)) [c € CNCYC R xR,
while K[ o Ky is equal to

EgoKOZZoMgoMOOLT
= {(Tr(c1). () | c1,c2 € CNCoey —c2 € (CNC)°} € R x R.

14 9r9 subspace E C V contains a coisotropic subspace C C E, then E is also coisotropic, as E® C C® C
CCE.
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By choosing ¢ = ¢;, we see that LoLT c K OT o K, which proves the equality of these
Lagrangian subspaces of R x R.

To prove the pushout property of this square, consider an arbitrary commutative
square of reductions (the outer square on the diagram).

t

A

hé-z-LPS—<

k%z =~

To show S is a pushout, we need to construct N as above and check that it is a map of
cocones. The reduction N is constructed by factorizing M = K o L = K o L through
My, which exists and is unique by Proposition 2.28. Finally, we need to check K =
N o Ky, which is equivalentto K o L = N o Kgo L,i.e. M = N o My, and similarly
for K =No Eo. |

2.5. Category of cospans of reductions. Recall from Sect. 2.4 that we wanted to inves-
tigate the factorization cospan of a composition. Let us consider diagram (11) and add
the factorization of L o L to the bottom.!?

U L1 v L2 %
LT L

NN S N
NS/[}T

Since the square and the two triangles commute, the outer triangle gives the factorization
cospan of Lj o L1, by uniqueness of factorizations from Proposition 2.22. This way, we
have defined the composition of morphisms in the following category.

Definition 2.29. The category of cospans of reductions, denoted CospanRed_, has
(—1)-symplectic vector spaces as objects and isomorphism classes of cospans of re-
ductions as morphisms. Composition of the factorization cospans of L; : U — V and
Ly : V — W is given by the factorization cospan of Ly o Lj. A

Usually, the composition in the category of cospans is defined using pushouts. The-
orem 2.27 says these two compositions agree exactly when the pushout is defined, i.e.
when (L, L) is an orthogonal span of reductions. We now summarize these results in
the following corollary.

15 we drop the subscript ¢, which denoted the factorization cospan in the previous section, to lighten the
notation.
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Corollary 2.30 (Factorization cospan as an equivalence of categories). There is an equiv-
alence of categories between the linear (—1)-shifted symplectic category and the cat-
egory of isomorphism classes of cospans of reductions in the linear (—1)-shifted sym-
plectic category given by the construction of the factorization cospan;

LinSymp_; = CospanRed_;.

Moreover, assume the Lagrangian relations L1 and L, compose orthogonally, i.e.
Ker LIT L Ker Ly. Then the composition in CospanRed_; coincides with the com-
position of factorization cospans under L1 and Ly along the pushout in the category of
reductions Red_y, as displayed in diagram (17).

NN "

Proof. The first part follows from Proposition 2.22 and the construction above. For the
second part, L and L, compose orthogonally if and only if (L, L) is an orthogonal span
of reductions. This assumption enables us to transpose any coreductions in the diagram
(16) into reductions while preserving its commutativity, using Theorem 2.27. |

3. Half-Densities and Perturbative BV Integration

In the previous section, the degree of the symplectic form did not play a big role,
apart from some complications when calculating dimensions. In this chapter, we will
introduce notions for which it is essential that the symplectic form has an odd degree:
half-densities and their perturbative Batalin-Vilkovisky integrals. Our goal is to define
a fiber Batalin-Vilkovisky integral along a reduction.

3.1. Linear half-densities. Densities on graded vector spaces'® are real-valued functions

on the set of bases, transforming with the Berezinian. In general, Berezinian is defined
for even automorphisms of free modules over a commutative superalgebra [45, Sec. 3.3].
We will restrict to the case of linear automorphisms of graded vector spaces, where the
usual formula simplifies as follows. We will also replace the field R with the field R((%))
of formal Laurent series in powers of & to simplify ~2-dependent calculations. Unless it
is explicitly denoted otherwise, the tensor product ® is understood over R((%)).

Definition 3.1. Let A be an invertible degree-preserving linear map on a graded!” vector
space V = Veyen @ Vodad, Which naturally decomposes into A = Aeyen ® Aodd. We define
the Berezinian of A as

det Aeven

Ber (A) = .
er (4) det Aodd

16 Recall that we now assume that our vector spaces are finite-dimensional.
17" Graded in Z, which induces a Zp-grading by parity.
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We list some simple properties:

Ber (A1A2) = Ber (A1) Ber (A43), Ber (A™1) = Ber (4)™,

Ber (AT) = Ber (A),

Ber (A1 @ A,) = Ber (A1) Ber (Ay),

For V a (—1)-shifted symplectic space and A: V — V a symplectic isomorphism,
Ber (A) = (det Aeyen)?.

Definition 3.2. Let e be a basis of a graded vector space V. A linear density of weight
a€RonVisamap p: et p(e) € R((h)) satisfying

p(e- A) =|Ber(A)|*p (e)

for any invertible linear map A of degree 0, which acts naturally on e from the right.
We denote the one-dimensional vector space of linear densities of weight « on V by
|[V|%. For V = % a point, we define!8 |%|* = R((h)). We call elements of |V|2 linear
half-densities.'” A

There is a natural notion of multiplication of densities: (p - o)(e) := p(e)o(e). We
can use this to identify a priori different spaces of linear densities.

Lemma 3.3. There are following canonical isomorphisms (which we will denote by the

“«

=" sign).
VIE@IVIP = |VI“F [vie= |V, (V" = |V[-1]]7°.

Proof. The firstisomorphism is the multiplication of densities. The second isomorphism
sends a density p € |V|* to the density p(e*) := p(e), where e* C V* is the dual basis
to e C V. Transforming e by A transforms e* by (A~")7, hence p has weight —a.
The last isomorphism follows form the fact that exchanging Aeyen <> Aodq inverts the
Berezinian. |

Lemma 3.4. A short exact sequences of graded vector spaces of the form

0—U-"‘"5v-ew_——o0

induces a canonical isomorphism |V |* = |U|* ® |[W|*.

Proof. Analogously to the classical case [31]. Different extensions of a basis of i (U) to V
differ only by an action of A with upper triangular block matrix structure on U @ W. Since
the block structure is induced on both Ueyen @ Weven and Uyqq ® Wodd, the Berezinian does
not depend on the choice of such extension. Then, by Ber (A’ ® A) = Ber (A’ ) Ber (A),
the Lemma follows. ]

Since in GrVect, U @ W = U x W, a simple corollary of Lemma 3.4 is
U x W|*=|U|I*Q|WI|*.

18 Motivated by the fact that a zero-dimensional vector space has a unique basis, or by Lemma 3.4 with
W =0.

19 0n (—1)-shifted symplectic vector spaces, they are the natural objects to integrate along Lagrangian
subspaces, see Sect.3.1.1.
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3.1.1. Linear Half-densities and measures on kernels of lagrangian relations One rea-
son for introducing half-densities is that they induce densities on Lagrangian subspaces.
Indeed, for a Lagrangian subspace L C V, there is a following sequence of canonical
isomorphisms (due to [53, Eq. (30)], [41, Eq. (3.5)] and [42, Sec. 3]).

1 1 1 1 1 1 1
VIZZI|LI2®|V/LI2 Z L2 @ |[L*[-1]|> Z L2 @ |L|2 = L],

where we used Lemmata 3.3 and 3.4. The isomorphism V/L = L*[—1] is given by
[v] — w(v, —). The appearence of the shift L*[—1] highlights the difference between
even and odd symplectic geometry.2” This argument can be generalized to a more general
reduction V. —> R instead of L: V —»> .

