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Abstract We consider Klein—Gordon equation in the
Dyonic Kerr—Sen black hole background, which is the
charged rotating axially symmetric solution of the Einstein—
Maxwell-Dilaton—Axion theory of gravity. The black hole
incorporates electric, magnetic, dilatonic and axionic charges
and is constructed in 3+1 dimensional spacetime. We begin
our investigations with the construction of the scalar field’s
governing equation, i.e., the covariant Klein—-Gordon equa-
tion. With the help of the ansatz of separation of variables,
we successfully separate the polar part, and find the exact
solution in terms of Spheroidal Harmonics, while the radial
exact solution is obtained in terms of the Confluent Heun
function. The quantization of the quasibound state is done
by applying the polynomial condition of the Confluent Heun
function that gives rise to discrete complex-valued energy
levels for massive scalar fields. The real part is the scalar
field relativistic quantized energy, while the imaginary part
represents the quasibound states’s decay. We present all of
the sixteen possible exact energy solutions for both mas-
sive and massless scalars. We also present the investigation
the Hawking radiation of the Dyonic Kerr—Sen black hole’s
apparent horizon, via the Sigurd—Sannan method by making
use of the obtained exact scalar wave functions. The radia-
tion distribution function, and the Hawking temperature are
also obtained.

1 Introduction

Einstein’s theory of general relativity is a successful succes-
sor to the old Newtonian theory of gravity. It describes the

2 e-mail: davidsenjaya@protonmail.com
b ¢-mail: piyabut@gmail.com (corresponding author)

¢ e-mail: tiberiu.harko @aira.astro.ro

Published online: 27 August 2024

gravitational field as a curvature effect in spacetime, deter-
mined by the mass of a body. The motion of particles in
the curved spacetime is governed by the geodesic equations,
which are directly related to the spacetime metric. Some of
the gravitational effects predicted by general relativity, such
as the perihelion precession of Mercury, the bending of light,
the gravitational redshift of the distant stars, the gravitational
waves, and the existence of black holes, have been confirmed
observationally, or experimentally [1-5].

However, despite its remarkable phenomenological suc-
cess, Einstein’s theory has also several problems, such as, for
example, the existence of singularities in its black hole and
cosmological solutions. Also, dark matter and dark energy
are required to be added by hand inside the source term (7,,),
in order to explain the flat galaxy rotation curves, and the
accelerated expansion of the Universe. The need of modify-
ing the Einstein’s general relativity then gave birth to vari-
ous extended theories of gravity, such as the Kaluza—Klein
theory, f(R), f(T), f (R, L), f(R, T) modified gravities,
the Gauss—Bonnet theory, the Scalar-tensor-vector gravity,
Lovelock theory, etc [6—14].

In this work, we will focus on the string inspired Einstein—
Maxwell-dilaton-axion (EMDA) theory of gravity, which
belongs to the scalar-vector-tensor supergravity family. The
EMDA theory generalizes the Einstein—Maxwell theory by
introducing a coupling between the Maxwell electromagnetic
field tensor F),,, the scalar dilaton field & and the pseudo
scalar axion field ¢, and it can be constructed from the fol-
lowing four dimensional effective action [15,16]

Sempa = — [ [R —20,60"¢

167

1
—3 pos HP7? + estaﬁF‘xﬂ] J=gd*x, (1)
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where R is the Ricci scalar and g is the metric tensor deter-
minant. The Maxwell electromagnetic field tensor F,, is
defined as the partial derivatives of the U (1) gauge field A,
as follows,

Fup = 04Ay — 0,A,,. )

Moreover, H?°? is the Kalb—Ramond field tensor that is writ-
ten in terms of the pseudo-scalar axion field ¢ according to,

1
Hyps = §e4§ea55), 37 . 3)

Recently, Wu et al. [17] did find a novel exact rotating
black hole solution of the EMDA gravity that depends on
four charges, the i.e. electric, magnetic, dilaton and axion
charges, called the Dyonic Kerr—Sen black hole. The Dyonic
Kerr—Sen black hole is a generalization of the non-dyonic
Kerr—Sen black hole, found in [15]. The presence of the addi-
tional magnetic, dilaton and axion fields in the theory also
generalizes the electro-vacuum rotating black hole solution
of the Einstein—-Maxwell theory of gravity, the Kerr—Newman
black hole solution [18]. Due to its generality, in this work,
the aforementioned Dyonic Kerr—Sen solution becomes our
topic of interest in order to investigate the scalar quasibound
states and the Hawking radiation, respectively.

The behavior of the relativistic scalar fields in curved
spacetime is an important subject of research, which may
give some insights into the quantum theory of gravity. In
the presence of matter-charge distribution, the surrounding
spacetime will be curved, and the scalar field-gravity interac-
tion is then investigated by looking at the scalar field behav-
ior in the curved spacetime backgrounds. The behavior of the
relativistic scalar fields in curved spacetimes is mathemati-
cally described by the covariant Klein—-Gordon equation, in
which the gravitational field is introduced via the metric ten-
sor g,». The investigation of the Klein—Gordon equation in
the black hole background may open up a new understanding
of the quantum theory of gravity. Instead of trying to consider
the quantization of the general relativity, in the present work
we take the opposite approach, by “gravitizing” the quantum
mechanics, to formulate it in line with the principles of the
theory of general relativity.

After the gravitational wave signal of a binary black hole
merger was finally detected for the first time on 14 September
2015 [19], quite recently, the Hawking radiation of an opti-
cal black hole analog [20] was also finally observed. This
makes the investigation of the black hole spectroscopy a new
emerging field of major physical interest. The quasibound
states (QBS), quasinormal modes (QNMs), and shadows of
black holes are among the most interesting characteristics of
such astrophysical objects, and they appear in the observa-
tionally measurable spectra that are released as the particles
cross into the black hole [21].

@ Springer

The quasibound states are relativistic quasistationary res-
onances outside the black hole’s event horizon, localized in
the black hole’s finite gravitational potential well. In contrast
to the electron’s effective potential in the hydrogen atoms,
scalar quasibound states are leaking and crossing into the
black hole, causing the spectrum to be complex valued, sim-
ilar to the case of damped oscillations, where the real part
is the scalar field’s quantized energy, and the imaginary part
determines the stability of the system. It is possible, in prin-
ciple, to extract the information about the central black hole,
as well as to validate some modified theories of gravity, by
measuring the frequency of the quasibound states [21]. Anal-
ogously to atomic transitions emitting photons, transitions
of axions around black holes between different energy levels
emit gravitons [22].

