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Abstract: Nuclear physics provides a natural laboratory for studying two kinds of fermions:
protons and neutrons. These particles share similarities in mass and strong nuclear inter-
actions, which are often described by isospin symmetry. However, isospin is not a good
quantum number due to the differences between protons and neutrons in charge and quark
mass. These differences become more pronounced as we approach or move beyond the
dripline, affecting the structures and decay properties of mirror nuclei. To explore these
intriguing phenomena, researchers have developed novel theoretical frameworks. In this
article, we review the results from the Gamow shell model and Gamow coupled-channel,
which account for the mirror symmetry breaking influenced by nuclear forces and contin-
uum effects. Specifically, we discuss the recently observed mirror asymmetries in nuclei at
the boundaries of the nuclide landscape and their theoretical explanations. We examine the
breaking of mirror symmetry in the spectra of N = 8 isotones versus Z = 8 isotopes, as well
as the decay properties of the 22Al-22F mirror pair. Such studies enhance our understanding
of strong interactions and the behavior of open quantum systems.

Keywords: nuclear structure; nuclear decay; continuum effect; mirror symmetry breaking

1. Introduction

The concept of isospin, first introduced by Heisenberg to explain the relationship
between the proton and the newly discovered neutron [1], has become a cornerstone
in nuclear physics. Protons and neutrons, regarded as two manifestations of the same
fermion under a strong interaction, exhibit analogous behaviors. This symmetry has been
effectively utilized in nuclear systems, yielding significant insights into their structure and
dynamics. Thus, nuclei with the same nucleon number but varying protons and neutrons
exhibit similar properties. However, isospin is not an exact symmetry, as it is affected by
a strong interaction (due to the mass difference between up and down quarks) and an
electromagnetic interaction (due to the charge difference). These asymmetries become more
pronounced in nuclei with extreme proton-to-neutron ratios, particularly near the dripline
where they are weakly bound or unbound, with the impact of the isospin asymmetries
significantly shaping their structure and decay properties.

Mirror nuclei, pairs of nuclei in which the numbers of protons and neutrons are
exchanged, serve as powerful laboratories for probing isospin symmetry and its breaking.
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Indeed, experiments have demonstrated remarkable similarities in the behavior of most
mirror nuclei. However, with advancements in experimental facilities, an increasing number
of nuclei located at the boundaries of the nuclear chart have been studied, unveiling
the phenomenon of isospin symmetry breaking in properties such as mass [2–5], energy
spectra [6–11], and decay characteristics [12–20]. These systems are coupled to continuum
states due to the proximity of reaction and decay channels, making them open quantum
systems [21–23]. Studying these systems provides valuable insights into the evolution of
nuclear structure and nuclear symmetry at the limits of nuclear landscape boundaries.

In near-threshold and unbound regimes, conventional shell models (SMs) may no
longer offer an adequate description of the nuclear system. Instead, more comprehensive
theoretical frameworks are required to incorporate the resonant states and coupling to
the continuum, which are critical for characterizing weakly bound and unbound nuclei
near the dripline. To account for the continuum effect, the continuum shell model [24,25]
was developed by projecting the model space onto the subspaces of bound and scatter-
ing states within a real-energy basis. By introducing an interaction term to account for
continuum coupling, the continuum-coupled shell model [26] was further proposed to
incorporate the continuum effect. The Gamow SM (GSM), an extension of the conventional
SM, provides another robust framework for tackling these issues [22,27–29]. An essential
feature of the GSM is the utilization of the Berggren basis [30], an ensemble that enables the
incorporation of bound, resonant, and scattering states on the equal footing. Built on this
basis, the GSM provides a full description of the interplay between continuum coupling
and many-body correlations via configuration mixing. The GSM has been widely used
in the study of weakly bound and unbound nuclei [27,28,31–44]. Meanwhile, the Gamow
coupled-channel (GCC) approach in Jacobi coordinates with the Berggren basis was also
developed to describe the structures and decays of exotic nuclei [45–47], which can treat
center-of-mass motion and asymptotic behavior precisely [48]. In addition, significant
progress in ab initio calculations [49–56] has been achieved through advancements in chiral
effective field theory [57,58], the similarity renormalization group [59,60], and various
many-body methods [61–68], allowing calculations in the nuclear medium-mass region.
The incorporation of chiral three-body forces [69–89] has further enhanced the accuracy
and predictive power of ab initio approaches. Hence, several ab initio methods have been
successfully applied to open quantum nuclear systems, including the no-core shell model
(NCSM) with the resonating group method [90,91], the single-state harmonic oscillator
representation of scattering equations [92,93], the NCSM with a continuum [94,95], and the
nuclear lattice effective field theory in coordinate space [88]. Additionally, ab initio meth-
ods based on the Berggren basis have also undergone significant development in recent
years, including the complex coupled cluster [73,96], the complex in-medium similarity
renormalization group [97], the no-core GSM [98–100], and the ab initio GSM [101–104].

