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1. Introduction
Matrix models play important roles in physics and mathematics. Generally speaking they are quantum field theories where the field

is an N x N real or complex matrix. Supereigenvalue models can be regarded as supersymmetric generalizations of matrix models. They
have attracted considerable attention [1-11]. The supereigenvalue model in the Ramond sector is given by [9]

W
zz/szdNeAR(z,e)ﬁe*Tﬂ Tier Ve(aabo) (1)

where dNzdNg = ]_[f;’:] dz,d6,, N is even, z, are positive real variables, 6, are Grassmann variables, Ag(z,6) is the Vandermonde-like
determinant,

1 646p
Az O = [] @—2z—5+2)——) (2)
1<a<b<N 2 ZaZb
and
0 oo o0
VR(z,0) =Vp@ + Vi@ —=, Vs@ =) uz, Vi@=) &, (3)
ﬁ k=0 k=0

&, are Grassmann coupling constants, Vg(z) and Vg (z) are the bosonic and fermionic potentials, respectively.

The various constraints for matrix models have been constructed, such as Virasoro constraints [12-15], W14, constraints [16,17] and
Ding-lohara-Miki constraints [18,19]. They are useful in analyzing the structures of matrix models. For the partition function (1), it is
known that there are the super Virasoro constraints [9]

1
LnZ:E(Sn,OZ, GnZ =0, neN, (4)
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The operators (5) and (6) obey the super Virasoro algebra
[Lm, Ln] = (m — n)Liyyn, (7a)
m—2n
[Lm, Gn] = Gm+n7 (7b)
1
{Gm, Gn} =2Lmin — §5m+n,0- (7¢)
Recently a formal supereigenvalue model in the Ramond sector is investigated [11]
2N .
:f [ dzadba Az, )™ Zama GtV Ve (8)
a=1
where
9b
Azo)= || @-z-S2@+7), 9)
1<a<b<2N

and the bosonic variables z, are integrated from —oo to 4o00. To calculate the correlation functions of the model (8), the recursive
formalism has been derived. It was found that the correlation functions obtained from the recursion formalism have no poles at the
irregular ramification point due to a supersymmetric correction.

The partition functions of various matrix models can be obtained by acting on elementary functions with exponents of the given
operators, such as Gaussian Hermitian and complex matrix models and the given W operators called W -representations [20-23]. For the
case of supersymmetric generalizations, to our best knowledge, it has not been reported so far in the existing literature. In this letter, we
investigate the supereigenvalue model in the Ramond sector and derive its W -representations. We also give the correlators in this matrix
model.

2. Generation of the supereigenvalue model in the Ramond sector by W-operator

Let us consider the supereigenvalue model in the Ramond sector

Z= % /szdNOAR(z, 0yfe=F Tin (Vrzotortz), (10)
which can be obtained by taking the shift t; — t; + 1 in the bosonic potential V(z) of (1), the normalization factor A is given by
A =/d”zd”9AR(z,9)ﬁe*@ LS (11)
We note that the partition function (10) is invariant under
Za—> Zg+ € i(n + Dtgy120, 0 — O+ € i @twﬂﬁ@a, (12)
n=0 n=0

with an infinitesimal bosonic parameter €. It leads to the bosonic loop equation

Z(n+1)tn+1 <_£ Zzn+1 «/_Z(k_l_ )E<sz+n 9a «/_Zkt<zzn+k ﬂZ Z 2k

n=0 =0a,b=1

B < eeb eb 18
+Zn 7 + kzi7kzk 2 m+1Y 2! >=0, (13)
4 a,%:jl lea;l v b 2 agl: ‘

where the expectation value is taken with respect to the partition function (10). The loop equation (13) can be derived by applying the
following differential operators to the partition function (10)

(W1 +D1Z =0, (14)

where
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The partition function (10) is also invariant under

[o.¢] [e.¢]
Zo—>Za+€ Y N+ Dény124v/Zaba, 00— 0o — € Y _(n+ Dénp124x/Za, (16)

n=0 n=0

which leads to another bosonic loop equation
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Similarly, (17) can be also obtained by applying the following differential operators to the partition function

=0. (17)

a,b=1

(Wa+Dy)Z=0, (18)
where
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Dy = k& —,
2 1; Ekf)ék
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Combining (14) and (18), we have

(W+D)Z =0, (20)

where D = f)1 + 52, W= W1 + W2 and their commutation relation is
[D,W]=W. (21)