Lemma 3.5. Let I C V be an isotropic subspace, C .= I® and R := C/I. Then there
1 1
is a canonical isomorphism |V|2 = |R|2 ® |1|.

Proof. Using Lemmata 3.3, 3.4 and the isomorphism V/C = [*[—1], we have

VIZ =2 ®|V/Cl?,
= |RI} @112 ®|V/C|?,
=~ R} @111} |"-11]?
= |RZ Q|12 ®|I]?,
~|RIZ®|]]|. n

3.2. Formal functions. A central part of the Batalin-Vilkovisky formalism are integrals
of functions of the form e5/". In order to accomodate such functions and their products,
we will consider formal polynomials in V* and A*!, completed with respect to the
weight grading of [13, Sec. 2.2], see [28, Sec. 2.2] for an analysis that easily translates
to our setting.

The weight of a homogeneous element

f € Sym*(V*) ®g RRS C Sym(VH)[[h, h~'1]

is defined to be w = 2g + k. Here, Sym* is the graded-symmetric algebra given by the
quotient of V®* by the ideal generated by elements of the forma ® 8 — (—1) Il g @ o
and Sym®(V) = R by definition. Sym denotes the completion of the space of polynomial
elements to formal series.

Definition 3.6. Let F,,V be the space of finite linear combinations of homogeneous
weight w elements

FuVi= € Sym‘(V*) ®g RAE.

k=0
g€
2g+k=w

20 For classical even w, we get|V|* = |LI*® |L* }a =|L|* ® |L|™* = R, that is a proof of the existence
of canonical symplectic volume.
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We define the space of formal functions on a graded vector space V as the space of
formal series with weight bounded from below

FV = {f € H FuV | the weight components of f vanish for w < Ny for some Ny € Z}.
weZ

A

This way, FV is an algebra, and the product preserves the weight grading. We would

like to emphasize that the weight grading just solves a technical triviality.

3.2.1. BV Algebra We will now briefly recall the Batalin-Vilkovisky structure [9] on the
space FV, see [28, Sec. 2.1] for more details. Let {¢;}; be a basis of V € LinSymp_,,

{¢}; the dual basis. We define the matrix w;; := w(e;, e;) and denote its inverse w'.
The algebra FV is then spanned by graded-commutative polynomials in ¢’ and At

Definition 3.7. Define the odd Poisson bracket {—, —}: FV x FV — FV by?!
RS j Lg
-~/ ——,
a3 A
and the BV Laplacian A: 7V — FV by

{f.g}:=

2
A= 1(—1)”‘(&17% -
2 dplop’
Both of these maps are defined to be R((%))-linear. A
These two operations define a BV algebra structure on FV, i.e. A is a second-order

differential operator of degree 1 which squares to 0, and {—, —} is a degree 1 Poisson
bracket satisfying

A(fg) = (APg+ (D fAg+ (DI f, g}

Remark 3.8. Using the odd Poisson bracket, we can give yet another equivalent formu-
lation of orthogonality of spans reductions from Definition 2.26. Let C, C C V be two

coisotropic subspaces, with corresponding isotropes I, 1. Define the vanishing ideal Z
of C by Z¢ := (Ann(C)) € FV. Then

I LT ifandonlyif {Zc,Zg} < Zc +Zg.

Finally, we extend the BV Laplacian to the space of all half-densities, to be thought
of as the sections of the square root of the Berezinian bundle over V.

21 Right partial derivatives are defined by

ORF _ _pyiitFi=lin L E
3¢t dg!



Lagrangian Relations and Quantum L, Algebras Page 23 of 46 143

Definition 3.9. The space of half-densities DIV ona graded vector space V is defined
as the tensor product

DIV = FVQ|V|:.
The BV Laplacian A: D}V — D3V isdefinedby A®1: FVR|V|Z — FV®|V|.A

Remark 3.10. Note that our definitions imply that for V = x, the algebra FV is equal
to the algebra of formal Laurent series R((%)), and similarly DIy = R((R)).

In fact, it is the space of half-densities on an odd symplectic supermanifold which
carries a canonical BV Laplacian [41], see also [57]. In our case, when the manifold is
the vector space V, there is a unique-up-to-rescaling translation-invariant half-density
which induces the BV operator on functions from Definition 3.7.

3.3. (—1)-Shifted symplectic dg vector spaces. We will equip some of the symplectic
vector spaces with a compatible differential. However, we would like to point out that
we will not consider symplectic dg vector spaces as objects of a symplectic category; it
will be the morphisms which will carry the differential (see Definition 4.1).

Definition 3.11. A (—1)-shifted symplectic dg vector space is a (—1)-shifted sym-
plectic space (V, w) equipped with a degree 1 differential Q: V — V such that for all
v,weV,

o (Qv, w) + (=) w (v, Qw) = 0. A
Such differentials are in bijection with elements Sgree € SymZ(V*) of degree 0 such that

{Sfreea Sfree} =0,

i.e. Sgee satisfies the classical master equation. This bijection is given by>?

{Stree, —} 1= Qt

where the transpose of a graded linear map f is defined on ¢ € V* by f/(¢) =
(—1)(|f‘+1)|¢|¢ o f. We will thus use both Q and Sgee to refer to a differential on a
(—1)-shifted symplectic vector space.

3.3.1. Non-degenerate reductions and canonical decomposition We will now study
“non-degenerate” reductions, i.e. reductions along which we can define a perturbative
Gaussian integral with the kernel given by eStee/" In some forms and special cases,
this non-degeneracy condition is well-known among experts and appears e.g. in [25,
Lemma 2.5.1, Section 2.7]. As explained in Proposition 3.15 below, such reductions
succinctly encode special deformation retracts of symplectic vector spaces or abstract
Hodge decompositions [21] in the language of Lagrangian relations.

Definition 3.12. Let (V, w, Q) be a (—1)-shifted symplectic dg vector space and Sgree €
Sym?(V*) the corresponding quadratic form. An isotrope I C V is said to be non-
degenerate if it satisfies any of the following equivalent conditions.

22 1f we denote O(ej) = Q;ei, Sfree = %s,-j¢"¢-f then the above formula gives Qi. = —wikskj. Equiva-
lently, we have Sgree (v, w) = (—1)!"lw(Qv, w).
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° Sflree = Stree Iz the restriction of Sgee to 1, is a non-degenerate pairing.
o The matrix w(e;, Qe;) is non-degenerate for any basis {e;} of /.
e IN(QNH* ={0}.

A reduction L : V —> R is said to be a non-degenerate reduction if Ker L is non-
degenerate. A

The utility of this definition is demonstrated in Proposition 3.13, which proves that
any non-degenerate isotrope / C V determines a canonical decomposition in the sense
of Proposition 2.13,

V=Ue0N"®I® Q] =R ®1® B. (18)
Proposition 3.13. Let I C V be a non-degenerate isotrope with respect to Q. Then:
1. I NKer Q = {0}.
2. 1N QI ={0}.
3. QI is isotropic.
4. 1 & QI is symplectic.
S0l =1%thusalso I°/1 = (I & QI)® =: Rean.
6. In the decomposition V = 1 ® (1 & QI)” & Q1, the only non-zero components of the
differential Q are Q‘I: I = QI and possibly Q’Rm: I 0ohH® — I dQDH°.

Proof. 1. If there were a vector i € I N Ker Q, then Sgree (i, —) = w(Qi, —) = 0 and
thus Sflree would be degenerate.

2. From Q% = 0, we have I N QI C Ker Q N I, which is zero by the previous point.

3. As Q is compatible with w, we get @ (Qi, Qi’) =+tw (i, in’) =O0foralli,i' € I.

4. BY Siree = £w(Q—, —), we have that o, is block-diagonal with £Sf. on

anti-diagonals. Since this matrix is invertible, / @ Q1 is symplectic (i.e. it does not
intersect its w-orthogonal complement).

