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Abstract

The accelerated expansion of spacetime intuitively points to the existence of new, unknown energy
fields pervading the universe, but it is has also spurred the growth of the research field of modified
gravity theories. Of these, f(R) theories of gravity is the first and simplest modification to General
Relativity, and have been studied extensively for their astrophysical and cosmological predictions.
Power law f(R) modifications have been shown to exhibit desirable characteristics, producing the
late time accelerated expansion as well as satisfying local tests of gravity. However, there is wide
degeneracy among models in this class, and they are known to suffer from cosmological instabilities,
which could lead to curvature singularities at finite times. This thesis addresses questions directly
relating to model degeneracy and sudden singularities. Cosmologies and cosmological perturbations,
resulting from a general broken power law modification to GR are generated, studied and evolved.
Simulations are performed using 14-3 space time decomposition of the field equations and a dynamical
systems approach to f(R) cosmology. The parameter space of this model, which includes the Hu-
Sawicki [6], Starobinsky [96] and Miranda [7] f(R) forms as subclasses, is investigated. It is found
that there are regions in the parameter space which are completely singular and bound by continuous
curves. We also investigate regions of the parameter space in which the attractive nature of gravity is
preserved, and find that these regions intersect. The results of a Markov Chain Monte Carlo analysis
significantly narrowed the viable region of the exponent parameter space of the general power law
f(R) model. Current cosmological distance data; SNIa (Union 2), BAO (6dFGS, BOSS, SDSS,
WiggleZ) as well as the LRG power spectrum (SDSS DR9), were used to obtain these constraints.
The best fits are compared with the ACDM model, and leads to the conclusion that this class is still

a candidate for the gravitational interaction.
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Chapter 1
The questions and approach

During my MSec. I was involved in a project studying the dynamics of a viable theory for f(R) gravity,
especially related to simulating the expansion history for a specific class of f(R) theories, known as
the Hu-Sawicki model [1].

The theory, designed to mimic closely the behaviour of the ACDM model!, without an explicit
“cosmological constant”, is popular because it also, by construction, will produce correct predictions
for the gravitational field in high density regions of space.

At that stage, the focus of the study was on a “dynamical systems” analysis of the f(R) mod-
ification to gravity?. The equations governing the expansion of space time are recast in terms of a
set of new variables - following a method detailed in papers like [2], [3], [4], [5]. These new variables
transform the system into a set of autonomous, first order differential equations. Minimising these
equations reveals a set of stationary points in the phase space, representing the exact asymptotic
solutions to the cosmological equations. This type of analysis provides important information about
the model under investigation [6], regarding the existence of critical states of universal evolution.
Much of it was not new, since it turns out that many of the fixed points exist for most of the “viable”3
f(R) power law theories. There are stable and unstable de Sitter fixed points, representing solutions
which expand exponentially. All radiation-like expanding fixed point solutions were unstable, and a
non analytic matter like expanding fixed point, with saddle instability was also identified. Several
trajectories connecting a radiation like fixed point with a de Sitter stable fixed point, passing closely
to the matter saddle point were found to exist. This confirms that the model is an appropriate
candidate, producing a chronologically correct expansion behaviour.

The main difficulty of this project was how long it took to find a set of model parameters for
which the integration of the dynamical system could be performed, in order to determine the exact

expansion history. The models are highly sensitive to parameter choices due to the occurrence of

In Chapter 2, we describe the ACDM parametrisation of the big bang theory, and the fact that it is desirable to

mimic its behaviour.
2This method is presented in Section 5.1
3The viability of models in this context is discussed in detail in Section 3.2.4



4

real cosmological singularities *. This problem lead to the question of whether or not there exists

some region of the parameter space of the Hu-Sawicki model which is completely free of singularities.

% would significantly simplify analysis of such models as well as possibly help

Locating this “region”
to reduce the parameter space of the entire class.

Once obtaining a set of parameters, quite accidentally, which was free of singular behaviour, the
Hubble rate and its dynamic derivative, the deceleration parameter were determined to construct
a first order background expansion history. A comparison to the ACDM model confirmed that the
two are essentially the same for all redshifts, except at very late times; the Hubble constant, Hy,
and deceleration parameter, qg, evaluated for the present epoch are inconsistent with their observed
values. A naturally interesting point to address is to find the set of model parameters which provide
the closest mimicking of the observed data.

I performed an analysis to do this using SNIa data to constrain the parameters of the Hu Sawicki
model, at a background level. This formed the framework for much of the rest of the research
contained within, especially regarding the understanding and handling of sudden singularities.

However, beyond that, a far more interesting question developed, being: Is there a way to constrain
the whole f(R) space of theories, in some way, using observational data? Such an analysis has the
potential to effectively delete a large chunk of the f(R) model market, and possibly lead to ruling
them out completely, and would thus be an important step in this branch of modified gravity theories.
The space of all f(R) theories would mathematically include all possible general functions of the Ricci
scalar. And no doubt over the last few years several papers have appeared attempting to constrain
or rule out subsets of the f(R) theory space. But seeing as the whole problem began at an analysis
of the HS model, the class of broken power law theories, which are by construct successful, should
be a good place to start; in considering whether or not in this class of models a special region of the
space gave particularly suitable fits to observational data.

We therefore considered a general broken power law model having a form given in [7], which we
shall describe in Chapter 5. In constraining the parameter space of this model, we may be able to
draw some useful conclusions on the best value of the exponent of the Ricci scalar in f(R) theories.
And since this is supported by cosmological data, it could significantly reduce the viable power law
parameter space that need be considered in f(R) cosmology. If we could, for example, conclusively
say that the power of the Ricci scalar in f(R) theories having a power law correction is preferred
by certain groups of data to be n = 1, this could simplify the cosmology equations for such theories
when studying other phenomena that could assess the suitability of the theory.

Once again the difficulty with sudden singularities in the f(R) scenario entered our parameter
optimisation MCMC scheme (see Section 5.2). And to understand them, especially in the case

of the HS model, we, as others have before, for example [8], resorted to the equivalence between

4The appearance of these singularities is discussed in Section 3.2.4
5This may also correspond to a special relationship between the parameters.



chameleon like f(R) theories and the scalar tensor gravity modification. I present the conditions
for this equivalence when I discuss scalar tensor theories in Chapter 3, and show the potentials
of the scalar field in both of the models which we studied in Chapter 5, where the occurrence of
the singularity becomes clear. We also give an analytic expression, for a special case of HS model,
giving the relationship between the model parameters to guarantee a regular expansion history®.
But in general, to deal with these singularities, we constructed an effective filter, which on detecting
some singular-like behaviour, we avoided them, by assigning a large x? parameter to the parameter
optimisation routine. I give a break down of this method in Section 5.4.3, and some curious results
on the regions of singularities in the phase space are presented. In the final stages of the project, we
simply set a prior on the ranges of the parameters, in each model, which avoid problematic regions.

The rest of this thesis is set out to clarify the steps taken to answer the questions highlighted in
these introductory paragraphs. I give a short history and description of cosmology, its development
and briefly present important results in GR in the next chapter, leading to a discussion of current
cosmological observation data, and the ACDM model. I also review f(R) gravity, as an alternative
to GR, after motivating the modification of GR in the first place, and specifically in the metric
formalism, give the system of equations determining the background cosmological evolution. In
Chapter 4, I write down the details of cosmological perturbations and cite the equations which we
used, in the 143 covariant gauge invariant formalism to investigate the evolution of perturbations
in f(R) gravity. Chapters 5, 6 and 7 comprise the unique presentation of the results obtained in
this project. Chapter 5 details the models under scrutiny, the approach taken to solve the problem,
and the data used. Chapter 6 presents constraints on parameters of a general viable broken power
law model, obtained by minimising residuals with respect to the background SNIa and BAO data.
Chapter 7 complements the results of Chapter 6, with a set of constraints on the same parameters
obtained by considering the linear matter power spectrum of Luminous Red Galaxies (LRGs). The
results of the total analysis point to a preferred value for the exponent of the Ricci scalar in this class

of theories, significantly constraining its parameter space.

5In general, this is not possible, and we made use of numeric methods to find the spaces where singularities are

most likely to be found.



Chapter 2
Foundational Concepts in Cosmology

The study of cosmology lies on two fundamental assumptions. The first is the assumption that General
Relativity successfully describes the interaction between the geometry of space time and the matter
content of the universe. The second is an assumption known as the Cosmological Principle, without
which much of the road comprising modern cosmology cannot be paved [9], [10]. The Cosmological
Principle states that the Universe is homogeneous and isotropic at cosmologically relevant scales.
This notion, powerful as it is, is backed up to a high degree by the isotropy of the Cosmic Microwave
Background (CMB), and it is a widely accepted premise in the field, except where the investigation is
to question its validity. However, our mere presence, enabling our scientific questioning of the universe,
requires matter having clumped, stars being formed, and general non homogeneity at smaller scales.
In order to move forward cosmologists are faced with the task of separating the dynamics of small
scale and large scale evolution of the observable universe. We impose the background of homogeneity
and isotropy, and then upon this background we can introduce perturbations to describe the seeds
of the inhomogeneity we observe. However, before we get there, the gravitational interaction, which
is the only force we know able to act over large distances, must be understood. This chapter focuses
on introducing Cosmology using General Relativity (GR), so that we can continue the discussion of

alternatives to GR.

2.1 Concepts in General Relativity

General Relativity is a theory which was born out of the need to unify Special Relativity and the
gravitational force. The description of gravity previously contained within it the idea of action at a
distance and the instantaneous influence of one body on another, which is incompatible with Special
Relativity.

Einstein’s main concerns were i) The motion of a body in space seems not to depend on its
internal nature, and that all bodies fall in the same way in a gravitational field ii) that the laws of

physics observed by any person is invariant of where that person is and iii) that the results of a non



gravitational experiment performed in a laboratory, is independent of the motion of that laboratory.
Under the premise that the above three statements are true, the idea that all motion of particles
are satisfying some minimised criterion, inspired Einstein to propose that what we perceive as the
gravitational interaction is actually our motion (and that of all bodies) along the geodesics of a curved
space time. Further to this, he attempted to address Mach’s concerns about Special Relativity; the
idea the space and time and matter are all inseparably intertwined, and that the motion of a particle
must be determined relative to the motion of all other matter in the universe, for in an empty universe,
it would be impossible to know what acceleration or rotation means [10].

This lead to the discovery of rules relating to a General Relativity, describing how the gravitational
force fits into relativity of motion, along with the development of tensor calculus, and the Einstein

field equations. These are given by,

G/,LV = KTp,V; (21)

mathematically stating that the space time geometry of the metric is related locally to the matter
contained in the space time, and vice versa, which revolutionised the way we think about space and
time and gravity. & = 87G/c*, where G is Newton’s gravitational constant, c is the speed of light,
and G, is the Einstein tensor,

G = R~ 30 (22)
Here, R, is the Ricci tensor, and R is the Ricci scalar, giving measures of the curvature of the given
space-time considered, specified by the metric g,,,. The Einstein tensor encapsulates the dependence
on the curvature of the space time metric g,,,. The right hand side of equation (2.1) is proportional to
the stress energy momentum tensor, 7}, defined below by expression (2.31), describing the properties
and interactions of fluid matter embedded in space time.

One of the cornerstones of relativity, and the foundation of general relativity is the inability to
distinguish between two observers, and that their physical experience of the world and any mea-
surements of observables made by observers are equal and should be governed by the same laws of
Physics. This progressed the development of tensor calculus in the need to be inclusive of all possible
coordinate systems by which physical solutions can be expressed in our universe, and to prioritize
those quantities which are invariant of coordinate choice. A test particle subject to no other exter-
nal forces, falling along the geodesics of a curved space time, will essentially be parallel transported
across the space-time manifold, and the motion, x*, of this test particle is determined by the geodesic
equation:

i TH \EY N = 0, (2.3)

where the metric connection is given by the Christoffel symbol, defined by the partial derivatives of



the metric as

1
ko= igup(aug/\p + aAgpu - 8pgw\)- (2'4)

Note that the parallel transportation of a vector on a manifold of arbitrary curvature, which, under no
external forces, is the trajectory of a test particle, also requires a carefully defined covariant derivative

satisfying

Vaguu =0. (2.5)

The parallel transport of a vector along a closed loop in a manifold leads to a characterisation of
the curvature of that manifold; in a curved space-time, requiring that the start and end points are
exactly equal would lead to a change in the orientation of the vector, and if the orientation is controlled
(as it is in parallel transport), the start and end points will be different. This same phenomenon
can also be identified through the deflection of two particles, initially parallel, falling along their
respective geodesics. The geodesic deviation equation describes this deflection by considering the
relative separation between two geodesics, using as basis vectors the unit tangent to the geodesic,
g, and a unit vector orthogonal to the tangent, s. In this set up, we can describe the relative
“acceleration” between two geodesics, mathematically, and this gives a measure of the curvature of
the space time in that region. Specifically, it shows how congruent adjacent geodesics shift in the

presence of a gravitational field,

AP = RV, pu”un®, (2.6)

where A¥ = 8;;2“ is the acceleration, n* = 85'3—: illustrating that the relative acceleration between two
neighbouring geodesics is proportional to the curvature of the manifold, controlled by the Riemann
tensor,

RY\,0p = 8QFZB — 0l + 1L 05 — Fgﬁf" (2.7)

oca™ vB vao

where I'® g, is the Levi Civita connection. The physical implication of the deviation given by Equation
(2.6), especially for extended bodies, would be the generation of a tidal effect, as matter particles are
forced along geodesics curved by a gravitational field.

The Riemann tensor has a set of symmetry properties, which define a group of identities known

as the Bianchi identities;

Ra[ﬁ,uu} =0, (28)

Rapuw = Riag)jw) = Rywap; (2.9)
equation (2.8) is known as the first Bianchi identities. The following symmetry in its derivatives,

V[JRamwj =0, (2.10)

10



gives the second Bianchi identities. Contracting (2.10) twice we obtain the twice contracted Bianchi
identities,

VRS + VRl —V,R =0, (2.11)

which imply
vaGaﬁ — 07 (212)

stating that the Einstein tensor, Gag, is conserved on any generic curved manifold. Equation (2.12)

examined in conjunction with Equation (2.1) leads to
Vo5 =0, (2.13)

which is the continuity equation, stating the conservation of energy.
It is now common to teach cosmology including a modification to Einstein’s equations (2.1), which

includes a cosmological constant such that
G,uu = KT — Ag,uzz- (2.14)

This makes it possible for the generation of a late time accelerated epoch of cosmological expan-
sion, which is actually required from the theory of gravity if SNIa observations, cosmic microwave
measurements and the big bang model is to be upheld. We will come back to this point later. In
the development below for the rest of Chapter 1, we shall assume the inclusion of the cosmological
constant, A, on the right hand side of the Einstein Field Equations. It is essential to require that A
is invariant in space and time,

VA =0, (2.15)

2.2 143 Decomposition of Space-time

The 143 decomposition is an analytic approach to studying the equations of motion in a gravitational
field, that has the advantage of being physically intuitive, and is especially useful in extended gravity
theories, like f(R) models, where the modification may be considered as a separate fluid source, as

will be seen in the next chapter.

2.2.1 Kinematics

In the 143 approach, a choice of a preferred family of world lines, representing specific types of
observers, is made, and this choice is identified by the 4 velocity field of a fundamental observer,
uq. In the plasma of the early universe, this velocity represents an average velocity of the matter
contained, which is uniquely defined by the temperature of primordial “fireball”, and at late times, the
universe will exhibit a clustering of families of world lines, indicating a preferred average motion of
matter at a given point. The choice of this vector field, or frame is the starting point of any analysis

in this formalism, we take it to be the matter frame.
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The four velocity is defined to be

(e}
o dz

ut = —— ,uue = —1. (2.16)

From our modern observer perspective, this could be taken to be the unique 4-velocity which cancels
the dipole in the cosmic microwave background.

Once the frame is chosen, given the velocity u® of a time-like observer, the following unique
projection tensors are defined by:

i) projecting parallel to the 4 velocity vector for any tensor V,
Vaﬂ = _Uauﬁ = Vaavaﬁ = Vaﬁ , Vé%=1, Vaﬁuﬁ = Ua; (2'17)

ii) and projecting orthogonal to the 4 velocity, onto the instantaneous rest frame of this observer:

hap = Jap + Uausg => h%h75=h% , h% =3 , hegu’ =0. (2.18)
Thus, a space time can be separated into hypersurfaces, where the projection tensor h,g defines
the spatial part of the instantaneous rest spaces of the chosen observer, and we can choose any affine
parameter running along the world lines to represent “time”.
Using the four dimensional volume element with the splitting described above, u, and h,g are
used to form the volume element projected onto the instantaneous rest spaces,

Napy = UWToay = Tapy = Mapy] » NMapyt’ = 0. (2.19)

Furthermore, for a generic tensor 7", i) the covariant time derivative parallel to the fundamental

world line is defined by,

leaﬂ = ugnglwaﬁ, (2.20)

and ii) the orthogonal covariant spatial derivative with total projection on all the indices is,

VoTH o5 = R RERY (B WX N T, (2.21)

where a tilde denotes the fact that if there is a non-zero vorticity component of the 4-velocity then
the above derivative must be distinguished from the 3D proper covariant derivative.

Further useful vector and tensor relations, and projections are summarised below, where angle
brackets denote both the orthogonal projection of vectors, and their covariant derivatives with respect

to time;
vl = g8 5 = h2 08, (2.22)
and the orthogonally projected symmetric trace-free part of tensors, and their derivatives, as

1 . 1 .
7)) h(”ahu)ﬁ _ ghwhaﬁ T, T — h(“ahl')g _ ghwjhaﬂ ToB (2.23)

12



The projected time and space covariant derivatives of projection tensors V,z, heg and volume

element 7,3, all vanish, given the above definitions, yielding

VoVag = Vohag = Vaiiag = 0 (2.24)
Vias) = hiapy = Napy) =0, (2.25)
(2.26)
and,
hap = 2u(a 1), (2.27)
NaBy = 3U No[apty] = 0. (2.28)

Splitting the first covariant derivative of the 4-velocity ug into its irreducible parts yields

. ~ . 1
Vauﬁ = —uUqug + vauﬂ = —uUqug + g@hag + Oap + Wag, (2.29)
where the scalar corresponding to the volume expansion rate is given by © = Vau®, with H = 0/3.
The symmetric trace-free tensor corresponding to the rate of shear, is 043 = @mu ), accounting
for how the fluid is deformed as it moves, with o453 = 0(ag), aaguﬂ = 0 and 0%, = 0. Finally,

wap = Viqug defines the skew symmetric vorticity tensor, describing the rotation of matter relative

to some “non rotating frame”, with wap = wyg and walguﬁ = 0. The vorticity vector is defined by

[0}

1
w* = 517“’3’%5“, such that wau® = O,waﬁwﬂ =0. (2.30)

2.2.2 Fluid Sources

The physical properties of the matter content is described by the stress energy momentum tensor,

which, in general for a time-like observer, having 4-velocity uy,, is

Ty = pupty + quyy + 4o + PRy + T, (2.31)

q#u“ =0, Wﬂ“ =0, Ty = Top, Wuuuu =0, (2'32)

where, the relativistic energy density relative to u® is,

P = Taﬂuauﬁ, (233)
the isotropic pressure is
1
p=3 nah®, (2.34)

the relativistic momentum density, or energy flux relative to u®, is
Go = —Tpu’ Wy, (2.35)

13



and projected symmetric trace free anisotropic stress tensor is
map = Twh" (o h”m. (2.36)

The physics will be contained in the specification of an equation of state which relates the quantities
above.

It is fairly typical to consider, at least at first, the stress energy momentum tensor corresponding
to that of a single component perfect fluid, with density p, pressure p and an equation of state as the

ratio of the two; w = p/p such that:
=7 =0 = T = (p+ plupty + Pyuv. (2.37)

To get the correct kind of behaviour of the matter contents, a set of energy conditions are imposed,

taking the following relational form:

T8 weu? = p > 0, (2.38)
(p+p) >0, (2-39)
(p+3p) >0. (2.40)

Equation (2.38) forms the Weak Energy Condition, requiring merely that the energy density of matter
measured by any observer is strictly non negative. Equations (2.39) and (2.40) encode the Strong

Energy Condition,
1
Ty uu’ = ST, (2.41)

which is required to ensure the attractive character of the gravity!, furthermore that the matter will
move in the direction of a positive pressure gradient. Additionally, it is required that the following

bounds on the isentropic speed of sound in the fluid are satisfied:

0<ct<1, &= () , (2.42)
° ° ap s=const

and this condition is known as the Dominant Energy Condition, required to ensure that the speed of
sound in the fluid is at most the speed of light, preserving causality [11], and that it must be at least
zero, ensuring the matter is stable.

2.2.3 Curvature

The 1+3 decomposition of the curvature decouples the symmetric trace free part, Cyg., and the

symmetric traceful parts Mug,,,, of the Riemann curvature:

Raﬁ,uu = Lapuv + Maﬂ,ul/- (243)

Tt is well known that many modified gravity theories result in the emergence of a scalar field which violate all the
energy conditions, allowing negative energy density or large negative pressure, which is useful in the context of the

Dark Energy problem.
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The symmetric trace free part is known as the Weyl curvature, linked to the matter only through the
Riemann curvature, it describes the “at a distance” effects of the gravitational field, determining non

local dynamics [46], defined as
(03 63 (03 1 (e
Cc*?,, =R, —2g1*,R7 | + gRg[ w97 (2.44)

The Riemann tensor passes its symmetries (2.8) and (2.10) directly to the Weyl tensor, and further-

more its traceless nature lends the following property

Copuw = Clagl]s  Chua = 0= Cogu)- (2.45)

In order to write completely the decomposition of the Riemann tensor we require the decomposition
of the Weyl curvature tensor Cyg,,,, which represents long range, non-local gravitational dynamics
occurring over a distance, for example tidal forces and gravitational waves [46]. In this scenario, the
motion of the matter fluid is determined by the geodesic deviation equation for time-like curves, and
the motion of radiation is determined by null congruences. The Weyl curvature may be further split,
in analogy to the decomposition of the Maxwell field strength tensor [11] , into what is known as
“gravito-electric” and “gravito-magnetic” parts, which are symmetric and traceless,

the electric part:

Eu = Chapu®y’ = E", =0, Eu =Ey,), Euwu’ =0, (2.46)
the magnetic part:
1
H;w = §nuaucaﬁuaug - H#u =0, H;w = H(;w)» H,uuul/ =0, (2'47)
such that
Capv = Cl + CHs - (2.48)

Then, the complete 1+3 decomposition for the Riemann tensor, in terms of both thermodynamic and

geometric quantities defined above, is given by

Raﬁ/w = R?Dﬁlw + R?ﬁuv + RaEﬁuV + R?{ﬁuw (2.49)
where
R = 20+ 3p — 20)ulur, b7 + 2 (p + A)h, b 2.50
p,ul/—g(p_‘_ D — )U Ul V]+§(p+ ) [t "v)s ( : )
R = —2u*nM 0 — 20,0l 0" — 20y, 7P 4 200070, (2.51)
R%B,LLI/ — 4u[au[cE6]V + 4h[auEﬁ]y]> (2.52)
R?{ﬁw/ = QUQ'BWU[MHV]V + 277uw“[aH'8hv (2.53)

and P and I represent the perfect and imperfect fluid components, and E and H represent the electric

and magnetic parts of the Weyl curvature tensor.
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2.2.4 Propagation and Constraint Equations

The Einstein equations, and its integrability conditions in the 143 covariant split formalism results

in three sets of equations relevant to a cosmological model.

1. Ricci identities

The first set of propagation equations result from the Ricci identities for the velocity vector field u®,
2V Vgu" = Rugtu”. (2.54)

Using the derivative (2.29) in (2.14), and then splitting each of the orthogonal and parallel projec-
tions into their respective trace, symmetric trace-free and skew-symmetric parts, the following three
propagation equations, and three constraint equations are obtained:

1. The Raychaudhuri Equation

. ~ 1 1
O — Vit = —592 + (a0u®) — 202 + 2w? — (P +3p) + A, (2.55)

describing the acceleration. From this equation we can understand mathematically the attractive
character of gravity, and the anti attractive nature of the cosmological constant.

2. The vorticity propagation equation

1 ~ 2
w<04> _ §naﬁﬂvﬂu“ = _g@wo‘ + U“g(,uﬁ’ (2.56)

describing any rotational modes.

3. The shear propagation equation
5B _ oy B) — %ewﬁ Ll ) glo B ey B) _ (B _ %Waﬁ)7 (2.57)

illustrating how the “electric” part of the Weyl curvature F,3 generates a shearing, resulting in a
change in the motion of the fluid.

4. The shear divergence constraint,
. 9 . .
0= (C1)" = V5o = ZV°0 + [vﬁwy n 2%%] s (2.58)

or the (0a) constraint, shows how the momentum flux is related to the dynamics of the spatial
expansion.

5. The vorticity divergence constraint

0= (C2) = Vaw® — dqw. (2.59)
6. The gravito-magnetic H,g constraint,
0= (C3)* = HP 4 20l — vt @”amy + Vi, (2.60)

showing the relationship between the Weyl curvature, the vorticity and shear.
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2. Twice-contracted Bianchi identities

The second set of equations to be considered result from the twice-contracted Bianchi identities. The
constraint obtained by projecting parallel to u® yields

7. The energy conservation equation:

P+ Vag® = —0(p+p) — 2Uaq® — 0apm®”, (2.61)

and by projecting orthogonally to u® yields

8. The conservation of momentum equation:
~ ~ 4
¢\ + Vo + Vrf = —g@qo‘ — 04" — (p+ p)a® — ugm™® — n*Prugq,. (2.62)

For the case of a perfect fluid, as is ours, the above conservation equations reduce to

p=—-06(p+p), (2.63)
Vap = —(p+ p)ita. (2.64)

3. Once contracted Bianchi identities

Contracting the first set of Bianchi identities (2.8) provide further constraint and propagation equa-
tions. The propagation equations from this contraction are listed below.

9. The gravito-electric E propagation equation:
(E09) 4 %ﬁmm) ey 1P, 4 %waqm
= —%(p +p)o? - 0O (Eaﬂ + éwaﬂ> + 30, <E5>“ - éw@#) (2.65)
_lagh) 4 gvta {MH% T, (Emy N ;MV)] ,
10. The gravito-magnetic H propagation equation:
FB) 4ty <Eﬁ>y _ ;MV) __OHY 1350 ;wmqw
_ nw(a [Q%Emy _ %J/B)#qy _ wuHmy] . (2.66)

The constraint equations arising from the single contraction of the Bianchi identities at (2.8) are

11. The gravito-electric divergence constraint:

~ 1 1= 1 1
0= (04)04 :V,B <Ea/8 + 27Ta5> — gVO‘p + g@qa — 50.045(],3 — 30)/3Ha6 (267)

3

_ ,,7045# |:O-6VHVN, . 20‘),6’QM:| .
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12. The gravito-magnetic divergence (div H) constraint:

- 1
0= (C5)* =VH + (p + p)w™ + 3ws <Eaﬁ — Gnaﬁ> (2.68)
1- 1
+ 7Pk §V,BQM + opy(EY )y + QWVM)] - (2.69)

The above propagation and constraint equations are closed by specifying the equation of state of
the fluid source, or sources, which amounts to choosing restrictions on the thermodynamic properties
of the matter. Particularly relevant for late time cosmological considerations is that of pressure-less
non relativistic matter, dust, with p = ¢, = o3 = 0 = 1, = 0. The kinematics and thermody-
namics above formalize the physical interaction and evolution of the matter and gravitational fields
in general relativity. We will pick up this thread again, when considering the 143 decomposition
in the fourth order gravity framework, and extend the above system to include a second geometric

source term arising from higher order curvature terms included in the gravitational action.