This article is organized as follows: In Section 2, we introduce the ab initio GSM
approach and the GCC approach. We begin with an overview of the Berggren basis and
explain the traditional methods used to generate it in Section 2.1. We then focus on the
implementation of MBPT based on the Berggren basis and chiral forces in Section 2.2, which
forms the foundation of the ab initio GSM. The following is a brief introduction of the
GCC framework in Section 2.3. These approaches enable us to provide a comprehensive
description of the interplay between continuum coupling and internucleon correlations. In
Section 3, we review the recent experimental and theoretical advancements in the study
of mirror symmetry breaking (MSB) in nuclei at the edges of the nuclear landscape. We
introduce recent experimental observations of MSB along with a theoretical description
based on the GCC and GSM approach in Section 3.1. Additionally, we review the appli-
cation of the ab initio GSM to the excitation spectra of oxygen isotopes and their mirror
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partners [105] in Section 3.2, and MSB in β-decay processes involving the 22Si-22Al and
22O-22F nuclear pairs [106] in Section 3.3. We highlight that an accurate treatment of the
asymptotic behavior of single-particle (s.p.) wavefunctions, along with their coupling to
the continuum, is crucial for the precise characterization of isospin asymmetry.

2. Theoretical Framework

In this section, we outline the theoretical framework used in the mirror symmetry
studies of exotic nuclei, focusing on the Berggren basis, GSM, and GCC approaches. These
frameworks provide a solid foundation for studying the novel phenomena related to open
quantum systems.

2.1. Berggren Basis

The Berggren basis is a generalized basis that extends the traditional basis of bound
states by incorporating both resonance and continuum states. This basis is particularly
useful for describing weakly bound and unbound nuclear systems, offering a compre-
hensive foundation for many-body frameworks. The Berggren basis was first introduced
by Berggren in 1968 [30]; it provides a complete description of s.p. states, including
bound states, resonant states, and the associated continuum states, through a completeness
relation, as follows:

∑
n

un(En, r)un(En, r′) +
∫

L+
dE u(E, r)u(E, r′) = δ(r − r′), (1)

where un(En, r) represents the physical s.p. bound and narrow resonant states located in
the fourth quadrant of the complex-k plane, with corresponding energies En. The parameter
L+ denotes the integral contour surrounding the narrow resonant states, which consists of
a series of continuum states characterized by energy E.

There are generally two methods for constructing the Berggren basis. The first in-
volves selecting an auxiliary s.p. potential in coordinate space to generate resonance and
continuum states. The second is the Gamow Hartree–Fock (GHF) method [97,101,104],
which derives a self-consistent GHF potential from the chiral forces.

2.1.1. Woods–Saxon

The Woods–Saxon central potential, supplemented by the spin–orbit and Coulomb
terms, is often used in actual applications. This potential U(r) is a finite-depth potential
well, and by appropriately setting the radius parameter, it can effectively describe the
nuclear density distribution, making it a close approximation to the realistic mean-field
potential experienced by nucleons within the atomic nucleus. The parameters of the
potential U(r) are chosen for the best fit of nuclear s.p. energies and their decay widths.
With this potential, we obtain the following radial s.p. Schrödinger equation:

d2u(k, r)

dr2 =

(

l(l + 1)
r2 +

2m

h̄2 U(r)− k2
)

u(k, r), (2)

where l is the orbital angular momentum, and the l(l+1)
r2 term provides the centrifugal part.

The s.p. wavefunction u(k, r) represents the Berggren basis, which includes bound states,
resonant states, and continuum states. The general solutions of Equation (2) satisfy the
boundary condition, as follows:

u(k, r) ∼







C0rl+1, r → 0,

C+H
(+)
l,η (kr) + C−H

(−)
l,η (kr), r → ∞.

(3)
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Here, C0, C+, and C− are normalization constants, where C− is zero for bound and resonant
states. H

(+)
l (kr) and H

(−)
l (kr) are Coulomb wavefunctions with outgoing and incoming be-

haviors, while η is the Sommerfeld parameter [29]. By using the shooting method (e.g., [29]),
the boundary value problem is transformed into an initial value problem so as to solve the
corresponding s.p. wavefunction.