However, due to the complexity of the equations involved,
especially the radial equation, analytical methods were used
less often, and only for some very special problems [23-25].
The vast majority of these studies made use of numerical
techniques such as asymptotical analysis, WKB, and contin-
ued fraction to investigate the specific task at hand. However,
very recently, [26-33] have successfully worked out, and pre-
sented some novel exact scalar quasibound states solutions
in various black hole backgrounds, and obtained the radial
exact solutions of the Klein—Gordon equation in terms of the
Confluent Heun and the General Heun functions. The polyno-
mial condition of the Heun functions leads to the quasibound
states’ energy quantization.

In this work, we present in detail the analytical deriva-
tions of both massive and massless scalar quasibound states
of the exact solutions in the Dyonic Kerr—Sen black hole
background. The exact wave function is found in terms of the
harmonic function as the temporal solution, the Spheroidal
harmonics as the angular solution, and the Confluent Heun
functions as the radial solutions. The expression of the rela-
tivistic quantized energy levels is obtained after applying the
polynomial condition of the Confluent Heun function. We
also investigate the wave function of the quasibound states in
the two extreme regions, i.e., close to the black hole horizon,
and at infinity, respectively, and find out that they behave like
an ingoing wave, close to the black hole horizon, and vanish-
ing far away from the horizon. In the last Section, using exact
radial solutions, the Hawking radiation of the black hole’s
apparent horizon is investigated, and the Hawking tempera-
ture is obtained.

2 The Dyonic Kerr-Sen metric

In the present Section we briefly review the basic properties
of the Dyonic Kerr—Sen metric, we obtain the singular points
of the line element, and we calculate the inverse of the metric
tensor coefficients.
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2.1 The metric

The line element of rotating black hole’s exterior can be
written in either the Cartesian (Kerr—Schild) coordinates,
the Boyer—Lindquist (Schwarzschild-like) coordinates, or the
Eddington—Finkelstein (Tortoise) coordinates. In this work,
the Dyonic Kerr—Sen spacetime in the Boyer-Lindquist coor-
dinate system is adopted. The line element is given as follows
[17,34],

2
d? — [1 _ ’”(’”_‘?_’D] 2ds
o

—d)—r2 2
2%@#9 decdt + %drz + p%do?

0
+ |:r (r—2d) — k> +d> + LU ZD 7D (r _pdz) — r% a’sin’6 j|
xsin’@ d¢2, 4

where,

0> =r(r—2d) —k* + a*cos®0 , 5)

A=r(r—=2d)—rs(r—d)—k*+a*+r3. (6)

We have also introduced the notations,

= T =02 P ™
P
k=222 ®)
Is
PZ _ N2
i=-< ©)
rs
p2 21\ 2
d*+i* = <—:r Q ) o r/d2 + k2 =1}, (10)
N
! (11)
a=—,
M

where M, J, O, P,d, k are respectively the black hole’s
mass, spin, electric, magnetic/dyonic, dilaton and axion
charge.

The Boyer—Lindquist coordinates are connected with the
Cartesian coordinates by the following transformation,

X = \/r (r —2d) + a2 +r3 — kX +drgsinfcos¢ ,  (12)

y:\/r(r—2d)+a2+r%—k2+drssin08in¢, (13)
7z =+/r(r—2d) cosf . (14)

The Dyonic Kerr—Sen geometry is singular when p* = 0
and A= 0. The first condition,

0> =0=r(r—2d) — k> +a’cos’0 , (15)

is satisfied at & = 7. By using the Cartesian-Boyer—
Lindquist coordinates relationship,

x2+y2=r(r—2d)+a2+r%—k2+rsd, (16)
we obtain,
rr=2d) -k =0ox>+y>=d*+rh+rd. (17

Here we obtain a ring singularity on the Cartesian x — y

plane, with radius , la? + r%) + ryd, measured from the coor-
dinate’s origin. The second singularity, A= 0, isrelated to the
one way surfaces, i.e., the black hole’s horizons, determined
by the condition g, = oco. The positions of the horizons can
be obtained by solving the following quadratic equation,

A=0=r(—2d)—ry(r—d)—k>+a*>+r}h, (18)

re = %S +di\/(%)2+d2+k2 — (@242, (19
where ry and r_ are the outer and inner horizons, respec-
tively.

It is important to mention that by taking d = 0 in the
expression of k, we reobtain the non-dilatonic, axionic dyonic
black hole, and the non-axionic, dilatonic dyonic black hole
solutions. By taking P equal to zero, we obtain the Kerr—
Newman black hole, which is the most general electro-
vacuum black hole solution of the Einstein-Maxwell theory.
By taking P, a equal to zero, we reobtain the static spheri-
cally symmetric Reissner—Nordstrom black hole. By taking
as zero all of the Dyonic Kerr—Sen black hole’s parameters,
except the mass, we obtain the basic Schwazschild black
hole.

In order to find the inverse of the metric of the Dyonic
Kerr—Sen spacetime, as a first step we express the line ele-
ment (4) as follows,

N
—[1 — e FD} 0 0 geg
2
Suv = 0 % o o0 |, (20)
0 0 p* 0
e 0 0 g
where,
rer—d)—rh
8ep = ————— ———asin 0, 21
o
g¢¢ = |:I"(r—2d)—k2+(12
rr=d)=rp 5.5 | o
+————"a’sin®6 |sin®6 . (22)
0

Since we need to calculate the determinant of the metric
tensor, let us first modify the metric tensor to be a block

@ Springer
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matrix as follows,

2
20 0 0
0 p? 0 0
= ) 23
8y 00 _|:] _rs(r pli) VD] 8o (23)
00 8c¢ 8o
A0
= - 24
(O B) 24)

The determinant of the metric tensor can then be calculated
as follows,

det (g,0) = g = det (A) det (B) , (25)
and after some lines of straightforward algebra, we obtain,
g = —p’sin?6 . (26)

2.2 The metric inverse

Now we will proceed to calculate the inverse of the metric
tensor. Using the metric in block matrix form, the inverse is
calculated block per block as follows,

A0 A7l 0
guu=<oé)—>g””=< 0 B—l)’ (27)
A
5 )
A‘1=<%2L>, (28)
02
1 g —8co .
B™ =-— s (r—d)—r? )
3]\t = [1- 205873 )
‘E( = 8 _ _Asin%. (30)

After finding the inverse of each block, the metric tensor’s
inverse is then obtained as follows,

_1 8
A f¢¢ 2 0 Asin? 0
" 0 o 0 0
gt = 0o 0% 0 , (3D
P
8co 1 _ rsr=d)—r},
Asin? 6 00 AsinZ6 <1 P2 )

2
rr—d)=rp 5.0

0.
02

foo =1 (r —2d) —k* +a*+
(32)

3 The Klein—Gordon equation, its solutions, and the
quantization of the quasibound states

In the present Section we formulate first the Klein—-Gordon
equation in the Dyonic Kerr—Sen black hole geometry, and

@ Springer

then we obtain its exact solutions. The quantization of the
quasibound states is also realized by using the properties of
the Confluent Heun function.