2.3 Friedmann Robertson Walker Metric

One of the most progressive stances on our place in the universe, and certainly one underpinning
cosmology, is the notion that we, as observers of the vast universe, are negligibly different from
any other observers of the same universe. It is known as the Copernican principle, and formalised
mathematically by assuming that the 4 dimensional universe apparent to us is spatially isotropic and
homogeneous, and that all points are equivalent, on large enough scales.

The observation of isotropy of spatial distribution of extra-galactic radio sources in the sky [12],
[13], and especially the extreme isotropy of the CMB, and the precision of these measurements, are
widely used as evidence for the spatial isotropy of the observed universe. Assuming the Copernican
principle, implies that every observer at any location will observe this level of isotropy, therefore we
need a space-time which exhibits spherical symmetry around us, and about every point. A universe
with this property will also be spatially homogeneous, and is called a Robertson-Walker space-time, of
which Minkowski and de Sitter space-times are both special cases. Geometrically, a homogeneous and
isotropic space-time is described by maximally symmetric spatial sections, given by the Friedmann-

Lemaitre-Roberston-Walker metric,

such that ¢;; represents any maximally symmetric 3-metric, having Gaussian curvature .
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2.3.1 Background Cosmology

Setting the background cosmology means selecting a suitable metric for the space time — one that
locally satisfies our requirements of observation —, and selecting the kind of matter contained in the
universe. From the Einstein field equations in general relativity, we can then find equations of motion
for the scale factor, and hence the expansion rate, for the universe. Using spherical coordinates, we

have
dr?

1 — kr?

@2:—ﬁ?+¥{ +ﬂdﬂ. (2.71)

Above, dQ = df +sin” 0d¢, and the spatial curvature, k, determines the shape of the spatial sections;
k > 0 gives a positive spherical (closed) curvature to surfaces of constant time, k£ < 0 gives
hyperbolic (open) hyper-surfaces of constant time, and k = 0 gives flat surfaces of constant time.
Throughout this thesis we assume that the spatial sections are flat, k = 0. Note that the choice k = 0
is not an initial condition, but rather should be viewed as an approximation which is consistent with
measurements of Qy = —k/H?2a? being very close to zero [14].

The scale factor a(t) describes the way physical distances depend on time. It characterises how
the comoving distance between two fluid points comoving with the expanding fluid, relates to the

proper distance, between those two fluid points, as the universe evolves:
D(t) = a(t)x; (2.72)

such that x is the constant comoving distance and D(t) gives the proper distance determined by the
expansion of the universe. The scale factor is a key measure in the study of cosmology, it can be
likened to the roll of position in mechanics; its derivatives define dynamical quantities such as the

Hubble rate of expansion of the universe H(t),
(¢
Hp = X (2.73)

and the deceleration parameter
(2.74)

together almost completely specifying an expansion history for a given model. The scale factor is
normalized such that its present value is equal to one, ag = 1, so Hy = H(a = 1) is the present value
of the Hubble rate, known as the Hubble constant.

The dynamics of the scale factor as a function of time in an FLRW universe may be obtained
by substituting the metric at (2.71) and the energy momentum tensor for a perfect fluid at (2.37)

into the Einstein equations. Two independent dynamical equations emerge, the first known as the

. 2
zﬂ:@%):%ﬁim—;, (2.75)

Friedmann equation,
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and the second, known as the Raychaudhuri equation,
a(t)  4nG

0" 3 pi(1 4 3w;). (2.76)

i
p represents the energy densities of any possible matter fields present in the model; radiation p,
pressure-less non-relativistic matter p,, etc. w; = % represents the equation of state for a given

material, where P is defined uniquely through fundamental considerations of particle behaviour, for
a given fluid type. Non-relativistic matter, dust, is known to be pressure-less, such that w,, = 0, and
a fluid containing only photons has an equation of state w, = %. Equations (2.75) and (2.76) are
known as the cosmological field equations corresponding to an FLRW metric, the former solving the
evolution of the scale factor, and the latter describing how the expansion rate evolves with time. In

these simple cosmologies, two parameters control the solution; w, the equation of state, specifying

3H?
8rG?

which gives the density required for an spatially flat universe, we are able to express these densities

the matter content, and k, indicating the shape of the universe. Using the critical density, pe =

as fractional densities of the critical density itself,

Q=" (2.77)

Per
such that the Friedmann equation becomes a constraining equation for the densities of energy content

of such an asymptotically flat universe,
doai=1 (2.78)
i

Finding solutions for the scale factor, one of the main exercises in the field of modelling in
cosmology, requires knowledge of the way the matter content of the Universe evolves with time. The
continuity equation, parametrised by the form of matter filling the universe, also given by (2.13),
may be recovered by differentiating the Friedmann equation and substituting into the Raychaudhuri

equation, obtaining:

Above, we assume that each of the fluids involved are perfect, moreover, that each evolves separately
from the next. There are only a few analytic solutions of the equations (2.75) and (2.79) and these
correspond to simple single fluid energy contents. Solving these equations together, the scale depen-
dence of the different forms of energy density, p, which feature in the stress energy momentum tensor
may be obtained. It is straight forward to show that the density of a pressure-free, non-relativistic
type of matter scales as p o< a2, and that for radiation, p oc a™%.

The scale evolution of the density of such single fluids may then be input into the Friedmann
equation to find evolution of the scale factor with time. Analytically, given a constant equation of
state, with w # —1, it is straight forward to find

o (0 ) 230
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Substituting w = % for a radiation dominated universe gives a(t) = /2Ht, where as for dust
w = 0 yields a(t) = (@)2/3. Even though these solutions correspond to very special cases, they are
to a large extent extremely useful in studying various epochs of the universe where it is reasonable
to assume that one of the types of energy density dominate drastically over any other forms of
energy present. The matter energy density today is about a factor of 10* more significant than
the energy density of radiation. Over the last thirty years, as it became clear through observations
that a time independent, spatially homogeneous fluid has overtaken the matter content, driving the
observed accelerated expansion of the universe, a cosmological constant was considered as a mysterious
additional form of energy density. If a cosmological constant is the dominant energy content, we find

a(t) = efot as a solution for the scale factor, resulting in an exponential expansion of the universe.

2.4 Distance measures in FLRW cosmology

The Universe, as we see it, is effectively only an instance of its whole evolution. Describing it
comes down to a handful of observables, which come from measurements of objects we can see,
consisting of magnitudes of fluxes, angular sizes in the sky, and the motion and variation of these
observables. Below, I briefly recount the definition of the distances used in cosmology (an essential
inferred observable), and the part they play in various measurements and data analyses.

Hubble’s law, which is the first order term of a Taylor expansion of the scale factor around the
present epoch (tg, where a(tp = 1)), gives a linear relation between the recession velocity of an object
and its distance, where the Hubble parameter, H is the constant of proportionality, which while
constant in space, varies with time.

v = Hd. (2.81)

We can define a characteristic time for the age of the universe given by the inverse of the present
value of the Hubble parameter
1 97 —1
tg=— =978 x 10°h™ " yr , (2.82)
Hy
and we define the Hubble distance as being the distance travelled by light for the duration of the age

of the universe:

Dy = —— = 3000n~" Mpc, (2.83)
Hy

where h is a parameter related to the definition of the Hubble rate as Hy = 100k kms~'Mpc~!, such
that we can constrain dimensionless h alone. The above quantities set a scale for our Universe, and
it is common to work in units which set them equal to one; ¢ =t = Dy = 1, which we also choose
to do.

The comoving distance, defined as the distance normalised by the expansion of the universe, is

given by the integration along a light ray of the distance travelled divided by the scale factor
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o cdt!
=c —_—. 2.84
v=e [ 25 (289
Distances in cosmology depend on what kind of geometry we assume the universe to have, hence
the value that k, the curvature parameter in the metric, plays an important role. Letting () = —kD?{,

the radial integral, assuming the observer is at zero, gives an expression for the comoving distance in

each scenario:

D o1 —1 Dy
. . \/THIC sinh <\/QkD—i‘H’) for Q. >0
Y= / _ Y _p, for Q4 = 0
0

V1—kr2 B
ITS | sin~! ( ka\%g) for Q, < 0.
V k

where D), is the “proper” motion distance. In a Euclidean geometry, the comoving distance and the

“proper” motion distance are equivalent, however any curvature will generate a deviation between the
two. We can now define three important distance measures.
The angular diameter distance, a measure based on the apparent proper size of an object on the

sky, is given by
Dy

142

where redshifts are usually determined from the emission spectrum of the object. The angular

D4

(2.85)

diameter distance is a significant observable, when objects of known size are identified. Baryon
Acoustic Oscillations are an important example, which I will discuss in Chapter 5. Given the total

incoming flux from an object, we can use the relationship between bolometric flux, F', and bolometric

L
Dy =/ —
L V 478’

what is known as the luminosity distance of an object, Dy. Since the surface brightness of an object

luminosity, L, to define

in recession is reduced by a factor of (z + 1)~* while the angular area decreases like D;z, we have

the following relationship between luminosity distance and angular diameter distance

Dy = (1 —|—Z)DM = (1 + Z)QDA.

Luminosity distances are especially important in the observations and analyses of point source
objects. Supernovae, which comprise important background data in any expansion history study of
our Universe or model universes alike, are primarily identified through their spectral redshifts and
their luminosity distances, which translate to another important measurable in astronomy, known as
the distance modulus. The distance modulus, d, based on the absolute magnitude definition of the
brightness of celestial objects is defined as follows: Given the apparent magnitude of an object, m,

its absolute magnitude, M, which is its apparent magnitude normalised at a distance of 10 pc from
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the source, so that m = M + d, the distance modulus, d, can be related to the luminosity distance

D
d=5log (10 gc)

Later, in a statistical analysis, we consider the distance moduli of supernovae of type Ia, to gain

via

background constraints on a specific model for f(R) gravity.

2.5 The Concordance Model

Modern era cosmologists find themselves in a complicated love-hate relationship with what has come
to be known as the concordance model of cosmology. It is a parameterisation of the Big Bang Theory
containing an inflationary scenario at early times, Cold Dark Matter thought to have driven structure
formation, and a cosmological constant for Dark Energy, supposed to drive the late time accelerated
expansion of space. It is probably the best fitting model with the multitude of cosmological data we
have at our disposal today.

But in reality both dark matter and dark energy still require robust description; it is the task of
this generation of cosmologists to find a better grasp, intuitively and scientifically, of what exactly
the nature of the these two mysterious energy components are. Below, I include some of the main

points of the conversation regarding this model; outlining the evidence and the shortcomings.

2.5.1 Evidence for Dark Matter

The period from 1930 to 1980 was a trial for the existence of dark matter [15], [16]. It started with
the discrepancy between the luminous mass of galaxy clusters, specifically the Coma cluster, and the
apparent mass predicted by their motions. This came to be known as the missing mass discrepancy,
brought to attention by Zwicky in 1933 [17]. With the observation of the galaxy rotation curve for
M31, which was the subject of much research for at least a few decades, it became clear that some-
thing was missing, when a flattening of the rotation curve was noted. This phenomenon suggests
higher densities of matter than observed, and is consistent with the idea that the baryonic luminous
part of the galaxy is embedded in a “halo” of dark matter. This dark matter has a density profile that
decreases as 1/72. In 1978, X-ray observations of the Virgo cluster [18] revealed an enormous dark
matter component, and triggered a phase of research in galaxy clusters which provided insights into
the fact that the potential wells associated with clusters of galaxies are far deeper than those inferred
by a galaxy cluster comprising only of baryonic matter [19]. This was confirmed by weak lensing
measurements. By 1980, it was widely accepted in astronomy that dark matter was a newly identi-
fied form of clustering matter density, existing in large haloes around galaxies and galaxy clusters.
A few years later, upper limits on CMB anisotropies ruled out a cosmic fluid having only adiabatic
baryonic fluctuations, the idea of a massive neutrino lead to the theory of hot dark matter. However,

hot dark matter fails to construct the observed large scale structure today, and cold dark matter,
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which evolves more slowly with time, was the preferred dark matter candidate. While consensus has
been established regarding the existence of cold dark matter, the search for the perfect dark matter

candidate, or components, continues [20].

2.5.2 Evidence for A, the cosmological constant

Evidence for dark energy first cropped up in the 1980s. Measurements of temperature anisotropies
in the CMB pointed strongly to the initial curvature being extremely close to zero, exhibiting spatial
flatness, while the total amount of matter is constrained to about 26.8% dark matter and 4.9%
baryonic matter, as a percentage of the critical density required for flatness. This implies the existence
of an additional form of pressure-less matter making up nearly 68.3% of the total energy density of
the universe; making a case for dark energy. There was also a rather large discrepancy between the
estimates of the ages of the oldest globular clusters, pinned at between 12 and 14 billion years, and the
age of a spatially flat matter dominated universe. Then, in the early 90s, when research showed that a
CDM dominated universe was incompatible with observations of the large scale clustering of galaxies,
a cosmological constant was considered in an attempt to explain clustering in a range of scales. Later
in that same decade was when the evidence for dark energy became especially compelling, it became
impossible to ignore the necessity for a non clustering energy density in the modern interpretation of

cosmology. Major evidences are:

e Measurements of distances and redshifts of Supernovae Type la indicate the universe is ex-
panding at an accelerated rate, and are distinctly more consistent with a universe containing a
cosmological constant, than a flat matter dominated universe. Data constrains the equation of

state of the dominant fluid energy density is w = p/p ~ —1.06873559 [21], [22]

e Data from CMB anisotropies and large scale galaxy clustering prefer a model containing a
cosmological constant energy density having equation of state w = —1.10 £ 0.14, such that the
fractional energy density Q4 = 0.725 £ 0.016 [23], [24], [25]

e Cross correlating the Integrated Sachs Wolfe (ISW) effect measured from the CMB with large
scale structure surveys [26] favour an equation of state for dark energy to be around w =

~1.0170%5 at around 4 o [27].

e Tracking the evolution of the number densities of galaxy clusters as a function of redshift, and
therefore time, indicates that it is very unlikely that the universe is flat and matter dominated.
In fact the number densities of clusters indicate accelerated expansion at least out to a redshift
of 2.

See [28] for an excellent and detailed summary of evidence for dark energy. In any case, the

above arguments, stated together, display what seems like an agreement or concordance with the
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requirement for both dark matter and dark energy in amounts that are consistent with each piece
of evidence, leading to the ACDM parametrisation. This model, containing mostly dark energy as a
cosmological constant, and second mostly cold dark matter, is called the Concordance model for this
reason, and it seems cosmology is now its fight to lose. However, there are several points of weakness
in this model, which still promises continued work and excitement for young physicists, and I list
them below, as it is this section which forms a large part of the motivation for the rest of the thesis,

and I am quite sure, many theses to come.

2.6 Shortcomings of ACDM

In sharp contrast with the success of the ACDM model on very large cosmological scales (X-ray,
weak and strong lensing observations of galaxy clusters, the angular power spectrum of the cosmic
microwave background, the matter density power spectrum as well as the luminosity distances of

supernova), several discrepancies on smaller scales do exist, regarding the nature of dark matter.

e Baryons and dark matter are thought to have very different production mechanisms; cold dark
matter is thought to be produced via thermal production, where as baryons are known to be
produced non-thermally. However, the energy densities of dark matter and baryons track very

closely. This is called the coincidence problem of dark matter [29].

e Galaxies are observed to rotate like a solid body of uniform density at the bulge, implying a
dark matter density core at the centre of galaxies. However, N-body simulations determine the
density profile of cold dark matter in galaxies to exhibit cuspy behaviour near the centre of the
dark matter halo, such that the density increases sharply as we reach the centre. Therefore,

there is a discrepancy in dark matter simulations and observational inference [30].

e Another problem rooted in a disagreement between simulations of galaxy formation in the CDM
paradigm and observations is known as the missing satellites problem [31]. Simulations predict
that a ACDM dominated universe would result in numerous dwarf galaxies orbiting the main
galaxy. When applied to the Milky Way, it is predicted that our home galaxy should have about
500 satellite galaxies gravitationally bound, however, we only observe about 30 such galaxies.
It has been proposed as a solution to this problem that these dwarf galaxies consist completely

of dark matter, having very little or no stars at all.

In addition to the issues on small scale, mainly issues for Dark Matter to answer to, the cosmo-
logical constant is itself a problematic quantity. Besides having very little fundamental motivation
for its inclusion in the theory other than to fix the late time acceleration of the Universe’s expan-

sion, it suffers a terrible phenomenological issue, known as he cosmological constant problem, as its
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inferred value is about 120 orders of magnitude smaller than its value predicted by particle physics.
The cosmological constant also suffers a coincidence problem; its energy density is the same order of
magnitude today as the matter density today. Given that these two quantities evolve in completely
different ways, based on their apparently completely different nature, the coincidence of their present

values gives pause for thought on whether a cosmological constant is the best interpretation of dark

energy.
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Chapter 3

f(R) Gravity

Dark energy is one of the most fascinating problems of our time. It represents an absolute unknown
quantity, availing a single clue : the apparent accelerated expansion of the universe at the present
time.

Modifications to GR emerged almost immediately upon its acceptance by the scientific community,
in 1919 when Weyl toyed with the inclusion of higher order curvature invariants in the FEinstein-Hilbert
action. While this and other attempts were driven by curiosity alone, the physical motivation for such
exercises was yet to come. For a while, the high energy, strong gravity regime of physics stimulated
interested in higher order theories of gravity, where it was shown that, unlike GR, higher order theories
are renormalisable [32], and taking quantum corrections into account requires higher order curvature
invariants in the gravitational action [33], [34], [35], [36]; and in such cases the modification to GR
would be effective only at scales on the order of the Planck length in the primordial universe [37]
or near extremely dense objects [38|. The low energy, late time implications of a modified theory of
gravity only became a field of interest later in the 20th century, when the revelation that over 75%
of the energy density of the universe may be unknown, came to light from projects such as High-
Z Supernova search team (1994), Sloan Digitial Sky Survey (2000) and the Wilkinson Microwave
Anisotropy Probe (2001) to name a few [39], [40], [41].

Dark energy signals new forms of energy density or additional physics, or both. While the ACDM
model, a widely accepted description of the universe —containing two dark forms of energy, Dark
matter and Dark energy and a physically unexplained period of rapid inflation— does very well
to describe the Universe we live in and matches many observations, it suffers several well known
drawbacks. Since, there is no reason to dismiss a more general theory of gravity than GR, the idea
that the observed accelerated expansion of the universe emerges as a low energy, large scale artefact
of such a theory should not, and can not, be ignored.

Extending General Relativity amounts to making one or more generalisations of the following form;
(i) adding fields, (ii) including higher order derivatives of the curvature or curvature related invariants,

and, or (iii) adding dimensions to the spacetime. These modifications resulted in the explosion of the
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field of extended gravity theories [42], [43] far richer than GR in complexity, such as the Lovelock
theories featuring field equations second order in the metric [44], Gauss-bonnet theories [45], [46], [47],
scalar-tensor theories [48], [49], [50], [51] , Tensor-Vector-Scalar (TeVeS) [52], [53], [54], theories with
extra dimensions [55], and Dvali-Gabadadze-Porrati (DGP) [56] theories for gravity. In this chapter we
focus our attention on a class of theories that gained popularity after the discovery of the accelerating
universe, however had been considered in the context of inflation [37], which involves introducing a
generic function of the Ricci scalar into the action from which Einstein’s field equations are derived.
We give a detailed review of the motivation behind it, its appeal and difficulties, and present general
results in f(R) gravity. We also consider the equivalence between f(R) theories and a subclass of

scalar-tensor theories; namely Brans-Dicke gravity.

3.1 Scalar -Tensor Theories

Probably the first competitor to Einstein’s GR, was Nordstrom’s 1912 conformally flat scalar theory
of gravity. In 1937, Dirac showed by allowing the gravitational coupling, G, to vary slowly over
cosmological time scales, there was a relationship that naturally emerged, between the cosmological
constants and the fundamental physical constants. This idea was developed by Jordan, a little over a
decade later, using a scalar field to describe the gravitational coupling. In his theory, the gravitational
scalar field behaved like a matter field, and satisfied a conservation law which was added to the
theory, [57], [58]. By 1961, these ideas, thanks to Brans and Dicke [59], culminated into a complete
gravitational theory, containing a scalar field, which, together with the metric tensor, is responsible
for the gravitational interaction. The so-called Brans - Dicke theory is indeed considered to be the
prototype of alternative theories to General Relativity [58].

Thereafter, scalar field considerations towards viable alternatives to general relativity, which in-
clude Brans-Dicke theory as a sub class, developed into branches of research including scalar fields
coupled non-minimally to curvature and induced gravity. Further popularity of a gravitational scalar
field stems from the fact that such a field is actually a vital part of theories such as supergravity,
superstring and M-theories. Scalar fields have also been essential in the development of inflationary
scenarios following the increasing support of an inflationary epoch to cure several well known short-
comings of the big bang theory. Thus, it appears, the scalar field, has yet a large role to play in at
least theoretical cosmology and gravitational physics.

In this section we review the action of general scalar tensor theories, their resulting field equations,
and their relation to fourth order gravity. This is an interesting point for this work, since while the
bulk of the considerations may be done from a purely metric fourth order gravity perspective, viewing
a given theory, from within a scalar tensor framework offers insight into the physical dynamics of
the effective scalar field potential, which when faced with solutions containing singularities, proved

useful. We therefore present a discussion of the equivalence between f(R) gravity and scalar-tensor
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gravity.

3.1.1 Field Equations of Scalar-Tensor Gravity

Scalar-tensor theories of gravity include Brans-Dicke, Galileons, f(R), quintessence and Horndeski

theories as subclasses. The general Lagrangian for a scalar tensor theory has the form [42],

L= %\/—*g [f ()R — g(d)V 16V ¢ — 2X(&)] + Lar(V, h(d)gp), (3.1)

where f, g, h and X are all arbitrary functions of the scalar field ¢. We may absorb the function h(¢)

into the metric following the conformal transformation

) guw = Guv- (3.2)

The resulting frame is known as the Jordan frame, wherein the scalar field and matter are independent,
the motion of test particles are coupled to geodesics, and the weak equivalence principle is satisfied
for massless test particles. The effects of this transformation on the arbitrary functions f, g, h and
A, maybe absorbed by a redefinition of these functions. By setting f(¢) — ¢, we can write the

Lagrangian density as

r— %\/fg [¢R - “’Ef)vuw% —2A(¢)| + Lm (¥, ), (3-3)

where w(¢) is another arbitrary function, which is called the coupling parameter, and the function
A is a generalisation of the cosmological constant. Variation of the action with respect to the metric
tensor leads to the following equation

lw 9 w

+ §$(V¢) +A| g =V Voo — gvuwm = 81T}, (3.4)

Now, the scalar field is also an independent dynamical quantity, and varying the action with

6G + [mqb

respect to ¢ yields an additional field equation
(2w + 3)0¢ + W' (Vo) + 4A — 20N’ = 8T, (3.5)

where the primes indicate derivatives with respect to the scalar field ¢. Scalar-tensor theories are
known to be conformally equivalent to general relativity. Under conformal transformations, we may
find a metric that obeys a set of field equations like the Einstein equations, such that the scalar
degree of freedom sources a matter field, which does not couple to the geodesics like ordinary matter.
Anyhow, the conformal equivalence with GR means that such theories can be studied using familiar

framework and intuition.
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3.1.2 Brans-Dicke Theory

Brans-Dicke like theories were first studied in an attempt to mathematically include Mach’s principle
in a theory consistent with GR. In Brans-Dicke theories the gravitational coupling is not a constant
but takes the form of a scalar field, which is position dependent and in principle feels the distance
scaled effects of all the matter contained in the universe [58], [59]. Renewed interest in the theory was
due to the discovery that string theories contain a low energy limit which is given by a Brans-Dicke
Lagrangian [60]. And yet further interest was fueled by the fact that f(R) theories, which due to the
chameleon mechanism [61] are once again contenders as models for weak field gravity, are dynamically
equivalent to Brans-Dicke theories.

The action for Brans-Dicke theories in the Jordan frame, may be obtained from Equation (3.3),

by sending w — constant with A — 0, and is given in terms of the metric g,, and the scalar ¢ by

Spp = — [ d*z\/—g [qu— 5 "N,V d — V(6) | + Swr. (3.6)

Here S} is the action of any matter fields present, and w characterises the dimensionless Brans-Dicke
parameter. ¢ couples directly to the scalar curvature, but not to the matter fields. We can identify the
potential V' (¢) as a general form of the “cosmological constant”, but it may not in fact be a constant,

and may reduce to an effective mass for the scalar field defined by its derivatives with respect to ¢:

1 A’V dv

2

_ — 2. 3.7

" 2w—|—3<¢d¢2 dqs) (37)

Variation with respect to the metric yields the following field equations
81 (M) o 14
GMV - 7T;w + Yl u¢vu¢ g,lwv ¢va¢ (VMVV¢ - gMVD(b) - 79#”? (3'8>

) d> ¢ 2¢

as usual,

M = \}MHVF M. (3.9)

In this theory, the gravitational coupling is identified as the inverse of the scalar field,

1
Gerr = —, (3.10)
¢
making it a function of spacetime. In order to obtain a positive gravitational coupling and to guarantee
the attractive character of gravity, we require that ¢ > 0. If we then vary the action with respect to
¢, we obtain an equation which looks like an equation of motion for the scalar field,
2w dv
—D¢+R——VO‘¢V ¢p———=0. (3.11
¢ ¢? T de )
Using the trace of the field equations, we may eliminate R, resulting in the dynamical equation
for the Brans Dicke scalar field, ¢ :
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O¢ =

v LAV
o3 (87TT i ZV) : (3.12)

This dynamical equation may also be derived from 3.5. The Brans-Dicke parameter is a free
parameter of the theory. Values of w = 1 are consistent with results in string theory, but in order
to satisfy local solar system tests of gravity, w is preferred to be large. In fact, the larger w is, the
more closely Brans-Dicke theory resembles general relativity. The latest most stringent statements
on values for w come from the Cassini probe, and was found to satisfy w > 40000, and it is this
fine tuning of w which renders BD theories unattractive. However, as we will discuss later, this fine

tuning may be avoided altogether, if the mass of the scalar field is large [62], [63].