2.1.2. Gamow Hartree–Fock

While the Woods–Saxon parameters need to be determined by fitting experimental
s.p. energies and their widths, the self-consistent GHF method is proposed to generate the
Berggren basis. To derive the GHF basis, we start from the HF calculation. The s.p. HF
equation can be written as

∑
β

[

(

1 −
1
A

)

p2
α

2m
δαβ + ∑

γδ

ργδVNN
αγβδ +

1
2 ∑

γµδν

ργδρµνV3N
αγµβδν

]

ψ(β) = eαψ(α), (4)

where VNN and V3N stand for chiral nucleon–nucleon with the incorporated two-body
term −

pi pj

mA and chiral three nucleon force, respectively. α, γ, µ, β, δ, and ν are indexes of a
harmonic oscillator basis. ργδ = ∑i≤ϵF

⟨γ|i⟩ ⟨i|δ⟩ is the one-body density matrix, with the
sum of i running over all hole states below the HF Fermi surface ϵF of the reference state.
From the above equation, it is clear that the HF s.p. basis is constructed from the chiral
nucleon–nucleon and three-nucleon nuclear forces in a fully microscopic approach. To
further include the continuum coupling, we extend the HF equation to the complex-k plane,
which leads to the following GHF equation:

h̄2k2

2µ
ψnlj(k) +

∫

L+
dk′k′ 2U(l jk′k)ψnlj(k

′) = enljψnlj(k), (5)

where µ = m/(1 − 1
A ), and k (k′) is defined on a contour L+ in the fourth quadrant of the

complex-k plane [104]. The complex GHF s.p. potential U(l jk′k) is

U(l jk′k) = ∑
αβ

⟨k′|α⟩ ⟨α|U |β⟩ ⟨β|k⟩ , (6)

where l and j are the orbital and total angular momenta of the s.p. wavefunction, re-
spectively. Greek letters denote HO states; ⟨α|U |β⟩ is the HF potential that is obtained
by iterating the real-energy HF Equation (4) [97]. In practical calculations, the integral
over k along L+ is evaluated using the Gauss–Legendre quadrature method [101]. This
approach ultimately yields the self-consistent GHF basis, comprising bound, resonant,
and continuum states.

2.2. Ab Initio Gamow Shell Model with Many-Body Perturbation Theory

Many-body methods utilizing the Berggren basis, such as the no-core GSM [98–100],
the complex coupled cluster [73,96], and the complex in-medium similarity renormalization
group [97], have been well developed. However, the non-degeneracy of the Berggren
basis and the significant computational cost associated with its application severely limit
these methods, restricting their use to relatively light nuclei, closed-shell nuclei, and their
neighbors. In this article, we introduce the ab initio Gamow shell model, formulated within
the framework of MBPT in the complex plane, which extends the capability to calculate
properties of open-shell nuclei.
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2.2.1. Model Space Effective Hamiltonian

As a perturbative method, MBPT naturally separates the core and valence nucleons,
thereby eliminating the need to explicitly compute the core part [107,108]. This results in a
relatively lower computational overhead, making it well suited for calculations involving
continuum states. Moreover, when combined with the HF basis, it also demonstrates good
order-by-order convergence [104,109]. To perform MBPT in the complex plane, we first
transform the A-body Hamiltonian, as follows:

H =
A

∑
i=1

(

1 −
1
A

)

p2
i

2m
+

A

∑
i<j

(

vNN
ij −

pi · pj

mA

)

+
A

∑
i<j<k

v3N
ijk , (7)

in the HO basis to the Berggren basis. Here, pi is the nucleon momentum in the labo-
ratory coordinate, and m is the nucleon mass, while vNN and v3N denote the chiral nu-
cleon–nucleon (NN) and three-nucleon (3N) forces, respectively. We then normal-ordered
the Hamiltonian with respect to the reference state, which can be the GHF Slater deter-
minant of the closed core. In this step, the normal-ordered two-body approximation is
employed for the Hamiltonian [110], as follows:

Ĥ =
A

∑
i=1

tii +
1
2

A

∑
i,j=1

WNN
ijij +

1
6

A

∑
i,j,k=1

W3N
ijkijk

+ ∑
pq

(tpq +
A

∑
i=1

WNN
piqi +

1
2

A

∑
i,j=1

W3N
pijqij) : â†

p âq :

+
1
4 ∑

pqrs

(WNN
pqrs +

A

∑
i=1

W3N
pqirsi) : â†

p â†
q âs âr :,

(8)

where tij is the matrix element of the nucleon kinetic energy with a CoM-corrected mass
µ = m/(1 − 1