3.1 The Klein—Gordon equation

We aim to investigate the massive and massless scalar fields
in the curved spacetime generated by a Dyonic Kerr—Sen
black hole, which is the solution of the EMDA theory in the
low energy limit of the heterotic string field theory. We will
first construct, and then search for the exact solutions of the
governing relativistic matter wave equation. We begin with
writing the generic form of the Klein—Gordon in a curved
spacetime background as follows,

— 12V, VR 4 m?cPy =0, (33)

where V, is the covariant derivative with respect to the met-
ric.

For the covariant derivatives, we obtain, V, V¢ =
Vot = 0,04y + Fﬁvavw. With the use of the iden-
tity [y = (1/7/—8) (3/—g/3x*), we can express the
d’Alembert operator V, V4 as V, VA = (1//=g) d,
(«/__g 8"y ‘/f) .

Now, the Klein—Gordon equation can be expressed in
terms of partial derivatives and the inverse metric tensor com-
ponents as follows,

{—hz [¢%—g (8u\/—_gg’”8v):| + mzcz} v =0, (34)
where m is the rest mass of the scalar.

As the metric determinant and the metric inverse have
already been obtained, the Laplace—Beltrami operator of the
Klein—Gordon equation can be found component by compo-
nent as follows,

1 1

d0v/—g8%00 = ——
v-g Ap?
X {[r (r—2d) —k* + a2]2 — Ad®sin’0 ] 32, (35)
1 r(r—2d)—k*+a*— Ala
\/jg80«/—gg0383 = —[ Ap2 ] 010,
(36)
1 r(r—2d)—k*+da%>— Ala
JTgBBV_ggSOBO:_[ A,O2 ] 3ct8¢,
(37
1 1
T es = i (A, (38)
1 .
\/Tgaz./—ggzzaz = gm0 (in6 ). (39)
1 33 A — a’sin’0 2
——03/—gg 3 = ————9 40
=" 885 Asin?0 p2 ? “0)
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By combining all components, we obtain the explicit
Klein—Gordon equation in the Dyonic Kerr—Sen black hole
background as follows,

1 2
[ i {[r (r — 2d) — k2 +a2] — Ad?sin%6 } 22
2[r(r —2d) —k*+a%— A]a
Ap?

Dot dp

l
—0r (ADy) + 89 (sin O dg)

A — a’sin?0 5 m2c?
— 0 | ¥ — (41

— ¢ =0.
Asin2g p2 ¢ v

The presence of temporal and azimuthal symmetry enables
us to apply the separation ansatz [35],

Ut 1,0, ) = e CHMPR ()T (6) . (42)

3.2 The polar wave equation

Let us define first the following dimensionless variables,

Ers Eors
’ 0= hC

; (43)

where Eg = mc? is the scalar’s rest energy.

Substituting the separation ansatz into the Eq. (41), after
multiplying the entire equation by r2/v (t,r,0, ¢), we
obtain,

{ A}oz {(r (r—2d) — k> + a2)2 — Aa’sin®0 } X

E? 2(r(r—2d)—k2—|—a2—A)a Emy
X J— —
h2c2 Ap? fc

1
g0 (DR +

1
————0g (sinf@ 9T
Tp%siné b (Sin6 3T)
A — a*sin®0 2 m2c?
———(—mj); — —— =0. 44
Asin?6 p?2 ( l)} K2 “@4)
By multiplying the entire wave equation by p2, and after
using the trigonometric identity sin’6 = 1 — cos?6 , we

obtain the following radial-polar equation,

L sind %T) m? Qa®  Qd? 2%
sin - - - cos
Tsin 6 v v sin26 rsz ”sz

92 (ror—2d) —K* +a%)’ Q22
a, (A3 R) + -
S A rS

2(r(r—2d)—k2+a2—A)a Qmy +m12a2
A A

Is

Q3 2
—g(r(r—Zd)—k) =0. 45)

The polar part can be separated as follows,

1 2
99 (sinf 9pT) — —L
Tsing o0 (003 T) = =0
QZ(JZ QZ 2
—( 0 2 )cos?0 20" =0 (46)
rS rS

In the case of a = k = 0, the separation constant is set to
be )\;”’ = [ (I + 1), and the polar wave solution is obtained
in terms of the Legendre polynomial, le’ (cos ). But, in the
case of arotating black hole with a non-zero axion charge, the
polar solution is obtained in terms of the Spheroidal function,
5" (ca, cos B ), as follows [36],

T(O)= Sm’ (cq,co80 )= Z dl’”’ (ca) P (cos@)
r=—0o0
(47)
where,
Qa®> Q%42
0
Ca = - . (48)
SR

3.3 The Radial Wave Equation

After solving the polar part, we are left with the following
radial equation,

Q2 (r(r = 2d) — K> + @)’
3 (AD,R) + _
r2 A rZ

N N

(r(r —2d) —k* +a*> — A)a (le) m?a®
-2 X +

Is

92
~0 (r (r —2d) — k2) - A}"l} R=0. (49)

rS

The radial equation needs a careful treatment. First,
remember that the condition A = 0 leads to two solutions,
i.e., r+. Hence, A can be rewritten in the factorized form as
follows,

A=(r—ro)r—ry), (30)
giving
0r(A9,R) = (r —r-)o,R
+(r—r+)8rR+(r—IL)(V—"+)3r2R’ G
and
reore 4 L1 (52)
A A r—ry r—r_

respectively. Rearranging Eq. (49), we obtain,

N

dr (A9, R) + l g(r(r—2d)—k2+az)—ma ’
r r Al l

@ Springer
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Q2 Q? Q3
{2 (o -20 - K +a?) + S - 2
rS rS rS
Q
-2 ””a+x;"l” R=0, (53)
s

where the following constant, K lm’, has been defined as,

02
KM= a? — 02 02 g m (54)
r; r; s

Working out the double radial differentiation in the first
term of the equation (53), followed by multiplying the entire
equation by 8%, we obtain the following equation,

1 1
4

8207R + { }8,23,R

r—rye  r—r-—

1 I
+ (r—r+ _r—r_>
2
{g(r(r—Zd)—kz—i—az)—mla}
s

(= -7=7)
-5, _
r—ry r—r_

2
{9_20 (ro=20) K + %) +K,””” R=0. (55
rS

The region of interest of the investigation is outside the outer
horizon, i.e. 4 < r < o0. Hence, let us define the following
new radial variable,