5. Wehave I C I ® QI,and so (I & QI)” C I® and also I C I®. Together, this
gives (I & Q1) @ I C I”. The equality is proven by comparing dimensions. Since
Q: L — QL is an isomorphism of degree 1, we have Dy (s) = sDy(s) Using
Lemma 2.11, we get that

Deorencer(s) = sDy(s™") —Dorar(s™")) +D;(s)
=sDy(s™ ) —1+sHDss™ ) +Ds(s)
while
Dro(s) = sDy(s™") —=Dss™h).
The difference is

D;(s) = D;(s™") = Z(dim I — dim I_p)s*,
k>1

which vanishes since / has a non-degenerate pairing Sf’ree of degree 0.

6. We have Q = Q‘/ + Q|Ql + Q’(/@Ql)w' The first map is the isomorphism I —
Q1. The second map vanishes. The third map lands again in (I & QI)®, since
@ (Qr, i+ Qi) = zxo(r, Qi) =0. ]

This decomposition of V induces a special deformation retract between V and R, see
e.g. [26].
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Definition 3.14. A special deformation retract is a pair of dg vector spaces, chain
maps 7, p and a degree (—1) map k as below

ka, 0v) —é (W. Ow)

such that pi = 1w, ip = 1y + Qvk +kQy, k* =0, pk =0and ki = 0.If V and
W are (—1)-shifted dg symplectic, then we say that the special deformation retract is
symplectic if i is a symplectic map, p is a Poisson map and k satisfies wy (kv, v') =
(=D oy (v, k). A

Finally, we can relate symplectic SDRs, and also abstract Hodge decompositions of
Chuang and Lazarev [21, Def. 2.1] with non-degenerate reductions.
Proposition 3.15. There is a bijection between the following structures.

1. Non-degenerate isotropes in'V.

2. Symplectic special deformation retracts between V and some R (up to an isomor-
phism of R).

3. Abstract Hodge decompositions s,t: V. — V of (V, w, Q).

The abstract Hodge decomposition is harmonious (loc.cit.), i.e. R is isomorphic to the

homology of V, if and only if Q‘Rcan =0.

See [21, Proposition 2.5] for a related statement in the harmonious case.

Proof. Given anon-degenerate isotrope I C V,one cantakedefineaSDRV & [¥/] =
(I & QI)® using the projection p: V. — (I & QI)® and inclusioni: (I & QI)* —
V from the decomposition (18); k is equal to —(Q|I)_1: QI — I. Conversely, a
symplectic SDR defines a non-degenerate isotrope / := Imk. Indeed, given k(v) €
Imk N (Q(Imk))®, forallv' € V,

0 =w(k(), Qk(V)) = wk(v),ip(v") — wk(v), V) — wk(v), kQW)) =
=+, kip)) — 0k®),v) £ 0@, k200)) = o k@), V),

which forces k(v) = 0 and thus Im k is non-degenerate.
Similarly, an abstract Hodge decomposition is defined from a symplectic special

deformation retract by setting s := k and ¢t := ip, and given (s,t), one can take
I :=Ims.
It is then a straightforward check that these maps are well defined bijections. |

3.4. Perturbative BV integral. In this section, we recall the notion of perturbative BV
integrals. Our goal is to define a formal Laurent series

/ eSiee/ P fp € R((R))
Lcv

where L C V is a Lagrangian and f ® p is a half-density on V. This integral is usually
defined choosing a Lagrangian complement to L and computing the ordinary Berezin-
Lebesgue integral over L [53]. Alternatively, one can define the perturbative version of
this integral using homological perturbation theory, see [4,32,34].
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We choose a third approach and define this integral axiomatically, which quickly leads
to explicit formulas. This is possible for non-degenerate Sree|, , essentially because we
can use the canonical decomposition from the previous section. The axiomatic approach
makes it easy to compare to other approaches; see Remark 3.17 for a comparison with
the Berezin-Lebesgue integral and Sect. 3.4.3 for an equivalence with homological per-
turbation theory. These two comparisons also allow for easy proofs of the uniqueness
and existence of this integral.

Definition 3.16. Let (V, w, Sfee) be a (—1)-shifted symplectic dg vector space and
L C V aLagrangian subspace such that the SfLree is non-degenerate (Definition 3.12).
Then

/ S/ (=): DIV — R(), (19)
LcV
denoted by f ® p — / eStee/M £, is the R((h))-linear weight-homogenous?> map

LcVv
uniquely specified by:

(1) / Stee! " ((Streer £} + hAf)p = O.
LcvV

2) / ¢Stee/ hgp =0 for any g € I; C FV, ie. integration annihilates the vanishing

LcV
ideal of L. ) . .
sL Ih dim Leven  dim Leyen—dim Logq .
A3 |e free/ p=Qm) 2 h 2 p(er, Q(er)) for any basis e, of L.
LcVv

A
Note that the last condition is independent of e, as the RHS is equal to the composition
IVIZ = |L|2®|L|"% = R((h)), where weuse V = L@ QL = L& L[—1] and Lemma
3.3.

To ensure that the integral from Definition 3.16 is uniquely defined, we will show
in the next section that (19) is given by the famous Wick’s Lemma. To ensure that
such an integral exists, one could check directly that the prescription given by Wick’s
Lemma satisfies the properties listed in Definition 3.16. We instead use the fact that (up
to normalization on linear half-densities specified by Item 3.16) this integral coincides
with the perturbed projection constructed using homological perturbation lemma, see
Proposition 3.26.

Remark 3.17. The first two items of Definition 3.16 are motivated by usual properties
of BV integrals: the integral vanishes on A-exact half-densities’* and depends only on
the restriction of f to L.

The third item fixes a normalization of the integral that matches the usual Gaussian
integrals, see also [54, Eq. (49)]. Indeed, for V = T*[—1]R¥, L = R¥ and p = 1 for
the canonical basis,

1
k 2 P
2 |Ber ! s(;)j = ‘det ST

23 Our normalization of the integral implies that it has weight equal to sdim L = dim Leyen — dim Logq
24 This is the odd Stokes’ theorem of Schwarz [53, Thm. 2]

Lsiixixd I _k _
e’ p=Q2m) 2p(er, Oer)) = 2nh)
RKCT*[—1]R¥
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Similarly, for V = T*[—1](R*[1] ® R¥[—1]), L = R*[1] ® R¥[—1] and p = 1 for the
canonical basis

wij 0 0 0
win'§d /. p—k _ 0 —wji 0 0 _‘ &’
/e / p_h p(eLr Q(eL))— Ber 0 0 1 0 = |det h )
RF[1@RF[-1] 0 0 0 1
N

T*[—11(RF[1J®RF[—17)

where the first two rows/columns in the matrix correspond to the fiber (even) coordinates
and the last two to base (odd) coordinates.
The first integral agress with the (even) Gaussian integral for s;; negative definite.

The second integral recovers the Berezin integral up to a sign.?

3.4.1. Properties of the BV Integral To prove Wick’s Lemma, we will use a version of
the Schwinger-Dyson equation, for context see e.g. [37, Eq. 15.25].

Lemma 3.18 (Schwinger-Dyson equation). Let § € Ann(L) C I, f € FV.

/ eSice/ ™ Siree. B} fp = —(—=D)PIn / S/ MB. f1p

LcV Lcv

Proof. The axiom 3.16 of Definition 3.16 gives us

/ St/ ((Sieer BF) + RA(BS)p = 0

LcVv

which can be expanded using the properties of A and {—, —}. Three of the five terms
vanish by axiom 3.16 and by the fact that A = 0 since g is of polynomial degree 1. ll

Now we can relate integrals of homogeneous polynomials of degree k + 1 with integrals
of homogeneous polynomials of degree k — 1 using the non-degenerate pairing Séee,
arriving at Wick’s lemma.