A ), while WNN
pqrs and W3N

pqirsi are antisymmetric nucleon–nucleon force (2NF)
and three-nucleon force (3NF) matrix elements given in the GHF basis, respectively. p, q, r, s

and i, j, k represent generic states and hole states, respectively. â† and â represent the creation
and annihilation operators, respectively. The colons indicate normal ordering with respect
to the reference state. The Hamiltonian (8) serves as the initial input of the MBPT [61,62].
The zero-body part of the Hamiltonian (8), combined with Rayleigh–Schrödinger many-
body perturbation theory [111] can be used to estimate the core energy. Subsequently,
the one-body and two-body parts are employed to derive the model space Hamiltonian
based on the one-body Ŝ-box and the two-body Q̂-box folding diagrams [112,113].

The Ŝ-box and Q̂-box diagrams can be calculated by the nondegenerate EKK
method [114]. The model space effective Hamiltonian can ultimately be expressed in
terms of Q(ϵ) and its κ-th derivatives, as follows:

H
(κ)
eff = PĤ0P + Q̂(ϵ) +

∞

∑
n=1

1
n

dnQ̂(ϵ)

dϵn
{H

(κ−1)
eff − ϵ}n, (9)

where ϵ represents the starting energy. The operator P denotes the projection onto the model
space, while Q corresponds to its complementary projection operator. The calculation of
the Q̂-box typically involves treating the two-body terms as small perturbations, often
expanding to the second order to obtain the model space interaction. In contrast, the cor-
responding one-body Ŝ-box is usually computed up to the third order [104]. Ultimately,
the model space Hamiltonian can be expressed as follows:
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Ĥeff =∑
pq

ϵpq â†
p âq +

1
4 ∑

pqrs

Veff
pqrs â†

p â†
q âs âr, (10)

where p, q, r, and s represent valence particles within the valence space. ϵpq denotes the
valence-space effective single-particle (s.p.) matrix elements, obtained through the Ŝ-box
with the GHF Hamiltonian given in Equation (5). These elements correspond to valence s.p.
energies, albeit with small nonzero off-diagonal components arising from coupling within
the same partial wave. The effective interaction matrix elements, Veff

pqrs, are derived using
the Q̂-box formalism. The complex-symmetric GSM effective Hamiltonian is diagonalized
within the valence space using the Jacobi–Davidson method in the m-scheme [115].

In addition, for the GSM using the Woods–Saxon basis, we directly transfer the
Hamiltonian (7) to the Woods–Saxon basis and then use Equation (9) to obtain the model
space two-body interaction, while the s.p. part usually selects the s.p. energy given by the
Woods–Saxon potential [78,103,116–118].

2.2.2. Effective Operators

For other observables, such as Gamow–Teller (GT) transitions, electromagnetic transi-
tions, and multipole moments, their bare operators should also be consistently renormalized
into the valence space. This renormalization can be achieved through the so-called Θ̂-box
within the same complex MBPT framework, analogous to the Q̂-box. The valence-space
effective operator, denoted as Θeff, incorporates contributions from the excluded Q space
and can be expressed as

Θeff = ∑
α,β

|ψα⟩⟨Ψ̃α|Θ|Ψβ⟩⟨ψ̃β|, (11)

where the valence-space wavefunction |ψα⟩ obtained from diagonalizing Heff is the projec-
tion of the full-space wavefunction |Ψα⟩ onto the valence space, i.e., |ψα⟩ = P|Ψα⟩.

The Θ̂-box method [106,119,120] is used to derive effective operators in the valence
space. The final perturbative expansion of the effective operator Θeff can be expressed by
the Q̂-box and Θ̂-box as

Θeff =(P + Q̂1 + Q̂1Q̂1 + Q̂2Q̂ + Q̂Q̂2 + · · · )Q̂Q̂−1

× (χ0 + χ1 + χ2 + · · · )

=HeffQ̂
−1(χ0 + χ1 + χ2 + · · · ),

(12)

where χn is related to Θ̂-box, Q̂-box, and their derivatives.
In practical calculations, the χn series is truncated at the χ2 order, which has been

shown to be sufficient to converge [119]. The Θ̂-box diagrams are computed up to the third
order, consistent with the expansions employed in the calculations of the Ŝ-box and Q̂-box.
Due to the inclusion of continuum states, the matrix dimension increases significantly
as more valence particles are added to the continuum. To manage this, a maximum of
two valence particles are allowed in the continuum, a limitation under which converged
results are still achieved [103,104,121]. The MBPT effective operators have been successfully
applied in both the harmonic oscillator (HO) basis [119,122] and the Berggren basis [106].