3.2 Introduction to f(R) gravity

Our choice to focus on f(R) models follows intensive research related to cosmology applications of
modified gravity theories, and the growth of a wider understanding of the consequences and limitations
of these theories. They have been the subject of some reasonable amount attention over the last few
decades, and this interest gave birth to a plethora of investigations into simple f(R) models, the
cosmologies which they govern, as well as some understanding into the caveats associated with these
theories [58], [64], [14], [65], [66].

From understanding why f(R) gravity, even in its apparently simple form, is the first general
stable modification to the E-H action that can be made [33], [32], to constructing stable and well
behaved cosmologies, which come close to mimicking our observed universe, and our favourite best fit
model, the field has evolved substantially. And the questions we are asking are continuously updated.

f(R) models were first considered as a means to facilitate the early time rapid inflation we require
in the big bang theory [37], and more recently as a mechanism to generate the late time accelerated
epoch of universal expansion. These theories result from a straight forward modification of the

Einstein-Hilbert action, where the Ricci scalar is replaced with a general function of the Ricci scalar;

s= [ 1#w] v=gd's (3.13)
k = 8w, where G is the gravitational coupling constant, g is the determinant of the metric, R is the
Ricci scalar, and we take ¢ = h = 1.

The f(R) inflationary theories have survived the onslaught of cosmological data and are able to
predict the slope of the primordial power spectrum of matter density perturbations.

The renewed interest also brought to light the scalar tensor theory equivalence with f(R) gravity,
and that such an action was also able to produce the accelerated expansion, which was being sought
at the time, eg. [67|. Early studies were pessimistic about f(R) gravity; arguing that these theories
are automatically ruled out since solar system constraints required that the Brans Dicke parameter

be greater than 40000 [68|, while other results concluded that f(R) going like a power law of R could
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not produce standard cosmological evolution [69], [70], both for large and small values of the Ricci
scalar. It was claimed that f(R) theories did not contain a phase of matter like expansion (#%/3),
when it was found that typically a radiation like expansion era (tl/ 2) preceded a phase of dark energy
expansion, eg. |71]. Since then, understanding of the dynamics of these models and the various general
restrictions which can be placed has developed significantly, and several models have been proposed
which are able to sustain a period of matter like expansion, for example [6], [72], [73], [74].

In the sections that follow, I shall discuss the details of these theories, in some cases more deeply
than others; I will review the derivation of the field equations, discuss the FLRW solutions corre-
sponding to viable theories, as well as what exactly makes a theory viable in the first place.

f(R) models for gravity are very useful to consider in this context, in that the generality they
grant is fairly wide, and their resulting field equations yield rich and interesting phenomenologies,
providing ways to reproduce whatever dynamics we desire. They are also arguably the most straight
forward modification to GR that can be made, meaning their solutions, when the form of f is chosen
welll, are tractable and their exact solutions can give insight into this class of theories as well as GR.
Probably the most attractive advantage is that in f(R) theories it is possible to avoid the Ostrogradsky
instability, from which many other higher-order modifications to the gravitational Lagrangian suffer.

The generalised form of the Lagrangian included in equation (3.13) supersedes the addition of
even higher order quadratic curvature invariants such as RFY R, or R* of R,yap, which in fact will
reduce to a function of R, f(R), when considering a maximally symmetric, four dimensional space
time (such as the one which we will occupy ourselves with for the entirety of this work). The first
generalisation of the Einstein-Hilbert action would be to replace the linear gravitational component
of the Lagrangian with quadratic contractions of the Riemann tensor, R?, RF Ry, RrveB R,,qp and

o UVRWagR?g, resulting in the following gravitational Lagrangian :

Ly = V=9 (R, R Rag, R""* Ryya...). (3.14)

However, considering the fact that the derivative of the Gauss-Bonnet invariant and " U”Ru,,argR?f

go to zero in four dimensional spacetimes :
(6/6gab) / d*2/=g(R"*P R0p — AR Ry + R?) = 0, (3.15)
(6/0gap) /d4x\/—gsmeWagR§$ =0, (3.16)

as well as the following result due to the symmetries of the Riemann tensor, in maximally symmetric

space times,

(6/59u) / '/ gBRY Ry — R?) =0, (3.17)

it is possible to express the quadratic invariants RF“R,, or RM aBRWag in terms of R?, (a proof

of these identities may be found in [75], p134). This conveniently allows any Lagrangian involving

!We discuss the various viability considerations which must be made in Section 3.2.4.
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these higher order quadratic invariants to be expressed in general in the form of a generic power law
function of R, or f(R), as given by Equation (3.13).

This first correction to the Einstein-Hilbert action became especially popular as a candidate to
describe the accelerated expansion of the universe without the need for a cosmological constant, as in
the ACDM model, or an additional unknown source in the stress energy tensor. This theory gives rise
to a gravitational field propagated by a spin-2 massless graviton, as well as massive scalar degree of
freedom which couples to density, resulting in an effective long range fifth force, which can facilitate

the late time acceleration observed, given a suitably chosen form for the function, f(R).

3.2.1 Branches of f(R) formalisms

The governing field equations for a general f(R) theory may be derived by varying the modified action
(3.13) in three different ways which result in three different formalisms within the f(R) framework.
The so called metric formalism considers the only independent variable to be the metric itself,

and the action,
1
Smet = 5. [ '0V=GH(R) + Sl ) (3.18)

is varied with respect to the metric alone, yielding the following field equations (which will be derived
in Section 3.2.2)

S F(R)g — [V,V, — 0] £/ (R) = KTy (3.19)

These equations are fourth order with respect to the metric, and the matter fluids are described by

f(R) Ry —

o _ =2 0Su
V=g agn

Here, V, is the covariant derivative corresponding to the Levi-Civita connection of the metric, [ =

(3.20)

VHV,, and primes denote differentiation with respect to R the Ricci scalar.
In what is known as the Palatini formalism, the action from which we begin (3.18) remains the
same, however, we assume that the connection is an independent quantity as well as the metric, and

the action must then be varied with respect to both independently:

Srat = 5. [ FEVTGFR) + Sl ), (3.21)

where the Riemann tensor and the Ricci tensor are constructed with the independent connection,
and, in this section, we denote the difference between the metric Ricci scalar, R, and the Ricci scalar

constructed with this independent connection as R = g"”R,,. Making use of the formula

SRy = V40T 4y — V,0T7 1, (3.22)
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varying (3.21) with respect to both the metric and the connection yields

F(RIR ()~ 57 (R} = KTy, (3.23)
=V, (V=9 (R)g™) + Vo (V=4 (R)g"") 87 = 0. (3.24)

Here, V, represents the covariant derivative defined with the independent connection used in the
variation.

The important point is that when f(R) = R in the Palatini formalism and when f(R) = R in the
metric formalism, both theories reduce to GR, and produce the same physics. However, they deviate
significantly as soon as a more general function is used in the Lagrangian, in terms of the resulting
physical theories. It is not yet clear which of these approaches is preferred.

While, in the Palatini formalism, the connection is considered independent from the metric, it does
not appear explicitly in the Lagrangian. The Lagrangian density corresponding to the matter fields is
independent of the connection itself, and the covariant derivatives of the matter fields are defined as
usual with the Levi-Civita connection. In fact it is possible to eliminate the independent connection
entirely from the field equations of Palatini f(R) gravity, since the independent connection is not
actually related to the geometry. In this sense, the Palatini formalism is still a metric theory [65].

The more general, and significantly more complicated, approach to the variation of the f(R)
action is known as metric affine f(R), where the geometric properties of the independent connection
manifest in its coupling to the matter fields present in the theory. In this way, we generalise both
of the afore mentioned approaches, taking both the metric and the connection to be independent
variables, and also allowing the matter to depend explicitly on the connection.

However, all things considered, for the research performed and presented for this thesis, it is
the metric approach which we choose to be the underlying formalism of our study into viable f(R)

theories.

3.2.2 Field equations of Metric f(R) gravity

In this section, the derivation of the field equations in metric gravity is presented and explained.
Starting with the action for a general function for f(R) as the Lagrangian density in a vacuum

given by equation (3.13) to satisfy the variational principle

5 / d*z/—gf(R) =0, (3.25)

where we think of f(R) as being R plus a corrective term g(R), such that when g(R) — 0 we regain

GR. Varying this action in a locally inertial frame, we obtain

5 / Vaf(R) = / [5(v=9/(R)) + V=98 f(R)] d'x

= /\/Tg [f’(R)RW - ;gm,f(R)] Sgdx +/\/jgf/(R)g“”5RWd4ac, (3.26)
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where the primes indicate a derivative with respect to scalar curvature, R. Using the fact that

9" R, = g" 00 (0T 1) — g"*0a (6T 1)
= 0a(g"" 0T 1y — g1 1) = 0aW©, (3.27)

where we define W to be
W = ghsT%,,, — g"5T" ., (3.28)
we can write the second integral of (3.26) as:
/ V=9 (R)g" 6 Ry d'x = / V=9 (R)0W*d'x
= /aa [V=gf (R)YW*] d*z — /aa [V=gf (R)] Wd*=. (3.29)

The first term in (3.29) represents the total divergence of the field, and assuming the fields go to zero

at infinity, we obtain

/ Voaf (R 6 Ry d' = / 0 [V=9f'(R)] Wod'z. (3.30)
The quantity W< can be determined simply by considering the variation of the connection I'*,,,,.
1
Fa,uu = 5905 [géu,u + 9év,u — gw/,é] s (331)

Varying the above quantity, we have

1
0Ty = 0 | 59°7 (Ougpw + Dugus — Oagu)

1
= igaﬁ [0,(6980) + 01 (69,8) — 95(0guw)] - (3.32)
In a locally inertial frame, the covariant derivative of the metric vanishes, so we obtain

1
5PVMV = igyﬁa,u(égyﬂ) (333)

Using this fact, and contracting (3.32) with the metric, we have:

1
9" o = 59" ~0u(9pv09"*) — Du(9,p69°°) — g*° 3ﬂ(5gw)}
1
= 50%(guog"") — 0" (95u09"") (3.34)
and = gl*or”,, = —%80‘(9,,559”5). (3.35)

With this, we may substitute for the respective expressions into (3.28), and thus (3.30) becomes:

/ V=gl (R)g" 6 R, d'z = / Do [V=3F (R)] [0"(g09°") — 0% (gudg™)] d'z.  (3.36)
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Integrating the expression given by (3.36) by parts, and once again neglecting the terms corresponding

to total divergence, we obtain:

[ var B9 sR, ato = [ guorouy=ar (Rsg™ d'o~ [ g.0"0ulv=af (R)Eg™ d'a.
(3.37)
Thus, the variation of (3.13) gives

o [VEanm) e = [ V=g | £ R - 3 (R)g] 00 ' (3.39
[ g0 ) — gun OGS ()] b0 e (339)

Now, we obtain the fourth order vacuum field equations for f(R) gravity by setting the variation

equal to zero, to minimise:
1
f/(R)RHV - §f<R)gpw = (V,uvz/ - QWD) f/(R) (3.40)
For aesthetic appeal, we may add and subtract f'(R)g,. R from the left hand side of (3.40), leading
to a set of equations which look very much like the Einstein Field Equations

PR R+ 3 (R)gu R~ 3 f (R)gu R~ 5 F(Rgu = (V¥ — D) f(R). (341)

Collecting the terms in the following way,

1 1 ' 1 /
RMV - ig/u/R = G/u/ = W (VMVV - QWD) f (R) + ig,ul/[f(R) -/ (R)R] : (342)

we find the Einstein tensor equal to a combination of terms in f(R).

The right hand side of (3.42) may be considered an effective stress energy tensor, behaving as a
source for the modified field. This new source term is dubbed the curvature fluid, T75™. Of course,
this idea is not to be taken literally, and we should be aware that actually the resulting theory is
completely different from GR. However, intuitively, it lends a useful perspective; the vacuum itself
contains a source that is generated by the geometry, in an otherwise Einstein-like field.

For a universe including matter, we have

s= [VEalrm + Lol (3.43)
L., is the Lagrangian for all matter sources present. Following the same prescription as above, the
f(R) modified field equations are obtained in a universe containing matter fields:

1Jl.(}2>.9ul/ - (vuvv - g;wD) f/(R> = T[;atter (3'44)

f/(R>RIJJV - 2

Here, as usual Té\,/f , the stress energy tensor for the matter components is defined by

T -2 0Sp
=g ogr
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We can, once again, rearrange the above set of equations to resemble the Einstein field equations

with an additional source term, comprising the higher order curvature contributions:

1 1
R,uz/ o §g;qu _ GMV _ lslc/urv) + T(matter)7 (346)

f(R)

so that, when the stress energy tensor for the curvature fluid is exactly zero, we recover GR. An

effective gravitational coupling can then be defined as Gers = G/ f'(R). The coupling is required to
be positive, in analogy to requiring that the graviton is not a ghost, in scalar tensor gravity, and this

amounts to the following condition on the form of f(R)
F'(R) > 0, (3.47)

which we touch on again later.

The trace of the field equations at (3.44) is given by
F(R)R + 30f(R) — 2f(R) = T, (3.48)

T = gt T,Efjnatt”). The trace equation makes obvious the distinction between f(R) gravity and GR,
where we have R = —kT. In this case, a vanishing of ordinary matter sources does not imply a
vanishing of Ricci curvature, hinting at the importance of the additional field, df /dR = f'(R) = fr
and the roll it plays in the resultant physics of the given universe. In fact, we can interpret the trace
equation as being an equation of motion for this emergent scalar degree of freedom, fr, which is
sometimes called the scalaron.

For maximally symmetric solutions of the above equation, where we have surfaces of constant

curvature; R = constant, considering 7}, = 0, (3.48) reduces to

frRR —2f(R) =0 (3.49)

which is just an algebraic expression for R. When R = 0 is a root of the above equation, then
the field equations at (3.44) become R,, = 0 corresponding to isotropic, homogeneous and flat
Minkowski spacetime. When R = const is taken to be a root of (3.49), the field equations (3.44)
become R, = ¢,,C/4. This root gives an interesting and desirable result, as it represents exponential

expansion of space time, similar to the behaviour of a GR universe plus a cosmological constant.

3.2.3 f(R) gravity from a Scalar - Tensor Perspective

Performing coordinate transformations, normalizations or variable redefinitions is standard in classical
mechanics, if it lends to the convenience of computation and interpretation. Finding equivalence
between theories is a tool which comes in handy, especially when a toy theory is being investigated.
For the sake of definiteness, we can say that two theories are thought to be equivalent if after an

appropriate redefinition, or transformation, or renormalization, their field equations, or the action
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from which these are derived, are identical. In this case, the dynamics of the equivalent theories are
indistinguishable, and previous progress of understanding on one theory will shed light on a theory
which is found to be a dynamically equivalent, alternative representation to the former.

It is well known that it is possible to recast quadratic modifications to GR in the form of a Brans-
Dicke theory, which is a sub class of scalar tensor theories, and this equivalence is easily extended to
the special case of f(R) gravity [65], [76]. While metric f(R) gravity explicitly seems not to include
extra fields in the action, and Palatini gravity, though containing an independent connection is also
fundamentally a metric theory, they both may be represented by various forms of a Brans-Dicke
theory. Below the equivalence is discussed considering the equivalence of the actions.

Beginning with the action for metric f(R) gravity as given at (3.13), we may introduce, for the

sake of seeing the equivalence, an auxiliary field, x, to the action, which becomes,

Smet = 5. [ '35 [£00 + FOOR =] + S (g ), (3.50)

where f(R) = f(x) + f'(x)(R — x) is an expansion around the Ricci scalar. Varying with respect to

x reveals the following equation:
FTOOR = x) =0. (3.51)

Clearly, under the condition that f”(x) # 0, we obtain that R = y, which of course reproduces the
original action. If we identify f’(x) as a scalar degree of freedom, and set f’(x) = ¢ to be a scalar

field, we can then define its effective potential:

V(9) = x(0)¢ — f(x(9))- (3.52)

And this allows us to rewrite the action at (3.13) in terms of the scalar field ¢ and its potential;

Suet = 5. [ d'0V=g[6R V()] + S (g0 ). (3.59)

which is simply the action of a Brans-Dicke theory, in the Jordan frame, with the Brans-Dicke
parameter wy = 0, known as “massive dilaton gravity” [77]. Note that this scalar field, ¢, is unlike a
matter field, and it can violate all the energy conditions? [58]. The field equations which result from

metric variation of (3.53) are

11 1
Gu = gT;w - §$guuv(¢> + g(vuvzﬂb - g,uz/D¢)a (3.54)
R=1"(¢). (3.55)

To guarantee that an f(R) theory is dynamically equivalent to a scalar tensor theory the condition

f" # 0 must be satisfied. Following a similar approach as above for the Palatini formalism of f(R)

“The energy conditions will be specified in Section (3.4.1).
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gravity reveals that in this framework, the Palatini f(R) theory is dynamically equivalent to the
Brans-Dicke theory, for which wy = —3 [65], [78], [79].
The trace of (3.54) may be used to eliminate R, resulting in an equation of motion for the scalar

field in terms of its potential in the presence of matter:

av
(2wo + 3)do + 2V (¢) — qb% =rT. (3.56)
The above equation highlights the difference between metric and Palatini f(R) theories, and the
dynamics which result. It is clear to see that in the Palatini formalism the emergent scalar field, or
scalaron, is not a dynamic variable, where as in metric f(R) theory the derivatives of the scalar field

are non zero, therefore resulting in an extra scalar degree of freedom [65].

3.2.4 Viability

In this section I lay out the viability constraints on the general f(R) Lagrangians which come from
(1) reproducing the required behaviour in the weak field limit, (2) the cosmological and (3) primordial
regimes of investigation, (4) theoretical instabilities and ghost fields, and (5) sudden singularities.
Given the apparent freedom on the form of f, it has become common practice to construct a
theory which produces the desired results in the required energy level or time scale. It has been
an interesting exercise for many years, given the f(R) modified cosmological field equations, to find
forms for f which are consistent with data [6], [80], [81], [82], [7]. Even the reverse has been done,
where given sets of data, a function, which best suits the data, has been reconstructed (in fact it was
found that in this situation no function of R does better than R+Constant [83]. Below we discuss the

various considerations which must be made before an f(R) theory is accepted as potentially viable.

Cosmological dynamics

It is not difficult to find a function, which, in principle, is consistent with the background obser-
vations, in that it can produce the late time acceleration. The point of interest is making sure
that other aspects of gravitational and cosmological theory are also respected, especially Big Bang
Nucleosynthesis, the temperature anisotropies of the CMB and the expected growth of large scale
structure. The theory must provide an inflationary period, which can solve the horizon, flatness and
monopole problems. After which a radiation domination phase of the universe, leading to a matter
domination phase must be present. Finally evolving toward a stable de Sitter type expansion, such
that the theory agrees with observations. Furthermore, there should be smooth transitions between

the various phases.

Correct Weak-field limit

It took some time before consistent results regarding the weak field limit in f(R) theories of gravity

were derived and understood. In 2003, Chiba [84] concluded that, by virtue of the fact that observa-
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tions required Brans-Dicke theories with wy > 40000, f(R) theories must be ruled out, having wy = 0.
However, the Parametrized Post Newtonian parameter, v = —W¥/®, defined by the ratio of the New-
tonian potentials, is determined by both the mass of the scalar field in these theories, as well as the
Brans-Dicke parameter, wg. When the mass is small, constraints on wg are equivalent to constraints
on v. However, if the mass of the scalar field is endowed with the Chameleon mechanism , and is able
to acquire a large mass locally depending on the environment, then in this regime the mass of the
scalar field will dominate over wyp, allowing a select class of f(R) theories to survive [61], [85]. Once
the scalar is massive, and the range is short, it will effectively be invisible to experiments performed
within the Newtonian limit, as well as the post Newtonian limit.

Regarding the existence of a Newtonian limit, it was shown in [86] that the existence of a stable
Newtonian limit may be ascertained by the existence of a stable ground state of the theory, whether
the ground state solution is Minkowski, de Sitter or anti-de Sitter. For a function to provide a theory
with a stable Newtonian limit; that is in the regime for R where Newtonian gravity can be applied,
compact objects, low velocities and relevant curvatures 3, the following conditions on f(R) must be
met [87]:

|f(R) — R| <R, (3.57)
If'(R) - 1] < 1, (3.58)
RF"(R) < 1, (3.59)

for R > Ry, which guarantee that any deviations from GR to the metric of a general space time
are kept small. Also the Compton wavelength of the scalar field is much smaller than the radius of
curvature of the background [87].

These are essential considerations regarding the form of f, and failing the weak field limit renders

a theory worthless.

Instabilities

Another issue which is considered as a problem for most higher - order theories of gravity is the
appearance of ghost fields. These are massive states of negative norm and, in this context, result in

the Hamiltonian for a given theory to be unbounded from below.
Classical and quantum stability

If the modified Lagrangian includes higher order curvature invariants and derivatives, it has been
shown that a new spin-2 ghost field appears 33|, [32], resulting in issues with the quantum stability

of the theory [88| as well as on a classical level.

3Curvatures much larger than the present background value in an FRLW universe, but smaller than those interior

to very compact bodies, eg. neutrons stars/ black holes.
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To ensure the classical and quantum stability of a theory in the physically relevant domain, R > 0,

the following requirements on the derivatives of f are crucial:

f'(R) >0, (3.60)
1"(R) > 0. (3.61)

(3.60) guarantees that gravity is attractive and that the effective gravitational constant is positive. It
also ensures that the graviton is not a ghost [87], and a violation of this requirement has been shown
to result in the loss of homogeneity and isotropy in regular FLRW models, and the formation of a
strong space like anisotropy curvature singularity [89], [90].

The requirement (3.61) is to protect against the problem detailed in [91], known as the Dolgov-
Kawasaki instability, which is a dangerous instability that occurs on very short time scales. Further-

more, a weak sudden singularity can also form if f”(R) = 0 for a finite value of the scalar curvature.

The Dolgov-Kawasaki Instability

To summarize its importance, following [91], let us parametrize the correction to general relativity
as f(R) = R + €g(R), such that € is a small positive constant, containing the dimensions of mass
squared, leaving the function g(R) dimensionless. Substituting this into the modified trace equation

(3.48), we obtain

" /
g eg —1 kT 2g
OR + ?VMRV!LR + < 3eq” ) =3 + 39" (3.62)

assuming g’ # 0.
We may approximate the local metric as

Guv = Nuv + hul/a (363)
in a weak field region, where we can expand the scalar curvature R as

R =—kT + Ry, (3.64)

where R; is a small perturbation around the GR approximation. 7 is the usual Minkowski metric We

may then consider the trace equation to study the dynamics of Ry, which to a first order gives:

21‘69/”

g//

. L. %" o o 1 /1 . Tg®+2
By — V2R, — TR+ VT-VR1+(— ’) Ry = wi— wv2r— BT 429) (5 65

g// Sg/l € 39//

The coefficient of the last term on the left hand side is effectively the square of the mass of R;

m?~ — (3.66)



and is dominated by the term (%g,,), since the value of € is very small [91], [92].

The theory will be fine if ¢” = f” > 0 is satisfied, and unstable if the sign of the effective mass
is negative [92]. To protect against the Dolgov-Kawasaki instability, we require that f”(R) > 0. To
include the case of general relativity, where f”(R) = 0, we require that f”(R) > 0. Interestingly,
because the scalar field in the Palatini formalism is non dynamical, it does not suffer any Dolgov-
Kawasaki instability. Of course, the above considerations only hold in a small neighbourhood confined
to local expansion. However, we may derive a condition for the stability of the de Sitter space in f(R)
theories of gravity, by assuming a de Sitter background, and considering a very general action which
includes f(R) gravity, scalar tensor gravity, and mixtures of the two [66]. Considering, as we shall
do in general in this work, an FLRW metric to describe the background, the following conditions for

the existence of a stable de Sitter space solution is obtained

which is consistent with the stability condition for homogeneous perturbations [65], [93], [94].
Sudden Singularities

There exists another instability issue which plagues f(R) gravity even at a background level, due
to non linearities. Many, if not all, of the functions which are constructed to effectively produce GR
dynamics in the high curvature regime result in scalar fields for which the potentials V(¢) contain
an unprotected singularity [8].

Some of the first considerations of such singularities, in f(R) gravity, were those which occur as
density increases interior to compact objects [citations.] These were found, largely to be curable by
adding UV corrections to the action, specifically of the form R? [87], which are in fact the exact forms
for f which were considered as inflationary theories.

It was discovered that oscillations in the Ricci scalar in f(R) theories evolving with increasing
redshift, or going back in time, are common in all viable theories of gravity [87]. The oscillations,
occurring about the GR limit, were found to increase in frequency and amplitude, and eventually
result in a singularity. Interestingly, in the high energy regime when considering an inflationary period
driven by f(R) theory, such oscillations are actually useful in driving gravitational particle production,
enabling phases of reheating, the creation of ordinary matter and the transition to the radiation

dominated FRW stage [37]. However, in the classical context these oscillations are problematic;

1. The frequency? grows rapidly with redshift to exceed the Planck value, rendering the classical
description no longer valid [95], [96], [97].

2. The amplitude of the linear oscillations also grow quickly with redshift, resulting in an “over-
abundance” of scalarons at early times, while we require its number density to be appropriately
small during BBN [96].

4The frequency of oscillations of R, correspond to the rest mass of the scalarons.
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Perturbative approaches such that the Ricci scalar is defined by its value in GR plus a perturba-
tion, R = Rggr + 0R, isolated an analytic expression for the oscillating part of the Ricci scalar [96].
It was found that the oscillations become asymmetric and eventually evolve toward a singularity, and
that an analysis neglecting nonlinear effects will be blind to pathological behaviour.

These singularities have been widely considered in the scalar tensor framework, where the scalar
field f'(R) or 1 — f/(R) is identified and examined using the trace of the modified field equations
(3.80), as an oscillator equation of motion [8|,

871G

Ofn = 5(2f ~ frR) + 50T, (3.68)

where fg is the first derivative of f(R) with respect to R, and thus, the additional degree of freedom,

which we write as the scalar field ¢, is given by:
¢ = fr—1. (3.69)
Considering the above, Equation (3.68) in terms of ¢ is
O¢ =V'(¢) — F, (3.70)

where the effective scalar field potential can be determined by

av 1
\vd = = 2(2f — R 3.71
()= 55 = 30 ~ I, (371)
and the force F driving the scalar field ¢ is the trace of the stress energy momentum tensor 7. Recall,
for a perfect fluid this is
8rG

=55 ap). (3.72)

The dynamics of the scalar field is determined by its potential, which is obtained by integrating
the following equation

v davds 1.
AR~ dbdR 3(2f frRR) fRrR, (3.73)

so that the potential as a function of the scalar field is a function depending on ¢ and R. The
minimum of this potential, which we will identify to be located at ¢in, is the point which is relevant
to Cosmology, and corresponds to the de Sitter solution. There also exists, in most, if not all [§]
viable cosmological f(R) theories, a point ¢ging, Where the Ricci scalar diverges to infinity resulting
in a curvature singularity. It has been shown that these two points are often easily separated by a
finite value of the potential, thus it is possible (and usually highly likely) that the scalar field, in
its oscillation about the potential minimum, may verge on the point leading to singularity. Theories
which do not protect against this type of eventuality would be disqualified.