Lemma 3.19 (Wick’s Lemma). Let (V, @, Strec) be a (—1)-shifted symplectic dg vector
space, L C V Lagrangian such that Sfl;ee is non-degenerate. Choose a basis {y'}; of
L*. Let Sflfee = 5 vy and denote s' its inverse. Then for any k > 1:

/esfeee/h)/il Ly = Z (—l)gﬁk< H —s~ilj2> /esé@e/h,o

eV o ¢ Pair(2k) (1.j2) € o LcV

where Pair(2k) is the set of (2k — 1)!! partitions of the set {1, . .., 2k} into disjoint pairs.
The sign (—1)° is obtained by bringing each variable y/' to the immediate left of its
partner y/2 assigned by the pairing o.

The proof of this lemma is a standard calculation. Let us finish this section by proving
a version of Fubini’s theorem.

5 To get correct signs for such Gaussian integrals, we would need to discuss orientations, which is orthogonal
to the goals of this work.
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Proposition 3.20 (Fubini’s Theorem). For i = 1, 2, let (V;, Q;) be (—1)-shifted sym-
plectic dg vector spaces and let L; C V; be non-degenerate Lagrangian subspaces.

Then
/esflree/h(—) ® /esfzree/h(—) = /e(sflree+sf2ree)/h(—)

LicV, L,cV, LixLyCVixV;
as maps from D%(V] x V) = D%Vl ® D%VQ.
Proof. It is easy to see that the LHS satisfies the three conditions from Definition 3.16.

1. The RHS is defined using the induced (—1)-shifted symplectic structure {, }, A on
Vi x V and Sfree = Sflree + S%ree. Using the isomorphism F (V] x V5) = FVI @ F Vs,
the operator AA + {Sgee, —} becomes

(hA| +{Skeer =11 @ 1+ 1 ® (iAy + {S3oe. — ),

which is annihilated by [ ¢Sitee/ Mo ® Ik eStee/ h-).
LicVy LoCV»
2. The vanishing ideal 7, « 1, is generated by elements of Ann(L;) x0or0x Ann(Ly);

both cases are annihilated by [ eStee/ T e[ ¢Stee! ).
LiCV; LoCVy
3. We take p = p1 ® p2, and compute

1 2
/ eSire/M(p1) ® / &S/ ()

LicVy Lo,CVs

Here, the normalizations (277) /A match as the exponents are additive. [ |

3.4.2. Fiber integrals along non-degenerate reductions Using the BV integral along
a Lagrangian subspace (Definition 3.16) and the canonical decomposition (18) of the
source of a non-degenerate reduction from Proposition 3.13, we can now define (fiber)
integrals along reductions.

Remark 3.21. Using Lemma 3.5, we can motivate the following construction as follows,
without any non-canonical choices of decompositions of V. Let

f®peDIWV=FVRI|V|! =FV IR

and decompose p = pr ® p; € |R|% ® |I]. Now we can integrate f|c € FC along [
to get a function frp € FR = F(C/I) using the translation-invariant measure p;. We

are left with fr ® pg € DIR.

Definition 3.22. Let (V, w, Sgee) be a (—1)-shifted symplectic dg vector space and L :
V —> R anon-degenerate reduction, denote Ker L = I. Consider V = Rcan © 1 & Q1
the canonical decomposition (18) from Proposition 3.13. We define

/esflree/h: D%V — D%R
L
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by the composition

Shee/P
fg free ®]]'Rcan
Ici®Ql

DZV Dz(l @ QlI) (X)Dchan _— Dchan ~ DIR

where Sflree is induced on F (I @ QI) by the restriction of the quadratic function Sgree
to 1. A

The decomposition from Proposition 3.13 implies that Sgee = SfIree + Sflfgg" The first

term is used for the integral, while the second term induces a canonical transferred
differential O on R (see also “Appendix A.2”).

Proposition 3.23. This integral satisfies the following three axioms.

! / ¢St/ & ({Siree. —} + hA) = ({SKoe. —}r +iAR) 0 / el
L L
2. /eSfIree/hgp = 0 for g € Ic, i.e. integration annihilates the vanishing ideal of C =

L
I°.

3. /esflree/ﬁp c |R|% satisfies (/esflfee/hp)(eR) = (2m)

dim feven  dim Zeyen —dim Zoqq
h 2

L L
p(eg,er, Qey) for any basis e of 1.

Proof. 1. The odd Poisson bracket and the BV Laplacian split between the two symplec-
tic subspaces V = R & R?, as follows from Proposition 2.13. By part 3.13 of Propo-
sition 3.13, the only non-zero components of the differential Q are Q| ;o= 01

and Q|,: R — R.Soafter ({Sfree. —} + hA)|, oy is annihilated by the axiom 3.16

of Definition 3.16, all that is left is ({S{fee, —}r + hAR), which commutes with the
integral.

2. From part 3.13 of Proposition3.13.,C = I = (I®Q1)*®I andZ¢ = (Ann(C)) =
<(QI)*>, and we use Item 3.16 of Definition 3.16.

3. Let us choose pr € |R|% arbitrary. By Lemmata 3.4, 3.5, there exists a unique
half-density pge such that p = pr ® pre. Then

( / She/ ) (eR) = (o& ® / Shee/ P p ) (e)

Ici®Ql

dim leven ~ dim Zeven—dim Jodd
=Qm) 2 h 2 PR(€R)pre (€1, O€r)

dim leyen  dim ZJeyen—dim Zogg

=Q@mr) 2 h 2 p(er, ey, Qey). n

Lemma 3.24. Let V 55 R L5 R be non-degenerate reductions with respect to Q and
the transferred differential Qg respectively. Then the composition V. —> R’ is again

non-degenerate and
/ 1ol
/gsflree/h o /eSf(ree/h = / Sfree /h

L’ L L'oL
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Proof. Using the canonical decomposition twice, we get
VZIeReQI=ZI®(I'®dR @0l ® 01

and the decomposition of the differential (Proposition 3.13, Item 3.13) implies Sgree =
St + Sflr;e + Sflfée. The composition of transfers along L and L’ is given by

1
Jiotsarss

DI @ QI)®Di(I'® 0I') ® DR’ Di(I'® QI') ® DIR'

1/
fgsfrcc/h(g)lR,
'cl’'eol’ 1
—_ 5

DR/,

. )] !’ .. (sl 4 ..
ie. [eSiee/l @ [eSiee/M @ 1p/. This is equal to [ eSiec*Siee)/" @ 1/ by Proposition
ICI®Ql  I'cl'®Ql’ er

N
1eI'90UI")
3.20. n

3.4.3. Fiber integrals and homological perturbation theory We finish this section by
showing that the axiomatic definition of the perturbative integral can be easily connected
to the homological perturbation lemma (see e.g. [26]). This argument first appeared in
the Be. thesis of O. Skécel [58]; the construction of perturbative BV integrals using ho-
mological perturbation lemma was anticipated in [ 18, Remark 3] and appeared explicitly
in e.g. [3,25,32]; see also [28, Sec. 5] for a review.

Lemma 3.25 (Uniqueness of the projection in a SDR). Let (i, p, k) be a SDR between
(V, Qv) and (W, Qw). Then any chain map p' : V — W satisfying p'i = 1 and
p'k = 0 is necessarily equal to p.