2.3. Gamow Coupled-Channel Approach

In this subsection, the Gamow coupled-channel (GCC) approach [48,123,124], a three-
body method utilizing the Berggren basis, is introduced. To properly describe the few-body
asymptotic behavior, the wavefunctions are expressed in Jacobi coordinates using the
Berggren basis [30]. Expressed in hyperspherical harmonics, the wavefunction of the
valence nucleons is written as
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ΨJπ = ρ−5/2 ∑
∫

CγK(k)B
γK(k, ρ)Y JM

γK (Ω)dk, (13)

where ρ is the hyper-radius, Y JM
γK (Ω) is the hyperspherical harmonics for the hyperangle

part, and K is the hyperspherical quantum number. γ = {s1, s2, S12, ℓx, ℓy, L} is a set of
quantum numbers other than K, where S12 is the total spin of the valence nucleons and ℓ is
the orbital angular momentum in the corresponding Jacobi coordinate. The Berggren en-
semble BγK

n (ρ) defines a complete basis in the complex-momentum k plane, which includes
bound, decaying, and scattering states [28,30]. CγK(k) is the corresponding coefficient for
each configuration. Equation (13) takes the integral over continuous momenta k (scattering
states) and the sum over γ, K, and discretized k (bound and decaying resonant states).
By using the Berggren basis, the nuclear wavefunctions in both internal and asymptotic
regions can be treated on the same footing, providing the natural connection between
nuclear structure and decay aspects of the problem [125–127].

The Hamiltonian of the three-body GCC model is

Ĥ =
3

∑
i=1

p̂
2
i

2mi
+

2

∑
i=1

Vcn(ri) + Vnn(r)− T̂c.m., (14)

where p̂
2
i /(2mi) and T̂c.m. are kinetic operators for each particle and the center of mass

of the system, respectively. In Jacobi coordinates, the center of mass is automatically
eliminated. Vcn and Vnn are pairwise interactions for core−n and n − n, respectively.

3. Results

In this section, we first review recent experimental observations of MSB and their
theoretical explanations based on GCC and GSM, including the first observation of unbound
11O [5], the four-proton unbound nucleus 18Mg [10], and the five-proton emitter nucleus
9N [18]. Then, we review the applications of ab initio GSM calculations to weakly bound
and unbound nuclei, focusing primarily on the mirror asymmetry in spectra of oxygen
isotopes and their mirror nuclei [105], as well as the mirror asymmetry in the β-decay GT
transitions [106].

3.1. Mirror Symmetry Breaking in Nuclei at the Edge of the Nuclear Landscape

The extremely proton-rich nucleus 11O has been observed for the first time, character-
ized by a broad peak with a width of 3.4 MeV [5]. The low-energy structure and decaying
properties of 11O were then studied using various approaches [126,128–130]. Among them,
the GCC approach suggests that the observed peak corresponds to a multiplet of four
resonant states with Jπ = 3/2−1 , 5/2+1 , 3/2−2 , 5/2+2 [126] (see Figure 1), where J is total
angular momentum and π is parity. This multiplet was confirmed later in Ref. [5] using the
decay-width analysis.

Meanwhile, a moderate Thomas-Ehrman shift (TES) [6,7] is shown in the spectra
of 11O and 11Li. This also impacts the structures of the valence nucleon wavefunctions.
As shown in Figure 2, strong correlations between the valence nucleons, manifesting as
either diproton or dineutron characteristics, are observed in the two 3/2− states of 11O
and 11Li. Notably, the dineutron configuration in the bound 11Li is more localized than the
diproton configuration in the unbound 11O, even though 11Li is a halo system. Further-
more, the secondary peak strength associated with cigarlike arrangements is significantly
diminished in 11O.
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Figure 2. Two−nucleon density distributions (in fm−2) in Jacobi coordinates predicted in GCC for
low-lying resonant states in 11O (a–c) and 11Li (d–f). This figure is taken from [5].

The spectra of 12O and its isobaric analog 12Be also indicate an MSB [126,131,132].
In 12O, an excited Jπ = 1−1 state located between the 0+2 and the 2+1 states is predicted.
This sequence differs from the level ordering in the mirror system 12Be due to the large
TES. The location of the calculated 1−1 state corresponds to the shoulder in the measured
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invariant mass spectrum of 12O [132]. Because the width of the 1−1 state is similar to that of
the 0+2 state, it might be hidden in the observed peaks attributed to the 0+2 and 2+1 states.