This is a useful approach, and has lead to an intuition with understanding the occurrence of these
singularities, and insight into how to possibly avoid them, however it has also been argued recently

that this approach is not reliable, and should be performed with caution [98].
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Cosmological Perturbations in f(R) gravity

Arranging a function to mimic a desirable background is straight forward. In principle there is an
infinite number of such functions, and finding them is not a problem. In fact the bigger problem
is finding ways to discriminate between them, and studying perturbations around their background
cosmology is one of the strongest methods we have toward this. Changing the underlying theory of
gravity affects the way perturbations in the density of the matter components and curvature evolve,
leaving an impression in the cosmic microwave background and its fluctuation spectrum, and the
large scale structure of galaxies and galaxy clusters. It is important that the perturbation spectrum
produced is consistent with the cosmological perturbation observables and the ACDM Concordance
model.

In f(R) theory, only scalar perturbation modes are affected by the modification to the Einstein-
Hilbert action, for which f”(R) must be greater than zero. Other consequences include a difference in
the correlation between the CMB and the large scale structure, as well as a decrease in the large angle
anisotropy of the CMB [43]|. The gravitational coupling in f(R) gravity is stronger, resulting in less
large scale structure than in ACDM. Most studies of perturbations in the f(R) gravity context are
performed with respect to a quasi-static limit, and while this approximation may be valid in certain
regimes, for specific functions, it must be used with caution, especially in the context of perturbation
theory. It cannot be taken for granted that the evolution of perturbations in this approximation is
a reliable description of the perturbations in general for a given function. Although studying the
evolution of the full fourth order perturbation equations (which will be discussed in Section 4.2) may
be lengthy, it is worth the exercise to check that the results of both the approximation and the full

equations are consistent with each other.

The Initial Value Problem

In order for any physical theory to be viable it must have the ability to predict the future of a system
given the details of an instance of its past (an initial vector specifying all the quantities present in the
theory), including a description of all interactions at play in the system. Technically speaking, it must
have a well formulated and well posed initial value problem. Beginning with a vector describing the
initial state of a physical system with IV finite degrees of freedom such that the interactions between
them are known, the problem is well-formulated if its future dynamical evolution is completely and
uniquely determined. In addition to this feature, we must be sure that small perturbations around
the initial conditions produce only small perturbations in the subsequent dynamics of the theory; so
that the evolution equations show a reliable dependence on the initial data, ensuring predictability
and that the problem is well posed. Any changes in the initial values must produce results that
maintain the causal structure of the equations.

This issue has been studied in the scalar tensor framework and in metric f(R) gravity, and it has
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been discovered that this type of ETG is a well formulated initial value problem in the presence of

“reasonable” matter, and well posed in a vacuum [99], [92].

3.3 Background Cosmology in the Metric Formulation

In the late 60’s Ehlers, Geren and Sachs provided a compelling argument that if an observer measured
the relic background radiation of the universe to be isotropic, assuming that the isotropy holds around
every point in the universe, then such a universe must be isotropic and homogeneous, and thus may
be described completely as an FLRW space time [100]. While the measurements of the CMB from our
observer perspective reveal striking isotropy, our modern ability to resolve tiny anisotropies, indicate
that in fact the real universe exhibits perturbations about what appears to be a “nearly isotropic”
background radiation. The Ehlers-Geren-Sachs theorem was shown to hold for a “nearly” isotropic
measurement of the CMB as well [101]. The “almost EGS” theorem is also valid for f(R) gravity,
proven for both metric f(R) and scalar tensor theory [102], [103], when the matter content is described
by a barotropic equation of state.

We thus, comfortably, for the moment, choose to work in an FLRW space time, which according

to the above considerations is a reasonable place to begin. Recall, the FLRW line element is given by

dr?

2 2 2

+ 72(d6?* + sin? 0dp?) | , (3.74)

indicating the isotropy and homogeneity of the space time, where (¢, 7, 6, ¢) are comoving coordinates.
We choose K = 0, as justified in Chapter 2.

The standard stress - energy tensor for a time-like observer, having four velocity u* is given by,
T = puyty + gty + 4oty + Phyw + T, (3.75)

where hy,, is the projection tensor, p is the density, p is the pressure, ¢ is the heat flux and 7, gives

the anisotropic stress. We have the following :

14
qu' =0, muu' =0, 7w,t=0, 7w ="m,.

For simplicity we consider a fluid consisting of a single energy density form. This simplification
is intuitive and close to the truth, in practice, in most senses, since we often study the Universe in
intervals of time which are dominated singly by a specific form of energy density. Furthermore, we
assume that the form of energy density pervading the Universe is described by a perfect fluid, with
density p, pressure p and barotropic equation of state, p = p(p), reducing the stress - energy tensor

to that of a perfect fluid, having the form
Ty = (p + p)ugty + pguv, (3.76)
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with a barotropic equation of state usually given by

p=wp (3.77)

Once the metric at (3.74) and stress- energy tensor at (3.76) are substituted in to the modified
field equations at (3.44), we recover the following modified cosmological evolution equations, where
the dot indicates derivatives with respect to time:

The modified Friedmann equation:

1 1 .
H2 _ - I —_3HR{" )
The modified Raychaudhuri equation:
: 1 . 1 . .
2H + 3H? = 7 <P +2HRf" + 3 (f = Rf)+ R2f" + Rf”) . (3.79)

We can also calculate the trace of the field equations in this space-time :

The modified trace equation:
3Rf" = p(1 —3w)+ f'R—2f —9Hf"R — 3f"R?. (3.80)

The cosmological field equations in f(R) gravity are fourth order in metric derivative, and since
K =0, we may in fact eliminate the scale factor altogether, in favour of the Hubble parameter being
the only dynamical quantity, reducing the order of the equations by one.

In the spirit of the fact that we may identify all the extra terms in the field equations associated
with the function f(R) and its derivatives as an effective curvature fluid, we may define its effective
equation of state, by using the modified Friedmann and Raychaudhuri equations to define its effective

density and pressure:

1 ! S !
Pcurv = Tfl [Rf - f - 6HRf ) (381)
Peury = ; [RQf”’ +2HR[" + Rf" + %(f - Rf)], (3.82)

such that peyry, > 0 in spatially flat FLRW space time. In this interpretation, in a vacuum, the
curvature correction is viewed as effective fluid, which may be useful for gaining certain intuition, but
certainly should not be taken too far. Even considering energy conditions for this effective geometric
fluid is meaningless, since it is well known that such fluids violate all energy conditions in general [58].
The equation of state for this effective fluid may then be written:

P [RQf’” +2HRf" + Rf" + 3(f - Rf’)}

Weyry = = - . (3.83)
Pcurv % [Rf/ —f- GHRf”]

Since we require that the energy density p. s is positive, the sign of the effective equation of state

is controlled by the numerator, the effective pressure. For our purposes, in the late time regime, we
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require negative pressure to the end of generating accelerated expansion; and from this constraint

Weyry = —1, we obtain the following relationship between the derivatives of the function f, and the
Ricci scalar: " . ..
RH - R
T = —. (3.84)
TR

3.4 143 Formalism

In Section 3.3 the metric approach to the derivation of the cosmological field equations in f(R) gravity
was presented. As the field of modified theories matured, it became clear that their added complexity,
the benefits of which we sought to investigate all the issues with the standard model, leads to practical
trouble with analysis. Thus, other frameworks from which a space time can be studied have been
considered, such as decomposing the space time into a set of 143 covariant variables, as has been set
out for GR in Chapter 2 [11], [104], [105], [106].

The advantage of using the 1+3 covariant formalism to study FRW universes is twofold; the
first advantage is that this formalism lends to the process of conveniently extending the GR 1+3
formalism [11] to modified theories, which must be a major consideration when the task of modifying
gravity can come with significant complications, and the second is that in this formalism it is clear
to track the physical meaning underlying calculations, which is another important consideration
since it is easy to lose intuition at the expense of complexity in modified theories. Below, the 143
formalism is extended for use in the f(R) gravity framework [42],[52],[53],[54], by discussing the
kinematical approach from the perspective of a fundamental observer having 4 velocity u,. We
present the constraint and propagation equations which may be derived using the Bianchi identities
and conservation equations for momentum and energy.

The kinematic set up is identical to that in GR, the extension to f(R) gravity is performed simply
by adding the curvature fluid, as described in section 3.2.2, as an additional fluid component in the

stress energy momentum tensor.
M

In this context, it is most natural and intuitive to choose what is known as the matter frame, u,’,

which is comoving with standard matter, representing motion of galaxies and galaxy clusters. The
choice is also preferred for the obvious reason that this frame happens to coincide with the one we

are in.

3.4.1 Fluid Sources

The first step is to write down the covariant decomposition of the stress energy momentum tensor
relative to the 4-velocity. The critical argument which allows this decomposition analysis in fourth
order theories of gravity is the ability to express the modification to GR in f(R) gravity as an
additional source term arising from the extra terms involving curvature and the correction f, where

the purely matter part is influenced by a factor of (%), such that the field equations resemble the
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Einstein field equations including a curvature fluid:

1

where To% = ;, T%, and

T = [1ga5<R RF) 4 VsVaf — gasVoV7f] | (3.86)

give the expressions for the effective matter fluid and the effective curvature fluid. The stress energy
momentum tensor is given by (3.75) where, in terms of the individual contributing sources, the total

effective energy density for the combined matter and curvature fluid is
p=pM+ pf = T, 5u”, (3.87)
the total effective isotropic pressure is
p=p"+pf= é wsh®?, (3.88)
the total effective momentum density, or energy flux relative to u®, is
Go = @M + ¢f = ~Tp,u"hP,, (3.89)
and the total effective projected symmetric trace free anisotropic stress tensor is
Tap = Top + Tag = Tuh (o W (3.90)

Here the tilde denotes the coupling to the f'(R) field:

M
~M pM ~M _ ﬂ ~M ﬁ ~M __ ﬂ-aﬁ (3 91)
p f/’ _f/’q&_f/’ﬂaﬁ_ f/‘ :
And the following properties are true of g, and m,g:
qau® =0, 74 =0, Tas=T(ap) (3.92)
Waguﬁ = O,qa = Q<a>777aﬁ = 7T<a5>. (393)

The physics will be contained in the specification of an equation of state which relates the quantities

above. Widely used is the example of a perfect fluid which is characterised by the following constraint:
¢“ =map =0 = T = puqug + phag. (3.94)

Applying the twice contracted Bianchi identities to the total stress energy tensor, VﬁTag =0,

reveal the conservation properties of the effective fluids. The effective matter fluid is not conserved,

5 vAT
VATM = — P o TMYPR, (3.95)



And the conservation of total energy-momentum implies

f"
f/2

While the standard matter component is still subject to the energy conditions discussed previously,

VATE = < TMVPR. (3.96)

the effective matter and curvature fluids are free to, and in general do, violate the weak energy
condition, leaving the natural choice of frame as the energy frame of the standard matter u§,, since
the thermodynamical properties of standard matter are always preserved.

The Bianchi identities, as applied to the total stress energy momentum tensor, show that as long
as the stress energy momentum tensor for standard matter is conserved; V7 TO% = 0, then the total

stress energy momentum tensor will satisfy conservation of energy.

3.4.2 Geometry

In the covariant formalism for general relativity it is more useful to use the reverse representation of
the Einstein field equations,
1
Rap =Tap = 5T9ap- (3.97)

The Curvature Fluid

To discuss the “thermodynamical” properties of the curvature fluid, consider the right hand side of

Equation (3.42), where the curvature fluid in f(R) gravity is defined to be

T8 = s |(VaVs = 00D £+ J00als = 11D (3.98)

Decomposing the terms of (3.98) containing derivative operators into their space and time parts we

have,

Toh = 7 [19a6(f Rf)—f <;ha,8@+(7aﬁ +wa5> + %h(wﬁ?f’
(3.99)

Now, using Equations (3.87) — (3.91) and the above decomposition, we may rewrite the thermody-

namical quantities associated with the curvature fluid in terms of the 1 + 3 variables:

plt = ;,[ (Rf' — )+ f""VRV 4R + f"V?R — @f”R} (3.100)
1

b= Iz [ (f = Rf") = f”VZR f”’V“RV R+ @f"R+f”’R2 (3.101)
'R -, f”WR} :

1 .. - . 1 - - -

da = - 7 [f”’RVaRH”VaR— 30/"VaR = 00 f"V"R = wau ["VIR| | (3.102)
1 - - -~ .

Tay = 7 [f"’V<aRV sR+ "V Vg R—oasf"R|. (3.103)
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The twice contracted Bianchi identities at (2.11) are used to obtain evolution equations for pM, pf?

and ¢%:

pM = —0(p™ +pM), (3.104)
R | o R R R R R wf"R

PR+ Vel = -0 +p™) — 20%¢f — o7l +p TR (3.105)
. - - 4 S

q@ + Vapf + V’Bﬂ'(ljﬁ = —§6q§ — ao/gqé?2 — (P + p®)ig — uﬁﬂfﬂ (3.106)

v f//@aR
f/2

We also have the following relationship between the acceleration and the energy density and

— ntweqy + p

pressure of the standard matter,
VpM = —(pM +pMyac, (3.107)

coming from the conservation of momentum for standard matter.
Substituting into (3.97) for the total effective energy momentum tensor, we may write the Ricci
tensor and Ricci scalar in terms of the thermodynamic quantities of the total effective fluid as
1 1
Rug = §(pT + 3pT ) uqup + 5(pT —p")hap + 2u(agh) + Tas, (3.108)
R=p" —3pT. (3.109)

We can also construct the trace equation of the curvature fluid by considering T™ and TE, the

traces of the effective matter and curvature fluids respectively:

g1 1
™ = ?QQBT% =5 (3pM — pM), (3.110)
1 ~ - -
TF = g = 5 2 = Rf) =3 (f"V2R+ f"VRV.R
—f"R2 — "R+ 1, f'V"R — f”eR)} , (3.111)

by taking the trace of (3.99). If we substitute (3.110) and (3.111) into the equation for the Ricci
scalar, (3.109), and considering only the curvature terms, we obtain the trace equation corresponding

to the curvature fluid:
Rf —2f = —3 ( FIN2R A+ [N RVGR — [ R2 — f'R -+, f'V R — f”0R> . (3.112)

3.4.3 Propagation and constraint equations

Using equations for the decomposition of the Riemann tensor (2.49) - (2.53), we can obtain three sets
of propagation and constraint equations, coming from the Einstein equations, and its integrability

conditions in the 1+3 covariant decomposition.
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1. Ricci identities

From the Ricci identities for the velocity vector field u®,

1. The Raychaudhuri propagation equation is given by
O — Vi + %@2 — (g @®) + 00po®™ — 2waw™ + %(ﬁM + 3pM) = —%(pR — 3p%), (3.113)
2. The vorticity propagation equation is as before,
ol — %nam‘%uu = —g@wa + 0P, (3.114)

3. The shear propagation equation

5loB) _ gl 4 %GJaﬁ — g ® g gla By ey B 4 pes — %ﬁéﬁ, (3.115)

4. The (0cv) shear divergence constraint,

. 9. .
0= (C1)" = Vo = 26 + 1 (Vg + 2igw,| + (3.116)

5. The vorticity divergence constraint

0= (C3) = Vaw® — tw”. (3.117)
6. The gravito-magnetic H,g constraint,

0=(C3)* = H* + 240 0,P) —play 6P, 4 Viewh), (3.118)

2. Twice-contracted Bianchi identities

The constraint obtained by projecting parallel to u® yields

7. The energy conservation equation:

P4 Vag® = —0(p+p) — 2nq® — O'agﬂaﬁ, (3.119)

and by projecting orthogonally to u® yields

8. The conservation of momentum equation:
~ ~ 4
¢\ + Vo + Vrf = —504" - o%5¢° — (p+p)i® — ugm®® — n*PPuwgg,. (3.120)

For a perfect fluid,

pM = -0 +pM), (3.121)
Vo™ = —(pM + pM)it,. (3.122)
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3. Once contracted Bianchi identities

9. The gravito-electric E propagation equation:

. 1 ~ 1
(BB 4 57%(&@) — e VMH@V + 5v(aq@

= —%(p +p)o*® -6 (E“B - (1),7#”) + 302, (EW - éw@“) (3.123)

1
_glagh) 4 pule [Qu“Hmy oy <E6)V N 27T6>V>] ‘

10. The gravito-magnetic H propagation equation:
B 4 oy (EmV _ ;Wﬁ>y> — _OH 1350 P gwmqm
— phrie [2qu5>y - %a@ s — wuHmy} : (3.124)
11. The gravito-electric divergence constraint:

- 1 1 1 1
0= (Cy)*=Vg <E0‘5 + 27r°‘5> — 3Vt 300 - 5a%qﬁ — 3wgH? (3.125)

3

— ,'704/3# I:U,BVHVH _ 2WIBQM:| .

12. The gravito-magnetic divergence (div H) constraint:

- 1
0= (C5)* =VgH + (p+ p)w™ + 3w <Eaﬁ — 67r0"8> (3.126)
af = v 1 v
+ n*°H §V5qu + 0, (E" )+ o MIE (3.127)

We will recover the GR versions of these equations simply by setting f(R) = R, resulting in the
matter parts being identical to standard matter, and all curvature fluid terms vanishing. In general,
we can close the system by specifying the equation of state of the fluid sources, which amounts to
choosing restrictions on the thermodynamic quantities. Very relevant for late time considerations is
that of pressureless non relativistic matter, dust, with p = g, = 103 =0 = 1, = 0.

Applying the decomposition to f(R) modified gravity theories, for general spacetimes we get

. /1 . .
VoVaf =—f <3ha5® + 00 + wa5> + ugta f' + ua flug. (3.128)
Furthermore, we obtain
Of =-of - f, (3.129)

where, any terms containing orthogonally projected derivatives have been neglected, since we are only

considering isotropic and homogeneous space times.
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The kinematics and thermodynamics above, prescribed by equations (3.113)-(3.126), along with
(3.104) - (3.106) formalize the physical interaction and evolution of the matter and gravitational
fields in f(R) gravity, and completely specify a cosmological model. This approach is invaluable in
the investigations into alternative theories to GR, as it sets out a scheme which is both mathematically
rigorous and intuitive. It has also been extremely useful in constructing and studying cosmological
perturbations [107], [11], [108], and in the following chapter, we spend some time on the 1+3 covariant

gauge invariant treatment of perturbations in f(R) gravity.

3.5 Geodesic Deviation in f(R) gravity

The geodesic deviation equation was considered in the f(R) scenario in [109]. This paper commented
on the importance of a full extension of the geodesic deviation equation in the f(R) context. In
particular, the derivation of the dynamic equation for 7, the geodesic deviation, was presented.
Through this equation we know the relative deviation between two neighbouring geodesics, which is
pertinent to deriving important results for cosmologies.

Furthermore, we recast this equation in terms of the set of expansion normalised dynamical
variables, which are used through out the rest of this thesis. Using this equation, we were able to
apply the result to the Hu-Sawicki model and gain some insight into how it differs from general
relativity. In this section, I present a summary of those results, and the accompanying plots. This
is a useful point of analysis, elegantly revealing the way f(R) gravity behaves in cosmology, and is
widely relevant.

The general geodesic deviation equation is given by

52
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where 7 is the deviation vector, V' is the normalised tangent vector field, and v is an affine parameter.

= —R%3,, VPV, (3.130)

It is useful to be able to express this deviation in terms of the density, by substituting the expressions
for the Riemann and Ricci tensors and the Ricci scalar.
Using the Riemann tensor:

1 R
Ra507 = CafBoy + 5 (gaaRﬁ'y - ga'yRBU + g,BvRoza - gﬁoRa’y) - E (gaagﬂ’y - ga'ygﬂcr) ) (3131)

and the fact that in FLRW space times Cqg4+, the Weyl tensor, vanishes, upon contracting (3.131)
with VP97V, we obtain

1 R
R 30, VI VY =3 (1 VOV Ray — VOV Rgy + R ) S (3.132)
By writing E = —Vau®, nou® = nV® = 0, and € = V¥, we can simplify the terms of Equation

(3.132) as follows:
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Lt
R%goyn” =7 n* <pm + g - Df’) + (V“VUf’)n”] , (3.133)
aysB,,0 1 - / ay/B,.0
R VEVIIT = _(Vﬁvaf)V Vi } , (3.134)
Lt
Rp, VPV I =5 (pm + pm)E* + € <pm + g - Df’) + Vﬁwvﬁvwf’} n®. (3.135)

Using Equation (3.128) and that for FLRW spacetimes, wa3 = 0og = 0, we can arrive at the following

expressions:
VOVIVY. f = —% F'O(c + E?) + B2, (3.136)
(VVof)\VVEyT =0, (3.137)
(VEVo )0 = —éf’@n“- (3.138)
Substituting the above results into Equation (3.132) gives
R, VPV I = 21f’ f+pm3—2f' —Of +pm|n 6+2—f, [pm—i—pm— “feo+f

(3.139)
We can then identify terms in Equation (3.139) to be combinations of the curvature fluid density

and pressure, from

pft 4 pft ;{—1f’®+f"], (3.140)
pf + 3pF = [f+ef +3f} (3.141)

such that, we may obtain the final result for the geodesic deviation equation in metric f(R) gravity
[109]:
1 R 1
R, VPV I = 3 (" +p") E®n* + [6 +2 (" + 3pT)} en’. (3.142)

The result is consistent with what is expected in a homogeneous and isotropic geometry. The
tidal force produced will only depend on n® and thus according to [110] only the magnitude of the
deviation vector n will change along the geodesic, while its direction is preserved.

Considering only the paths of photons, where V¢ = k%, and k,k® = 0, so € = 0, Equation (3.142)

becomes

1
Bgfykﬂk’y 2 (ptotal +ptotal)E 77 ) (3143)

showing the focusing of all families of past directed null geodesics as long as

(ptotal + ptotal) > 0. (3144)

Both Equations (3.142) and (3.143) will reduce to the GR result when f(R) = R.
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Past-directed null geodesics and area distance in f(R) gravity

We now consider how the case VY = k% k k% = 0,k" < 0 affects Equation (3.143). Let % = ne®
and e%e, = 1, and equ® = e k™ = 0, with a basis e that is parallel propagated and aligned, such
that, de®/6v = 0 = k?Vge®. Equation (3.143) may thus be written as
d? 1
dT;Z = _i(ptotal + Protat) E*1. (3.145)
Once again, all families of past directed null geodesics will be focused so long that (piotar +Ptotar) >

0. When the RHS of (3.145) is zero (de Sitter universe in GR), the solution to this equations is the

same as that in a flat Minkowski space time: n(v) = C1(v) + Cy. The chain rule gives

d2 dz\*7d?> dzd* d
— = = _ .14
dv? (dv) {sz dvdz?dz|’ (3-146)
dz

— = FEyH(1 ) 14
T oH(1+ 2) (3.147)

Using this and the modified Friedmann and Raychaudhuri expressions, we obtain the following

evolution equation for 1 with redshift, which depends only on the total equation of state:

d27’ (7 + 3wt0tal> @ 3(1 + wtotal)

— ———n=0. 3.148
az 2(1+2) dz 2(1+2)? 0 ( )
We may then infer an expression for the observer area distance r¢(2)
dAo(z) n(z")|=o
p— = '14
e ‘ 4|~ [an()/di< | (3:149)

where Ap is the area of the object, and € is the solid angle in the sky. Using the fact that d/d¢ =
E;'(1+2)7'd/dv = H(z + 1)d/dz, we can express o in terms of redshift derivatives as

/d2"|2r=o] - (3.150)

n(2)
ro(z) =
o) =
In general to find the observer distance relation, we need to resort to numerical integration.

In [109], we expressed the GDE in terms of a set of dynamical systems variables, which I define

in Chapter 5, so I will come back to this point later.

3.6 The attractive character of gravity

In this section we study the positive contributions of the Raychaudhuri equation for time-like geodesics
which guarantee the attractive character of the gravitational interaction in f(R) theories [111]. Fol-

lowing [112], we write the Raychaudhuri equation as

db 1 Y y Y
= —502 — 0" +wp" — Ry EHEY, (3.151)
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where 6 is the expansion, o, is the shear, and w,,, is the rotation of a congruence of timelike geodesics,
generated by the tangent vector field £#, and 7 is an affine parameter.

In GR, assuming the strong energy condition (2.41);
1
L€ =2 —3T, (3.152)

implies that R,,£#¢” > 0. This is an important statement and results in the attractive nature of the
gravitational interaction. It follows that the mean curvature [113], defined by M¢ = —R,,,£#€Y, in
every timelike direction must be negative or zero in GR, for fluids for which (3.152) holds. Following

[113], [112], the mean curvature in every timelike direction,
Me = —R,, 4" (3.153)

is negative or zero in GR, provided that the strong energy condition holds. If one chooses a congruence
of timelike geodesics whose tangent vector field is locally hypersurface-orthogonal, then w,,, = 0 for
all the congruences. This result enables the use of the Raychaudhuri equation in the singularity
theorems. Since the term o, 0" is non-negative, assuming R, §#§” > 0, then

de

1 1
ot 592 <0—= 07N r) >0, + 37 (3.154)

Inequality (3.154) indicates that a congruence which is initially converging (6y < 0) will converge
to zero in a finite time. For this reasoning to be true, we require that R,,£#{” > 0 for every non
space like vector. In particular, for timelike geodesics, we consider this inequality in the late time
cosmological scenario, assuming a de Sitter phase of expansion, and negligible contributions from
radiation and dust. In order to have accelerated expansion of timelike geodesics, the Ricci scalar,
R = Ry will be approximately constant.

We followed the results [113], it can be proved that
f(Ro — Rof'(Ro))

2(1+ /'(Ro))
where we require that the field equations (3.44) with constant scalar curvature and standard matter

sources satisfies the SEC. Thus, the RHS of (3.155) must be negative in order to have R, "¢ < 0.