Proof We post-compose ip = 1y + Qvk + kQy with p’ to get
plip=p'+p'Qvk+p'kQy

By the assumptions on p’, the LHS equals p while the last two terms on the RHS vanish.
|

Recall from Proposition 3.15 that a non-degenerate reduction L: V —> R defines
a symplectic SDR between V and R. We extend it to a SDR (I, P, K) between FV
and FR, cf. [28, Sec. 3.3]. Finally, we can see A as a perturbation of {Sgee, —}, which
allows us to use the homological perturbation lemma to perturb the other maps to get a
new SDR. Namely for P, the perturbed projection is equal to

P' = P(1+hAK + (RAK)*> +...). (20)

Proposition 3.26 ([58, Sec. 3.2.3]). Let L: V —> R be a non-degenerate reduction.
Then any (normalized) fiber integral along L is necessarily equal to the map P’, obtained
by deformation hA of the SDR induced by L

I
Jefp
| ¢Shee/ T ’
L 14

Therefore, the BV integral from Definition 3.16 exists.
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Proof. The first claim follows directly by combining Proposition 3.23 and Lemma 3.25.

For the existence statement, we want to prove that, for L C V a nondegenerate
Lagrangian, P’ satisfies the three conditions from Definition 3.16. Namely, we need to
check items 3.16, 3.16 and, instead of item 3.16, we need that P’(1) = 1. The first claim
follows by the fact that P’ is a chain map between the perturbed differentials. The third
claim follows easily from (20) as K (1) = 0. Finally, the second claim, that P’ is zero
on the vanishing ideal of L,is proven as follows: if we denote coordinates on L by y
and coordinates on QL by B, we have schematically K o« 83, and A o dgd,. The
composition AK thus does not change the number of 8’s in a monomial; and therefore
P'(Bf) = P(1+hAK +...)(Bf) =0, as P is zero on non-constant polynomials (see
[28, Sec. 4.1.1] for a calculation of the tranferred differential and a more verbose version
of this calculation). |

4. Quantum (—1)-Symplectic Category

As explained by Severa [56], one should view Lagrangian submanifolds £ C M of
an odd symplectic supermanifold M as distributional half-densities on M. Indeed, the
same way a half-density 8 on M gives a functional®® on half-densities,

ou—>/a,3,
M

a Lagrangian £ also gives a functional, a Dirac distribution supported on L;

a|—>/az/a55.
L M

This leads to a natural enlargement of (the odd version of) Weinstein’s symplectic “cat-
egory”: morphisms M| — M between (—1)-symplectic supermanifolds should be
(distributional) half-densities on M/ x M> [56, Def. 1], with composition given by
integration over the common factor.

We now want to rigorously construct a linear version of such a category. That is, we
would like the set of morphisms from V to W to contain both half-densities on V x W
and Lagrangian subspaces of V x W. If we try to compose these two kinds of morphisms
together, we get a diagram

1 —
fpeD2v v L Cragr. VxW

It is natural to use the factorization of L from Proposition 2.22 to take the integral

along the reduction V. —> Ry to get fKer . fp € D%Rv. Moreover, the isomorphism
¢: Ry - Ry =Im L/(Im L)® can be used to define

b / fo € DXIm L/(Im L)®).
KerL c V

This leads us to the following definition of a distributional half-density on V.

26 Provided the integral convergences, e.g. the body of M is compact.
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Definition 4.1. Let (V, w) be a (—1)-shifted symplectic vector space. A generalized
Lagrangian in V is a triple (C, fp, Sgee) Where

e C C V is a coisotropic subspace,

e fpe D%(C /C®) is a half-density on the coisotropic reduction,

® Stree € Sym2 ((C/C®)*) is a solution of the classical master equation on the
coisotropic reduction, i.e. a differential on C/C® compatible with the symplectic
form.

Given such generalized (C, fp, Stee), We define a square-zero operator

RA(C, fp, Stree) := (C, RA(f)p + {Strees 105 Stree)-

A

Remark 4.2. Informally, such generalized Lagrangian should be seen as the “distribu-
tional half-density”

esfree/hfp ® 5C“’

on V, using a (non-canonical) decomposition V = (C/C®) & T*[—1]C®. This also
motivates the definition of the action of ZA on generalized Lagrangians, see also [56,
Thm. 3].

Generalized Lagrangians can be understood as a “quantum” version of Lagrangian
subspaces: Considering a half-density eSiee/" and taking i — 0 limit, the path integral
with weight eSiee/ " Jocalizes to a Lagrangian subspace. For example, consider 7*[—1]R
with even and odd coordinate denoted by x and &. Then the distributional limit is

- 2
}ii%h—l/ZeTlaxz/ﬁ [dxdE = 77{8)5:0

(ignoring pairing with non-transversal §;—¢). See also the work of Albert Schwarz [54,
Sec. 7, Lemmata 8,8’].

We would like to define a category where morphisms V. — W are generalized
Lagrangiansin V x W.To compose such morphisms, we need to investigate compositions
of coisotropic relations in more detail.

4.1. Coisotropic relations. A coisotropic relation from V; to V5 is a coisotropic sub-
space C C V| x V3, see e.g. [62,64]. Composition of coisotropic relations is defined
by the usual composition of set-theoretic relations from Eq. (5). Such composition is
again coisotropic (see e.g. Remark 4.4 below), so we have a category LinCoiso_; of
coisotropic relations of (—1)-symplectic vector spaces. It will be useful now to denote
the coisotropic reduction more concisely by

R¢ := C/C°.

Let us now define a reduction R¢ x Ry —> Reroc which will be used to define a
composition of generalized Lagrangian relations, see also Remark 4.4.



Lagrangian Relations and Quantum L, Algebras Page 33 of 46 143

Lemmad4.3.Let C C V| x Vo and C' C V5 x Vi3 be two coisotropic relations. Then
their R-compositor, defined as the graded linear relation

Xc. ¢
RC X Rc/ — RC’oC»

Xc o = {([vi, v2], [v2, 13], [v1, v3]) € Re X R x Revoe | (01, 12) € C, (v2,v3) € C'},
o @2n
is a reduction, i.e. a surjective Lagrangian relation. Furthermore, if C" € V3 x Vy is
coisotropic, then the following diagram in LinSymp_, commutes.

X ¢ x diag(Renr)

Rc x Rer x Rer Reroc x Rer
dldg(Rc) X XC’,C”\L lXC’oC,C” (22)
Re x Reroer Rerocroc
XC,C”OC’

Proof. Therelation Xc ¢+ is Lagrangian since it can be obtained by coisotropic reduction
along

CxC x([C'oO)CVixVaxVaxV3x V| xV;
of the Lagrangian subspace
diag(Vy x Vo x Vi),

using Lemma 2.9. It is surjective since for any (v{, v3) € C’ o C, one can (by definition)
find v, such that (v, v2) € C and (v2, v3) € C.

Finally, both legs of the square (22) compose to relations Rc x R¢r x Rer —
Revocroc containing

Xc. oo = {([v1, v2l, [v2, v3], [v3, v4], [V1, v4]) | (V1, V2)
€ C, (v, v13) € C', (v3,14) € C"}.

Since X ¢/ ¢ is Lagrangian (by a similar argument as above), for dimensional reasons
(Lemma 2.11) the two legs of the square are necessarily equal to it. |

Remark 4.4. The relation X¢ ¢’ can be more abstractly constructed as the composition
of the following Lagrangian relations

redy, xdiag(Vy) x V3

Vi x Vo x Vo x V3 ‘éle‘/g
redng’I /7/,/—""/ $redcloc
RC X Rc/ e » RC’oC
Xc.cr

The diagonal arrow has C’ o C as its image, which proves that C’ o C is coisotropic.

o . L L . .
Note also that composition of relations V; Ly B vsis given by reduction®’
along the top line of the diagram, while “composition” of half-densities on R¢ and R¢
is given by “reduction” (fiber integral) along the bottom line, see Definition 4.6.