8,y =r—ry — 8dy=dr, (56)
r—r_=60+1). (57)

The domain is now shifted to 0 < y < oo. In terms of y,
the radial equation becomes,

1
2R + {— + —} R + [F.T.2 + S.T.] R=0. (58)
’ y y+1

where,

1(1 1 )
FT.=—|-———
8 y+1

x {— ((5,y +r)?—2d 8y +ry) — k> + a2)
I
—mya}, (59)

(5-5+1)
ST.=——— ——
y y+1

QZ
X {r_zo ((Sry + r+)2 —2d 6,y +ry) — k> + a2)
N

+K"} . (60)

@ Springer

Let us consider now the term F.T., which can be rewritten
as

F.T. = 1—1 {9[52 2 4 2y8, (r—d)
Y-,
ry(y+1D o
Q
i [r+ (rs —2d) — K* + az:l —mat. (61
s
K
We need to decompose the terms such as y 7 by using
the fractional decomposmon, — =1- Hence we
continue as follows,
Q 1 Ky
FT.= 28 +-—
Iy y 6
1 Q K
+—1 = +r_—2d)— —¢. 62
e PRl (62)
K3
After some algebraic transformations we obtain,
Q2 K? K? 2QK
FT =S8+ oL+ —3 1
Ty 8ry (y + 1) sy
2965, K 2K K 1 1
T3y 3(———). (63)
rs(y+1) 3 y y+l1
Now let us proceed to the calculation of S.7'.,
S.T ! Q2(5“+23 ( d))
T =—— r
YO HD g SR
QZ
+— (r+ (re —2d) — K> + az) +EML.(64)
N
K>
. . . . . y _
Again, applying the fractional decomposition, = 1 -
y%, we find,
Q5 K
S.T. =252 =2
rs y
: 9352 268, (re—d) % +K (65)
R R A

K4

Up to this step, F.T.> and S.T. have successfully been
expressed in terms of +1 and 1 . Let us rewrite the fully
decomposed radial equation,

1 1 Q2 Q2
——|a,R iy "y
i +1] ' *[(rzr 2

2
!
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1 /[2QK, 2K 1 K3
+- + - K>
rg S
1 2968, K 2K K
( K3 2KiK5 K4)
y+1
+ L(KE + L _x2ly—o0 (66)
v ) Tor T
By redefining the radial variable x = —y, we obtain,

1 1 Q2 Q2
2R+ |-+ ——|0.R =52 - 2052
' *[ﬁx—J ' *[(

s Sy

1 /2QK, 2K 1 K3
—= +—-K»
X Ts -
1 2Q6, K3 2K K3
- - + Ky
x—1 T Sy
41 ki 1 k2 ly—o0 (67)
x2\ &2 (x—1273 y==u

The radial equation above is in the natural general form of
the asymmetrical Confluent Heun equation (A6). Direct com-
parison between (67) and (A6) allows us to identify A1 2345

as follows,
2QK, 2K K3
Al = - + - K2 ) (68)
Is S
208, K 2K K
A2=—< St 3+K4), (69)
Iy S
K}
Az = 2 (70)
r
Ay = K3, (71)
QZ QZ
As = =87 — =057, (72)
rS rS

Following the results of Appendix A, the exact solutions of
the radial equation (67) are obtained in terms of the Confluent
Heun functions as follows,

y = VA VA (- 1)V [ A HeunC (a, B, ¥, 8, 1, %)
+Bx~? HeunC (o, =B, v, 8, 1, %)],

where according to (A.16—A.18), we can express i/A3 4.5
in terms of «, B, y as follows,

1

TiVA; = Eﬂ, (73)
1

+iv A4 = 37 (74)
1

+i/As = S (75)

The Confluent Heun function’s parameters, following
(A.15)—(A.19), are then explicitly obtained as follows,

8
o= j:2ir—r,/522 - Q3 (76)
N

2i [Q s
=t | (r 0y —2) — K +@®) —mia| . (7)
Sy L7s
2i [Q
y = +2 [— (r, (r —2d) —k*+ a2> - m1a:| , (78)
Oy L7s
Sy 2 2
5= =2 (ry +r_—2d) [29 —QO], (79)
rS
2 (Q s
n:—g<z(r+(r+—2d)—k +a)—m1a>

Q

X (— (—ri +2r_(ry —d) — k> + a2) — m1a>

s
2

Q
-2 (r+ (ry —2d) — k> +d° ) — KM, (80)

N

Finally, we can present the complete exact solution of the
scalar field’s wave function in Dyonic Kerr—Sen black hole
background as follows,

v = efi%ctslrm ©, ) e—%a(%)(?‘ - r7>§l’

1

_ 2B _
X [A<r 5 ”) HeunC (a,ﬂ, Y., 1, —%)
-8
+B( = HeunC rx,—ﬂ,y,&n,—r_r+ ,
5 5

81
where,
) 92 2 QZ 2
s (Q,qb):e'm“pS;"’( o L coso ). (82)
rS rS

3.4 QBS energy quantization

The radial quantization condition is obtained from the degree
of the interpolating radial function. The radial quantum num-
ber n is defined as the number of zeros of the radial wave.
The Confluent Heun function will have n zeros if it is a poly-
nomial function with degree n, and this condition is fulfilled
when (see Appendix A),

5§ Bty

—_— = 83
o n, (83)

where we have redefinedn =n, +1=1,2, ....

3.4.1 The quasistationary modesl

In this Subsection, we will present the energy quantization
expression (83) for all possible quasistationary modes, which
corresponds to combinations of positive and negative solu-
tions of «, B, . We will use the notation X 4, where X could
be «, B, y and = corresponds to the positive or negative solu-
tion of X.
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1. For the case with 4, B+, y+ the quantization condition
(83) can be rewritten explicitly as follows,

2, Q2 — Q2 r

+r_(r——2d)+2 (a2 — kz)) — 2m1a} = —n.

Q
—(ry(ry —2d)

N

(g +ro—2d) [2@% — Q] L {

(84)
2. For the case with o, B4, y—, we obtain,
(r4 + r——2d) [—szg +2Q% +2iQ,/Q3 — 92]
— = —n.
2ryy/ Q3 — Q2
(85)
3. For the case with o, B_, Y4, we obtain,
(r+ +r——2d) [—Qg +2Q2 - 2iQ,/Q3 — 92]
— = —n.
2ryy/ Q3 — Q2
(86)

4. For the case with o, B, y_, we obtain,

+r_—2d)[292 — Q2 e
_(V+ r )[ 0] L{r_(r+(r+_2d)

2, /92 — @2 8
+r_(r— —2d)+2 (a2 - k2)> - 2m1a} = —n.
®7)

5. For the case with «_, 4, ¥+, we obtain,

Q
—(ry(ry —2d)

s

2, 2 — Q2 r

+r_(r— —2d)+2 (a2 - kz)) - 2m1a} = —n.