Ry Y > ; (3.155)

Equivalently, M¢ > 0, and this means we need M; to be bounded from above. Thus the condition
for timelike geodesics to diverge at late times becomes:

f(Ro — Rof'(Ro))
2(1+ f'(Ro))

<0. (3.156)

If 1+ f'(Ry) > 0, we obtain
f(Ro) = Rof'(Ro) < 0. (3.157)

If we take Equation (3.44) in a vacuum (7" = 0) for constant scalar curvature solutions, the value of

Ry satisfies
—2f(Ro)

Ry = 1= F(Ro)

(3.158)
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Although, in general this can not be solved analytically, some f(R) models exist, depending on their
parameters, for which a closed solution can be found. Rearranging the terms in Equation (3.157),
we can find for a given model whether (3.158) implies that Ry > 0. A positive contribution to the
Raychaudhuri equation from the space-time geometry M¢ for every time like direction is obtained,
when this is true. This is an important theoretical consideration which may be used to constrain the
parameter space of f(R) models. We investigated this for the HS model, and show in Figures 5.11
and 5.12 regions of the parameter space, due to a negative contribution of the space time geometry

to the Raychaudhuri equation, where gravity is not attractive.
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Chapter 4
Cosmological Perturbations

Perturbation theory is arguably one of the cornerstones of modern cosmology. To forward the study
of cosmology we rely on fundamental assumptions that manage to avoid major suspicion on very
large scales. However, in order to obtain a universe that resembles the one we reside in we know that
something triggered the time evolution of gravitational potentials and the collapse of ordinary matter.
Making the reasonable leap that tiny fluctuations in the density of the universe are the root of the
observable structure today, there are in principle two ways to imagine the scenario playing out. We
could assume that the seeds of the density perturbations occurred as a result of dynamic processes
during the evolution of the universe, which at the initial moment was indeed in complete equilibrium
leading to a class of models known as isocurvature theories. However, this initial fluctuation spectrum
would have had to have been present at the time of recombination at least, in order for us to observe
the structure we see today. For this reason it is the second interpretation, the so called adiabatic
model, which is more widely accepted, in which the seeds of structure were a feature of the initial state
of the universe. There must have been some tiny fluctuations of the gravitational potential which
initiated the growth of structure. The best way forward would be to perturb our simple universe by

perturbing the metric;

Juv = Guv + 5g/wa (4‘1)

and track the evolution of perturbations throughout time where as is usual, barred quantities rep-
resent the background value, and those containing a prefix of § represent the perturbation on that

background, with the perturbed Einstein equations appearing as

Gy = 870, (4.2)

This gives the exercise of effectively reconstructing the growth of structure in our Universe, and
moreover, model universes, whose validity needs checking against the large scale structure observations

we have available.
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Studying the growth of structure ultimately reduces to :

1. Choosing a set of initial conditions for the universe and its initial fluctuation spectrum; whether

adiabatic or iso-curvature models are being considered.

2. Identifying what components of the dark sector we consider important for study, and the space-
time evolution of the stresses of this component. The nature of dark matter chosen to feature in
the model will determine the evolution of the gravitational potential, playing a significant role
in observable effects of the large scale structure of the universe - thus the large scale structure
(LSS) provides strict constraints on the properties of the dark matter content. For example,
non clustering components of dark matter will contribute nothing to the growth of gravitational
potentials, and will instead add to the effects of expansion, leading to more diluted large scale
structure. Models with higher neutrino densities lead to less large scale structure and more

large angle anisotropies.

3. The type of perturbation which will be considered to be evolving. Specifically, any perturbation
can be decomposed into scalar, vector and tensor modes, each perturbation giving rise to
different physical effects. Scalar perturbations occur as a result of fluctuations in the energy
density content of the universe and in general grow with sufficient gravitational instability.
Vector perturbation modes are associated with vorticity perturbations and require a source in
order to be generated, these modes will always decay in a smoothly expanding universe. Tensor
perturbations are a phenomenon of the early universe, generated by transverse-traceless stresses
in the matter, predicted by inflation and in general result in the generation of gravitational
waves. There are models which predict both scalar and tensor fluctuations initially, however
the simplest inflationary models usually contain only scalar modes, where tensor fluctuations
are negligibly small at Planck scales. At scales for which linear perturbation theory is relevant,
these three types of perturbations are decoupled from each other dynamically and may be

studied separately. For this work, we limit our investigation to the linear regime.

4.1 The Gauge Problem

The problem associated with computing perturbations to solutions is one associated to a user defined
ambiguity in the process. Consider a general cosmologically relevant quantity, Q(z,t), we may assign
it a background value of Q%) (t) (of zero order), which is determined by the evolution of the background
cosmological equations, for example those corresponding to the FRW metric discussed in the previous
section. Investigating the evolution of a generic linear perturbation to the background quantity,
we may assign this perturbation Q!)(x), of first order. The linearization is performed by strictly

neglecting products of two first order quantities in the equations. However, solutions to the linearized
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Einstein equations do not determine the perturbations uniquely. For a solution Q(l)(iﬂ), there exists

solutions like Q(l), such that,

QW(z) = QW (z) + ¢(2)2Q (1), (4.3)
which also are able to satisfy the linearized Einstein equations. Therefore, the perturbation QW) is
really only fixed by the linearized Einstein equations up to a small arbitrary function ¢(z), known
as the gauge function. This implies a perturbation calculated in this way is not consistent with the
physical perturbation itself, since it depends on some arbitrary function, and the actual notion of
what the physical perturbation is becomes blurry. This is the heart of the gauge problem, and in
the quest to solve the perturbations around a suitable background cosmology, and reproduce the
current observables, like the distribution of anisotropies in the cosmic microwave background, and
the distribution of baryonic and cold dark matter in the sky, many gauge choices have been defined,
based on various case justified choices. The choice of gauge will ultimately change the appearance of
the metric and therefore produce results specific to that choice.

Some popular gauge choices are the synchronous, spatially flat, comoving, uniform density and
Newtonian conformal gauges, each having advantages in their own right, either simplifying equations
or producing well behaved solutions in a specific situation.

A classical description of cosmological perturbations was treated by Lifshitz [114], in which the
physical interpretation of the evolution of perturbations could not be established until a gauge was
chosen. Later Lifshitz and Kalatnikov [115] further developed the theory, in which they discarded
the gauge modes. The cleverest approach would be to find those variables which have the property
that they are gauge invariant; vanishing in the background, such that these gauge invariant variables
maintain their values regardless of the coordinate system or gauge chosen. Bardeen [116] formulated
the first gauge invariant framework through which cosmological perturbations could be studied, by
using specific linear combinations of naturally gauge invariant quantities occurring in the perturbed
Einstein equations and emergent conservation laws [117]. However, while his variables are gauge in-
variant, they lack geometrical intuitive power, since they are defined with respect to some coordinate
base in the first place, as gauge invariant linear combinations of gauge dependent perturbations [118|
- a mathematical tool to get the job done.

Following work on this problem by Hawking (1966), Ellis et al developed a covariant gauge invari-
ant framework in which the physical meaning of the gauge invariant variables are clear. Specifically,
the density contrast itself is treated gauge invariantly. This is done by defining a covariant set of
exact variables which vanish in an FLRW space time, such that the variables themselves are the per-
turbations in a perturbed FLRW universe [118]. In the next section we give a brief overview before

presenting the perturbation evolution equations in this framework.
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4.2 Covariant Gauge Invariant Approach to Cosmological Perturba-

tions

Once we have the equations governing the background evolution for a cosmology, given a specific
metric, we can examine the evolution of perturbations around said background, as long as the metric
of choice is verified to be a solution of the background cosmology. This section aims to present the
covariant gauge invariant (CoGI) description of the evolution of perturbations, through a set of co-
variant equations expressed in terms of variables which are naturally gauge invariant, and that have
a direct physical meaning [107], [11].

To begin the process, we split all the “real” quantities in (3.113) to (3.126) into a theoretical
background part (zero order) and a small perturbation (first order). In a FLRW space time, back-
ground quantities are exclusively time dependent, however, the perturbations will not in general obey
isotropy, and are functions of space as well. Once the sum of the zero and first order parts are sub-
stituted into the propagation and constraint equations, neglecting products of quantities with order
higher than one leads to the linearized propagation and constraint equations of the 143 cosmological

system,

.1 ~ 1 . 1
@+§®2—VAQ+§(pM+3pM) = —§(pR+3pR), (4.4)
2 1
We + g@wa + icurl A, =0, (4.5)
2 -
OaB + §®0a3 + Eu5 — V(aAm = —qg, (4.6)
. 1 . 5
E.3+ OFE,3 — curlH,p5 + i(pM + pM)O'aB (4.7)
Ll r_ R L. lg r_1lgr
= _5( +p")0as — §7T<ag> - §V<aq5> - é@ﬂaﬂ,
. 1
H,p +0O©H,3+curl E,3 = icurl ﬂfﬁ, (4.8)
. 9 _
VPoa5 — curl wy — gvae = —q¢f, (4.9)
curl o458 + @mwm — H,3 =0, (4.10)
=5 le mv_ _lepr g rR_1g R
\Y% Eaﬁ - gvap = —§V ﬂ-aﬁ + gvap — g@qa, (411)
N IV 1
VPH L5 — (M + pM)we = —§curl q— ol + (pf + pPwa, (4.12)
V%e = 0. (4.13)
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where, A, = 1. Notice that at first order the vorticity decouples and is spatially homogeneous. The

linearized conservation equations are

pM = —6(p™ +p), (4.14)
vopM = —(pM + pMyae, (4.15)
‘R | Fa R R, m ., ul'R

PV e = =00+ ) 4 T (4.16)
: - - 4 . "VaR

Qg + Ve + VImgls = =205 — (p" +p")ia + oL I (4.17)

These equations set up the system to describe the cosmological perturbations in f(R) gravity in a

covariant and gauge-invariant framework.

4.2.1 Perturbation variables

Fixing the background, in such a covariant gauge-invariant approach, is done by deciding which of
the background quantities may be turned off, or on, as the case may be. In this thesis, we will only
consider expanding (O # 0), homogeneous and isotropic (m,g = 0,w, = 0) backgrounds. As discussed
in Chapter 1, there is no unique correspondence between the real world, which we could represent
by a spectrum of perturbations, and the chosen theoretical background. The problem will always
come down to selecting a gauge, or better yet, eliminating the appearance of the gauge function in
the equations all together. So in this section we will present a set of gauge invariant perturbation
variables, which do in fact facilitate the elimination of the gauge functions [107], [11], [119].

The key quantities in a perturbation study for cosmology would be the energy density contrast
and the perturbation associated with the Ricci scalar, indeed it is these two perturbations which
we are most interested in. The following two gauge invariant quantities provide the basis for the
discussion of the time evolution of energy density perturbations:

the orthogonal projection of the energy density gradient
X, =VpM, (4.18)

which can be obtained in a number of ways; by using the observations of large scale structure paired
with estimates derived from the virial theorem, by measuring the way the number of sources change
and taking an estimate of the mass to light ratio, and by gravitational lensing observations [11], and

the orthogonal projection of the expansion gradient
Zo =V40. (4.19)

Because these variables are not directly related to the measurable quantities, the following more
suitable variables are used, defined in terms of the above projections, scaled by the scale factor, a(t):

Xa
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D,, is the matter - comoving fractional energy density gradient , and is gauge invariant and dimension-
less, giving the spatial variation of energy density for a fixed comoving scale [11] . The ratio X, /pis a
measure of the difference in magnitude between the density perturbations and the background energy
density, and the appearance of the scale factor ensures D, is dimensionless. Its magnitude is given
as usual by D = /DD, and is the preferred variable; D is the gauge invariant covariant version
of dp/p, but it represents an actual spatial fluctuation in the energy density, instead of a fictitious
time fluctuation [11] . The Bardeen variable € < dp/p is in fact the scalar harmonic component of

Dy [120], [121]. The variable involving © is also scaled by the scale factor:

Zo =aV,0, (4.21)

known as the matter - comoving spatial expansion gradient. And another important variable, not

independent of (4.20), is the spatial gradient of the Ricci scalar,

Co = aV,R, (4.22)

where R = 6K /a? is the 3-Ricci curvature. In f(R) gravity, the above variables do not complete the
story, we also require a perturbation variable which can characterise the inhomogeneity in the Ricci
scalar. As in the previous section, the Ricci scalar curvature is treated as an effective field, and thus

we define the variables in terms of the following gradients:
Ra =aVaR, Ra=aVR, (4.23)

where, R, is the spatial perturbation in the Ricci scalar itself, and R, is the perturbation in its
momentum, R. These quantities vanish in the background which render them gauge invariant. The
variables defined above will characterise all of scalar, vector and tensor perturbations, including those
involving the evolution of non-spherically symmetric and rotational modes of motion, which, in the
context of a linear analysis in FLRW backgrounds, are independent from each other, allowing the
dynamics of each to be studied separately. Given that we are only for the moment interested in the
matter density perturbations, it is in our interest to extract the scalar part, relevant for this purpose,

simplifying the equations significantly. We do this by using the local splitting:
~ 1

VaXs = Xag = 3hasX + 505 + Xjag), (4.24)
where,
~ o 1
X =VaoX® ¥X5=Xp — hapX, (4.25)

from which, geometrically, it is clear that really the only the scalar part X can describe spherically
symmetric collapse, thus the analysis will now only be concerned with the scalar part of the pertur-

bations. The scalar part is extracted by applying the comoving differential operator aV, to (4.20) -
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(4.23), resulting in the following Scalar Perturbation Variables:

2

An = Z—M?QpM, (4.26)
Z = a’V?0, (4.27)
C = a*V?R3, (4.28)
R =aV’R, (4.29)
R = a’V?R. (4.30)

and these new variables are also gauge invariant.
The Newtonian potential is constructed using the divergence of the electric component of the

Weyl curvature tensor:

N __ 2 totalytotal
&, =a"p"”""" Dy

1

=367 3E [m%@py + gR f'Co — 2d° f"O*R,, (4.31)

2
+% (f”(f 2+ 2RO — 2R@f’f(3)) @Ra} :
where D, represents the total energy density fluctuation, and its corresponding scalar gauge invariant

perturbation is defined as
N = Vool (4.32)

Thus, once a background is specified, the set of variables {Ays, Z, C, R, R, @V} will completely de-
scribe the evolution of the spherically symmetric component of the gradients defined by (4.20)-(4.23)
in f(R) gravity. And the Stewart Walker lemma guarantees that the new perturbation variables are
gauge invariant in accordance with the fact that the quantities by which they are defined are gauge

invariant.

4.2.2 Evolution Equations

Standard FLRW cosmology is provided by the following background equations, where the curvature
fluid is also a source in f(R) gravity, for an observer with velocity u} in the matter energy density

frame, where the sources are described by perfect fluids, such that p™ = wpM:

M

0? = 3‘}—, +3p% — gRg, (4.33)
O+ é@Q + 21f,(pM +3p™M) + %(pR +3pf) =0, (4.34)
pM (M +pMy =0, (4.35)
PR+ 0(p" +pft) - pM]]:;R =0, (4.36)
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and p* and p’? are provided by Equations (3.100) and (3.101), and are the zero order energy density
and pressure of the curvature fluid. Using equations (4.33) - (4.36), the following evolution and
constraint equations for the variables (4.26) to (4.30) may be derived [107], [119] comprising a set of

first order partial differential equations:

A =wOA ) — (1+w)Z, (4.37)

. S el . M 2 R R "
P RJj _@ Z+[(w 1)(3w+2)p7, 2wO? + 3w(p™ + 3p™) Ayt f
f 3 2(w+1) f 6(w+1) i
1 1 ff// pr// f// f(3) f/
iz o rRe(F) tROT R ViAN - VR s
(4.40)
- iC) . (3w — 1) pM w N
S)Q‘__(Q_{_2Rf// R-RZ -~ 3 f”+3w—|—1( +p )f//
w . G K 1f f(4) G .2 )
_ A = |z z
+3(w—|—1)R<® 3R f”) M+ 5 ( f”+ 7 R?+© 7 R— 9@
1 @3 1 1 Mo
. 18R 18Ay 3 2w—-1)0  6p"\  6f"
C Lﬁ@f, 20 + a2®C+ M T+ w + o @f”VR
" > 1 £(3) _ g1 _ 2 _ 9, R\ g/ 5 "
+6; | 6RO Y — (3 éﬁg 3p™) [+ 6RO[") (4.42)
. 4wa2@ 2a2f” CLQ(@f” — 3Rf(3))
2
+V 3(w+1)AM+ 7 R — 57 R,
and the following constraint on the system:
c (4 2R pM A M o;
S+ (3@+f/> Z—27AM+ 2R@7 ﬁ(f—% +2ROf") | R
2@f// 2f// ~
g R — 7 VIR = 0. (4.43)

The perturbations determined by this system of four equations, or a single fourth order differential
equation, result in solutions which, in general, contain four modes. This differs from GR, where

in general the density perturbations only have solutions containing adiabatic growing and decaying
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modes, determined by a second order differential equation. It is also clear to see that the dependence
on the scale factor is far more prominent than that of GR, implying that the evolution of perturbations

are significantly more sensitive to background behaviour and scale.

4.2.3 Harmonic Decomposition

To make the equations (4.37) — (4.42) more palatable, a harmonic analysis can be employed to reduce
them to a set of ordinary differential equations, which effectively separates out the time variation from
the space variation of density perturbations. In doing so, the differential equation describing the time
variation is converted to a set of separate time variation equations corresponding to each component
of spatial variation, characterised by a matter comoving wavenumber, k£ [11], [118], resulting in a
set of equations which are easier to solve. Using the eigenfunctions of the spatial Laplace-Beltrami

operator, defined by
V2Q = -50Q, (4.44)
a

where k = 2ma/\ is the wavenumber and Q = 0, each first order quantity in the above equations can

be expanded via
=> X®@))QM (x), (4.45)

where ) represents both summation and integration for discrete and continuous indices respectively.
Applying (4.45) to (4.26) — (4.32), we obtain equations describing the k* mode for scalar perturba-
tions in f(R) gravity:

AP —we Al — (1+w)z®, (4.46)
: Rf" 20 (w—1)(3w+2) p™  2wO? + 3w (p? + 3pT) k
k) | 2 _ 2~ (k) r (k)
Z ( f 3 ) 27+ |: 2(w+1) f! 6(w+1) AM (447)
Of |1 K Lf oM " 2O (k)
M R O T ARl O IRl K
Rk _spk) _ TH RAW), (4.49)
. .3 : (3w — 1) pM (R
Rk — _ (@ +2R 7 Rk _ pzk) _ Ty + m}% ALy (4.50)

' 3)
+[k2—<1f+f 2y (6R+R)—R> R*),

a? 3 f// f f// 3
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i K2 1
LS SN W { —(6f'C
a2(20f" + 3Rf") a2(20f' + 3Rf")
C12f"VPR + 120 "R + 12ROf fO) — o f” <3f — (0% — 3pR)f + 6R@f”> f,>
102 _ ! R
A<4w® _4f'e’—12f'p ﬂ (451)
w+1  20f + 3Rf"
-, | 4wa?© 2a2f" a2(Of" —3Rf®)
2 (k) - (k)
+V 73(w+1)AM+ 7 R 37 Ry,
together, with the constraint,
cw 4 2R\ g L 20 P )
0=—73+ <3@ g z® - Zf/A 7 n*) (4.52)
. 3) " . "2
2R@ff, - Jfa (f - 2p+2R®f”) +2°§u] RE) — 0.

Changing variables, we can further simplify the appearance of the above equations, reducing to a pair

of second order ordinary differential equations:

A(k’) + .AA(k) + BA(k) —CcR®) 4 pR(k) (4.53)
FEW 4+ R 4 FR®) = gaAl) £y AD), (4.54)
where,
2 Rf”
A:<3_w)@_ 4 (4.55)
2 2RO (3w? —1)pM
B=— [wa2 —w(3pf + pft) — 7 A 7 ) ] , (4.56)
1 k2 7 v . Y " f(3)
C=5(w+1) 2—27—1+(f—2p +2ROf )ﬁ—me 7 (4.57)
1!
D=- (“’Jrfl,)@f, (4.58)
kz " " 2 ¢l pM 1 R VAW f/
F=- 2f +2—2f+ @ —(w+1)2f, —6(,0 +3p™) f -3
f "2 . .
4 67f/ "y RGT _ Rf(?)) _ @f(?’)R _ f(4)R2 , (4.60)
G=—|30w-1p"+—= (f<3 R+ (" +p™) [+ SROS" + Rf”)] , (4.61)
_ S 21
2y Wfff (4.62)
w

67



If we set f(R) = R, the above equations reduce to the evolution equations for density and curvature

perturbations in GR:

" 2. . k2 1 3
AW — (w - gmgy - [wGQ — (2 +w— 2) pM] Al =0, (4.63)
R® = (3w — 1)pM AP, (4.64)

In this section I presented the equations of motion for scalar perturbations in the 1 + 3 covariant
gauge invariant formalism. We use the solution of these equations to form quantities which are
inferred from cosmological data. In the Section 5.3.3 I will define this observable quantity, and its

relation to the theoretical solution of equations (4.53) and (4.54).
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Chapter 5

A general class of viable broken power

law models for f(R) gravity

In Chapter 1 we discussed the first questions which lead to the development of the research in
this thesis. In Chapter 2, 3 and 4 we presented the relevant background required to address these
questions. And we are now at the stage to begin answering some of these.

The model which represents a general class of viable f(R) theories is given in [7], and has the

st =r-ra{i- i+ (£)] o)

In Figure 5.3, the correction of this function is plotted with the curvature, to illustrate the dependence

1+<§S>2 _q—l}, (5.2)

with A > 0 and Rg ~ A in the ACDM model. In [7], an example of the model (5.1) was considered

form

of its behaviour on the free parameter n.

For n = 2, we obtain the models examined in || ;

fU@S“R4—ARs{

for which 8 — oo, resulting in the form for f :

f(R)MJW =R—-—aR,In <1 + 5) . (5.3)

For = 1 we have the models studied in [6], which was the first model we considered in 2015,
RN
C1 ==
f@MSZR—m%4%@;*>
ez (7)) +1

model parameters c;, ¢, n are positive dimensionless constants, and m? which in [6] is defined in

(5.4)

terms of the average density as

2 —
m? = %, (5.5)
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gives the mass of the scalar field, which we relate to the Hubble constant through the parameter c;

m$ = /3f"(R) = cHj. (5.6)

The HS broken power law form for f(R) at (5.4) is probably one of the earliest models constructed
to evade local tests of gravity. In order for the scalar field to have a smooth transition from high to
low curvature regimes, such that in environments of high density there are no deviations from GR
(like the solar system), the mass of the scalar field must be large [122], [123|. Both the HS model and
the more general form given by (5.1) have a mass dependent on the curvature of the environment,
satisfying the following limits [96], [6] :

lim g(R) = const,
cHZ/R—0
(5.7)
lim g(R)=0.

cHZ/R—00
the correction to the Ricci scalar, g(R) is chosen such that as it can produce an effective cosmological
constant at late times, while also avoiding violations of local gravity tests. A viable model for f(R)
would be one that firstly had GR as a limiting case, and the second limit, which sends the corrective
term g(R) to zero when spatial curvature is zero corresponds to this. These limits are a set of essential
considerations when picking out a form for f(R) that can at very least produce the correct expansion
history for its resulting universe.

That observed expansion, which is quite well described by the ACDM parameterisation of the
BBT must be produced at high redshifts - we would like if the f(R) function could essentially behave
like the ACDM model at high redshifts, especially because high precision data is available from the
cosmic microwave background. Since radiation dominates in this regime, the theory describing the
background need only be as good as GR, and having a correction which disappears in this regime is
suitable.

In order to show how these models can mimic cosmological constant behaviour at late times by
satisfying the limits (5.7), Figure 5.2 gives the corrections in the Hu-Sawicki, Starobinsky, MJW
model as a function of curvature. It is clear to see how these functional forms for f(R) satisfy the
limits stated previously. The correction g(R) goes to zero as the curvature goes to zero, reducing to
GR gravity, and as the curvature increases compared to the local density, the correction evolves to a
constant valued plateau; and it is this plateau which mimics the cosmological constant behaviour.

A comparison of the resultant expansion histories, represented by a redshift evolution of the
Hubble parameter and the deceleration parameter, for the models stated above is shown in Figure
5.1a. The broken power law functions with more parameters can match the behaviour of the ACDM
model, far better than that of R™, alone. As is discussed below, depending on the initial conditions
chosen, these f(R) models cannot obtain the exact values for H(z) and ¢(z) at the present epoch -

this is highlighted in Figure 5.1 below.
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(a) The Hubble rate, H = £ is shown for four f(R) models, along with the
ACDM model.
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(b) The deceleration parameter corresponding to the four f(R) models, is
plotted along with the ACDM model. The HS and Starobinsky models
asymptote to ACDM like behaviour, while the MJW model does not do as

well.
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Figure 5.2: A plot of the correction (second term) of Equation (5.1), showing the change in the
amplitude of the correction with curvature, for various values of key parameters which define the
literature’s most popular viable theories. STAR indicates a form of the Starobinsky model which is
set by (n,a,f,0) = (2,1,2,1), HS indicates a form of the Hu-Sawicki model set by (n,a,3,0) =
(1,2,1,1), MJW indicates a form of the MJW model [7] set by (n,«,,0) = (1,2,— o0,1) . The
correction goes to zero for low values of R/cHZ and tends to a constant valued plateau as the curvature

increases in relation to the local density.

The parameter n controls how quickly the correction transitions from zero to the constant plateau,
and the amplitude of the correction is determined by the mass scale, or 8 in the GV model (5.1), or
¢ in the HS model (5.6). Specifically regarding the HS model now, in the high curvature limit we

obtain:

lim  f7S(R) ~ —Lm?, (5.8)
cHZ/R—0 C2

and, following the idea in [6] of initially considering models which look like ACDM by setting the

height of the plateau to 2A, we obtain a relation between the free parameters:

c=6(1— Q)2 (5.9)
C1

Thus the height of the plateau is controlled by the free parameters {ci,ca} and the matter density
today Q. = pm70/3Hg.

Even in the GV model, as can be seen from the curves in Figure 5.4, the exact behaviour of the
correction we desire - that is a height approximately equal to 2A, and a transition which is rapid
enough that initial conditions’ may be set not too far back in the past (for efficiency of numeric

integration, which we will get to later) - is fixed by a combination/relation of the model parameters.

'The choice of suitable initial conditions depend on the correction as I will discuss in Section 5.1.1.
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Figure 5.3: The correction of (5.1), plotted for integer values of n ranging from n = 1 to 7, while
all of B, a and o are fixed to be 1. The larger the value of n, the more rapid the transition from
the GR limit (¢g(R) = 0) to the constant valued plateau, the effective cosmological constant limit

(g(R) =constant).

Simply by inspecting the curves it looks like it would be most suitable to choose [ positive and small,
with n > 1, but the final say will have to be made by a data analysis.