27 Denoted [L1 x Lp]c in Lemma 2.9.
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Remark 4.5. The R-compositor X, defined by Eq. (21) provides structure of a lax 2-
functor on

R, : LinCoiso_; — BLinSymp_,,

where the 2-category of coisotropic relations LinCoiso_; has only identity 2-cells,
while BLInSymp_ is the one-object 2-category associated to the symmetric monoidal
category (LinSymp_, %, x). This appears to be a part of a higher categorical structure
involving coisotropic reductions and half-densities, which we will explore in future
work.

4.2. Quantum linear (—1)-shifted symplectic category. We are now ready to define a
category where morphisms are given by generalized Lagrangian relations. Since we can
only compose morphisms if the appropriate perturbative integrals are well defined, we
only get a partial category, where composition is not always defined.

Definition 4.6. The quantum linear (—1)-symplectic category LinQSymp_, is the
partial category where:

e Objects are finite-dimensional (—1)-shifted symplectic vector spaces.
e Morphisms in LinQSymp_; (U, V) are generalized Lagrangians in U x V.
e The identity is given by the diagonal (diag(V) € LinCoiso_;(V, V), 1, 0).

The composition of

. f'0 Spree)

(C, fo, Stree) V2

Vi V3

is defined if (Sfree + S}ree) is non—degenerate28 on Ker X¢ ¢, and is given by

(€', 1P, Stree) © (C. [0, Stree)
= (C'oC, / et IR £ @ F1 ' (Sivee + o)) (23)
Xc o
Here, Xc ¢r: Rc x Rer —> Reroc is the R-compositor from Lemma 4.3, A

Proposition 4.7. The composition of LINQSYmp_, is unital and associative. Moreover,
for two composable morphisms, we have

RALC', 0, Stree) © (C, £, Siree)]
= BA(C', f'0. Stiee) © (C. £, Siree) + (=D NC!, £/p', Spiee) 0 BA(C, £p. Stree).

where the sum of two such generalized Lagrangians is defined by adding their half-
density components.>®

28 In other words, if X, ¢’ s a non-degenerate reduction from (RC x Rer, (Sfree + S;ree)> to Revgce-

29 It is possible to define such addition of generalized Lagrangians, if they have the same coisotrope and
differential. This way, the category LinQSymp_; becomes enriched in the category of dg vector spaces, via
the operator hA.
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Proof. The composition (23) is defined by transferring along the reduction X¢ ¢/. Com-
posing C'oC with C’ = diag(V2), we get X¢ v = diag(R¢): Rc — R, which proves
unitality.

When considering general (C” o C") o C and C” o (C’ o C), the resulting composite
reductions are equal by diagram (22) of Lemma 4.3. Thus, associativity for the composed
differential follows from “Appendix A.2”, while associativity for the composed half-
density follows from Lemma 3.24.

Finally, the compatibility of the composition with the operator AA follows immedi-
ately from Item 3.23 of Proposition 3.23. |

Remark 4.8 (Why is LinQSymp_; only a partial category?). In the symplectic category
of smooth symplectic manifolds and smooth Lagrangian relations, the composition of
two Lagrangians is defined only if the set-theoretic composition is smooth. The reason
why LInQSymp_, is a partial category is different: two morphisms are composable if
the relevant BV integral converges. Since we define our integrals perturbatively, this is
equivalent to invertibility of the quadratic part of the action; but one can imagine different
contexts where the integrals are over e.g. compact manifolds, and always converge (for
the price of introducing transversality considerations).

However, non-composability is a well-known feature of BV formalism, and is usually
solved by considering closed integrands (morphisms) and deforming the Lagrangian.
This suggests that our LInQSymp_; should be seen as a (partial) subcategory of bigger
dg category; the physical content of BV theories would be captured by the homology
of this dg category. See also Sect.4.3, where we see that postcomposing with non-
degenerate Lagrangians does not change the homology of the differential given by Sgree;
we expect that the missing morphisms could do just that.

4.2.1. Examples

Example 4.9. Each Lagrangian relation L: V. — W gives a generalized Lagrangian

(L,1,0),wherel € D% (L/L) = R((k)) should be thought of as a scalar multiplying 57,
(see Remark 4.2). This way, we get LinSymp_; as a wide subcategory of LInQSymp_,,
since one can easily verify that (L', 1,0) o (L, 1,0) = (L' o L, 1, 0).

Example 4.10. A composition

’
(C, fp; Stree) 1% (c, f’p,, Sfree)
%

gives a formal Laurent series as a result (see Remark 3.10), i.e. defines a pairing of
generalized Lagrangians in V. If we denote 7, 7’ the projections to the coisotropic
reductions of C, C’, then

KerXc ¢ = Ing,C, =axna'(CNC).

For (Stree + S;ree) non-degenerate on = x 7’ (C N C’), this formal Laurent series is
computed as

/ - F S (D)
ax7' (CNC")CRe xR

The operator hA is self-adjoint with respect to this pairing, due to Proposition 4.7.
Let us also highlight the following special cases, which show how the category
LinQSymp_; contains the standard BV integrals.
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1. The case when both generalized Lagrangians come from Lagrangian subspaces was
considered in the previous examples.
2. If both generalized Lagrangians have support C = V, they are given by quadratic

functions Sgee, Sgree’ € Sym? V* and half-densities fp, f'p’ € D3V Their compo-
sition is given by the formal integral of the density eStee+Siee’ £ £/ pp’ over V.

3. If one of the generalized Lagrangians is of the form (V, fp, Siee) and the other one
is given by (L, 1, 0) with L C V Lagrangian, their pairing is given by the (formal)
integral [, eStee fp.

We can generalize the last item above to transfer half-densities along Lagrangian rela-
tions.

Example 4.11. Let us now return to the motivating example above Definition 4.1. That
is, we want to compose

W, fp, Stree) U (L,1,0) V.

Let us consider the factorization cospan of L (Definition 2.25).
v—=Lr v
R
Clearly, L o U = Im L € LinCoiso_; (*, V). From the definition, it is easy to see that
Xy = {0, ul, [u, v], [0, v]) | (u,v) € L} C U X % X R,
so Ker Xy ; = Ker L and Im Xy 1 = R. Therefore

Ker L
(L.1,0) 0 (U, fp. Siee) = (Im L. /eSfree Mo, SR.).
Ly

4.3. Quantum Lo, algebras. Recall the definition of a quantum L, algebra from [65],
we will use the form [28, Def. 7].

Definition 4.12. A quantum L, algebra structure on a (—1)-shifted symplectic space
(V, w) is defined by a sequence of elements

{S8 eSym"V*|n>1,¢>0,2g+n >2}

such that the formal sum
S=) SEhE e FV
ng

satisfies the quantum master equation

hAeS/T = 0. A



Lagrangian Relations and Quantum L, Algebras Page 37 of 46 143

Let us denote Sfee = S(z) and Sint = S — Stree, interpreted as the free and the
interaction parts of S respectively. As a consequence of the quantum master equation,
(V, w, Stree) 18 a dg (—1)-symplectic vector space, since {Sfree, Stree} = 0. With the
decomposition S = Sfee + Sint, the quantum master equation can be equivalently written
as

] 1
(Q +hA)eSm/" =0 or 5 {Sint, Sind} +(Q + 1A Sint = 0, (24)
where we denote Q = {Sfree, —}.