In the mid-heavy mass region, extremely proton-rich nuclide 18Mg, a ground-state
emitter of four protons, was recently discovered [10]. It exhibits an excited state at an
excitation energy of 1.84(14) MeV, likely corresponding to the first excited 2+ state. This
nucleus undergoes ground-state decay via two sequential two-proton emissions through
the intermediate nucleus 16Ne [10].

To study the structure and two-proton decay mechanism of 18Mg, the GSM and GCC
methods were used [10,133,134]. In the latest GCC approach [134], the results show that the
ground state of 18Mg has a significant s-wave component due to the continuum coupling.
However, the results do not lead to a significant deviation in mirror symmetry in either
the structure or the spectroscopy of the 18Mg-18C pair. In GSM [133], the MSBs in carbon
isotopes and their mirror partners are also discussed. It is shown that the mixed effects of
continuous coupling and Coulomb interactions at the dripline give rise to complex patterns
in the isospin multiples. In Figure 3, the calculated spectra exhibit good agreement with
experimental data, except for the 3/2+ state in 17C, which deviates from the experimental
value. MSBs are evident in the states of A = 15 nuclei and in the highest excited states of
A = 16 nuclei, characterized by broad decay widths. In contrast, the 0+ and 2+ states of
16Ne and 18Mg exhibit relatively mild MSBs. It is worth noting that the strong continuum
coupling in the ground states may lead to a good symmetry of the relative energies in the
spectra, as the energy shifts induced by continuum coupling in both the ground and excited
states may cancel each other out [86].
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states of carbon isotones and isotopes. Excitation energies of a nucleus are given with respect to its
ground state energy. Widths are represented by green striped squares, and their explicit values are
written above. The GSM calculations are compared with available experimental data. Experimental
data of 16Ne are taken from Ref. [135], whereas all other data are taken from Ref. [136]. This figure is
taken from [133].
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On the other hand, a more exotic five-proton emitter, 9N, has been found lately [18],
making it one of the most proton-rich isotopes where more than half of its constituent
nucleons are unbound [18]. The spectra of 9N, 9He, and 8C are shown in Figure 4. As the
mirror partner, the 1/2+ ground state of 9He is debated to be a virtual (antibound) state,
indicating its status more as a scattering feature rather than as a real state. Due to the
presence of the Coulomb force, the 1/2+ state in the mirror nucleus 9N exhibits a different
physical behavior compared with that in 9He. The GSM interprets the 1/2+ state of 9N as a
broad resonant state, although the nature of this state remains uncertain.
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Figure 4. Level diagrams of 8C and 9N obtained experimentally and calculated with the GSM.
Energies are given relative to the 4He threshold. The level diagram of 9He, the mirror partner of
9N, is shown in the inset. The 1/2+ antibound state in 9He is shown with a wavy line to indicate its
status more as a scattering feature rather than a real state. The proposed 1/2+ state in 9N is shown
with both straight and wavy lines to indicate the uncertainty with regard to its nature (a resonance
or scattering feature), while the GSM interprets it as a broad resonant state. This figure is taken
from [18].

3.2. Mirror Symmetry Breaking in Excitation Spectra

Although the Coulomb barrier hinders the diffusion of proton wavefunctions, pro-
nounced continuum coupling is evident in the spectra, such as the 3+ excited state in the
mirror partner 18Ne-18O [137], and the 1/2+ excited state in the mirror partner 19Na-19O.
Experimental observations reveal a significant TES in the 1/2+ excited state of 19Na [138].
To gain deeper insights into the origins of MSB, we first excluded Coulomb interactions
and calculated the excitation spectra of 19Na. In this case, the differences between pp and
nn interactions arise solely from the charge-symmetry breaking and charge-independence
breaking components in the chiral nuclear force at a next-to-next-to-next-to-leading or-
der [139]. As shown in Figure 5, the calculated excitation spectra of 19Na and 19O exhibit
good symmetry. When the Coulomb force is included, the excitation energies of the 5/2+

and 3/2+ states in 19Na remain nearly unchanged, whereas the 1/2+ state shows a signifi-
cant decrease. Calculations indicate that the 1/2+ state of 19Na is primarily composed of a
pure 0d2