(r+ +r——2d) 292 — QF] L {

(33)
6. For the case with «_, B4, y_, we obtain,
(ry +r——2d) [—Qg +2Q% -2iQ,/QF — 92}
= —n.
2ry\/ Q2 — Q2
(89)

@ Springer

7. For the case with «_, f_, Y4, we obtain,

(re+r_—2d) [—Q% + 292+2i§2‘/§23—§22i|
2ry,/ Q% — Q2

=-—n.

(90)

8. For the case with a—, B_, y_, we obtain,

— 2 - 2 ’
rp+r—2) 227 - 3] i {?mm —2d)

2, [Q2 — @2 5
+r_(r— —2d)+2 (a2 — k2)> — 2m1a} = —n.
on

Note that the scalar’s energy levels in a rotating black
hole spacetime possess hyperfine splitting, where the energy
depends on the azimuthal quantum number m; and is directly
coupled to the black hole’s angular momentum parameter a.
This is analogous to the Zeeman effect, which occurs when a
hydrogen atom is immersed in a magnetic environment. The
existence of the term can be understood as an interaction
between the orbiting scalar field, with magnetic state m;, and
the black hole’s angular momentum a.

Now, let us investigate the energy levels in the limit (E —
Ey)rs — 0. For modes with B4, y4+ and B_, y_, we obtain,

Eors (r4+r——2d) 2
En=Ey |[1— |2 | (92)
2 (i ngzr,a + n)
Eory (redr_—2d) ]2
_ Eo| e
E,—Ey~ — (93)

2 2(i2’js+“+n)

while for the cases with B_, y4 and B4, y—, we obtain,

Eqry (re+r——2d) 72
E,=Ey |1— [—’“’ = } , (94)
2n
o [ Eozs (aro—2d) 2
0 hc T
E,—Ey~ ——| ——| . 95

In contrast to the quasibound states around static black
holes, where the energy levels are real valued in the small
black hole limit [23-25,37-39], for a rotating black hole,
there are modes where complex valued energy levels are
obtained even in a small black hole limit. The non zero decay
of the quasibound state even in the small black hole limit in
the rotating black hole backgrounds is expected, since, clas-
sically, an astrophysical rotating black hole witha = 0.998%
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has 32% efficiency in converting the mass accreted from
the disk to radiation. This value is five times greater than
that of the non rotating Schwarzschild black hole [1]. Con-
sidering the non-rotating case, by taking as zero the black
hole’s angular momentum, a = 0, we obtain the expression
of the energy levels of the real valued quasi-bound states of
the static axionic dyonic dilatonic Reissner—Nordstrom black
hole.

Now, let us consider a massless scalar field in the Dyonic
Kerr—Sen black hole’s gravitational potential. Setting ¢ =
0, we can derive the energy expressions for each modes as
follows,

1. For the case with o4, S+, Y4+, we obtain,

7. For the case with «_, S_, Y4, we obtain,

2(r—(r—=2d) +a? — k%)

inry
Q= — 105
2(r+ +r-) —4d (105)
8. For the case with o_, B_, y_, we obtain,
Q = rg (—in(ry —r-) 4+ 2mja) ’ (106)
2 (r+(r+ — 2d) + 612 - kZ)
Q) = ry (—in(ry —r—) + 2ma) (107)

Notice that the cases with f_, y4 and S, y— have purely

rs (in(ry —r-) 4+ 2mja)

20y +ro)—4d

Q= , 96
YT 2 (e (g — 2d) + a2 — K2) 6)
rs (in(ro —r—) 4+ 2mja)
5 = s + - ! =3 (97)
2 (r_(r_—2d) +a*—k )
. For the case with o, B+, y—, we obtain,
S S (98)
2(ry +r-) —4d
. For the case with o, f_, Y4+, we obtain,
Q= s (99)
C2ryH+ro)—4d’
. For the case with o, B_, y_, we obtain,
Q = ry (—in(ry —r-) 4+ 2mja) 7 (100)
2 (r+(r+ — 2d) + 612 - k2)
Q) = rs (—in(ry —r-) + 2m1a)‘ (101)
2(r—(r——2d) + a> — k?)
. For the case with «_, ., Y4+, we obtain,
Q = rs (in(ry —r-) 4+ 2mja) 7 (102)
2(re(ry —2d) + a®> — k?)
Q) = rg (in(ry —r—) + 2mja) . (103)
2(r—(r—=2d) + a> — k?)
. For the case with «_, B4, y_, we obtain,
Q= s (104)

imaginary energy levels, indicating a more rapid absorption
of the field by the Dyonic Kerr—Sen black hole. There is also
an apparent degeneracy in «, since the solutions with v are
the same as the solutions with or_.

3.5 Numerical investigations of the black hole’s parameters

To investigate how the spin and charges of the Dyonic Kerr—
Sen black hole affect a scalar field, let us choose an appro-
priate mode to investigate, i.e., the mode o, f_, y—, which
has Re(€2) > 0 that represents particle state. We investi-
gate the QNMs by plotting the exact energy expression for
various spin and charges ranged from zero to near-extremal
configurations (r— ~ ry).

In Fig. 1, we present the real and imaginary parts of the
quasiresonance (quasinormal) frequencies of n = 1,2, ..., 7
states for various combinations of sub-extremal spin and
charges (in geometrical unit), where the scalar and black hole
mass are set to be respectively r; = 1, Q¢ = 0.1. Notice that
the higher the excitation, the closer Re(£2) to 29, indicating
weaker binding energy for higher excited states.

In Figs. 2, 3, 4, 5, visualization of quasiresonance fre-
quencies forn = 1,2,...,5 for varied scalar mass, elec-
tric charge, magnetic charge and angular momentum, respec-
tively, are presented. For each investigation, one black hole’s
parameter is varied from zero up to its near-extremal limit,
while the others are kept constant. In all cases, we observe
significant changes happen in the region where the Dyonic
Kerr—Sen black hole becomes nearly extremal. Also notice
that the states with smaller radial quantum number 7, i.e., low
excited states, are affected more than the states with large n,
i.e., higher excited states.