Proposition 4.13. Let S € FV be a quantum L, algebra on a (—1)-symplectic vector

space. Then for any linear half-density p € |V|%, the triple (V, eSin/h

hA-closed morphism

0, Stree) defines a

v, eSint/liy g
% ( P> Stree) 1%

in the category LinQSymp_,.
Proof. The fact that the morphism is iA-closed follows from the first form of the
“decomposed” quantum master equation in (24). |

Thus, the same way as we could understand Lagrangian subspaces of V as generalized
points L : * — V in LinSymp_,, quantum L, algebras give additional generalized
(dg) points of V in LinQSymp_,. Finally, we can now interpret the construction of the
effective action’” [28] as a composition in LInQSymp_.

Proposition 4.14. Let S be a quantum Lo, algebra on V and let V L5 R be a non-
degenerate reduction with respect to Stee. Then the composition (see Example 4.11)

Vv, eSint/lp gp L,1,0
* ( e it/ p tree) V ( ) R (25)

W/h

is a hA-closed generalized Lagrangian * — R of the form (R, e¢" /" pg, Sf]fee) such that

S{fee + W defines a quantum L, algebra on R.

Example 4.15. In particular, the decomposition V = H @ Im Q & C in [28, Lemma 4]
automatically gives a symplectic SDR (Proposition 3.15) and thus such a choice induces
a non-degenerate reduction Ly = diag(H) x C: V —> H. Using Proposition 3.26 we
get that the perturbed map P; from [28, Sec. 4.1.1] is equal (up to normalization) to the
post-composition by the Lagrangian relation Ly in LinQSymp_;.

Proof of Proposition 4.14.. From Example 4.11, we know the composition is given by
the perturbative fiber integral of e5in/" p along Ker L. The compatibility of composition
with AA from Proposition 4.7 implies that the resulting half-density is again 2ZA-closed.
The half-density component of the composite (25) comes with a R((h)) factor from
Proposition 3.23 which can be absorbed into the linear half-density pg and the rest
can be written as e/ for W/h € FR of weight at least 1, since the fiber integral is
weight-homogeneous.

Thus, it remains to show that W has only non-negative powers of 7 to conclude it
defines a quantum L, algebra structure on R. As a consequence of Wick’s Lemma 3.19,
we can use a standard argument for Feynman graphs: the function ¢"/" is given by a
sum over all graphs, and its logarithm W/h is given by a sum over all connected graphs
I', each weighted by Agenus(—1, [ |

30 See [28, Sec. 5] for a review of other constructions of effective actions in [8,13,22,25,50]
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4.4. Relations of quantum Lo, algebras. Finally, we can now use the category
LinQSymp_; to discuss possible notions of morphisms between quantum L, alge-
bras. Since we can encode a quantum L, algebra on V into a morphism % — V, a
natural candidate for a morphism (U, SY) — (V, SV) is a commutative triangle of the
form:

U * v
w, eslm/hp[], Sfll{ee)/ \(“/’ gSmt/th, St¥ee) (26)
U—V
(C, fr, Q)

If (C, fp, Q) = (L, 1,0) for a Lagrangian relation L: U — V, then L has to be
surjective and we get that SV is the effective action computed by the fiber integral along
L. We will now generalize this to a Lagrangian relation L where possibly ImL C V.

Definition 4.16. Let SV = S{. + SY and SV = SY.. + S, be quantum L, algebras
on U and V. We say a Lagrangian relation L: U — V is a relation of quantum L,
algebras and write

su kg

if the morphisms in the following diagram in LinQSymp_, are composable and the
square commutes

U * \%4
S AN
U \%

Lo O ) oo

1 1
for some choice of linear half-densities py € |U|2, py € |V|Z. The Lagrangian
relations Ly, Ly are the factorization cospan of L from Definition 2.25, i.e. they are
reductions such that L = LT o Ly. A

Unraveling the definition, a relation of quantum L, algebras satisfies the following:

1. The kernels Ker L = Ker Ly € U and Ker LT = Ker Ly C V are non-degenerate
isotropes.

2. The two differentials transferred along Ly and Ly to R coincide.

3. For some linear half-densities py and py,

\4
/gsfr:;L/h Smt pU :/ SfrerL /h Smt/h

Ly Ly

Remark 4.17. A relation of quantum L, algebras can be described as a cospan in
x/LinQSymp_;.

sy Ik 7 Sh/h v
W, ey, sY) V. el Siee)

(W, e ml/ W Sfree)

(Lmlﬁlm
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4.4.1. Composing relations of quantum L, algebras It is natural to ask whether re-
lations of quantum L, algebras form a category; can they always be composed? We
formulate a sufficient condition: they are composable when the underlying factorization
cospans compose along pushouts as in Corollary 2.30.

L L
Theorem 4.18. Let SV < SV and SV < sW. If, moreover, L1 and L, compose orthog-
onally, then
LooL
sU W,

Proof. We will prove that L, o L satisfies Definition 4.16. gonsider the diagram from
Theorem 2.30 given by factorization cospans of Ly, Ly and L o L. It commutes by the
orthogonality assumption.

L
U ~—ooimeee ey Ve 2y

! >V - 2 > W

LU\& 21/ X‘&NIA/LW 27)
R R

PN

Note that the factorization cospan of Ly o L1 is K o Ly, Ko Ly.

1. First, we prove non-degeneracy of K o Ly (the case of K o Ly is completely anal-
ogous). Denote Ker Ly = Iy, KerL = I, KerL = I, Ker(K o Ly) = J. Let
u € JN(QuJ)?, we need to prove that then u = 0. It is enough to prove that
u € Iy, since the case of u € Iy N (QyJ)® is trivial. The idea is to “transport”
the property u € (QuJ)® to V using u € J = Ker(L3 o L1), where it becomes
velN(Qyl)® forsome v € V such that u ~;, v. Non-degeneracy of / implies
that v = 0, thus u ~, 0,i.e. u € Iy. For details, see the proof of Lemma A.3 of
“Appendix A.3”.

2. Thanks to non-degeneracy condition veriﬁeLd above, the tranifer of Qyand Qwto T

are well-defined. By the assumptions Sflr]ee < Sf‘r/ee and St‘l(ee < var‘{:e’ the differentials

can equivalently be transferred from V along K oL and K o L. But by the orthogonality
condition and Corollary 2.30, KoL = KoL and the transferred differentials coincide.
3. By the above arguments, the perturbative BV integrals al%ng K o Ly and Ko Lw
are well-defined. Using Lemma 3.24, sU = SV and SV < SW, we can repeat the
argument from the previous step and conclude the integrals also coincide. |

Remark 4.19. (On the orthogonality assumption) The assumption that L and L, com-
pose orthogonally is a convenient sufficient condition for composition of relations: The
two effective actions on 7 in (27) are given by integrating e5 'k along the left and right
leg of the square (through R and R); and since the square commutes by the orthogo-
nality assumption, the effective actions are equal for any S”. A mild relaxation of the
orthogonality condition is requiring the square in (27) to commute up to homotopy; this
would give homotopic actions on T (i.e. equal in a homotopy category or equal up to a
nonlinear change of coordinates [28, Thm. 5]).

Another interesting case would be an “accidental” equality of the effective actions
on T, even when the two legs of the square (and thus the BV fiber integrals) are not
equal. This would only work for some SV, and could be physically more interesting; we
do not know any examples of this kind.
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Remark 4.20. Instead of our definition of a relation of quantum L, algebras (see Remark
4.17) we may consider a span in */LinQSymp_ of the form

]

W h
W, 5" oy, S )

w
y < ELO (L L0 Y

1%

v = 5.7 h Vv
v, esim/hpv, Sf‘:ee) (V,e int/ Py Sfree)

to be a morphism between SV = S}, +SY and SV = SY_ +SY . If we require the span

of reductions (L, Z) to be orthogonal, by Theorem 4.18 (taking L = LT, L, = Z) we
also have

_—
stel s

So orthogonal spans in */LINQSymp_, are special cases of relations of quantum L,
algebras. The opposite problem-associating an orthogonal span of relations of quantum
L algebras to a relation (i.e. cospan) of quantum L, algebras-is much more difficult
and it appears it poses the need for (formal) non-linear generalization of the linear
quantum (—1)-symplectic category. We will explore this problem in future work.
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A. Appendix

A.l. Inductive construction of a complement to a coisotrope. Letus prove alemma used
to construct decompositions of V in Sect.2.1.1.