For convenience, the function (5.1) is rewritten in terms of the following

R
r=—, (5.10)
Hg
H(z)
h = 5.11
HO ? ( )
giving dimensionless versions of the Ricci scalar and the Hubble rate, and,
Ry = R, = o H, (5.12)
(5.13)
such that (5.1) is now
2 2 A" 7H
f(R) = rH? — Bo H; {1 -+ (2)] } (5.14)
o

Similarly as in the HS model, both 8 and ¢ will affect the behaviour of the model, and here o is
related to the mass of the scalaron. In this broken power law class of prospective viable functions for
f(R), it would be expected there would be a preferred class, associated with one or a range of values
of specific model parameters. The physical meaning of these parameters is a notion we must come

back to, however, in our quest for a theory which can, without an explicit cosmological constant term,
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Figure 5.4: Examples of the correction term for the GV model at (5.1) are plotted in four panels for different
values of the parameter 3, n, to illustrate its change in behaviour. Larger values for § increases the height of the
plateau, and also works to slow the transition from effective “GR” to effective“cosmological constant”. Where
n =1, 8 > 1, the plateau is only reached at very high values for curvature, however larger values of n afford
reaching the constant valued plateau for smaller values of the Ricci scalar, enabling the required behaviour.
The first panel of the third row shows how negative values of 3 affect the behaviour of the correction; reaching
its cosmological behaviour at only very high redshifts, while the second panel of the third row shows how

changing o affects both the amplitude and the slope of the correction.
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produce the observed late time acceleration, we investigate what numeric values of these functions

are preferred.

5.1 Dynamical Systems Approach to f(R) gravity

One of the main problems in making quick progress in laying out the results of an f(R) cosmology is
related to the complexity of the field equations due to the inclusion of higher order curvature terms
in the gravitational action. This makes the problem of deriving the dynamics of the cosmological
quantities, and finding exact solutions extremely difficult if not impossible.

The dynamical systems approach to study cosmological models has become a popular method
amongst authors in the field, starting with [124], [125], where cosmological models deriving from GR
were investigated, extending to many papers using a DS method to study modified gravity models
see for example [2], [126], [127], [128], where the dynamical systems approach was very clearly laid
out for f(R) and scalar tensor theories, and see [1], [3], [5], [129], [130], for example, where it was
implemented to study the asymptotic solutions in f(R) theories.

The technique requires expressing the differential equations of motion of a given physical quantity,
for example the scale factor in cosmology, in terms of a set of newly defined variables, which convert
the system into ordinary first order autonomous differential equations. This framework was developed
to study the asymptotic solutions of a system, and the stability of the various solutions based on a
study of eigenvalues.

The compact system was obtained by defining variables, normalised by a positive definite quantity,
which constructed a finite phase space, pulling asymptotic fixed points into the normalised phase
space. Using the same tactic we use a non compact dynamical system, defined by a set of expansion
normalised variables, comprising terms of the modified Friedmann equation.

Results coming from such analyses showed that in the general class of f(R) theories, at least those
examinable within the specific framework - definition of variables, normalisations and independent
variable - contain “radiation-like” repeller and “de Sitter-like” attractor asymptotic solutions. Certain
f(R) theories are even found to reveal an unstable, saddle “matter-like” fixed point solution [4]. These
results testify to the fact that suitably chosen functions for f(R) have the ability to produce universes
which chronologically mimic that of our own.

For completion of the section we rewrite the modified cosmological equations below. From the
general modified field equations as given by Equation (3.44) we obtain the following modified evolution

equations for the scale factor

2H + 3H? = —J}, (pm +2H ' + %(f — Rf') + R2f" +Rf”> , (5.15)
2 1 1 / ¢!
:?)f,<ﬂm+2(Rf—f)_3Hf>~ (5.16)

75



The dependence of f on the Ricci scalar is implicit, and primes, as usual, denote derivatives with
respect to R.

We also make use of the continuity equation, where w is the equation of state;
p=-3H(1+w)p. (5.17)

We have chosen to perform the entirety of our analysis within this dynamical systems framework,
as it lends to substantial simplification of the cosmological system, and the variables defined in
terms of physical quantities allow direct tracking of the dynamics of these quantities. The dynamical

variables are defined from the terms of the modified Friedmann equation (3.78) as

fro1 1 R
_ _ L R 5.18
YT FhH, VT 6h2HD (5.18)
1f 1 Lpm 1
_17 _Lpm , 5.19
Y= 6 n2ag 3 f h2H? (5.19)

The variable v represents the Ricci scalar, 2, not to be confused with the matter density fraction €,
represents the matter density field modified by the scalar field f’, z and y are variables related only
to the model function, f(R), and h = H/Hy, is the dimensionless Hubble parameter.

The Friedmann equation is a constraint on this system, and in terms of the above variables, is

written:

1=Q+4v—x-—y, (5.20)

and the Raychaudhuri equation provides a dynamic equation for the dimensionless Hubble parameter;
dh  h
dz 241

Since we are interested in integrating the system with respect to redshift, the differential equations

(2 - ). (5.21)

corresponding to the non-compact (see [1] for details on the compact version of these variables)
dynamical system can be obtained by differentiating the variables at (5.18) and (5.19) with respect

to redshift, z, and rewriting all cosmological quantities in terms of these variables:
dx 1

&G [(—14+3w)Q+2°+ (1+v)2 —2v+4y], (5.22)
illz:_(zj—l) [val —zy + 4y — 2yv], (5.23)
dv v Fad_2 5.94
G Gl a2l (5.24)
dS) 1

E:(z—i-l) Q(-14+3w+z+2v)], (5.25)
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where I is given by I' = f’/f”R. The first order autonomous differential equations written at (5.21)
- (5.25) represent a cosmological dynamical system for any f(R) theory, which can be inverted for
the Ricci scalar such that I' can be expressed in terms of the dynamical system variables (5.18) -
(5.19) [4]. The only model dependent term is I'. For the HS model (5.4), I" takes the following form,
in terms of the model parameters

(cor™ + 1) [r(crr™ + 1)? — eyner™]

Pps = — cne[rt(n —1) — cor?®(n+1)] (5.26)

and for the general viable model at (5.1), in terms of its model parameters

ny 28 r\—"n r\"
5 (0@ @ e 0 (5)Y)
Py = — — — . (5.27)
(B m (D)8 ()
In both of Equations (5.26) and (5.27), 7 = 6vh?, as given by the dynamical variables. To solve
for the background of the f(R) models we consider, the system (5.21)-(5.25) is integrated from initial

conditions fixed to ACDM values at a time in the past, we will elaborate on the choice of initial
conditions in the next section.

As a quick aside, we show the expression of the GDE, as described in Section (3.5), in terms of
the DS variables we defined at (5.18) - (5.19). In terms of these variables, wiq = (1 — 2v(2))/3.
Therefore, using the Friedmann constraint (5.20), the geodesic deviation equation for f(R) models,
for which the DS variables are suitable, may be written as

n  4-— 2—
% (zf(f;jz (zﬁ;)" =0, (5.28)

which is a result valid for all f(R) theories.

5.1.1 Initial Conditions

It was previously found that requiring an hy(g) o and qgg) o equal to those of ACDM as an initial
condition for such early analyses came at the expense of large deviations from the ACDM model,
and the observed Universe for much of the rest of the expansion history [82], [1]. In fact, in the HS
model, a dark energy phase of expansion is preceded by a “radiation-like” expansion era, with no
matter dominated period [1].

This can be understood by considering the correction g(R) in an f(R) = R + g(R) scenario,
as discussed previously. Specifically, consider the correction corresponding to viable theories; for
instance the HS model as shown in Figure 5.5, where, as curvature increases the function asymptotes
to a constant value. Such models allow high curvatures to be re-associated with high density, as it is
in GR + A.

Counterintuitively, if initial conditions are set too low, before the constant limit, the evolution of

the Ricei scalar is not guaranteed to be monotonically increasing with redshift (see Figure 5.6).
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Figure 5.5: To show the effects of initial condition, I plot an example of the correction of the HS
model with dimensionless curvature. The black lines represent the initial values of the Ricci scalar,
ro = 7(20), when computed at three separate initial conditions, from left to right, z = 0,10, 20,
respectively. The value for the rq for zp = 0 is too small and does not enable the correct cosmological
behaviour since the integration actually will force it away from the plateau. Increasing zy places the

initial value of the correction already on the plateau, by increase the value of rg.

1200

1000

900
1000-
8004

800 70!
600

10+ 2 600

2 500

400

104 4009

3004

200{ 20
1001

10

Figure 5.6: We show the effects of initial conditions on the dynamics of the cosmological models
by considering the R/ HOZ. Each panel from left to right shows the evolution of Ricci scalar when
initial conditions are chosen to equal the values of ACDM, at zp = 0,10, 20 respectively, for the
HS model(purple), GV model (blue) and the ACDM model (green dash). The first panel requires a
logscale for clarity, and both the f(R) models reveal non monotonic behaviour. As we increase the
redshift at which we require the models to mimic ACDM, the behaviour improves, with oscillations,
small in the HS model, and larger in the GV. This is evidence for the fact that the closer to infinity
we place our initial conditions equal to the ACDM model, the better the behaviour we can expect.
Models considered here were : HS(n,c1,c2, Q) = (1,1,1,0.27) and GV(n, 5) = (2, 180).
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By setting initial conditions at a high redshift, we can set the initial condition of the Ricci scalar,
R at a sufficiently large value, to force the initial value for the correction to assume its “cosmological
constant” limit. In this way we are able to ensure that the system contains the ACDM model as a
high curvature limit. This in a sense is a way to state that we want this f(R) theory to behave in
the way the observed Universe appears to do, and let’s see how close it can get, for how long to our
favourite model.

An additional concern related to initial conditions is dealing with the occurrence of singularities
at, at least for now, unpredictable finite redshifts. Depending on initial conditions, some classes of
models exhibit numeric oscillations, others just have asymptotic discontinuities. It turns out, for the
two models most closely studied, one a subclass of the other, that the higher the initial conditions,
the farther away from the present epoch oscillations and/or singularities can occur. This points to
the obvious advantage of selecting an initial condition to at least numerically represent infinity, for
which the main drawback is compute time.

These notes, taken during numeric experimentation, hint toward the fact that initial conditions
must be chosen carefully and the limitations of an initial condition which is not set to infinity must
be acknowledged in the proceeding analysis of any f(R) theory of gravity.

For our analysis we chose the initial redshift to be zg = 20, and we fixed the initial conditions for
the integration of the dynamical system, in both the GV and HS models, to be equal to the ACDM

models, therefore the initial conditions for the dynamical quantities are set as follows:

ho = h(z0) = [Qmo(1+ 2)* + a]"7, (5.29)
qgo = q(Zo) = W [Qm70(1 + 2)3 — QQA] , (5.30)
0

ro = 1(20) = 6(1 — qo)hd, (5.31)

vo = v(20) =1 — qo, (5.32)
. ) — Qmp(l + 20)3

= Q) =~y (5.33)
_ _ [f(ro)

Yo = y(20) T (5.34)

xro = :L'(Zo) =Qo+wvy—1yo— 1. (5.35)

The redshift zg was chosen as a compromise between efficiency and the model being satisfactorily

similar to ACDM at and beyond zp = 20. Note that €, o and Q5 are the ACDM values.

5.2 Numerical Method

A set of Python based scripts were developed to minimise the residuals between three sets of data ,

representing distinct redshift eras, and the theoretical predictions for the observables. However due
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to the occurrence of singularities we found performing the MCMC was not as simple as randomly
walking through the phase space.

In this situation, simply searching through the parameter space using a Markov Chain Monte
Carlo method requires synthetic ways to avoid or reject points that have a singularity in the expansion
history. This appears to compromise the statistics of the free parameters in that certain points in
the parameter space which would otherwise not be important in the posterior distribution are “over-
saturated” due to the algorithm finding too many singularities and not getting a chance to move
away from these points in the usual random way. In the next section, I discuss how we dealt with
this problem by generating a kind of numerical prior on the parameter space, using a grid and
the singularity detection condition. Once this “prior” was obtained, we implemented a Metropolis
Hastings (M-H) algorithm to generate the posterior distributions of the model parameters.

As a first exercise and foundation for the frame work of the rest of the analysis, we used Union2.1
SNIa data in an MCMC routine to find constraints on the parameters of the HS and GV models. We
then supplemented these constraints, which were found to be weak, with an MCMC analysis using
BAO data. Finally, we considered the perturbations of the f(R) models, by constructing the matter
density power spectrum from linear perturbation theory, and comparing it to data obtained with the
Sloan Digital Sky Survey of clustering of luminous red galaxies. The last part of the analysis, that
pertaining to comparing power spectra predictions to data, the x? surface was obtained using a grid
of the parameter space, instead of an MCMC parameter estimation.

Below, I describe the M-H algorithm:

In a loop, a point in the parameter space (of the model in question), which for reference we denote as
X7 is chosen?. The background expansion history is obtained as a function of redshift by integrating
the system at (5.21)-(5.25). In the case of computing perturbations around this background, we
pass this solution to the perturbation equations (7.3)-(7.6), and obtain the solutions for the (linear)
density and curvature perturbations. The theoretical prediction for the observable is formed, and
the x2(X f ) parameter is computed. This y2(X f ) is compared with that of the previous point, X*;
X (X7).

If x? (Xf) < x2(X?) then, we update the value of X* to be equal to X7 - we accept this new point
is better than the previous one- , and repeat the procedure, resulting in a convergence to the smallest
value for x? and thus pointing to the direction of the best fit model. The routine will only store one
value of parameters at a time, and only has memory of the behaviour of the previous point.

If x2(X7) > x?(X?) then we will accept X/ with a probability, R = % When X7 is a better
point, i.e. it has a smaller x2, then R > 1 and the chain will always accept X/ to be the new X*. But
when R < 1, while it is not immediately apparent that X/ is a better point than X?, it may still be a
step in the right direction. And in this case we accept the new point X/ with a probability equal to

R; this acts as an assessment of how bad X7 actually is. Points for which the ratio R is closer to one

[
(2

2X denotes a point in the parameter space, its superscript “f” or indicates a new and old point respectively.
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will be accepted with higher probability: A random number, w, is drawn from a uniform distribution
in the range [0,1). If w is smaller than R, then the new point X/ is accepted, stored in the chain,
and is saved as X?. If it is larger then X7 is rejected, and the chain keeps X* as its original value.
Accepting a point, results in taking a step in the parameter space, while rejecting a point means
the chain stays where it is, and tries out a different X /.
The new coordinates of the point, X/ are decided by imposing a gaussian distribution on each

model parameter, centred about its current location at X,

X ~N(X'ox). (5.36)

where the standard deviation oy regulates the sizes of the steps taken. X/ is computed from X? by
X=X+ A, (5.37)

where A is a random number drawn from the distribution (5.36). The ox’s are different for each
model and for each parameter and is chosen based on how quickly we want to move through the space,
how finely resolved we would like the parameter optimisation to be, and the parameters themselves.

In this problem, where the parameters have no physical significance, and the only constraint is
that the height of the plateau of the model is desired to be approximately A, which is a constraint
on a combination or ratio of the parameters. The values for ox were fixed after a period of trial and

inspection.

5.3 Data

5.3.1 Supernovae la

Supernovae are violent astrophysical phenomena that are so bright that they can outshine their host
galaxies, making them observable at several hundreds of Mpc. There are two main classes of SNIa
depending on whether their spectra reveal hydrogen lines or not. And these classes are further broken
down into categories, based on their progenitor mechanism for explosion. The data we use is of the
category type Ia. These supernova occur in binary star systems consisting of a white dwarf (WD)
and a main sequence star, where the WD is accreting matter from its companion, which has exceeded
its Roche lobe. This mass accretion eventually leads to the WD reaching the Chandresakher limit
(1.4 solar masses), collapsing in on itself due to gravitational instability, and an explosion of material
in the form of one of the brightest transient objects known to exist.

Studying the luminosity curves of close supernovae, it has been shown that there is an empiri-
cal relation between the peak and the width of the luminosity curve, allowing the SNIa to become
a standard candle after an appropriate standardisation method is employed. Assuming distant su-

pernova follow the same relation as close ones, SNIa have been taken to be very reliable distance
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indicators [131]. Their reliability has been confirmed by testing the consistency of their distance pre-
dictions with those of the BAO [132]. Finding them in agreement is a powerful consistency check of
the SNIa data. Such a check is important because SNIa are secondary distance indicators; we require
a very large number of these objects of known distance to allow the calibration of standardisation
of the luminosity curves. Several other factors affect the accuracy of results such as intergalactic
absorption, change in metallicity with redshift of the progenitors, and even incorrect classification
could be a source of error. However, once correctly calibrated, the set of SNIa are able to provide
stringent constraints on the expansion of the universe.

Since the first studies revealed the accelerated expansion [133], [134], [22], the size and quality
of SNIa data sets have increased considerably. The data set we consider is compiled by Suzuki et
al. [135], consisting of samples drawn from 19 data sets (including old and newer data sets observed
from HST, large surveys from SNLS [136], ESSENCE [137], SDSS [138] and SCP [139], totalling 830
SNe, of which 580 passed usability tests.

We used the combined data set, known as the Union2.1 SNIa catalogue to place constraints on

the parameter space of the HS and GV models.

Observable Quantities

The observable to be compared with the catalog of Union2.1 is the distance modulus of the object,
defined by the difference of its apparent and absolute magnitudes. The apparent magnitude is given
by

mth(z; Q0 20, x;) = M (M, Hy) + 5log [DL(Z; Qo zo,xi)] (5.38)
where x; are the free parameters of the model, Dy, is the luminosity distance (Mpc), and M is the

magnitude zero point offset, which is given by

3= A 1 5log10 [ Ho ] 4 o5 (5.39)
= O, —_— . .
& Mpc

Here, M is the absolute magnitude and Hy is the Hubble parameter evaluated today, and Dy (z; Q0 20, ;)
is obtained by:

z H
Dp(z,9% 2, x;) = (1 + Z)/ dz' 0 (5.40)

0 H(2;90 20, 2;)

For a particular set of the free parameters {Q0:zi},the Hubble parameter H(z;Q0: z0;2;) is

obtained by solving the differential equations which represent the cosmological model at (5.21) -

(5.25). The theoretical value of the apparent magnitude (5.38), can be determined, and compared

with the observational data from [135], which provides the observed apparent magnitudes mos of the
SNIa with the corresponding redshifts z and errors o,,(.).

We can then compute the best fit model by studying the probability distribution

P(M, Q2 wo, 20) = Ne™X/2, (5.41)
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where A is a normalisation factor and x? = x2(M, Q2. 29, z;) as

(m"bs(zi) — mth(zi; M, Q?n, xl))2

2
Umobs (Zz)

Here 0,05, is the uncertainty associated with each distance modulus data point, and N = 580.
Those free parameters {Q0,, %, Z;} minimising the x? expression (5.42) will correspond to what we
call the best fit. On the other hand the M can be minimised and dropped out of the x? expression,
by expanding (5.42) in terms of M as

x2(Q0,, 20, ;) = A— 2M B + M*C, (5.43)

where

MINTa (o8 (2;) — mt (2 M, Q0 )| %

A, z0,05) = ) 2 = .
i1 ZmObs(Zi)
NSNIa obs ) — th ZM 0o i o
B, 0.2:) = Z (m°(z;) —m gz s M8, @ ))‘M_O7 (5.45)
i1 ZmObs(Z’i)

NSNIa

c=3 2; (5.46)

i=1 amobs (Zz)
The minimum of equation (5.43) is located at M = B/C, such that x? turns out to be

B(Qg)rw 20, mi)Z

)Zz(ﬂgnv 20, xl) = A(ana ZOaxi) - C

(5.47)

Thus, minimising ¥2(92,, z0, 2;), independently of M is enough to find the best fit since Xfmn = )anin,
which is how we proceed. Figure 5.7 shows examples of the theoretical curves for the HS and GV
models against the SNIa Union2.1 data. Both models are reasonable representations of the data,

lying within the data errors.

5.3.2 Baryon Acoustic Oscillations

Baryonic Acoustic Oscillations are an essential advancement for data collection in cosmology and
represent a unique method to measure the expansion of the universe through distance measurements
along and perpendicular to the line of sight.

It is widely accepted that in the beginning, the matter content (as far as we know) consisted of
Cold Dark Matter and neutrinos, interacting only weakly, and radiation and ionised baryons - which
are coupled electromagnetically. An initially over-dense region of this primordial plasma, experiencing
gravitational instability due to its size, will also experience an excess of radiation pressure, leading
to a back and forth between the two dominating forces. Thus, any fluctuation in the density of the

universe at this time would experience acoustic oscillations driven by the forward and backward forces
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Figure 5.7: Here we present a plot of the SNIa Union2.1 data versus the theoretical predictions from

HS and GV models for reference, for example sets of model parameters.

of radiation pressure and gravity, and these oscillations interfere and propagate throughout the fluid
as space expands [140] [132].

The distance these acoustic waves can travel before the matter and radiation fluids decouple
becomes a characteristic scale in the evolution of the universe, corresponding to the sound horizon at
that time. This scale is detectable in the anisotropies of the CMB e.g. [141], as well as in the large
scale clustering of galactic structures, e.g. [142], [143]. The imprint of these oscillations will appear
as a peak in the matter correlation function at the scale of the sound horizon. The CMB can provide
the scale of the sound horizon, and this scale can be mapped to an angular diameter distance, and
the Hubble parameter. One of the main advantages of the BAO as an observable is the fact that
linear physics is sufficient to study the phenomena, and therefore is not expected to suffer from errors
accumulated due to the neglecting of nonlinear effects [144]. Moreover, the imprint of BAO in the
large scale structure will not appear in the dark matter.

BAO are known as standard rulers, as objects of known comoving size, and the angular diameter

distance is computed using Equation (2.85). The data used, shown in Table 5.1, is the following ratio

rs(2cMB)
7 5.48
of the comoving sound horizon, given by
1 2CMB CS(Z)
s = — dz. 5.49
ntown) =g [ as (5.49)
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Survey z % Ref
6dF 0.106  0.3360 [145]
SDSS DR7 0.2 0.1905 [146]
SDSS DR7 0.35  0.1097  [146], [147]
WiggleZ 044  0.0916 [141]
WiggleZ 0.6 0.0726 [141]
WiggleZ 0.73  0.0592 [141]

Table 5.1: We use data from several different surveys.

and the dilation scale, given by

zpao 2 1/3
. z ZBAO

The ¢, in (5.49) is the speed of sound in the photon-baryon plasma,

1 _ Oph?
cs(2) = —————=, where R} = Z%,
3(1+ ) 4k

(5.51)

where £ is the uncertainty in the Hubble parameter, Hy = 100h, and we have used h = 0.6711 and
zom = 1021.44.

The x? parameter is defined as follows
Xbao = (A2 —d") Cpao ' (d2” —d2), (5.52)

where the inverse covariance matrix used corresponding to the correlated uncertainties in the data

points is [148] , [141],

(44440 0. 0. 0. 0. 0.
0. 30318 —17312. 0.0 0. 0.
) 0. —17312. 87046 0. 0. 0.
o1 (5.53)
0. 0. 0. 923857,  —22747. 10586.0
0. 0. 0.  —22747. 128729. —59907.
0 0. 0. 10586. —59907. 125536. |

5.3.3 Matter Power Spectrum, P(k)

One of the most powerful probes of our physical universe is the spatial distribution of luminous
bodies across the sky. It has been the intuition of physicists for many decades that the distribution
of galaxies on sufficiently large scales is uniform. It is also expected that when smoothed over large

scales the galaxy density distribution should have a simple relationship to the matter density of the
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primordial universe. If this is true, then the clustering of galaxies will be directly related to the
clustering of the underlying matter density. This argument suggests that the clustering of galaxies in
the universe gives information about the initial conditions of the universe as well as its subsequent
evolution [149].

Large scale clustering of any mass tracer, typically characterised by its power spectrum, has
three features which are of particular interest to modern cosmologists: (i) Oscillations in the power
spectrum caused by acoustic waves in the photon baryon plasma before hydrogen recombination at
z ~ 1000, (ii) The largest scales of the power spectrum can be used to constrain the primordial
potential of the universe (testing inflation), (iii) The power spectrum turns over at k ~ 0.01hMpc 1.
The power spectrum turns over from a slope oc k (the initial fluctuations are scale invariant) to k=3,
caused by modes that entered the horizon during radiation dominated era, and were suppressed. The
position of this turn over is determined by the size of the horizon at matter-radiation equality, and
corresponds to a physical scale determined by the matter and radiation densities [149].

In order to use the theoretical predictions of cosmological perturbation theory to analyse the
snapshot data we currently have of the universe, we need to exploit the statistical nature of the
perturbations. While Equations (4.53) - (4.54) will give the evolution of a single wave mode of
perturbations, we need to make use of Fourier analysis to study the evolution of a superposition
of growing and decaying wave modes in an expanding universe. The standard approach to this is
assuming that the density fluctuation A(Z) can be interpreted as a Gaussian random field.

If Ay is the spatial Fourier transform of A(Z);

Ak) = (271r)3

we can define the power spectrum of these perturbations as

/ Bre FEA(T), (5.54)

(A(#1)A(F2)) = P(ky)AP (k1 + ko). (5.55)

The power spectrum gives a measure of the average squared amplitude of the k** mode of any
perturbation in Fourier space.

The real space version of the power spectrum is the 2-point correlation function; a measure of the
correlation between the densities at two points separated by a distance 7

1

§70) = (AT DA +7.0) = 53

/ By (k, )T (5.56)

integrated over Fourier space.

The power spectrum of fluctuations is an invaluable tool spanning all of cosmology. Its shape gives
insight into how the matter fluid we consider clusters as a function of scale, in Fourier space, how its
clustering depends on redshift, giving information about its temporal evolution as well as its particle
nature. We are able to extract information regarding propagation speed features which were imprinted

onto the spectrum via the baryonic acoustic oscillations occurring at a time before recombination.
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Investigations into redshift-space distortions, a popular line of data-modelling research, is driven by
studying the shape of the power spectrum on small scales, and the effect small scale velocities have on
it. The power spectrum of matter densities is usually measured using large galaxy surveys to obtain
the amplitude of fluctuations on a range of scales.

The matter power spectrum is defined as:

272

P (k,t) = = <Am(k7t)A:n(k7t)> ) (5'57>

The shape of the matter power spectrum is fixed by the cosmological model under investigation,

and several inflationary scenarios (see for example [150]) result in a power-law shape
P(k) = Ak"™. (5.58)

Features of the primordial power spectrum are expected to be imprinted onto the cosmic structure
observable today. However, it is also expected that, via a number of physical processes occurring
through out the expansion of space-time arising from the interplay of pressure and gravity, these
features will undergo a sort of “processing”, such that the growth of perturbations of certain scales
will be suppressed relative to others. The manner of coupling between baryonic matter and radiation
and the type of dark matter are both factors which will contribute to suppressing of the growth of
perturbations having scales smaller than, for example, the distance an acoustic wave can travel in
the time it would take for an over dense region to collapse.

These effects are encapsulated in the so called transfer function, T'(k), which relates the power
spectrum of large scale density contrasts to the initial fluctuation spectrum, supposedly prior to

inflation. The transfer function is related to the correlation function as follows:

—

(Am(F)Am(F2) ) = T(k) ARy + Fa), (5.59)

—.

where T'(k) = T(k) is a result of the isotropy in the distribution of perturbations. The transfer
function, which is essentially proportional to A2%(k), gives a measure of the density fluctuations at a
scale of k1,

We use SDSS DR7 LRG matter power spectrum data in the range k£ = [0.018,0.29] [151], [152],
which consists of spectroscopic redshifts of 400 000 galaxies, spread over 3275 deg? of the sky, in the
redshift range 0.45 < z < 0.65.