Since the partition function (10) only depends on even numbers of the fermionic variables, it can be formally expanded as

o0
VB 1 VB 1 VB
Z;: N1 L6 b+ 0 (T2 sty — 5, (P2 6,

1 VB

3
(_) Ck] ko, k3 tk] tkz tk3

1 51,52
_'(\/TB)3C]<1Y tk]éS]SSZ +:|7 (22)

where

m(m+1)( «/—)n+m

_ 1
7 _ Nto[Z Z -1 - Z Clq th ety Ey ""‘::Sm]v (23)

n=0m=0 ki+--—+kn+
S+ +Sm=s
ki, kn=1
St Sm=0

m is even and the coefficients C 5’” are the correlators defined by

N
c,ﬁ;v'_;y;{m=l/szdNeAR(z,e)ﬁe—425=ﬂa S g B S (24)
A a1t VA",
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For the cases of m =0 and n =0 in (24), respectively, we denote

N

1 VB sN

Ck1,~..,l<n:XdeZdN@AR(Z,G)ﬁe_TZ“:IZ” PBEARREA (2)

ai,-,ap=1
and

1 VB N N 0 0

e = [ dVadNonpz o En Y g g S (26)
A b1, ,bm=1 1 Zb1 " /b

Due to the properties of the fermionic variables, we have

C;} ,Sg"_o m> N, (27)

and
Cogy =0 s =5, (28)
The operator D acting on Z® gives
Hz6) =52, (29)
By means of (20), (21) and (29), we obtain
WZ© = —(s+1)Z6D. (30)

The partition function (10) is graded by the total (t, £)-degree. From (29) and (30), we see that the D and W are indeed the operators
preserving and increasing the grading, respectively. In terms of the operator W, (22) can be rewritten as

7270 _#z0 1 Lj2zo - Lyiszo
2! 3!
y /B
=e W .emn N0, (31)
It indicates that the supereigenvalue model in the Ramond sector can be obtained by acting on elementary functions with exponents of

the given bosonic operators W.
For the (I+ 1)-th power of W, it can be formally expressed as

20+1) 9 9 9 9
A1 pki e kelst, ) Y S
W= Z Z Z P(i1,---,ia|jl,---.jb) By theEsy o By at; at; OE; At (32)
a,b,c,d=0 i1, ,ig=0 Kkq+---+kc+ 1 a h Jo
jl,---,jb=031+"'+5d:,0
k]v -~J<c21
51,-+,5¢=0
Ak, kels1,-,Sq) : : ; : _ _oa—
where p = ZH i+ ZV 1Jv +141, the coefficients P(l1 taEIjL---,jb) are polynomials with respect to iy, jy, kz and sp, t=1,---,c,

v=1,---d.
Substituting (32) into (31), comparing the coefficients of t, - - - ty,&s, - - - &, with Zzzl ky + ZT:] sy=I+1,k,>1,5,>0in(31) and
(22), we obtain

(GOl oy (1(k1). = 01(knlo2(s1). - 02(5m)
Nto _ o T(02(51),---,02(5m)) p(Oo1(K1),-+-,01(Kn)[02(51),-++,02(Sm
(1_|_1)v Z Z( N) =D " P(O ,0D
a=1 01,02
mm+) o /Byn+m
_ Dz (=) e —E Nt Z (_1)7(02(51),~--,crz(sm))CUz(ﬂ),'“,Uz(Sm)
B nim! o1(k1). .01 (kn)
01,02
m(m+1)
_ DT
n'm! B )‘(klv"',kn))‘(sl Sm)Ck] kn (33)
where o1 denotes all the distinct permutations of (k1,---,ky), o is all the distinct permutations of (sq,---,Sy) and its inverse number

is denoted as T(02(51), -+, 02(Sm))s Ay, k) AN A, ... s,y are the numbers of distinct permutations of (ki,---,k;) and (s1,---,Sm),
respectively.
Then we obtain the correlators from (33)

(_1)l+1+m(mz+1)n!m!( h )n+m 2(1+1) «/_

CS],M,Sm — (
ket kn 1+ 1)!)‘(k1,~~J<n)}‘(51,--~,5m) Z

N)O‘P(kl g, (34)
ﬁ/_’z
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When particularized to the m =0 and n =0 cases in (34), respectively, we have