In Figs. 6, 7, 8, we investigate how the QNM profile
changes as the Dyonic Kerr—Sen black hole becomes nearly
extremal. Firstly, we fix the black hole’s mass, spin and the
electric charge and we plot the quasiresonance frequencies
with respect to the magnetic charge approaching the extremal
limit followed by varying the electric charge and angular
momentum. We consistently observe significant changes in
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hole becomes nearly extremal. Also notice that very close to
the extremal limit, we observe there are fundamental states
having Re(€2) larger than ¢ (see Figs. 6, 7, 8.)
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3.6 Analytical investigations of the black hole’s parameters

In this subsection, we will investigate analytically, how
the black hole’s angular momentum and charges affect the
scalar field’s energy levels. The exact expression of the
energy levels, in general, are complex valued quartic equa-
tions. It is very difficult to algebraically figure out how the
black hole spin and charges affect the scalar’s energy lev-
els. However, it is possible to analytically investigate the
approximated energy expression (93) in comparison with the
well-known Schwarzschild’s gravitational atom expression
in [23-25,37-40] as follows,

Eo| Egrs 2 1\?
S G)
Since the Schwarzschild black hole is the Dyonic Kerr—
Sen black hole with vanishing charges and angular momen-
tum, the comparison between the two may give some insights
on how the black hole spin and charges affect the scalar field’s
quantized energy.
Now, let us consider the approximated energy expression
in Eq. (93). This particular mode is important and interesting

due to its dependence on the black hole’s angular momentum.
The expression can be rewritten in x + iy form as follows,

(E = Eo)sen = (108)

Eors (r++r——2d 2
Eog| "hc rs
(E = Eo)pks ® ——

2 2(:‘2’;1—;“ +n)
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_ E[Egrs (ry+r_—2d\7?
T8 | ke Ty
2 2

n° —ny
(n? +na2)°

_ 2ngn
(2 + 1)’

(109)

where n, = z’g’r’ 2 and by using the relation (19), we obtain

ry +r-—2d =r;.
Evaluating the ratio between (E — Ep)g., and
(E — Ep) pgs, we obtain the following relation,

(E — Eo)pks o n?—nd? 2ngn
=~ ~O)DKS _ _
(E — Eo0)sch (n? + naz)2 (n? + naz)2
] L G ]
()=
:mRe'i‘imlms (110)
where,
1 — ()? ny
RRre = () Rim = -2 . (111)
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The function Ry, and Ry, for various value of excitation
numbers are shown in Fig. 9.

The variable 6, = ry — r— which measures the dis-
tance between the outer and inner horizons has the following
explicit expression,

2
5,:2\/(%‘) +d2+ k2 — (a2 +73). (112)

Notice that the black hole’s angular momentum together
with electric and magnetic charges in rlz) are in opposite sign
to the mass, dilaton and axion charges. This indicates that the
presence of dilaton and axion charges shifts the inner horizon
further inward and the outer horizon further outward resulted
in larger separation between r; and r_, while the presence
of the spin affects the horizon separation in the opposite way.
The parameter §, is then scaling the magnetic-spin interaction
ng = 2’;’“ , that larger &, reduces n, and vice versa, and the
special case with m; = 0 or a = 0 will effectively null the
interaction term.

(E — Eo)pks
(E — Eo)sch
general Dyonic Kerr—Sen space-time having main quantum
number n and non-zero magnetic quantum number m;, the
real part of (E — Eg)pgs Will always be smaller than the
same mode in the Schwarzschild space-time. There will also
be additional decay for modes with m; > 0 and instability for
modes with m; < 0. Thus, the presence of the black hole’s

angular momentum and all charges affect fundamental mode,

The ratio tells us that for a scalar field in a
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i.e. n = 1, more than modes with larger n since,

lim Rge =1, lim Ry, =0. (113)
n—oo n—oo

For the massless scalar case given by (96)—(107), the pres-
ence of non-zero black hole’s spin gives rise to QBS with non-
zero real part, i.e. solutions for underdamped modes with
B+, v+ and B_, y—. while the rest are not affected by the
black hole’s spin and charges and only depend only on the
black hole’s mass since r +r— — 2d = rs.

4 The horizon’s Hawking radiation

In the previous Section, we have presented the detailed
derivations for obtaining the complete expressions of the
polar and radial waves in terms of the Spheriodal Harmon-
ics and of the Confluent Heun functions. In this Section, we
focus on the Hawking radiation from the apparent horizon
of the Dyonic Kerr—Sen black hole. Following the Sigurd -
Sannan method [41], we can use the exact radial wave solu-
tions to derive the Hawking radiation distribution function,
and search for the expression of the Hawking temperature of
the black hole’s apparent horizon . Approaching the exte-
rior event horizon r — r4, we can approximate HeunC as
follows,

HeunC(0) = HeunC'(0) ~ 1, (114)

2

. —ta ( b )
also the exponential, e 2\ ¥

ﬁ=?[? (r+<r+—2d>—k2+a2)—mza]-

r N

The radial wave consists of two independent parts,

1

1
N2V (e \ 2P
W-Hn:A(r*SrL)z (r(;:*) " ingoing
1

r \2V (rep\ 2P
Vtour = B<r+8rr‘>2 (%)2 outgoing

R= . (117)

Suppose there is an ingoing wave hitting the apparent hori-
zon r. This will induce a particle—antiparticle pair, with the
particle being reflected, while the antiparticle will be trans-
mitted, going through the horizon. The analytical continua-

tion of the wave function can be calculated as follows,

(52 =) ()

(118)

The analytical continuation enables us to obtain the
expression ¥'_ou = Vaour ((rg”) — (%) e‘i”) sim-
ply by (r;rJr) - — (%) = (%) e'7 as follows,

4 B
r+ —7r- r=r+\ —in
—out = B ,
v =o(555) ((57) )
= 1/f+oute_%mﬂo

One can also find the modulus square of the probability
amplitude with respect to the ingoing wave as follows,

=
=

(119)

2 2

1»0.—0141

w-i-out

= e i2mh (120)
¢+in 1p+in
2
_ ﬁ-i-out ei—’:[%(r+(r+—2d)—k2+a2)—mla] (121)
+in
2
_ | Yout | e (122)
1/f+in

The exponent e~¢ represents the relative probability of
radiation emission. The amplitude of the pair productions
that occur is described by that function. Since the observer
stays outside the black hole horizon, the absolute probability
of the processes occurring outside the horizon needs to be
found by summing all probabilities to create no pair, 1 pair,
2 pairs and so on, as follows,

Cw<1+e_§+(e_¢)2+...) =1->C,=1—¢"%.
(123)

The probability to create j pairs of particle-antiparticle is
given by,

Cole?) =(1—e¢)e /e,

The normalized spectrum of all the possible pair produc-
tions is obtained by calculating the mean number of the emit-
ted particles,

(124)

> 1
n(w) =Zn(1 —e_{)e_"Z =57

n=0

(125)