The LRG matter power spectrum represents an observable which is derived by considering the
evolution of scalar density perturbations with the expansion of the universe. It is a good supplement
to the analysis as it gives a method to test the theory beyond its construction to mimic the background
of the ACDM model. We can gain insight into how scalar perturbations evolve in this theory and

how this evolution, considering its dependence on scale, k, compares to real data.
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5.4 Sudden Cosmological Singularities

f(R) gravity has been studied in detail both with regards to UV corrections of GR, in black holes
and the early universe, as well as producing the late time acceleration of the Universe. Modified
theories have been found to contain several types of singularities, some due to violation of conditions,
which can be resolved fairly easily by careful selection of the form of the theory, and others which
seem to exist as a consequence of the modification to GR, and are much more complicated to avoid.
Moreover, the presence of singularities have very bad consequences, may prevent the formation of

compact relativistic astrophysical objects [153].

5.4.1 Hu-Sawicki Model

We have followed previous works, eg. [8], which use this approach, to assist in an analysis of the HS
model in 2015 [111]|, where we calculated the potential for the HS model in this class, and observed
its behaviour with scalar field, ¢, to understand how to proceed with a numeric analysis. The HS

model may be written as:
HZeyr
2 0¢1
fHS(T') - T'HO - 1 rc1

) (5.60)
61—-Qm +1

where we rewrite the Ricci scalar in a dimensionless form by introducing the Hubble constant; r» =
R/H g, and we rewrite the scalar mass in terms of the matter density fraction as in the ACDM model,

For this form, the scalar field is expressed as
1 cir n
6dn(Qm — 1) (—gimmi%)

rles (b)) +1]

PHs = (5.61)

For n = 1, with
C1

2
1— 1 _cr
6 Qm—1

it is clear to see that as r — oo, ¢ — 0, demonstrating that the Ricci scalar actually diverges at a

PHSn=1 = — (5.62)

finite value of the scalar field; ¢ging = 0. Solve for the dimensionless Ricci scalar:

(qﬁ + \/—cl¢) (=14 Qm)

r(¢) = £6 d , (5.63)
giving the following expressions for the potential V' (¢)
V(r,cﬁ):—(_HQm) (0£2v706-2) 2V=bo+9) (5.64)

b
This potential is as depicted in Figure 5.8, for fixed values of n and €2,,,, and varying values of ¢;.
The effects of matter, following [8], are included by considering an effective potential, where the
force term related to the presence of matter is modelled by a linear potential proportional to the

present curvature scalar, Ry:
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Figure 5.8: Plotting the potential at (5.64) for n = 1,Q,, = 0.27 and b = (0.1,0.5, 1.0).

O = Vi (9), (5.65)
Ve 1(@) = V'(¢) + Ro(ps — 9), (5.66)

where V'(¢) is given by Equation (3.71), and ¢, is the de Sitter minimum of the vacuum potential,
V().

Examining the effective potential for the scalar field ¢ gives useful information about the viability
of the models we consider, and provide a rough idea of ranges of the free parameters which can be
excluded from the statistical parameter optimisation analysis. In general it is not possible to express
the potential, V (¢, R) given by solution to Equation (3.73) analytically, however, below for simple
enough cases, usually where some free parameters are set to unity, we are able to show an analytic
expression for the scalar fields and potentials for both of the HS and GV model.

Specifically for the HS model we found that decreasing c; resulted in safer potential minima,
however after a point, smaller values for ¢; result in the minimum moving closer to the singularity
again. Including matter appears to increase the depth of the potential.

From this short study, I had concluded that moving forward I could suggest the following weak
but surely useful prior on ¢;: ¢; € (0, 1], as an attempt to study what appear to be the safest models
in the HS class, at least for n = 1, to avoid the sigularity at ¢,y = 0.

However upon doing a statistical analysis, we found that ¢; > 1 such that ¢ = result

__ b
Vb
in significantly smaller values of the y? parameter. The computations which lead to this result will

be detailed in the following sections, but for example,
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Figure 5.9: The effects of matter, approximated by including a linear addition to the potential, are
plotted here. These panels illustrate how the potential depends on the value of ¢;. For several values
of ¢, we plot the potential for the HS model. In the left panel it can be seen that as c¢; increases,
the minimum of the potential shifts to the left, away from the singularity. However, as can be seen
in the panel on the right, after a certain point ¢; ~ 0.5, increasing ¢; works to move the minimum

back towards the singularity.

x? =~ 602 for ¢; = 0.8,Q,, = 0.27 (5.67)
x? =~ 542 for ¢; = 80.,9Q,, = 0.27 (5.68)

This renders confining a search of the parameter space to the range ¢; € (0,1] to be quite
unfruitful, since the best cosmologies will be produced outside this range. The range of reduced x>
values for ¢; € [0.1,1.0] is [1039.6,593.8], with the previously found minimum in [111] being ~ 542.3.
Therefore the constraint coming from the rough analysis of the scalar potential is neglected, leaving
the parameter space open to search, although models outside this region will necessarily contain
unprotected singularities, which can only be avoided by careful choice of initial conditions® .

In [111], an unrestricted survey of the parameter space for the HS model revealed that SNIa data
place weak constraints on the HS model, however an interesting result was obtained on analysing the
clustering of singular models in the phase space. This clustering was observed in data alternative to
an MCMC chain, where we stored points which were classified as singular during the chain?.

In Figures 5.11 and 5.12 we show these regions of the HS parameter space for n = 2, 3, to illustrate

that there exist regions of the parameter space which are completely singular.

3As discussed in Section 5.1.1.

4The details of the analysis, initial conditions and models analysed will be discussed in Section 6.1 pertaining
to [111].
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5.4.2 GV Model

The scalar field for the GV model, in general, is given by:

o= ()T () (569

With its model parameters set to (8,0,n), = (1,1,1), we have

¢g=—(1+7)72, (5.70)

such that the minimum of the potential occurs at ¢ = —1. Solving (5.70) for the dimensionless Ricci

scalar, we obtain:

V=6 ' V=¢

Solving (3.73) and substituting in for the Ricci scalar, we obtain the following expressions for the

r:<—\/j¢+1 H”). (5.71)

potential for the domains of positive and negative Ricci scalar respectively.
Vor (1) = 1/6 ((=0)*” — 46+ 6 /=0 + 1) /=5, (5.72)
Vo (r) =1/6 ((—9)* + 40+ 6 /= 1) V=0, (5.73)

0.59

Figure 5.10: GV Potential, for parameter values (5,0,n) = (1,1,1), for R < 0 and R > 0. The

potential minimum is at ¢ = —1. We are only interested in R > 0.

5.4.3 Singular regions of the HS parameter space

To be clear, the singularities occur in the first derivative of the Hubble parameter, h(z), and is
reflected in the deceleration parameter, g(z).

Given that singularities are expected within the parameter space, it is useful to determine the
regions of parameter-space containing regular solutions, so that appropriate “priors” on the free pa-

rameters may be considered. To isolate a singular® set of parameters, once the background system

5To clarify, a “singular” parameter set would be one that results in a universe which contains a sudden curvature

singularity as described in Section 3.2.4 in its expansion history.
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(5.21) - (5.25) has been solved, the solution is scanned for any unexpected behaviour. In particular,
if the Hubble parameter becomes too small, such that its reciprocal is numerically undefined, or the
deceleration parameter switches sign, or grows suddenly too large, the set of parameters is recognised
to be singular, and the theory not viable. To avoid the risk of generating unreliable posterior distri-
butions, we generated a grid of the parameter space determining the regions in the space which are
known to be completely regular, within a chosen redshift range® .

Searching the parameter space of the HS model revealed it was dotted with sets of parameters
inevitably leading to singular behaviour. Interestingly, the singular models appeared to cluster into
regions of the space in such a way that showed those regions containing no viable models appear to
be bounded by neat, apparently “continuous” curves.

The case n = 1 is particularly simple as the appearance of singularities solely depends upon two
free parameters {c1; €, }, and the scalar potential is obtained exactly in (5.62). Consequently the
region of parameter-space leading to regular solutions can easily be found [154]. As pointed out above,
we need to stay initially on the lower branch of the scalar potential in order to avoid the singularity,
which is located at ¢ = 0 where V(¢ =0) = %H&. This leads to the condition:

be

dﬂg. (5.74)

V¢:() <

Then, by imposing the initial conditions to match the model with ACDM at a particular redshift and

using the expression (5.64), we get the following constraint on ¢;

3(Qm — 1)H? Q, —1
Ro acpMm [20 (28 + 320 + 3) — 3] Qy, + 4

where zq is the initial redshift. For n > 1, we resort to the numerical technique described above.
We present two dimensional representations of this grid, showing the ¢; — ¢o plane, for fixed values
of Q,, in Figures 5.11 and 5.12 for n = 2 and n = 3, respectively. According to this, for higher
values of n the singular regions in the phase space are more complicated. While the filled regions
in the plot represent regions which contain the singularities in this range of parameter space, there
may exist regular parameter sets for different values of €2, within those regions as well. Similarly,
the white space gives singularity free regions that also depend on the value of ,,. This analysis
ensures a smooth cosmological evolution for z < 0 but is unable to ensure a future cosmological
evolution in absence of singularities. However, note that many other dark energy models allowed by
the observations contain future cosmological singularities [14].

In [111] we presented Figures 5.11 and 5.12 to show the singular regions in the parameter space
of the HS model for n = 2, 3.

5Due to the phenomenology of the background of models like the ones we consider, it is common and not unscientific
to select a redshift range which is smaller than infinity, since the model becomes indistinguishable from ACDM at high
redshifts. The statement to be made is then that these models represent no singular behaviour within the redshift

range z = [0, 20].
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Figure 5.11: Regions in the ¢; — co plane, for n = 2 containing singular sets of parameters for different values
of Q,,,, and regions with different signs of ry. We also show regions of the phase space in this model for which
the gravitational force is repulsive, or Ry < 0 (red hatch), in accordance with Section 3.6, for the sake of
interest. Any zone clear of the hatch pattern represents Ry > 0. The grey region, co < 0, represent entirely
and always singular regions (regardless of the value of €,,); for n = 2 this corresponds to ¢ < 0. Other
singular regions in the ¢; — ¢ plane depend upon the value of €2,,, since this is a 2D slice of the 3D parameter
space. They have been represented in solid colours (see legends in the panels). Note that this analysis focuses
on the past cosmological evolution z > 0, thus this does not ensure a whole regular condition for n > 1. For
the case n = 2, the closer 2, gets to its best-fit value Q,,m = 0.27 , the narrower the aforementioned upper
singular quasi-parabolic region becomes. When 2,,, = 0.27, the phase space is completely regular for all values
of co > 0 and all values of ¢; # 0. The best fit values found in Table 6.1 lie in the blank regions for both
n=23.
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Figure 5.12: For the case n = 3, there appears not to be any improvement as we get closer to the 0, best-fit

value but the singular region located at ¢; > 0 grows with 2,,,. and for n = 3 this corresponds to ¢; < 0.
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Chapter 6

Determining Viable f(R) Models from
Background Data

In this chapter I will present the constraints obtained from background data and observables on the
HS and GV models discussed in the previous chapter. Note that these models are constructed to
produce a background behaviour which is identical (as far as possible) to the ACDM model, without
an additional energy field. For this reason, we already know that background data will likely provide
weak constraints, if any, on the parameters of the models we look at. However, this was an important
exercise to develop the framework of further analysis, especially in terms of the dynamical systems
approach described in Section 5.1. We also obtained a set of very interesting plots for the HS model
showing that within the parameter space there are neatly bound regions containing only singular
models.

For the more general power law model given by (5.1), and short hand dubbed GV, we obtain
constraints on the exponent of the Ricci scalar, using BAO and SNIa data, significantly reducing the

parameter space of the models.

6.1 SNIa Constraints on HS Model parameter space

In this section we present the results of a Markov Chain Monte Carlo method performed to fit for
the free parameters of the Hu-Sawicki model subject to the theoretical and numerical constraints
presented above. The results obtained in the previous section aid in the avoidance of highly dense
singular regions, as well as the interpretation of the MCMC chains. The regions for which the cosmo-
logical evolution does not guarantee expansion are excluded a prior: in the calculations here, although
once the maximum likelihood is obtained, we are able to determine whether the corresponding points
in the parameter-phase space lie in the allowed, i.e., singularity-free and late-time expansion, regions.

The MCMC analysis for the Hu-Sawicki model proceeded by fixing integer values of n = 1,2, 3,

sampling for the posterior distributions of the remaining free parameters ci, co and €2,,.
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For each of n = 1,2, 3, several chains were generated, comprising 250 000 sampled points in the
respective parameter space. The obvious prior on Q,,, Q,, € (0,1] was imposed. For the sake of
simplicity, each parameter was sampled from a normal distribution centered at zero, with standard
deviations set, by trial and inspection to o., = 5, 0., = 5 and oq,, = 0.03 [111|. Having initially
little information about the scales of ¢; and co, the sampling distribution was chosen so as to scan the
available phase space as efficiently as possibly. While the relatively large values of 0., and o., were
settled upon ultimately to optimise computing time, it is important to note that more conservative
values for these quantities were tested and the results - while significantly scaled down - were not
different to those presented here.

Each chain was initialised at unique points in the phase space, and for each Markov Chain,
convergence of the matter density fraction of the universe today, i.e., 2, occurred fairly quickly. In
fact, €1, is very well described by a Gaussian posterior distribution for all three values of n, with an
error comparable to that of a similar analysis done for ACDM. Table 6.1 summarises the results for
each value of n. We include the best fit values for each parameter corresponding to each value of the
exponent n, as well as the mean and 1-o standard deviation of their sample distribution. To compare

the result to the ACDM model we compute the reduced y? parameter, defined as

X2

)

(6.1)
where NN is the number of data points included in the analysis and p is the number of fitted parameters,
and the difference (N —p) is known as the degrees of freedom of the system. Normalising x? to obtain
X% .q gives a method of testing the goodness of the fit. The closer the value is to one, the better the
fit is thought to be.

We find for all values of the exponent n that the best fit values do in fact lie in the R > 0 regions.

For the case n = 1, the parameter space is 2-dimensional as d factors out of the system entirely.
In this simple scenario, the convergence of the ¢; parameter is remarkably bad (left panel in Fig.
6.1). We find, consistently for each Markov chain generated, that there exists a range of ¢; values
minimising x2. The x? surface is extremely flat, and we find that the variation in the values of the
x? is small (0,2 = 1.470).

When n = 2, the parameter space is 3-dimensional. Once again, €, converges quickly to €2, =
0.27 + 0.020, however, ¢; and ¢y show no acceptable convergence in general (mid panel Fig. 6.1). In
both cases the standard deviations of the posterior distributions are very large. As can be seen from
Table 6.1, the best fit values of ¢; and co are not similar to their mean values. The variation in the

x? values, 0,2 = 1.530, is small in this case as well, implying that a wide range of values for ¢; and

X
co perform similarly when fitting the supernovae data. It is therefore possible for the best fit value,

which minimizes the y2, to be quite different from the mean of the posterior.

Finally, for n = 3, where 0,2 = 1.364, it can be seen that the results are very similar to those of

XQ
n = 2. Whereas €, successfully converges, ¢; and ¢y remain unconstrained (right panel Fig. 6.1).
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The standard deviations of these two free parameters are large, so that the values which minimise y?
is not reflected in the statistics of the posteriors.

At this stage we must emphasise that although all the generated MCMC chains gave identical
results for €,,, they provided inconsistent results for ¢; and co. The distributions of ¢; and co were
highly sensitive to the initial points of the various chains, which reiterates the fact that a wide range
of values form part of an acceptable optimum region for the values of ¢; and ¢z, some of which are not
necessarily connected within the phase space. We have depicted the chain-dependence of the results
for the {c1, co} parameters in Fig. 6.2 showing the results of four different chains for the cases n = 2
and n = 3. As can be seen, ¢; and ¢y show no tendency to converge to a preferred state. We are led
to conclude that supernovae data does not impose strong enough constraints on the free parameters

of the Hu-Sawicki model.

n c1 C2 Qo Xonin | Xoed
1 347+ 300 | 745 - - 0.270 £0.020 | 0.270 || 542.683 | 0.979
2 8254200 | 1052 || 3034200 | 49 || 0.27240.020 | 0.270 || 542.683 | 0.981
3 947 + 300 | 1388 || 3515 £500 | 3675 || 0.264 £+ 0.018 | 0.270 || 542.689 | 0.981
ACDM - - - - 0.274+0.02 | 0.27 || 542.685 | 0.978

Table 6.1: MCMC analysis results for the fitting of Hu-Sawicki model to Union 2 SNIa data. The free
parameters c1,co and 2, are estimated, for each case where n is fixed, n = 1, 2,3. We include the results for
ACDM for comparison. Each free parameter is represented by two columns, the left showing the mean and 1o
of the resulting posterior, and the right showing its best fit value. The best fit values lie in the white regions in
Fig. 5.11 and 5.12 for both n = 2,3 exponents respectively, therefore providing the appropriate cosmological

expansion behaviour at late time.

6.2 SNIa and BAO data constraints on the GV parameter space

In the same way as the HS model, we analysed the GV model (5.14). Several chains were generated
by sampling from the distribution at (5.47), to minimise the free parameters {n, o, 8} of the model
at (5.1). However, before proceeding with the random journey through the parameter space, through
analytic inspection and numeric experimentation, we found the following statements on parameter

sets yielding regular cosmologies to be true:
e 3 =0 is undefined, —1 < 8 < 1 are singular.
e Larger values of 8 improve the similarity of the model to ACDM.

e Increasing 3, where all of n,a,0 = 1, results in a decrease in the amplitude of oscillations in

the Ricci scalar.
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Figure 6.1: Constraints for the posterior distributions and contours for each free parameter, in each case of
n, n = 1 (left panel), n = 2 (central panel) and n = 3 (right panel). For n = 1, parameter ¢y vanishes from
the system. We find 2,, = 0.27, and ¢; is unconstrained for a wide range of values. For the case n = 2, again
Q,, = 0.27 and ¢; is unconstrained for a wide range of values. For n = 3, £,, = 0.264, whereas ¢; and ¢y

remain unconstrained.

Thus the weak prior I place on 5is § < —1 or 8 > 1. For safe values of 3, we can say the following

about the exponent n:
e 1 <n < 3 are regular,
e n < 0 are singular,

e For most viable values of 8, n > 3 is singular. For small values of 3, n > 3 is not only regular,

but preferred.

These points result in a weak prior on n: n > 0. The singularity detection method used previously
for the HS model, was also implemented here. The sectors of the parameter space corresponding to
B < —1 and B > 1 were sampled separately, so as to avoid the singular band at (-1,1). The minimum

x? values, however, do lie in the (8 > 0) sector.

6.2.1 SNIa Results
Investigating the 3 dimensional (n, o, ) parameter space

There are three free parameters of interest for the GV model; the exponents, 8 and n, and ¢ which

is related to the mass of the scalar field, and is identified through €2, in the HS model analysis. The
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Figure 6.2: Above, we plot the results of four MCMC chains corresponding to the cases n = 2 and n = 3 to

illustrate the lack of a convergence to a best fit value for the parameters ¢; and co in both cases.

parameter a which scales the correction in (5.1) may be absorbed into either 5 or o, and is therefore
fixed to one (o = 1) in favour of reducing the parameter space.

To investigate this 3 dimensional parameter space, several MCMC chains were generated of 10°
steps, initialised at unique points. The weak priors justified in the previous section were implemented,
but otherwise the space was unrestricted. In Figure 6.3, we show an example of a chain generated by
moving through the (n,o, 3) space and minimising x? as defined at Equation (5.47). Several ranges
of the parameters were tested by increasing and decreasing the standard deviations of the normal
distributions sampled for each parameter.

In this case the y? surface was once again very flat, with values similar to that obtained for the
HS model using the same data. The exact set of parameters which best fit the SNIa data with a
x> = 543.25 are (n, o, 8) = (3.97,2.02,2.74), having x2,, = 0.980.

The main result from this analysis was a lack of convergence to a best fitting set of parameters,
with the posterior appearing dependent on the initial point, and the length of the chain.

For this reason, it may be constructive to fix one of the three parameters, and test if correlations

between the remaining parameters emerge from an MCMC.

Investigating the Exponents of the GV Model

Following the results of the previous section, we fix ¢ = 1, corresponding to ¢ = cH7 = 1. This

was done to investigate whether there are any direct relationships between the exponents of the GV
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Figure 6.3: A corner plot showing an example of contours and marginalised posterior distributions generated
by an MCMC (M-H) analysis for the 3 dimensional parameter space of the GV model, corresponding to n, o, 3,
using SNIa Union 2.1 data. The exponent n may be estimated by the normal distribution n ~ N(2.6,0.7).
A clear peak in the o posterior is noticed, where the mean value of o for the chain corresponds to p, = 3.5
and a variance, var, = 2.2, with its best fitting value at Oy2 = 2.0. There appears to be a peak in the
distribution for the 8 exponent as well, however after many trialé it was found that a wide range of values for

B are acceptable in terms of minimising the x? parameter, and no real convergence occurred.

model (5.1) which are preferred by SNIa data. For the purpose of the analysis, we restricted n to lie
within [1,7], and left 8 unrestricted in both < —1 and g > 1.

It was found that the global minimum lies in the 8 > 1 region of the GV (n, ) parameter space.
In this posterior distribution for n, two peaks in the Likelihood, £ = expféf7 can be noted in the
left panel of Figure 6.4. The first and largest peak is located at n = 3.25 and the second smaller peak
at n = 6.38.

Testing a very large portion of the parameter space for 3, the contours exhibit the fact that
although, as seen previously in the 3D analysis, a wide range of S values are acceptable, the highest
point of the distribution occurs for the smaller values of S considered, corresponding to the largest
values of n. To make this point clear, in this SNIa MCMC analysis of the 2D parameter space, we
find the best fitting model to be (n,ﬁ)]xgnm = (6.99,4.95) at a minimum x? = 542.90. This gives
a reduced x%ed = 0.98. This result is in some tension with that of the previous section, where the
model which minimised y? was found to have n ~ 3, closer to the value of the larger peak in the n
posterior distribution in Figure 6.4.

The higher the value of n, the better the model can mimic the data, since the largest values of n
send the correction part of the GV f(R) model to its ACDM limit faster than smaller values. When
the sampling is allowed to test large values of n, it appears the best fit values for 8 are reduced.

However, if we restrict 0 < n < 4, while a very clear peak forms in the posterior distribution for
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Figure 6.4: Typical corner plot of the (n, 8) plane, generated by an MCMC routine to estimate the exponents
in the GV model (5.1). The sample extends over 1 < 8 < 160, 1 < n < 7. The top and right bottom panels
show the marginalised posterior distribution for either parameter. In particular, two peaks can be seen in the
n posterior distribution, occurring over n = 3.25 and n = 6.38. These indicate a higher likelihood around
these values for n according to SNIa data. The contours of the Likelihood = e 3xX’ surface, show that for small
values of 3, the whole range of 1 < n < 7 are suitable, it appears 3 < n < 4 are favoured for the widest range
of 8. The bump at the higher values of n point to the fact that the largest values of n will generate the best
fit models, as higher order polynomials will tend to do. In the right panel, which shows a chain for restricted
values of 1 < n < 4, the maximum likelihood occurs for n = 2.96. In this case n may be approximated by a
Normal distribution, n ~ A(2.96,0.28)
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Figure 6.5: Corner plots showing the 2 dimensional MCMC contours for the GV model (5 < —1 region)
where the horizontal and vertical axes for the contour plot are 8 and n, respectively. The left panel shows the
posterior distributions and contours, in the case where 3 is allowed a large range, specifically 5 < —5. In this
sector n can be approximated with a Normal distribution, n ~ N(2.68,0.26). But if we look at a focussed
portion of the parameter space, where § is small, —5 < 8 < —1, it is clear to see the development of a line
in the projected contours, corresponding to n = —1.49, 8 — 0.091. This line points to an exact correspondence
between the parameters, which are favoured by the data used in the analysis, however this structure does not

correspond to the global minimum. It is shown as a point of mild interest.

n ~ N(2.96,0.28), 8 appears unconstrained and its values make little difference in the goodness of
the model.

We find similar behaviour on the left hand side of 8 = —1, where the points in the chain cluster
about n & 3, with a general lack of preference about the values of 8. However one interesting feature
which developed in the chain is the appearance of a narrow valley of locally minimised x? ~ [548, 552]
values, however, not corresponding to the global minimum. The equation of the line is estimated to
be n = —1.4855 — 0.091.

On this line, we have a set of models not remarkably different from the best fit models with a
reduced Xzed ~ 0.948. For clarity, we plot a contour, with the range of 3 restricted, to show the
prominence of this line, relative to the rest of the parameter space in Figure 6.4. This feature is
plotted for the record, to show there appears to be some correlation between n and g < —1 region of

the parameter space.

6.2.2 BAO Results

We supplemented the results obtained using SNIa data by considering constraints on the exponents
(n, B) of the GV model using the BAO data given in Table 5.1. Using an MCMC analysis, we once

again tested a wide range of values 3, for 1 < n < 7, generate several MCMC chains. This time,
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Data n B Xoin x%ed
SNIa 4.040 +1.200 | 6.943 || 38.665 + 38.162 | 4.991 || 542.908 | 0.941
ACDMgnrq - - - - 542.685 | 0.978
BAO 1.057 £0.052 | 1.000 || 1.237+0.088 | 1.107 || 14.985 | 3.75
ACDMBpBao - - - - 4.51 1.13

Table 6.2: MCMC analysis results for the fitting of GV model (5.1) to Union 2.1 SNIa data. The free
parameters n and (3 are estimated, while parameters associated with the mass scale, 0 = a = 1.0. We
include the results for ACDM for comparison. Each free parameter is represented by two columns,
the left showing the mean and 1o constraints of the resulting posterior, and the right showing its

best fit value.

for the 2 dimensional exponent parameter space of the GV model, we obtained somewhat tighter
constraints for both g and n. We show the posterior distributions for these parameters generated
with BAO data in Figure 6.6, along with the projected 1-o and 2-o contours. The best fit values in
this case were obtained for a minimum XQBAO,mm = 14.99 at (n, ) = (1.0,1.11) in the 5 > 1 sector.
In a similar analysis performed for the ACDM model, the minimum XQBAO,mm = 4.51, showing that
this model does not improve the fit of the ACDM model to the data.

For the 8 < —1 sector, the minimum X%m'n = 17.23, consistent with the SNIa data having its
global minimum in the 8 > 1 sector. This local minimum of the y? distribution is located at
(n,B) = (3.99, —3.00).

As can be seen in Figure 6.6, the distribution of n could be approximated by a Normal distribution
as n ~ N(1.04,0.04). The x? is minimised in the 3 > 1 sector, thus we only show this part of the

parameter space, as 3 < —1 sector is rather uninteresting.