Lemma A.1. Let C C V be a coisotropic subspace. Denote I := C® C C its symplectic
complement, which is isotropic. Then, for every n € {0, 1, ...} there exists an isotropic
complement

B(n) = Bn @ Bl—l’l C Vn @ Vl—n
of C, ® C_,, satisfying

dim B, = dim I|_,,
dim B;_, = dim [,,.

In other words, the Z-graded vector space®' B := @ B™ C V is an isotropic comple-
ment of C satisfying k=0

s_lDI(s) =DB(S_1) or equivalently s_lDB(s) =D1(s_1).

Proof. To simplify the notation, let us fix n > 0 and drop the superscript (1) in B™.
We will work by induction on dim B, +dim Bj_,. The induction hypothesis will be that
there is a graded subspace B € V such that

B is isotropic,

BNC =0,

dim By =0 forallk ¢ {n,1 —n},

dim By < dim I1_g forall k € {n, 1 — n}.

The induction starts with B = {0}. In each step, if dim By < dim /;_; for some k €
{n, 1—n}, we will choose an element b € (B®\ (B @ C)); and change B to B’ = (B, b).
This new B’ again satisfies the four properties above; once we reach dim By = dim I;_
for all k € {n, 1 — n}, the induction stops.

To show that such b exists, we will show that

dim (B®), —dim (B“ N (B & C)), = dim I — dim By, (28)

and, provided dim By < dim I1_;, we can find a suitable b.

To prove (28), we will use the fact that BN (B & C) = (B® N C)® B and by Lemma
2.12, the symplectic complement is an involution, so B* NC = (B+ 1)* = (B & I)”
and

Dpgo(s) — Dpenac)(s) = Dpe(s) — Dgre(s) — Dg(s).

Now we use Lemma 2.11, which says that Dye(s) = s Dy(s~!) — s Dy (s~ !). Four
terms cancel out and we are left with

Dpo(s) — Dgongacy(s) = sDy(s!) — Dp(s).
The coefficient at s* of this equation is exactly (28). |

31 For infinite-dimensional V/C, this requires the axiom of countable choice.
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A.2. Transporting differentials along reductions.

Proposition A.2. Let C C V be a coisotropic subspace and let Q be a differential on V
such that L : V — R is a non-degenerate reduction (Definition 3.12). Define a relation
OR: R — R[1] by as the composition of the following relations

T G
RS v =4 vy -Ls R(1L
Then QR is the graph of a degree 1 differential on R and agrees with the map

R inclp v Q v projg R

given by the canonical decomposition (18).

Proof. Therelation OR consists of pairs {([c], [Qc]) € RxR[1]] ¢ € C such that Qc €
C}. We will first show it is coinjective and cosurjective.

e Elements of Ker(Q®)7 are of the form [Qi] fori € I = Ker L suchthat Qi € C =
I®. This is equivalent to w(Qi, —); = 0, i.e. Sflree(i, —) = 0, which implies i = 0
and thus Ker(Q%)T = 0.

e To show Im(Q®)T = R, we want to show that each » € R has a representative
¢ € C such Qc € C. Let us choose any representative co € C of r. We are looking
for ig € I such that Q(cq +ip) € C = I, i.e. for iy solving

o(=Qco, =) = @(Qio, =)1 = Shee(io, —)
which is possible as S{ . is non-degenerate.
To check that the induced map squares to 0, the composition of relations Q% o QF
is given by
[c] ~ ¢~ Qc~[Qcl ~ Qc+i~ Q%+ Qi ~[Qil
but this is independent of the choice of i (such that Qi € C), i.e. we can take i = 0.

Finally, using the decomposition V = I @ R @ QI, we get that the relation QR
contains a pair (r, Qr) coming from r ~ (0, , 0) ~ (0, Qr, 0) ~ QOr. |

A.3. Composition and non-degeneracy. Consider the diagram from Theorem 2.30 given
by factorization cospans of Lagrangian relations Li, L, and L o L. It commutes if and
only if we assume L and L, compose orthogonally, i.e. Ker L | Ker L.

LemmaAJ3.Let L1: U — V,L>: V — W be Lagrangian relations between (—1)-
shifted dg symplectic vector spaces U, V, W (Definition 3.11) such that
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1. the kernels Iy = Ker L1, I = Ker LlT, I = Ker L> are non-degenerate isotropes
(Definition 3.12),
L L ...
2.8V . < SY and SY.. < SV (Definition 4.16),
3. L1 and Ly compose orthogonally (Definition 2.26).

Then also the kernel of Ly o L1 is a non-degenerate isotrope J = Ker(Ly o Ly).

Proof. Letu € J N (QuJ)*V, we will prove that then u = 0. It is enough to prove that
u € Iy, since by non-degeneracy of Iy and Iy C J,

Iy N (QuNH*®Y S Iy N (Quly)®Y = {0}.

Proof that u € Iy. From Iy € J € J* C I}V = Iy & RY,,, we have the
decomposition u = ug + ug for ug € Iy, ug € Rgn NJ.Byu e (QuJ)“v, for all
u elJ,

wy (u, Quu')) =0.

Decomposing u’ = ujy +up € Iy ® (RY, N J), we have

wy (u, Quup)) + wy (o, Quuy)) + oy (ug, Quuy)) =0,

where the first term vanishes since u € (Quly)®V and the second vanishes since
Qu(RY Yy € RY and RY_ L Iy;. We are thus left with the last term and using the fact

can can can
that the projection wyy : U — R restricts to a symplectic isomorphism 7y : Rgm =R,

wr(y UR), my o Quug)) = 0.

We will now prove that (ug,0) € Ly, i.e. ugp € Ker L1 = Iy, which implies that
also u € Iy. With this, the proof of non-degeneracy will be complete.
Proof that ug € Iy. By ug, uly € J, there exist v, v’ € V such that (ug, v), (u, v') €

Ly and v, v’ € Ker Ly = I. Using this, 7y o Qy = QY% o7y, and S, < Y., we
obtain
wr(Ty UR), 0% oy (uy)) = wr(w(v), Qf o7 (v')) = 0.

Since v’ is in the image of an arbitrary u’y € J N RY , the last equality holds for any

vV eLi(JNRY Y=L(J)=ImL; NKerL, = I*’ N 1.

can) =
By orthogonality, 7V N I =1, s0 we have

wr(T), Qp o) =0 forany v’ € 1. (29)

Without loss of generality, we consider a representant v € I N R, where Rl =

(I ® Qv I)®V. Then we have, for any v' = v + v} € I with vy €1, vy € RL .,
wy (v, Qv (V) = wy (v, Qv(vy)) + wy (v, Qv (vR)) = 0.

The first term vanishes as R%,, L Qv I, the second one contains only entries in RZ,,, soit
can be rewritten as wg (7 (v), w0 Qv (Vi) = wgr (7 (v), QX om (V) = wr(w(v), QX )
7 (v")) and it vanishes by Eq. (29). We have proven that v € I N (QyI)®V and by the

non-degeneracy of I, we obtain v = 0 and thus ug € Iy . ]
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