1= iy 23+1)
c _( D nl(=—75) Z (_ﬁmapaq kn\)
ki, kn = 1 1! 0|)’
T+ Dy, k) = )
I meED R m 2(141)
sy D Pomi=Jp) _ﬁ a pl s sm)
c = > NPT -
(l+])!)\(s1,~--,sm) o b}
For examples, let us list some correlators.
(I) When [ =0 in (32), we have
an _m o ap (1.0)
Poony=75> Pon= f B Pey =1
Substituting (37) into (35) and (36), we obtain
1 ap , VB apan h
Ci= M)[ NPy + 7N Poopl = 2\/_NN
clo___ 2n pto _ 1
VBrao O VB
where )»(1) =1, )\.(‘1,0) =2, N= BN+ (1-7).
(II) When I =1 in (32), we have
4 3
a1y _h ai _ b a1 B h
Po.00n =7 P00 = _Zﬁ(l P). P = @( p? T
3
@) 4 aiy_ N @) _2h
Po.oop ="M" Popy = [ -8, Pooy = \/B(l_ﬂ)’
pUlL0) _ 4o pCH Mg ’72 p(I1.0) R4
©0,00)) = o)y = F( -p+ ©0.0)) __ﬁ( -8,
(12,0 2 (12,00 _ \/_ (11,0
Po.op) =307 Popy” === 0=h): P =2

Substituting (39) into (34), (35) and (36), we obtain

3 2
h VB @) h <2
C=—— ) (—-N)*Pg = —NQ@N ,
N D a 0= 35NN+ 8
R/ 1) L
Ciq1= (__N)Otp = —NN(NN +2),
1,1 Bt ; ,0D 4B
2.0 (120 G
20— ——N) P(g =——NG3N+1-p),
ﬂ)\(z 0 5 Z ,0D 28
( )3 3 \/— h2 B
o= B N)“‘P(m O = N(NN+2),
T aha, 02 Z 0D 28

a

where )»(2) = )»(1,1) = 1, )»(2’0) =2. R
(IIT) When [ = 2 in (32), by direct calculations, it is easy to obtain the precise expression of the 3-th power of W. Then we have the

final results from (34)

C3= l(i>3N[5fv3 +Q

8' VB

— BN? + 108N +38(1 — p)1,

_1.h YERPY ) ;
Ci12=-(—=)’N@NN’> 4+ 8N* 4+ BNN +48),

8 VB

1= 1(i)31\1(—21§12 + BNN + B),

4 VB

02(5m)) Siku+ 20y sv=I+1k,>1and s, >0.

2

(35)

(36)

(38)

(39)

(40)
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30— 1(i)3N[—10N2 —9(1—B)N—=58—-3(1—-B)?],

4 VB
Ci11= 1(%)3NN(NN+2)(NN+4)7
20— LM s aNRZ 128 (1 - BNN —4c1
<ﬁ> [~ 1-8) 1-pl,
0= L N oNR? — 13 — 301
2 (ﬁ) [— 1 -p)l,
i = _(7) N(~N*N? — 6NN —8). an

3. Virasoro constraints for the supereigenvalue model in the Ramond sector

It is known that the partition function (1) is invariant under two pairs of the changes of integration variables (z; — z; + ezg“, Og —
O + %enzﬁ@a) and (zg — zq + 2 /24048, 00 — O + 20 +/Z48), where € and § are the infinitesimal bosonic and fermionic constants, respec-
tively. These invariances, respectively, lead to the bosonic and fermionic loop equations which give the super Virasoro constraints (4).
Taking the shift t; — t1 + 1 in (4), we have the super Virasoro constraints for (10)
R 1 _ -
Ly Zzﬁén 0Z, GnZ =0, neN. (42)
The super Virasoro algebra (7) still holds for the constraint operators L, and Gp.
From the super Virasoro constraints (42), the recursive formulas for correlators can be obtained. In principle, we can calculate the
correlators step by step from the recursive formulas. However, the compact expression of correlators (34) can not be derived from them.
Let us introduce the bosonic operators

=W!W +D), leN. (43)
These operators are different from L,. They obey not only the Witt algebra (7a), but also the null Witt 3-algebra [24]
(L. Ly, Lyl = Ly Ly, Ly = Ly (L, Lig ] + LDy, Ly 1 = 0. (44)
The action of the operators (43) on the partition function (10) leads to the Virasoro constraints
LiZ=o. (45)

Recently similar Virasoro constraints without the Grassmann variables have been presented for the Gaussian Hermitian matrix model and
they have been used to derive the correlators of the matrix model [25].