5/21s1
1/2 configuration. Due to the absence of a centrifugal barrier for the s-wave

component, the wavefunction of the 1s1/2 orbital is more spatially extended compared
with other orbitals. This spatial extension reduces the Coulomb energy contribution for the
1/2+ state occupying the 1s1/2 orbital relative to other excited states, ultimately lowering
its position in the energy spectrum. Additionally, the HO basis, due to its localized nature,
does not accurately capture the long-range asymptotic behavior of the resonant states.
In contrast, the GHF basis, with three-body forces included, can more precisely reproduce
the energies of resonant states and effectively describe their long-range asymptotic behavior.
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In GSM calculations based on the GHF basis, the 1/2+ state in 19Na is further reduced in
energy due to continuum coupling. The calculations show that the 1/2+ state is a resonance
with a width of 0.28 MeV, which agrees well with the experimental value of 0.1 MeV. The
calculations demonstrate that the inclusion of three-body forces significantly improves
the ability of SM calculations to describe experimental results. However, to accurately
reproduce the resonant characteristics and TES phenomenon of the 1/2+ state in 19Na, it is
essential to rigorously account for the asymptotic behavior of the s.p. wavefunction and its
coupling to the continuum.
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Figure 5. Excitation spectra of A = 19 mirror partners, 19O and 19Na. “NN” and “3N” indicate
calculations with NN only and 3NF included, respectively. Dashed levels present SM calculations
without continuum included, while solid levels give GSM calculations with continuum included.
Shading indicates the resonance of the 1/2+ TES state with width (in MeV) given below the level.
This figure is taken from [105].

The spectra of 22O and 22Si were further investigated. As shown in Figure 6, the GSM
results for the excitation spectrum of 22O show excellent agreement with experimental
data. For its mirror nucleus 22Si, however, no experimental data are currently available.
GSM calculations predict 22Si to be a proton-rich dripline nucleus, with all its low-lying
excited states identified as resonant states. The calculated configuration reveals that in the
ground state, the six valence nucleons predominantly occupy the π0d5/2 orbital, whereas
in the low-lying excited states, one or two nucleons are excited into the π1s1/2 orbital.
Due to the resonant nature of the π1s1/2 s.p. orbital and the absence of a central barrier,
the many-body wavefunction containing the π1s1/2 orbital component is more spatially
extended. This extension contributes to the pronounced TES phenomenon observed in the
excited states of 22Si.

The recent experiment observes remarkable β-decay isospin asymmetry in mirror
nuclei 22Si-22O [17]. The USDA interaction [140] with isospin-nonconserving (INC) [141]
was used to describe the MSB of a low-lying spectrum and β-decay GT transition. INC is
related to the loosely bound nature of an s1/2 orbit. As emphasized in Ref. [142], extracting
isospin-nonconserving (INC) nuclear effective interactions from spectroscopic data requires
careful consideration of the coupling to the many-body continuum in the presence of
isospin-conserving nuclear forces. Neglecting or improperly treating these continuum
effects can significantly impact the reliability of such analyses. In ref [106], we investigate
the spectra of their β-decay mirror daughters 22Al-22F using ab initio GSM with realistic
force, which self-consistently incorporates both the continuum coupling and many-body
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correlations via configuration mixing. Figure 7 compares calculated and experimental
MEDs for the 1+ analog states of mirror nuclei 22Al and 22F [106]. The MED of the 1+1 state is
the largest MED in the sd-shell. The SM calculation with USDC [143] cannot reproduce this
MED. Including continuum coupling in GSM significantly improves agreement with data
compared with standard SM calculations using EM1.8/2.0 [79]. Adjusting INC interactions
in USDA can give a good description, which mimic continuum effects, as the s1/2 orbit
strongly couples to the continuum. However, standard SM with the USDC interaction
underestimates MEDs, emphasizing the importance of continuum coupling.
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Figure 6. GSM calculations of spectra with 3NF included for the mirror nuclei 22O and 22Si. The ex-
perimental data of 22O are from [136]. This figure is taken from [105].
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Figure 7. MEDs for the 1+1 and 1+2 analog states between mirror nuclei 22Al and 22F, calculated by
standard SM with USDC and EM1.8/2.0 (abbreviated by EM) and by GSM with EM1.8/2.0, compared
with data [17,136]. This figure is taken from [106].

3.3. Mirror Symmetry Breaking in β-Decay Gamow–Teller Transitions

The β-decay GT transition also exhibits MSB. The MSB was observed in the β-decay
GT transition from the ground states of 22Si and 22O to the states 1+1 of their daughters,
22Al and 22F. Standard SM calculations can reproduce this asymmetry by fine-tuned INC
interactions related to the πs1/2 orbit. The ab initio GSM, incorporating resonant and
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continuum coupling, calculates GT transition matrix elements self-consistently. In the
phenomenological calculations of the GT transition, usually a quenching factor is needed
to better describe the data [144,145]. As commented in [53,146], in the chiral effective
field theory framework, the effect of the coupling of weak interactions to two nucleons
can be calculated via two-body currents, which can address the quenching factor in a
self-consistent way. In this GSM work [106], the quenching factor from two-body currents
is calculated with a Fermi gas approximation [146].