The same distribution function can also be obtained via
the normalization condition of the wave function, following
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the method developed by [42]. Now, let us write the total
outgoing wave that consists of the particle wave outside the
black hole’s horizon and the antiparticle wave inside the black
hole’s horizon. With the help of the Heaviside step function,
the total outgoing wave can be written in a unique form as
follows,

wout = 1a”+0ut®(r —V+) + 1/f—01,4t®(r+ —r), (126)
or,
1/fout 1/f+0ut Ip—out

= O — + ® —r), 127
erin wﬂ'n (V r+) +in (r+ V) ( )

The total probability of the emission of the particles and
of the antiparticles (remember that the antiparticle has a neg-
ative probability) must be normalized to be one. Hence, we

can write,
2 2 2
e} e)-fal)r o
2

and by using (122) to substitute ‘% , we obtain the fol-

lowing expression,

2
< Ilp;”“f >|1 et =1, (129)
+in
Veow [\ _ 1 (130)
Yetin et =1

The Hawking temperature, Ty, is to be found by first
rewriting ¢ as follows,

¢ = pil I:E <r+ (r+ —2d) — k> + az) — mla]

E hc
47'[ w 2 2
= —[— <r+(r+—2d)—k +a )—mla]
6 Le
h(w—wy)
= [ o ], (131)
4 (r4 (ry—2d)—k*+a?)
where we have defined,
mjac
wy = (132)

ry (ry —2d) — k% +a?’
Comparing the black hole’s radiation distribution function

(125) with the Bose—Einstein distribution function,

1

ho—p ’
e*sT —1

(133)

n(w) =

the apparent horizon’s Hawking temperature is found as fol-
lows,

. 8,ch
 4rkp [rs (rp —2d) —k? +a?]

Tu (134)
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Interestingly enough, similar to the case of the Kerr black
hole, the angular momentum plays the role of the chemical
potential in the thermodynamics of Kerr—Sen black hole, with
= hwy [43]. For the Kerr—Sen black hole, i also depends
on the axion and dilaton (or electric and magnetic) charges
of the black hole.

One can check that by setting the black hole’s angular
momentum and charges to be zero, we simultaneously set
ry — rs, r— — 0 and §, — rs. In this case, we recover the
Hawking temperature of the Schwarzschild black hole [44],

B ch
T Axkgrg

Ty (135)

5 Conclusions

In this work, we have presented the novel exact analyti-
cal general solutions of the covariant massive and massless
Klein—Gordon equations in the Dyonic Kerr—Sen black hole
spacetime. By exactly solving the Klein—Gordon equation,
we have also obtained the solutions for the canonical rel-
ativistic quantum mechanical problem of the energy levels
of the scalar fields, gravitationally bounded by the Dyonic
Kerr—Sen black hole. We have showed in detail the deriva-
tions of our results, and we have presented the energy expres-
sions of the all possible sixteen quantize modes for both the
massive and massless cases 3.4.1, together with the corre-
sponding exact wave functions (81). Since we did not use
any approximations to derive the analytical solutions, the
obtained wave functions are valid for all regions of inter-
est, i.e. ¥+ < r < oo. This is a remarkable improvement as
compared to the previous approaches, and, in contrast with
the asymptotical methods, whose solutions are correct only
for regions closed to the horizon, or asymptotically far away
from the horizon.

We can recover the Schwarzschild massive quasibound
state’s real valued energy levels expression in the small black
hole limit, given by,

E 2

Bl _822, (136)
E 2

K= < };’C”) , (137)

by applying the small black hole limit Er; — 0 and taking
as zero the spin a, and the charges of the Dyonic Kerr—Sen
black holes, Q, P, k, d,in the equations (93) and (95). The an
Hydrogenic-atom-like energy expression was also obtained
in the previous works [23-25,37—40].

We have performed further numerical and analytical inves-
tigations on how the Dyonic Kerr—Sen black hole’s param-
eters affect the energy levels of the scalar fields. We plot
graphical visualizations of QBS with various configurations
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of scalar field-Dyonic Kerr—Sen black hole and find out that
in general, the states with larger radial quantum number n
have Re(£2) closer to €2, indicating weaker binding energy 1.
Very close to the extremal limit, we observe there are states
with small radial quantum number having Re(€2) larger than
Qo 6,7,8. In general, we find that states with smaller radial
quantum number n are more sensitive to the change of the
black hole’s parameters, which in agreement with the ana-
lytical investigation that has been done by making use of the
approximated energy expression (93).

In the last section, by making use of the exact radial solu-
tions, we have investigated the Hawking radiation of the
Dyonic Kerr—Sen black hole’s outer horizon r.. We have fol-
lowed the Sigurd-Sannan method [41,45] to treat the Klein
pair production scenario as describing an incoming particle
hitting the black hole’s horizon. The radiation distribution
function is derived by summing all of the possible pair pro-
ductions rates, and is presented in (125). Comparing it with
the bosonic distribution function, the Hawking temperature
of the Dyonic Kerr—Sen black hole’s apparent horizon was
obtained in (134).

Analytical solutions, and results, are extremely useful in
the study of the astrophysical and physical properties of the
black holes, including the study of the dynamics and motion
of the particles gravitating around them. They can also be
successfully used to investigate the emissivity properties in
various frequency ranges of the thin accretion disks that gen-
erally are present around black holes. The obtained exact
solution of the scalar quasibound states of the Dyonic Kerr—
Sen black hole can also help in discriminating this type of
black hole with respect to standard general relativistic black
holes, or other black hole solutions in modified gravity theo-
ries, and for obtaining observational constraints on the black
hole parameters, and on mass, spin and the various charges
of the black hole.

We have also presented a detailed investigation of the ther-
modynamic properties of the Dyonic Kerr—Sen black hole,
by using the obtained exact analytical results. The Hawk-
ing temperature is one of the extremely important physi-
cal parameters of the black holes, representing an essential
quantity that has very important theoretical implications. In
the limiting case of the vanishing angular momentum and
charges we recover the expression of the Hawking tempera-
ture of the general relativistic Schwarzschild black holes. As
compared to the standard Schwarzschild or Kerr cases, the
horizon temperature of the Dyonic Kerr—Sen black holes has
a strong dependence on the electric and magnetic charges,
a new physical feature that could in principle discriminate
between the various types of black holes, and their physical
properties. The study of the thermodynamical properties of
the black hole was very much facilitated by the existence of
the exact solution.

Bound systems play an importantrole in classical mechan-
ics, being fundamental for the understanding of the dynam-
ics of the Sun and of the Solar System planets. The study of
the bound states of the quantum mechanical systems, like,
for example, the hydrogen atom, opened new perspectives
on the behavior of elementary particles. The discovery of
the gravitational waves, together with the confirmation of
the existence of black holes by using various astrophysical
methods and physical methods, led to a significant increase in
the interest for bound and scattering states, and for quasinor-
mal excitations of the particles gravitating around compact
massive objects. There are no real bound states for particle
around black holes, since they will cross into the black hole
via quantum effects, leading to the slow, or rapid decay of
the matter waves. Hence, these decaying states are called
quasibound states. Generally, for astrophysical black holes,
the mass of the quasibound particles is extremely small, and
thus it is very difficult to detect them by using accelerator
experiments.