6.3 Conclusions

In this chapter, using data corresponding to background observables, namely SNIa and the BAO, we
obtained new constraints of the parameters of a general class of viable broken power law theories for
f(R) gravity. Published in [111], we showed the results of an analysis to confirm that the HS model
is unconstrained by background data.

The GV model, defined at (5.1) provided reasonable fits to the SNIa data with x? values compa-
rable to that obtained for the ACDM model. When fitting to the BAO data, we found the fit was
significantly worse, however, through an MCMC analysis we were able to obtain tight constraints
on the exponents of this GV model, which showed a preference for n =~ 1.00, 8 ~ 1.25, significantly
reducing the effective parameter space of this model (See Fig. 6.6).

The SNIa data provided no real constraints on 3, except to indicate that where the best fits were
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Figure 6.6: A corner plot showing the posterior distributions for the GV model parameters (n, 3),
and 1 and 2 o regions of the projected x? distribution, generated using BAO data for comparison.
For this analysis the best fit values correspond to (n, 3)|pest rie = (1.0, 1.11). This is a very interesting

result, and corresponds to a model very close to the HS model, for n = 1.

for the highest values of 6 < n < 7, § was restricted to smaller values, roughly within the range
1 < 8 < 20. And the widest range of 8 parameters are allowed for 2.4 < n < 3.6, in particular, the
Normal distribution n ~ N(2.96,0.28) is an excellent approximation of the posterior distribution of
n in the uncapped range of 5 > 1 (see Fig. 6.4). In the next chapter we look at this 2 dimensional
n, § parameter space from the perspective of a perturbations analysis on f(R) models, by considering

the matter power spectrum for linear scalar perturbations.
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Chapter 7

Constraints of Viable f(R) Models from
LSS Data

Modifying the underlying theory of gravity changes the way gravitational potentials evolve, and is
expected to leave a detectable signature in the large scale clustering of matter. We track the GV
f(R) model predictions for the scalar perturbations in the range of scales relevant to luminous red
galaxies.

In this chapter I will discuss constraints coming from data representing the large scale structure in
the observed universe. This complements the constraints on the model parameters obtained through
an analysis of BAO and SNIa data, representing only background quantities.

Since, the HS model is indeed a subset of the GV model’s parameter space, its inclusion is implicit
in the study discussed in this chapter, through only the parameters (3, 0,n). Once again we choose
to fix the value of 0 = 1.

We considered scalar perturbations in the metric f(R) theories through the 1+3 covariant gauge

invariant formalism. As presented in Chapter 4, the equations are given by

. Rf” . k2 p f
k k m k

AF— |Bw —2)H + I Ay, + [wag—i—(w—l)f/—wf/ Ay,
_(w+1) 2k* " o e\ S o f ] ok B w)
. LTy (f 20m + GRS ) g~ ORH G | R S RE, (1)

. 'f”/ . k2 B f/// . f(iv) ‘f/// f/ R N

R +<2Rf,,+3H>R + 9+RW+R2 7 +3HRF+3f,, -3
=— 1(3 LA 2R+2R2l+6RH AE 4 LW pAk (7.2)
I I D TR 7 mT I '

Interestingly, the f(R) modification affords the ability to have positive growth of density pertur-

bations in a universe where the expansion rate is accelerating. Thus the evolution of gravitational
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potentials will not be stunted by the expansion of space. The ISW effect in these models are therefore
a point of interest [155].
In terms of the dimensionless expansion normalised dynamical variables defined by Equations

(5.18) and (5.19), the above equations may be written as the following first order differential equations

d Q-y) 30 1 1
&P = PO e O et
1k (24 1)2 +3h%(Tv — v + 1) + 18ATh vz |,
_ [6 Tz £ 1)2 R*(2), (7.3)
d v (12ATh2z + 1 6zvhAT 6ht0OT
Talz) = ( S Jo(e) - B OB e 2O
k2 2
— [h2 — (Hi”w [18h*vaT?(A? — B) — 3R AT(Q + 2v — 4y) — T + 1] | R¥(2).  (7.4)
where
d k
d
q(z) @Rk(Z), (7.6)
and the functions I'; A and B are defined as
_ (B
C= pa) 0
- f///(R)
A= (7.8)
_ S(R)
- f”(R) : (7°9)

In the background equations (5.21)-(5.22), I" represents the model, and must be expressed in terms
of the dynamical system variables in order to close the system. When considering the perturbations,
we have two additional non-disappearing terms, comprising of third and fourth derivatives of the
function, f(R). These terms must also be expressed in terms of the dynamical variables in order
to close the system. Thus, the above set of equations is a completely general system which can be
solved for any f(R) theory of gravity, provided I'; A and B can be expressed in terms of the dynamical

system variables at (5.18)- (5.19), to obtain the scale and redshift evolution of scalar perturbations.

7.1 Constructing the linear f(R) matter density power spectrum

The linear matter power spectrum for f(R) theories is related to that of the ACDM linearly through

a transfer function , T'(k), encapsulating the scale dependence of the perturbations,
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P]f(R) = T(k)PI?CDM|6qualitya (7'10)

In this way, the success of ACDM in the radiation dominated eras is preserved, and the modification
need not have any effect on high redshift phenomena. We compute the transfer functions for each
model by solving the Equations (7.3) - (7.6) for A*, and constructing T'(k) = AAQn%l(?())) ’

For this analysis, we assumed that the universe is spatially flat and contains only cold dark matter.

The ACDM matter power spectrum used in Equation (7.10) corresponds to the fit used in [151] .

Initial Conditions

In principle, we would like to study the way the scalar perturbations evolve completely, throughout
the expansion history. This would mean integrating the system (7.3)-(7.6) from a very high redshift,
somewhere around matter-radiation equality, to the present day. However, due to the nature of
the theory; with high frequency and large amplitude oscillations in the Ricci scalar growing with
increasing redshift, and the derivatives of the dynamic quantities being very small, we began the
integration of the f(R) perturbation equations from z = 20.

All the models in this class have indistinguishable cosmological backgrounds. For a given set of pa-

rameters (ny, ;) which can produce a singularity - free background from z = 2000 to z = 0, we may :

e obtain the solution to (7.3)-(7.6) pertaining to this model specified by n = n, and 5 = 5, in
Equation (5.1) ,

e evaluate that solution at zp = 20, and obtain the values for the perturbations and their deriva-

tives at zg : AF(z9 = 20), dﬁ} (20 = 20), RE (20 = 20), d?j" (z0 = 20),

e use these values, or at least their order of magnitude, as the initial conditions in the resolution

of the same system (7.3)-(7.6), from z = 20 to z = 0 for any set of parameters.

This reduced the compute time of the rest of the analysis, in which we constructed the y? surface
over the n — 8 parameter space, by calculating the model at each point of a grid and comparing it to
the data.

The initial conditions obtained are given in the first row of Table 7.1. The second row, IC 2,
gives the same order of magnitude as IC 1, and are the initial conditions which we make use of when
constructing the grid. The third row gives an experimental set, included just as a case of interest - if
the matter density perturbation and its derivative are of the same order of magnitude as that of the
curvature perturbation at z = 20. We present transfer functions and power spectra resulting from
using these three sets of initial conditions in Figure 7.1 for the HS model, and in Figure 7.2 for the
GV model.
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Figure 7.1: The transfer functions, T'(k) = |A* /A% |2 for the Hu Sawicki model for the three sets of initial
conditions IC1, IC2 and IC3 are plotted in the left panels, for three different parameter sets HS 4, HSp and
HS¢, normalised to coincide at large scales, where k is in units of AMpc~'. These show the evolution of
perturbations after radiation-matter equality, where the initial conditions for the f(R) system were obtained
as described in Section 7.1. The general behaviour is the same for all three cases; we have growth at small
scales, and suppression for k£ < 0.1. Increasing the value of ¢; appears to cause a larger suppression at small
scales. The right panels picture the corresponding theoretical power spectra, plotted with the ACDM fit [151],
and the SDSS-TIT [156] power spectrum data in the range k = [0.005,0.29]hMpc™*. The theoretical power
spectra were normalised at k& = 0.01AMpc ™! for comparison. All models give good fits to the data, due to
the flatness of the transfer functions produced. In particular, the f(R) models, in all three IC scenarios only
deviate from the ACDM model in the range k = [0.005,0.02]hAMpc .
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Figure 7.2: The transfer functions, T'(k) = |A¥ /A2 for the GV model given by (5.1), for the three sets
of initial conditions IC1, IC2 and IC3, are plotted in the left panels, for two different parameter sets GV 4 and
GVp, normalised to coincide at large scales. These show the evolution of perturbations after radiation-matter
equality, where the initial conditions for the f(R) system were obtained as described in Section 7.1. The
behaviour is the similar for all three cases, as well as those calculated in the HS model. Once again, we
have growth at small scales. Note that both parameter sets have comparable x? values. The right panels
picture the corresponding theoretical power spectra, plotted with the ACDM fit [151], and the SDSS-III [156]
power spectrum data in the range k = [0.005,0.29]hAMpc ",
at k = 0.01hMpc™~! for comparison. All models give good fits to the data, and are dominated by the ACDM
fit, due to the flatness of the transfer function. In particular, the f(R) models, in all three IC scenarios only

deviate from the ACDM model in the range k = [0.005,0.02]AMpc "

The theoretical power spectra were normalised
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Initial Conditions AF(z) AM(2),, RF(z0) RF(2)|,

IC1 0.1 -0.1 1.0 0.1
IC 2 0.2 -0.17 3.0 0.3
IC 3 1.0 1.0 0.1 0.1

Table 7.1: IC 1 and IC 2 are the same order of magnitude, and were obtained by integrating the
system of perturbation equations at (7.3) - (7.6) from z; = 2000, setting all the initial values of the
background quantities to their values at z = 2000. IC 3 sets both curvature and matter density
perturbations to the same order of magnitude (that of the curvature perturbation), just as a case of

interest.

n cl Qum
HSA | 1.0 0.15 0.27

HSg | 1.0 1.0 0.27
HS¢ | 1.0 10.0 0.27

Table 7.2: A list of the examples of parameters used to show the behaviour of T'(k) and P(k) for the Hu-

Sawicki model.

n_ B
GVa |2 180
GVg |1 -11

Table 7.3: A list of the examples of parameters for the GV model (5.1), used to show the behaviour of T'(k)
and P(k).

7.2 LSS constraints on the GV parameter space

For a restricted rectangular range for the 2D parameter space of the GV model, we constructed a
x? surface by computing its value at regular grid points. This method was previously used as a
preliminary test for the MCMC parameter optimisation routine, however we find it sufficient to scan
the regions previously constrained by the background data, in this LSS analysis.

A (n, B) grid of dimensions (100x 200) was defined to extend between : (i) 1 <n < 7,1 < g < 200,
and (i) 1 <n < 7,—-200 < 8 < —1, in order to test a large and inclusive portion of the parameter
space, to locate any unexpected local minima. Regarding the avoiding of singular models, in this
case, we use the same method as before of testing the background. If during the scanning of the
grid a singular model is identified, we assigned it a high value for x?, essentially excluding them from

concern. The x? parameter defined as
2 =ATc A, (7.11)
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where A = P(k)/(®) — P(k)°% using the covariance matrix provided in the 2013 SDSS data set [151],
[152], was computed at every point on the grid. Then using a 2D nearest neighbour interpolation
method, three important iso-sections of the y? surface were identified, plotted in Figure 7.3, corre-
sponding to the 1o and 20 significance intervals in the parameter space considered. These plots show
clearly the structure of the distribution of the x? parameter in this analysis, highlighting the location
of the minimum in the exponent parameter space of the GV model.

The dark blue sections contain models for which the x? parameter is minimised, and is bound
by lowest level curve, the teal section contains 68% of the distribution, and the light green section
contains 95% of the distribution, effectively representing the 1 and 20 confidence intervals of the 2

distribution. The mean, ji.;2, and standard deviation, o,2, values of the entire x? grid, as well as

X2
the minimum values for x?, differ in the 3 < —1 and 3 > 1 regions of the parameter space. They are

respectively:

B<—-1 pg>1
i, 833 832
[y 835 835
o 0.01  0.02

X2

From the above statistics, it is possible to gauge that the surface is quite flat, and it appears
almost all models make similar fits to to the SDSS III DR9 data, with the x? parameter calculated

differing marginally throughout the parameter space considered.

e There is a very wide range of the GV model parameters S and n which can produce excellent
fits to LSS LRG power spectrum data in the range & = [0.018,0.290].

e In the 8 > 0 region: for 2.65 < n < 3.4, § > 1 is unconstrained. As seen in the SNIa analysis,
there is an interval of 8 values for which large values of n make the best fits. Specifically, models
where 25 < 8 < 35, n > 3.2 minimise the x? parameter. This results in the formation of a
boomerang like minimum of the x? surface, as can be seen in Figure 7.3. (n, ) = (5.33,25.43)
corresponds to the model in the grid which has the lowest value for x?2,. = 8.32. We may pay
less attention to the largest values of n, since they were included for a sense of completeness in
the parameter space analysis, but in fact, it is quite usual to fix 2 < n < 4 to produce perfectly
viable backgrounds. The larger the value of n, the better the model will be mimic ACDM, and
thus in this data set, the better the overall fit to data will be, however the actual effect of this
value in the physics of the theory reaches a peak by n = 4.

e Even though the global minimum occurs in the S— positive part of the parameter space, we
show the contours obtained in the same way as before for the 5 negative space, as we had done

mean

with the previous data sets. Note that the values of X%“-n and x are different in both panels

of Figure (7.3), even though they are represented by the same set of colours. Interestingly, once

110



again there is the appearance of a band, — not a line, as appeared with the SNIa — in this
sector. For negative values of 8 the exponent n within (2.0, 3.25) correspond to a minimum
X2in = 8.35.

From the above analysis, we have presented constraints on the exponents of the GV model using
SDSS III DR9 matter power spectrum data. There appears to be a relationship between 8 and n
which correspond to the best fit models to this data. This will form part of a useful constraint on the
model parameters, in order to obtain expansion histories which are singularity free and viable. The
degrees of freedom in this analysis d.o.f=69, and the reduced x? = 0.12. This small value indicates
that the model is overfitting the data.

Such an analysis should be supplemented by considering a more realistic theoretical value for the
o parameter, which simulates a mass for the scalar field. The codes used to generate these results
may easily be generalised to extend the analysis, when more intuition about the nature of these
parameters is at hand.

Finally, we remark that the most notable result is the discovery of a preferred range of n values,
which minimise residuals between data and model. The n parameter, as previously discussed plays
the important role of setting the transition between the desired background and the effects of the
f(R) modification. Regarding (3, on the other hand, we can say without losing generality, that its
value may be set arbitrarily while testing these models, as far as SNIa, BAO and LRG LSS data is

concerned.

111



8.36971

8.36479

8.34234

8.32751

8.39029

8.35881

8.33385

8.32100

1 1 1 1
20 40 60 80 100 120 140 160 180

Figure 7.3: Contours of the x? surface over the 2D (n, 3) parameter space for the GV model at (5.1). The
top and bottom panels show the regions for § < —1 and > 1 respectively. The dark blue region contains all
points between the absolute minimum of the surface and the lowest 2.5 percentile. The teal region is bounded
by the 1o confidence interval, and finally the leaf green region is bounded by the 20 confidence interval. The
global minimum is located in the 8 > 1 region; x2,,,, = 8.3 for (n, 3) = (5.33,25.43).
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Chapter 8

Conclusions

This thesis focused on investigating the parameter space of viable broken power law models for the
f(R) class of modified gravity theories. Modifications to Einstein’s GR is currently a popular field
of research in many areas of physics, from quantum theories of gravity to astrophysics to Cosmology.
The f(R) modification is derived by replacing the Ricci scalar, R, in the EH gravitational action
with a general function, which could in principle be any function of R. It is now known that this
modification can be equivalent to adding an extra scalar field to the theory, which turns out to be
the first derivative of f(R), under the condition that the second derivative of f is non zero. In
fact, at least pertaining to Dark Energy models, almost all modifications can be generalised under
the umbrella of effective field theories. Over the years, it became understood that only very special
models for f(R) are worth studying in a cosmological and astrophysical sense. Only certain forms
for the function can produce satisfactory physical effects, such as reproducing the gravitational field
in and around a compact object, accelerating the universe at late times as well as generating an
expansion history similar to the observable universe. In particular, a generally favoured approach is
to assume that the theory already contains GR as a limit. In many theories a curvature dependent
corrective term comprises the modification added to R in the EH action for gravity. Since one of the
important ways to study the effects of this kind of modification is to examine dynamical changes in
gravitating and large scale systems, the behaviour of the gravitational field in f(R) theories and the
interaction between the emergent scalar field and matter has been widely considered in a range of
different physical phenomena. Degeneracy between f(R) models is probably going to be the biggest
bottleneck for these theories, since in principle there are plenty of clever ways to come up with
satisfying the basic requirements.

The application considered in this thesis was in relation to generating an expansion history similar
to the observed expansion history of the Universe. This also implied, at the very least, the mimicking
of the ACDM model. The ACDM model is popular because it is able to produce a universe in con-
cordance with cosmological observations, however faces its own phenomenological and motivational

drawbacks.
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Following previous research [7], [6], we considered a general class of broken power law models,
which are designed to reduce to GR, in low curvature regimes, and tend to a GR + cosmological
constant type model when the curvature is large relative to the local environment. This model also
includes within its parameter space, previously considered “viable” models. The redshift evolution of
the Hubble rate and the deceleration parameter, in the class of models considered here, described by
(5.1) , have very similar behaviour to that of the ACDM model. Deviations in the Hubble parameter
begin to develop only at very low redshifts, 0 < z < 1, while, the deceleration parameter, showing
larger deviations at low redshifts, still converges towards a value of % from around a value of z = 6,
consistent with the ACDM parametrisation. The exact behaviour will depend on the choices of model
parameters, but this behaviour is typical of all the values which were tested.

We attempted to address the problem of degeneracy within the broken power law space of f(R)
theories, by considering three sets of real observational data.

We looked at f(R) theories in a metric formulation, considering a flat, FLRW, matter dominated
(w = 0) spacetime. We also continued in units such that ¢ = h = k = 1. The equations of motion for
the scale factor obtained by these gravity field equations were recast in terms of expansion normalised
dimensionless variables that convert the 2nd order system of differential equations into a set of first
order autonomous differential equations. This new dynamical system is simpler to handle. Using a
new set of variables through which to express the cosmological field equations is an approach taken
in order to simplify calculations. I specifically used a set of variables defined in [4] to solve for the
background of the models. I emphasise that the background used in this analysis are exact and
not approximated by the ACDM model. We also studied the linear scalar perturbations for these
models, using the 1 4 3 formalism, and then cast these perturbation evolution equations in terms of
the dynamical systems variables used for the background.

We performed a parameter optimisation analysis for the HS model using SNIa data. For three in-
teger values of the exponent, n = 1, 2, 3, using a Metropolis Hastings MCMC algorithm, we estimated
the best fit values for the remaining parameters of the model, ¢1, co, and m? (which was related to the
matter density fraction, €2,,). We presented contours of the y? surface, generated when comparing
SNIa data to the theoretical predictions of the distance modulus. These confirm that the parameter
values have very little baring on the background behaviour of the resultant universe, and as they were
constructed to do so, a wide range of parameters are able to mimic the ACDM model. The MCMC
chains showed no convergence for ¢; and ¢y, while §2,, was fit excellently by a Gaussian distribution,
centred about uq,, = 0.27 with oq,, = 0.02. We concluded that these results were unsurprising given
that the HS model has an almost indistinguishable background from that of ACDM, and that we had
selected a relationship between the model parameters which fixed the cosmological constant limit to
be 2A. The x? surface is very flat, for both the HS and GV models. For the GV model, the SNIa
data confirmed that larger values of 4 < n < 7 are preferred for smaller values of 3, and that a wide

range of § values are acceptable along the axis of 3 < n < 4.
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An interesting result was obtained in a numeric attempt to find a possible “prior” on the parameter
space of the HS model. This was done to avoid parameters which result in a cosmological singularity,
and regions in the parameter space that were more likely to have singular points. On scanning the
parameter space we found that there were distinct regions which only contained singular points, and
these regions were contained within continuous curves. The curves were dependent on the parameter
values as well. This was also useful because it helped us avoid spaces which were completely singular
in the MCMC analysis. It would be an interesting exercise to find the equations of these curves
and understand more about why the specific relation of parameters separate a singular region from
parameters that give singularity free expansion histories, as well as determine these regions in the
parameter space of the GV model. Such an exercise may give broader insight into which models may
be excluded altogether.

Another interesting feature, in the GV parameter space, is the appearance of a line, where min-
imised x? points cluster, in the 3 < 0 portion. Its appearance hints that it may form as part of the
boundary of a region corresponding to completely singular models. Further analysis can easily make
this clear.

The BAO MCMC analysis on the 2 dimensional exponent subspace of the GV model indicates
the following constraints on the parameters n and 8 : n = 1.04 + 0.04, and § = 1.24 £ 0.09, if we
compute the statistics of the best fit Normal distributions to these parameters posteriors. This is a
satisfactory approximation, for our purposes of obtaining an idea of the best fit models according to
this data.

Using SDSS III DR9 matter power spectrum data, we produced level curves of the x? surface over
the (n, B) plane. We found that there is a relationship between the exponents of the GV model which
has a higher likelihood compared to the rest of the parameter space. This relationship, shown in the
Figure 7.3, may be roughly encapsulated by the following conditions: when 2.65 < n < 3.4, the value
of B8 which optimises the fit is any value beyond 5 > 25, when 3.4 < n, § is constrained within the
interval 25 < 8 < 35. While the exact values may be scaled by including a value of the mass scale
different from one (we set o = 1), the correlation which forms between 5 and n gives insight into
an analytic relationship of the parameters of the GV model. This is another point of analysis which
may be interesting to clarify.

These results are useful in identifying regions of the parameter space for which future studies may
focus their attention. Since n = 2 corresponds to the Starobinsky class for f(R) gravity, we see that
in the regions of parameter space for which 5 is negative, the SNIa and LRG data still include the
Starobinsky model, while BAO data in the § > 0 region, distinctly excludes it. We find, for the case
o =1, that g > 1 is favoured in the SNIa and LRG analysis, and mildly so with the BAO analysis.
B = 1 represents the Hu-Sawicki model, and these results may hint to it being excluded from the
more general class of viable broken power law models which we considered here. However, if o was

included and constrained with these analyses, we may be able to infer a stronger constraint on S.
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The framework used to carry out the analysis is quite general, and is easily extendible for other
models, different cosmological parameters and initial conditions. It makes use of no approximations
for the f(R) backgrounds, as has been common practice in previous studies, for example [?], [?]. It
would be extremely interesting to use CMB, weak gravitational lensing data, the ISW effect and even
gravitational waves to place a full set of constraints on the parameter space of this class of f(R)
models, and in this way find the class of theories most likely given observational cosmological data.
This is a point left for future work.

During the completion of this work, several other results were published, with a similar goal in
mind; to place observational constraints on popular viable models for f(R) gravity. For example,
in [157| recently released cosmic chronometer data was used with the joint light curves SNe Ia sam-
ple, and Baryonic Acoustic Oscillation data points to place constraints on viable f(R) models. In
particular, the HS and Starobinksy models were considered, which are included in the GV parameter
space that was studied here. The models were recast in terms of a distortion parameter, quantifying
their respective deviation from the ACDM model, at a background level. It was found that small
but non zero values for this parameter were slightly favoured for the HS and Starobinsky models,
however zero was well within the 95% confidence interval in both cases. They concluded that the HS
and Starobinsky models can coincide, to a large degree, with the ACDM model, which is of course
consistent with what I have found from my own calculations. The authors also studied the Tsujikawa
model - a tanh correction to the standard gravitational action-, and the exponential f(R) correc-
tion, for which the respective distortion parameters were significantly larger than zero, indicating an
observable deviation from ACDM behaviour is favoured in those models with respect to the data
used [157].

A similar study was performed in [158]; MGCAMB (the modified gravity patch to CAMB) was
used to compute observables such as the matter power spectrum for the Starobinsky and exponential
f(R) models. Furthermore, CosmoMC was employed to estimate a parameter quantifying the f(R)
model’s deviation from theACDM background. Using Planck 2015 cosmic microwave background
radiation data, Baryonic Acoustic Oscillations (BOSS) and SNIa (SNLS) data, they concluded that
these data sets favoured deviations from ACDM model [158].

As was mentioned earlier, f(R) gravity forms a subclass of Modified Gravity/Dark Energy models,
and these theories have been unified under an Effective Field Theory approach [159], [160], in which
a single action represents all modifications and all dark energy models, via a set of EFT functions.
That is, all modifications, which introduce one extra scalar degree of freedom and have a well defined
Jordan frame, can be transformed into the EFT language, with no approximations required.

This powerful perspective on the Dark Energy problem has already been implemented into the
Einstein-Boltzmann solver, CAMB/CosmoMC in EFTCAMB/EFTCosmoMC [161]. In [162], an im-
plementation of this public software is used to analyse the evolution of linear density perturbations

in the Hu-Sawicki scenario. Using the code, the authors compare the model predictions with Planck

116



Model n o B X2 X%ed
fav(n,o,B) - SNIa | 3.97 | 2.01 | 2.74 | 543.25 | 0.98

fav(n,B) - SNIa | 6.99 | - | 4.95 | 542.90 | 0.98
fav(n,8)-BAO | 1.0 | - | 1.11 | 14.98 | 3.75.
fav(n,B)-LRG | 539| - |2542| 83 | 0.2

Table 8.1: Summarising the best fit values corresponding to the minimum x? parameters in each separate data
analysis. While BAO data actually produces tight constraints on the parameters of the model, the reduced
x? parameter at 3.75 reveals that these models provide a poor fit to the data points considered. Maximum
likelihood for the GV model, given the SNIa data, was obtained for n = 7, the largest value in the range of n
considered, for 8 =~ 5. However, this quoted result may be misleading, since the posterior distribution of n in
this case, clearly demonstrated an accumulated likelihood for 2.4 < n < 3.6. The reduced x? parameter for
the LRG data indicates that the model is overfitting the data.

2015 data, CMB lensing, the WiggleZ galaxy survey and the CFHTLenS weak lensing survey mea-
surements, to place constraints on the value of the scalaron at the present epoch, and parameters
representing structure growth rates.

These are just a few of several similar studies, all aimed at using observational data to limit the
parameter space of alternative theories of gravity through statistical means. This field of study is more
dynamic than ever before, and researchers look toward new methods of studying the implications of
these complicated theories (see, for example, [80]) supplemented by vast data sets, to improve our
understanding of the forces at work in our universe.

The results in this thesis form part of an emerging tapestry of observational constraints on the
theoretical landscape of MG/DE theories. Future work involving larger, more numerous data sets
and more intuitive parameter choices, may build upon the framework developed and the conclusions
obtained to gain a clearer understanding of the role f(R) gravity has to play in cosmology and

astrophysics.
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