Table 1 presents the calculated |MGT| values for these MSB β-decays. For both nuclei,
the |MGT| transition to the 1+1 state is significantly smaller compared with the 1+2 state.
Additionally, the |MGT| value for 22O → 22F is nearly double that for 22Si → 22Al when
decaying to the 1+1 state. The SM calculations with the INC USDA interaction successfully
capture the observed isospin asymmetry [17]. Similarly, calculations using realistic forces
also reproduce the MSB observed in experimental data with high accuracy. Incorporating
continuum effects through GSM further improves agreement with the experimental results.
While the SM with USDC interaction accurately reproduces the |MGT| values for the 1+2
states, it underestimates the asymmetry observed in the 1+1 states.

Table 1. GT transition matrix elements |MGT| calculated by standard SM with USDC and EM1.8/2.0
and by GSM with EM1.8/2.0 for mirror nuclei 22Si and 22O decaying into the 1+1 and 1+2 states of
their mirror daughters 22Al and 22F, compared with data and calculations given in Ref. [17]. This
table is taken from [106].

SM GSM Ref. [17]

USDC EM EM Expt. Cal.

22Si →22 Al
1+1 0.236 0.343 0.257 0.176 (16) 0.242
1+2 0.721 1.042 1.012 0.750 (41) 0.863

22O →22 F
1+1 0.198 0.569 0.497 0.310 (32) 0.428
1+2 0.719 1.092 1.068 0.775 (77) 0.848

To investigate the isospin asymmetry in GT transitions at a microscopic level, the con-
figuration of related states have been analyzed. In the SM calculations using EM1.8/2.0,
the initial state of 22Si exhibits a dominant proton occupation (5.40 in π0d5/2). In 22Al,
the 1+1 state shows a larger proton 1s1/2 occupation but a smaller 0d3/2 occupation com-
pared with the 1+2 state. The GT matrix element for transitions to the 1+2 state is enhanced
due to the higher occupation of the d orbital in the 1+2 state configuration compared with
that in the 1+1 state. GSM calculations further reveal that the proton 1s1/2 occupation in the
1+1 state of 22Al is significantly enhanced by continuum coupling, while the occupations in
the 1+1 state of 22F remain unchanged. This enhancement leads to better agreement with
the experimental asymmetry.

A systematic investigation of GT transitions for A ≈ 20 nuclei, as shown in Figure 8,
indicates that GSM and SM yield similar MGT values near β stability, where continuum
effects are negligible. For exotic nuclei, however, continuum coupling improves the calcula-
tions, as demonstrated in the mirror transitions between 22Si and 22O. The experimental
MGT values for decays to the 1+2 states are comparable, but a significant isospin asymmetry
is observed in 1+1 states, which is better captured by GSM with continuum effects.
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4. Conclusions

The intriguing phenomena emerging in nuclei near the dripline challenge our current
understanding of nuclear structure. The GCC and GSM, utilizing the Berggren basis, offer
robust approaches for describing and supporting experimental observations. Moreover,
the ab initio GSM is capable of accounting for continuum coupling and many-body corre-
lations, providing an excellent framework for describing and predicting the behavior of
weakly bound and unbound nuclei from chiral forces. In the first part of this paper, we in-
troduce the theoretical framework of the ab initio GSM and GCC developed in recent years.
In the second part, we review several extremely proton-rich nuclei discovered in recent
years, present the observed MSBs in these nuclei and the corresponding GCC and GSM
theoretical explanations, and review the ab initio GSM studies of MSBs in low-excitation
spectra and Gamow–Teller transitions of β decays. As powerful approaches for studying
weakly bound and unbound nuclei, we aim to further develop these methods and apply
them more broadly to the study of dripline nuclei in the future.
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Abbreviations

The following abbreviations are used in this manuscript:

SM shell model

GSM Gamow shell model

GCC Gamow coupled-channel

NCSM no-core shell model

MBPT many-body perturbation theory

MSB mirror symmetry breaking

MED mirror energy difference

TES Thomas-Ehrman shift

GT Gamow–Teller

INC isospin-nonconserving

s.p. single particle

GHF Gamow Hartree–Fock

2NF nucleon–nucleon force

3NF three-nucleon force
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