Let us first consider the Virasoro constraints (45) with [ =0, i.e., (20). Substituting (22) into (20), by collecting the coefficients of tl]
and setting to zero, we obtain

h -
C1=—=NN, (46)
2B
and the recursive relations

h -
C1,...,1=5=(ONN+2DCq ... 1. (47)
1, ,] zﬂ 1, ,1

+1 I

From (47), it is easy to obtain

h I+1
C1....1=G—+) H(NN+2J) (48)
—— 2\/_ j=0

+1

+1
—_—~—

We observe that it is difficult to give the precise expression of Pé(l) (1):; from W'*t!. However, by taking n=14+1and k; =--- =

k, =1 in (35) and using (48), we obtain

1+1
1, g 1 1 h
Py o= X BT a-pi+ Y a-pit
; 2 VB L 4 -
Af—* 2i+j=a—2 2i+j=0—1
@ 0<i,j<l 0<i,j<I
21=@+i) .
3 e a=1204 ), (49)
1<ri<ry<--<riyj<l k= rk

T0=1
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Let us collect the coefficients of tl] &o&1 in (20) and set to zero, we have

o=y 50
7 (50)

and the recursive relations

h 1 .
%! = [Id+14+ =NN)Cc%! NC : 51

1 -1 !
Substituting (48) into (51) we obtain
0,1
C1, a1
——

1

=2N(——)1t! l_[(NN+2]) (52)

zf

Proceeding the similar procedure for the case of the coefficients of t’1 ty in (20), we have

C="_hc, +pchy =" i NQN? + B), (53)
4B 4B
and the recursive relations
C L (d+3+ lNN)C f (’SCO1 +2NC ) (54)
2L VT B2 2l 1Y 7 2 L.
I -1 1 I+1
Substituting (48) and (52) into (54), we obtain
!
Co1,oo 1=G—)"PN@N*+ B) [ (NN +2j +2). (55)
2 2JB i
1
Comparing (52), (55) with (34), we obtain
1,- l 1 1, ~ 1
( 10,1) (2, 1 _ _
PO 00 P(O 0‘) =0, a=2(1+1), (56)
W ‘/_J
and
1
—_——— i
P(l 1 (= 1)“(1—1—1)(_)0[ LY ga-p Y 2I=G+D
%r—‘ 2i+j=0—1 1<ri<--<rigj<l k=0 Tk
o 0<i, j<I ro=1

I1+1) . . . )
PE(Z)] 01 D _ — (_)Ol+1|: Z 2/314-2(1 _ ﬁ)] + Z 4/314-1 (1 _ ﬁ)1+1
N

) l+1
2 ﬂ 2i+j=a—3 2i+j=a—2
a 0<i,j<l-1 0<i,j<l-1
, i ; l=1=G+) .y
+ Y ea-preppa-pl] Y S (57)
2i+j=a—1 2<ry<--<rig <l k=0Tk
0<i,j<l-1 ro=1

fora=1,---,21+1.

We have derived the special correlators from (20). It is known that the compact expression of correlators (34) can not be derived from
the super Virasoro constraints (42). However, it should be pointed out that the special correlators (48), (52) and (55) can be still obtained
from (42).

Let us consider the case of (45) with [ # 0. By means of (20) and (21), (45) can be rewritten as

WH—l = (- 1)l+1 H(D (58)
j=0

Substituting (32) into (58), by collecting the coefficients of ty, - - - ty,&s, - - - &, with 274:1 ky+>"0 1 sy =141 and setting to zero, we may
also derive the correlators (34).

We have achieved the desired correlators from the Virasoro constraints (45). Unlike the operators L, in (42), the remarkable property
of the constraint operators (43) is that these bosonic operators yield the higher algebraic structures. It should be noted that the closure of
the super algebra does not hold for (43) and the fermionic operators G, in (42).
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4. Summary

We have investigated the supereigenvalue model in the Ramond sector and proved that its partition function can be obtained by acting
on elementary functions with exponents of the W operators. In terms of the operators D and W preserving and increasing the grading,
respectively, we have constructed the Virasoro constraints for this supereigenvalue model, where the constraint operators obey the Witt
algebra and null 3-algebra. The compact expression of correlators (34) can be derived from these Virasoro constraints. It should be noted
that this desired result can not be derived from the well known super Virasoro constraints (42). For the supereigenvalue model in the
Neveu-Schwarz sector, whether its partition function can be expressed in terms of W -representation still deserves further study.

We have only constructed the Virasoro constraints for the supereigenvalue model (10). The remarkable property of these bosonic
constraint operators is that they yield the higher algebraic structures. It is certainly worth to construct the super (Virasoro) constraints for
supereigenvalue models, where the super higher algebraic structures hold for the bosonic and fermionic constraint operators. It would be
interesting to study further properties of supereigenvalue models from these constraints.
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