However, the situation is drastically different in an astro-
physical environment, and the physical processes around
black holes may lead to the possibility of testing the existence
and properties of ultra light particles. If they have proper fre-
quencies, the particles gravitating around a hole could create
a large number of similar ones. The type of radiation corre-
sponding to these processes (superradiance) is a non-thermal
one, and it is different from the Hawking radiation. Due to
the black hole properties, some particles will cross the event
horizon into the black hole by quantum tunnelling. How-
ever, if the two processes of creation and absorption are in
detailed balance, a cloud of particles can form around the
black hole [46,47]. The high spatial resolution, polarimet-
ric imaging of supermassive black holes, like, for example,
MS87* or SgrA* by the Event Horizon Telescope can be used
to prove the existence of ultralight bosonic particles [48].
The particles, existing around a rotating black hole due to
the superradiance mechanism, concentrate in an accretion
type disk. When linearly polarized photons are emitted from
an accretion disk near the horizon, when traveling through
the background cloud, their position angles oscillate due to
the birefringent effect. The periodic change of the position
angle can be tested observationally both spatially and tem-
porally. The detection of such oscillations could give strong
evidence for the existence of superradiance [48]. In this con-
text the existence of the exact analytical solutions for the qua-
sibound states could be very helpful for the understanding of
the formation of the bosonic cloud, and of its properties.

The ultra light particles gravitating around black holes
also have an effect on the gravitational waves emitted by the
black holes in binary systems. Interesting enough, even a
single gravitational — wave measurement can detect the ultra
light bosons located around the gravitational wave source
[49]. The observations of gravitational waves also show the
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existence of signals from the bosonic clouds formed by bound
state of ultra light particles due to the spin-induced multipole
moments and tidal Love numbers [50].

Dyonic Kerr—Sen Black Hole have more variability as
associated to their basic properties, as compared to the stan-
dard Schwarzschild or Kerr black holes, leading to a more
complicated external dynamics. These richer properties do
follow from the presence of the rotation, spin, and electric and
magnetic charges, which also imply that the resulting black
hole solution satisfies very complicated and strongly nonlin-
ear field equations. As we have already seen, the effects asso-
ciated with the spin and the charge degrees of freedom can
lead to specific astrophysical effects and signatures, whose
observational detection could open some new perspectives
on the important relation between quantum and gravitational
effects. In the present work, we have provided, via an exact
solution of the Klein—Gordon equation in the Dyonic Kerr—
Sen black hole background, some of the basic tools neces-
sary for a detailed comparison of the predictions of the string
inspired Einstein—-Maxwell-dilaton-axion theory of gravity
with the results of astrophysical observations. These results
could also lead to a deeper understanding of the nature of the
string theoretical effects, and of their physical relevance.
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Appendix A: The confluent heun functions and
S-homotopic transformation

The Confluent Heun equation is a second-order linear differ-
ential equation that has three regular singularities given in
the following canonical form [51],

d*yy B+1 y+1\dyu
dx2+<a+ x x—l) dx
m v
+<—+—>YH=0, (A1)
X x—1
where
1
u=§(a—ﬁ—y+aﬂ—ﬁy)—n, (A2)
1
v:z(a+ﬁ+y+ay+ﬂ7/)+8+n. (A3)

The solutions of the differential equation are given in terms
of two independent Confluent Heun functions as follows,

yyg = AHeunC (¢, 8, v, 8, n, x)

+Bx P HeunC (a, —B. y. 8,1, x). (A4)

The Confluent Heun function can be reduced to an n'”

order polynomial function if the following series termination
condition is fulfilled,
s Bty

- 1=_I‘7
a+ 2 + "

Given a natural general form of the asymmetrical Conflu-
ent Heun equation [26,51],

d?y 1 1 \dy

a2t <; iz 1> dx
Aj Ay Aj As
+<x+x—l x2 (x—=1)2
in order to find the solution of (A6), we have to apply the

s-homotopic transformation [26,51-54] by transforming the
dependent variable y(x) — u(x) as follows,

ny € Z. (AS)

+ A5> y =0, (A6)

y(x) = BBy — 1)B2u(x). (A7)

Substituting the transformation into the equation (A6), we
find the values of the exponents By, B, By from the initial
equation as follows,

Bo(Bo — 1)+ Bop+ A5 = 0 — By = +i+/As, (A8)
Bi(Bi — 1)+ B+ A3 =0 — By = +i+/ A3, (A9)
By(By — 1)+ By + Ay =0 — By = +i/Ay4. (A10)
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Thus, after obtaining the three exponents, substitution of
the s-homotopic transformation (A7) into (A6) leads to a
differential equation for u(x) as follows,

% N <2Bo+ 2B + 1 2f2_+11> Z_z
+<3+ U >u=0, (A1)
x x-—1
where
0 = —B| — By — 2B By + By + 2ByB| + Ay, (A12)
= By + B +2B1By + By + 2By By + Aj. (A13)

By comparing (A11) with (A1), we can write the solution
for u(x) in terms of the Confluent Heun functions as follows,

u = AHeunC (o, B, y, 8, 0, X)

+Bx~P HeunC (o, =B, v, 8.7, %), (Al4)
where,
o = 2By = +2i/As, (A15)
B = 2B = +2i/As, (A16)
y = 2By = £2i\/Aq, (A17)
§=A1+ A, (A18)
n=—A. (A19)

Hence, the complete solutions for the natural general
form of the asymmetrical Confluent Heun equation (A6) are
obtained as follows,

y = eiimxxiim(x — 1)iim [A HeunC (o, 8, y, 8, 1, x)
+Bx"# HeunC (a, =B, y. 8, 1, X)] )
with a, B, v, §, n are given by (A.15)-(A.19).

For x — o0, the approximate solution of (A1) is given as
follows,

8, Bty+2

YH = Axf(" 2

) + Bef‘”x<‘” 2

1 _ Bty+2
= e 2%y 2

5 ﬁ+y+2)

(A20)

[Ae%‘“x*% + Be*%”x%] (A21)

_1 _ Bty+2
= yoe Zaxx 2

. .o .0
sin [—z—x +i—Inx +¢0]
2 o
(A22)
8
= yoe_%‘”x_gx"* sin I:—igx +i—Inx + qbo] .
2 o
(A23)
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